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Exact amplitudes of six polarization modes for gravitational waves
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The exact amplitudes of six polarization modes of gravitational waves are constructed in terms of both
the small metric perturbations and the Newman-Penrose scalars. The obtained formulas are applicable to
any metric-compatible gravity theories whose gravitational waves propagate along either the null or non-
null geodesics. Once a gravity theory (specifically, its linearized wave equation) is written, comparison to
the observed data of the laser interferometer experiments is direct.
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I. INTRODUCTION

To date, Einstein’s general relativity (GR) has passed all
experimental tests, and thus it is important to ensure that
extensions of gravity also pass these same tests. Such
longevity is not only related to its absolute correctness,
but can also motivate more accurate tests to probe the
corrections to Einstein’s GR. New precession searches for
small deviations from GR are intriguing in the context
of astrophysics and cosmology. The first candidate experi-
ment for identifying violations of GR is to look for the
possible polarization modes of gravitational waves (GWs),
and its formulation was first constructed in Refs. [1,2] (see
also the reviews [3,4]).

Einstein’s GR predicted the existence of gravitational
waves [5], and the long-awaited signal of gravitational
waves was picked up by the Advanced Laser Interferometer
Gravitational-wave Observatory (aLIGO) and Virgo col-
laborations [6-9]. This milestone in gravitational-wave
research opens a window to probe the highly dynamical
and strong-field regimes of gravity [10,11]. In addition,
aLLIGO and Virgo also allow for the precision study of the
polarization modes of gravitational waves, particularly the
bound of the nontensorial modes [12,13]. Analyses of
known galactic pulsars have constrained the strain of the
scalar and vector modes to be below 1.5 x 1072° at 95%
credibility [12], which is the first direct upper limit for a
nontensorial strain. This upper bound provides a guideline
to modify the beyond-GR theories of gravity.
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In the context of metric-compatible theories, there are six
polarization modes: the breathing (b), longitudinal (1),
vector-x (x), vector-y (y), plus (+), and cross (x) modes.
Einstein’s GR predicts transverse and traceless waves
whose quantization leads to massless spin-2 gravitons,
and thus the detection of only the two tensor modes (plus
and cross polarization modes) will fulfill GR’s prediction.
The six polarization modes of gravitational waves have
been studied under the assumption of weak, plane, and null
propagation and analyzed in terms of the Newman-Penrose
(NP) formalism [1]. Most of the subsequent research on
various extended models of gravity has employed this
formalism with the E(2) classification to calculate the NP
scalars corresponding to each polarization mode [10,
14-16], even for theories involving massive modes
[10,17-24]. In the case of the bimetric theory, NP scalars
have been used to show how massive degrees of freedom
(d.o.f.) contribute to the amplitude of nontensorial modes
[20,25]. This is because the NP scalars provide the simplest
way to look at a specific propagation of gravitational waves
even in extended gravity theories; however, the NP analysis
in Ref. [1] is no longer exact for the massive gravity
theories. Therefore, it is necessary to construct the exact
formalism for the six polarization modes of the non-null
propagating gravitational waves. Recently, this point was
indicated in Ref. [26]. There have also been developments
in numerical simulations for the modification of Newtonian
gravity by including a Yukawa-type potential [27-29].

It is timely to reconstruct the formalism to give a correct
interpretation of the non-null propagation seen in the
observed gravitational-wave data. In this work, we obtain
the formulas for the six polarization amplitudes connecting
the observed data from the laser interferometers and the
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GWs of the proposed gravity theory. These are also
applicable to the non-null propagation of GWs. Let us
begin by introducing the assumptions of our formalism:

(1) The gravity theories we consider are metric
compatible.

(2) The amplitude of the perturbation is small and the
characteristic length scale is much smaller than that
of the background curvature. This is the so-called
short-wavelength approximation.

The aforementioned assumptions dictate the following
guidelines:

(1) Since any metric-compatible theory is allowed, the
geodesic equation and the Bianchi identity can be
used. On the other hand, the specific form of the
action (e.g., the Einstein-Hilbert action for GR) or,
equivalently, the corresponding dynamical equations
(e.g., the Einstein equations) need not be assumed in
a derivation of the formalism. In practice, this means
that any metric-compatible gravity action [which can
involve not only GR but also many other candidate
theories, e.g., higher-derivative, f(R), or massive
gravity theories] can utilize our formalism without
restriction.

(2) The linear wave equations for the weak gravitation
field h,, allow us to determine the physical contents
of the GWs through the dispersion relation
@ = w(k) and their six polarization modes.

The six polarization modes are formulated in terms of
both the NP scalars and the six physical degrees of freedom
among the ten components of 4, by appropriate gauge
fixing. Since the formalism is written in terms of the
detector response function, a comparison between the
theory (say, the action) and the observed data can directly
be performed.

This work is organized as follows. In Sec. II, we review
the formalism of Ref. [1]. In Sec. III A, we describe the six
polarization modes based on the usual NP formalism. We
express the exact driving-force matrix for the plane-wave
weak propagations of gravitational waves based on the
NP formalism in Sec. Il B and in terms of the metric
perturbations in Sec. III C. A discussion on the difference
between the usual and exact results is also included. In
Sec. III D, we obtain the response functions. Some known
gravity models are analyzed in Sec. IV and the Appendix.
We conclude in Sec. V with a few research directions.

II. SIX OBSERVABLES OF
GRAVITATIONAL WAVES

When a freely falling observer is at a fiducial point
in an approximately Lorentz normal coordinate system
(t,x") = (t,x,,7), where x' are the spatial coordinates
of the test particle at rest, the acceleration relative to the
location of the observer is depicted by the geodesic
deviation equation [1],

a; = _ROinxja (1)

where the electric components of the Riemann tensor
Ryjp; (the so-called Riemann field) are the only measurable
quantities in gravitational-wave detection. Suppose that
a propagating gravitational wave is weak and a plane
wave. When the z direction is chosen parallel to the
propagation of gravitational waves, every component
of the Riemann field R;;(#;) becomes a function of a
retarded time, 7, =t — z/v.

