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This paper is devoted to the construction of the renormalized quantum stress energy tensor (77, . fora

ren

massive scalar field with arbitrary coupling to the gravitational field of a pointlike global monopole, using
the Schwinger-DeWitt approximation, up to second order in the inverse mass y of the field. The given stress
energy tensor is constructed by functional differentiation with respect to the metric tensor of the one-loop
effective action of a sufficiently massive scalar field, such that the Compton length of the quantum field is
much less than the characteristic radius of the curvature of the background geometry. The results are
obtained for a general curvature coupling parameter £ and specified to the more physical cases of minimal
and conformal coupling, showing that, in this specific case, the quantum massive scalar field in the global
monopole spacetime violates all the pointwise energy conditions.
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I. INTRODUCTION

Quantum field theory in curved spacetime is a well-
established branch of modern physics, which has allowed
the achievement of novel results since Hawking’s discovery
of black hole radiation [1]. Within this framework, we
consider the quantum dynamics of fields in a gravitational
background, considered as a classical external field. That is,
all matter fields are considered using the quantum field
theory, with the only exception of the external gravitational
field that remains satisfying the classical Einstein field
equations of general relativity [2,3].

In this context, an important role is played by the
quantum stress energy tensor (7}) of the quantum field,
which is used as a source in the so-called semiclassical
Einstein’s equations to take a look at the quantum correc-
tions to the background geometry caused by the quantiza-
tion of matter fields [3—5]. For this reason, it is very useful
to have explicit analytical expressions for the renormalized
stress tensor. This quantum stress tensor and the expect-
ation value of the field fluctuation {¢?),, of a quantum
field ¢ are the main objects to be determined from the
quantum field theory in curved spacetime.

The exact determination of (77,) for a generic spacetime
is very cumbersome, and some techniques have been
developed and applied to this problem, including numerical
ones [6—17]. However, for the case of massive fields, there
exists a method, called the Schwinger-DeWitt effective
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action approach, in which one assumes that the vacuum
polarization effects can be separated from the particle
creation, for masses of fields sufficiently large. This method
allows us to obtain approximate analytical expressions for
the one-loop quantum effective action as an expansion
in the square of the inverse mass of the quantum field.
From the effective action, the quantum stress energy tensor
can be calculated by functional differentiation with respect
to the metric. This approach, based on proper time
expansion of the Green’s function of the dynamical
operator that describes the evolution of the quantum field,
can be used to investigate effects like the vacuum polari-
zation of massive fields in curved backgrounds, whenever
the Compton’s wavelength of the field is less than the
characteristic radius of curvature [2,8—16,18].

In a previous paper [19], we took the first step in the
investigation of vacuum polarization effects of a quantum
massive scalar field with arbitrary coupling to the gravi-
tational field of a pointlike global monopole, using the
Schwinger-DeWitt technique to obtain analytical expres-
sions for the field fluctuation (¢?),., in this background
spacetime. We used the simple model, discovered by
Barriola and Vilenkin [20], which leads to global monop-
oles as heavy objects appeared in the early Universe as a
result of a phase transition of a self-coupled scalar field
triplet whose original global O(3) symmetry is sponta-
neously broken to U(1). In this systems, the scalar field
plays the role of an order parameter which is nonzero
outside the monopole’s core, where it is concentrated the
main part of the monopole’s energy.

© 2019 American Physical Society
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Previous works that consider quantum fields in global
monopole systems include the analysis of massless scalar
fields [21-23] and the calculation of the quantum stress
energy tensor for a massless spinor field [24,25].

In Ref. [19], we construct various approximations for
(¢*), each one proportional to the coincident limit of the
Hadamard-DeWitt coefficient [a;], starting from the lead-
ing term, proportional to [a,], up to the next-to-next-
to-next-to-leading term, that include the coincident limits
of coefficients up to [as]. In terms of the mass u of the
quantum scalar field, the leading approximation leads to
(¢*) proportional to u~2, whereas the higher-order approxi-
mation involves powers u~3. We also find the trace of the
renormalized stress energy tensor for the quantized field in
the leading approximation, using the existing relationship
between this magnitude, the trace anomaly, and the field
fluctuation.

