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The coherence of the relic gravitons is investigated within a quantum mechanical perspective. After
introducing the notion and the properties of the generalized Glauber correlators valid in the tensor case, the
degrees of first- and second-order coherence are evaluated both inside and beyond the effective horizon.
The inclusive approach (encompassing the polarizations of the gravitons) is contrasted with the exclusive
approximation where the total intensity is calculated either from a single polarization or even from a single
mode of the field. While the relic gravitons reentering the effective horizon after the end of a quasi-de Sitter
stage of expansion are first-order coherent, the Hanbury Brown-Twiss correlations always exhibit a super-
Poissonian statistics with different quantitative features that depend on the properties of their initial states

and on the average over the tensor polarizations.
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I. INTRODUCTION

As gravitational wave astronomy is opening a new
observational window, the potential implications of the
current developments for the stochastic backgrounds of relic
gravitons are more accurately investigated. In a wide range of
scenarios, the early evolution of the space-time curvature
induces a stochastic background of primordial gravitational
waves with a spectral energy density extending today from
frequencies O(aHz) (i.e., 1 aHz = 10~'® Hz) up to frequen-
cies O(GHz) (i.e., 1 GHz = 10° Hz). While the specific
features of different models will necessarily produce a variety
of spectral amplitudes, all the current and planned experi-
ments aiming at a direct (or indirect) detection of the relic
gravitons are (or will be) sensitive to the average intensity of
the gravitational field. In the language of the quantum theory
of optical coherence, the mean intensity of the field (or the
average multiplicity of gravitons) is related to the degree of
first-order coherence. With the goal of inspiring some of the
future endeavors, it is interesting to analyze the degrees of
quantum coherence of the relic gravitons in a systematic
perspective similar to the one already attempted in the case of
large-scale curvature inhomogeneities.

The quantum theory of optical coherence [1-3] is
customarily formulated in the context of vector fields,
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but it can be generalized to the tensor and scalar cases by
appropriately including (or excluding) the relevant polar-
izations. This is, after all, the logic already followed in
quantum optical analyses where the scalar analog of the
electromagnetic field is often scrutinized by focusing
the attention on a single polarization (see e.g., Ref. [4]).
The quantum treatment of the problem (not really mandatory
prior to the celebrated series of experiments of Hanbury
Brown and Twiss [5,6]) stems from the inadequacy of the
classical description of the degree of second-order coher-
ence of certain optical fields. According to the same
perspective, we can argue that the Young two-slit experi-
ment (i.e., first-order correlations) is not a valid criterion to
infer the quantum or classical nature of a given radiation
field, whether it be a vector field (as in the case of the
photons) or a tensor field (as in the case of the gravitons).
The interferometry originally developed by Hanbury Brown
and Twiss can be then applied to relic phonons (i.e., quanta
corresponding to large-scale curvature perturbations) and
relic gravitons as first suggested some time ago [7,8]. While
various approximations have been attempted, we intend to
generalize the Glauber theory to the case of tensor fields.
The relic gravitons are potentially produced in the early
Universe thanks to the pumping action of the gravitational
field, as suggested in Refs. [9-12] even prior to the
formulation of conventional inflationary models. The quan-
tum theory of parametric amplification, originally devel-
oped for photons [13,14], has been generalized to the case of
fields of different spins and, in particular, to the case of relic
gravitons (see e.g., Refs. [7,8] and references therein). The
gravitons produced from the vacuum or by stimulated
emission (i.e., from a specific initial state) typically have
opposite comoving momenta and lead to squeezed states
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[15]. Similar patterns arise in different scenarios including
the conventional inflationary models where the spectral
energy density has the usual quasiflat slope [16] with a low-
frequency break around 100 aHz [17]. Even if a direct
detection of relic gravitons is not behind the corner both for
technical and conceptual reasons, the degree of quantum
coherence of the large-scale correlations could be used to
disambiguate their origin, at least in principle [7,18,19]. In
light of these ambitious targets, the present investigations are
therefore mandatory. Indeed, the astrophysical events
observed by the Ligo/Virgo Collaboration (e.g., the three-
detector observations of gravitational waves from black-
hole coalescence [20], the evidence of gravitational waves
from neutron star inspiral [21], and the observation of a
50-solar-mass binary black-hole coalescence for a redshift
z = 0.2 [22]) are qualitatively different from the potential
signals coming from relic gravitons. Even if the spectra
of relic gravitons are rightfully advertised as a potential
snapshot of the early Universe, their spectral energy density
between few mHz (i.e., 1 mHz = 1073 Hz) and the kHz is
rather minute.' The signal may sharply augment when the
spectral energy density increases for frequencies larger than
the mHz as it happens when the tensor modes of the
geometry inherit a refractive index [24,25] or in the presence
of stiff phases. In these cases, it can happen that h. =
O(10723) [24], while the chirp amplitude A, corresponding
to the astronomical signals detected so far by the Ligo/Virgo
Collaboration is O(1072!) [20-22]. Even if the current upper
limits on stochastic backgrounds of relic gravitons are still
far from the final targets [26,27], the terrestrial interferom-
eters in their advanced version [28,29] will hopefully probe
chirp amplitudes O(10~%) corresponding to spectral ampli-
tudes /1§Qy,, = O(107'). In the foreseeable future, the
Japanese Kamioka Gravitational Wave Detector [30,31]
(effectively a prosecution of the Tama-300 experiment
[32]) and the Einstein telescope [33] should both be opera-
tional in the audio band. The GEO-600 detector [34,35] is
already progressing towards a further reduction of the
quantum noise that will probably be essential for the
third generation of terrestrial wideband interferometers.
The space-borne interferometers, such as (e)Lisa (Laser
Interferometer Space Antenna) [36], Bbo (Big Bang
Observer) [37], and Decigo (Deci-hertz Interferometer
Gravitational Wave Observatory) [38,39], should (hope-
fully) operate between few mHz and the Hz, maybe after
2035. While the sensitivities of these instruments are still at
the level of targets, we can say that they should probably
range between hjQ,,, = O(107'?) and r§Q,,, = O(10713).

The layout of this investigation is the following. In Sec. II,
the Glauber correlators are introduced in the tensor case.

'Optimistically, ©(107'65), at least in the case of conventional
inflationary scenarios where the absolute normalization of the
tensor power spectrum solely depends on the tensor-to-scalar
ratio rr < 0.07 [23]. The corresponding chirp amplitude is
O(107%) for a comoving frequency of 0(0.1) kHz.

In Sec. 111, the degree of first-order coherence is evaluated
both inside and beyond the effective horizon. Section IV is
devoted to the estimate of the degree of second-order
coherence, while the role of the initial states will be analyzed
in Sec. V. Section VI contains the concluding discussion. To
make the analysis self-contained, the most relevant technical
results have been relegated to Appendixes A and B.

II. QUANTUM COHERENCE OF RELIC
GRAVITONS

The canonical theory of optical coherence is formulated
in terms of vectors [1-4], but it iS not uncommon to
consider the scalar analog of the electromagnetic field by
discussing a single polarization. The aim of this section is
to extend the Glauber approach to the case of the diver-
genceless and traceless tensor fields describing the evolu-
tion of the relic gravitons.

A. Glauber correlation functions

The transverse and traceless fluctuations of the metric are
conventionally denoted by 6,9;; = —azh,»j(x) where x; =
(X;.7;) and 9;h'; = h;/ = 0. The background geometry will
be taken to be a conformally flat g,, = a*()n,, where 7,
is the Minkowski metric with signature (+,—,—,—) and
a(r) is the scale factor in the conformal time parametriza-
tion. For practical purposes, the correlation functions
will be defined via the rescaled tensor amplitude f;;(x) =
h; ;(x)a(r), and the hats will denote throughout the quantum
field operators as opposed to their classical analog. The
operators £i;;(x) consist of a positive and of a negative
frequency part, ie., f;(x)= ﬂ,(f) (x) +ﬂ,(-j_) (x), with
ﬁf;r)(x) = ;25,-_)1' (x). If |vac) is the state that minimizes the
tensor Hamiltonian when all the modes are inside
the effective horizon (for instance at the onset of

inflation), the operator ﬁff)(x) annihilates the vacuum
[i.e., ﬁg;r>(x)|vac> =0 and (Vac|/2§j_)(x) = 0]. In the tensor
case, the Glauber correlation function is given by

(n.m)
(CWIDRINCAY AN ARY Sy RO (in+n,jn+,n)(x" X Xy s Xgm)
= Te[pal ) (x1)- A (A G-
X gy ) @)

where p is the density operator representing the (generally
mixed) state of the field ;;. Equation (2.1) generalizes the
Glauber correlator (normally written in the case of photons)
to the case of gravitons.2 In quantum optics, an exclusive
perspective is often invoked by purposely neglecting one of
the two polarizations of the photon [4]. This choice,

Instead of (n 4+ m) vector indices [2], in Eq. (2.1), we have
(n+ m) pairs of rensorindices [i.e., (i171)---(injn)--- (insminem)]-
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motivated by specific empirical requirements,3 amounts to
expunging from the Glauber correlators the vector indices.
The same logic and notations will be used in the case of the
gravitons so that we define the scalar analog of Eq. (2.1),

xn+m)
) (xn )ﬁ(ﬂ (xn+1 ) .. ﬁ(Jr) (xn+m )] ’

S(”"")(xl, Xy XLy e e s
=Tr[pa) (x,)...4"
(2.2)

with the proviso that now Eq. (2.2) holds in the case of a
single tensor polarization. It is finally not uncommon to treat
the Mach-Zehnder and Hanbury Brown-Twiss interferom-
etry in terms of a single mode of the field [40]. The single-
mode experiments use plane parallel light beams of which
the transverse intensity profiles are not important for the
measured quantities. In these situations, is often sufficient to
consider the light beams as exciting a single mode of the
field. This viewpoint is even more exclusive than the one
described by Eq. (2.2) where all the modes of the field are
taken into account. In the explicit estimates of the following
sections, we shall consider, in this order, the inclusive
description of Eq. (2.1), the exclusive approach of the
single-polarization approximation [i.e., Eq. (2.2)], and
finally the single-mode approximation.

