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In this paper, a large family of topological black hole solutions of dimensionally continued gravity are
derived. The action of Lovelock gravity is coupled to the exponential electrodynamics and the equations of
motion are solved in the presence of a pure magnetic source. We work out the metric functions in terms of
the parameter β of exponential electrodynamics, and magnetic charge. Further, we couple Lovelock gravity
to power-Yang-Mills theory and construct black holes, in diverse dimensions, having Yang-Mills magnetic
charge. We also discuss the asymptotic behavior of metric functions and curvature invariants at the origin
for both models. The thermodynamics of resulting magnetized black hole solutions in the framework of
two different models is also studied. The thermodynamical quantities like Hawking temperature, entropy,
and specific heat capacity at constant charge are found and we show that the resulting quantities satisfy the
first law of black hole thermodynamics. We also study the magnetized hairy black holes of dimensionally
continued gravity.
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I. INTRODUCTION

Since the theory of general relativity is nonrenormaliz-
able, therefore, higher derivative gravitational theories
have been investigated, because the higher derivative
corrections to the familiar Einstein’s theory produce a
power-counting renormalizable theory [1]. Further, modi-
fying gravity gives an alternative way to understand the
acceleration and expansion of the universe without the
introduction of dark energy in the model. Thus, this is
another reason to study higher derivative theories. Among
the different higher derivative modified theories, Lovelock
gravity [2], which contains dimensionally continued Euler
characteristics, has a unique property that, in four dimen-
sions, it reduces to general relativity. The field equations
corresponding to the Lovelock gravity contain only the
metric and its first two derivatives, thus the linearized
form of this theory is free of ghosts. The second order
Lovelock gravity, i.e., the Gauss-Bonnet gravity emerges
in string theory in the low energy limit [3,4]. However,
due to the presence of a lot of Lovelock coefficents in
Lovelock gravity, it is very difficult to interpret the
physical meaning of the solution, therefore Banados,
Teitelboim and Zanelli [5] proposed a suitable choice
of these coefficients which allows us to write the solution
in an explicit form. This theory of gravity that is obtained
from this particular choice of Lovelock coefficients is
known as dimensionally continued gravity (DCG). In the
literature [5–7] neutral and charged black hole solutions of

DCG have been studied. The hairy black holes of DCG
have also been constructed recently [8,9].
It has been shown that the standardMaxwell’s theory is not

alwaysworkable for studying electromagnetic fields. In 1934
nonlinear electrodynamics was proposed by Born and Infeld
which has the property of cancelling the divergences of
electron’s self-energy [10]. Later in 1936, Heisenberg and
Euler also put forward a nonlinear electromagnetic theory to
explain the quantum electrodynamics phenomena [11]. The
Born-Infeld electrodynamics could also be reproduced in the
framework of string theory [12]. The action of Born-Infeld
theory also governs the dynamics of D3-branes [13]. Other
theories, that have recently been found from a particular form
of Born-Infeld theory, include Dirac-Born-Infeld inflation
theory and Eddington-inspired Born-Infeld theory [14,15].
These theories have also beenused in the studyof darkenergy,
holographic entanglement entropy and holographic super-
conductors [16–18]. The first black hole solution of Einstein’s
theory with Born-Infeld electrodynamical source was given
by Hoffmann [19]. Subsequently, many spherical black hole
solutions which are asymptotic to the Reissner-Nordström
solution were derived with other nonlinear electrodynamical
sources [20,21]. The exponential electrodynamicsmodel [22]
is also used to construct the asymptotic Reissner-Nordström
black hole solution having magnetic charge.
Black hole solutions of modified gravities have also

been studied in the framework of nonlinear electromagnetic
theory. For example, nonsingular magnetically charged
black hole solutions [23] and electrically charged black
hole solutions of DCG have been constructed [24] where
exponential and Born-Infeld electromagnetic fields are
taken as sources. In the present work we derive magnetized
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black hole solutions of DCG coupled with exponential
electrodynamics and then generalize our solution to black
holes which contain scalar hair.
More recently black hole solution has been found where

the nonlinear electromagnetic source is expressed in powers
of Maxwell’s invariant ðFμνFμνÞq, where q is an arbitrary
real number [25]. The nonlinearity involved in this power-
Maxwell theory is radically different from the familiar Born-
Infeld electrodynamics. One property of power-Maxwell
formalism is that for the special case of q ¼ d=4, where d
represents the dimension of spacetime, it yields the traceless
matter tensor which indicates the satisfaction of confor-
mal invariance. Instead of considering the power-Maxwell
theory, we investigate black hole solutions with power-Yang-
Mills source [26] in this paper, that is, we can choose the

source of gravity as ðFðaÞ
μν FðaÞμνÞq, where FðaÞ

μν denotes the
Yang-Mills field with 1 ≤ a ≤ 1

2
ðd − 1Þðd − 2Þ and q is a

real number. In Ref. [26] Lovelock black holes with a power-
Yang-Mills source have been studied and magnetically
charged solutions are obtained. In this paper we construct
black hole solutions and hairy black hole solutions of DCG
in the presence of power-Yang-Mills field.
Thermodynamics of black holes is an interesting

aspect of the subject that attracts much attention not only
in linear Maxwell’s theory but also in the nonlinear theories
[27,28]. For instance, thermodynamics of spherically sym-
metric black holes with exponential electromagnetic source
has been discussed [22]. Similarly, thermodynamics of
Lovelock black holes in the presence of power-Yang-Mills
theory has been studied [26]. In our work we also study
thermodynamics of the resulting black hole solutions in
DCG within the two different models.
The plan of the paper is as follows. In Sec. II, the expo-

nential electrodynamics model is coupled with Lovelock
gravity and we find a family of magnetized black hole
solutions of DCG depending on the parameter β of
exponential electrodynamics. In this section the metric
functions are calculated and we study thermodynamics of
black holes with exponential electrodynamical source.
We also work out the hairy black hole solution of DCG
within this model. In Sec. III, we couple Lovelock gravity
to power-Yang-Mills theory and obtain the magnetized
black hole solutions with and without scalar hair of DCG.
We also study thermodynamics of these black hole sol-
utions. Section IV deals with the Yang-Mills hierarchies.
Finally we conclude our results in Sec. V.

II. TOPOLOGICAL BLACK HOLES OF DCG
COUPLED TO EXPONENTIAL

ELECTRODYNAMICS

A. Magnetized black hole solution

The action function for Lovelock gravity with exponen-
tial electromagnetic source [22,24] in diverse dimensions is
written in the form

I ¼ 1

16πG

Z
ddx

ffiffiffiffiffiffi
−g

p �Xn−1
p¼0

αp
2p

δ
μ1…μ2p
ν1…ν2p R

ν1ν2
μ1μ2…

× Rν2p−1ν2p þ LðϝÞ
�
; ð2:1Þ

where

LðϝÞ ¼ −ϝ exp ð−βϝÞ; ð2:2Þ

and ϝ ¼ Fμνϝμν ¼ ðB2 −E2Þ=2, β is the parameter of our
model, B is the magnetic field, and E is the electric field.
Here G is the Newtonian constant, δ

μ1…μ2p
ν1…ν2p is the general-

ized Kronecker delta of order 2p and d ¼ nþ 2 where n is
a natural number. The coefficients αp in (2.1) represent
arbitrary constants, however, in the particular case of DCG,
they are chosen in the form

αp ¼ Cn−1
p

ðd − 2p − 1Þ!
ðd − 2Þ!l2ðn−p−1Þ ; ð2:3Þ

where l is related to cosmological constant. It is worth
noting that DCG becomes Born-Infeld theory in even
dimensions and Chern-Simons theory in odd dimensions
[5,6]. Varying (2.1) with respect to the electromagnetic
potential Aμ yields the equations of motion of nonlinear
electromagnetic field

∂μ½
ffiffiffiffiffiffi
−g

p
Fμνð1 − βϝÞ exp ð−βϝÞ� ¼ 0: ð2:4Þ

After taking the variation of the action (2.1) with respect to
the metric tensor, gμν, one can arrive at the equations of the
gravitional field