The six electric components of the Riemann tensor are
set by the symmetric driving-force matrix S;;(z) [1,30],

Sij(t:) = Roioj(t;)- (2)

Since this driving-force matrix possesses six independent
d.o.f., the six basis polarization matrices are introduced as

000 0 01
E=]l000]| E@E=[000],
001 1 00
00O . 1 0 0
E3(2): 0 0 1 N E4(2):5 O —1 0 N
010 0 0 O
010 | 100
000 000

Note that the coefficients in front of the matrices were set
differently in Ref. [1] to read the polarization amplitudes in
the NP formalism. In the basis of polarization matrices, the
driving-force matrix is expanded in terms of the polariza-
tion amplitudes p,,

6
S(1) = ZPA(& E4(2), (4)
A=l

and a comparison of Egs. (2) and (4) gives

Rlxtx Rlxly Rlxlz

S=1| Ry Ryy Ry
R Ry Rpy
%(P4 + Ps) Ds D2
= Ds %(—P4 +ps) P3| (5)
P2 P3 P1

Each polarization amplitude of the six electric components
D1, ---, Pe corresponds to a specific geometrical distortion
of the test-particle distribution, whose shapes are displayed
in Fig. 1 (see Ref. [1]). The modes py,..., pg are the
longitudinal, vector-x, vector-y, plus, cross, and breathing
polarization modes, respectively. Thus, in our basis (3), the
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FIG. 1. The six polarization modes: (a) breathing mode p&b),

(b) longitudinal mode pé” , (¢) vector-x mode péx), (d) vector-y

mode pgy), (e) plus mode pff), and (f) cross mode pgx). Here we

added the superscript of every corresponding polarization mode
to p,, to clearly show its geometrical description. The red, green,
and blue curves indicate scalar, vector, and tensor modes,
respectively. The circled dot in panels (b), (e), and (f) indicates
that the wave is propagating out of the page, and the right-
pointing arrow in panels (a), (c), and (d) indicates that the wave is
propagating in the z direction.

exact polarization amplitudes are written in terms of the
driving-force matrix element in its simplest form,

I
P(l ) = thtzv pEX) = thtxv ng) = tht,\”
pz(tJr) = Rtxtx - Rtyty’ ng) = Rtxty’
b
Pé )= Ry + Rlyty’ (6)

where we add the description of the mode in the superscript
for a clear distinction.

III. POLARIZATION MODES

A. Null propagation of gravitational waves

In this subsection, we briefly recapitulate the previous
conventional method on the six polarization modes of
the massless gravitons in which the null propagation
assumption is adopted [1]. We will examine the amplitude
expressions in the traditional NP method to find necessary

corrections to extend the exact formalism to the massive
gravitational waves following the non-null geodesic.

For the description of the polarization modes under the
null propagation assumption, it is convenient to introduce
the NP quantities for simplicity. For a local null tetrad basis
k and two null spin tetrads m and 1, we have the four tetrad
basis vectors,

1 1
k:ﬁ(at"i_az)’ l:—z(at_az)1
1 1
m=—(0,+i0,), m=—(0,—io,), (7
which satisfy the normalization conditions
kM= —1, m,mt = 1. (8)

In four dimensions, the Riemann tensor is split into three

irreducible parts—C,,,,, R,, — 19, R, and R—where the

Weyl tensor in the four-dimensional spacetime is defined by
1
Cuspo = Ruvpo = (9upRo), = GuppRe],) + 3 Guip9o R

1
= R,uu/)o‘ - 2QW\D7R6]\u] + ggy[pga]uR' (9)

In the NP formalism, the five complex Weyl-NP scalars are
defined and classified with spin weights from the Weyl
tensor,

s=—42: ‘P()Eckmkm’
s=—+1:¥Y, = Ciim = Ciumim-

1 1
s=0: ¥ =Crpm = E(Cklkl + Crim) = E(Crhmrhm + Chtiom)»

s=—1:¥3=Cuymi = Chmmi»
s=-2: T4ECﬁ11ﬁll' (10)

The ten Ricci-NP scalars are defined from the traceless and
trace parts of the Ricci tensor R, as

s=42: @, E%Rmm,
s=+1: {CDOI =28
‘D125%R1m,
‘DOOE%RkIm
s=0: (D]]E%(Rkl‘i’Rmrh)?
‘D225%Rzz,

s=—1: Do = 3 Ry = Df»
@, =1R); = D},

1
§s=-2 q’zofi mm = Ppos
R 1
AN=—=—(R,n —Ru)- 11
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Under the null condition the measurable field becomes a Y —C — R, Ml
function of the retarded time ¢z, = ¢t — z with v = 1, and thus 0 kmkm kmkm | ’
: ; Il
the Riemann tensor satisfies ¥, = Criom = Risim -5 ka‘ﬂo,
Rapeap =0, (12) 1 ol
e Yo = Crmint :karhl_ERni’nglklv
where (a, b, ¢, d) range over (k, [, m,m) and (p, g, - - -) only 1 )
range over (k, m,m). With the help of the Bianchi identity, Wy = Crimi = Rigmi _§Rm‘rﬂ1§Rk1ﬁ”’
1 1 null 1 null
Rab[pq,l] = g (Rabpq,l + Rabql,p + Rablp,q) = §Rabpq,l = 07 lIl4 = Cﬁ'llﬁll = Rﬁllfnl _>Rﬁ11ﬁ117 q)00 = ERkk _)07
1 . 1 |
(13) D, :q)lo:Ekang
Eq. (12) leads to a constant curvature solution. Since any | null
nonvanishing constant curvature solution is irrelevant for Doz = D3 _ER””"_’ ’
wave phenomena, only the solution of our interest should 1 o 1 3
have a vanishing Riemann tensor component, Q= 4 (Rit + R i) _>ZRklkl = E\PZ(: ¥, - A),
* 1 I 1 *
Rabpq =0= quah‘ (14) D, = q)zl :Ele[gERklml :pr,’
Therefore, all nonvanishing components of the Riemann ¢, = 1 Ry=R,m l‘ﬂl Ryl
tensor should take the form R, ;. Accordingly, under the 2
6 ; R 1 1 1
npll condition, all of the NP scalars in Egs. (10) and (11) are == ——(Ry - Rmm)lﬂl ——Ryu=--%. (15)
given by 24 12 12 2