B. Physical interpretations of the Glauber correlators

Equations (2.1) and (2.2) arise when considering the n-
fold delayed coincidence measurement of the tensor field at
the space-time points (xi,...x,,x,). Let us focus, in
particular, on the operator appearing inside the trace of
Eq. (2.1), namely

A

Q(iljl)---~(injn)<x1, xn)

= i) (00l Gt ()i ).

(2.3)
and let us define |{a}) as the state of the field after the
measurement and |[{b}) as the state of the field before
the measurement. The matrix element corresponding
to the absorption of gravitons at different times and at
different locations of the hypothetical detectors can then be

expressed as <{a}|ﬂf$? (x1)... m( 2)[{b}). To obtain the

rate at which the absorptions occur, we must sum over the
final states, i.e.,

*In quantum optics, the single-polarization approximation is
motivated by various experiments dealing with a single polari-
zation (for instance in a cavity); this approach is exclusive since
the experiments are typically conceived by only considering a
single polarization. Since in the case of relic gravitons the initial
conditions are not observationally accessible, it is useful consider
also an inclusive approach where the sum over the polarizations is
not neglected in the definition of the intensity and the quantum
state of relic gravitons is unpolarized.

STIHaAS) ()il () {1 P =

{a}
=S "{bYA (k). A (x)la))
{a}
x ({a At ()it o) B D).

that coincides, thanks to the completeness relation, with the
expectation value of the operator given in Eq. (2.3), namely

<{b}|Qn]1 (ipjn) (xlw xn>|{b}>

Equation (2.5) becomes practically identical to Eq. (2.1)
for Xntr = Xr and ( n+r]n+r) = (lr.]r) with r = 1’2’ SNRL
and n = m. The Glauber correlation function in the tensor
case will therefore correspond to

(2.4)

(2.5)

(n)
(i1j1> (’njn) (inljZn)(xl’ o

= THlpA ) ()

XA ()]

12n/2n

Xy Xpg 1y oees X2p)

( n)ﬂ ( n+1)"'

n+l]n+l)

(2.6)

The analog of Eq. (2.6) in the single-polarization approxi-

mation follows instead from Eq. (2.2), and it is given by
S (X1, oo Xy X1 oees X2p)

= Tr[pa) (x1)... 47 (X)) - A(220)]

Having extended the Glauber correlators to the tensor case,

it is now useful to introduce the corresponding degrees of
quantum coherence.

(2.7)

C. Degrees of coherence for tensor fields

The first-order Glauber correlation function follows from
Eq. (2.6) for n =1, and it is

(1) (=)

T3 e x) = (@) (DAl (). (2.8)

From Eq. (2.7), we can similarly obtain the analog of
Eq. (2.8) in the single-polarization approximation:

(A9 (x1)AH) (x7)).

When (i,j;) = (i»j»), Eq. (2.8) describes the intensity
averaged over the tensor polarizations and shall be
denoted by

SW(x1.x7) = (2.9)

AT A +
T0(x,3) = (a5 (A (). (2.10)
Equation (2.6) in the case n =2 determines the
second-order correlation function, which is relevant when
discussing the Hanbury Brown-Twiss interferometry in the

tensor case:
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)
M) i) (ia ) (F10 25 X35 Xa)

) -)

= (A7) ()AL (o)Al ()Al (). (2.11)

Similarly from Eq. (2.7), we can obtain the analog of
Eq. (2.11) in the single-polarization approximation:

(A (20 ) A (oe2) A (o03) A (xg)).-
(2.12)

5(2)(361’3527353%4) =

Equations (2.11) and (2.12) can describe the correlations of
the intensities at two separate space-time points. This choice
corresponds to the interferometric strategy pioneered by
Hanbury Brown and Twiss (HBT) [5,6] as opposed to the
standard Young-type experiments where only amplitudes
(rather than intensities) are allowed to interfere. The appli-
cations of the HBT ideas range from stellar astronomy [5,6]
to subatomic physics [41]. The interference of the intensities
has been used to determine the hadron fireball dimensions
[42,43] corresponding to the linear size of the interaction
region in proton-proton collisions. To disambiguate the
possible origin of large-scale curvature perturbations [7,8]
and of relic gravitons, probably the only hope is the analysis
of the degree of second-order coherence, as we shall argue.
Since the intensity must be Hermitian [40], the standard
HBT correlators follow from Egs. (2.11) and (2.12) by
requiring

Xy = X3,

X4 = Xy, (2.13)
Thus, with the identifications (2.13), the intensity correlators
will be given by

T (xy.00) = (A (0)A% () ()il (x),  (2.14)

(A (1)) (x2) ™) () A (x1)).

Note that Eq. (2.14) does depend on the polarizations
through the sum over the tensor indices, while the sum
does not appear in Eq. (2.15). From the results of Egs. (2.8)—
(2.10) and of Egs. (2.13)—(2.15), the corresponding degrees
of quantum coherence can be easily obtained. More spe-
cifically, the degrees of first-order coherence are

SP(x1,x,) = (2.15)

T<1) (xh x2)

VT TO ()

g(l)(xth) =

(2.16)

When the degree of first-order coherence has an overline, it
means that it is evaluated in the single-polarization

approximation. The single-mode approximation for the
degrees of coherence will be distinguished by a subscript

(i.e., ggl)). For the sake of conciseness in Eq. (2.16), the
following notations have been used,

7(1)(xl):7(1>(x17x1),
5(1>(xl):5(1)(x1,x1),

T“)(xz):/f(l)(xz,xz),

S(l>(XQ):S(l)(X2,X2), (217)

and the same notations spelled out in Eq. (2.17) will be used
throughout. Finally, the degrees of second-order coherence
for the relic gravitons follow from Eqgs. (2.14) and (2.15),
and they are given by

7% (x1, %)
T(l)(xl)T(l)(xz) ’

s? (x1,x7)
5(1)()61 )S(])(Xz) .

9(2)()“1,)62) =

9 (x1,x,) = (2.18)

As in the case of the degree of first-order coherence, the
overline refers to the case of a single polarization; as usual,
g§2> will denote the degree of second-order coherence in the
single-mode approximation.

III. FIRST-ORDER COHERENCE
OF RELIC GRAVITONS

The field operators describing the positive and negative
frequency parts can be expressed as

RPN V2¢p a) —ikE
i 2,TWZ/W a0 @)
NIRPR \/_fP a) —i”»z
AP (X 7 (2n 3/22/\/— ij g (7)e “(32)

where £p = v/8xG and e (w1th a=Q, @) denotes the
polarization tensor of the graV1ton. The creation and anni-
hilation operators obey [d;a,d;ﬂ] = 5<3>(1?— P)8yp and
their evolution follows from the quantum Hamiltonian
discussed in Appendix A and here reported in the absence
of a coherent component,

\ 1 A .
H(t) :E/d?)pz:{p[a;aaﬁa ad_pad i[’”]

+ /1 —pa pa + ﬂ*aﬁa —Pa}

(3.3)

where A = iH = ia’/a and, as already mentioned, the prime
will denote throughout the discussion a derivation with
respect to the conformal time coordinate. Equation (3.3)

“The coherent component will be separately analyzed in
Sec. V. To avoid digressions, some technical aspects involving
the notational conventions have been relegated to Appendix A.
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includes the sum over the two polarizations of the gravitons
and is the continuous-mode generalization of the quantum
mechanical Hamiltonian of Mollow and Glauber [13] (see
also Ref. [44]). In the analysis of the evolution of the scalar
and tensor modes of the geometry, the quantum optical
analogy was first pointed out in Refs. [15,45].

A. General expressions for the degree
of first-order coherence

The evolution of dz (7) and C’Z\T_lz’a(’[) is determined by

the Hamiltonian of Eq. (3.3) via the corresponding equa-
tions in the Heisenberg representation [see Eq. (A9)]. Their
solution is then expressed in terms of the values of the
creation and annihilation operators at the reference time z;,

Ti)bAﬁ.a(Ti) —VUpa (T Ti ) -p, rx(f)

_Z,,a( ) = up a(T’ Ti)l;iﬁ,a(ri) 1)1, a(T T )b; a( )’

where the subscript p denotes the comoving three-momen-
tum, while the subscript a refers to the polarization. All the
wavelengths that are today of the order of (or smaller than)
the Hubble radius were presumably inside the effective
horizon at z; (i.e., kr; > 1) as it happens, for instance, in
the case of conventional inflationary models. The two
complex functions u, ,(7,7;) and v, ,(z,7;) appearing in
Eqgs. (3.4) and (3.5) are then solely determined by the
specific dynamical evolution of the pump field A appearing
in Eq. (3.3), but they are also subjected to the condition
10 o(T. 7)) = |Upq(7.7;)|* =1 since the commutation
relations between the two sets of creation and annihilation
operators must be preserved. For each of the two tensor
polarizations, u,,(7,7;) and v, ,(7,7;) depend upon one
amplitude and two phases, and in spite of their specific
unitary evolution, they can always be parametrized as

(S

rx(T> = up,a(T’ (34)

T

D>

(3.5)

Uy o(7,7;) = e % cosh ry,,

Via(7,7;) = €Orat¥ea) sinh ry ,, (3.6)
where 6y, O 4, and ry, are all real and depend on 7 and 7;.
The canonical transformation of Egs. (3.4) and (3.5) is
generated by the squeezing operator S(z) and by the
rotation operator R(5),
S(z) = e, R(8) =e @2 (3.7)
where o(z) and n(5) involve both an integral over the
modes and a sum over the two tensor polarizations:

These two operators are typically expressed for a discrete set
of modes, but in the present context, their continuous-mode
generalization must be considered as it happens in the derivation
of the ground state wave function of an interacting Bose gas at
zero temperature [46,47]; the same approach has been used to
describe the superfluid ground state [48,49].

