PHYSICAL REVIEW D 99, 124007 (2019)

Weak gravitational deflection by two-power-law densities using
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We study the weak deflection of light by nonrelativistic mass distributions described by two-power-law
densities p(R) = poR™*(R + 1)’~*, where a and f§ are non-negative integers. New analytic expressions of
deflection angles are obtained via the application of the Gauss-Bonnet theorem to a chosen surface on the
optical manifold. Some of the well-known models of this two-power-law form are the Navarro-Frenk-
White (NFW) model (a, ) = (1, 3), Hernquist (1,4), Jaffe (2,4), and the singular isothermal sphere (2,2).
The calculated deflection angles for Hernquist and NFW agree with that of Keeton and Bartelmann,
respectively. The limiting values of these deflection angles (at zero or infinite impact parameter) are either
vanishing or similar to the deflection due to a singular isothermal sphere. We show that these behaviors can
be attributed to the topological properties of the optical manifold, thus extending the pioneering insight of
Werner and Gibbons to a broader class of mass densities.
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I. INTRODUCTION

Gravitational lensing has come a long way since its entry
to modern science. Eddington’s famous expedition to
capture light deflection from the solar eclipse of 1919 is
generally recognized as the first to provide general rela-
tivity its sound empirical grounding [1,2]. In the years
since, the bond between lensing and general relativity has
only strengthened, aided by increasingly more sophisti-
cated instruments and techniques [3.4]. In the process,
gravitational lensing has slowly outgrown its status as a
mere theoretical prediction. It is now an indispensable tool
for much of modern astrophysics and cosmology, serving
as a primary probe for characterizing mass distributions
throughout the cosmos [5-12], particularly in the high
redshift regime [13-18].

This paper returns to lensing’s classic roots, by focusing
on the relation between the lensing behavior of a galaxy and
its mass distribution. A lens model is an important initial
assumption in inverting lensed images back to its source
image [19,20]. In astrophysics, knowing the expected
lensing behavior of a density model is essential in testing
its applicability for modeling mass clusters. Generally, the
lensing properties of a density function, such as the
deflection angle and magnification, are not readily solvable.
Mass models are then typically chosen based on how readily
observables can be calculated from them.

Many of the commonly used density functions for
galaxies and dark matter halos belong to the family of
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density parametrizations whose generalized form first
appeared in a paper by Hernquist [21],

Po (1)
R*(RYY 1))’

P(R) =
where R = r/ry. This has become a common choice for
modeling due to its relatively simple form and its analytic
properties [22-24]. Here, there are two scale parameters r
and py, and three exponential parameters (a,f,y) that
modify the general shape of the distribution. Central growth
is controlled by a: p ~ R™* for small R. This takes into
account the central cusp observed on the surface brightness
profiles of some galaxies, even at high resolution imaging
[25-27]. The allowed divergence is restricted to values
a < 3, so that the mass function (10) may still be defined.
Meanwhile, radial decay is regulated by B: p ~ R™7 for
large R. Physically relevant distributions decay no slower
than 1/72, so we limit our discussion to the range 8 > 2.
The density profile (1) is a function that provides a smooth
transition between these two power laws, with the exponent
y measuring the width of the transition region.

Here, we study the weak gravitational deflection of the
so-called two-power-law densities, the y = 1 subset of the
Hernquist family,

- P
p(R) = Ra(Tol)ﬂ_a- (2)

In particular, we calculate the deflection angle in the high-

frequency and weak-field limit, with the source and
observer both at spatial infinity. It turns out that for integer
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values of a and f, the deflection angle can be expressed
analytically, and so we limit our discussion to these values.
Models belonging to this set include the famous Navarro-
Frenk-White (NFW) model (a,f) = (1,3), Hernquist
(1,4), Jaffe (2,4), and the singular isothermal sphere
(2,2) [21,28,29]. Previous calculations have worked out
deflection angles arising from densities related to this form,
but with significant restrictions, such as on the (a,f, 1/2)
subset that closely resembles the two-power law [30,31], a
much restricted range of the two-power law [32], and on
individual values of @ and $ [33]. Evans and Wilkinson [34]
have also studied two-power-law forms similar to Eq. (2),
but for the projected surface mass density rather than the
three-dimensional density we use here.

Our calculation utilizes the Gauss-Bonnet method by
Gibbons and Werner [35], which nicely highlights the often
overlooked role of topology in gravitational lensing. This
seminal work motivated us to understand the extent to
which the topological arguments made by [35] generalize
to a much broader class of density functions. Our results
shall show that, indeed, gross features of weak deflection
are due to topological properties of an underlying optical
manifold. Beyond this question of principle, we also argue
that for weak deflection of (at least) spherically symmetric
distributions, the Gauss-Bonnet approach holds a number
of advantages over common methods such as the thin-lens
approximation and direct calculations based on metric
components. (We shall say more about this in Sec. IV.)
Previous works have exploited these advantages to study
weak deflection in various contexts [36-38]. Though
curiously, almost none of the extant literature applies to
model density functions that are particularly useful for
astrophysical work. Our work partly seeks to rectify this
state of affairs.