where R = —2R;; = —2R;, 1s used in the last formula. Eight of the 15 NP scalars do not vanish, but only four NP scalars, ¥,,
Ys;, ¥,, ©,,, correspond to independent components of the Riemann tensor. We shall call these four NP scalars “NP-null
scalars.” Since ¥,, ®,, are real and W3, W, are complex in Eq. (15) by applying the null condition, the NP-null scalars have six
real d.o.f. as shown in the table below:

NP scalars NP-null scalars
lP07 lPl’ \PZ’ lP39 lII4

null condition
(I)()Zv q)lzv q)()l’ cDOOa q)lla (Dzz, qjl()’ q)2]7 (1)2() —_— lPZv lPSa lP4’ CD22
A

These six real d.o.f. of the NP-null scalars correspond to the polarization amplitudes p, via Eq. (6),

null 1 1 1 -
¥,— glelk = ngz = EPEI)(/C, 1),
ult 1 null 1 1 (-
Re(¥5)™ 2 Re(Riwin) ™ 5 Riuee =5 3 (K. 1),
null 1 nll 1 1 V), 7
Im(¥;)— Elm(lelnﬁ)_’ - Ethty =- Epg“)(k, 1),

null

1l >
Re<LP4)I£>Re(erhlrh)_>Rtx1x - Rtyty = P4(1+)(k, t),

null null %), 7
(W) S Im(Rym) = = 2Ry = =2p% 7 (K, 1),

1 11 b),7
CDZZIE’lelrhIE)Rtxtx + Rlyty = pé )(k’ t)7 (16)

and the driving-force matrix (5) is written under the null-propagation condition in terms of the NP-null scalars as

%[Re(‘h) + @y,)] - %Im(‘{’4) 2Re(¥;)
Snun = —-3Im(¥,) —1[Re(¥,) — ®p] —2Im(¥;) |- (17)
2Re(¥3) —2Im(¥;) oY,
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The polarization amplitudes p, in Eq. (16) are different
from those in Ref. [1]. First, the overall sign in Eq. (16)
is opposite to that in Ref. [1] since we used the
definition of the NP scalars in Ref. [31]. Second, each
p. in Eq. (16) has a different coefficient since the basis
polarization matrices in Eq. (3) chose different normali-
zation coefficients. The six normalization coefficients a,
are introduced as

ty
w
—~
20>
S~—
|
N}
[3%)
SO = O O O O O O O
S O = = O O O O O
S O O O = O = O O
y
~
~~
2>
S~—
|
Q
~
S O = O O = = O O
|
—
o

and their values are given in the table below:

a as as ay ds dg

3) 1 1 1 % 1 %
Ref. [1] -6 =2 2 - % % - %
Subsequently, the polarization amplitudes p, in

Eq. (16) are related to the corresponding amplitudes
p, in Ref. [1],

p'=-6p{". p5=-2p%". p{=2p,

X 1 X -
) _ 2 5(x () _ _5®) (19)

The driving-force matrix S,,; for the null condition in
Eq. (17), which is a physical quantity, coincides exactly
irrespective of the choice of the normalization constants
in Eq. (18).

B. Non-null propagation of gravitational
waves in terms of NP scalars

The gravitational waves generated by some
gravitational theories may propagate along non-null
geodesics. Since the NP formalism (16) obtained under
the null condition (14) can no longer be applied to
those, it is necessary to find the six polarization
amplitudes p,(p = 1,2,...,6) before assigning the
null condition. The exact polarization amplitudes
expressed in terms of the electric components of the
Riemann tensor are easily obtained by inverting the five
complex Weyl-NP scalars (10) and the ten Ricci-NP
scalars (11),

PV =R, =2[Re(¥,) + @, —Al.

P5) =Ry = —Re(¥)) +Re(¥;) —Re(®y) +Re(®),),
P = Ry = =Im(¥)) ~Tm(3) = Tm(®y; ) + 1m(@).
P87 = Riyg = Ryyry = Re(Wg) + Re(Ws) — 2Re(Dpy),

« 1
p<5 /= Ry :i[lm(TO) ~Im(¥y) —2Im(®o,)],

péb) =R, + Rtyty =—-2Re(¥,) + Dgy+ D, —4A.  (20)

The exact NP expressions valid for plane-wave
amplitudes of gravitational waves are obtained by
assigning the condition of the plane-wave propagation
along the z direction to the components of the Riemann
tensor. Specifically, every component of the Riemann
tensor for the plane wave is a function of time ¢
and propagation coordinate z including the retarded
time with v, . =1—-2z/v, R,,, = Ry,(t.2), which
satisfies

R 0. (21)

Hvpo.p

where v is the speed of the gravitational wave, and
(u,v,p,0) range over (t,x,y,z) and (p,q,r,---) only
range over (x,y). Except for trivial non-wave-like
constant solutions that are of no interest here, the
Bianchi identity R,,[sq =0 = 3R, supports some
null curvature solutions for gravitational waves,

R 0. (22)

Hpq —

Since the Ricci and Einstein tensors are related to the
polarization amplitudes as