-y / PRaby b, ~ bl B (38)
A
Z/vd:;kék]L % bA/z,/l_‘_bA—];.lei]zl}'

Note that 6, ; is real, while z; ; = ry ,e'%:; the parametri-
zation of Eq. (3.6) follows from Egs. (3.4) and (3.5) by
appreciating that®

R (5)S*(2)b; ,S(2)R(5)

(3.9)

= e7Pracoshry, by  — €%t sinh rk,al;T_Ea, (3.10)
RY(8)S'(2)b" . S(2)R(5)
= e'a cosh rkaéj]:a — ¢1Otdd) sinh ry bz . (3.11)

Recalling the specific form of Egs. (3.8) and (3.9), the
squeezed states of the field will then be denoted as
|{z6}) = S(z)R(5)|vac). From the Hamiltonian (3.3),
the evolution equations for 7 ;, 6 ;, and 6, ; can be easily
derived and are reported in Eqs. (A15) and (A16). Inserting
Egs. (3.1) and (3.2) into Eq. (2.8) and using Egs. (3.4) and
(3.5), we obtain the explicit form of the first-order Glauber
correlation function given in Eq. (2.8):

1
T, (x1.x,) = @ﬁmuy<»
d3’< &’p (@ (5)
« e—i(l?-)?ptﬁ»fz) U]t,a(fl 77

X Ult,ﬁ(fz»fi)<I;1§,a(fi)l;iﬁ,ﬁ(7i)>-

(3.12)

(z;) annihilates the initial state
at 7;, the expectation value appearing in the last line of
Eq. (3.12) corresponds to 6 )(k+ P)b,5. However, to

account for the possible presence of a finite number
of gravitons at 7;, the expectation value shall be modified

as (by (z:)bL; 5(7:)) = [Au(z;) + 1169 (k + P)Sap, where
i (z;) denotes the average multiplicity of the initial state.
With these specifications, Eq. (3.12) becomes

If the operator 13;’0[

d3k
Thken0) = s [ 5 S el ialer mOpitea )

x [ (7;) +1] "’” (3.13)

Note, incidentally, that §; , denotes the phase § with modulus
of three-momentum k and polarization a; this quantity has noting
to do with the Kroeneker 5,5 where a and f are instead two
generic tensor polarizations. With this specification, no confusion
is possible.
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where 7 = (X, — X,). In the standard situation, the relic
graviton background is not polarized so that the u; , and
vy are the same for each of the two polarizations:

Uk(”b" Ti)?

u(z.7;).

Uk,®<7’ 7;) = Uko (z.7;)

Mk,@(f, 7;) = U g(7,7;)

(3.14)

Inserting the condition (3.14) into Eq. (3.13), we have that
the first-order correlator becomes

) (= =
Tijkf(xlaxzﬂlﬂz)

3 ==
:& d’k .Az]k»f’( )Uk<71771)1]k(1‘2, )[nk(fl)+1] —ikF
(3.15)

Aijue (k) = ! [Pit(k) P2 (k) + pic (k) p j (k) = pij (k) i (K)],

4
(3.16)
|

T(l)(xlvx2771’72)

(1)
91(771772 \/ @) \/T @)

J kdkjo(kr)vi(zy, 7:)vi(7a, 7)) [ (7) + 1]

where p;;(k) = [6;; — kik;). The degree of first-order coher-
ence is determined by Eq. (3.16) with k =i and £ = J,

TOE,, T 11.7) = T (11 1,)
1 , .
:P/kdk]o(kr)vk(flvTi)Uk(TZvTi)
x [fg(z;) + 1, (3.17)

where r = |X; — X,| and j,(kr) = sin kr/(kr) is the zeroth-
order spherical Bessel function [50,51]. In the single-
polarization approximation the analog of Eq. (3.17) reads

1 N
ZT(U(xhxz;ThTz)-

SW(X), %y 71,7) = (3.18)
In Eq. (3.18), the factor 4 comes from the sum over the
polarizations that is counted in 7 (7;7;,7,) but not in
8(1)(?; 71,75). As a consequence, the degree of first-order
coherence is

(r Ty, 72)

(3.19)

\/fkdk|vk(71s7i)|2[ﬁk(7i) +1]

The degree of first-order coherence computed in the single-
polarization approximation, i.e., 3" (r;7,,7,), coincides
with ¢(V)(r;7,,7,) because of Eq. (3.18). When 7, — 7,
and r — 0, we also have that

lim g(l)(}l’}l;TlvTZ) = lim 9(1)(}2,}2;71772) =L
127 127

(3.20)

Thus, in the zero-delay limit and for spatially coincident
points, the relic gravitons are always first-order coherent.
The result implied by Eq. (3.20) is actually more general,
and it holds in all relevant physical regimes, as we shall
discuss in the following three subsections.

B. Degree of first-order coherence
beyond the effective horizon

For the sake of concreteness, we shall first consider
the situation where the scale factor evolves as a power
of the conformal time [i.e., a(zr) = (-t/7,)" for
7 < —71]. The explicit form of u,(z) and v;(z) follows
then from the solution of Eqgs. (A12) and (A13) with the

\/fkdk|vk (12, 7)) [k () + 1].

correct boundary conditions for 7 — —oo; the result is
given by7

T

i (7) = N\/——k?[ 0k )—f—(%—i)Hw(—kr)],
(3.21)
o(7) = = NV et [Hfjl(—kf) + <%— i) Hiz’(—kr)] :

(3.22)

where N = /7/2e™+1/2)/2 and v = (B + 1/2). In the
exact de Sitter case, # — 1 and v — 3/2, and the results
of Egs. (3.21) and (3.22) then imply

Equations (3.21) and (3.22) follow from the solutions of
Egs. (A12) and (A13). The linear combinations f; = (u; — v})/

V2kand g, = —i(u; + v§)+/k/2 satisfy two decoupled equations
that are solved in terms of Hankel functions of first and second

kinds [50,51].
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i . i .
Mk(T) = (1 —%> €_lkT, Uk(T) = —%e’kf. (323)

When the given wavelength is larger than the effective
horizon (i.e., kt < 1), Eq. (3.23) implies that u(z7)~
v(t) =~ i(=2kz)~!. The squeezing parameters and the
squeezing phases can be determined directly from
Egs. (A15) and (A16), but the same result also follows from
the explicit expressions of u;(7) and v, (r) with the help of
Eq. (3.6). For instance, in the case of an exact de Sitter
background of Eq. (3.23), the squeezing parameter and the
two corresponding phases are

ry = arcsinhy — —In (—=k7) + K*7> + O(k*z*), (3.24)
7 8,53 5.5
6y =kt —arctany — —kr—z—i-gk* 7 +0(k7),  (3.25)
T 833 5.5
Gk:§+arctany—>2kr+ﬂ—§k 7 +0(k7), (3.26)

where y = H/(2k) = 1/(—2kz). The conformal time coor-
dinate 7 is negative during an exact de Sitter phase so that
y = —oo for typical wavelengths larger than the effective
horizon. In the same limit, it also follows from Egs. (3.25)
and (3.26) that the combination (6, + 6;/2) is practically
vanishing to an excellent approximation:

lim <5k + %> - ik3r3 +O0(k7) < 1. (3.27)
|kz|<1 2 3

While the result of Eq. (3.27) holds in the exact de Sitter case,
in the quasi-de Sitter case, we have instead® v = (3 —¢)/
[2(1 — €)]. In the quasi-de Sitter case, the results of Eq. (3.22)
can then be expanded by recalling that for the range of
parameters characteristic of the slow-roll dynamics (i.e.,
€ < 1) we have

H ()= (%) {F(y) . <§>2r(y_1)+0(z4) ,

(3.28)

where the plus and the minus apply to the Hankel functions of
second and first kinds, respectively [50,51]. Since to leading
order in |kz| there is a cancellation in v;(7) and u;(7), the
correct asymptotic result follows from Eq. (3.28) by keeping
the next-to-leading correction in |kz|,

*Note that e = [H> —H']/H? is the slow-roll parameter
written in terms of the conformal time parametrization consis-
tently employed in the present paper.

0= Tk (i)
up(t) = —=—T(v)(—kr)™ i+=),
‘ 2V/2r 2

e—ilr(v—3/2)/2 r L 1 X 32
1.(7) = —T(v)(=kt)™¥ i+=, .
(1) = Tk 2 (i43). (29)
which coincides with Eq. (3.23) for v =3/2 and in
the limit |kz] < 1. According to Eq. (3.29), the

asymptotic values of the phases appearing in Egs. (3.25)
and (3.26) are given by 6; = z(1/2 —v)/2 + O(kr) and by
(0 +6;) = 7(5/2 —v)/2 + O(kr). Conversely, in the
quasi-de Sitter case, the combination (5; + 6,/2) of
Eq. (3.27) is much larger than O(k37%), i.e.,

. gk 77:(3-21/)
1 o +—= | =——"> k
k11|121<k+2> 4 + Olke)

~ —ne/2 + O(e?) + O(kr).  (3.30)

From the results obtained so far, it then follows that the
degrees of first-order coherence of Eq. (2.16) can be
explicitly computed from Eq. (3.29) when the relevant
wavelengths are larger than the effective horizon:

dV(r,1,1) = [ kdkjo(kr) || "2 iy (z;) + 1]
e [ kdk|kPt, 25| P g (z;) + 1]
_ J 0 dkjo (kr) [y (7;) + 1]
[ K dk[i(z;) + 1]

=g (r.71.15).

(3.31)

Equation (3.31) shows that the degrees of first-order
coherence defined in Eq. (2.16) coincide and the single-
polarization approximation gives the same result of the
exact Glauber correlator. Since the dependence on 7; and
7, disappears from Eq. (3.31), the degree of first-order
coherence goes always to 1 beyond the effective horizon.
Equation (3.31) explains and justifies the analog result
already mentioned in the zero-delay limit [see Eq. (3.20)].

C. Degree of first-order coherence inside
the effective horizon

When the expansion rate exceeds the wave number, a
mode is said to be beyond the effective horizon; this does
not necessarily have anything to do with causality [52]. The
qualitative description of the evolution of the tensor modes
of the geometry stipulates that a given wavelength exits the
effective horizon (also dubbed sometimes Hubble radius)
at a typical conformal time 7,, (for instance during an
inflationary stage of expansion) and approximately reenters
at 7,,, when the Universe still expands but at a decelerated
rate. Inside the effective horizon, i.e., in the limit [kz > 1,
Egs. (3.24)—(3.26), the squeezing parameters become
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0
5k+3":kr+z>>1.