The rest of this paper proceeds as follows: first, we go
over some preliminaries, particularly the Gauss-Bonnet
theorem based on the optical metric, and a short summary
of Gibbons and Werner’s method. New expressions for the
deflection angles of the densities are then derived, and this
is followed by a discussion of general observations and
comparisons. This brings to the fore the perspective
advocated by Gibbons and Werner that gross physical
features of weak deflection are primarily determined by the
topology and geometry of the underlying optical manifold.
The examples we explicitly work out all lend further
credence to this point of view. Finally, the paper concludes
with a summary and recommendations for future work.

We will use the signature (—,+,+,+) and geometric
units wherein ¢ = G = 1 throughout.

II. GAUSS-BONNET THEOREM

In the Gibbons-Werner approach to the weak gravita-
tional deflection of light, the deflection angle is directly
calculated from the well-known Gauss-Bonnet theorem of
classical differential geometry. The theorem has made

many appearances in various fields of physics. (See e.g.,
[39—44], just to name a few.) For completeness, we briefly
review this here.

Let M be a compact, oriented (and thus, triangularizable)
surface with a piecewise-smooth boundary OM, where the
curve is arclength-parametrized and traversed in the pos-
itive sense. The Gauss-Bonnet theorem then states that

/A Kds + /GMWZ% = my(M).  (3)

where ¢ is the arclength parameter, a; are the external angles
at the vertices of OM, K is the Gaussian curvature, x is the
geodesic curvature, and y is the Euler characteristic of M
(e.g., [45], p. 139). The geodesic curvature of a smooth
curve y on a surface with metric g, with unit tangent vector
7, and unit acceleration vector ¥, is defined as

k= g(V;y.7), (4)

while the Gaussian curvature is proportional to the single
nontrivial component of the Riemann curvature tensor for
two dimensions (Gauss’s Theorema Egregium):

K = Rp512/9l (5)

with |g| the determinant of the metric [45][pp. 64, 78].

The theorem is applied to a choice of surface D defined
on the optical metric space, which then generates an
expression involving the deflection angle.

III. OPTICAL METRIC

The metric of a static and spherically symmetric space-
time has the general form

ds® = =X de? + B0 dr? + 2 (d6* + sin’0dg?).  (6)

Spherical symmetry guarantees that geodesics lie on a
plane and are equivalent up to spatial rotations about the
origin. Thus, we can set any geodesic to lie on the
equatorial plane 6 = n/2, without loss of generality.
Working only with null paths allows us to further reduce
the number of dimensions by considering another manifold
with the spacelike coordinate ¢ defined as the new interval.
From the metric g, (6), we consider the conformal trans-
formation g,, = g,,,/goo- With this metric, we set ds*> =0,
and define ¢ as the new interval,

di? = ghdxtdxt = 2B-AN) gy 4 240 2qg?. (7)

This is the optical metric g% = g,»/(—goo). While geo-
desics in general are not preserved under conformal trans-

formations, it does hold for null curves (e.g., [46], p. 446).
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So, light paths are still faithfully represented by geodesic
curves.

For the perfect fluid case, the energy-momentum tensor
is T = diag(p, p, p, p) in the rest frame of the fluid,
where p is the energy density and p is the isotropic rest-
frame pressure. Plugging this into Einstein’s field equa-
tions, the metric components are to be determined from the
energy-momentum tensor components as

Do (122 ("D s anrp).

e—ZB(r) — 1= 2m(r) ’ (9)
r
where m(r) is the mass function
m(r) = /rp(r')47rr’2dr' (10)
0

(e.g., [47], pp. 261 and 262). With the specification of an
equation of state or, in our case, a density function, the
pressure can be calculated from the Tolman-Oppenheimer-
Volkoft equation

dp _ (p+p)(m+4arp)
dr r2(1=2(m/r)) (11)

derived from the Einstein field equations and the con-
servation of energy-momentum tensor, which is also a
consequence of the former [[47] p. 264]. These equations,
plus boundary conditions, completely define the metric due
to the perfect fluid.