The results obtained in Ref. [19] for the field fluctuations
of the quantized massive scalar field in the global monopole
background show that taking into account higher-order
terms substantially improves the approximation, for which
we concluded that, for this spacetime, we need to use the
next-to-next-to-next-to-leading term to obtain a good des-
cription of the vacuum polarization.

This situation was in contrast with that obtained for
other spacetimes with spherical symmetry, such as the one
describing a Reissner-Nordstrom black hole, for which
previous studies showed that the next-to-leading term,
proportional to [a3], provides a reasonable good approxi-
mation [26].

In this paper, we continue the study of vacuum polari-
zation effects in the spacetime of the global monopole.
Using the Schwinger-DeWitt approach, we construct an
analytic expression of the four-dimensional renormalized
quantum effective action for a quantum massive scalar
field with arbitrary coupling to a generic spacetime. This
expression, which is an expansion in powers of the square
of the inverse mass of the quantum field, proportional to the
coincident limit of the Hadamard-DeWitt coefficient [as], is
used to obtain the leading approximation for the renor-
malized quantum stress energy tensor of the quantum field
by functional differentiation with respect to the metric. The
general expressions obtained are particularized to the case
of a background spacetime corresponding to a pointlike
global monopole.

The paper is organized as follows. In Sec. II, we present
the line element describing a pointlike global monopole,
which will be used as a background to quantize the massive
scalar field. In Sec. III, we give a brief description of
the Schwinger-DeWitt method to construct the quantum
effective action and obtain an analytic expression for this
quantity for large mass scalar fields. Section IV is devoted
to the construction of the four-dimensional renormalized
quantum stress tensor (7',,) . for a massive scalar field in a

)24
general spacetime in terms of the functional derivatives of

the coincident limit of the Hadamard-DeWitt coefficients
as. Explicit analytic results for (7',,) . in the spacetime of
a pointlike global monopoles are presented and discussed
in Sec. V, whereas Sec. VI contains our concluding remarks

and some perspective about future works on this subject.

II. THE POINTLIKE GLOBAL
MONOPOLE SPACETIME

The most simple model which gives rise to global
monopoles was constructed by Barriola and Vilenkin in
Ref. [20] and starts with the Lagrangian density

1 1
L =3 @) @) = 2wt =) (1)
where the parameter # is of the order of 10'® GeV for a
typical grand unified theory. From the above Lagrangian
density and the Einstein equations, we obtain the spheri-
cally symmetric solution:

ds* = —f(r)dt* + f~'(r)dr* + r*(d0* + sin® d¢?), (2)
where f(r), far from the monopole’s core, is given by
f(r)=1-=8mp*>-2m/r, (3)

m being the mass parameter. If we neglect this mass term,
we obtain the line element that describes the geometry
around a pointlike global monopole, which results in

ds* = —a*dt* + dr*/a?® + r*(d6? + sin® 0dg?), (4)

where we define the parameter a according to the expres-
sion

a? =1- 8. (5)

Rescaling in the above solution the time and radial
variables using 7 = at and p = é we arrive to the line
element

ds* = —de* + dp* + a’p*(d6” +sin” 0dg?*),  (6)

which shows that this spacetime is characterized by a solid
angle deficit, defined as the difference between the solid
angle in the flat spacetime 4z and the solid angle in the
global monopole spacetime 4za’. The parameter a < 1
implies a solid angle deficit, whereas a > 1 implies a solid
angle excess. Taking into account the value of 7 in (5), we
have that the field theory predicts a value for a smaller than
unity, which implies a solid angle deficit for the pointlike
global monopole spacetime.

From the line element (4), we see that the time com-
ponent of the metric tensor, g, = —a?, is constant. In the
Newtonian approximation, one can write the Newtonian
gravitational potential ®(r) in terms of this metric compo-
nent as & = — % (1 + g,;), which turns out to be constant if
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g, 1s constant. Hence, the Newtonian gravitational force,
which is the gradient of this gravitational potential, turns
out to be null in these approximations. This fact can be
understood if we take into account that the gravitational
mass M(r) of the monopole is divergent as r — co. From

(1—2M0y — _ 2 we find M(r) = 4zr, and the

9 =~ =
Newtonian gravitational potential ®(r) ~@ is constant.