<1,
145 4

Sp~kt, Op=n/2,

(3.32)

By taking the large argument limits of the corresponding
Hankel functions in Eqs. (3.21) and (3.22), u;(7) and v;(7)
can be determined when |kz| > 1,

up(z) = ek {1 + O(%)]
(1) = —eikt {1 + 0(%)]

implying &; ~ kz and (6; + &;) ~ kz. These results also
imply that 6, + 6, /2 ~ kr > 1 and apply when the modes
of the fields are inside the effective inflationary horizon.
Equation (3.33) is, however, not applicable during the
radiation of matter phases but only describes the modes
inside the effective horizon during the inflationary phase.

To compute the degrees of coherence inside the effective
horizon after the end of inflation, it is simpler to avoid a
specific exact solution such as the ones discussed in
Egs. (3.21)—(3.22) and directly work within an appropriate
Wentzel-Kramers-Brillouin (WKB) approximation where
the evolution of u; and v, will be approximate but more
generally applicable. The strategy will be to ensure the
correct normalization of u; (7) and v (7) in the limit k7 > 1
and then compute their form when the modes reenter either
during the radiation-dominated phase or during the matter
epoch. This analysis has been relegated to Appendix B, and
it can be found in the current literature. As a consequence,
the functions u(z) and v, (7) can be expressed as

(3.33)

u(7) = Kl - ’;) e (ke — % c_ (k)e”“]

- c(k)e7ik, (3.34)
vi(7) = {% c* (k)ek — <1 - %) C*_(k)e_””}
— —c* (k)e i, (3.35)

where c (k) have been determined in Eq. (B4) from the
exact matching across the turning points 7, and z,, (see
also Refs. [15,24]). As a function of kz, the explicit
expressions of Egs. (3.34)—~(3.35) hold in the limit
kz > 1. The values of c.(k) depend on the reentry and
on the exit of the given mode, and they can be usefully
approximated from Eq. (B4) as’

*We correct here a minor typographical error in the second
paper of Ref. [24] where 7, and 7,, have been interchanged in the
phase v.

=T [(2) (5) (2]
(3.36)

where v, (k) = k(z,, F 7,.) and the relation |c (k)|> —
|c_(k)|> = 1 holds explicitly. Equation (3.36) follows from
the results of Appendix B, and it implies that, for wave-
lengths shorter than the effective horizon, the degree of

first-order coherence becomes

g (r71.5) =g (r,71,1)
:fkdkjo(kr)|c_(k)|2[,-1k(1i)+1]e—;k<fl_fz)
Jkdk|c_(k)[? [ (z;) +1]

(3.37)

The result of Eq. (3.37) goes to 1 in the zero-delay limit;
conversely, if 7| # 7,, the degree of first-order coherence
computed from Eq. (3.37) is always smaller than 1; i.e.,
|9 (0,7,.7,)| <1 where the sign of equality holds
for T = 7p.

D. Single-mode approximation

If the integrals over the modes and the sum over the
polarizations are replaced by a single quantum oscillator,
the two terms appearing in the exponent of the operator
S(z) become

(3.38)

This is, in a nutshell, the idea of the single-mode approxi-
mation, which is not fully realistic since, in Eq. (3.38), the
squeezing parameter and the phases must anyway follow
the dynamics coming from the full Hamiltonian. With these
caveats, the single-mode approximation is crude but
interesting, at least for comparison. We shall denote with
the calligraphic style the continuous-mode operators, while
the single-mode operators will be denoted by the standard
capital letter in roman style; so, for instance,

2

S(z) = S(z) =703 R(5) > R(8)=e~H'a, (3.39)

where z = re®?, a = |a|e’” and so on and so forth. Using

the properties of Eq. (3.39), we will have, for instance,

RY(6)S%(z)aS(z)R(6) = e~*®coshra — e'?+9) sinh ra.
(3.40)

The degree of first-order coherence in the single-mode case
will then be given by
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ey, 7) = . (341

where the subscript s reminds us that we are here discussing
the single-mode approximation. In spite of the statistical
properties of the state, ggl) — | in the zero-delay limit'
(i.e., for 7; = 7,). The single-mode limit can also be
implemented in a slightly different way by introducing
two different oscillators [¢,éT] =1 and [d.d'] = 1 (with
[é, [i] =0). In this case, the two-mode squeezing and
rotation operators [53,54] [analogs of R(5) and S(z) but
valid in the two-mode case] imply

R'(8)S"(2)éS(z)R(6) = e~ cosh ré — ¢!+ sinh rd",

(3.42)

R'(8)S*(z)d S(z)R(8) = e~ cosh rd — €!?+9) sinh réf.

In this case, the sum @ = (¢ + d)/\/2 obeys [a,a'] = 1.
By summing Egs. (3.42) and (3.43), Eq. (3.40) is
recovered. The degree of first-order coherence will then
follow, with the same properties, from Eq. (3.41). In the
approach of Egs. (3.42) and (3.43), the multiplicity of a
given state is the sum of the individual multiplicities,

ie., (z|latalz) = ((z|¢te|z) + (z|d'd|z))/2 = sinh? r.

IV. SECOND-ORDER COHERENCE OF RELIC
GRAVITONS

A. General expressions for the degree of
second-order coherence

The Hanbury Brown-Twiss correlations preliminary pre-
sented in Eq. (2.14) will now be estimated. For the sake of
convenience, the discussion mirrors exactly the same steps
of the previous section. After determining the correlation
functions, the degrees of second-order coherence will be
explicitly discussed in various limits. From the expressions

(3.43)  of A7) (x) and ) (x), Eq. (2.14) becomes
|
3 3 3 3 .. -
T (XI,X2 d kl d k2 d k3 d k4 e_i<kl+k4>‘5‘.1e_i(kszkS)‘zz
2k ) 2k, \/W 2k,
x zzzze (ke (k)ey! (k)efi (ka)(a™,  (m)a'y  (m)ag , (©:)dg, (@) (4.1)

a a ay oy

The expectation value appearing in the last line of Eq. (4.1) must be first referred to the initial time z; when, by
definition, all the relevant modes are inside the effective horizon (i.e., kz; > 1). For this purpose, using Egs. (3.4) and (3.5),

we can write

(0)a'; (@), (22)d (7)) =

Since the relic graviton background is not polarized,
as in Eq. (3.13), the standard quantum-mechanical
initial conditions imply u; g (7. 7;) = use(7.7;) = ui (7, 7;)
and vy g (7, 7;) = Vg (7, 7;) = vi(7, 7;). If the initial state is
not the vacuum  at 7;, the expectation value can be
expressed as (l;f (-)5;,,;(13)} = 7y (78,500 )k - P),
where 7(z;) is the average multiplicity of the initial state

and the standard case vacuum result will be recovered from
the final HBT correlations in the limit 7;(z;) = 0. After

""The second-order correlations in the single-mode approxi-
mation will not be that trivial but they will instead depend on the
specific properties of the quantum state.

As already mentioned in Sec. III, this parametrization of the
initial state will be complemented by the considerations of Sec. V,
where a more specific discussion will be outlined.

vzl,a, (ﬁﬁi)”izuz (72:70) Uy .y (72,71 Vi, (Tl’Ti)<B

b BT b )

- Ky, —k3a; —ky,ay

k.o
+vltl,al(TlvTi)ultz,az(TZvTi>uk3,a3(T2vTi)Uk4.a4(Tlth)<l; b. bp b ).

kiar kg k305 —kya

(4.2)

|
inserting into Eq. (4.1) the results of Eq. (4.2), the explicit
form of the HBT correlations is

/d3k/d3
x {4|Uk(7177i)| vy (12, 7:) 2
(k- p)*I[1+3(k- p)?]
X [UZ(TlaTi)”;(TZ’Ti)Uk(TZvTi)vp(TIvTi)
+ vty 7)ug (72, 7i)u, (72, 7;)

X ”p(Tl’Ti)]e_i(z_m'?}-

T (x),x,) = + [, (z;) + 1]

1
-
+4 0+

(4.3)

Equation (4.3) differs from the single-polarization approxi-
mation described by Egs. (2.12) and (2.15). In the
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single-polarization approximation, Eq. (4.3) must then be
replaced by the result that follows, in the same physical
situation, from Egs. (2.12) and (2.15):

/d3k/d3 i
4(2x)° "
x{|vg(z1,7)[? |vp(7277i)‘2

+ [vi (71, 7:) v (72, 7)) vk (72, 7:) v, (71, 7;)

+ (T, 1) up (72,7 ) Uy (72,70, (71, 7;)]

x e~ik=P)TY, (4.4)

8@ (x),x,) = (z:) +1]

Following the same logic, the explicit expression given in
Eq. (4.4) together with Eq. (3.17) shall be inserted into the
second expression of Eq. (2.18), and this will lead to the
explicit expression of the degree of second-order coherence
in the single-polarization approximation. The results of
Egs. (4.3) and (4.4) imply that the degrees of second-order
coherence of Eq. (2.18) only depend on r = |X; — X|:

T(Z) (}’, 1, TZ)
T(l)(fl)T(])(Tz) ’

TO@) = / kdklvg(0)Pl(e) + 1), (45)

g<2)(r’ 71 72) =

Elk,p,r /dk/dp{1+ + (k-
_7047r 3527z
T15 45

PN+ 3(k-

= (K22 4 p2r?) + O(K*r*) + O(p*r) +

S (r,7,7,)
a2 =< \ra)
g (F, T[,Tz) S(l)(rl)S(')(rz) s

1

sV = 15 / kdkloy(2)Pl(e) + 1. (4.6)

B. Degree of second-order coherence beyond the
effective horizon

When the wavelengths of the gravitons exceed the
effective horizon, the functions u;(z,7;) and v (7, 7;) are
given by the result of Egs. (3.29). Using Eq. (4.3), to leading
order in k7r; <1 and p7, < 1, the HBT correlations
become

24T (v)

T(2>(F,TI,T2):W

/ kdk[fig (z;) + 1] ez |12

x / pdplii, (z;) +1)|pr|

x E(k, p.r)[1+O(K*2})][14 O(p*z3)],
4.7)

where the function £(k, p, r) appearing in Eq. (4.7) can be
expressed as
ﬁ)z]e-i(z-ﬁ).f}

+ O(k*p?r*). (4.8)

In Eq. (4.8), dk and dp denote the angular integrations over the directions of the comoving three-momenta. The result of
Eqs. (4.7)—(4.8) can be compared with the intensity correlations computed in the single-polarization approximation. For this
purpose, Eq. (3.29) must be inserted into Eq. (4.4) so that, to leading order in kr; < 1 and pr, < 1, the intensity
correlations in the single-polarization approximation will be

241/1“4( )

§W(rom)= 256(27)°

/ kdk[a(z;) +1]|kz, |12 / pdpli,(z;) + 1| pra| =2 E(k. p.r)[1 + O(K*2})][1 + O(p*23)].