Xn−1
p¼0

αp
2pþ1

δ
νλ1…λ2p
μρ1…ρ2pR

ρ1ρ2
λ1λ2

…Rρ2p−1ρ2p ¼ Tν
μ; ð2:5Þ

where Tν
μ represents the matter tensor given by

Tν
μ ¼ exp ð−βϝÞ½ðβϝ − 1ÞFμλFν

λ þ ϝgμν�: ð2:6Þ

One can easily find the trace of the matter tensor in the form

T ¼ −4βϝ2 exp ð−βϝÞ; ð2:7Þ

which implies that for this model, the scale invariance is
completely broken down, however, in the limit β → 0 one
comes to the classical Maxwell’s electrodynamics because
the trace of the matter tensor becomes zero.
The causality principle [21,22] says that the group

velocity of excitations in the background should not
exceed the speed of light or we can say that tachyons will
not appear. This principle will hold if ∂L=∂ϝ ≤ 0. Now
from (2.2) we have
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∂L
∂ϝ ¼ ðβϝ − 1Þ exp ð−βϝÞ; ð2:8Þ

which shows that causality is satisfied for our model if
ðβϝ − 1Þ ≤ 0. This gives us the requirement for the case of
pure magnetic field

r ≤
�

2

βQ2

� 1
2d−4

: ð2:9Þ

According to the unitarity principle the norm of every
elementary vacuum excitation will be positive definite,
which means ð∂L=∂ϝþ2ϝ∂2L=∂ϝ2Þ≤0 and ∂2L=∂ϝ2 ≥ 0
[22]. Thus, this principle holds if and only if

r ≤
�
0.44
βQ2

� 1
2d−4

: ð2:10Þ

The weak energy condition (WEC) is fulfilled if and only
if the relations ρ ≥ 0 and ðρþ PmÞ ≥ 0, where m ¼
1; 2; 3…; d − 1 are satisfied. Note that, ρ represents the
energy density and Pm are the principle pressures for each
m. Thus, using matter tensor (2.6) it can easily be verified
that WEC is satisfied if and only if (2.9) holds. From
Eq. (2.6) it is also easy to verify that the dominant energy
condition (DEC) and strong energy condition (SEC) are
also satisfied for our model if and only if

r2d−4 ≤
���� 2

βQ2

����: ð2:11Þ

Note that, DEC guarantees that the speed of sound does
not exceed the speed of light, while SEC says that there
cannot be acceleration of the universe in the framework of
exponential electrodynamics coupled with DCG.
Since the action of Lovelock gravity (2.1) is the sum

of the dimensionally extended Euler densities, it is shown
that there are no more than second order derivatives with
respect to the metric tensor in its equations of motion.
Moreover, the Lovelock gravity has been shown to be a
ghostfree theory when expanding on a flat space, evading
any problems with unitarity [29]. Here, note that although
the Lagrangian density corresponding to Lovelock gravity
contains some curvature terms with higher order deriva-
tives, in essence it is not a higher derivative gravity theory
because its equations of motion do not contain terms
higher than second derivatives of the metric. From this it
becomes clear that the Lovelock gravity is a ghostfree
theory [30]. The action function (2.1) corresponding to
DCG looks very complicated due to the presence of so
many terms. However, the static spherically symmetric
black hole solutions can indeed be found [31] with the
help of a real root of the corresponding polynomial
equation. Since the gravity (2.1) contains many arbitrary
coefficients αn it is not an easy task to extract physical

information from the solution. Some authors [5,6] choose
a special set of coefficients which make the metric
function simpler. These solutions could be explained as
spherically symmetric solutions. Further, the black hole
solutions having nontrivial horizon topology in this
gravity with the special choice of coefficients have been
studied [7,32].
Here we determine the magnetically charged static

black hole solution of DCG. For this we assume a pure
magnetic field such that E ¼ 0, which yields from
Maxwell’s invariant, the form ϝ¼ðBðrÞÞ2=2¼Q2=2r2d−4,
where Q represents the magnetic charge. Now, for the
general case of arbitrary coefficients αn, the static and
spherically symmetric line element [33] was obtained in the
form

ds2 ¼ −fðrÞdt2 þ dr2

fðrÞ þ r2ðhijdxidxjÞ; ð2:12Þ

where hijdxidxj is the metric of n-dimensional hypersur-
face having constant curvature. Now using the above line
element and substituting (2.6) in Eq. (2.5), the equation of
motion becomes [31,34]

d
dr

�Xn−1
p¼0

αpðd − 2Þ!
2ðd − 2p − 1Þ! r

d−1
�k − fðrÞ

r2

	
p
�

¼ 32πG exp

�
−βQ2

2r2d−4

��
βQ4

2r4d−8
−

Q2

2r2d−4

�
; ð2:13Þ

where k ¼ 0; 1;−1 associated to the codimensions-2
hypersurface with planar, spherical, and hyperbolic top-
ology respectively. If we chose α from Eq. (2.3), that is, for
the case of DCG, the above equation becomes [31,34]

d
dr

�
rd−1

�
1

l2
þ k − fðrÞ

r2

�
n−1

�

¼ 64πG exp

�
−βQ2

2r2d−4

��
βQ4

2r4d−8
−

Q2

2r2d−4

�
: ð2:14Þ

Integration of the above equation with respect to r yields

fðrÞ ¼ r2

l2
þ k − r2

�
16πGm
rd−1Σd−2

þ δd
rd−1

þ πGQ
1

d−2β
5−2d
2d−4

ðd − 2Þ221−10d
2d−4 rd−1

�
Γ
�
2d − 5

2d − 4
;
βQ2

2r2d−4

�

− 2Γ
�
4d − 9

2d − 4
;
βQ2

2r2d−4

��� 1
d−3
; ð2:15Þ

where m is a constant of integration which is associated to
the ADMmass of black hole, Σd−2 represents the volume of
n-dimensional hypersurface. The reason for the appearance
of additional constant δd in Eq. (2.15) is that one can expect
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the horizon of the black hole to shrink to a single point
when m → 0 and the function Γðs; xÞ is the incomplete
gamma function.
It is worth mentioning here that black strings and black

branes can be thought of generalizations of black holes and
they play a significant role in the AdS=CFT correspon-
dence. It has been rightly pointed out [35] that while it is
easy to construct black string and black brane solutions in
the vacuum Einstein gravity by adding Ricci flat directions

to Schwarzschild and Kerr solutions, it is nontrivial to
obtain such solutions in Lovelock gravity, and numerical
and other techniques have been used to construct such
solutions.
Now we discuss the asymptotic behavior of the metric

function at r ¼ 0. We take k ¼ 1 here (the cases k ¼ 0;−1
can be studied in a similar manner). Thus for even-
dimensional spacetime, the asymptotic value of the metric
function becomes

fðrÞ ¼ 1þ r2

l2
−m

1
2s−3

�
r2k−5 þ δd;2s

mð2s − 3Þ r
2s−5 þ πG

mð2s − 3Þð2s − 2Þ exp
�

−βQ2

2r4ðs−1Þ

�

×

�
32r4s−4ð3 − 2sÞ

βð2s − 2Þ −
Q

1
2s−22

20s−21
4s−4 β

5−4s
4s−4r6s−8

4s − 4
−
Q22

14s−15
2s−2

r2s
þOðr10s−12Þ

��
;

d ¼ 2s; s ¼ 1; 2; 3.… ð2:16Þ

Similarly, for odd-dimensional spacetime we have

fðrÞ ¼ 1þ r2

l2
−m

1
2s−2

�
r2s−4 þ δd;2sþ1

2mðs − 1Þ r
2s−4 þ πG

2mðs − 1Þð2s − 1Þ exp
�
−βQ2

2r4s−2

�

×

�
64r2s−3ð1 − sÞ
βð2s − 1Þ −

Q
1

2s−32
20s−11
4s−2 β

3−4s
4s−2r6s−5

4s − 2
−
Q22

14s−8
2s−1

r2sþ1
þOðr10s−7Þ

��
;

d ¼ 2sþ 1; s ¼ 1; 2; 3.… ð2:17Þ

From the above asymptotic expressions, it is clearly seen
that for the case of even-dimensions, metric function fðrÞ is
finite as r → 0 for all values of s ≥ 3. In the case of odd-
dimensions, fðrÞ yields finite value for all s ≥ 2 at the
origin, while at s ¼ 1 the function is infinite. The event
horizons can be found by solving the equation fðrhÞ ¼ 0.
From Eq. (2.15), we can write the ADM mass of the black
hole in the form as

m ¼ rd−1h Σd−2

16πG

�
1

l2
þ k
r2h

�
d−3

−
δd

16πG

−
Q

1
d−2Σd−2β

5−2d
2d−4

ðd − 2Þ25−2d
2d−4

�
Γ
�
2d − 5

2d − 4
;
βQ2

2r2d−4h

�

− 2Γ
�
4d − 9

2d − 4
;
βQ2

2r2d−4h

��
: ð2:18Þ

Figure 1 shows that there exists a minimum valuemext ofm
which corresponds to an extremal black hole. Extremal
black holes are the black holes whose horizons coincide,
which can be obtained by solving fðrÞ ¼ 0 and df=dr ¼ 0
simultaneously. For rh ¼ 0, m takes a finite value m0 for
d ≥ 3. If mext < m < m0, there are two horizons, if
m ≥ m0, there is a single horizon and if m < mext, there

is no event horizon. In Fig. 2, the point where curve
touches the horizontal axis indicates the position of the
event horizon.
In general, the Ricci scalar for the line element (2.12) is