Therefore, the pointlike global monopole exerts no gravi-
tational force on the matter around it, apart from the tiny
gravitational effect due to the core.

However, the geometry around the global monopole has
nonvanishing curvature, and we can expect gravitational
effects around it. For example, although the global monop-
ole exerts no Newtonian gravitational force on nearby
matter, it gives an enormous tidal acceleration a = @ ~L
proportional to the inverse of the square of the distance
from the monopole’s core, a fact that was considered in
Ref. [27] in a cosmological context to obtain an upper
bound on the number density of them in the Universe,
resulting in at most one global monopole in the local group
of galaxies. In contrast with this result, in Ref. [28], the
authors show, using numerical simulations, that the real
upper boundary is smaller by many orders than that derived
by Hiscock in Ref. [27], finding a scaling solution which
corresponds to a few global monopoles per horizon
volume.

III. THE RENORMALIZED ONE-LOOP
EFFECTIVE ACTION

In this section, we construct the one-loop effective action
for a massive scalar field with mass g and arbitrary
coupling to a generic gravitational background with metric
tensor g,,, using the Schwinger-DeWitt approach. Details
for the results presented in this section can be found in
Refs. [8,9,11,12,14,16,29].

The nonminimally coupled massive scalar field satisfies
the Klein-Gordon equation

(-O+ > +ER)p = 0. (7)

where ¢ is the coupling constant and R is the Ricci scalar.

The one-loop effective action S(!) is related with the
Feynman Green’s function G (x, x") of the Klein-Gordon
operator in (7) by the expression

S = —% Tr InG*. (8)

In the following, we use the Schwinger-DeWitt proper-
time formalism, which assumes that G (x, x’) is given by

iAl/? 1 io(x,x')
.d _. 2 b
—(47[)2A i s(is)2 exp[ s + P }

x A(x, x5 is), )

Gl (x,x) =

where

co
X)ClS E

k=0

Yeay(x, x') (10)

s is the proper time, and the biscalars a;(x, x’) are called
Hadamard-DeWitt coefficients. Also, A(x,x’) is the Van
Vleck-Morette determinant, and the biscalar ¢(x, x’) rep-
resents one-half of the geodetic distance between the
spacetime points x and x’.

In four dimensions, the first three terms in (9), respec-
tively proportional to a; with k =0, 1, 2, are divergent.
Then, defining the regularized biscalar A, (x,x";is) as

2

Apeg(x, ¥/ is) = A(x, X' is) — Z ap(x. x)(is)k,  (11)

k=0

we can put, in Eq. (9), Ay (x, x'; is) instead of A(x, x'; is),
which gives finally the regularized four-dimensional
Green’s function Gly(x,x') as

Glog(x,x') =

<4An;/ s e [‘”‘ ' +%}

x Z ar(x, x') (is)F. (12)
k=3

Substituting (12) in (8) and taking into account the
definition of the trace and the logarithm of an operator
given, for example, in Ref. [3], we have for the renormal-
ized one-loop effective action

M _ A2 !
Sten —)}}E}C/d“x,/ 9332 “i SW

ia(%] Zak(x, X)(is)k. (13)

X exp [—i/ﬂs +
k=3

The limiting processes in the above equation gives
——exp [~ius]

X Zak is)", (14)
k=3

where a; = limy_,,a;(x,x") are the coincidence limits of
the Hadamard-DeWitt biscalars and the upper sum limit N
gives the order of the Schwinger-DeWitt approximation
in Sﬁégg. Integrating over s in (14) by making the substitution
u? = p? —ie (e > 0) [29], we obtain for the renormalized
one-loop effective action of the massive scalar field the
result
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4 = g3 | TY . (9

which, using the properties of the Gamma function, can be
written as

ren322/ \/_Z al.  (16)

We expect that if the Compton length associated with the
field, 4., is less than the characteristic radius of the

curvature of the background geometry, L, then a reasonable

approximation to SEQ,{ is given by the leading term in (16),

proportional to the inverse of the squared field’s mass:

m__1
S0 = g [ Pl (1)

The inclusion of higher-order terms in the above expan-
sion will be always well motivated, in order to obtain a
value for one-loop effective action close to the exact value
|