(4.9)

[
the explicit form of 7(!)(7) and S")(z) given in Egs. (3.17)
and (3.18). Bearing in mind the results for the first-order
correlations, it turns out that the intensity correlations are
factorized as follows,

where this time the analog of Eq. (4.8) is given, with the
same notations, by

E(k,p.r) /dk/dp (1 + 2¢-1k=P)7]
41
TO(r,7),7)) ~—T W ()T W (z,), 4.11
—4877: —§ (k2r2+p 7 )+O(k4 4) ( 1 2) 30 ( ]) ( 2) ( )
@ ~ 380 (7,)SM 4.12
+ O(p*r*) + O(K2p>r). (4.10) §9(r71,1) 2 38W(e)5 (), (4.12)

when the wavelengths exceed the effective horizon. The

The degrees of second-order coherence defined in Egs. (4.5)
and (4.6) follow then from Eqgs. (4.8) and (4.9) by recalling

approximate equalities remind us that Eqs. (4.11)—(4.12)
hold in the limits |k7;| < 1 and |p7,| < 1. Thanks to
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Egs. (4.5) and (4.6), the results of Egs. (4.11) and (4.12)
imply that'?

41
% )
According to Eq. (4.13), the degree of second-order coher-
ence is always super-Poissonian when the relevant wave-
lengths exceed the effective horizon since both ¢ and §®
are larger than 1. In the single-polarization approximation,
the degree of second-order coherence goes to 3, while the

presence of the polarization reduces the degree of second-
order coherence.

g(z)(r,rl,rz) - §<2)(r, 71,72) = 3. (4.13)

C. Degree of second-order coherence inside
the effective horizon

The initial conditions of the Einstein-Boltzmann
hierarchy (both for the scalar and for the tensor modes
|

of the geometry) are set before matter-radiation equality
when the relevant wavelengths are larger than the
Hubble radius at the corresponding epoch [7,8]. For an
experiment probing the degree of second-order coherence
in the cosmic microwave background (CMB), the results of
Eq. (4.13) are the most relevant ones. If we are, however,
interested in gravitons of which the frequencies are
comparable with the operating window of wideband
interferometers (i.e., between few Hz and 10 kHz), the
relevant expression of the degree of second-order coher-
ence follows when the wavelengths of the gravitons are all
within the effective horizon. As already established in
Egs. (3.34)—(3.35), inside the effective horizon, u,(7)=
c.(k)e™ and vy (7) = —c_(k)*e'*. In the limit kz;>1
and p7, > 1, Eq. (4.3) reads

3 3
TOrr.12) =y [ ) +1] [ L0y e+ e (e (p)F

(27)°

4

214 (kR +3(6 2 lle- (P le_(p)P+e- (k)

¢ (K)ey (p)et(p)lebninm) e=i(=PIT) - (4.14)

The last to terms of Eq. (4.14) can be rewritten by factoring |c_(k)[*|c_(p)|* and by using Eqs. (3.36) in the obtained

expression; the result of this step is given by

c_<k>|2|c_<p>|2[1 +%} ~ le_(B)Ple <p>|2{1 ; F

ct(k)e_(p

,e/k>] [o T H,e/m] } (.15)

(i +Hye/K)] L =Hye/ P)

Equation (4.15) can be explicitly estimated in two complementary limits. In the first case, kz,, = pz,, ~ 1; this choice
corresponds to the situation where, in the vicinity of the turning points, |a”/a| # 0. If the modes reenter when the condition
|a”/a| — 0, then kz,, < 1 and pz,, < 1 (see also Appendix B and the discussion therein). In both situations, the results are
similar, and Eq. (4.15) can be approximated as

TOrevm) = [ Gl +1] [0, )+ 14l (e ()P

+%[1+(/2. 2[1+3(k-

-

Py Hle-(k)Ple-(p)]P +c_(k)ct (k)e, (p)et(p)le trmmmlemi=r T} (4.16)

The result of the angular integration appearing in Eq. (4.16) is a complicated function of kr and pr that goes to a constant for
kr <1 and pr < 1. Therefore, the degrees of second-order coherence will receive the dominant contribution for

kr~pr~QO(1),
AL [ kdk[iy (@) + 1le- (k) [ pdple_(p) Pl (z;) + e P
P 230 Tkailte + - J paple_(p)Pla(e) + 1] 1
e 03) 3 LK) e (OF | pdple(p)Pla,(r) + e .

Kk, ( K> [ pdple_(p) i, (z;) +

7;) +1]e- U

"Note that a previous analysis of g (r,z;,7,) in the limits |kz,| <1 and |kz,| < 1 led to 71/60 ~ 1.18 [18], while this more
accurate analysis shows that this result must be corrected as 41/30 ~ 1.36.
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where A7 =1, —17,. Equations (4.17) and (4.18)
coincide with Eq. (4.13) in the zero-delay limit. When
7| # 75, it can be demonstrated that |¢® (7)| < ¢/¥(0) and
13 ()| < g?(0), which implies, in a quantum optical
language, that the degree of second-order coherence is not
only super-Poissonian but also bunched [1,40].

D. Single-mode approximation and its
physical interpretation

The degree of first-order coherence has been analyzed in
the single-mode approximation at the end of Sec. 111, and in
full analogy with the definition of Eq. (3.41), the degree of
second-order (temporal) coherence will be defined as

A} A"' A A
& (@) = <? ()4 (TZ)TWE“» (4.19)
(@' (z1)a(z))(a@" (r2)d(z,))
In the zero-delay limit, Eq. (4.19) becomes
AT AT A A
lim ¢ (7). 7,) = g = \aaaa) (4.20)

127

where, for simplicity, we will employ the notation g§2’ =

g (0). After using the commutation relations, Eq. (4.20)
can be expressed in terms of N =dfd and of the

dispersion ¢

2 (N) + (N)? . .
¢ = % o2 = (N2) — (V2. (4.21)
(N)
Equation (4.21) is often presented in terms of the so-
called Mandel Q parameter [1] defined, within our
notations, as Q= (N)[g¥) —1], implying Q0 =62/(N)—1.
In the case of a single-mode squeezed state, we have that
the previous quantities can all be expressed in terms of a
single parameter, which is the average multiplicity of the

state denoted hereunder by (N) = i, = sinh? r:

1
g§2)23+%, 0=(i+1).  (422)
In the case of a coherent state, the Mandel parameter
vanishes so that the result of Eq. (4.22) can be dubbed
by saying that the degree of second-order coherence is
super-Poissonian. The results obtained in the present
section suggest the following hierarchy:

¢P =52 > ¢® > 1. (4.23)
The first equality follows from the comparison between the
single-mode approximation of Egs. (4.21)—(4.22) and single-
polarization approximation discussed in Egs. (4.12),
(4.13), and (4.18). Equation (4.23) suggests that the inter-
ference of the intensities of a single polarization can be

approximated with the interference of the intensity of a single
mode of the field. The effect of the polarizations is a
progressive reduction of the degree of second-order coher-
ence. This reduction preserves the super-Poissonian charac-
ter of the quantum state so that the Poissonian limit (typical of
the coherent state) is never reached.

V. STIMULATED VERSUS SPONTANEOUS
EMISSION

The stimulated emission of relic gravitons does not
reduce the degrees of coherence below the Poissonian
limit, provided the average multiplicity of the initial state
does not dominate against the average multiplicity of the
produced gravitons. This conclusion partly follows from
Egs. (3.37), (4.17), and (4.18), where the average multi-
plicity of gravitons at z; has been already considered.
When the average multiplicity of the initial state does not
vanish, the previous results describe the interference of the
intensities of the relic gravitons produced by stimulated
emission. Conversely, in the limit 72;,(z;) — 0, the same
expressions hold in the case of spontaneous emission where
by(z;) annihilates the vacuum at ;. While the previous
analyses show that the super-Poissonian behavior is not
altered by more general parametrizations of the initial state,
it is also true that the parametrization of the initial state
suggested above is not the most general one. This com-
plementary aspect of the present analysis will now be
clarified by considering the initial conditions provided by
a coherent state in the continuous mode representation.
Since a given multiparticle density matrix can be projected
on the coherent state basis via the so-called Klauder-
Sudarshan P-representation [4], this analysis seems
appropriate and sufficiently conclusive, at least for the
present purposes.

A. Squeezed coherent states

For a continuum of modes, the Glauber displacement
operator is defined as [55]

D(a) =ed®), d(a):z / d%[a;ﬁb—azﬂfzm], (5.1)
A

with the same notations already employed for the squeez-
ing and rotation operators S(z) and R(8) of Egs. (3.7) and
(3.8). The squeezed coherent states of relic gravitons can
be introduced in two complementary perspectives mirror-
ing their quantum optical analogs originally discussed
by Caves [56] (sometimes also referred to as the ideal
squeezed state) and by Yuen [57] (the so-called two-photon
coherent states). In the Caves representation, the initial
state is rotated, squeezed, and finally displaced,]3

BWe recall that, by definition,

{p}) = D(p)|vac).

{z6}) = S(z)R(8)|vac) and
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e., [{azé}) = D(a)|{z6}). In the Yuen representation
[57], the squeezed-coherent states of relic gravitons are
instead defined as [{z68}) = S(z)R(8)|{f}). According to
the strategy of Ref. [57] [appropriately extended to the
continuous-mode description of Eq. (5.1)], the creation
operators transform as

D' (B)R'(8)S"(2)d7:S(2) R(5)D(B)

— [ ,—ib; . i(0,,482) o *
= [e 4 cosh rq,lﬁq,l — ¢/%4+93) sinh rq/lﬁ_zﬂ]

+ e cosh r,dz; — €%t sinh r "

(52

If the action of the displacement operator precedes the
squeezing and the rotation, as suggested in Ref. [56], the
creation operators transform instead as

R (6)S"(2)D (@)d;

= ag, + e % coshrydz, — e

D(@)S(2)R(9)

i(0,,46,) o AT
@27 %. smhrqla_ﬁ.

