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Photon circular orbits, an extreme case of light deflection, are among the hallmarks of black holes and
are known to play a central role in a variety of phenomena related to these extreme objects. The very
existence of such orbits when motion is not confined in the equatorial plane, i.e., spherical orbits, is indeed
a special property of the separable Kerr metric and may not occur, for instance, in the spacetime of other
more speculative ultracompact objects. In this paper we consider a general stationary-axisymmetric
spacetime and examine under what circumstances spherical or more general, variable-radius, “spheroidal”
nonequatorial photon orbits may exist with the ultimate goal of using the modifications—or even loss—of
photon trapping orbits as a telltale sign of non-Kerr physics. In addressing this issue, we first derive a
general necessary condition for the existence of spherical/spheroidal orbits and then go on to study photon
trapping orbits in a variety of known non-Kerr metrics (Johannsen, Johannsen-Psaltis, and Hartle-Thorne).
The first of these is an example of a separable spacetime which supports Kerr-like spherical photon
orbits. A more detailed analysis reveals a deeper connection between the presence of spherical orbits
and the separability of a metric (that is, the existence of a third integral of motion). Specifically, a spacetime
that does not admit spherical orbits in any coordinates is necessarily nonseparable. The other two
spacetimes considered here exhibit a clear non-Kerr behavior by having spherical photon orbits replaced by
spheroidal ones. More importantly, subject to the degree of deviation from Kerr, equatorial photon rings
give place to nonequatorial ones with an accompanying loss of low-inclination spheroidal orbits. The
implications of these results for the electromagnetic and gravitational wave signature of non-Kerr objects

are briefly discussed.
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I. INTRODUCTION

The first direct observations of gravitational waves
(GWs) by the advanced LIGO/Virgo detector network
[1-5] saw general relativity (GR) becoming even more
established as the correct theory of gravity. However, these
observations, spectacular as they may be, have not yet ruled
out an alternative to GR theories of gravity nor have they
established “beyond reasonable doubt” the Kerr nature of
the compact objects involved in the mergers. Indeed, testing
the Kerr hypothesis even within GR against the possibility
of having some other type of exotic horizonless ultra-
compact object that could be mistaken for a black hole is by
itself a far from easy endeavor; see e.g., [6-9]. This
fascinating prospect provides ample motivation for a more
detailed study of how non-Kerr compact objects could
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manifest themselves under the inquisitive eyes of electro-
magnetic and gravitational wave observatories.

An infrequently emphasized characteristic of Kerr black
holes is the presence of nonequatorial “circular” photon (or
particle) orbits. These are in fact spherical (though not
closed) trajectories of constant radius r, and represent the
generalization of the more familiar concept of the equatorial
circular orbit, the so-called “photon ring.” Spherical/circular
photon geodesics leave their mark (directly or indirectly) on
a variety of phenomena involving black holes.

A black hole illuminated by an external source of light
(e.g., a hot accretion flow) casts a shadow that is fringed by
a sharp bright ring [10,11]. The mechanism responsible for
the formation of this optical structure is the photon circular
orbit which acts as a temporary depository of electromag-
netic flux. It is not surprising then that photon circular
orbits play a key role in the ongoing effort to capture
horizon-scale images of the Sgr A * supermassive black
hole (and of other black holes in our Galactic neighbor-
hood) and use them as an observational test of the Kerr
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Kerr vs non-Kerr photon orbits. This figure exemplifies the impact of nonseparability on the character of photon trapping

orbits. The shaded area in the - plane represents the region where geodesic motion is not allowed. The green (bottom row) and red (top
row) curves mark the location of the event horizon. Top row: A sequence of quasispherical orbits in an a = 0.7M Kerr metric with
increasing impact parameter b; in these examples photons are temporarily trapped in the vicinity of a spherical orbits. Bottom row: A
similar b-sequence of orbits in the nonseparable Johannsen-Psaltis spacetime with deformation parameter 3 = 5 and spin a = 0.7M.
The first two low-b examples, although lacking exactly spherical orbits, display a Kerr-like character in the sense that photons are
trapped in spheroidal or nearly spheroidal orbits that cross the equatorial plane. However, these orbits are lost (together with the
equatorial photon ring) as we move towards higher b. The formation of nonequatorial photon rings (see panel with b = 1.794096 M)
facilitates the capture of photons in their vicinity in the form of circular-planar or spheroidal orbits. In the high-b end of the spectrum,
only scattering orbits are present and no photon trapping is possible.

metric; see e.g., [11,12]. This program has very recently
begun to bear fruit with the ongoing observations of the
Event Horizon Telescope’s worldwide constellation of
radio telescopes1 [13].

Much of our intuition about wave dynamics in black hole
spacetimes is also based on photon spherical orbits.
Quasinormal mode (QNM) ringdown is intuitively under-
stood in terms of wave packets temporarily trapped in the
vicinity of the photon ring, gradually peeling off towards
infinity and the event horizon as they circle the black hole.
Indeed, in the eikonal limit of geometric optics the
frequency and damping rate of the fundamental QNM
are determined, respectively, by the photon orbit’s angular
frequency and divergence rate (Lyapunov exponent); see
[14-18] for more details. Similarly, the scattering of plane
waves by black holes reveals the presence of a photon ring
in the glory pattern of the scattering cross section (see [19]
and references therein).

Although photon rings are expected to be a ubiquitous
orbital feature, present in the spacetime of non-Kerr ultra-
compact objects such as gravastars and bosons stars, the
same may not be true for the off-the-equator spherical
orbits. Excluding the idealized case of spherically sym-
metric systems, the existence of the latter orbits is not
guaranteed unless some special conditions are met. Photons
moving in non-Kerr spacetimes may be trapped in different
kinds of orbits or they might not be trapped at all, at least
for some part of the orbital parameter space.

lhttps://eventhorizontelf:scope.org.

This is precisely the issue addressed in this paper.
Specifically, we ask under what circumstances spherical
(of constant radius ry) or more general “spheroidal” [of a
variable, equatorially symmetric radius ry(0), where @ is a
meridional coordinate] photon orbits are allowed when one
moves away from Kerr to an arbitrary axisymmetric-sta-
tionary and equatorial-symmetric spacetime. In this general
case we can formulate a necessary “spheroidicity condi-
tion” for the existence of the aforementioned orbits. It is
then possible to arrive at the remarkable result that a
spacetime that has a photon ring but does not admit
spherical orbits is necessarily nonseparable (and therefore
non-Kerr). However, the separability-sphericity connection
is not a solid one, in the sense that nonseparability does not
necessarily imply the absence of spherical orbits.

Most non-Kerr sg)acetime metrics of interest are of
course nonseparable” and therefore spherical photon orbits
could be replaced by spheroidal ones. Our results suggest
that this may be the generic situation for a large part of the
parameter space. For example, considering two of the most
widely used nonseparable metrics in relativistic astrophys-
ics, the deformed Kerr Johannsen-Psaltis metric [20] and
the slow rotation Hartle-Thorne metric [21,22], we find that
although neither spacetime possesses spherical orbits,
orbits of the spheroidal type are admitted in both cases

*Note that throughout this paper the term “separable” is
used as a proxy for the more accurate term ‘“‘geodesically
separable,” i.e., the separability associated with the Hamilton-
Jacobi equation.
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(another example is provided by the orbits outside black
holes with scalar hair discussed in [23]). However, these
orbits too are lost (assuming they cross the equatorial plane)
in conjunction with the disappearance of the equatorial
photon ring when the spin is high and/or the deviation from
Kerr is large. The emergence of nonequatorial photon rings
with their associated new families of photon trapping orbits
adds a new layer of non-Kerr phenomenology.

Our results are best summarized if we plot side by side
(see Fig. 1) Kerr photon trapping orbits against their
counterparts in a strongly deformed Johannsen-Psaltis
spacetime assuming the same spin and orbital impact
parameter b (the comparison between Kerr and Hartle-
Thorne orbits is similar). One can observe how the two
cases are similar in the low b range but gradually deviate as
we move towards higher b.

The deeper astrophysical motivation behind this work lies
in the aforementioned role played by circular photon orbits
in creating a black hole shadow and in the GW ringdown
produced in the final stage of black hole mergers. The key
element in both phenomena is the ability of trapping
photons/wave packets in orbit around the black hole for a
time interval much longer than the system’s dynamical
timescale. As our results suggest, this ability could be
compromised or modified if the Kerr metric were to be
replaced by a nonseparable metric endowed with strongly
non-Kerr spheroidal photon orbits or if spherical/spheroidal
orbits are not supported at all. The far-reaching consequence
of this conclusion is that non-Kerr ultracompact objects may
look very different compared to Kerr black holes with
respect to their shadow image and QNM ringdown signal.

The remainder of the paper is organized as follows.
Section II contains the necessary formalism for describing
photon geodesics in an axisymmetric-stationary metric. In
Sec. III we focus on circular motion and discuss the
distinction between spherical and spheroidal nonequatorial
orbits. In Sec. IV we derive the spheroidicity condition
describing these orbits. In parallel with our discussion of
spherical/spheroidal orbits, in Sec. V we study the pos-
sibility of having nonequatorial photon rings. The con-
nection between spherical orbits and the spacetime’s
separability is the subject of Sec. VI. In Sec. VII we search
for spherical/spheroidal orbits in three different non-Kerr
spacetimes (Johannsen-Psaltis, Johannsen and Hartle-
Thorne) by means of analytic and numerical solutions of
the spheroidicity condition. A complementary time-domain
study of these orbits is the subject of Sec. VIIIL. Finally, in
Sec. IX we summarize our results and discuss their
implications for the observational signature of non-Kerr
objects.

II. FORMALISM FOR GENERAL NULL
GEODESICS

For the general purpose of this paper we consider an
arbitrary axisymmetric, stationary and equatorial-symmetric

spacetime described by a metric g, (r, 6) in a spherical-like
coordinate system. The spacetime is assumed to satisfy the
circularity conditions associated with its two Killing vectors
[24] and by exercising our coordinate choice freedom, the
spatial coordinates are all orthogonal. The resulting line
element takes the form

ds® = g, dt* + g,,dr* +2g,,dtdp + geed* + g,,de*. (1)

Geodesics in this spacetime conserve the energy E and the
angular momentum component L along the symmetry axis
(here given per unit mass), £ = —u,, L = u,,, where u" =
dx* / d2 is the four-velocity along the geodesic. Defining the
impact parameter » = L/FE and rescaling the affine param-
eter 1 — EA we can effectively set £ — 1 and L - b
everywhere. These expressions can be inverted to give

1 1
u' = E(QIlﬂb + g(/)(/))» u? = _5 (gu/) + gttb)’

D= gtzq) ~ 91t9¢p- (2)

The location of the horizon (if present) is marked by D = 0;
outside the horizon this parameter is positive.