In terms of the physical parameters of the density
function in Eq. (2), the nonrelativistic limit is taken to
be the low-density case u = pyr3 < 1, keeping terms only
linear in p. Pressure contributions may be neglected in this
limit. To see this, we nondimensionalize the quantities in
Eq. (11). Let p:=prd, p:= prj, m:=m/r;, and again
R = r/ry. We then have

(p+ p) (/R + 4nR*p)
R(1-2(m/R))

dp
dR

(12)

Note that both p and /m are proportional to u. Next, we
assume an expansion of p in powers of y, that is, we write
P = ag + a;u + O(u?). But since the pressure of a vacuum
is zero, ay = 0. Thus up to first order, we find that p is also
proportional to y. Now, the right-hand side of Eq. (12) is at
least of O(u?), so dp/dR = 0 at first order, implying that
the pressure is constant at this limit. The pressure is
expected to vanish at spatial infinity, and so it must vanish
everywhere.

IV. SURFACE CONSTRUCTION

Here we give a short review of the surface designed by
Gibbons and Werner [35] for calculating deflection angles
through the Gauss-Bonnet theorem. Note, however, that
such surface constructions are not unique (e.g., [48,49]).

On the optical manifold, let the origin of the coordinate
system (7, ¢) be at the center C of the mass distribution (see
Fig. 1). The geodesic curve I" is the trajectory of the photon
emitted at the source S with impact parameter b and
received by an observer at O. Further, let S and O be at
an equal distance d from C. The angle 6 between the
tangent of I" at O and the line ¢ = 7 is the deflection angle
0. We take the limit d — oo so that S and O are at spatial
infinity, and ¢(S) = 0 and ¢(O) = 7 + 6. Now, we con-
struct a surface from I" by considering an additional circular
arc y centered at C, intersecting I" at points S and O. Let D
be this surface bounded by I" and y.

The Gauss-Bonnet theorem on surface D reads

n+6 )
[ kiglarap
0 (rel)(¢)

6 [ dt T T
—I—A (K@)d(f)‘i‘ (E—FE) = 2n, (13)

noting that the differential element dS in coordinate form is

ds = /|¢g°™|dr d,

and the external angles at S and O are x/2. The surface D
does not contain the possibly singular point C, so the
surface is simply connected and has an Euler characteristic
x = 1. The Gaussian curvature can be computed from
Eq. (5) given the metric ¢°P,

2m 2m\ —3/2
- K/ |9 = = <1 —T)

(14)

3
x<1—3m—4”pr <1—2m>>.
2r m r

Y

o

FIG. 1. Surface on the optical manifold used for computing the
deflection angle.
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In the nonrelativistic limit, Eq. (15) is calculated only up to
first order in u. It then suffices to take only the zeroth order
of the geodesic curve (rol')(¢) = b/ sin ¢ (the undeflected
light curve in Minkowski space), and the zeroth order of the
angular bound: 7 + 0 =~ 7 [we know that § = 0 in vacuum,
so 6 must be at least of order O(u)]. With this, we obtain the
central equation for calculating deflection angles

AﬂM(K—)dgb ﬂ—/[g/gm(/)}Cded) (16)

where B=b/r, and K is the first order in pu of

—Kry\/|¢°| in Eq. (15),

2

m
IC == —— — 8zRrp. 17
R2r0 n }"0/) ( )

It is this form /C, rather than K, that is directly useful for our
calculations. We will call K the Gaussian curvature ferm.

This method offers a number of advantages in calculating
deflection angles from spherical matter distributions com-
pared to canonical methods. Integration from g(p*, p#) = 0
(e.g., [47], pp- 283 and 284), where p* is the four-momentum
of the photon, requires the analytic form of the spacetime
metric components. While g, (of the four-dimensional
metric) is readily obtained from the mass function, g, will
have to be computed from Eq. (8), for which an analytic form
may not exist. The method of thin-lens approximation
partially resolves this problem, since it only requires the
energy density function (e.g., [50], p. 25). The difficulty,
however, is translated to computing the surface mass density,
which is the projection of the mass distribution on a plane
orthogonal to the light ray direction X = [ pdz (with the
photon traveling parallel to the z axis). Because the spherical

energy density is a function of r = \/x*> +y> + 22, the
integrand por can easily have a complicated form in z, even

for fairly simple functions p(r). In the Gauss-Bonnet
method, the central equations (16) and (17) only require
the explicit forms of the density and mass function, and the
integration is carried out in the -8 space. For some space-
times, g,, must still be calculated. But, only the » — oo limitis
needed, so Eq. (8) further simplifies.

Aside from advantages in calculation, the method also
gives insight to the role of the topology in gravitational
deflection, as we will see later.

V. CALCULATION OF DEFLECTION ANGLES

As a concrete demonstration of the usefulness of the
Gauss-Bonnet method, we now apply this to the two-power
density function of Eq. (2). We present the deflection
angles in decreasing order of «, and then in decreasing
values of . A general expression of the deflection angle
that covers all values of a,  was not obtained due to the
discontinuity of the function f(x,a) = [*y‘dy ata = —1.