(5.3)

Comparing the two expressions of Egs. (5.2) and (5.3), we

conclude they are not equivalent in general but coincide, in

practice, provided aj, equals the expression inside the

square bracket appearing in Eq. (5.2), i.e.,
—i5

_ i(0406,2) o x
az;,=e 4-ﬂcoshrq%ﬁq~’l—e(4~l 4.0) s1nhrq.,1ﬁ_w

(5.4)
Even if Egs. (5.4), (5.2), and (5.3) are general, for the
present purposes, it will be sufficient to consider a single
polarization and then contrast the obtained results with the
findings of the previous sections.

8@ (xy,x7) = (A7) (o)A () 4™ () at+
+ e (x2) P () (xp)ath)
+ s (o e (22) () () g

B. Degrees of coherence

The first-order and second-order Glauber correlators for
a squeezed-coherent state are

SN (xy,x,) = ({8za} a0 (x))AH) ()| {az8}),  (5.5)
@) (x,x7) = ({8za} A7) (x)) ) (x,) )
x (62)a ) (31 ) {az5)). 56)

The action of D(a) over /i) (x) and () (x) displaces the
field operators by their classical value [55],

pe(x) + A (x),

D (@)a™ (x)D(a) = ue(x) + 4 (x),
1 i S
pe(x) = (2ﬂ)3/2 \/_k age L (8T)

where we stress that 4. (x) is not an operator but a classical
field. Inserting Eq. (5.7) into Eq. (5.5), the first-order
Glauber correlator is

S (x1.62) =z (e e (32) + ({62} (x A
=pe(xX1)ue(x2) +Wo(r.71.72),
:%/kdkjo(kr)UZ(Tl)vk(TZ)'

(x2)[{z8})

Wo(r,71,72) (5.8)

The first term in Eq. (5.8), analog to the condensate arising
in the theory of superfluidity [48,49], depends on x; and x,.
Conversely, the second term W(r,z;,7,) is the quantum
contribution, which is a function of the distance. The
explicit form of the HBT correlations is given by

J(62)) + e (61 Pl (02) 2+ e ()P (A7) (02) 2 (x2))
(1)) 4 pae (e ) (o) (2 (x
(1)) + e (x1 i (x2) (A=

2R (1)) + pe () (42) (A (1) A (x2))
(x

DA (x2)). (5.9)

Besides the contribution of the condensate and of the quantum fluctuations [first line of Eq. (5.9)], we can identify a mixed
contribution [second line of Eq. (5.9)] and two interference terms [third and fourth lines of Eq. (5.9)] that depend on the
mutual phases characterizing the displacement, squeezing, and rotation operators. The degree of second-order coherence
can then be expressed in the following manner,

Wi(r,71,75) HE(x e () Wo (1, 71, 70) + e (1) pé (%) Wi (r, 71, 72)
(e (x> + Woz)][lue (x2)[* + Wo(22)] (e (x> + Wo ()]l (x2) [F + Wo(22)]
()i () Wi (r 11, 70) 4 pe () e (x2) Wi(r. 74, 72)
(e () > + Wo(z)][le (x2) [ + W (22)]

9P (x1,x) =1 = +

: (5.10)

where, from Eq. (5.8), we defined W,(z) = W((0,7,7) and also
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W21, 72) = (8O (r)A) () () (1)) = (00 (1) ()} ) (1)) (1)

— ot | Ktkintkn) [ pdpio(prluim)es ron(es) vy (e0) + vim)um )y )y ()l (500
Wl e2) = ()i () = s [ kdlilkr)oi(ez) o) (5.12)

1 .
Ws(r.7y,75) = —<;2(+>(x2)/2(+>(x1)> = m/kkoo(kr)uk(Tz)Uk(Tl)- (5.13)

According to Eq. (5.10) and thanks to the explicit form
of Egs. (5.11)—(5.13), the sign of ¢®(x,,x,) —1 may
become negative, and this possibility is well known from
quantum optical studies where a squeezed state with a
strong coherent component may have a sub-Poissonian
statistics [1,40,56,57], provided the average multiplicity of
the coherent component dominates against the squeezing
contribution, as already anticipated at the beginning of this
section. A similar conclusion will be reached hereunder,
and to investigate the analog phenomenon in the present
case, we consider the regime x; — x, where Eq. (5.10)
becomes

Wi(z) +[Ws (o) Wo(1)
(e + Wo(@)]*  [lue(x)? + Wo(2)]?
pE(xX)Ws(7) + pz(x)Wi(e)

R P AT -

gP(x) -1 =

The explicit expressions of Wy(z), W;(z), W,(z), and
W;(r) appearing in Eq. (5.14) are

1

Wole) = Wale) = 1 / ko (P, (5.15)
Wi(z) = Wi(e) +|Ws(2) P, (5.16)
Wi(e) :# / kdkug(o(e).  (5.17)

While the term appearing in the first line at the right-hand
side of Eq. (5.14) is always positive semidefinite, the
remaining two terms (in the second line of the same
equation) do not have a definite sign. We can therefore
conclude that g (x) > 1 as long as the average multiplic-
ity of the produced gravitons exceeds the coherent com-
ponent of the initial state. In particular, when yu.(x) — 0,
the case treated in the previous section is recovered, and
g¥(x) = 3.

C. Wavelengths inside and beyond the effective horizon

If the spectrum of the initial fluctuations is characterized
by a given wavelength (for instance a thermal wavelength)
at z;, the present value of this characteristic scale will be

I

much larger than the Hubble radius at the present time unless
the total number of e-folds N, is very close'* to the critical
number of e-folds N; = O(66) [58,59]. Even assuming
(or tuning) N, ~ Ny, it seems difficult to conceive an
initial state that could make the statistics sub-Poissonian.
For this purpose, we can investigate more carefully the sign
of g (x) — 1 when the coherent component dominates over
the average multiplicity of the produced gravitons. It is
useful to introduce the quantities e, (x) =W (z) /|, (x)|* <1
and e3(x) = W3(7)/|u.(x)]> < 1 thatare both smaller than 1
when the coherent component exceeds the squeezed con-
tribution; Eq. (5.14) can then be written as

€2(1) + |es(x)? €o(x)
@(x)=1=-2
g% (x) -1 [1+ eo(x)]? +2[|,uc(x)|2+Wo(T)]2
e 200 g5 (x) + eXrWek (x
) ﬁ(+);<r>12 e

where 1. (x) = €™ |y, (x)| has been separated in its modu-
lus and phase. The first term on the right-hand side of
Eq. (5.18) contains contributions O(e3) and O(€3) that are
subleading in comparison with the remaining two terms (of
order €, and e3, respectively). The sign of [¢?) (x) — 1] will
then be determined by the balance of the dominant con-
tributions on the right-hand side. If we now recall Eq. (3.6)
and assume, for simplicity, that ¢ is constant, we can
rephrase the dominant contributions of Eq. (5.18) as

g (x) -1

oy | Ko = cos 26,2 o))

(5.19)

where ¢, = (@ — 6;/2). This result implies that ¢ (x) —
1 <0 when cos2{; > |vg|/|ux] and provided the

“The value of N also depends on the postinflationary
history. Conservative estimates suggest N ; =63+ 15 [58,59].
In the case of a standard postinflationary history, N ;;=63.6 +
(1/4)Ine. According to some, for the consistency of the infla-
tionary scenarios, we must anyway demand that the total number
of e-folds exceeds N ;.
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coherent component exceeds the squeezing contribution.
In this limit, however, the large-scale fluctuations will
simply correspond to the coherent contribution. Thus the
coherent component can only exceed the squeezing con-
tribution provided the total number of e-folds is tuned
around its critical value. If we now recall Eq. (3.6), the
condition (|v,(7)|? — cos 2, |ux(7)||ve(7)|) < O becomes

sinh r¢[sinh r, — cosh r;] cos? ¢,

+ sinh r;[sinh 74 + cosh r;] sin? £ < 0. (5.20)

After simple algebra, Eq. (5.20) can also be expressed as

(e*« —1)sin? &, — (1 —e %) cos? &, <0,  (5.21)
showing that if {, = 0 the inequality is always verified
even in the limit r, > 1. The results of the Caves
approach [56] discussed so far can be translated into
the Yuen description [57] by making use of Eq. (5.4),
which can also be written, in the single-polarization
approximation,

lax|? = |Be|?[cosh 2r; — sinh 27y cos 2y,]

= |Bl*[e™ cos?y, + e*sin’yy], (5.22)

where y; = [(6; + 6;/2) — ;). From Eq. (5.4), the
relation between ¢, and y, is given by

e~ cosy;

2
cos = ;
e ecos?y; + e*rsin’y,

e?ksin’yy

sin?¢, = (5.23)

e ecos?y; + e*rsin’y,

which also demands e**(1 — e 2)sin’ y, < e™2"(1—
e~2%) cos? y. In analogy with Eq. (5.21), if y, — 0, the
previous inequality is always verified even in the limit
ri > 1. But unfortunately, the limit y, — O can only be
realized in the exact de Sitter case [see Eq. (3.23)] or if
we consistently tune y; — (5; + 6;/2) for all modes that
exceed the Hubble radius. Conversely, without fine-
tuning, Eq. (3.30) implies y; ~ —ze/2 in the quasi-de
Sitter case, and Eq. (5.23) demands

2.2
— e (1 =) (1 —i> <0.
4
(5.24)

2.2
€4rk(1 _e—2rk)” €

In the second term, we can always neglect the > correction,
which is small with respect to 1; from the remaining
terms, we have 1 < r, < (1/6)In[4/(z%€?) —1/2], ie.,
ry <2.15 for € =0.001. This condition is therefore
unphysical since the average multiplicity of the gravitons
produced during inflation would be negligibly small and

this would imply that the tensor modes are not amplified in
comparison with the scalar modes. "