Assuming null geodesics hereafter, the norm u/u, =0
leads to

1
g ut + ¢"uj = D (9:b* 4+ 2G1yb + 9py) = Verr(r.0.D),
(3)

where the effective potential V4 shares the same symmetry
properties as the metric.

In the case of the Kerr metric, the existence of a Carter
constant allows the decoupling of the radial and meridional
motion, with (3) becoming a purely radial equation (see the
Appendix A for details). The “miraculous” property of a
third constant is absent in a general axisymmetric-sta-
tionary spacetime. Instead one is obliged to work with the
second-order geodesic equation, which can be written as

du, 1
= —K = — My
aK - d/l 29/41/,!(” u. (4)

The #-component of this equation is the only one needed
here:

1 2 2 032
aazi[gnﬂ(”) +rr0(U")" + Goo.o(u)

+g(/)(p,€ (u(ﬂ)z + th(/),k‘)u(put]

(G0 2 9606 > 1 4
—— u - [ V —? V
2( 2 Uy + @ Uy +2D2 (Gt Vett.0 = Grp G0 (9 Vetr)

+ gttg(/}(/){ (gtzlﬂ) 0~ 91t90p.0 } Vi
+2b9, (9199110 = 91919.0) T IopI11.0— 91 9ppIpp el (5)
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For the following discussion of circular orbits we also need
to involve the A-derivative of (3). This is,

U, 9rr.r 2 9rro
— <2a,— Uy — ——"—1u,ly

2

9rr 9rr 9rr00
u r
+2 (2(19 - 99—29’0 ué _ e, u,ug)
Yoo Yoo 9rr900
u, Ug
=—Veir, +— Verro- (6)
9rr Joo

It can be verified that the insertion of ay, @, [as computed
from (4)] into (6) returns a trivial 0 = O result.

Returning to Eq. (3), one can observe that its quadratic
form implies that V. should act as a zero-velocity
separatrix between allowed and forbidden regions for
geodesic motion. This follows from

9rr (") + gop(u?)? =00 u" =u? =0V =0.  (7)

Then V. <0 (Ve > 0) marks the allowed (forbidden)
region. Some examples of this are given below in
Sec. VIIB.

III. CIRCULAR, SPHERICAL AND
SPHEROIDAL ORBITS

It is perhaps instinctive to think of circular motion as that
associated with a constant radius r = r(. For nonequatorial
motion, a more accurate designation for these orbits
would be “spherical” since the trajectory is confined on
the surface of a sphere of radius ry. This is, for example,
what Kerr spherical orbits look like in the familiar Boyer-
Lindquist coordinates. However, there is a more general
way of defining nonequatorial circular orbits, namely, as
motion confined on a spheroidal-shaped shell ry = ry(0).
We shall call this more general type of orbit “spheroidal.”
From a mathematical point of view we require the function
ro(@) to be smooth and expandable in even-order Legendre
polynomials,

ro(0) =Y BePs(cos0), (8)
z

where 7 = 0, 1,2, ... and 3, are constant coefficients. Note
that according to this definition r4(6) is not required to be
single valued, so that the spheroidal shell may actually be
torus shaped (as some of the orbits discussed in [23]). In
this case the orbit could intersect the equatorial plane in two
distinct radii instead of one.

Strictly speaking, the distinction between spherical and
spheroidal orbits could be seen as a nonphysical gauge
degree of freedom, in the sense that any spheroidal orbit
ro(0) could be reduced to a spherical one with the help of a
suitable coordinate transformation [indeed, the new radial
coordinate would be given by u(r, 8) = r — ry(6)]. Putting
aside possible complications related to a multivalued and/or

nonglobally defined ry(8), this procedure of “gauging out”
spheroidal orbits should be always feasible provided we
allow for a metric more general than our assumed form (1),
more specifically, a metric with an extra mixed g,
component [as discussed below, the coordinate transfor-
mation may not always exist if the metric is assumed to
retain the form (1)]. There is one mathematical and a
second more practical reason why we do not opt for this
approach: (i) if present, the property of separability requires
a metric like (1) in order to work, and (ii) all non-Kerr
axisymmetric-stationary spacetimes in the literature are of
the form (1); transforming one of them according to the
previous recipe would require a prior knowledge of ry(9),
thus defeating the purpose of the entire exercise.

Sticking with our definition of spheroidal orbits we find
that u”, u? are “locked” to each other,

u' = rou’ = u, = &ﬂoug, 9)
Yoo
where a prime stands for a derivative with respect to the
argument. In this and the following expressions all func-
tions of r are to be evaluated at r = ry(0).

Taking the A-derivative of (9),

2
g u
a, = T roag + TH (900970 + 70(9009rr0 — 9rr900.0)
Yoo 00
+ (ré))z(gﬁﬁgrr,r - grrgl%',r)]' (10)
Using (9) in (5),
g1 o74)+ 0]
Ay ==—>"19rr0(r)" + Goo,0
203 ‘
1
+ Y57 (91 Vetto = G2p9pp(9uVett) o

=+ gttg(p(p{ (gtzqa) 0 gttg(/lqaﬂ} chf
+ Zbg(pq) (gt(pgtt,a - gttgt(pﬂ) + géqagttﬂ - gttg(/)qag(pqaﬂ] .

(11)

Meanwhile, from Egs. (3) and (6) we obtain respectively

[grr(r6)2 + gﬁﬂ]”% = ggaveffv (12)
7 uz u2
r6 2ar _%(erﬂ =+ grr,rr6> + 2“6 _Tg (969,0 + gBH,rr6)
Yo0 Yoo
=71oVeit.r T Veiro- (13)

IV. THE SPHEROIDICITY CONDITION

The previous equations pertaining to general nonequa-
torial spheroidal motion in an arbitrary axisymmetric-
stationary metric can be combined to produce a necessary
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spheroidicity  condition of the functional form
f(b,ry. 14, 15.6) =0.

This constraint originates from Eq. (13) (i.e., essentially
the A-derivative of V) after using (10)—(12) to eliminate
a,, ag and u3, respectively. Once these steps are taken and
several terms are combined to form V4 and its derivatives,

we arrive at

9re (1) (97 Veir) 0
+ (70)*[(9o09rr.r = 29rr900.0 )V et = GrrGo0V et 1)
+10((29009:+0 — 9rr900.0) Vet + GrrGoV et o)
+900129,+-Verrrg — (oo Verr) ;] =0, (14)

where all functions are to be evaluated at r = ry(0).
This equation will become our basic tool for searching
for spherical/spheroidal orbits in non-Kerr spacetimes
(Sec. VII). It should be noted that (14) is oblivious to
the stability of the spheroidal orbit. This extra information
is contained in the second derivatives of V.

As a sanity check of (14) we consider the Kerr metric in
Boyer-Lindquist coordinates with the assumption r(, = 0.
The spheroidicity condition reduces to

Ex(ro) =r§(ro—3M)+a*(M+ry) +ab(ry—M) =0,
(15)

which can be identified as one of the two equations that
determine nonequatorial Kerr photon orbits (for @ = 0 this
leads to the Schwarzschild photon ring ry = 3M).

This example is indicative of what happens when a
spacetime admits r, = const. spherical orbits: the spheroi-
dicity condition effectively becomes a #-independent equa-
tion for ry. As we shall see below in Sec. VII D, a similar
situation arises in the context of the separable deformed
Kerr metric devised by Johannsen [25].

V. NONEQUATORIAL PHOTON RINGS

Apart from the aforementioned 3D spherical/spheroidal
orbits a spacetime may admit 2D photon rings where
motion takes place along a trajectory of constant r and 6 on
a plane. The equatorial photon ring is the most familiar
example of this family of orbits and is of course a well-
known feature of the Kerr spacetime. Interestingly, non-
Kerr spacetimes may show a richer phenomenology,
admitting a symmetric pair of nonequatorial photon rings
instead of a single equatorial one. This is the subject
explored in this section.

We can begin our analysis from Eqs. (12) and (13) which
are still valid for photon rings. Specializing to motion with
constant r = ry and 6 = 6, (i.e., we need to set r(, = uy =
ag = 0 in the two equations) we arrive at the following
three conditions for V x(r, 0, b):

Veit = Vetrr = Vero = 0. at (r,0) = (ro,6p). (16)
These three equations can be solved with respect to
{rg,0y, b = by}; such a solution implies the existence of
a nonequatorial photon ring.

Equatorial photon rings are somewhat simpler to deal
with, since Vg g(7/2) =0 due to the spacetime’s sym-
metry. In this case the problem reduces to the familiar
conditions for circular equatorial orbits, i.e., Vg (7o, by) =
Veri +(r0, bg) = 0. As discussed, e.g., in [18] these two
conditions lead, respectively, to equations for the photon
ring radius and its associated impact parameter (here the
upper/lower sign corresponds to prograde/retrograde
motion)

900 Guur)? +290(Gi9.0)* = 910 (G19p0r + 2910910.1)

+ 2\/(gtg/),r)2 - gtt,rgq)(/?,r(gl(pgtt,r - gtlgtq),r) =0, (17)

1
Git,r

b():

|::F \/(gt¢,r)2 - gtt,rg(pga,r - gt(p,r . (18)

The impact parameter of nonequatorial photon rings is
given by the same result (18). However, instead of a single
photon ring equation we now have a coupled algebraic
system for {ry, cos O } coming from Vg = Vg g = 0|, .
The former condition has the same form as Eq. (17), albeit
with a #-dependent metric. The latter condition leads to

9.0 (gn‘,r>2 + thf,9<gt(/),r)2 - gtt,r(gttﬂg(pqa,r + th(p,egt(p,r)

¥ 2\/ (Gt9.r)* = 9.0 990, (919 0910.r = Gr.0919.r) = O-
(19)

These equations are solved below in Sec. VII; there we will
see that particular examples of non-Kerr spacetimes lead to
nontrivial results. The trivial application of these equations
is the Kerr spacetime itself where we can demonstrate the
impossibility of nonequatorial photon rings. Indeed, after
combining (17) and (19) to eliminate the square root term we
obtain acost(a’cos20y+a>—6r3)(a*cos20y+a*—2r3)>=
0 which, given that ry > a, has 6, = z/2 as the only
acceptable root.

VI. ON THE CONNECTION BETWEEN
SPHERICAL ORBITS AND SEPARABILITY

In the Introduction spherical photon orbits were
described as a special characteristic of the Kerr spacetime
and in particular of its separable nature. Before embarking
on our study of photon trapping orbits in concrete examples
of non-Kerr spacetimes it is worthwhile to take a detour and
examine in more detail the connection between spherical
photon orbits and the separability of a given spacetime.
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The spheroidicity condition (14) provides the means to
establish a remarkable result that can be stated as follows: if
a stationary-axisymmetric spacetime endowed with a pho-
ton ring is separable (in the sense that it admits a third
integral of motion) then it necessarily admits spherical
photon orbits (i.e., orbits with ry = const.). The converse is
true in a subset of the solution space of (14) with ry =
const. where one needs to further assume that the ratio of
the metric components g,,, ggo takes a special factorized
form gyy/g,r = f(r)h(6), where h(0) is a specifically
selected function.