R ¼ ðdþ 1Þ
r2

�
1 − fðrÞ − r

df
dr

− r2
d2f
dr2

�
; ð2:19Þ

FIG. 1. Plot of function m [Eq. (2.18)] vs rh for fixed values of
Q ¼ 0.01, β ¼ 0.01, and l ¼ 1.
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while the Kretschmann scalar is given by

K ¼ ð2dþ 2ÞðfðrÞ − 1Þ2
r4

þ ðdþ 1ÞðdfdrÞ2
r2

þ
�
d2f
dr2

�
2

:

ð2:20Þ

For arbitrary value of d the metric function (2.15) gives
very lengthy and complicated expression for the Ricci
scalar which we cannot write here. Avoiding these lengthy
calculations we discuss the asymptotic behavior of curva-
ture invariants for d ¼ 5. Differentiating (2.15) for the
5-dimensional case we can write

df
dr

¼ 2r
l2

−
2β

1
3

r
1
3

�
δd;5 þ 16mπ

�
Γ
�
5

6
;
βQ2

2r6

�
− 2Γ

�
5

6
;
βQ2

2r6

���1
3

−
4

3
2
3r

16
3

�
24πQ2β

5
6 exp

�
−βQ2

2r6

��
Γ
�
5

6

��
−1

−
Q2β

r6

�
Γ
�
11

6

��
−1
�

− ð3δd;5 þ 48mπÞβ5
6r5 − 2

29
6 πQ

1
3r5

�
Γ
�
5

6
;
βQ2

2r6

�
− 2Γ

�
5

6
;
βQ2

2r6

���

×

�
ð3δd;5 þ 48mπÞβ5

6 þ 2
29
6 πQ

1
3

�
Γ
�
5

6
;
βQ2

2r6

�
− 2Γ

�
5

6
;
βQ2

2r6

���
−1
: ð2:21Þ

Similarly, the second derivative of the metric function is

d2f
dr2

¼ 2

l2
−

2

3
1
3r

4
3

Π
1
3

1 þ
32πQ2β

2
9Π2

r
55
3Π3

þ 32Π2
4

3
7
3r

4
3Π

5
3

5

þ 3
−4
3 r

−4
3 Π6

Π
2
3

5

; ð2:22Þ

where

Π1 ¼ 3δd;5 þ 48mπ þ 2
29
6Q

1
3β

−5
6

�
Γ
�
5

6
;
βQ2

2r6

�
− 2Γ

�
5

6
;
βQ2

2r6

��
; ð2:23Þ

Π2 ¼ exp

�
−βQ2

2r6

��
Q4β2Γ

�
5

6

�
þ 3r12Γ

�
11

6

�
−Q2βr6

�
5Γ

�
5

6

�
þ Γ

�
11

6

���
; ð2:24Þ

Π3 ¼ Γ
�
5

6

�
Γ
�
11

6

��
ð3δd;5 þ 48mπÞβ5

6 þ 2
29
6 πQ

1
3

�
Γ
�
5

6
;
βQ2

2r6

�
− 2Γ

�
5

6
;
βQ2

2r6

���
; ð2:25Þ

Π4 ¼ 3δd;5 þ 48mπ þ 84mQ2π

r

�
Γ
�
11

6

��
−1
�
Γ
�
5

6

��
−1

exp

�
−βQ2

2r6

�

×

�
Q2βΓ

�
5

6

�
− r6Γ

�
11

6

��
þ 2

29
6 πQ

1
3β

−5
6

�
Γ
�
5

6
;
βQ2

2r6

�
− 2Γ

�
5

6
;
βQ2

2r6

��
; ð2:26Þ

Π5 ¼ 3δd;5 þ 48mπ þ 2
29
6 πQ

1
3β

−5
6

�
Γ
�
5

6
;
βQ2

2r6

�
− 2Γ

�
5

6
;
βQ2

2r6

��
; ð2:27Þ

Π6 ¼ 96πQ2 exp

�
−βQ2

2r6

��
1

r5Γð5
6
Þ −

Q2β

r11Γð5
6
Þ
�
− 12δd;5 − 192mπ − 2

29
6 πQ

1
3β

−5
6

�
Γ
�
5

6
;
βQ2

2r6

�
− 2Γ

�
5

6
;
βQ2

2r6

��
: ð2:28Þ

FIG. 2. Plot of function fðrÞ [Eq. (2.15)] vs r for fixed values of
m ¼ 10, Q ¼ 0.01, β ¼ 0.01 and l ¼ 1.
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Using the above values in Eq. (2.19), we conclude that
RðrÞ → ∞ as r tends to zero. This shows that our resulting
solution has a true curvature singularity at the origin r ¼ 0,
which indicates that our solution represents a black hole.
Furthermore, the metric function fðrÞ given by (2.15)
becomes infinite as r → ∞, which means that it represents
nonasymptotically flat spacetime.

B. Thermodynamics of black holes of DCG
with exponential magnetic source

The Hawking temperature of the black hole is given by

THðrhÞ ¼
rh
2πl2

−
rh
2π

½GðrhÞ� 1
d−3 −

r2h
4π

½GðrhÞ�2−dd−3WðrhÞ;
ð2:29Þ

where

GðrhÞ ¼
16πGm
Σd−2rd−1h

þ δd
rd−1h

þ πGQ
1

d−2β
5−2d
2d−4

ðd − 2Þ221−10d
2d−4 rd−1h

HðrhÞ;

ð2:30Þ

WðrhÞ ¼
16πGmð1 − dÞ

rdhΣd−2
þ ð1 − dÞδd

rdh

þ πGQ
1

d−2ð1 − dÞβ5−2d
2d−4HðrhÞ

ðd − 2Þ221−10d
2d−4 rdh

þ 16πGQ2

ðd − 2Þr4d−8h

exp

�
−

βQ2

2r2d−4h

�

×

�
ð2d − 4Þr2d−4h þ ð4 − 2dÞβ3d−7

2−d 2
9−4d
2−d

�
; ð2:31Þ

and

HðrhÞ ¼ Γ
�
2d − 5

2d − 4
;
βQ2

2r2d−4h

�
− 2Γ

�
4d − 9

2d − 4
;
βQ2

2r2d−4h

�
:

ð2:32Þ

To obtain the expression for heat capacity, we first find
the black hole’s entropy. A consistent approach which is
very fruitful in getting conserved charges of a black hole
was developed by Wald [36,37]. Black hole thermody-
namics can be developed by using the derived conserved
quantities. This Wald’s formalism is applicable in general
diffeomorphism-invariant theories and even in those types
of theories where higher order derivatives are found. Wald’s
formalism has been helpful in studying thermodynamics of
black holes in different theories, for example, Einstein-
scalar theory [38,39], Einstein-Proca theory [40], Einstein-
Yang-Mills theory [41], gravity with quadratic curvature
invariants [42], Lifschitz gravity [43] etc. In our work too,

i.e., the case of DCG we use the general formalism of Wald
for obtaining the black hole’s entropy. Hence the Wald
entropy for our solution (2.15) is defined by