The result of Eq. (5.24) is, in some sense, pleonastic
since the relic gravitons potentially observable today (for
instance, in the audio band) are all inside the effective
horizon (i.e., kr > 1) and, in this limit, y; # O for inde-
pendent reasons. Again, the statistics can never become
sub-Poissonian unless the average mult'g)licity of gravitons
produced during inflation is negligible.' Inside the Hubble
radius, the phases are determined by the pair of conditions

Ct (k) e—ik‘r

e (k)]

—_ e—i(kr+v+)—iﬂ/2

o-ide —

[2(i—g7") + (1 +i)z7"]
V2 +(z/q)* +2/2 +2-2/q
1—iq

NrEat

N e—i(k7+y+)+i7r/2

(5.25)

[2(=i+q7") = (1 =i)z7"]
V2 +(z/q) +2/2-2-2/q

- (5.26)

— e—i(k':—v_)—iit/Z

- e_i(

where z = are/aex’ q = k/Hre and U:t(k) = k(Tex + Tre)'
In Egs. (5.25) and (5.26), the corresponding expressions
have been simplified in the limit z > 1 and k/H,, < z* so
that the squeezing phases are given by

S =kt + v, (k) - g + arctan g (5.27)

O, + 6, = —kr +v_(k) - g —arctang.  (5.28)

But this means &, + 26, ~ v, +v_]/2 = kz,, = O(1),
implying that, for squeezed-coherent states, the statistics
of the relic gravitons is never sub-Poissonian. Following
the ideas conveyed in this section, different initial states

It should be clear that the value ¢ = 0.001 has not been
randomly chosen. In the concordance paradigm, the slow-roll
parameter epsilon is related to the tensor-to-scalar ratio r; (not to
be confused with r;) as r; = 16¢. Since r must be smaller than
0.07 (or even 0.05) [23], we also have that epsilon must be
conservatively of order 1073. The addition of gauge fields in the
game may increase r but may also affect the scalar mode so that,
in this case, it is possible to show that rr must be bounded from
below (i.e., 1073 < r; < 1 [60]).

%The present results are at odds with the claim of Ref. [19]
(obtained in the single-mode approximation) where the authors
suggest that the analog of y, is generically vanishing. This is only
true provided the phase of the coherent state is tuned in a way that
the squeezed contribution is exactly canceled.
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such as squeezed-number states or even mixed states (e.g.,
squeezed thermal states) can be analyzed with similar
qualitative results. In some cases, the degree of second-
order coherence can be reduced by the presence of an
appropriate initial state. While we leave the explicit
analysis of this interesting point to a more topical dis-
cussion, we can safely conclude that the properties of the
initial states may very well interfere with the squeezing
contribution but do not affect the super-Poissonian char-
acter of the degree of second-order coherence and of the
HBT correlations especially inside the effective horizon."’

Before concluding this section, it is useful to recapitulate
the overall perspective of the present analysis that has been
conducted by considering the limit of the relevant Glauber
correlators when the wavelengths are either larger than the
effective horizon (sometimes also dubbed Hubble radius in
the previous sections) or shorter than the effective horizon.
The frequency range where these two limits are verified
depends on the model under consideration. The simplest
framework where a concrete estimate is possible, as already
remarked in the last paragraph of the Introduction, is
represented by the concordance paradigm [23] where the
only source of inhomogeneity is represented by the scalar
and tensor modes of the geometry. This is also the per-
spective conveyed in the first applications of HBT interfer-
ometry to cosmology [7,8]. The concordance paradigm
enhanced by the tensor modes is sometimes dubbed
TACDM, where T stands for the tensor component, A
represents the dark energy component, and CDM reminds us
of the cold dark matter component. This scenario is
characterized by seven independent parameters, and the
tensor component is described by the tensor-to-scalar ratio
ry defined in the Introduction and controlling, at once, the
amplitude of the spectral energy density and its slope. The
spectral energy density in critical units (i.e., h%ng) roughly
decreases as the inverse frequency square for between a few
aHz and 100 aHz, while it is quasiflat (i.e., slightly
decreasing) between 100 aHz and the GHz. As already
mentioned in the Introduction and in the previous section,
the spectral energy density in the quasiflat branch is
optimistically O(107'%3) since the absolute normalization
of the tensor power spectrum solely depends on the tensor-
to-scalar ratio rp < 0.07 [23]. The corresponding chirp
amplitude is O(107%°) for a comoving frequency of
0(0.1) kHz. Of course, the signal may get larger when
the spectral energy density increases for frequencies larger
than the mHz as it happens when the tensor modes of the
geometry inherit a refractive index [24,25] or in the presence
of stiff phases. In these cases, as already mentioned, it can

"It has been recently shown that the degree of second-order
coherence of relic gravitons in a squeezed number state can be
smaller than 3 and it goes to 1.5 when the average multiplicity of
the created gravitons is much larger than the average multiplicity
of the initial state [61]. We can therefore say that the degree of
second-order coherence is generically between 1.5 and 3.

happen that h, = O(1072) [24], while, for comparison, the
chirp amplitude #,. corresponding to the astronomical
signals detected so far by the Ligo/Virgo Collaboration is
O(10721) [20-22].

Between a few aHz and 100 aHz, the low-frequency
branch of the concordance spectrum is universal, and it is
caused by the tensor modes of the geometry reentering the
effective horizon after matter-radiation equality. Between
100 aHz and 100 MHz, the spectral energy density depends
on the modes reentering the effective horizon during the
radiation-dominated stage of expansion, and the related
degrees of coherence follow, in this frequency range, from
the results of Secs. II1. 3, IV. 3, and V. 3. In these cases, the
relevant wavelengths are all shorter than the Hubble radius.
We can therefore conclude that the relic gravitons, in the
concordance paradigm, are always first-order coherent and
their degree of second-order coherence is always super-
Poissonian. The estimates of the degrees of quantum
coherence for wavelengths larger than the Hubble radius
(see Secs. III. 2 and IV. 2 and part of Sec. V. 3) can be instead
applied in the complementary situation where the wave
kr < 1; this is, for instance, the regime where the initial
conditions of the FEinstein-Boltzmann hierarchy are set prior
to matter-radiation equality. The estimates of Secs. IIl and IV
show that the degree of second-order coherence is also
super-Poissonian when the relevant wavelengths are larger
than the Hubble radius, and this conclusion is relevant for
potential tests of the HBT correlations in CMB physics, as
already remarked in the past [8] and at the beginning of
Sec. IV. 3.

In Sec. II, we started the analysis from the expressions of
the Glauber correlators written in the tensor case since these
expressions have never been discussed before in their full
generality. The expressions for the derived HBT correlations
and for the degrees of quantum coherence discussed in
Secs. Il and IV are also general. The estimates of the degrees
of quantum coherence presented in the previous sections
hold, in practice, also when the initial state is characterized
by an average multiplicity of gravitons, as remarked at the
beginning of this section. It can, however, happen, as
stressed prior to Eq. (5.18), that the initial state has its
own degree of coherence. We confirm, after the analysis,
that, even assuming (or tuning) N, ~ N, it seems difficult
to conceive an initial state that could make the statistics sub-
Poissonian even in the case of an initial Fock state of which
the statistics is notoriously sub-Poissonian [1-3,61]. All in
all, the analysis of the Hanbury Brown-Twiss correlations
shows, in a conservative perspective, that the degree of
second-order coherence is always super-Poissonian in the
context of the concordance paradigm for both the sponta-
neous and the stimulated emission of the relic gravitons.

VI. CONCLUSIONS

To assess the classical or quantum origin of the relic
gravitons, the only sound strategy is a careful scrutiny of
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the higher degrees of quantum coherence. The first step
along this direction is a proper extension of the Glauber
theory of quantum coherence to the case of the tensor
modes of the geometry, and this has been the aim of the
present investigation. The degree of first-order coherence of
relic gravitons always tends to 1 when the corresponding
wavelengths are either larger or smaller than the effective
horizon. In standard Young interferometry, the degree of
first-order coherence goes to 1 when the interference
fringes are maximized, while it goes to O in the opposite
case when the field is incoherent. Classical configurations
and quantum states of a given optical field lead to compa-
rable degrees of first-order coherence, and this conclusion
remains practically unchanged in the case of relic gravitons.
The analysis of the Hanbury Brown-Twiss correlations in
their canonical form shows instead that the degree of second-
order coherence is always larger than 1. In the quantum
optical jargon, the relic gravitons are therefore bunched, and
their statistics is super-Poissonian. The results are physically
similar if more exclusive approaches are adopted when, for
instance, a single tensor polarization or even a single mode
contributes to the total intensity of the field. The obtained
conclusions do not change if we consider stimulated
(rather than spontaneous) emission of relic gravitons.
While the super-Poissonian nature of the degree of
second-order coherence is a necessary condition if we want
to infer the quantum origin of the relic gravitons, such a
requirement is not sufficient since other states (for instance,
mixed) may lead to a super-Poissonian degree of
second-order coherence. Even if, according to some, the
quantum origin of the relic gravitons and of large-scale
curvature perturbations is indisputable, the spirit of the
present analysis is more modest and it aims at formulating a
set of criteria which could independently rule in (or out) the
conventional viewpoint. The obtained results suggest the
Hanbury Brown-Twiss interferometry and the scrutiny of
the higher degrees of quantum coherence could be a valid
(and probably unique) tool in these matters.
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Note added in proof.—While correcting the proof of the
paper, a preprint appeared on the archive by S. Kanno [63]
reinstating the viewpoint already expressed in [19].
Reference [63] suggests that the requirement y;, = 0 cannot
be obtained from the dynamics but should be extrinsically
imposed as a “necessary condition” (see statements in
Sec. 4.6 of Ref. [63] and discussion therein) with the aim of
obtaining a sub-Poissonian statistics. This condition, well
known from analog quantum optical studies [56,57] (see
also [7]), should follow from the dynamics that suggests
instead the opposite in the case of relic gravitons. The

present findings, obtained from the full Glauber correlators
properly defined in the tensor case, show that the super-
Poissonian statistics is always the natural outcome of a
potential observation able to resolve the HBTcorrelations
for the relic gravitons in different kinematical regions (i.e.,
when the wavelengths are either larger or smaller than the
effective horizons). This is true, in particular, in the audio
band (i.e., between few Hz and 10 kHz).