A corollary of this proposition is that a spacetime is
necessarily nonseparable if it possesses a photon ring but
does not admit spherical orbits in any coordinate system.
The rest of this section is devoted to the derivation of these
results; it should be noted that the sphericity-separability
connection is not exclusively about photons but it can be
extended to the orbits of massive particles (this is discussed
in more detail in Appendix C). Nor it is exclusively
“relativistic” as it can be shown to hold in the context of
Newtonian gravity (see Appendix B).

For a spacetime g,,, of the general form (1) with {r, 0}
the only nonignorable coordinates, the Hamilton-Jacobi
equation for null geodesics becomes [26]

(So)
9rr Yoo

= Vet = 0, (20)

where S(r,6) is Hamilton’s characteristic function.
Following the standard separability ansatz [27] we write
S = S,(r) + Sy(0). Provided the following conditions hold
(here f1, f5, h, g are arbitrary functions of their argument),

9ooVerr = f1(r)h(0) + g(6), (21)
%ﬁ:ﬁvmw» (22)

we can rearrange (20) as

hme—ﬂm—m%mm—ww—c (23)

This demonstrates the separability of the system, with C
playing the role of the third constant (or “Carter constant”).
On the same issue of separability, Carter [28] showed that
the Hamilton-Jacobi equation as well as the Schrodinger
and scalar wave equations are all separable if the metric of a
given spacetime can be put in the “canonical” form (see
[29] for a recent review on the subject),

Z V4 A
ds? = Ker + A_9d62 + 7" (P,dop — Q,d1)*

A
+ =2 Qo - Pydy)’, (24

where Z = P,Qy— Q,Py and A, = A, (u) for u = {r,0}
(and similarly for the other arbitrary functions). One can
easily verify that the canonical metric (24) satisfies the
separability conditions (21), (22). As examples of this
privileged class of spacetimes we can mention the Kerr and
Johannsen metrics (although only the former is a solution
of the GR field equations).

We now can make contact with the existence of spherical
photon orbits. According to the spheroidicity condition
(14) an ry = const. orbit must satisfy

(gaaveff),r|ro =0. (25)

The most general solution of this equation takes the form
ooVerr = f(r,0)(r = ro)*h(6) + g(6),” with £(r,6) anon-
singular function at r(. A special case of this latter form is

GooVere = f1(r)h(0) + 9(0), (26)

with the additional constraint f}(ry) =0. Now, the
expression (26) can be identified as the first separability
condition (21), but separability alone cannot enforce
the existence of spherical orbits. This is the point where
we need to invoke the existence of a photon ring in the
spacetime under consideration: for some C = C, this
requires V,, =0 = f} =0, with the last equation now
becoming a relation rq = ry(b), common for both equa-
torial and nonequatorial motion as it depends neither on C
nor on € [in Kerr, this relation is given by Eq. (15)].

We have thus established the first half of the proposition,
namely, that Hamilton-Jacobi separability entails the exist-
ence of spherical photon orbits as long as f(r) =0 has
roots for some values of r. As mentioned, the veracity of the
converse rests on working within the subclass of solutions
of Eq. (25) that satisfy Eq. (26) and the assumption that
oo/ Gy 18 Of the form (22).

Going beyond our basic result, one can show that
spheroidal orbits cannot exist in a separable spacetime
(and obviously in those coordinates that allow separabilty
in the first place). Using (u,,uy) = (S}, S)) in (23), we
obtain a pair of decoupled equations,

f2(grrur)2 = fl +C= Vr(rv b, C>7

(fag,u%)? = 9= e

= V4(0.5.C). (27)

oo

Assuming first a spheroidal orbit, u" = r6u9 , these two
equations combine to give

(ry)*Vo = f2(ro) V. (ro) = V,(rp). (28)

We can then see that both potentials obey V, >0,
V.(ry) > 0. At the meridional turning points 6, we have

3This form cannot separate the Hamilton-Jacobi equation.
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Vo(6,) =0 which means that V,[ry(6,)] =0. A similar
argument can be used in the equatorial plane where
ro(m/2) =0 due to the assumed symmetry of the orbit,
hence leading to V,[ro(z/2)] =0. Given that V,(r)
cannot be negative, it can be either zero or increase and
subsequently decrease as @ moves from 6, to the equator.
The situation is exactly the same in the lower hemisphere
and therefore we should have V' [ry(z/2)] = 0. Taking the
derivative of (28),

2V + (rg)Ve = Vi(ro), (29)

we can deduce that r(j(z/2) = 0. Using iteration, it is easy
to show that the same is true for all higher derivatives

ri"(x/2). Combined with #(z/2) = 0, this entails that
any orbit () crossing the equatorial plane can only be an
ro = ro(m/2) = ry(0,) = const. orbit. Therefore, the only
possibility is that of spherical orbits in the separability
coordinates.

A subtle point of our discussion on spherical orbits is
their inherent coordinate dependence, in the sense that they
occur if one uses the appropriate coordinate system.
Spherical orbits should not occur if a different nonseparable
coordinate system is employed, but instead one would
expect to encounter spheroidal orbits ry(6), in full agree-
ment with our previous result, since the existence of
spherical orbits in any other coordinates apart from those
that separate the Hamilton-Jacobi equation would imply the
existence of spheroidal orbits in the first coordinates that
allow separability. An example of this situation is provided
by the Newtonian Euler potential; see Appendix B.

The sphericity-separability interplay is nicely demon-
strated by the three non-Kerr spacetimes we study in the
following section. One of them (the Johannsen metric) is
separable and, as we are about to see, it admits Kerr-like
spherical photon orbits. In contrast, the remaining two
nonseparable spacetimes do not admit such orbits but
nevertheless they appear to support the more general
spheroidal ones.

VII. SEARCHING FOR SPHEROIDAL ORBITS IN
NON-KERR SPACETIMES

A. Strategy

After having explored the link between the separability
of a given spacetime and the existence of spherical orbits
we go on to consider specific examples of both separable
and nonseparable metrics. This case-by-case analysis
comprises the deformed Kerr metrics devised by
Johannsen-Psaltis [20] and Johannsen [25], and the cel-
ebrated Hartle-Thorne metric [21,22] which is the “official”
GR solution describing the interior and exterior spacetime
of relativistic stars within a slow-rotation expansion

scheme. For brevity, hereafter these three metrics will be
denoted as JP, J and HT respectively. Amongst these
metrics only the J is separable (by construction) and admits
a Carter-like constant while the other two acquire this
property only in their respective Kerr limits.

Our overall strategy is based on a two-pronged approach.
The first approach is based on the necessary spheroidicity
condition for the existence of spherical/spheroidal orbits. In
this section we solve this condition analytically in the
weakly deformed (e3 < 1) JP metric and in the HT metric
after being perturbatively expanded with respect to the spin.
We show that none of the two spacetimes admits spherical
orbits in the coordinates that they are given. However, the
HT spacetime admits an exact spheroidal solution while in
the JP spacetime a spheroidal solution can be found in the
approximate form of a truncated convergent series. In sharp
contrast, we find that spherical orbits are allowed in the J
metric.

Solving the spheroidicity condition for the full, unex-
panded JP/HT metrics requires a numerical integration; this
calculation is performed in this section. The results
obtained suggest the presence of spheroidal orbits in some
parts of the parameter space.

This first approach leaves some loose ends in relation
with the degree of “decircularization” of the orbits from
sphericity. This issue is the subject of the second approach
and is addressed in Sec. VIII with the help of direct
numerical integration of the geodesic equations.

Apart from our study of spheroidal orbits, we make
contact with Sec. V and apply the results obtained there to
the three aforementioned spacetimes, with the purpose of
finding nonequatorial photon rings. To what extent their
presence could affect the photon trapping ability of a non-
Kerr spacetime is a topic explored in Sec. VIIIL.

Before embarking on the orbital analysis of the three
spacetimes it is worth pausing a moment to revisit circular/
spherical motion in Kerr. This topic is of course well
documented and studied in the literature (see e.g., [30,31])
but for the purpose of completeness a brief discussion can
be found in Appendix A.

B. The Johannsen-Psaltis metric

The JP metric belongs to the broader class of the so-
called deformed Kerr metrics, the “deformation” in this
instance encoded in the function

M3r
h(r, 9) = 83?, (30)

where &5 is a constant parameter. In terms of the Kerr metric
g}fy (listed in Appendix A), the JP metric reads
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gt = (L+h)gk, gt =(1+h)gK,

2a3 2& -1
r§=g‘ﬁ(1+h)(l+ha o ) ,
M
9oy = Gbo- =g, + ha <1 + Tr) sin*0,  (31)

and it is clear that 3 — O corresponds to the Kerr limit.
|

The search for spherical/spheroidal orbits is greatly
facilitated if we restrict ourselves to a small deformation
&3 and work perturbatively with respect to that parameter.
We thus consider the O(e3) “post-Kerr” form of the JP
metric.

Assuming spherical orbits, the spheroidicity condition
(14) becomes

—16(r§ + abcos®0)(a® — ab + r§)Ex (ro) — 8e3M>ri[3a* (4M + 3ry)
—24@3bM + 3262 (4M — 3rp) + 2a2r3(Trg — 4M) + 8abM 7 + r(5ro — 12M)]
+ cos*O[8a*esM*{a* — a*(b*> — 6r3) + r*(5ro — 8M)} — 48a*rj(a* — ab + r§)Ex(ro)]
+ cos?0[-48a*ry(a* — ab + r3)Ex(ro) — 32a*esM3ro{a*(M + 2ry) — 2a°bM
+a?b?(M = 2ry) + 2a*r3(rg — 3M) + 6abMr3 — 3Mri}] = 0+ O(e3), (32)

where the function Ex (ry) was introduced back in Eq. (15). The trigonometric functions can be expressed in Legendre

polynomials,

2112a%esMP [a* — a*(b* — 6r) + ri(5rg — 8M)|P4(0)
- (612 — ab + r%)EK(rO)[IZSOa(’P(,(Q) + 1152(14(5612 + 11}%)P4(9)
+1760a>(5a* + 18a%r3 + 21r3)P2(0) + 528(5a° + 21a*r3 + 35a°ry + 35r5)]
+1760e3a’>M?[3a8 — 3a*b> — 2a*ry(TM + 5ry) + 28a>bMry + a*r3(60M — 13r;)
—14a*b’ry(M — 2ry) — 84abMr} + 42Mr3|P5(6) — 616e3M3[—3a® + a®(3b% + 20Mr + 2213)
— 40a5bMry + 4a*rg{Sb>(M — 2ry) + r2(21M + 40r,)} — 240a*bMr?
1523 {3b3(4M = 3rg) + 212(Tro — 6M)} + 120abMr + 157 (5rg — 12M)] = 0+ O(2). (33)

An r( solution exists provided the coefficient of each P,
term vanishes independently. It is straightforward to verify
numerically that this is not the case for any ry > M. We can
thus conclude that spherical photon orbits do not exist in
the JP spacetime.4

Having failed to find spherical orbits our next objective
is to look for the more general spheroidal r((6) orbits. In
the spirit of our previous post-Kerr approximation we
employ an expansion [note that this is equivalent to an
expansion in the P,(6) basis]

N
ro(0) = rg +&sM Y prcos?0 + O().  (34)
n=0

where f,(a,b) are constants and rg(a,b) is the Kerr
spherical orbit radius i.e., Eg(rg) =0. Upon inserting

*The same conclusion can be reached by means of a simpler
calculation where (33) is further expanded with respect to the spin
up to O(a?) precision. All Legendre polynomials in the resulting
expression share the same nonvanishing coefficient.