S ¼ −2π
I

dnx
ffiffiffi
h

p ∂L
∂Rμνρλ

ϵμνϵρλ

¼ ðd − 3ÞΣd−2rdh
4kGð6 − dÞ

�
k
r2h

þ 1

l2

�
d−3

F1

�
1;
d
2
;
8 − d
2

;
−r2h
kl2

�
;

ð2:33Þ

where ϵμν is the normal bivector of the t ¼ const and r ¼ rh
hypersurface such that ϵρλϵρλ ¼ −2, F1 is the Gaussian
hypergeometric function. The magnetic potential conjugate
to the magnetic charge Q is given by

Φm ¼ ∂m
∂Q ¼ Σd−2

ðd − 2Þ exp
�
−

βQ2

2r2d−4h

��
2Q
r2d−5h

−
2βQ3

r4d−9h

�

−
Σd−2Q

3−d
d−2β

5−2d
2d−4HðrhÞ

ðd − 2Þ225−2d
2d−4

: ð2:34Þ

Using the thermodynamical quantities obtained above,
we can now easily verify that the first law of thermody-
namics [44]

dm ¼ THdSþΦmdQ; ð2:35Þ

is satisfied. Now the specific heat capacity [45–47] at a
constant charge Q is given by

CQ ¼ TH
∂S
∂TH

����
Q
: ð2:36Þ

Differentiating (2.29) we get

∂TH

∂rh ¼ 1

2πl2
−
GðrhÞ 1

d−3

2π
−

rh
2πðd− 3ÞGðrhÞd−2d−3

dGðrhÞ
drh

−
�
rh
2π

GðrhÞd−2d−3 þ ðd− 2Þr2h
4πð3−dÞGðrhÞ2d−5d−3

dGðrhÞ
drh

�
WðrhÞ

−
r2hGðrhÞ

d−2
d−3

4π

dWðrhÞ
drh

; ð2:37Þ

where
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dWðrhÞ
drh

¼ 16πGmdðd − 1Þ
Σd−2r

dþ1
h

þ dðd − 1Þδd
rdþ1
h

þ πGdðd − 1ÞQ 1
d−2HðrhÞ

ðd − 2Þ221−10d
2d−4 β

2d−5
2d−4rdþ1

h

þ πGð1 − dÞQ 1
d−2

ðd − 2Þ221−10d
2d−4 rdhβ

2d−5
2d−4

dHðrhÞ
drh

þ 16πGQ2ð2d − 4Þ2
ðd − 2Þr2d−3h

exp

�
−βQ2

2r2d−4h

�
þ
�
8πGQ4βð2d − 4Þ2
r6d−11h ðd − 2Þ −

32πGQ2ð2d − 4Þ2
ðd − 2Þr4d−7h

�

× exp

�
−βQ2

2r2d−4h

��
r2d−4h − β

3d−7
2−d Q

6d−14
2−d 2

9−4d
2−d

�
; ð2:38Þ

dGðrhÞ
drh

¼ 16πGmð1 − dÞ
Σd−2rdh

þ ð1 − dÞδd
rdh

þ πGQ
1

d−2β
5−2d
2d−4

ðd − 2Þrdh2
21−10d
2d−4

�
ð1 − dÞHðrhÞ þ rh

dHðrhÞ
drh

�
; ð2:39Þ

and

dHðrhÞ
drh

¼ ð4 − 2dÞβ4d−9
2d−4Q

4d−9
d−2

2
2d−5
2d−4r4d−8h

exp

�
−βQ2

2r2d−4h

��
1 −

β
7−3d
d−2 r2d−4h

Q2

�
: ð2:40Þ

Putting Eqs. (2.29), (2.33), and (2.37) in the general expression of heat capacity (2.36) we obtain

CQ ¼
�

rh
2πl2

−
rh
2π

½GðrhÞ� 1
d−3 −

r2h
4π

½GðrhÞ�2−dd−3WðrhÞ
� ðd − 3ÞΣd−2rdhZðrhÞ

4Gð6 − dÞXðrhÞ
�
1

r2h
þ 1

l2

�
d−3

; ð2:41Þ

where

ZðrhÞ ¼ F1

�
1;
d
2
;
8 − d
2

;
−r2h
l2

��
d
rh

þ ðd − 3Þr2hl2
r2h þ l2

�
−

2rhd
l2ð8 − dÞF1

�
2;
dþ 2

2
;
10 − d

2
;
−r2h
l2

�
; ð2:42Þ

and

XðrhÞ ¼
1

2πl2
−
GðrhÞ 1

d−3

2π
−

rh
2πðd − 3ÞGðrhÞd−2d−3

dGðrhÞ
drh

−
�
rh
2π

GðrhÞd−2d−3 þ ðd − 2Þr2h
4πð3 − dÞGðrhÞ2d−5d−3

dGðrhÞ
drh

�
WðrhÞ

−
r2hGðrhÞ

d−2
d−3

4π

dWðrhÞ
drh

: ð2:43Þ

The above Eq. (2.41) represents the general expression for
black hole’s heat capacity for any value of nonlinear
electrodynamical parameter β. The black hole is stable if
the Hawking temperature and heat capacity are positive.
The black hole becomes unstable in the region where
Hawking temperature or heat capacity become negative.
The point at which the sign of Hawking temperature
changes corresponds to the first order phase transition of
black hole. The maximum of Hawking temperature corre-
sponds to the second order phase transition since the heat
capacity at that point is singular.

C. Hairy black holes of DCG with exponential
magnetic source

The action describing Lovelock-scalar gravity with
nonlinear exponential electrodynamics source [48] is
defined by

I ¼ 1

16πG

Z
ddx

ffiffiffiffiffiffi
−g

p �Xn−1
p¼0

αp
2p

δ
μ1…μ2p
ν1…ν2p ðapRν1ν2

μ1μ2…Rν2p−1ν2p

þ 16πGbpϕd−4pSν1ν2μ1μ2…Sν2p−1ν2pÞ þ 4πGLðϝÞ
�
;

ð2:44Þ

where LðϝÞ corresponds to the Lagrangian density des-
cribing the exponential electromagnetic field [22,48].
The second term in the integrand which contains
ϕd−4p denotes the Lagrangian density of the scalar field,
where [49]

Sρσμν ¼ ϕ2Rρσ
μν − 2δ½ρ½μδ

σ�
ν�∂ξϕ∂ξϕ − 4ϕδ½ρ½μ∂ν�∂σ�ϕ

þ 48δ½ρμ ∂νϕ∂σ�ϕ: ð2:45Þ
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Note that, by putting the scalar function ϕ equal to zero
we get the action function defined in (2.1). The matter
tensor corresponding to the scalar field is given by

½Tν
μ�ðsÞ ¼

Xd−3
p¼0

bp
2pþ1

ϕd−4pδ
νλ1λ2…λ2p
μρ1ρ2…ρ2pS

ρ1ρ2
λ1λ2

…S
ρ2p−1ρ2p
λ2p−1λ2p

: ð2:46Þ

Thus the equation of motion for the scalar field becomes

Xd−3
p¼0

bpðd − 2pÞ
2p

ϕd−4p−1δ
λ1λ2…λ2p
ρ1ρ2…ρ2pS

ρ1ρ2
λ1λ2

…S
ρ2p−1ρ2p
λ2p−1λ2p

¼ 0:

ð2:47Þ

Taking variation of (2.44) with respect to metric tensor,
we get the field equations in the form [31,34]

Xn−1
p¼0

ap
2pþ1

δ
νλ1…λ2p
μρ1…ρ2pR

ρ1ρ2
λ1λ2

…Rρ2p−1ρ2p

¼ 16πG½Tν
μ�ðMÞ þ 16πG½Tν

μ�ðsÞ; ð2:48Þ

where ½Tν
μ�ðMÞ corresponds to the matter tensor of expo-

nential electromagnetic field and ap corresponds to the
value defined as in Eq. (2.3) so that the Lovelock gravity
becomes DCG. If we take the scalar configuration as [48]

ϕ ¼ N
r
; ð2:49Þ

the equation describing the scalar field becomes

Xd−3
p¼0

bpðd − 1Þ!ðd2 − dþ 4p2Þ
ðd − 2p − 1Þ! N−2p ¼ 0: ð2:50Þ

Using the assumption of pure magnetic field and sub-
stituting Eqs. (2.46) and (2.47) in Eq. (2.48) we get the
metric function in the form

fðrÞ ¼ kþ r2

l2
− r2

�
16πGm
Σd−2rd−1

þ 32πY
rd

þ δd
rd−1

þ πGQ
1

d−2β
5−2d
2d−4

ðd − 2Þ221−10d
2d−4

�
Γ
�
2d − 5

2d − 4
;
βQ2

2r2d−4

�

− 2Γ
�
4d − 9

2d − 4
;
βQ2

2r2d−4

��� 1
d−3
; ð2:51Þ

where we have

Y ¼
Xd−3
p¼0

bp
ðd − 2Þ!