1
l +
p<1 = 5 (Gtt + Gxx ny - Gzz) - Rx."x)’

plane 1
— 5 (Gtt + G+ ny - Gzz)’

wave

plane
Péx) =-G + Rzyxy w;:e -G,.,
) _ plane
pP3 = _Gyz — Ry w;:e —Gye
) = (G, —G,,)+ R — R
Py ( xx yy) + Roox zyzy
plane
W;e _(Gxx - ny) + szzx - Rzyzyv
plane
ng) _ —ny + szzy W;:e —ny + szzy,
1,
Py = Gt Ry G (23)

xXyxy wave el

124002-5



HYUN, KIM, and LEE

PHYS. REV. D 99, 124002 (2019)

the plane-wave condition (22) enables us to easily read
vanishing nontensorial polarization modes in the Ricci-
flat spacetime. This is consistent with the well-known
fact that Einstein gravity only supports two tensorial
modes for plane-wave gravitational waves on a flat
background because of the Ricci-flat condition. The
plane-wave condition (22) allows us to write these six
conditions for the z propagation in terms of the NP
scalars,

¥, = Dy, ¥, =@ + A, Yy =®,. (24)

Since ®@;; and A are real, the second condition implies that
Y, is real. Substituting these relations into the polarization
amplitudes in Eq. (20) expresses them in terms of the nine
NP Sca]ars, lPo, ‘Pl s le, lP3, ‘P4, (DO(), (I)()z, (Dzz, A. Since
Y, ¥,,¥;, ¥y, Py, are complex, the nine NP scalars
represent the fourteen components of the Riemann curva-
ture tensor, which says that the NP scalars are inconvenient
to describe the polarization amplitudes p,, for the non-null
geodesic. In each p,,, there are two contributions: the term
which survives under the null condition and the terms in the
square brackets, which vanish for null propagation,

1{Re(¥,) + @y + [Re(¥y) — 2Re(Pyy)
—2(¥, +2A) + Dy}
- % {Im(¥y)

Splane =
—[m(¥y) — 2Im(®Pp,)]}

2{Re(¥3) — [Re(¥))]}

Note that the terms in the square brackets in Eq. (25) are
generally nonvanishing, which means that there are two
sources of deviation factors for non-null propagation of
gravitational waves: the NP-null scalars in the first terms
of Eq. (25), and the other NP scalars in the square brackets
of Eq. (25). Therefore, the computation and analysis of the
polarization amplitudes for the non-null geodesic using
the NP-null scalars (16) [10,17-20] are incorrect as long as
the terms in the square brackets are nonvanishing. Thus, the
correction factors of deviation in the square brackets of
Eq. (25) and/or Eq. (26) should be taken into account in
order to achieve the correct exact polarization amplitude for
the non-null propagation of gravitational waves. Further-
more, for the non-null propagation of gravitational waves,

¥, is mixed in the breathing mode péb) in the last line of
Eq. (25), which implies that a vanishing ®,, does not imply

(b) _

a vanishing breathing mode, pg

AZOZ(I)O().

—2%¥,, even when

12

P\ = 6%, — 2(%, +2A)).
p5” = 2Re(¥;) — [2Re(¥,)].
pY) = —2Im(¥;) — 2Im(¥, )],

Py = Re(¥,) + [Re(¥y) — 2Re(yy)).

ng) —

1 1
=5 Im(¥y) + |5 Im(¥y) — Im(®py) |,

Py = @2 = [2(¥; +20) ~ Py (25)
Itis easily checked that the null condition in Eq. (15) makes

the deviation factors in the square brackets vanish. In the

scalar longitudinal (p<ll>) and breathing (pém) modes, the
common factor ¥, + 2A contributes to the deviation and
péb) has an additional deviation from the NP scalar @, of
spin weight 0. The Weyl-NP scalars ¥; and W5 of spin
weight 1 are mixed in the vector-x (p$”) and -y ( pgy))
modes. The tensor component ¥, is also mixed with the
other scalars of spin weight 2 [¥, ®,, and ®,o(= Pj,)]

in the plus (pff)) and cross (pgx)) polarization modes.

Consequently, the driving-force matrix (5) for plane-wave
propagation becomes

- % {Im(‘¥4) 2{Re('¥3)
—[Im (') — 2Im(®, )]} —[Re(¥)]}
—1{Re(¥,) - ®» —2{Im(¥;)
(26)
+[Re(Py) — 2Re(Dyy) +[Im(¥,)]}
+2(¥, + 2A) — Dy}

—2{Im(¥3) + [Im(¥))]}  6{¥, — [ (¥, +2A)]}

C. Non-null propagation of gravitational waves
in terms of metric perturbations

In this subsection, we read the exact polarization
amplitudes p, from the driving-force matrix without
relying on NP scalars. By taking into account the weak
field assumption, the Riemann tensor is linearized as

(1)

uvpe — —

R 28[”6“0}16””], (27)

where the superscript (1) denotes the order in /. Then, the
polarization amplitudes p, are described in terms of the
metric perturbation,

1
pgl) ~ Rzgzlgz == E (atzhzz - 28tazhtz + aghtt)’

(x)

1
P> )

1
~ Rizh = =5 (O hee = 0,0;hyy).
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P % R, = =3 (Ohy ~ 00.h).
P & R~ Rl = =3 (BPh — Ph,),
PL R R, = =30,
P SR+ Ry = =3 (Ofho+ Bhy). (38)

Since all ten components of the metric perturbation A,
appear on the right-hand sides of Eq. (28), four redundant
d.o.f. should be removed by the gauge fixing. In the
following two subsubsections, we discuss the Lorentz
and Newtonian gauge conditions.

1. Lorentz gauge condition

The production and propagation of gravitational waves
from various massive dynamical systems are calculated
under the Lorentz gauge condition 8”}_1”” = 0,(h" -
In*h%) = 0 in Einstein gravity. This gauge is also often
used to describe wave-like solutions. The four components
of the Lorentz gauge condition are

O,hy, — 0.h,, = 0,
Oy — 0.hy. = 0,
(02 = 2)h,, = —0,0.(hy, + hyy),

(at2 - 83)(htt + hzz) = _(atz =+ ag)(hxx + hW) (29)

By removing the four time components fy,, hy, Ry, hy;
by applying the gauge-fixing condition in Eq. (29), we
obtain a set of nonlocal expressions for the polarization
amplitudes,

P = =108+ ) + (0 = 02,

P = =33 - P,

P =3 (@~ D).