(34) in the spheroidicity condition, the leading order Kerr
terms vanish identically leaving an expression linear in 5.
After expressing the trigonometric functions in terms of P,
we again arrive to an algebraic equation of the form (33),
with the maximum Z-order depending on the chosen N.

To provide a concrete example, we truncate the expan-
sion (34) at N = 3. The resulting spheroidicity condition
contains all even-order P, in the range 0 < ¢ < 18 and
therefore leads to an algebraic system of ten equations for
the four expansion coefficients f; — ;. Symbolically, the
N = 3 system takes the following form:

Pig: fisps =0, (35)

Pio: [+ 12ps =0, (36)
Pis: [1B1+ 1382+ 150 = 0. (37)
Pt [+ F36 + £ = 0. (38)

Pip: fgg)ﬁo +f(1%))ﬂ1 +f%)ﬂ2 +f§z(l))/}3 =0, (39)
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TABLE I.  Spheroidal orbit solutions of the spheroidicity condition for a JP metric with e3 = 0.1, a = 0.7M and b = 3.5M. We show
the numerical values of the coefficients 3, appearing in the expansion (34) when truncated at order N = {1, 2,3,4}.

N Po 2 P Ps P

1 —0.275586 0.026 899 5

2 —0.276424 0.030 824 6 —2.18738 x 1073

3 —0.276449 0.031 1300 —2.43839 x 1073 1.33614 x 10~

4 —0.276450 0.031 1476 —2.65725 x 1073 2.48629 x 107 —1.9353 x 107>

Po: £ 8o+ B+ 1O+ £+ 1 =0, (40)
Po: [0+ 1O+ 10+ 10+ 1 =0, (41)
Py 180+ 1B+ 10+ 1B+ 1) =0, (42)
Pyt [0+ 18+ 1+ 15+ 1 =0, (43)
Po: [0+ 198 + 15+ 1B+ 1) =0, (44)

where fgj ) = fgj )(rK, b,a) are polynomials. An exact
spheroidal solution with N < 3 (assuming it exists) ought
to satisfy all equations in the above system. As we discuss
below this is indeed the case in the HT spacetime. In
contrast, the JP spacetime does not admit such an exact
truncated solution: the P;g equation has f;3#0 and
therefore /3 = 0. Moving down one level, we obtain 5, =
0 from the P4 equation and then ff; = f; = 0 as we move
further down. We have verified that the situation remains
the same even when the N = 4 expansion is used.

Without excluding the possibility that an exact solution
might exist for some N >4 we adopt an alternative
approach where (34) is assumed to be an infinite series.
In practice the series has to be truncated at some order N
provided the successive coefficients f, become increas-
ingly smaller. Then for a given N, and starting from the
lowest order P, one needs to include the necessary number
of P, equations so that the system admits a consistent
solution. For example for the N = 1 expansion only the
{Py, P,} equations need to be included in the calculation of
{Po,P1}- The N =3 expansion with its four unknown
coefficients requires the simultaneous solution of the
{Py, P,, P4, Pg} system. The successful application of this
algorithm would imply that a spheroidal solution does exist
at least in the form of an approximate truncated infinite
series.

As a case study, we have considered a weakly deformed
JP spacetime with 3 = 0.1, a = 0.7M and an orbital impact
parameter b = 3.5M. The corresponding Kerr spherical
radius solves E(rg) =0 and we find rg = 2.02649M.
The obtained spheroidal solutions for 1 < N < 4 are pre-
sented in Table I. These results are strongly suggestive
of the convergence of the expansion (34) since 5, ~ 0.15,_;
between successive coefficients. This also means that the

truncation scheme is itself self-consistent. Moreover, we can
observe a rapid convergence in the value of a given f3,, as we
move to higher N systems, while the residuals of the
differential Eq. (14) when we substitute the approximate
solution converge to zero. The resulting N = 4 solution for
r 0(9) is

ro = 1.99884 + 1073(3.11476c0s20 — 0.265725c0s*0
+0.0248629¢0s°0 — 0.0019353c0s%0). (45)

In the following section we show that this is in excellent
agreement with the spheroidal radius extracted from the
time-domain analysis of JP geodesics.

The main conclusion of the preceding analysis of the
spheroidicity condition is that the nonseparable JP metric
admits spheroidal orbits albeit in the approximate form of a
truncated series.

This conclusion is corroborated by the outcome of the
direct numerical integration of the spheroidicity condition
(14) for the full JP metric (that is, &5 is no longer assumed to
be small). The integration is initiated at the equatorial
plane for an initial radius ry(z/2) which can be arbitrary as
long as it lies inside the allowed region for geodesic motion
(i.e., Ve > 0). The second necessary initial condition is
ro(/2) = 0 as dictated by the equatorial symmetry of the
problem. The integration proceeds towards € =z (or
0 = 0) and is set to terminate when the V¢ = 0 separatrix
is reached. As examples we consider the a = 0.7M JP
spacetime with 3 = {0.1, 1} and respective impact param-
eter b = {3.5M,3M} (this latter example is also discussed
in Sec. VIII A). Figure 2 displays a typical crop of results.
The r{, value at the end of the integration is either a very
large positive or negative number (possibly signaling
a divergence), with the integration in many cases terminat-
ing well away from the separatrix. However, for some
particular initial ry(x/2) the final r{, is zero at the separatrix
within some numerical accuracy. For the two examples
considered here we find that this happens for
ro(m/2) ~ {1.9982M,1.8671M}. Note that the &3 = 0.1
result is in excellent agreement with the analytic solu-
tion (45).

As the spin and/or the deformation increases the situation
becomes drastically different: the numerical solution for
ry(6) does not become zero at the separatrix, and therefore
no spheroidal orbits should be expected.
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Integration of the JP spheroidicity condition. We show the numerical solution for r((6) in two JP metrics with spin a = 0.7M.

Left panel: &3 = 0.1 and b = 3.5M. Right panel: &3 = 1 and b = 3M. The initial equatorial value of r is indicated in the margin. For
some value of ry the integration terminates at the separatrix with r; = 0, indicating the presence of a spheroidal orbit.
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Nonequatorial photon rings in the JP spacetime. We show the numerical solution {ry,cos 6y, by} of the photon ring

equations (17)—(19) for the JP spacetime as a function of the spin a, for three values e3 = {1, +5} of the deformation parameter. The
most striking feature in these plots is the photon ring bifurcation at some a = a,(¢3 > 0), marking the emergence of nonequatorial
photon rings. Note that a < 0 (a > 0) represents retrograde (prograde) orbits.

Having completed our investigation of spheroidal orbits
we move on to consider the presence of photon rings at
given constant angle 6 = 6, and “radius” r = r (this is of
course the radial distance from the coordinate origin, not
the ring’s actual coordinate radius r( sin f); the previous
series expansion does not apply for these circular orbits.
Instead, we can search for photon rings by direct applica-
tion of Egs. (17) and (19) of Sec. V. The numerical solution
of the system is shown in Fig. 3 in the form of curves
{ro(a),cosby(a),by(a)} for three values of the deforma-
tion, &3 = {1,£5}. For most of the spin range the only
acceptable solution is that of the familiar equatorial photon
ring (see e.g., [18] for a discussion of the equatorial JP
photon ring). Remarkably, and unlike what is known to
happen in Kerr, above a spin threshold a, > 0 the prograde
photon ring in the &3 > 0 spacetimes bifurcates into a pair
of symmetrically placed nonequatorial photon rings above
and below the equator. The inclination (radius) of these
photon rings increases (decreases) monotonically with the
spin until they shrink to a pointlike structure at the north
and south poles for a = ry = M (in this case the solution
can be found analytically). As it is easily visible in the
figure, this “photon ring phase transition” is also reflected
in the slope of the {rq(a), by(a)} curves. The bifurcation
critical spin is clearly a function a, = a,(e;) and lies in a
range 0.4 < a/M <0.95 for 0.1 < &3 < 10. In stark con-
trast to what we have just described, £; < 0 JP spacetimes

only appear to admit equatorial photon rings; see the right
panel of Fig. 3.

A complementary view on nonequatorial photon rings is
provided by Fig. 4 which shows the separatrix Vg (r, ) = 0
of allowed/forbidden regions of photon geodesic motion.
The photon ring structure is shaped in the same way as in the
equatorial case (see Appendix A for the corresponding Kerr
separatrix figure) but is located off the equatorial plane.

Our results hint at a parameter space correlation between
the disappearance of the equatorial photon ring (which
occurs at high a/M and/or &3 > 1) and the absence of the
spheroidal orbits calculated in this section. This correlation
is further bolstered by the results of the time-domain
analysis; see the next section.

C. The Hartle-Thorne metric
We now consider the HT metric [21,22],
2 2 2 2p 2
ds* = —e*(1 4+ 2h)dtr* + e* | 1 + ——— |dr
r—2m
+ r2(1 + 2k){d#* + sin®*0[dp — (Q — w)d1]*}

+ 0O(Q%), (46)

where Q denotes the stellar angular velocity. The three
metric potentials, v(r), A(r), m(r), are spherically symmet-
ric functions, the latter representing the usual mass function.
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FIG. 4. JP separatrix with nonequatorial photon ring structure. We show the Vx(r,0) = 0 separatrix of allowed and forbidden
(shaded) regions of photon geodesic motion. As a visualization aid we use both spherical and cylindrical coordinates p = rsin#,
z = rcos . For these particular examples we have chosen ¢3 = 1, a = 0.75M, by = 2.8707M (left panel) and ¢3 = 1, a = 0.9M,
by = 1.9889M (right panel). The arrows indicate the location of the two photon rings while the orange curves mark the location of the

event horizon.