The calculation splits into separate cases whenever a
J* y~'dy integration occurs. Most of the calculations are
similar and involve only the same family of integrals. The
only significant difference is between the cases # > 2 and
p = 2. Densities with # > 2 are asymptotically Euclidean,
while = 2 approaches the singular isothermal distribution
at infinity. Before proceeding, we first present three
integrals that repeatedly appear in our calculations:

_[* singdg
hi '_A (1 4+ Bcesco)?

_1eue oy
~ Bi(q=1)!'\9a/ s
2 1 2 arcsin a
X | — — , (18
(a ( 1—a2) a2\/1—a2> (18)
I ==/ A
2 o (1+Bcscg)?
Ly oy
B (q—1)!'\9a/ ,_yp
x(f (1— : >+
a 1 -ad?
Iy = /" singIn(1 + Besc ¢)de
0
:ﬂB+21n§—2\/Bz—1arctan\/Bz—1. (20)

We will derive these in Appendix B.

2arcsina>’ (19)

aVv'l —a?

A. Case 2, >4)

For an asymptotically Euclidean metric, the deflection
angle is solely due to the area integral in Eq. (16),

5—/”/00 KdRdd, (21)
0 B/sin¢

since in flat space the geodesic curvature « of a circular arc
is the usual inverse of the radius k = 1/d, and dt/d¢ = d.
The energy density and mass function are

p(R) = —RZ(RT G (22)
4por? 1
m(R) = ﬂp—030 <1 TR+ 1)/’-3>' @)

Therefore, the Gaussian curvature term gives

Y U ] 1
OO 3R B—3R2 R+ 1P R(R+1/2)

(24)
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However, this form of /C is not fit for the R-integration. Our
workaround is to perform partial fraction decomposition. In
the Appendix, we present a general decomposition of the
fraction (R —a)™?(R — b)™4. The following identities are
used to decompose fractions in Eq. (24):

RR+1)

With these, we proceed with the integration and find the
deflection angle to be

87rp0r =
0/ (Z 1—|—Bcsc¢ >d¢

i=1

8ﬂp0r0 2 I
f-3 <B T)' (27)

The summation in Eq. (27) is just a finite geometric sum. It
is apparent from this form that 6(0) = 87°pyr} and
8(00) = 0. This curious nonvanishing deflection at B =
0 (i.e., zero impact parameter) is discussed in Sec. VI. For

the Jaffe model (2,4), the deflection angle is simply

5(B) =

2B

VB? -1

Deflection angles for a fairly general subset of (a, 3, 1)
densities written in terms of analytic functions, such as
Eq. (27), do not exist elsewhere in other literature, as far as
we can know. In checking the validity of our expressions,
we inspect the limiting values at B — 0 and B — o0 and
analyze their corresponding implications.

Sratte (B) = 87por <7z - arcsecB). (28)

B. Case (2,3)

The mass functions of these distributions diverge at
spatial infinity, but the deflection angle is still well-behaved.
These densities are still asymptotically Euclidean, and the
deflection angle is calculated again from Eq. (21). The
procedure is similar to the previous case, so we only present
the results here:

_ P
p(R) = WO_H)» (29)
m(R) = 4zporiIn (R + 1), (30)
5(B) = 8717,01%%3. (31)

Similar to the previous case, 5(0) = 872pyrj and 5(co) = 0.

C.Case (1, >4)

We start from Eq. (21) with the following density and
mass function:

P
p(R) = RE 3 1P +°1)ﬁ_1, (32)
1 1 1
m(R) = 4”””’3<<ﬁ— NG=3) P33R+
1 1
+/3T27(R+ 1)/}_2>' (33)

The Gaussian curvature term can be written as

ks (oL &2 i1
= dmPyIy (R—l—l)ﬂ_l /3 3 ﬂ 2 1:2 R—|—1
(34)

again using the relations (25) and (26). Proceeding further,
the deflection angle is

87zpy rO

B =253 \B

(3 _ g —(p- 2)15‘2> . (35)

where 6(0) = 6(c0) = 0. Thus, the deflection angle of the
Hernquist model (1,4) is

_ Sné)or(z)B | _ aresech (36)
B —1 B> -1

5Hern (B )

This is consistent with the result presented in the catalog of
Keeton [32]. The author used the scaled deflection angle so
there is a difference in the overall factor of the expression
(e.g., [51], p. 158).