ðd − 2p − 2Þ!N
d−2p: ð2:52Þ

Now we investigate the asymptotic behavior of metric
function (2.51). In what follows, we take k ¼ 1 and the
cases k ¼ 0;−1 can be studied in similar manners. Thus,
for the odd-dimensional spacetimes we obtain

fðrÞ ¼ 1þ r2

l2
−m

1
2s−2

�
1þ 32πYr

1
1−s

2mðs − 1Þ þ
δd;2sþ1r

s−2
s−1

2mðs − 1Þ þ
πGQ

1
2s−1β

3−4s
4s−2r

2s2−s−2
s−1

ð4s − 2Þðs − 1Þm2
21−20s−10

4s−2

× exp

�
−βQ2

2r4s−2

��
2

1
4s−2

β
1

4s−2Q
1

2s−1

�
24s −

4s − 3

4s − 2

�
r −

2
1

4s−2r3−4s

β
3−4s
4s−2Q

3−4s
2s−1

��
;

d ¼ 2sþ 1; s ¼ 1; 2; 3.… ð2:53Þ

Similarly, for even-dimensional spacetime we have

fðrÞ ¼ 1þ r2

l2
−m

1
2s−3

�
1þ 32πYr

2
3−2s

2s − 3
þ δd;2sr

2s−5
2s−3

mð2s − 3Þ þ
πGQ

1
2s−3β

5−4s
4ðs−1Þr

4s2−6s−2
2s−3

2ðs − 1Þð2s − 3Þm2
21−10s
2ðs−1Þ

× exp

�
−βQ2

2r4ðs−1Þ

��
2

1
4ðs−1Þ

β
1

4ðs−1ÞQ
1

2ðs−1Þ

�
24s−2 −

4s − 5

4s − 4

�
r −

2
1

4ðs−1Þr5−4s

β
5−4s
4s−4Q

5−4s
2s−2

��
;

d ¼ 2s; s ¼ 1; 2; 3.… ð2:54Þ

The above asymptotic expressions of metric functions show that in the case of both odd and even dimensions, metric
functions are regular and finite at r ¼ 0 for all values of s > 1. This finiteness of metric functions is due to the non-Maxwell
behavior of Lagrangian density (2.2) corresponding to exponential electrodynamics. Furthermore, at r → ∞ the metric
functions become infinite and hence this shows that the spacetime is nonasymptotically flat.
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Figure 3 shows the graph of function fðrÞ vs r, for fixed
values of β, m, Q, and d. Note that the values of all other
parameters are taken as unity. The point at which the curve
touches the horizontal axis indicates the position of event
horizon.
Furthermore, by using (2.51) with Eqs. (2.19) and (2.20),

one can easily check that both the Ricci scalar and
Kretschmann scalar give infinite values at r ¼ 0 for any
value of d. This shows that the metric function possesses
true curvature singularity at the origin. Hence, the line
element (2.12) with metric function given by (2.51)
describes a hairy black hole solution of DCG sourced by
exponential electrodynamics. For the four-dimensional
case, it is seen from Eq. (2.50) that all the coefficients
bp vanish, thus in the case of d ¼ 4, hairy black holes do
not exist. It is easy to see that, by taking Y ¼ 0, this black
hole solution reduces to the black hole with no scalar hair
which we derived earlier in Sec. II. B.

III. TOPOLOGICAL BLACK HOLES OF DCG
COUPLED TO POWER-YANG-MILLS THEORY

A. Black hole solution with power-Yang-Mills source

The action function describing the Lovelock-power-
Yang-Mills theory is given by

I ¼ 1

16πG

Z
ddx

ffiffiffiffiffiffi
−g

p �Xn−1
p¼0

αp
2p

δ
μ1…μ2p
ν1…ν2p R

ν1ν2
μ1μ2…

× Rν2p−1ν2p þ ðϒÞq
�
; ð3:1Þ

where ϒ is the Yang-Mills invariant defined as

ϒ ¼
Xnðnþ1=2Þ

a¼1

ðFa
λσF

ðaÞλσÞ; ð3:2Þ

q is a positive real parameter, and the Yang-Mills field is
defined by

FðaÞ ¼ dAðaÞ þ 1

2η
CðaÞ
ðbÞðcÞA

ðbÞ ∧ AðcÞ; ð3:3Þ

where, CðaÞ
ðbÞðcÞ represents the structure constants of

nðnþ1Þ
2

-

parameter Lie group G, n ¼ d − 2, η denotes the coupling
constant and AðaÞ are the Soðnþ 1Þ gauge group Yang-
Mills potentials. The structure constants have been deter-
mined in Ref. [50]. We should keep in mind, that the
internal indices ½a; b;…� make no difference whether we
write them in contravariant or covariant form. Taking
variation of action defined in (3.1) with respect to the
metric tensor yields the Lovelock field equations (2.5) with
matter tensor of Yang-Mills field given by

TðaÞν
μ ¼ −

1

2
½δνμϒq − 4qTrðFðaÞ

μλ F
ðaÞμλÞϒq−1�: ð3:4Þ

The equations of Yang-Mills field can be obtained if we
vary the action with respect to gauge potentials AðaÞ

dð⋆FðaÞϒq−1Þ þ 1

η
CðaÞ
ðbÞðcÞϒ

q−1AðbÞ ∧⋆ FðcÞ ¼ 0; ð3:5Þ

where ⋆ denotes the duality of a field. By taking the static
metric in the form (2.12), it can easily be checked that
power-Yang-Mills equations are satisfied for the choice of
Yang-Mills gauge potential one-forms [51,52] defined as

AðaÞ ¼ Q
r2
CðaÞ
ðiÞðjÞx

idxj; r2 ¼
Xd−1
i¼1

x2i ; ð3:6Þ

where Q represents the Yang-Mills magnetic charge and
2 ≤ jþ 1 ≤ i ≤ d − 1. Thus the symmetric matter tensor
(3.4), with

ϒ ¼ nðn − 1ÞQ2

r4
¼ ðd − 2Þðd − 3ÞQ2

r4
; ð3:7Þ

becomes

TðaÞν
μ ¼ −

1

2
ϒqdiag½1; 1; ζ; ζ;…; ζ�;

ζ ¼
�
1 −

4q
ðd − 2Þ

�
: ð3:8Þ

The causality principle is satisfied for power-Yang-Mills
model if ð∂L=∂ϒÞ ≤ 0 and unitarity principle is satisfied
when ð∂L=∂ϒþ 2ϒ∂2L=∂ϒ2Þ ≤ 0 and ∂2L=∂ϒ2 ≥ 0.
One can show that the causality does not hold in this
model for all values of positive integer d > 3. However, for
d ≤ 3 this principle holds. By using the Lagrangian density
of power-Yang-Mills theory it is shown that the unitarity
principle holds for all values of d ≥ 3 and q ≤ ð1=2Þ. When