The rest of the potentials can be expanded in terms of
Legendre polynomials,

h(r,0) = ho(r) + ho(r) Py,

u(r,0) = po(r) + pp(r)Pa,
k(r,0) = ky(r)Ps, w(r,0) =w(r)P,. (47)

In the vacuum exterior of a general relativistic star, the HT
metric is most conveniently parametrized in terms of the spin
parameter y = J/M? [where J is the O(Q) angular momen-
tum and M the mass at Q = 0], the quadrupole moment
Q = y*M?(1 — 5q) (here expressed in terms of the deviation
og from the Kerr quadrupole of the same mass and spin
parameter), the O(Q?) shift 5m in the mass and, finally, the
rescaled radial coordinate x = r/M:

%((11_—21//)3)2(3 2_6x 2)] +’;—z(1+—>, (49)
kzz—’;—j( +—>——)(25q{3(1+x)—§

, (50)

Hereafter we set 6m = 0 and redefine M as the spin-
modified stellar mass.

There are two distinct ways to proceed when working
with an approximate metric like the HT. The first one is to
use the metric (46) “as is” (truncated at a given Q-order)
without making any further approximation in the geodesic
equations. The second approach is to expand all equations
to the same perturbative order as the metric.

When the first approach is combined with the spheroi-
dicity condition (14) we find that spherical orbits are not
admitted. The search for spheroidal solutions can only be
done via a numerical integration of the spheroidicity con-
dition. The outcome of that calculation is qualitatively
similar to the previous JP analysis and consists of approxi-
mate spheroidal orbit solutions in the low spin portion of the
parameter space. The second approach, however, does lead
to exact spheroidal orbit solutions. The series expansion for
(@) is now also an expansion with respect to the spin,

N
ro(0) =3M —2—Mcos w+x? Zﬁncosz”9+ O(?), (52)
\/3‘ n=0

where the first two terms can be identified with the Kerr
(spherical) photon ring radius at leading order with respect to
the spin (the constant inclination parameter : is defined in
Appendix A). Assuming N = 3 as before, the resulting
spheroidicity condition contains the even-order Legendre
polynomials Py—P, leading to six independent equations.
However, unlike the previous JP system, the present over-
determined system of equations does have an acceptable
exact solution with f; = f, = 0 and

M
pr=—135116+276g(4510g3 ~52)].  (53)

M M
Po= ﬁ(3cos21 —4) +E5q(3 cos2i+2)(45log3—-52).

(54)

This solution represents a spheroidal orbit with a ~cos?6
profile. It should be mentioned that the same result could
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FIG. 5. Nonequatorial photon rings in the HT spacetime. We show the numerical solution {ry,cos 8y, by} of the photon ring
equations (17)—(19) for the HT spacetime as a function of the spin y, for two values 6g = £1 of the quadrupolar deviation parameter.
Retrograde (prograde) orbits correspond to y < 0 (y > 0). Only the 6g > 0 branch admits nonequatorial photon rings, in which case
they appear as a bifurcation of the equatorial photon ring at some critical spin y, (6g). The bottom middle panel shows a “pitchfork”
structure where an equatorial solution is still present for a short spin range past the bifurcation spin y,. The corresponding radii and
impact parameters are shown in the other two middle panels. The vertical green line marks the spin y = 0.327 at which all three photon

ring solutions coexist for the same b,.

have been found via a more direct approach, namely, by
postulating a solution ry(0) = 3M + r(0)y + r,(0)x*. As
expected, the y = 0 spheroidicity condition is solved by the
Schwarzschild radius 3M, while r; and r, solve the first and
second y-order equations

(b* = 2TM?sin’0)r| — b* cotOr)

+ 3M?sin0(9r, + 2b) = 0, (55)

(b* —2TM?sin*0)ry — b? cotry +2TM?*sin*0r,

M 128
+3—25in2«9 sz +15M?{275¢(45l0og3—52) + 16} cos20

+ M2{1355¢(4510g3—52)+272} | =0. (56)

When combined with b = 3\/§M CcoS1 — 2M00521)( (this
coincides with the Kerr impact parameter of the same spin
order) these equations lead to the equatorial-symmetric

solutions r, = —2Mcosi/v/3 and r, = S, + 5 cos? 6.
Moreover, the equatorial orbit limit of these results agrees
with the photon ring radius found in [9].

We next turn to the study of nonequatorial photon rings
in the HT spacetime. In this calculation it is more
appropriate to use the “as is” version of the HT metric;
we then numerically solve the photon ring equations (17)-
(19). The results {ry,cosby, by} are shown in Fig. 5 as
functions of the spin parameter y. To begin with, the g < 0
branch of the HT spacetime is Kerr-like, not admitting
anything more than an equatorial photon ring. On the other
hand, the situation for ¢ > 0 is reminiscent of the previous
&3 > 0 JP results, with the equatorial photon ring bifurcat-
ing to a symmetric pair of nonequatorial ones at some
critical spin y,(6g). A closer inspection of this transition

(see the middle plots in Fig. 5) reveals an interesting
triplicity of equatorial and nonequatorial photon ring
solutions with slightly different values of r, and by in
the immediate vicinity of y,. The three solutions coexist for
the same b, at some particular value of y (marked by a
vertical green line in Fig. 5). Figure 6 describes the
corresponding structure of the Vi (r,0) = 0 separatrix,
illustrating examples of a generic situation with a pair of
nonequatorial photon rings (left plot) and the special case
of three coexisting photon rings (right plot). Similarly to
what was found in the JP metric, the disappearance of the
equatorial photon ring for y > y, also marks the suppres-
sion of spheroidal orbits.

D. The Johannsen metric

Unlike the JP metric, the deformed Kerr metric devised
by Johannsen [25] is separable and takes the form

z
g, = -V (A — a*A3sin®0),

Gy = —%sinzﬁ[(r2 +a?)A A, — A, (57)
Gy = I;’sinQG[(rz + a*)? A} — a*Asin®d),
rr = AiAs’ géva =3, (58)
where
N=[(r?+d*)A,—a’A;sin?0)?, Z=Z+f(r). (59)

The deformation away from Kerr is encapsulated in the
radial functions {A(r),A,(r),As(r), f(r)}; in their sim-
plest form these are
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FIG. 6. HT separatrices with nonequatorial photon ring structure. We show a series of V. (r,0) = 0 separatrices (shaded area
represents the forbidden region for photon geodesic motion) in a 6¢ = 1 HT spacetime. The left panel corresponds to a situation past the
bifurcation spin y, where an equatorial photon ring is still present (for this particular example y = 0.324, by = 4.32132M). The middle
panel shows the special coexistence of three photon rings at y = 0.32735, by, = 4.30434M (vertical green line in Fig. 5). For the high-
spin example shown in the right panel (y = 0.4, by = 3.86143M), only nonequatorial photon ring solutions are possible.

M)\ 3 M\ 2 M\ 2 M3
A —1+a13<7> ; A2—1+0’22(7) A5—1+0!52(7> ; f:£37’ (60)

with a3, @y, @5y, €3 constant parameters.
Repeating the procedure of the preceding sections, we first look for spherical orbits. The spheroidicity condition (14) for
the J metric returns the #-independent expression,

—ri(a* —ab + r})Ex(ro) + apzanabM3ry[ry(8M — 5ry) — 5a* + 2a*ry(6M — 5ry)]
+ adyM®(a* + r3)[3a* + a*ro(5rg — TM) + r3(2rg — 3M))
—2anabM?rila* — a*b + a*ro(2rg — 3M) + abro(3M — 2ro) + ry(rg — M)]
+ apM?ri[3a® —3a°b + a*ro(Tro — 8M) + 2a°bro(4M — 3ry) + a*r3(5ry — 8M)
+ abri(4M = 3ry) + rS] + a3,a’b*M*r§[2a® + (3rg — 5M)ry] = 0. (61)

I
This is a polynomial with respect to ry and, when combined  say about the possibility of having quasispherical/spheroi-
with the J metric’s Carter constant expression (see [25]), it dal orbits, that is, trajectories where a photon moves about
leads to a pair of physically relevant roots (for prograde/  some mean radius, effectively being trapped for a consid-
retrograde motion) over a wide range of the deformation  erable period of time. Furthermore, one would like to
parameters. We thus conclude that the J metric admits Kerr- ~ somehow gauge the degree of “decircularization” as a
like spherical photon orbits. Furthermore, from the dis-  function of departure from separability. To access this kind
cussion of Sec. VI we know that the existence of a separate  of information one would have to rely on direct numerical
family of spheroidal orbits is ruled out (the same statement  integration of the geodesic equations and consider a
is of course true for the Kerr metric itself). Finally, a search ~ spacetime metric that represents a deformation of a known
for photon rings along the lines of the previous two cases  separable metric. The JP and HT metrics are therefore an
reveals the J spacetime to be Kerr-like, admitting a single  ideal choice for this kind of experimentation. These are

equatorial photon ring. discussed separately in the following two subsections.
VIII. A TIME-DOMAIN STUDY OF A. JP orbits
SPHEROIDICITY

We have performed a series of numerical integrations of

The spheroidicity condition is an ideal tool for probing  the geodesic equations in the JP spacetime; in all cases the
the existence of spherical or spheroidal orbits in a given  numerical experiment consists of a photon being launched
stationary-axisymmetric spacetime. However, in the case ~ with u” = 0 (i.e., from a radial turning point) and a suitable
where this type of motion is not supported, it has little to u’ #0 for a given b and black hole parameters a,e;.
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0 30

Spheroidal JP orbits. This figure demonstrates the temporary capture of photons in the immediate vicinity of spheroidal orbits

inaeg =1, a=0.7M, JP spacetime. Top row: Orbits for b = M and b = 3M superimposed with their respective separatrices (the
shaded area marks the forbidden region V. < 0) and event horizons D = 0 (green thick curves). Bottom row: The profiles {r(z), ()}
of the b =3M orbit and its three-dimensional shape in Cartesian coordinates (x,y,z) = r(sin6cosg,sin@sin¢,cosd). The

quasispherical colored surface represents the JP event horizon.

Typically (but not exclusively) the photon is initially
placed on the equatorial plane and the initial radius is
chosen as close as possible to the radius below which it
would plunge towards the event horizon at D = 0. The
orbits are subsequently evolved both forward and backward
in time. Following this recipe it is straightforward to
identify any orbits that could trap photons for a consid-
erable time interval (provided such orbits exist in the first
place). If present, these orbits are expected to appear
for b/M < O(1). Photons moving in b/M > 1 orbits
are deflected at a relatively large distance and as a result
they fail to probe the near-horizon region. These orbits are
qualitatively similar in both Kerr and non-Kerr spacetimes
and are of no interest to the present analysis.