] =15120

— 80R,5RP"R 5., + 51R R —
+ 84ROIR + 36R ,;RY —

¢
—_(2RR 4R — 5R3
+ 360( ap
4:2
12

The above result coincides with those reported in
Refs. [26,31]. As we can see, the coincidence limit of
the Hadamard-DeWitt coefficients [a3] is an extremely
complicated local expression constructed from the
Riemann tensor, their covariant derivatives, and contrac-
tions. However, the fact that the above result is valid for a
generic spacetime, being static, stationary, or nonstationary,
gives rise to the possibility of using it to obtain relatively
simple expressions for the regularized one-loop effective
action of the quantum massive scalar field in spacetimes
with a higher degree of symmetry.

As we can see from the structure of [as], it is a local
geometric term that depends on the coupling constant & and
|

— 2RR,5,sR*"® — 12R, R —

<R3 + R,R*+2ROR — gR3>'

of this quantity. However, in the rest of the paper, our aim is
to take into account only the leading term in (16), which
implies the calculation of the coincidence limit of the
Hadamard-DeWitt coefficient [a3].

As we see from (17), the main task for the calculation of
the one-loop effective action in the Schwinger-DeWitt
approximation is the determination, up to the order of
k = 3, of the coincidence limit of the Hadamard-DeWitt
biscalar a;(x, x"), that satisfies the recurrence equation

clag; + kay — A7V20(A2qy_,) + ERag_, =0, (18)

with the boundary condition ag(x,x") = 1.

The results for this coefficient up to the order of k =5
can be found, for example, in Refs. [2,9,19,26,30,31].
Using the transport equation approach of Ottewill and
Wardell [31], we can obtain easily general expressions
for the coincidence limit of the Hadamard-DeWitt coef-
ficients a3, by solving the transport equations given in
Ref. [31] using the software package XAcT for Wolfram
Mathematica [32]. The result is

(584R,5R* RP" — 654RR ;R + 99R® + 456R ,5R sR™"° + T2RR ;,;R*"°

12R, sRPT — 6R 5., R + 2TR 5,5, R1%
24R,;00R™ + 144R ;5. sR™P 4 S4L1CIR)

22ROR — 4R ,zR™ — 6000IR)

(19)

the parameters that describe the geometry of the gravitational
background. For the pointlike global monopole spacetime,
the only parameter that characterizes the geometry of the
manifold is . Then, it is reasonable to expect that the one-
loop effective action, as well as the regularized quantum
stress tensor for the massive scalar field in this background,
will be functions of & a, and the distance r from the
monopole core.

Putting (19) into (17), we can obtain a general expression
for the regularized one-loop effective action. However, we can
simplify the result using the fact that not all the terms in (19)
are independent among themselves. It is possible to show that
in four dimensions the following relations hold [16]:

/ d*x/=g00R = 0, (20)

/ d*x\/=gR.sR™ = / d*x\/=g < RDR> (21)
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/ d*x\/=gR .p.,sRP° = / d4x\/—_g<—‘—11RDR + Ry sCIR? — R sRIRPY + RaﬂRﬁRarﬁﬁ), (22)
/d4x\/:g'R;aR;“ = /d“x\/:g'(—RDR), (23)

/ d*X\/=GR 43, R = / d*x\/=g(=R;0ORY), (24)

/ d*x\/=gR 5, R"* = / d4x\/—_g<— %RDR — R sRE,RP + RaﬁRngayﬂ‘S) , (25)

/ d*X /=GR o5 RP15€ = / d*x\/=g(ROR — 4R s O0R™ + 4R ;RS RP — AR 4R ;R

2Ra[),R(1 56]3/”}'5 +R by 5Ra/1’/wR + 4Ray[)’5Raﬂﬁ R}’Mﬁy) (26)

youv aufv

Using the above relations, we can show that the one-loop effective action includes only ten geometric terms. The final
result is

s 1 /4\/— ——§+1 ROR + —— R, COR — 5—1 'R
192422 56 140 K 6

1 8 2
— (== |RR4R” — ——R,;R* RF\ +—
30 <‘f 6) o 045 e T

1
s RypR R + ——R,sR* 5 R

1260

177 R Raﬂrfﬂ RS _i
7560 e 270

1 1
(e

Ray/iﬁRa(rﬂpRymsp:| . (27)
IV. SCHWINGER-DEWITT APPROXIMATION FOR (77,

The renormalized quantum stress energy tensor for the massive scalar field nonminimally coupled to a generic spacetime
background can be determined from (27) by functional differentiation with respect to the metric tensor:

>ren

2 55k
<T/w>ren == . (28)
Vamt') 5gﬂu

Because of the identities and relations satisfied by the Riemann tensor, its contractions, and covariant derivatives, there
are not unique results for (7#) . [11,12,14—-16]. However, all the obtained expressions for this quantity must give the same
results when applied to specific spacetime backgrounds. Also, all the results must have a covariant divergence equal to zero,
which is a fundamental property of the stress energy tensor.

In the following, we use the basis proposed in the beautiful paper of Décanini and Follaci [16], which allows us to obtain
an irreducible expression for the renormalized stress energy tensor for the quantum scalar field given by

_ 1 2 f i _1 1 1
<T/w>ren - 967‘[ |:|:§ 70:| (DR) uv + 10 <§ >RDR + - 15 (5 7)R(1(;¢R v)

N[, & 1 1 1
—mDDR —6<§—g> {5 ——+30} R;W—(é—g) <§—§>(DR)RW

1 1 2 2 1
+ER“(HDR V) + E <§ - ?>R ﬁRa[};(/u/) + ER ﬁRa(”;y)/j - %R ﬂRﬂIJ;(lﬁ

2 3\ . 1 . 4
T (5 - ﬁ) R Ry, — 105 (ER P)Royp + Tos X 7 uRiypaln)
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2 . By 1 3 by 1\2
+5R (u R\aﬁrlv)_ g_ﬁ RYTR s (uw) — 5__ 5_6 RuR,

1 3
‘5(5‘1—>R K

sRq

-

1
-—R%,

1
P+ —R* 4R, —
210 N sl va

! RPYR
105 vha(uv)

1 1
;w “ + <§ - _> Ra Ra/}y

- iRaﬂ;yR

70 appuiy

15 (5 - %) Raﬂyé;"R“ﬁV‘s?‘/ - %Raﬂyﬂ;éRaﬂyv’a +3 (f - 6) RZRW

iglRRRa izle“ﬁRR 2
5 6) Y30 6 LAY

+iRayRﬁ R +LRaﬂR}'
315 ey 315

1 1 4
35 (56 Rk R 515
1

4 R, ,RYPOR
t 37 Rap v~ 375

315

2
R, — — R%¥1 4R

315
11

4
_ Rayﬂ6R6
+ 63

2
+g’”[< ¢ 280

g3

53
3 2 -
6 (‘5 5 * 1805 10080) “’

oyov

28

apu

R ypaly)

2
o 6
R R, RV 5, + %Raﬁr R
)
R llav

afyc

+———)DDR+6<§ 1) [éz—§+ 1

1
R;(l [
15 (‘5

—R’R,R;,

ap

1 1

2
Q )
35K PR \uRysp,

R iR gyl

[
aﬂszyé v

1 1
— (&==)RR¥R
+ 15 (5 6) apfv

ROIR
40}

1

4
R ORY 4 — s (é - ?) R, 5RO
13

1 3
Rayﬂ - ' Raﬁyﬁv__ i
~a0k 15 (‘f 1 12) apréo (5 )

RR,,RY + LR
ap 1890

1 1
60 (5 6>
1 1 o

0 | & ¢ | RRapsRP +

60
1 47
E——
15 252

The above result is a rather complex expression for the
renormalized stress energy tensor for a large mass scalar
field with arbitrary coupling to gravity in the Schwinger-
DeWitt approximation, that is valid for any spacetime [33].
As we can see, the information of the massive scalar field is
included in the coefficients accompanying each local geo-
metric term constructed from the Riemann tensor, its
covariant derivatives, and contractions.

The fact that we have an analytic result for (T, ) . valid
for a generic gravitational background is very important,
because it opens the possibility to study the influence of the
quantization of a massive scalar field upon the background
spacetime, the so-called backreaction problem. Using the
above stress energy tensor as a source in the semiclassical

4

(]
)R“” T

1
R R — 30 R,sR,sR*P°
1 :
15 <§ - 8) Rl

(-

41

ﬁ> Rayﬁ(;R“,,ﬂpréﬂ] } . (29)

|
Einstein’s equations, we can, in principle, find the quantum
corrections to the background metric perturbatively.