Py = —%3?(/% hyy).

s = ;82 1y

P = =3Ol + ). (30)

So far, all of the expressions in Eq. (30) are still linear in the
metric perturbation, and the would-be dynamical equation
for h,, approximated in the weak-gravity limit is naturally
expected to be a linear wave equation which supports the
monochromatic wave solution of the form

)/ Cﬂye—iwt-&-ikz’ (31)

Hv

where @ is the frequency and k is the wave number.
The linearity of the assumed wave equation guarantees
that the spacetime-independent coefficients C;; are also
independent of the frequency @ and wave number k.
Substituting the monochromatic wave solution (31) into
the gauge-fixing condition (30) leads to

k k
hy = _ahxz’ hty = _ahyz’
wk
LT T2 (hxx + hyy).
W —|—k2
hy =—h, — (h” + h”) (32)

which tells us that the other four coefficients Cy;, Cyy, Cyy,
C,, depend on the frequency @ and the wave number k.
Then the six polarization amplitudes p, are expressed
in terms of the six spatial components of the metric
fluctuation:

o _1

pr =5 K+ ) + (07 = I)hel),

P =3 (@ = R,

pgy) — %(wz — K2)hy.,

Py = %wz(hxx hyy)

) — %wzhxy,

P = S0Pl + ). (33)

If the limit of FEinstein gravity is naively taken, the

dispersion relation becomes @® = k* and the four modes

p&”, pfﬁ), p(SX), p<6b> seem to be nonvanishing in Eq. (33),

which is inconsistent with the fact that only the two tensor

modes pz(f) and pgx) should survive. To correctly reproduce

these physical modes, the transverse-traceless condition,
d,hy =0 and hj, = 0, should also be imposed.

It would be convenient to avoid this cumbersome addi-
tional condition and obtain the two tensor modes in the
limit of Einstein gravity. A specific way is to remove /.,
from the physical components and to include #; as a
physical mode. The corresponding monochromatic wave
solution (31) allows for a new assumption on C,,,, i.e., that

Ci, Cyy, C, Cy, €y, Cy (34)

are independent of the frequency w and the wave number k.
On the other hand, the four gauge conditions in Eq. (32)
force the remaining four (C,,, Cy,, C,y, C;,) to be functions
of w and k,

124002-7
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k k
hyy = ——hy, hty = _ahyzv
wk
hy, = _m(hn + hzz)’
0)2 _ k2

hxx = _hyy - m (htt + hzz)‘ (35)

Thus, the gauge-fixing condition (32) reexpresses the
polarization amplitudes p,, as

1 (0* — K> 1
PEZ) =35 (7> wz(htt + hzz) - 5 ((‘)2 - kz)htt’

2 \@” + K
P =2 (2 = K
pgy) :%( 2 _ kz)hw
py) = %wzhxy,
Pl = —% (%) @*(hy + hyy). (36)

The deviation from the null geodesic appears through the
separate term in every mode controlled by the nonvanishing

common factor @> — k? in the five polarization amplitudes

p(ll>, p(zx), pgy), pf’), and p(6b>. Thus, the survival of only the

two tensor modes in the limit of the null geodesic is
automatically reproduced without any further condition
by applying the dispersion relation @ = k which makes
the common factor vanish, @*> — k*> = 0. The magnitude of
this additional effect is quantitatively determined by the

|

specific form of the dispersion relation, @ = w(k).
Accordingly, the NP-null scalars under the same gauge-
fixing condition (32) are

¥, — -% (%) (312 = )y, + (2 = 30%)h..],
w, = LT )

- % (0 + k)*(hyy + ihyy),
R Gl GRS (37)

8 w* + k?

2. Newtonian gauge condition

When the general metric perturbations are decomposed
in the basis of the representations of the spatial rotation, all
16 components are

59()0 = —2A,
890; = —0,B — B;,

5
8g;; = —26;;D +2 (8,-8]- - ?-’akak> E+20,Ej + hy;,

(38)

where the symmetric property is recovered by the following
six rotations: 0'B; =0, 0'E; =0, 9'h;; =0, and h} = 0.
Then, the ten modes are decoupled at the linear level of this
decomposition. In the representation of the spatial rotation
about the specific Z axis, the metric perturbation A, takes
the following matrix form:

uv

Inserting this into the six polarization amplitudes p, [Eq. (28)] leads to

-B, —By -B,
-2D-2E_ +h, hy E,.. (39)
hy -2D-3E_ —h, E,.
E,, E,, -2D +3E_,
() 2 2.5 2
Py = 0;D - gat (E,zz) - ataz(B,z) + azA’
(x) 1o
Py = _E [at (Ex,z) + atasz]’
, 1
ng) = _5 [612<Eyz> + ataszL
Piﬂ = —8?h+,
« 1
Pg ) = _Eatzhx:
2
Py = 200D + SR (E..). (40)
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An appropriate gauge-fixing condition for this decompo-
sition is the conformal Newtonian gauge, B, = B, =
B =E=0, which results in h, =h,,=h,=0 and
hy + hy, = 2h_.. Under this gauge-fixing condition, the
above six polarization amplitudes p, become

= 07D + 92A,
P = =S OEL).
P =~ E,),
PA(tH = _atzh+’
P! = —%8%,
b = 202D. (41)

For the monochromatic waves, Eq. (41) gives

P\ = —w?D - 24,

o 1
p<2) ia)z(E z)9

1

ng) = sz(E) z)
Pgﬁ) = w’hy,

x 1
Pg ) = Ea)zhxv
P = —20?D. (42)