D. Case (1,3) (NFW)

Similar to the density (2,3), the mass function of NFW
diverges at infinity. The deflection angle can still be
calculated, however. The density and mass function of
NFW are given by

Po

PR) = R 17 (37)

m(R) = drpyr} <ln (R+1) -

Evaluating Eq. (21) yields
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1
Snrw (B) = 87porg <§3 - I%)

_ 167por3

B 1
In—+—-—
B <n2+\/32—1

(39)

The deflection angle is defined for all B and has the same
limits as the previous case: 5(0) = 6(o0) = 0. This expres-
sion is equivalent to that of Bartelmann, again up to a factor
since the author used the scaled deflection angle [33].

E. Case (1,2)

Densities with # = 2 have divergent mass functions at
infinity and are not asymptotically Euclidean. Unlike the
previous cases where the deflection angle is only due to the
area integral, here we have a contribution from the circular
arc y. We return to Eq. (16) dealing first with the area
integration, then the line integral part.

Evaluating the area integral proceeds similarly:

P RR T 0
m(R) = dzpory(R —In (R + 1)), (41)
Sarea(B) = —Sﬂpr%%. (42)

Now, we compute the metric coefficients to evaluate the
line integral. With the given density and mass function,
Egs. (40) and (41), Egs. (8) and (9) are calculated up to first
order in p giving

A x C72(R + 1)80rg (4R, (43)

,In(R+1)

e?B ~ (1 + 8zpyri) — 8ﬂp0r0T, (44)

for some constant C.

The definition of the geodesic curvature (4) involves the
covariant derivative operator V. For the circular arc, it turns
out we do not need all the connection coefficients F;k to

calculate the geodesic curvature. The unit tangent and unit
acceleration vector of the circular arc y are

7= (ggy) ™0y, (45)

7= (g7)7"9,, (46)
respectively. So, the geodesic curvature is simply

k= gr (Vir)7". (47)

where

(V37)" =Ty (48)

and

ot 2050 In(R+ 1)
ap = % <1 —4npyr3 <1 - T)) (49)

With the additional factor dt/d¢p =
the line integral in Eq. (16) is

1 |9 (. In(R+1)

rr

g%, the integrand of

And taking the limit r — oo, we find
. dt
}LI&K%: 1 — 8zpyr3. (51)

Finally from Eqs. (42) and (51), the deflection angle is

1
5(B) =8npyr (77:—3)
B
167pr} B %) 5
= —ln§+\/B —larctanV B*—1 ). (52)

B

Here, 5(0) = 0 and §(c0) = 87%pyrj. Note that the deflec-
tion at B = oo is nonvanishing. We will discuss this
in Sec. VL

F. Case (0, > 4)

All the remaining cases are calculated in the same
manner as the previous ones, so we will only present
results from here on.

For this case, we have

PR = & i"l),,,, (53)
o2
) =525 525 5 )
1 1 2
Cp=3(R+ 1) +/3—2(R+ 1)/-2
1 1
TR 1)/3—1)’ 54)
R 1 1
k= 8”p°r‘%(_(R+ 1Y " B=3(R+ 1)/
2 =

i—1
+</3—3)(ﬂ—2)(ﬁ—1)i2(R+1)">’ 55)
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Tpor: P 1
N el et S
—(ﬁ—2><ﬁ—1>1§—2). (56)

One can check that §(0) = §(c0) = 0.

G. Case (0,3)

Here,
p(R) = (Ri—"l)y (57)
m(R) = 47rp0r(3)<ln(R +1) +R _Zi_ 1 _%(R—il— )2 —%>,
(58)
5(B) = 8apyr2 ng - %1; +%3>. (59)

Similarly, 5(0) = §(c0) = 0.

H. Case (0,2)

This density is of the type f = 2, so the calculation is
similar to the case (1,2). With the density and mass
functions

Po
R)=———, 60
o(R) = iy (60)
m(R) = 4zpory| =2In (R + 1) L
070 R+1
1 1
——— > +R+1], 61
dRy T > (61)
the area integral in Eq. (16) gives
2( g1 I3
Ourea(B) = 8aporg| Iy — ZE . (62)

For the line integral part, we calculate first the metric
coefficients

TABLE 1.

e C—Z(R + I)Sﬂpor(z)(l—zR*l)’ (63)

1 2In(R+1)
R+1 R ) (64)

e?B (14 8rpyry) —8apor} (
Evaluating Eq. (4), we get

dr 1 |93y R-2 2In(R+1)
Rkl 1 —4zpyr? . (65
“ap "\ g\ TP\ R TR (65)

This shares the same limit in Eq. (51). Finally, we get the
deflection angle from Egs. (62) and (51),

1
5(B) = 8rpyr} (n’— 2§3+Ié>. (66)

Just as the previous case (1,2), we have §(0) = 0 and
5(o00) = 8a2pyri.