In the rest of the paper, we will apply the above obtained
formula to the study of the renormalized stress energy
tensor for the quantized nonminimally coupled massive
scalar field in the spacetime of a pointlike global monopole.
As we will show, simple results can be obtained in this case.

V.RENORMALIZED QUANTUM STRESS ENERGY
TENSOR FOR MASSIVE SCALAR FIELD IN
POINTLIKE GLOBAL MONOPOLE SPACETIME

Using (4) in (29), we obtain, for the temporal component
of the renormalized stress energy tensor for the massive
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scalar field with arbitrary coupling parameter &, the very
simple result

Thn = o ZBk«x (30)
where
Bo(a) = 101a(1 + a?) — 4, (31)
B, = =504a* — 15540 + 42, (32)
B, = —3150a* + 8400a” — 210, (33)
and
By = 15540a* — 15960a° + 420. (34)

In Fig. 1, we show the dependence on the coupling
constant £ of the rescaled time component of the renor-
malized stress energy tensor (T) = 967°u*(T*),., for a
massive scalar field in the pointlike global monopole
spacetime with parameter 1 — a®> = 107 at a fixed distance
from the monopole’s core.

The first thing that we can observe is that (7)) increases
with the increase of the coupling constant until it reach its
maximum value at £ = 0.2, becoming positive for values of
the coupling constant between 0.17 < & < 0.23. For values
of the coupling constant outside this interval, the stress
energy tensor is negative, decreasing its value for £ > 0.23.

The above behavior is similar for all values of the
distance r from the monopole’s core, as we can see in
Fig. 2, where we show the dependence of (7)) as a function
of £ and r. As we can see from the graph, for values of
0.17 < £ £0.23, the time component of the stress energy
tensor for the massive scalar field is positive and tends to

0.00

-0.02+
S -0.04,
-0.06 -
-0.08~
0‘.0 0‘.1 0:2 0:3 0‘.4
$
FIG. 1. Dependence on the coupling constant £ of the rescaled

time component of the renormalized stress energy tensor (T) =
9672 1*(T") o, for a massive scalar field in the pointlike global
monopole spacetime. The values of the parameters used in the
calculations are r =1 and 1 —a? = 107,

04 0.0

FIG. 2. Dependence on the coupling constant £ and distance
from the monopole’s core r of the rescaled time component of
the renormalized stress energy tensor (Tg) = 962%u>(T%)
for a massive scalar field in the pointlike global monopole
spacetime. The value of the parameter used in the calculations
is 1 —a?>=107.

zero at large distances from the monopole’s core. This
behavior excludes the physical values associated with
minimal coupling £ = 0 and conformal coupling & = 2

For values of the coupling constant outside the above-
mentioned interval, the time component of the renormal-
ized stress energy tensor has negative values, again tending
to zero as r — oco. The physical values corresponding to
minimal and conformal coupling to gravity are included in
this case, as we can see in Fig. 3, when we plot the
dependence of the rescaled time component of the renor-
malized stress energy tensor as a function of r for this value
of the coupling constant.

Now substituting (4) in (29), we can obtain the radial and
angular components of the renormalized stress energy
tensor for the massive scalar field with arbitrary coupling
parameter &. For the radial component, we obtain the very
simple result

I e S WACLANED
where
Qo(a@) = 4+ 67a*(1 + a?), (36)
0,(a) = —[42 4 a*(336a* — 966)], (37)
0> (a) = 210 + a?(5040 — 1890a?), (38)
and
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0.0

(To)

0.0 0.2 0.4 0.6 0.8 1.0

0.0

(To)

0:0 0:2 0:4 0:6 0:8 1:0
r

FIG. 3. Dependence on the distance from the monopole’s core r
of the rescaled time component of the renormalized stress energy
tensor (T) = 967°u*(T*),., for a massive scalar field in the
pointlike global monopole spacetime. The values of the param-
eters used in the calculations are 1 —a? = 107> and & = 0 (top
plot) and & =1 (bottom plot).