D. Response function

In gravitational-wave detectors, the phase difference
between the light signals traveling in both arms of the
interferometer is given by

A® =270(2L, — 2L,) = 2xvLyS(1), (43)

where v is the frequency of the laser light, L is the length
of the unperturbed interferometer arm, L; and L, are the
perturbed lengths of the two arms, and S(7) is the detector’s
response function [4,32]. The response function S(z) is
written in terms of the theoretically obtained polarization
amplitudes p, multiplied by the normalization coefficients
a, of the basis polarization matrices in Eq. (3) and the
angular pattern function F,,

6
= ZzpnanFm (44)
n=1

where p, = —p,. The angular pattern functions F, have
five different components as in Refs. [4,32],

1
F,= —Esinzécos 2¢ = —F,, (45)
F, = —sinf(cosfcos2¢pcosy —sin2¢psiny), (46)

F, = —sin#(cos @ cos 2¢ siny + sin2¢ cosy),  (47)

1
F,. = 2 (1 + cos?0) cos 2¢) cos 2y — cos @ sin 2¢ sin 2,
(48)
1 2 . .
F, = 3 (1 + cos*0) cos 2¢ sin 2y — cos 6 sin 2¢h cos 2.

(49)

As long as the gravitational wave along the light trajectory
is weak, the response function is generally given by a
superposition of the contributions of monochromatic gravi-
tational waves. For each monochromatic wave of frequency
w, it satisfies p, = ﬁ pn» and thus the response function
(44) becomes

6
Pa
> 2 S Py (50)

6
=> S, =
n=1 n=1
Note that the value of each p,a, is independent of
the choice of the basis matrix (18) and each response
function S,,,

~ 2
S, =2p,a,F, __2pnanFn» (51)

Oy

is gauge invariant. We read six response functions in terms
of the metric components in the nonlocal expression,

S 62 (82 44 2atazhtz + aghtt)Fl’

N 62 (a%xz 0,0, )F .,

SO) = (a2h - 0,0.h,,)F,

S = 2—8282( — hy,)F .,

56 828% F.,

S® =35 628 (hyy + hyy ) Fy. (52)

As in Eq. (45), the angular pattern functions of the
longitudinal mode and the breathing mode are the same,
F, = —F,;, and the breathing and longitudinal pattern
functions are degenerated. Thus, no array of laser
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interferometers can measure their two modes separately [4].
In addition to the four pattern functions S(X), sb ), S(H, S(X>,
the single response function given by the sum of the
longitudinal and breathing modes,

1
§+b) — 7 {82 [ -5 (he + hyy)]
- 2atazhtz + a%htt}Fl’ (53)

is taken into account. When a monochromatic wave
[Eq. (31)] is assumed, the five response functions become

k
S(x> = <hxz +_htx>F
w
SO = <h +5h )F
- yz W ty y

1
St = z (hxx - hyy)FJr’
SC) = h, F,,

and

SUH) = S | h —l(h + hyy) 125 +k—2h F
44 2 XX yy @ 1z a)2 tt -

(54)

1. Lorentz gauge condition

When the Lorentz gauge condition (29) is chosen, the
polarization amplitudes p, were already obtained for a
monochromatic wave in Eq. (33) and thus the five
components of the response function are obtained. From
Eq. (54), the response function for the breathing and
longitudinal modes becomes

(wz _ kZ) 1
Sb+) — {72 [h.,— (hy + h),y)] +§<hxx + hyy) Fy,

()

and those for the other four modes are

2 _ k2
S<x> = @ w2 hXZva
w? — k?
SO = e hy.F,,
1
S(+> 5 (hxx hyy>F+’
S0 = F,. (55)

As we already discussed, the response function for the
breathing and longitudinal modes (57) does not vanish even
in the null limit of @* = k*> under the consideration of

constant h;;. Thus, in the Lorentz gauge, a convenient
choice is to set C,, constant as in Eq. (35) instead of C,,.
Note again that the six amplitudes of the gravitational wave
Cy, ny, C,., CX‘, Cyz, and ny do not depend on the
frequency @ and the wave number k, which makes the
detection of the polarization tractable. By using Eq. (36),
the response function for the breathing and longitudinal
modes becomes

(@ - K)

S+ —
20* (@* + k?)

[(@0? = 2k*)hyy + 30*h ) F),

and those for the other four modes are

s — ")260‘2 k..

SO) = a)2w— K hy.F,.

St = |=h,, — %Z’)z_:r]; (hy+h.)|F.,

SV = hy F,. (56)

As expected there is an overall (w® — k?) factor in S+,

), and SO, which allows them to vanish continuously in
the null limit.

2. Newtonian gauge condition

Similar to the Lorentz gauge condition, the response
function for the breathing and longitudinal modes is given
under the Newtonian gauge condition (38) as

k2

SU)H) 2 hrtFlv (57)

and those of the other four amplitudes are

SW = hn F,,
SO) = h,.F,,
SH) =h F,,
SC) = h,F,. (58)

Since all five amplitudes of the monochromatic gravita-
tional wave are constants, the four response functions
S§@, 0§ and ™) involve no dependence on the
frequency @ and wave number k; however, S(*) does
depend on the frequency and wave number.