VI. DISCUSSION

The deflection angles computed from the energy density
sequence (a, f#) are well characterized by their » — 0 and
b — oo limits. These limiting behaviors reflect the geom-
etry of the optical manifold at the center and the asymptotic
regions, respectively. The only two limiting behaviors are
(1) a vanishing deflection angle corresponding to a locally
flat (Euclidean) region, and (2) a nonzero deflection angle
limit determined by a conical structure at the region. Table I
gives a summary of the deflection angle limits.

Vanishing deflection at zero impact parameter in an
asymptotically Euclidean spacetime is guaranteed when
there are no singularities anywhere. By the angular sym-
metry of the metric, the geodesic light trajectory at b = 0
(in the optical manifold) must be the straight line in flat
space coincident with the x axis. Thus, the surface D in the
central Eq. (16) is just the upper half-disk centered at C
where S and O are at the vertices. With this surface, it is no
surprise from the left-hand side of Eq. (16) that 5(0) = 0.
While this argument may appear trivial at first, it is
instructive to state it here because its conclusion is not
obvious from the Gaussian curvature integral in Eq. (21).
Moreover, the reasoning will not apply when there is a
singularity at C.

Summary of deflection angle limits at zero and infinite impact parameter.

p =2 mg, undefined,
asymptotically conical,

p =3 mg, undefined,
asymptotically Euclidean,

p >4 mg, defined,
asymptotically Euclidean,

8(c0) = 87%pyrd 5(0) =0 5(c0) =0
a = 0, flat center, 5(0) = 0 Dehnen-type (f = 4),
Plummer-like (f = 5)
a =1, flat center, 5(0) =0 NFW Hernquist (8 = 4)

a = 2, conical center, 5(0) = 87°p,r3 Singular isothermal sphere Jaffe (B = 4)
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The central geometry of densities with & = 2 approaches
the singular isothermal sphere (SIS) geometry. The singular
center prohibits the direct use of the upper-half disk when
calculating the deflection angle at the zero impact param-
eter. The Gauss-Bonnet theorem cannot be applied to this
surface because the boundary touches the singularity at the
origin. One can only use a surface, like D, that approaches
the half-disk. In fact, the Gaussian curvature integral
approaches a nonzero value as b — 0. This value is related
to the central geometry of the optical manifold. We see here
how the Gauss-Bonnet method highlights the role of
topology in the contrasting central behavior of a =0, 1
and a = 2 densities.

Gibbons and Werner [35] showed that the embedding of
the low-density SIS optical manifold, with isotropic veloc-
ity dispersion o2, in flat R3 charted by (S, ¢, z) is the cone

(1=

¢ = Vo 1 — 662

S. (67)

In terms of py and ry, 6 = 27pyr3. A cone z = kS has a
deficit angle A of

A= 27[(1 - ﬁ) (68)

(derived in the Appendix). Up to first order in y, the SIS
deflection angle is

Osis = A/2 = Sﬂzﬂor(%- (69)

That is, the constant SIS deflection angle is half the deficit
angle of its conical optical manifold. From this point of
view, deflection by SIS is entirely topological, i.e., due to
the deficit angle of the conical manifold. We notice that this
is the same value of the zero impact parameter limit of
deflection by a =2 densities. This suggests that such
deflections are also due to the conical center of the a=2
optical manifolds.

The infinite impact parameter behavior of deflection is
more apparent to see. For asymptotically Euclidean
spacetimes, it is clear from Eq. (21) that the integral must
vanish as the lower bound of R approaches the upper
bound. Meanwhile, # = 2 densities approach SIS distribu-
tion at large radial distances; thus the embedding in flat R3
of this region of the optical manifold is also approximately
conical. As expected, we get a deflection angle of
5(00) = A/2 = 8x?pyr3, similar to the case of @ = 2 when
b=0.

Plots of deflection angles are shown in Fig. 2. The
deflection by = 2 densities always approach the angle
A/2 as the impact parameter grows large. Meanwhile, the
deflection for f =3 falls off considerably slower than
p > 4 due to logarithmic terms plaguing the decay. We also
note that since the density function of (0,5,1) behaves

a=0
0.35 p=2
-t B=3
0.30 r=a
--- B=5
g 0.25 A —-= (1/5)Plummer
s | E/ .. B=6
© 0.20 A
f=
2
g 0.15
K]
© 0.10 1
0.054 /<.
oood F e LTI
0 1 2 3 4 5 6 7
impact parameter B
a=1
—— B=2
0.6
—+— B=3 (NFW)
—— B=4 (Hernquist)
0.5 1 === B=5
w0
s | ¥ e B=6
o 0.41 —- B=7
©
c
2 0.3
k9]
2
2 0.2
01d ¥ . .................
00 | P — — — — — — — " "
0 1 2 3 4 5 6 7
impact parameter B
a=2
T e it —— B=2(SIS)
—+— B=3
— B=4 (Jaffe)
2.51 ’ :
w0
o AN
o 2.0
c
©
c
2 1.51
[*
2
=
S 1.0
0.5 Nt e
00 e N T L T T TR

impact parameter B

FIG. 2. Plots of deflection angles in factors of 8zp, r% as a
function of the scaled impact parameter B = b/r(. The Plummer
curve is scaled down by 1/5 to emphasize its resemblance to the
(0,5,1) curve. All § =2 deflections approach the angle A/2 as
b — o0, although these are not covered by the span of the plots.