05(a) = —[420 + a?(9660a% — 9240)].  (39)

For the angular components of the renormalized stress
energy tensor, we obtain

<Tg>rcn = <T$>ren = _% <T;>ren' (40)

In Fig. 4, we show the dependence on the coupling
constant ¢ of the rescaled radial component of the renor-
malized stress energy tensor (T;) = 967%u*(T%),., for a
massive scalar field in the pointlike global monopole
spacetime with parameter 1 — o> = 107 at a fixed distance
from the monopole’s core.

We can observe that (T';) decreases with the increase of
the coupling constant until it reaches its minimum value at
& =0.2 and then increases its value for £ > 0.2. For all
values of the coupling constant, this magnitude remains
positive, and this behavior is independent of the value of the
distance r from the monopole’s core, as we can see in
Fig. 5, where we show the dependence of (7T';) as a function
of £ and r. Also, we observe that (T'|) tends to zero at large

0.5~

0.4

0.3-

0.2

(T1)

0.1+

0.0

0.0 0.2 0.4 0.6 0.8 1.0
§

FIG. 4. Dependence on the coupling constant ¢ of the rescaled
radial component of the renormalized stress energy tensor (T) =
9672 u>(T"),., for a massive scalar field in the pointlike global
monopole spacetime. The values of the parameters used in the
calculations are r =1 and 1 —a? = 107,

distances from the monopole’s core. For minimal and
conformal coupling, Fig. 6 shows this general behavior.

As (40) shows, the angular components of the renor-
malized stress tensor for the massive scalar field with
arbitrary coupling to gravity on a global monopole space-
time is proportional, with opposite sign, to the radial
component. For this reason, it is expected that (T,)
increases with the increase of the coupling constant until
it reach its maximum value at £ = 0.2, and then decreases
its value for & > 0.2, and remains negative for all values of
the coupling constant, a behavior independent of the
distance r from the monopole’s core. Also, (T,) — 0
as r — oo.

04700

FIG.5. Dependence on the coupling constant £ and the distance
r from the monopole’s core of the rescaled radial component
of the renormalized stress energy tensor (T|) = 96721 (T%) .,
for a massive scalar field in the pointlike global monopole
spacetime. The value of the parameter used in the calculations
is 1 —a?>=107.
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FIG. 6. Dependence on the distance from the monopole’s core r
of the rescaled radial component of the renormalized stress
energy tensor (T,) = 96x°u?(T"),., for a massive scalar field
in the pointlike global monopole spacetime. The values of the
parameters used in the calculations are 1 —a? = 107 and £ = 0
(top plot) and & =} (bottom plot).

If we defined as usual the energy density of the quantum
field as

pP= _<T§>ren7 (41)

the above results indicate that, for the massive scalar field in
the spacetime of a pointlike global monopole, this magni-
tude is negative for all values of r if the coupling constant is
on the interval £ € [0.17,0.23] and positive for all values of
r outside this interval, which includes the minimal and
conformally coupled case.

The principal pressures related with the diagonal com-
ponents of the renormalized stress energy tensor can be
defined, in the usual way, by

Pr= _<T;>ren (42)

for the radial pressure and

Po = p¢ =P= <Tz>ren = <T£>ren (43)

for the angular ones.

As we can see from the results discussed above, the
radial pressure is negative for all values of the coupling
constant, a behavior independent of the distance from the

monopole’s core. The angular pressures remains negative
for all values of £ and r, too.

The above facts are interesting in relation with possible
violations of energy conditions by the quantized massive
scalar field in the global monopole background. As all the
information of the quantum field in this background is
encoded in the components of the stress energy tensor, one
can gain better information on the nature of this quantized
field by analyzing the fulfillment or not of the various
energy conditions that can be considered in this case.

Energy conditions are restrictions that the components of
the stress energy tensor of matter fields do satisfy to be in
some sense reasonable types of matter and are important in
the proofs of various theorems, such as those concerned
with singularities, topological censorship, and positivity
of mass.

The pointwise energy conditions, in the case of a
spherically symmetric spacetime, can be summarized as
follows [34,35].