FIG. 3. Plot of function fðrÞ [Eq. (2.51)] vs r for fixed values of
m ¼ 10, d ¼ 6, Q ¼ 10.0, β ¼ 10.0 and l ¼ 0.001.
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d ≤ 3, this principle is satisfied for all values of q ≥ 3 for
power-Yang-Mills magnetic field.
The SEC in DCG coupled to power-Yang-Mills field

holds for all values of q ≥ ðd − 1Þ=4. This energy condition
tells us that the universe did not experience any acceleration
in this model. However WEC and DEC do not hold for all

values of d > 3, in contrast to the exponential model
coupled to DCG. Therefore, WEC and DEC hold only
for (2þ 1)-dimensional black holes of DCG with power-
Yang-Mills source. Now by using Eqs. (2.12) and the
matter tensor (3.8) in the field equations (2.5), we get

d
dr

�
rd−1

�
1

l2
þ k − fðrÞ

r2

�
d−3

�

¼ −32πGQ2q½ðd − 2Þðd − 3Þ�q
r4q

: ð3:9Þ

Direct integration with respect to r yields the metric
function

fðrÞ ¼ kþ r2

l2
− r2

�
32πGQ2q½ðd − 2Þðd − 3Þ�q

ð4q − 1Þr4qþd−2

þ 16πGm
Σd−2rd−1

þ δ

rd−1

� 1
d−3
: ð3:10Þ

Now we discuss the asymptotic behavior of our solution at
r ¼ 0. For this we will work out for k ¼ 1 as follows:

fðrÞ ¼ 1þ r2

l2
−Mr

2s−5
2s−3 −

32πGQ2qð2s − 2Þqð2s − 3Þq−1
ð4q − 1Þ r

4s−8−8qsþ12q
2s−3

þ 512π2G2Q4qð2s − 2Þ2qð2s − 3Þ2q−2
Mð4q − 1Þ2 r

6s−11−16qsþ24q
2s−3 þOðr8s−15−24qsþ36q

2s−3 Þ;

d ¼ 2s; s ¼ 1; 2; 3…; ð3:11Þ

fðrÞ ¼ 1þ r2

l2
−Mr

s−2
s−1 −

32πGQ2qð2s − 1Þqð2s − 2Þq−1
ð4q − 1Þ r

4s−6−8qsþ8q
2s−2

þ 512π2G2Q4qð2s − 1Þ2qð2s − 2Þ2q−2
Mð4q − 1Þ2 r

6s−8−16qsþ16q
2s−2 þOðr8s−15−24qsþ24q

2s−2 Þ;

d ¼ 2sþ 1; s ¼ 1; 2; 3.… ð3:12Þ

These two expressions indicate that both for even and odd-
dimensional spacetimes the metric function (3.10) is
regular and finite for all values of s > 1. Note that in
the above we assumed ðmþ δd;2s;2sþ1Þ1=d−3 ¼ M. Further-
more, at r → ∞ the metric goes to infinity which shows
that the spacetime is nonasymptotically flat.
Figure 4 shows the graph of fðrÞ vs r for fixed values of

the parameters involved in metric function (3.10). The
curve touching the horizontal axis indicates the position of
the event horizon. We get extremal black holes when
horizons coincide, and they are obtained by solving
fðrÞ ¼ 0 and df=dr ¼ 0 simultaneously. This set of
simultaneous equations for metric function (3.10), without
cosmological constant, i.e., for l → ∞, yields

Me ¼
k

1
d−3

r4d−d
2−1

e

−
32πGðd − 2Þqðd − 3ÞqQ2qr1−4qe

4q − 1
; ð3:13Þ

Qe ¼
ðd − 3Þ1−qð1 − 4qÞkd−4

d−3rd
3−9d2þ23dþ4q−10

e

16πGðd − 2Þqð4qþ 1Þ

þ rdþ4q−2
e ð1 − 4qÞ

32πGðd − 2Þqðd − 3Þqð4qþ 1Þ
�ð1 − dÞk 1

d−3

r5d−d
2−2

e

�
;

ð3:14Þ

where Me ¼ 16πGme=Σd−2 þ δd, related to the extremal
mass me, re is the extremal radius and Qe is the extremal
charge.

FIG. 4. Plot of function fðrÞ [Eq. (3.10)] vs r for fixed values of
m ¼ 10, d ¼ 5, Q ¼ 0.01, q ¼ 0.001, and l ¼ 0.01.
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Now, we confirm that our resulting solution possesses a central essential singularity. For this, we discuss the asymptotic
behavior of curvature scalars at r ¼ 0 as follows. Differentiating (3.10) we obtain

df
dr

¼ 2r
l2

− 2r

�
16πGm
Σd−2rd−1

þ δd
rd−1

þ 32πGQ2qðd − 2Þqðd − 3Þq
ð4q − 1Þr4qþd−2

� 1
d−3

−
r2

d − 3

�
16πGm
Σd−2rd−1

þ δd
rd−1

þ 32πGQ2qðd − 2Þqðd − 3Þq
ð4q − 1Þr4qþd−2

�4−d
d−3

×

�
16πGmð1 − dÞ

Σd−2rd
þ ð1 − dÞδd

rd
þ 32πGQ2qðd − 2Þqðd − 3Þqð2 − d − 4qÞ

ð4q − 1Þr4qþd−1

�
: ð3:15Þ

Differentiating again we get

d2f
dr2

¼ 2

l2
− 2P

1
d−3 −

4rP
4−d
d−3

d − 3

dP
dr

−
r2P

4−d
d−3

ðd − 3Þ
d2P
dr2

−
r2ð4 − dÞP7−2d

d−3

ðd − 3Þ2
�
dP
dr

�
2

; ð3:16Þ

where

PðrÞ ¼ 16πGm
Σd−2rd−1

þ δd
rd−1

þ 32πGQ2qðd − 2Þqðd − 3Þq
ð4q − 1Þr4qþd−2 ;

ð3:17Þ

dP
dr

¼ 16πGmð1 − dÞ
Σd−2rd

þ ð1 − dÞδd
rd

þ 32πGQ2qðd − 2Þqðd − 3Þqð2 − d − 4qÞ
ð4q − 1Þr4qþd−1 ; ð3:18Þ

and

d2P
dr2

¼16πGmdðd−1Þ
Σd−2rdþ1

þdðd−1Þδd
rdþ1

þ32πGQ2qðd−2Þqðd−3Þqð2−d−4qÞð1−d−4qÞ
ð4q−1Þr4qþd :

ð3:19Þ

We can work out the Ricci scalar for any value of d and,
therefore, with the help of Eq. (2.19) and the above
equations of metric function and its derivatives, we find
that R → ∞ as r → 0. Similarly, Kretschmann scalar (2.20)
also possess singularity at r ¼ 0. Thus the line element
(2.12) with the metric function (3.10) represents higher
dimensional magnetized black hole solution of DCG for
any value of the parameter q. However, it indicates that
q ¼ 1 will give the solution of DCG coupled to the
standard Yang-Mills theory and for q ¼ 1=4 the solution
does not exist. By substituting the Yang-Mills magnetic
charge Q ¼ 0, we get the neutral solution in DCG.

B. Thermodynamics of black holes of DCG
with power-Yang-Mills magnetic source

It is observed from the metric function (3.10) that the
physical properties of such type of black holes depend on the
parameter q. The horizons of the black hole are given by
fðrhÞ ¼ 0, where rh represents the location of horizon. Thus

m ¼
Σd−2rd−1h ð1l2 þ k

r2h
Þd−3

16πG
−
Σd−2δ

16πG

−
2Q2qΣd−2½ðd − 2Þðd − 3Þ�q

ð4q − 1Þr4q−1h

: ð3:20Þ

Equation (3.20) gives the ADM mass of the black hole in
terms of horizon radius and Yang-Mills magnetic charge Q.
The black hole’s Hawking temperature [45] is given by

TH ¼ 1

4π

df
dr

����
r¼rh

¼ rh
2πl2

−
rh
2π

�
32πGQ2qðd − 2Þqðd − 3Þq

ð4q − 1Þr4qþd−2
h

þ 16πGm
Σd−2rd−1h

þ δ

rd−1h

� 1
d−3

−
r2h

4πðd − 3Þ
�
32πGQ2qðd − 2Þqðd − 3Þq

ð4q − 1Þr4qþd−2
h

þ 16πGm
Σd−2rd−1h

þ δ

rd−1h

�4−d
d−3

×

�
32πGð2 − d − 4qÞQ2qðd − 2Þqðd − 3Þq

ð4q − 1Þr4qþd−1
h

þ ð1 − dÞ16πGm
Σd−2rdh

þ ð1 − dÞδ
rdh

�
: ð3:21Þ
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The entropy of the black hole in this case using Wald’s
method [36,37] becomes

S ¼ ðd − 3ÞΣd−2rdh
4kGð6 − d

�
k
r2h

þ 1

l2

�
d−3

F1

�
1;
d
2
;
8 − d
2

;
−r2h
kl2

�
:

ð3:22Þ
The Yang-Mills magnetic potential conjugate to Yang-
Mills magnetic charge Q is given by