The first sample of results correspond to a JP spacetime
with &3 = 1 and a = 0.7M; see Fig. 7. As demonstrated in
the previous section, the JP metric admits spheroidal
orbits (at least in an approximate sense) for a broad
range of parameters. In the time domain these orbits
manifest themselves as trajectories in which the photon
spends a considerable amount of time (~ few tens of M)
in the near-horizon strong-field regime, moving about
some mean radius. Examples of these orbits are shown in
Fig. 7 for two choices of the impact parameter. The
presence of spheroidal orbits can be probed via a

complementary time-domain method where a photon is
initially launched from the equatorial plane with u” =0
and, if the orbits are spheroidal, will recross the equatorial
plane in the opposite direction with u” = 0. The time-
inversion and equatorial symmetry of the system guar-
antee that the same motion can be inverted and extended
in the opposite hemisphere, thus resulting in a spheroidal
orbit. Within a given numerical precision such orbits
are indeed found; in the examples displayed in Fig. 8 we
plot the “reentry” velocity u” as a function of the initial
radius rq = r(0). The function clearly passes through
zero, and it does so at a radius which is in excellent
agreement with the results of the previous section [see
Eq. (45) and Fig. 2].

As we have seen, nonequatorial photon rings arise in the
JP spacetime above some spin threshold (and for a range of
b). This markedly non-Kerr orbital feature may lead to
photons being temporary captured in quasicircular orbits.
An example of this is shown in Fig. 9 for a JP spacetime
with parameters €3 =1, a = 0.9M. In this instance, the
orbit is asymmetric with respect to the equatorial plane and
the numerical integration was initiated by placing the
photon in the vicinity of the upper hemisphere photon
ring’s radius and latitude (a similar orbit can be obtained for
the lower hemisphere). A photon in this orbit is temporarily
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Locating spheroidal orbits in the time domain. We show the radial velocity u’(r) as the photon recrosses the equatorial plane

following its initial launch in the opposite direction with " = 0 and radius r in the equatorial plane. A crossing through zero indicates
the presence of a spheroidal orbit. Although not shown here, the radius at the moment of crossing is virtually identical to the initial ry.

Left panel: e = 0.1, b = 3.5M. Right panel: e3 =1, b = 3M.
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FIG. 9. Nonequatorial photon rings and quasicircular JP orbits. The €3 = 1, a = 0.9M, JP spacetime considered in this figure can
support nonequatorial photon rings for a particular value of the impact parameter (see left panel in Fig. 3). For a b close to that value, the
potential Vg takes the form shown in the left panel (here we have used b = 1.98M), featuring a pair of “straits” near the location where
the photon rings form. Thanks to this local behavior the potential can temporarily trap photons in quasicircular/quasiplanar orbits; see
the orange curve in the left panel. The corresponding three-dimensional orbit is shown in the right panel together with the double-lobed

event horizon (orange-colored surfaces).

captured in a quasicircular/quasiplanar orbit in the vicinity
of the upper event horizon. Although we have not examined
it in any detail, it is likely that this behavior signals the
presence of spheroidal orbits that do not cross the equa-
torial plane but instead remain localized in the vicinity of
the nonequatorial photon ring.

Moving on, we consider a highly deformed JP spacetime
with &5 =5 and a =0.7M. We first focus on orbits
symmetric with respect to the equatorial plane and choose
the same impact parameter values as in Fig. 7. The b = 3M
orbit does not allow the photon to approach too close to the
black hole and therefore is not shown here. For a lower
impact parameter such as b = 1M the potential/separatrix
opens up and one finds that spheroidal orbits are supported.
An example of such an orbit is shown in Fig. 10. One can
clearly see that while being trapped, the photon moves up

and down orbiting around both event horizon lobes while
the radius remains nearly constant.

The €3 = 5 spacetime admits a pair of nonequatorial
photon rings for a wide range of a/M. As before, it is easy
to find equatorially asymmetric orbits that trap photons in
nearly circular trajectories, plausibly near the location of
spheroidal orbits that do not intersect the equatorial plane;
see Fig. 11.

The previous examples may suggest that the JP space-
time can always trap photons (in the range of b between the
counter-rotating equatorial photon ring and the corotating
nonequatorial photon rings); nevertheless, there exists a
portion of the JP parameter space where spheroidal orbits
that cross the equatorial plane are not allowed. Indeed in
that case, the calculation of the equatorial #” does not return
a curve that crosses zero as in Fig. 8. As already pointed out
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FIG. 10. Spheroidal orbit in a strongly deformed JP spacetime. In this example the JP spacetime has parameters e; = 5, a = 0.7M,
and the photon moves in a nearly spheroidal orbit with b = 1M. Left: The orbit superimposed with the corresponding separatrices.
Middle: The orbit’s {r(z),0(t)} profiles. Right: The orbit’s three-dimensional shape in Cartesian coordinates. The colored surfaces
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Quasicircular orbits in a strongly deformed JP spacetime. We show an example of a quasicircular orbit in a &3 =5,

a = 0.7M, JP spacetime. We have chosen an impact parameter b = 1.68M close to the value required for the formation of nonequatorial
photon rings. This orbit is qualitatively similar to the one of Fig. 9, albeit with a more pronounced #-motion. This behavior suggests the
presence of a spheroidal orbit localized well away from the equatorial plane.

in Sec. VII B, this parameter space roughly coincides with
the one associated with the disappearance of the equatorial
photon ring. The situation is illustrated in Fig. 12, for two
examples of JP spacetime, &3 =1, a=09M and
e3=5,a=0"7TM.

As a last—and perhaps most exotic—example of the rich
JP phenomenology, we show in Fig. 13 an orbit that
temporarily traps photons in the vicinity of the two event
horizon lobes while at the same time forces them to pass
through the space between. This type of orbit appears in the
low-b range and, as a computation of u’(x/2) reveals, can
be linked to the presence of a spheroidal orbit of the same
parameters that crosses the equator at r =~ 2.022M. The
orbit shown in Fig. 13 is completely equatorial-symmetric
but one can easily construct asymmetric orbits of this
type (Fig. 14).

The careful reader may have noticed that so far only
prograde (b > 0) orbits have been discussed. Considering
retrograde orbits (b < 0) one finds that Kerr-like spheroidal
orbits (like the ones shown in Fig. 7) are always possible,
even for a strongly deformed JP spacetime (at the same time
none of the other orbits discussed in this section is present).
This is not entirely surprising, given that a retrograde-
moving photon is kept relatively far away from the black
hole, thus being less exposed to the non-Kerr metric
deviations.

The global conclusion that can be drawn from our
numerical study of photon geodesics in the JP spacetime
is that although spherical orbits are formally absent,
spheroidal orbits do exist across a wide range of
parameters and between the two extremes of the counter-
and corotating photon rings, temporarily trapping
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FIG. 12.  Loss of spheroidal orbits in the JP spacetime. This plot demonstrates the absence of equatorially symmetric spheroidal orbits
that cross the equator in part of the JP parameter space. Left: e3 = 1,a = 0.9M, b = IM.Right: &3 = 5,a = 0.7M, b = 1.75M. In both
panels we show a sequence of orbits with varying initial (minimum) radius.

photons that may happen to move in their vicinity. like. The exception to the rule is provided by the
For a spacetime of small deformation and moderate  parameter space where the JP spacetime’s corotating
spin these orbits are essentially quasispherical and Kerr-  equatorial photon ring is replaced by a pair of
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FIG. 13. Quasispheroidal JP orbit. A low-b orbit (b = 0.8M) ina &3 = 5, a = 0.7M JP spacetime. This orbit is “exotic” in the sense
that it allows the photon to travel through the space between the two event horizon lobes. At the same time, this is a quasispheroidal orbit
since the photon is temporarily trapped for several revolutions in the vicinity of the black hole near the location of a spheroidal orbit with
equatorial radius r ~ 2.022M. Top: The r-6 projection of the orbit and the V¢ = 0 separatrix (left panel); the three-dimensional motion
is plotted together with the event horizon (right panel). Bottom: The {r(7), 8(¢)} profiles of the orbit—these can be compared against the
profiles of the orbits of Fig. 10.
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FIG. 14. More quasispheroidal JP orbits. For the same parameters as before, i.e., b = 0.8M, &5 =5, and a = 0.7M, we give two
examples that are not symmetric with respect to the equatorial plane (unlike the one shown in Fig. 13). The left plot of each panel shows
the -6 projection of the orbit and the Vi = 0 separatrix, the middle plot shows the 6(t) profile of the orbit, and the right plot the ()

profile.

nonequatorial ones. In that case spheroidal orbits that
cross the equatorial plane are not admitted for a range of
b-values. At the same time, the combined emergence of
nonequatorial photon rings and a two-lobed event hori-
zon structure for high spin and/or large deformation
opens the possibility of having circular and spheroidal
orbits with a markedly non-Kerr character. The presence
of spheroidal orbits around the off-equatorial photon
rings is consistent with [32].

Our results are best summarized with the help of Fig. 15
where we provide an incomplete but indicative catalog of
orbits present in an &3 = 5, a = 0.7M JP spacetime as a
function of . We use cylindrical coordinates to present the
various orbits in order to facilitate a more intuitive
representation for the reader.

b=0.5M

b=0.8M

B. HT orbits

Having completed our time domain analysis of the JP
photon orbits we move on to a similar study of the HT
metric. As we have already seen in Sec. VII C, within the
slow rotation approximation, the HT metric admits sphe-
roidal orbits in the exact sense. These orbits may exist
beyond the perturbative regime, as suggested by the results
of the direct integration of the spheroidicity condition for
the “full” HT metric.

The time-domain analysis of this section is also based on
the first approach discussed in Sec. VII C where the HT
metric is used as is and the spin parameter y and quadrupole
0q are treated as free parameters. The orbital equations are
subsequently integrated following the recipe described in
the previous section.

b=1.4M

FIG. 15.
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Catalog of JP photon orbits. Considering a strongly deformed JP metric with €3 = 5 and a = 0.7M we show how photon

trapping orbits vary as a function of the impact parameter b. As an aid for visualizing motion in space, we use cylindrical coordinates
{p,z} = {rcos, rsind}. In the top row examples, spheroidal orbits that cross the equatorial plane are present. In the bottom row
examples, photons are trapped away from the equator, in the region where nonequatorial photon rings form. The dashed curve indicates
the approximate spheroidal orbit constructed using the methods of Sec. VII B.
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FIG. 16. Spheroidal orbits in the HT spacetime. We show a sample of photon orbits in a HT spacetime of quadrupolar deviation
6g = 1 and varying spin, together with the corresponding separatrix (as always, the shaded area represents the forbidden region V 5 < 0
and the thick green curves represent the event horizon). The dashed curve represents the corresponding analytic spheroidal solution
ro(0) [see Egs. (52)—(56)] for an inclination parameter : = z/3. From left to right, (y,b/M) = (0.1,2.54622), (0.5, 2.29435), (0.7,
2.13356). The first two panels represent cases which admit spheroidal orbits (in both cases these lie very close to the perturbative result).
Eventually, in the high-spin case of the third panel these spheroidal orbits are lost, thus removing the ability of temporarily trapping

photons in orbits that cross the equatorial plane (the orbit shown in the right panel is a typical example).