Null energy condition (NEC).—A matter field satisfies
the pointwise NEC if, for any null vector k¥, we have that
T, k'k" > 0. In terms of the diagonal components of the
stress energy tensor, the above condition is equivalent to the
restrictions p — p, >0 and p+ p > 0.

Weak energy condition (WEC).—The pointwise WEC is
satisfied by a matter field if, for any timelike vector V¥, we
have 7, V#V¥ > 0, which is equivalent to the restrictions
p+ p; > 0and p > 0. Then, the WEC is equivalent to the
NEC with the constraint p > 0 added.

Strong energy condition (SEC).—A matter field satisfies
the SEC if p+ p; >0and p+ >, p; >0, which is equivalent
to the NEC with the constraint p — p, + 2p > 0 added.

Dominant energy condition (DEC).—It is satisfied by a
matter field whose locally measured energy density is
positive and the energy flux is timelike or null. This is
equivalent to the restriction p > 0 and —p < p; < p.

As it is difficult to analyze the fulfillment of the above
pointwise energy conditions in the case of a quantum
massive scalar field on a global monopole spacetime for
the case of arbitrary & we will restrict our analysis to the
physical cases of minimal and conformal couplings.

Rescaling the energy density and pressures of the
quantum massive scalar field as ¢ = 962%u%p and p; =
967%u’ p;, respectively, the results obtained for the renor-
malized stress energy tensor indicate that, in the minimally
coupled case, we have the relations ¢ > 0 and

1.59 x 10~
R (44)
-
3.71 x 1073
Q+P:—T, (45)
1.03 x 107*
Q—Pr‘f‘ZP:—T- (46)
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Also, in the conformally coupled case we have ¢ > 0 and

4.44 x 107°
C—Pr=—"% > (47)
r
6.03 x 107°
a+p:—4r6 , (48)
9.52 x 107°
Q=P+ 2= (49)

The above results show that, for both minimal and
conformally coupled cases, we have ¢ > 0, ¢ —p, > 0,
0+p <0, and ¢ —p, + 2p < 0 for all values of r. Then,
outside the pointlike global monopole’s core, all the
pointwise energy conditions are violated by the quantum
massive scalar field.

VI. CONCLUSIONS

In this paper, we construct the approximate renormalized
stress energy tensor (T',,) . for a quantum massive scalar
field with arbitrary coupling to gravity in the spacetime
of a pointlike global monopole. Using the leading term in
the Schwinger-DeWitt expansion for the Green’s function
associated with the Klein-Gordon dynamical operator, we
find analytical expressions for the one-loop effective action,
as an expansion in powers of the inverse squared mass
of the field. Then, by functional differentiation of the
effective action with respect to the metric tensor, we find an
analytic expression for (7',,) ., valid for a generic space-
time background.

The results obtained for the renormalized stress energy
tensor of the quantized massive scalar field in the global
monopole background show that, for all values of the
distance r from the monopole’s core, the quantum massive
scalar field violates all the pointwise energy conditions for
the minimal and conformally coupled cases.

Our calculations are a sequel of previous work in which,
using the Schwinger-DeWitt proper time formalism, we
study vacuum polarization of massive fields in a pointlike
global monopole’s background, constructing the analytic

formula for the renormalized vacuum expectation value of
the square of the field amplitude {¢?) [19].

As a check of the result presented in this paper, we can
use the known fact that, for a conformally coupled scalar
field, there exists a relation between the field fluctuation of
the scalar field and the trace anomaly of the stress energy
tensor. As showed by Anderson in Ref. [36], we have for
the trace (T%) the expression

() =2 2g2) (50)

In Ref. [19], we obtain for the trace of the renormalized

stress tensor of the massive scalar field in the pointlike
global monopole spacetime the result

o 2500 —21a% -4
(o) = 22680724 r® (1)

We can easily show that the above result coincides
exactly with the trace of (T%) . obtained using the general
results presented in this paper, which is an indication of the
validity of the results reported here.

An interesting problem to be addressed is the study of
the backreaction effects of the quantized massive fields
upon the spacetime geometry around the monopole. Using
the analytic expressions for the quantum stress tensor
reported here, we can solve perturbatively the semiclassical
Einstein’s field equations. To this specific problem, we will
dedicate a future report.
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