Φm ¼ −64πGqðd − 2Þqðd − 3ÞqQ2q−1

ð4q − 1Þr4q−1h

: ð3:23Þ

Thus, using the above thermodynamical quantities, it can
be seen that the first law of black hole thermodynamics
given by (2.35) is satisfied. The free energy density of the
resulting black hole can also be calculated as [44]

Ξ ¼ m − THS; ð3:24Þ

where m; TH, and S are the ADM mass, Hawking
temperature and entropy of the black hole given by
Eqs. (3.20)–(3.22), respectively. Similarly, the heat capac-
ity at constant charge is given by

CQ ¼

�
rdþ1
h
2πl2 −

rdþ1
h H

1
d−3
1

2π − rdþ2
h

4πðd−3ÞH
d−4
d−3
1

dH1

drh

�
ðd − 3ÞΣd−2H2ðrhÞð kr2h þ

1
l2Þd−3

4kG

�
1

2πl2 −
H

1
d−3
1

2π − rhH
4−d
d−3
1

πðd−3Þ
dH1

drh
− r2hH

4−d
d−3
1

4πðd−3Þ
d2H1

dr2h
þ r2hðd−4ÞH

7−2d
d−3
1

4πðd−3Þ2 ðdH1

drh
Þ2
� ; ð3:25Þ

where

H1ðrhÞ ¼
32πGQ2q½ðd − 2Þðd − 3Þ�q

ð4q − 1Þr4qþd−2
h

þ 16πGm
Σd−2rd−1h

þ δ

rd−1h

; ð3:26Þ

dH1ðrhÞ
drh

¼ 32πGQ2qð2 − 4q − dÞ½ðd − 2Þðd − 3Þ�q
ð4q − 1Þr4qþd−1

h

þ 16πGð1 − dÞm
Σd−2rdh

þ ð1 − dÞδ
rdh

; ð3:27Þ

d2H1ðrhÞ
dr2h

¼ 32πGQ2qð2 − 4q − dÞð1 − 4q − dÞ½ðd − 2Þðd − 3Þ�q
ð4q − 1Þr4qþd

h

þ 16πGdðd − 1Þm
Σd−2r

dþ1
h

þ dðd − 1Þδ
rdþ1
h

; ð3:28Þ

and

H2ðrhÞ ¼
�
d
rh

þ r2hl
2ðd − 3Þ

kl2 þ r2h

�
F1

�
1;
d
2
;
8 − d
2

;
−r2h
kl2

�

þ 2rhd
kl2ðd − 2ÞF1

�
2;
dþ 2

2
;
10 − d

2
;
−r2h
kl2

�
:

ð3:29Þ

C. Hairy black holes of DCG with power-Yang-Mills
magnetic source

The action function for Lovelock-scalar gravity with
power-Yang-Mills source [48] is defined by

I¼ 1

16πG

Z
ddx

ffiffiffiffiffiffi
−g

p �Xn−1
p¼0

αp
2p

δ
μ1…μ2p
ν1…ν2p ðapRν1ν2

μ1μ2…Rν2p−1ν2p

þ16πGbpϕd−4pSν1ν2μ1μ2…Sν2p−1ν2pÞþ4πGðϒÞq
�
; ð3:30Þ

where (ϒ) corresponds to the power-Yang-Mills invariant
defined by (3.2) and (3.3) and we have used the Lagrangian
density of the scalar field given by

Ls ¼
Xn−1
p¼0

bp
2p

ϕd−4pδ
μ1…μ2p
ν1…ν2p S

ν1ν2
μ1μ2…Sν2p−1ν2p ; ð3:31Þ

where Sρσμν is given by Eq. (2.45). Note that, by putting
scalar function ϕ equal to zero, the above action function
reduces to the case of DCG coupled to power-Yang-Mills
field, i.e., (3.1).
Taking variation of (3.30) with respect to the metric

tensor, we get the field equations as

Xn−1
p¼0

ap
2pþ1

δ
νλ1…λ2p
μρ1…ρ2pR

ρ1ρ2
λ1λ2

…Rρ2p−1ρ2p

¼ 16πG½Tν
μ�ðMÞ þ 16πG½Tν

μ�ðsÞ; ð3:32Þ
where ½Tν

μ�ðMÞ corresponds to the matter tensor of power-
Yang-Mills field while ap corresponds to the value defined
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as in Eq. (2.3) so that the Lovelock gravity becomes DCG.
The stress-energy tensor corresponding to the scalar field is
given by (2.46) and the equation of motion of scalar field is
given by (2.47). Choosing the scalar configuration (2.49)
and using Eqs. (2.46) and (2.47) in Eq. (3.32), we get the
metric function in the form

fðrÞ ¼ kþ r2

l2
− r2

�
16πGm
Σd−2rd−1

þ 32πY
rd

þ δd
rd−1

þ 32πGQ2qðd − 2Þqðd − 3Þq
ð4q − 1Þr4qþd−2

� 1
d−3
; ð3:33Þ

where Y is given by (2.52).
Now, we discuss the asymptotic behavior of metric func-

tion (3.33) at r ¼ 0. So, assuming M ¼ 16πGm=Σd−2 and
μ ¼ δd þM we can write the asymptotic expressions as
follows:

fðrÞ¼1þr2

l2
−ð32πYÞ 1

2s−3

�
r
2s−6
2s−3þ μr

4s−9
2s−3

32πYð2s−3Þ

þGQ2qð2s−2Þqð2s−3Þq−1
Yð4q−1Þ r

6s−12−8qsþ12q
2s−3 þOðr6s−122s−3 Þ

�
;

d¼2s;s¼1;2;3…; ð3:34Þ

fðrÞ ¼ 1þ r2

l2
− ð32πYÞ 1

2s−2

�
r
2s−5
2s−2 þ μr

4s−7
2s−3

32πYð2s − 2Þ

þGQ2qð2s − 1Þqð2s − 2Þq−1
Yð4q − 1Þ r

6s−9−8qsþ8q
2s−2 þOðr6s−92s−2Þ

�
;

d ¼ 2sþ 1; s ¼ 1; 2; 3.… ð3:35Þ

The above asymptotic expansions show that for the even-
dimensional spacetime, the metric function is finite and
regular for all values of s at the origin. However, for the
case of odd dimensions, the metric function is regular and
finite at the origin when s > 1. Note that this finiteness is
due to the nonlinear behavior of Lagrangian density
corresponding to power-Yang-Mills theory. Furthermore,
the solution given by (3.33) is nonasymptotically flat as it
grows infinitely for large values of r.
Figure 5 shows the graph of fðrÞ vs r, for fixed values of

parameters involved in metric function (3.33). The event
horizon is the value of r at which the curve meets the

horizontal axis. Extremal quantities corresponding to
extremal black hole solution [27] can be obtained by
solving fðrÞ ¼ 0 and df=dr ¼ 0 simultaneously. This
set of simultaneous equations for our metric function
(3.33), without cosmological constant, i.e., for l → ∞, is
given by

Me ¼
k

1
d−3

r4d−d
2−1

e

−
32πY
re

−
32πGðd − 2Þqðd − 3ÞqQ2qr1−4qe

4q − 1
;