A calculation of the equatorial " along the lines of Fig. 8
indeed verifies the presence of spheroidal orbits for small/
moderate y. For y 2 0.7, however, any notion of spheroidal
motion through the equatorial plane is washed away and the
situation qualitatively resembles that of the high-b, large-&;
JP orbits. This transition is clearly visible in the sample of
results shown in Fig. 16. The first two panels show
examples of quasispheroidal orbits. In the last panel we
consider a relatively high spin case where spheroidal orbits
are not admitted (this is demonstrated by plotting a
representative orbit that fails to trap the photon for any
considerable amount of time).
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As we saw earlier in Sec. VII C, the HT spacetime admits
a pair of nonequatorial photon rings above a spin threshold
x+(6q) (and provided the motion is prograde). For example
this is the case for the g = 1 HT spacetime considered in
Fig. 17. The chosen spin and impact parameters lie close to
the ones required for the appearance of photon rings. The
equatorially asymmetric y = 0.4, b = 3.8 M orbit shown in
the left panel is quasispheroidal and suggests that a truly
spheroidal orbit may exist in its vicinity (this resembles the
situation discussed in the previous JP section; see Fig. 10).
In the right panel the HT spacetime is close to the special
pitchfork case of three simultaneous photon rings (see the
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FIG. 17. Near-photon ring orbits in the HT spacetime. We show two examples of orbits (superimposed with the corresponding
separatrices) with parameters {5¢q, v, b} close to the ones required for the appearance of nonequatorial photon rings. The quadrupolar
deformation is fixed at 6¢g = 1. Left: This is a quasicircular/planar orbit with parameters y = 0.4, b = 3.8M. The photon is temporarily
trapped near the location where a nonequatorial photon ring would appear. Right: For y = 0.32735, b = 4.2M the HT spacetime is close
to admitting three photon rings (e.g., see the middle panel in Fig. 6). The equatorially symmetric orbit shown here displays three
quasicircular phases, one for each photon ring. In both panels the thick green curves represent the event horizon location.
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FIG. 18. A quasispheroidal orbit in a strongly prolate HT spacetime. In this g = 5, y = 0.5 HT spacetime, low-b/nearly polar orbits
are found to display a quasispheroidal character with a large radial variation. Right: A b = 1M orbit superimposed with its
corresponding separatrix and HT event horizon (thick green curve). Left: The three-dimensional shape of the orbit in Cartesian
coordinates, superimposed with the event horizon (orange-colored surface).

middle panel in Fig. 6). It is then possible to find orbits
where photons bounce back and forth/up and down in the
vicinity of all three photon rings.

Our final case study is concerned with an example of a
strongly prolate, 6g =5, HT spacetime. The numerical
exploration of the low-b regime revealed the existence of a
new type of spheroidal orbit; see Fig. 18. The orbit, which
to some extent resembles the JP orbit of Fig. 13, is nearly
polar and highly oscillatory with respect to 7 in its strong-
field portion where a photon would be temporarily trapped.
With increasing b these orbits disappear altogether and the
situation is qualitatively similar to the one shown in the
right panel of Fig. 16.

The above results suggest a qualitative similarity
between JP and HT photon orbital motion. The latter
spacetime can trap photons near spheroidal/circular orbits
for a large part of the {Sq, y, b} parameter space. In many
cases however, this is achieved in a strongly non-Kerr
fashion as exemplified by the orbits shown in Figs. 17
and 18.

IX. CONCLUDING DISCUSSION

In this paper we have explored to what extent photon
trapping orbits are modified when one moves away from
the Kerr spacetime and its spherical orbits. Our main results
can be summarized as follows. Motivated by the Kerr
spherical photon orbits we have explored the connection
between such orbits and the spacetime’s separability (or, in
other words, the existence of a third integral of motion like
the Carter constant). Considering only those spacetimes
that already possess an equatorial photon ring, we have
shown that separability is compatible with spherical but not
spheroidal orbits. Furthermore, a spacetime that does not
admit spherical photon orbits in any coordinate system is

necessarily nonseparable. It should be noted, however, that
the inverse statement is not necessarily true; that is, non-
separability does not always imply the loss of spherical
orbits. Next, we turned our attention to three well-known
specific examples of non-Kerr spacetimes (Johannsen,
Johannsen-Psaltis and Hartle-Thorne) used as proxies of
the spacetimes of ultracompact objects, an alternative to
black holes. In accordance with the aforementioned sphe-
ricity-separability connection, we have found that the J
spacetime, the only separable example among the three,
admits spherical photon orbits. On the other hand, by
means of a general spheroidicity condition we have shown
that in the JP and HT spacetimes spherical orbits are
replaced by spheroidal orbits that cross the equatorial
plane. This latter type of orbit may be lost when the
deviation away from Kerr is large and/or the spin is
relatively high. This presence/absence of spheroidal orbits
that cross the equatorial plane is strongly correlated with
the presence/absence of the equatorial photon ring and is a
function of the impact parameter. Our numerical time-
domain analysis of orbits in these two spacetimes has
revealed that photons can be temporarily trapped in quasi-
spheroidal orbits for a large portion of the parameter space.
The emergence of symmetrically placed nonequatorial
photon rings above some spin threshold allows photons
to be trapped in quasicircular/planar orbits in the vicinity of
the rings. Although not studied rigorously here, localized
spheroidal orbits that do not pass through the equator may
also appear in the same region. In the low-b range one finds
quasispheroidal orbits with high inclinations and large
variations in r in the vicinity of the black hole. This
highlights one of the key conclusions drawn from the time-
domain calculations: even if a photon is temporarily
captured in a quasispheroidal orbit, the resulting motion
may be significantly non-Kerr. This difference is easily
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seen in Fig. 1’s comparison of Kerr against JP photon
trapping orbits for the same spin and impact parameter,
with the most interesting feature emerging from this being
that the spacetime loses the trapping orbits that cross the
equatorial plane and do not extend very far from it.

There are at least two ways these results could have a
significant impact on the observed electromagnetic and
gravitational wave signature of black holes (or more
precisely, of the putative ultracompact objects that could
pass for black holes).

From the perspective of photon astronomy, the absence
of near-equatorial spherical/spheroidal photon trapping
orbits in the spacetime of a non-Kerr object could cause
modifications to the shadow image of a system like a
supermassive “black hole” illuminated by a radiating
accretion flow. At the most basic level, this might translate
to a change in the shadow’s shape and a suppression/
dimming of its bright boundary. Of course, the real
situation is likely to be much more complicated than that,
with new lensing features arising due to the presence, for
example, of stable photon orbits and/or nonequatorial
photon rings. Significant progress towards understanding
the rich phenomenology of non-Kerr shadow imaging has
been made recently [23,33,34].

From the GW side, it is well known that the main black
hole QNM ringdown can be understood in terms of
gravitational wave packets temporarily trapped in the
vicinity of the unstable photon circular orbit before leaking
towards infinity and the event horizon. This mental picture
remains valid for both equatorial # = |m| and nonequato-
rial £ > |m| angular modes [35]. As the names suggest, the
former (latter) modes are associated with equatorial (non-
equatorial) circular (spherical) photon orbits, where the
ratio |m|/¢ ~sini, can be associated to the maximum
orbital inclination angle i, relative to the equatorial plane,
or in other words to the impact parameter b. Theoretical
modeling (and of course the recent GW detections them-
selves) suggest that among the two families it is the
equatorial one (and especially the quadrupolar mode
¢ = m = 2) that typically dominates the ringdown signal.
However, the idea of testing the Kerr hypothesis with QNM
spectroscopy is based on the simultaneous observation of
several QNM “lines” [36-38] in which case nonequatorial
modes such as the (£,m)=(2,1) come to play an
important role. Given that the required ringdown SNR is
at least an order of magnitude higher than that of the
strongest signal observed so far by LIGO, this kind of test
would require a next generation detector. The order of
magnitude boost in the SNR more or less reflects the
relative strength between the quadrupole and other modes.
This gap could be shortened for binary systems with rapidly
spinning members and for certain orientations of the
spins [39,40].

Assume now that instead of Kerr black holes we actually
observe some other type of ultracompact object or a

non-GR black hole with a nonseparable exterior spacetime.
The loss of some classes of spheroidal trapping orbits
would imply a direct impact on the signal associated with
the prograde nonequatorial £ > m > 0 modes. Depending
on the actual degree of deformation/nonseparability of the
spacetime in question, the rich phenomenology of non-Kerr
orbits (e.g., absence of spheroidal orbits, presence of more
exotic quasispheroidal orbits, nonequatorial photon rings)
is likely to lead to a markedly different QNM spectrum: one
would expect the dimming of some QNM lines and the
appearance of new ones. For example, the loss of the
equatorial photon ring for some parameters may result in
the loss of the £ = m QNMs. This could be the smoking
gun signaling the existence of non-Kerr objects; additional
evidence might come from the presence of late-time
“echoes” [6,8] and/or a modified early ringdown signal [9].

Apart from the case of exotic ultracompact objects in
GR, one could equally well consider black holes in
alternative theories of gravity; see [41] for a comprehensive
review. It is known that the Kerr black hole metric is not
exclusive to GR (although it may lose its uniqueness status
in other theories). For such a case our results have no
impact. On the other hand there is a handful of known non-
Kerr black hole solutions that are typically “quasi-Kerr” in
the sense that they deviate slightly from Kerr as a result of
being approximate solutions with respect to rotation and/or
some coupling constant; see e.g., [42]. Such nonseparable
systems are expected to display the same phenomenology
as the JP/HT orbits discussed here.

Although this work has been focused on photon geo-
desics, we have seen that the spherical-orbits-separability
connection persists for the case of massive particles. If the
behavior that we have seen for photons carries over to
particle spherical/spheroidal orbits in non-Kerr spacetimes,
then it is likely to have a strong impact on the GW
waveform of an extreme mass ratio inspiral (EMRI)
system, where a stellar-mass black hole slowly inspirals
in the gravitational field of a supermassive black hole.
EMRIs are among the prime targets for the future LISA
space-based GW detector and are envisaged as the sources
that will provide a detailed “map” of the Kerr metric.