IV. MODEL CALCULATION

The discussion up to Sec. Il has been made without
assuming a specific form of the wave equation; equiva-
lently, the form of the action for gravity (and thus the
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6.x10"25}
my=7.6x10"2eV/c?
———— =L 2
5. x10-55F e
Acr=0? (exact) -
PRVPPE] S A,,..,,:%{%;P—(NP null result) -

A...m=;—1ﬁl,-w2 (exact)

el
-
-

3.x1075}

2.x107 5}

Amplitude/O(h)

1.x10725}

0 -
1.8x1075 22x1075 2.6x1075 29x10~° 3.3x10™5 3.7x10°5
f(Hz)

FIG. 2. The behavior of the exact (solid lines) and approximate
(dashed lines) polarization amplitudes are compared by choosing
a mass parameter mg = 7.6 X 1072 eV/c? of the dispersion

relation @ = |/m + k*. The mode amplitude appearing for

the time-like geodesic and that for the null geodesic are also
compared by the black and blue curves.

polarization amplitudes p, [Eq. (33)]) can be applicable to
any null or non-null propagation of gravitational waves
from arbitrary metric-compatible gravity theories. In this
section, we consider an alternative model of gravity as an
example and examine the polarization modes of the
massive graviton. General dispersion relations shown in
the literature will be discussed in the Appendix.

To investigate the behavior of the six polarization
amplitudes, we already constructed the formalism and thus
only need to specify the dispersion relation w = w(k)
according to the model of interest. Even when the wave
equation does not involve higher-derivative terms, the
relativistic relation between energy and momentum does
not prohibit the mass term,

E? = p* +mg, (59)

whose dispersion relation is @ = =+4/mj + k*. Since the

general covariance protects the introduction of a mass term

in metric-compatible gravity theories and the Pauli-Fierz-
type mass term for a spin-2 field is ruled out, a possible way
to introduce the mass term with g, is to employ the
bimetric theory in which both the background metric ggy
and the metric for the gravitational field (g - go),, are
tensor quantities [33].

The dispersion relation @ = 4/ mé + k? can be used in
the weak-gravity limit as far as the bimetric theory is

considered. In pfﬁ) [Eq. (36)], the second term —wzhyy is
the plus-mode amplitude for the null geodesic and the first
term —%((‘jﬁ;’;ﬁ)wz(h,, + h,.) appears for the time-like
geodesic, which also coincides with the breathing mode

amplitude péb>. These two exact amplitudes in pff)

[Eq. (6)] are compared to the corresponding approximate
amplitudes of Re(¥) [Eq. (37)], and the result is given in
Fig. 2. The blue and black solid lines denote w® and

%Z)’;;’]; @’ in the exact amplitude, and the blue and black

dashed lines denote (@ + k)* and %%
approximate result. The graphs show that the behavior
of the exact polarization amplitudes is different from that of
the approximate polarization amplitudes obtained using
NP-null scalars.

A comparison of the two solid lines in Fig. 2 shows the
following. As easily expected, the effect due to the time-
like geodesic becomes negligible in the high-frequency
region. In the low-frequency region, the mode amplitude
appearing for the time-like geodesic is magnified and
becomes comparable to the mode amplitude for the null
geodesic. The analogous conclusion was pointed out in
the context of the approximate amplitudes obtained with
the NP-null scalars [20], shown by the dashed lines in
Fig. 2. The weakest bound of the graviton mass m, =
7.6 x 1072%eV/c? is chosen in Fig. 2 from the various
model-independent mass bounds of the graviton, which are
listed in Table I. The mode amplitude appearing for the
time-like geodesic is significantly enhanced in the fre-

quency region around 2 x 10™> Hz. The frequency regions

in the

TABLE L. The lower bounds of the Compton wavelength of the massive graviton 4, and its corresponding upper
bounds for the graviton mass m, = h/,c from different observations. MD and MID mean model-dependent and
model-independent, respectively. For details on the bounds, see Refs. [36,37].

Ay (km) my (eV/ c?) Observation Properties References
2.8 x 10!2 4.4 x 10722 Solar system Static, MID [38,39]
1.7 x 104 8.0x 1072 Solar system Static, MID [40]
2.5 % 10" 5.0x 1072 Supermassive black hole Static, MID [41]
6.2 x 10" 2.0 x 107 Galactic clusters Static, MD [42]
9.1 x 10" 1.37 x 107% Galaxy cluster Abell 1689 Static, MD [43]
1.8 x 1022 6.9 x 107 Weak lensing Static, MD [44]
1.63 x 1010 7.6 x 10720 Binary pulsars Dynamical, MID [45]
1.0 x 1013 1.2 x 10722 Binary black holes Dynamical, MID [46]
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TABLE II. The frequency regions where the massive effect on
the polarization amplitudes becomes comparable to the massless
one.

Frequency of massive

my (eV/c?) Observation effects (Hz)
4.4 x 10722 Solar system 1.06 x 1077
5.0 x 1073 Supermassive black holes 1.21 x 1078
2.0x 1072 Galactic clusters 4.84 x 10713
6.9 x 107%° Weak lensing 1.67 x 10714
7.6 x 10720 Binary pulsars 1.84 x 1073
1.2 x 10722 Binary black holes 2.90 x 1078

of maximum enhancement are summarized in Table II,
which overlap with the frequency domain of future
detectors, such as the pulsar timing arrays with ranges
of 107°=1077 Hz [34,35]. As far as the amplitudes for the
model-dependent mass bounds of the graviton are con-
cerned, the maximum enhancement region occurs at
ultralow frequencies, which have been dealt with in
various inflation models but are too low to be detected
by future planned detectors. As the detection level is
increased with more accurate values, the suggested
enhanced effect of the polarization modes due to the
time-like geodesic may have a greater chance of being
detected. In the very low-frequency region with the
maximum enhancement, the deviation of the approximate
result from the exact result also increases significantly,
which is shown clearly in Fig. 3. Therefore, the exact
formalism based on the time-like geodesic will play an
important role in comparing the theoretical results with
future observed data.

1.0

0.8

0.6

my=7.6x10"2%eV/c?

oal/ N0 T ANP-nulll Aexact for mass effect (Amass)

’ —— Anp-nulAexact for GR polarization (Agg)

02 —— Amnass/Agr in exact amplitudes

0.0

1.8x1075 2.8x1075 3.7x107° 4.6x10° 55x10~° 64x10~° 7.4x10~°

f(Hz)

FIG. 3. The ratio between the approximate and exact mode

amplitudes in the low-frequency region is shown for the weakest
model-independent graviton mass bound. The more that the mode
amplitude appearing for the time-like geodesic is enhanced, the
greater the deviation of the approximate amplitude from the exact
one grows.