ð3:36Þ

Qe ¼
ðd − 3Þ1−qð1 − 4qÞkd−4

d−3rd
3−9d2þ23dþ4q−10

e

16πGðd − 2Þqð4qþ 1Þ

þ rdþ4q−2
e ð1 − 4qÞ

32πGðd − 2Þqðd − 3Þqð4qþ 1Þ

×

�ð1 − dÞk 1
d−3

r5d−d
2−2

e

−
32πY
rde

�
; ð3:37Þ

where Me ¼ 16πGme=Σd−2 þ δd, related to the extremal
mass me, re is the extremal radius and Qe is the extremal
charge.
Now we confirm that our resulting solution represents a

black hole. This can be done by studying the asymptotic
behavior of curvature invariants at the origin. For this we
differentiate Eq. (3.33) and obtain

df
dr

¼ 2r
l2

− 2r

�
16πGm
Σd−2rd−1

þ 32πY
rd

þ δd
rd−1

þ 32πGQ2qðd − 2Þqðd − 3Þq
ð4q − 1Þr4qþd−2

� 1
d−3

−
r2

d − 3

�
16πGm
Σd−2rd−1

þ 32πY
rd

þ δd
rd−1

þ 32πGQ2qðd − 2Þqðd − 3Þq
ð4q − 1Þr4qþd−2

�4−d
d−3

×

�
16πGmð1 − dÞ

Σd−2rd
−
32πdY
rdþ1

þ ð1 − dÞδd
rd

þ 32πGQ2qðd − 2Þqðd − 3Þqð2 − d − 4qÞ
ð4q − 1Þr4qþd−1

�
: ð3:38Þ

FIG. 5. Plot of function fðrÞ [Eq. (3.33)] vs r for fixed values of
m ¼ 100, d ¼ 5, Q ¼ 0.10, q ¼ 0.001, and l ¼ 0.01.
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Similarly, by differentiating again we get

d2f
dr2

¼ 2

l2
− 2P

1
d−3 −

4rP
4−d
d−3

d − 3

dP
dr

−
r2P

4−d
d−3

ðd − 3Þ
d2P
dr2

−
r2ð4 − dÞP7−2d

d−3

ðd − 3Þ2
�
dP
dr

�
2

; ð3:39Þ

where

PðrÞ ¼ 16πGm
Σd−2rd−1

þ 32πY
rd

þ δd
rd−1

þ 32πGQ2qðd − 2Þqðd − 3Þq
ð4q − 1Þr4qþd−2 ; ð3:40Þ

dP
dr

¼ 16πGmð1 − dÞ
Σd−2rd

−
32πdY
rdþ1

þ ð1 − dÞδd
rd

þ 32πGQ2qðd − 2Þqðd − 3Þqð2 − d − 4qÞ
ð4q − 1Þr4qþd−1 ; ð3:41Þ

and

d2P
dr2

¼16πGmdðd−1Þ
Σd−2rdþ1

þ32πdðdþ1ÞY
rdþ2

þdðd−1Þδd
rdþ1

þ32πGQ2qðd−2Þqðd−3Þqð2−d−4qÞð1−d−4qÞ
ð4q−1Þr4qþd :

ð3:42Þ

Thus using Eqs. (3.33), (3.38), and (3.39) and the general
expression of Ricci scalar (2.19), one can easily check that
in the limit r → 0 Ricci scalar becomes infinite. Thus, we
conclude that metric function (3.33) represents an object
which has true curvature singularity at r ¼ 0. Therefore,
line element (2.12) with metric function given by (3.33)
represents a hairy black hole solution of DCG in the
background of power-Yang-Mills field. Hence, we derive a
large family of black hole solutions for any value of real
parameter q except for the case q ¼ 1=4. It is easy to see
that, by taking Y ¼ 0, this black hole solution reduces to
the black hole with no scalar hair which we derived in
Sec. III. A.

IV. BLACK HOLES OF DCG AND YANG-MILLS
HIERARCHIES

In this section we study the possible black holes of DCG
whose gravitational field is sourced by the superposition of
different power-Yang-Mills field. The Yang-Mills hierar-
chies in diverse dimensions have been discussed in the
literature [53]. Here we begin with an action defined as

I ¼ 1

16πG

Z
ddx

ffiffiffiffiffiffi
−g

p �Xn−1
p¼0

αp
2p

δ
μ1…μ2p
ν1…ν2p R

ν1ν2
μ1μ2…

× Rν2p−1ν2p þ
Xq
j¼0

cjðϒÞj
�
; ð4:1Þ

where ϒ represents the Yang-Mills invariant defined in
(3.2), cj, j ≥ 1 is a coupling constant. The variation of the
above action with respect to the metric tensor gives (2.5)
with the matter tensor given by

Tν
μ ¼ −

1

2

Xq
j¼0

cjðδνμϒj − 4jTrðFðaÞνσ
μσ ÞÞ: ð4:2Þ

The Yang-Mills equations are determined by varying (4.1)
with respect to the gauge potential AðaÞ

Xq
j¼0

cj

�
dð⋆FðaÞϒj−1Þ þ 1

η
CðaÞ
ðbÞðcÞϒ

j−1AðbÞ ∧⋆ FðcÞ
�
¼ 0:

ð4:3Þ

Our d ¼ nþ 2-dimensional line element ansatz is given by
(2.12) and the power-Yang-Mills field ansatz would be
chosen as before such that the matter tensor takes the form

Tν
μ ¼ −

1

2

Xq
j¼0

cjϒjdiag½1; 1; ξ; ξ;…; ξ�; ð4:4Þ

where ξ ¼ 1 − 4j
ðd−2Þ. Thus using Eqs. (2.3), (2.12) and (4.4)

in (2.5) we get the metric function

fðrÞ ¼ kþ r2

l2
− r2

�
32πG

Xq
j¼0

ðd − 2Þjðd − 3ÞjQ2j

ð4j − 1Þr4jþd−2

þ 16πmG
Σd−2rd−1

þ δ

rd−1

� 1
d−3
: ð4:5Þ

The above equation indicates that for j ¼ 0 the neutral
black hole solution is obtained, for j ¼ 4 the solution is
undefined, and for taking a unique value of j ¼ q we get
the solution obtained in Sec. III. A. The ADM mass in
terms of the outer horizon radius rh is

m ¼
Σd−2rd−1h

�
1
l2 þ k

r2h

	
d−3

16πG
−
Σd−2δ

16πG

−
Xq
j¼0

2Q2jΣd−2½ðd − 2Þðd − 3Þ�j
ð4j − 1Þr4j−1h

: ð4:6Þ

When superposition of different power-Yang-Mills sources
are taken into account, the metric function corresponding to
the hairy black hole solution of DCG takes the form
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fðrÞ ¼ kþ r2

l2
− r2a

�
32πG

Xq
j¼0

ðd − 2Þjðd − 3ÞjQ2j

ð4j − 1Þr4jþd−2

þ 16πmG
Σd−2rd−1

þ δ

rd−1
þ 32πY

rd

� 1
d−3
; ð4:7Þ

where Y is given by (2.52). The asymptotic behavior of
these solutions is similar to those obtained earlier in the
case of DCG coupled to power-Yang-Mills source. Also,
one can easily check that for metric functions (4.5) and
(4.7), the curvature invariants possess an essential singu-
larity at the origin r ¼ 0 which is the mathematical aspect
of the black hole.

V. SUMMARY AND CONCLUSION

In this paper, new magnetized black hole solutions of
DCG are constructed. In order to do this we studied black
holes of DCG in the framework of both exponential
electrodynamics and power-Yang-Mills theory. First, we
derived both topological black hole solutions and hairy
black hole solutions of DCG with pure exponential
magnetic source. These solutions depend on the parameter
β of exponential electrodynamics. For the model of
exponential electrodynamics, there is no need to impose
the condition on the matter tensor for making it traceless,
so we conclude that the scale and dual invariances are
completely violated here. Further, the components of the
matter tensor obtained from the Lagrangian density of this
model satisfy all the energy conditions along with causality
and unitarity principles in some specified region of the
radial coordinate. For any value of parameter β, it is

possible to obtain a solution which is regular at the origin.
Moreover, these solutions are nonasymptotically flat for
nonzero value of constant l while in the limit l approaches
to infinity one can get the asymptotically flat solutions. It is
shown that the metric functions are finite at the origin;
this finiteness property of metric functions is due to the
nonlinear behavior of electromagnetic field characterized
by Lagrangian density (2.2). Second, we use a model of
power-Yang-Mills theory and derive a large family of
topological black hole solutions in DCG. These solutions
depend on the parameter q and are also nonasymptotically
flat for any nonzero value of l. The case q ¼ 1 gives the
solutions of black holes with standard Yang-Mills source
and for q ¼ 1=4 the solution does not exist. The hairy black
hole solutions are also derived in the framework of power-
Yang-Mills theory which are reducible to black holes
with no scalar hair for Y ¼ 0 and to neutral black holes
for Q ¼ 0.
The thermodynamics of topological black holes is also

studied within both the exponential electrodynamics and
power-Yang-Mills theory. Thermodynamical quantities
such as entropy, Hawking temperature and specific heat
capacity at constant charge of resulting magnetized higher
dimensional black holes of DCG have been worked out.
The first law of black hole thermodynamics has also been
shown to hold for these black hole solutions.
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