APPENDIX A: QUANTUM THEORY OF
PARAMETRIC AMPLIFICATION

The action describing the parametric amplification of the
relic gravitons can be compactly expressed as [10]

N =3 fz d’x / de{a*(0.h;;0;h;; — Oghij0*hy)]

- 4fpa4H’(§>hij}, (A1)
where the tensor component of the anisotropic stress
has been included for completeness. The rescaled
tensor amplitude u;; = ah;; and the anisotropic stress
can be always expressed in terms of the corresponding
polarizations18

pij(¥.7) = ﬁpruaeﬁ’)s

) (%#7) = V2 KPZH el?), (A2)

so that the resulting tensor Hamiltonian derived from
Eq. (A1) becomes

1
V=2 Z / P2 + 2oty + DeftaDih

+ 4650 u, 11 ()], (A3)
where 7, = u, — Hyu, (not to be confused with the
anisotropic stress) denotes the canonical momentum.
The classical fields can then be promoted to the status
of field operators and then Fourier transformed:

=1

A (2 1 A —ip-
ﬂa(x,’f):w/d3pﬂﬁ,a(f)e P,

! - _ipE
W/d:spﬂﬁ,a(l')e px,

In terms of 4, and #;,, the Hamiltonian (A3) becomes

7a(X,7) =

(A4)

"We remind the reader that egr-') denotes the two tensor
polarizations; in the sums of Eq. (AZ), the index a =®, @
where ef‘j9 = (rhm; —i;A;) and e” = (i 4 1mn;) are ex-
pressed in terms of the mutually orthogonal unit vectors
and 7 that are also orthogonal to the comoving three-momentum
of the wave.
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N 1
B 3 A A 2 1
A0 — 5/d p Ea {ﬂ_ﬁaﬂ'ﬁa + PUH_pakpa

+ H[ A—f)aﬁiﬁa + ﬁ—ﬁaﬁfm]
+ 263430

A

) g+ AT} (A5)

The creation and annihilation operators obey the commu-

AT

tation relation [d aa 5= 53 (k - P)b,p and are related

E )

to iz, and 75, via the following pair of equations:

_ A A A ~ AT
”ﬁa_@[aﬁ,a+a_ﬁ.a]’ Mg = —1 E[aﬁ,a_ —pa]

(A6)

Inserting Eq. (A6) into Eq. (AS5), we have that the
Hamiltonian of the problem is given by

+1H[ P 1-7. —&5 a ﬁa]

+ y—ﬁaapa + y—pa ;u + 7p{za—pa + ]/pa —pa} (A7)

where y. 5, is related to the presence of the anisotropic
stress and may lead to a coherent component that has been
specifically discussed in Sec. V in general terms. The
Hamiltonian for the scalar modes of the geometry has
the same form of Eq. (A7) but a different pump field [7,8].
The Hamiltonian of the problem can be phrased as

Vbl + 1 ol TV aljat Vi@l 5}, (A8)

and A = iH. Equation (A8) describes the parametric
amplification of relic gravitons, and its quantum optical
analog was first discussed in Ref. [13] in the single-mode
approximation. Equation (A8) may also describe an
interacting Bose gas at zero temperature [46—49], and in
this case, the free Hamiltonian corresponds to the kinetic
energy, while the interaction terms account for the two-
body collisions with small momentum transfer. In a
cosmological context, the one-mode analog of Eq. (A8)
is implicit in Refs. [15,45]; the quantum theory of para-
metric amplification both in the scalar and in the tensor
cases was first discussed in connection with the HBT
interferometry in Refs. [7,8]. The evolution equations in
the Heisenberg description follow from the Hamiltonian
(A8) and are

das
d;m —ipds, l/la zy_p o
déiﬁa . AT Cak A .
— = ipdl;, + i A+ iV g (A9)

The Hamiltonian (A8) can be diagonalized via a canonical
transformation of the type [46]

&ﬁ,(z(r):up,(z(T9Ti)éﬁ,(1( ) vpa(T Tz)é Do ( )+é’pav

(A10)
s (1) = wpa(m.7)BL 5 (7)) = 0} (7. 7)) bj (7))
+ 85 (7). (A11)
Inserting Egs. (A10) and (All) into Eq. (A9), the
evolution equations for u,,(z,7;) and v,,(z,7;) are
du, ,
dl‘:' = —ipu, , + idv} 4. (A12)
dvy o
Zp = —ipv, o + ALy, 4, (A13)
T
dCaa . . hox .
d—i = —iplHq — z/lé_ﬁa — 1Y 5y (A14)

The transformation of Eqgs. (A10) and (A11) preserves the
commutation relations between the two different sets of
operators provided |u,,(7,7;)|* = |v,4(7.7;)|* = 1. The
latter condition holds independently for each mode and
for each polarization. In this case, the two complex
functions u,,(7,7;) and v,,(z, 7;) must therefore depend,
for each polarization and for each mode, upon three real
functions (i.e., two phases and one amplitude) and have
been parametrized in terms of the a squeezing amplitude
1, Supplemented by two squeezing phases (i.e., 6, , and
0p.a)» as already mentioned in Egs. (3.6) and (3.10)—(3.11).
Inserting therefore Eq. (3.6) into Eqs. (A12) and (A13), the
evolution of the squeezing parameter and of the phases can
be written by

Pyo=—Hcosb,, &,,=p—"Hsind,, tanhr,,,

(A15)

Hsind, ,

0,0 =—2p+2—— 00
T

(A16)
While Egs. (A12)-(A13) are linear and can be solved in
various cases, the nonlinear equations (A15) and (A16) are
fully equivalent but more difficult to approximate. It would
be tempting, for instance, to argue that the limiting form of
Eqgs. (A15) and (A16) gives the limit of a certain solution
of Egs. (A12) and (A13). This kind of inference can be,
however, dangerous. For instance, Eqgs. (3.24), (3.25), and
(3.26) satisfy Egs. (A15) and (A16) in the exact de Sitter
case (i.e., H=—1/7). In the limit |kz| < 1, we have,
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approximately, that &, + 6,/2 ~0, which is indeed the
correct result. However, by summing up Egs. (A15) and
(A16) and by taking the limit of the obtained expression,
we would be led to conclude that the same result also holds
for |kz|>1 (i.e., inside the effective horizon). This,
however, does not happen as it can be verified from the
exact solution of Egs. (3.24)-(3.26) implying that the
wanted combination is given by

.0 4k37?

%ty T (A17)
If we now take the limit k7< 1, we will have from
Eq. (A17) that §; + 60,/2 ~4k*t*/3 < 1 that coincides
with Eq. (3.27). In the opposite limit (i.e., |kz|> 1),
Eq. (A17) does not imply &, +6,/2 <1 but rather
Sy +0,/2 ~kr> 1. This result indeed agrees with the
exact solution (3.24)—(3.26) in the limit |kz| > 1 [see
also Eq. (3.32)].

APPENDIX B: EVOLUTION INSIDE THE
EFFECTIVE HORIZON

The relic gravitons potentially observable today are all
inside the effective horizon, and to estimate their degrees of
quantum coherence, the full expressions of u;(z) and v;(z)
must be evaluated for 7 > 7,, [see e.g., Eq. (3.32) and the
discussion thereafter]. For this purpose, the idea is to
estimate the amplification of the mode functions and then
relate the obtained result to the asymptotes of u;(z) and
vy () in the limit kz > 1 and z > 7,,. As already mentioned
in the bulk of the paper, Eqs. (A12) and (A13) can be
decoupled. In particular, the combination (u; — v})/ V2k =
f« obeys the standard equations [ + [k* — a”/a]f, = 0 of
which the solution is well known in the different asymptotic
regimes (see e.g., Ref. [24]). A given wavelength exits the
effective horizon (also sometimes dubbed the Hubble radius
[52]) at some typical conformal time z,, during an infla-
tionary stage of expansion and approximately reenters at z,.,,
when the Universe still expands but in a decelerated manner.
The two typical times 7, and 7,, are the turning points of the
WKB approximation [15] and are both determined from
the condition k> = |a”/a|.If |a" /a| # Oin the vicinity of the
turning point, then k7 ~ 1, and this is what normally happens

at 7,.. However, when |a”/a| — 0 in the region where the
turning point is located, the situation is different. Since
|a"/a] — 0 during radiation, if the given mode reenters
during the radiation epoch (or anyway in a regime where the
pump field vanishes either approximately or exactly), then
kz,, <1 (even if, for 7> t,,, |kz| > 1). In the WKB
approximation, we therefore have

1 ‘
fi(z) = NG Bt T < Texs (B1)
: o2
)= { e aute) [

t dr T
-k —1/ dty 5, Ty <T <T,,.
Zex Clz(’[l) - aexa(TZ)fk(TZ) 7:2} Tex T<Tp
(B2)
Note that g, = f} — Hf; and
Ay k?

e p(eu) =y | alefilm)dn (B3

Tex

gi(7) =

When the modes reenter the Hubble radius (i.e., forz > 7,,),
the mode function is expressible as f(7) = [c, (k)e~ "+
c_(k)e™7]/v/2k, where c (k) are fixed by continuity and
are given by'

e_ik(fex:FTre) a a
re ik Gex (o1
[k )+ 2

an re

Ci(k) -

:l: areaex(Hre :F ik) (HEX + ik)j(TEJC’ Tre) ’ (B4)
where T (7, 7ye) = [fede/a*(z) and cy(k) satisfy
lc..(k)|*=|c_|*=1. We can now go back to the original
quantities, namely u;(7) and v, (7). In this way, Egs. (3.34)
and (3.35) can be easily obtained. Note furthermore that
Eq. (3.36) follows from Eq. (B4) by simply setting kz,, ~ 1
and by keeping the dominant terms without violating the
conditions |c, (k)|*> = |c_|> = 1.

We correct here a sign typographical error in the overall
phase of ¢ (k) that is actually opposite of the one derived in the
second paper of Ref. [24].
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