comparable to the Plummer sphere (0,5,1/2), the
Plummer deflection (e.g., [35]) follows roughly the deflec-
tion curve of (0,5,1) given a suitable scale factor. Evans and
Wilkinson [34] also proposed a mass distribution similar to
Eq. (2) where it is the projected surface mass density that
follows a two-power law. The corresponding actual (three-
dimensional) density function of their surface density
surely has a different form from Eq. (2), so similarities
in deflection are only qualitative. For example, there seems
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to be a similarity in the trend between the a of three-
dimensional two-power densities and its two-dimensional
a — 1 counterpart. This “one power less in @” similarity
makes sense from the difference of the mass function in
Eq. (10), for three-dimensional densities, from the total
enclosed surface mass inside the circle s = s': M(s') =
J§ Z(s)2xsds, for surface mass densities. The former has
r? in the integrand while the latter only has s—one power
less than r2.

Finally, we note that with other methods the calculations
would have been more complicated with integrals appear-
ing in impractical forms.

VII. CONCLUSIONS AND RECOMMENDATIONS

To summarize, using the Gauss-Bonnet technique, we
have obtained new analytic expressions for the first-order
deflection angle due to spherical two-power-law densities
(a,p,1) in Eq. (2) for a=0, 1, 2 and f#=2,3,4,....
These expressions are valid in the weak-field regime,
u= por(z) <« 1, as well as arising from nonrelativistic
matter. Our main results are presented in Eq. (27) for
the case (2,4 >4), Eq. (31) for (2,3), Eq. (35) for
(1, >4), Eq. (39) for (1,3) or the NFW, Eq. (52)
for (1,2), Eq. (56) for (0,4 >4), Eq. (59) for (0,3), and
Eq. (66) for (0,2). Explicit forms are determined for the
named densities: Hernquist in Eq. (36), NFW, and Jaffe in
Eq. (28). Our calculated Hernquist and NFW deflections
are consistent with the result of Keeton [32] and
Bartelmann [33], respectively. Comparing our deflection
with that of Evans and Wilkinson we also find good
qualitative agreement. Our calculations demonstrate how
the Gauss-Bonnet method can be more convenient for
weakly deflecting spherical distributions compared to
canonical methods, such as integration from g(p*, p*)
and the method of the thin lens approximation.

We have demonstrated that the Gibbons-Werner insight
into the role played by topology in gravitational deflection
extends to mass distributions beyond those that the authors
initially considered, as is explicitly demonstrated in the
a=0, 1 and a = 2 densities. We have shown how the
topological properties of the corresponding optical mani-
fold immediately imply vanishing deflection for the former
cases and finite deflection for the latter case in the limit of
zero impact parameter. The central region of a =0, 1
densities is flat (Euclidean), while that of @ = 2 densities is
conical. The topology-controlled behavior of the deflection
also obtains in the b — co limit. At this limit, there is a
finite deflection for f = 2 densities and vanishing deflec-
tion for f > 2 densities. This is due to the asymptotically
conical optical manifold of the former and the asymptoti-
cally Euclidean optical manifold of the latter. At these
conical regions, two-power densities are well approximated
by the singular isothermal sphere distribution. Gibbons and
Werner [35] previously noted that the constant deflection

angle of the low-density singular isothermal sphere takes
the value of half the deficit angle of its conical optical
manifold, suggesting that the deflection is due to the
conical angle defect. Here, we find the same to be true
for the limiting cases of @ =2 and f = 2. Outside the
limiting behaviors of the deflection, however, we empha-
size that geometrical details of the optical manifold do play
the dominant role.