A detailed study of the implications of our results lies
beyond the scope of this paper but becomes the natural
objective of our future work. As a first installment, a
forthcoming publication will explore the dynamics of scalar
waves in nonseparable spacetimes with the purpose of
testing the dependence of the strength of the nonequatorial
QNM signal as a function of the degree of nonseparability.
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APPENDIX A: SPHERICAL KERR ORBITS

This Appendix provides a compact discussion of spheri-
cal photon orbits in the Kerr spacetime. The Kerr metric in
Boyer-Lindquist coordinates is given by the following
familiar expressions [30]:

2Mr 2Mar . >
g§=—<1— 2)’ Gip=—"5 SN0 g =1

6127'

2M
gge = Z’ gg(p = <}"2 + a2 + sin29> Sil’lzg, (Al)

where A=r>-2Mr+a*> and X =r?+ a*cos’é.
Making contact with the general formalism of Sec. II,
we have D — A,g,. > X/A plus the Carter constant
relation [30]

O = uj + cot?0(uz, — sin*Ba’uy). (A2)
Using this to eliminate ug, in the general expression (3)
yields a decoupled radial motion equation. At the same
time (A2) itself becomes a decoupled equation for the

latitudinal motion. These two equations take the form (see
[30] for details)

Spherical Kerr orbits are defined as u" = du”/dA =0
at r = rg. It is easy to show that these two requirements
translate into a pair of conditions for the radial
potential,

V.(rg,b,cos’t) = Vi(rg,b,cos’t) = 0.  (A4)

Here the constant ¢ is a proxy for the orbital inclination,
defined as Q = L’tan’1. One of these equations furnishes
an analytic relation b = b(rg,cos’1). while the other
becomes the photon ring equation & (rg,cos?t) = 0.
This has to be solved numerically unless : = 0 (equatorial
motion). Alternatively, one could solve one of the con-
ditions (A4) to find rg = rg (b, cos®1) and subsequently use
this result to obtain a relation f(b,cos*1) = 0 or equiv-
alently a relation Q = Q(b) between the constants of
motion. In both cases the remaining u’ equation can be
used for calculating the orbital period.

Figure 19 illustrates the allowed r-@ region (i.e., the
separatrix V4 = 0) for circular photon geodesics in Kerr.
More specifically, we show (i) the unique Schwarzschild
equatorial circular orbit (rg = 3M) as a typical example
of equatorial motion, and (ii) a nonequatorial orbit
(rg #2.34M, 1 =x/3) in a Kerr black hole with spin
a = 0.7M. The qualitative difference between the two cases
is evident, with the circular radius acting as a bottleneck in
the equatorial case and demonstrating the unstable character
of the orbit.

One last remark concerns the nonexistence of spheroidal
Kerr orbits. This follows as a special case of the general

N2 _ 0\2 _ ) .
(Zu")? =V, (r,b,0), (Zu’)” =Vy(0.b, Q). (A3) result discussed in Sec. VI.
b=3.556"M b=3.5M b=2M b=-6M b=-6.4902M
T f T bie Vg
4 4 4 4 4
b4 z I s b4
e 2 e 2 e 2 e 2 K e 2 —
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FIG. 19. The allowed r-0 region for Kerr spherical photon geodesics. We show a series of snapshots of the V. = 0 separatrix
between allowed and forbidden (shaded) regions for photon geodesic motion on the r-6 (top row) and z-p (bottom row) planes. The
curves represent marginally capture orbits at the location of the spherical photon orbit, starting from the prograde equatorial photon ring
(leftmost panels) and ending at the retrograde equatorial photon ring (rightmost panels).
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APPENDIX B: SEPARABILITY AND SPHERICAL
ORBITS IN NEWTONIAN GRAVITY

The link between separability and the existence of
spherical orbits can be firmly established in Newtonian
gravity. Considering point particle motion in an axisym-
metric potential V(r,0) (here we use standard spherical
coordinates but the following analysis can be extended to
include any system of curvilinear coordinates), the total
energy is

1 .
€= (7 + 0 + r’sin0p?) + V(r.0),  (BI)
where a dot denotes a time derivative and the particle mass

is taken to be unity. Apart from the energy, the system
conserves its z-component of angular momentum

L = r’sin’0¢. (B2)
Combining these two relations,
. 2
20E-V) =i+ + (B3)

r2sin%0’
The time derivative of this is

. . . L2 .
FiAr200+ri0° +V i+ V g0 ———— i+ rcot00) =O0.
' ' r’sin“0
(B4)

This equation becomes the Newtonian spheroidicity con-

dition once we eliminate 6* with the help of (B3), 6 using
Newton’s second law,

0 =

1 <L2 cotd

4\ sin%0

— r2V’9 - 2r3i’9> s
’

(BS)

and finally impose r = ry(6). The end result is

L?cotd
Cge - ’%V@> r(2)r6

FS[Z(V— 5) + I”OV,r] + ( sin

sin%0

L%cotd
sin%0

L2
; [—+4<v—5>ré+r3v.,] ro(rh)?

L2
_ r%V,a> (") + [2(5 -V)rj— sinza] 2 =0,

(B6)
where all derivatives are to be evaluated at r.

For a spherical orbit ry, = const. the spheroidicity con-
dition reduces to
2(V=&) +rV,=0. (B7)

This expression is satisfied by any central potential, for
example an attractive potential V = —K/r" (with K > 0)

leads to £ = K(n —2)/2r{ which predicts bound circular
orbits for any n < 2. The second family of solutions is of
the noncentral form

0(9)

r2’

V(r,0) =

(B8)

with the dipolar field V ~cos@/r?> being one of the
simplest members of this class. As discussed in the
Landau-Lifshitz textbook [27] these potentials are precisely
the only separable ones in spherical coordinates. This short
calculation thus demonstrates how the spheroidicity con-
dition singles out the separable potentials in a given
coordinate system.

In the case where an otherwise separable potential is
written in a different coordinate system spherical orbits
become spheroidal. An example is provided by the famous
“two-center” Euler potential which, with the exception of
the Keplerian one, is the only separable axisymmetric and
equatorial-symmetric Newtonian potential (for more details
see e.g., [43]).

This potential is sourced by two point masses M /2
placed symmetrically along the z-axis at a distance a from
the origin. In fact the Euler potential comes in two flavors,
an oblate and a prolate one, in the former case the distance
between the centers being imaginary, a — ia. For the
relativist it is the oblate Euler potential that is more
interesting since it shares many of the special properties
of the Kerr metric [43,44]. Despite the imaginary distance
between the two point masses the potential itself is real
valued and takes the form

M
Ve=-— VR + 2 —d?,
E \/ERZ

R? = \/(r2 — a?)? + 4a*r*cos?0.

(B9)

The Euler potential is known to be separable and admit
spherical orbits (that can be stable or unstable) in an
adapted elliptical coordinate system [27]. Here, however,
we will keep working with standard spherical coordinates
and study the spheroidicity condition for the potential (B9).
The actual calculation is facilitated by a small-a
approximation, effectively treating the Euler potential as
a perturbation away from a Keplerian potential. This would
also mean that this calculation only applies to stable orbits.
Working to O(a?) precision (which is the leading order
deviation from spherical symmetry) we use the ansatz
ro(0) = rg + a*ri(0), (B10)
where ri is the Keplerian circular radius. Upon inserting
(B9) and (B10) into (B6) and expanding we obtain one
equation for r at leading order and another one for r; (6) at
O(a?) order. The former equation is simply the Keplerian
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relation for the energy, € = —M /2rk. The second equation
is somewhat more complicated (here we define b = L/§),

b’M cotd
3 2 3
(4’"1( - sin29) r{ + Mb P ry +4rgr

= (1 +3cos20)rE, (B11)
but can nevertheless be solved exactly. Only the particular
solution of this is well behaved in the equatorial plane,

1
ri(0) = —F[sz—r%((l —cos20)]. (B12)
K
In this expression it is legal to replace b with its value for a
Keplerian circular orbit, b% = 4ry, /M. Doing so, we find

2

a
70(9) = rK _E(l +00529).

(B13)
We have thus obtained a spheroidal orbit for the O(a?)
Euler potential as a result of working in the “wrong”
spherical coordinates where Vg is not separable.

As already mentioned, the “correct” coordinate system
for the Euler problem is the elliptic one, with spherical
orbits given by & = £, = const. The radial elliptic coor-
dinate is defined as & = (r| + r,)/2, where ry, r, are the
distances from the two centers. We can express &, in
spherical coordinates and obtain ry(6). The result of this
exercise is

Eon/a* + & sin?0 .
7 9 - — —|— a —|—Oa . B14
O = s g, (a*).  (B14)

The second a-expanded equation should be identical to our
previous result. To verify this we need to express &, in
terms of the Keplerian circular radius rx. We find

ZM 2
bK4 a*+ O(a*) = rg — &« +0O(a*), (BI15)
4]"K rg

So=rk—

which when combined with (B14) indeed leads to (B13).

One could furthermore ask what happens if the Euler
potential is somehow perturbed. A simple way of doing this
is by adding a small mass gM at the coordinate origin. The
resulting potential,

~ qM
VE: VE—T,

(B16)
is no longer separable in the elliptic coordinates used in the
Euler problem. This prompts us to revisit the issue of the
existence of spherical orbits in this new potential. After
performing an analysis similar to the one of the Euler
problem one arrives at an equation for the O(a?) pertur-
bation of the Keplerian circular orbit,

cotd
i +4(1 +Q)err/l

(B17)

4(1+ q)rg
sin%6

+4(1 + q)rgr; = 1 4 3 cos26.

4(1+q)rg —

Given that this equation is almost identical to (B11) we
expect to find a solution of the same functional form as in
(B13). The resulting O(a?) radius of the spheroidal orbit of

the Vg potential is

a2

— (1 +COSZG .

ro(0) = rg — (B18)

The comparison of this result against the same order
expansion of the &; = const. expression in spherical
coordinates reveals a mismatch due to the (1 + ¢) factor.
In other words, the spheroidal orbit (B18) cannot be
mapped onto a spherical orbit in elliptical coordinates.

APPENDIX C: THE SPHEROIDICITY
CONDITION AND SEPARABILITY
THEOREM FOR PARTICLES

Most of what we discussed in the main text about photon
circular orbits and their connection to the separability of a
given axisymmetric-stationary metric also applies to the
case of massive particles. The only adjustment one needs to
make is to use the appropriate four-velocity normalization
u,u = —1 and posit the presence of equatorial circular
orbits; this results in a modified Eq. (3) with a new effective
potential,

Ver = E*Vege(r,0,b) = 1. (C1)
The redefined potential is propagated through all sub-
sequent calculations, leading to the same spheroidicity
condition as the one derived for photons [Eq. (14)]. For
spherical orbits we thus have
(900Vett) rlr, =0 (C2)
If we assume the same functional form for gz Vg as the
one in (26) and combine it with the condition (22) on the
metric, then the two conditions imply the separability of the
Hamilton-Jacobi equation.

However, photons and particles are found to be on an
unequal footing. In order for both photon and particle
spherical orbits to exist, the metric needs to obey the
condition,

900 = f3(r)h(0) + 5(0). (C3)
If this requirement is not met, the spacetime can still admit
spherical photon orbits but there are no spherical particle
orbits. One such example is provided by Carter’s canonical
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metric (24). In its most general form the canonical metric
has (recall that here a subscript indicates functional
dependence)

P.Qp— 0Py

= C4
Yoo A, ( )

which evidently is not of the required form (C3). But there
are exceptions to the rule: for example, Kerr is a member of
the canonical metric family while also being of the special
form (C3) with Ay = 1 and P,Qy — Q,Py = r* + a*cos®0.
This is one more result to be added to the long string of
special properties of the Kerr metric.
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