V. CONCLUSION

We first extended the NP formalism to describe not only
the null geodesic but also the time-like geodesic, which is
necessary for massive gravity theories. The exact ampli-
tudes of the six polarization modes were obtained in terms
of the metric perturbation via the driving-force matrix (26)
under a few gauge-fixing conditions: Egs. (30) and (33) for
the Lorentz gauge, Eq. (36) for our gauge choice, and
Egs. (41) and (42) for the Newtonian gauge. For a given
frequency, the five corresponding distinctive response
functions were constructed in Egs. (56), (57), and (58),
respectively. The formulas throughout this work are appli-
cable to all metric-compatible gravity theories. Various
theories have already been examined by using the formal-
ism valid for the null geodesic, which is a good approxi-
mation for w > m,. In the case of theories that include the
non-null geodesic, it is definitely intriguing to reexamine
the exact amplitudes of the six polarization modes, par-
ticularly for 2 m,. As gravitational-wave detectors begin
searching for signals coming from a theory beyond
Einstein’s GR, our construction of the general formalism
will become more important.

Our final comment is about the classification of extended
gravity theories. In Ref. [1], the null condition was used to
classify the extended gravity theories [the E(2) classifica-
tion] by using the little group of the polarization NP-null
scalars. As explained in Ref. [1], the little group of the
general Lorentz transformation for massless particles is
given by the two-dimensional Euclidean group. In the case
of time-like propagation, the little group of the Lorentz
transformations corresponds to O(3), and therefore the
classification should be made by considering this little
group with the exact polarization expressions.
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APPENDIX: GENERALIZED DISPERSION
RELATION

In this Appendix, we consider modified gravity theories
with a generalized dispersion relation and show how the
degenerate scalar response function described in terms of
exact polarization amplitudes is used to read model
parameters. As discussed in Refs. [47,48], the generalized
dispersion relation that covers almost all theories of
interest is
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E? = p*c? + mict + Ap®e”, (Al)

where the two parameters A and a express the violation of
Lorentz symmetry. The speed of the graviton satisfying
E =hw and p = hk is

vi_ 1 (do\?
¢t 2\ dk

dmict —4Apict(a—1) -
4E? ’
(A2)

A2q2 2(a 1) 2(a—1)

where causality requires the numerator of the second term to
2.2 (Aay2

\/A(a— 1)pc”+(54)".

An interesting case is @ = 1, which is a nonlocal theory

be non-negative, myc? > p*~' o

including p = \/p2 + p§ + p?. When a = 1, the numer-

ator of the second term in Eq. (A2) becomes a constant and

2 2.4
thus comparison with the usual mass case, f—§ =1- %
leads to the effective mass mg" = | /m2 — A?/(4c*). An

example of this effective mass m§" has appeared in f(R)-
gravity theories [37]. A few higher-power cases of higher
derivatives, e.g., a = 3,4, were already discussed in
Refs. [47,48].

From now on, let us consider extra dimensions. In the
model of an extra dimension with A = ”ED and a = 4, the

generalized dispersion relation at low energy is given by
k* = @* + (nep/E3)w* — m} [49]. Under the Newtonian
|

b+1
(@032 = 032)SV ™ + (03?

TABLE III. The generalized dispersion relations for various
gravity models. Here, E), is the Planck energy scale, npsg is
a dimensionless parameter given by the Lorentz-invariance-
violating theories, ngp is a positive dimensionless parameter,
kyr, and pyyp are constants of Horava-Lifshitz theory, and #ycg is
a constant in the theory of noncommutative geometries.

Models A a m, References

Doubly Special Relativity Mpsk 3 [50-53]

Broken-Symmetry

Extra Dimension —ngp 4 [49]

Hofava-Lifshitz Kot 40 [54-58]
16

Noncommutative Geometries 2% 4 [59,60]

P

gauge, the response function for the breathing and longi-
tudinal modes (57) at a frequency w, is

2
b+l n m

S [e,] = s = F1(1+%w%—w—§>h,t. (A3)
p 1

Similarly, for the second frequency w,(w, # @;), the

difference of the response functions is

2
(b+1) (b+1) ED mg 2
S -5 =F +
1 2 I (EZ 10)%) (‘01

- a)%) hy. (A4)

Since the right-hand side of Eq. (A4) involves the three
unknown quantities ngp/E%, mZ, and h,,, we consider the
third frequency wjs as different from @, and @, and then the
expressions for #gp/E3 and m are given only in terms of

the measured quantities, SEbH) and w; (i =1,2,3),

— o ) S (b+1) ( -2 0)32)Séb+l)

% = wjw0 2/ 4 (b+1) 4) (b+1) (b+1)

p wi(@3 —@3)S; " + wi(w; — 1)5 —|—w2( — @3)S,

mg = Wi w303 ; (@3 — w%)iﬁj;l) + (@3 — 07)S; b;:l"’ (@f — w%)Sng)(bH) (AS5)
i (@3 —@3)S; " + @3 (w; — w})S; +a’2(“"1l ®3)S,

The results of other modified gravity models are also
summarized in Table III [47], with their corresponding
generalized dispersion relations and references.

When extended gravity theories involving propagating
massive d.o.f. are considered, the exact amplitude expres-
sions (25), (28), and (40) can always be used to obtain
the six mode polarizations of gravitational waves (two

|

scalars, two vectors, and two tensors), irrespective of
the form of their actions. Under the Newtonian gauge
condition, the nonvanishing components in scalar-tensor
gravity are 6¢ =A =—D and h, h, [26]. The ampli-
tudes have also been obtained for other models, e.g.,
Einstein-& ther theory, tensor-vector-scalar models, etc.,
[61-63].
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