An immediate extension of this study is to find a general
expression that includes noninteger values of a and f,
which may provide a better fit with certain galactic
densities. Such values complicate the form of the integrals
and render invalid the analytic techniques used here. We
seek to address these and related questions in future work.
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APPENDIX A: PARTIAL FRACTION
DECOMPOSITION: DENOMINATOR
WITH TWO DISTINCT ROOTS

We wish to find the coefficients A; and B; that satisty

(A1)

q

1 LA B;
e T Sy e D D ey e

i=1 j=1

where p and ¢ are positive integers. The partial fraction
decomposition looks somehow similar to Laurent expan-
sions. This suggests that the coefficients might be extracted
from relevant Laurent series expansions. We start by
appealing to this well-known Kronecker delta expression
as an isolation tool,

R
27i Je, (z—a)"

a

= O1p> (AZ)

where C, is a closed contour enclosing the singular point
z = a. Suppose we want to find the coefficient A;. To
utilize Eq. (A2), we multiply both sides of Eq. (A1) with
(x —a)*!, so that

1
(x —a)P ™+ (x = b)

p—k+1 A.
H—k—l' + ()C _ a)k+] Z

=Y g

B,
G

i=—k+2

Integrating both sides of Eq. (A3) on the complex plane
along the closed contour C,, we find that on the right-hand
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side only the i = 1 term survives on the first summation, as
per relation (A2), while the second summation vanishes
altogether because it is an analytic function on the domain
enclosed by the contour. Thus,

1 1
Ay =— dx. A4
£ 2 }'{ Goar o (A

This is easily evaluated with the calculus of residues:

1 0\ Pk 1
A= (a_> (= by (43)
(pH+q-1-k\ (=1)7*
a= ("0 s 99

The coefficients B ; are obtained in the same manner:

B, — <p+q— 1 —k) <b(—l)q—k

—a)ptak’ (A7)

APPENDIX B: EVALUATING
THE I; INTEGRALS

Only the integrals /; and I; are sketched here. I, is
evaluated in the same manner as /; with some slight
modifications.

1. Il and Iz

We use complex integration to evaluate the integral /;.
First, note that

7 singdp | [ et dg N
i _/0 m_ ‘{/0 m} =J[Z].
(B1)

We instead deal with the integral Z. However, the exponent
of the denominator still complicates the evaluation. As a
way out, we proceed as follows:

e edg
~ BYJy (B! +cscop)d

_L< / e'ldg )
CBI\Jo (atcescd)) p

—1)4-! -1 i
LU (oY (et )y
B (qg—1)!'\0a/ ,_1/p\Jo a+csce
Let the integral in the last line of Eq. (B2) be 7. The overall
form of J suggests that the contour of the integral in the
complex plane is a semicircular arc centered at z = 0 of
unit modulus. Hence, we consider the integral

1 2?-1
K=-¢ —————dz, B3
ifi:az2+2iz—a ¢ (B3)

where C = C; + C, is the contour traversed in the positive
sense given by

Cl: z(x):x,xe[—l,l], (B4)
CZ: Z(¢) = ei¢ﬂ¢ € [O, 7[}' (BS)
The simple poles are at
A1 1
Zi—l<—zj: ?—1> (B6)

Notice that the poles are never inside the domain enclosed
by the contour C, so K = 0, and

K=¢ (-)+¢ (--)=0. (B7)
Cl Cz
The C,-integral is already 7, so
1 /1 x> —1
= —_—— 76{ . B8
J i/_lax2+2ix—a * (B8)

We consider first the case 0 < a < 1 where the poles are
purely imaginary. Later on, we will argue that the answer
we get here is the same as when a > 1 by invoking the
uniqueness of analytic continuation of functions (we expect
J to be a well-behaved function of a). Evaluating J will
finally give I7.

2.1,

Here, we evaluate the integral /5

I = / singIn (1 + Bcsc ¢)dg. (B9)
0
Integrating by parts once, we proceed as
7 Bcot’¢
13:(—COS¢IH(I+BCSC¢))|8—A mdgb
1 [7B%(csc?¢p— 1)
— (g |
B )y Bescp+1
1 [7(B%*sc’¢p—1)+ (1-B?)
— (-5 ) af
B Jo Bescgp+1

1 (= 1 - B?
- [ Besep-vas- (1)

_n2
_ (>|g+1n<csc¢+cot¢)|g+%_ <1 B )I%

B
. csc ¢ + cotgp ’f+7r 1-B? P
- \(Bescp+ 1) )| B B )?

B
= 71B+21n§—2\/B2 — larctan V' B? — 1.

(B10)
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It should be noted that the logarithmic terms on the sixth
line are undefined individually; only their difference has a
finite limit.

APPENDIX C: DEFICIT ANGLE OF A CONE

The deficit angle of a cone is defined by its slope k.
Consider the cone z — kS = 0 in flat R charted by cylin-
drical coordinates (S,¢,z). The induced metric on the
cone is

dsne = dS? + S2de* + d(kS)> (C1)

= (K2 + 1)(dS? + S2d§?), (C2)

where

¢

Norwh (©3)

b=

We see that the metric on the conical surface is conformal to
the Euclidean metric, but with a reduced angular range:

¢ €[0,22/Vk* + 1). Thus, the deficit angle is

A= 27:(1 - \/]::> =7k’ + O(k*). (C4)
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