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Neutrinos play a critical role of transporting energy and changing the lepton density within corecollapse
supernovae and neutron star mergers. The quantum kinetic equations (QKEs) combine the effects of
neutrino-matter interactions treated in classical Boltzmann transport with the neutrino flavor-changing
effects treated in neutrino oscillation calculations. We present a method for extending existing neutrino
interaction rates to full QKE source terms for use in numerical calculations. We demonstrate the effects of
absorption and emission by nucleons and nuclei, electron scattering, electron-positron pair annihilation,
nucleon-nucleon bremsstrahlung, neutrino-neutrino scattering. For the first time, we include all these
collision terms self-consistently in a simulation of the full isotropic QKEs in conditions relevant to core-
collapse supernovae and neutron star mergers. For our choice of parameters, the long-term evolution of the
neutrino distribution function proceeds similarly with and without the oscillation term, though with
measurable differences. We demonstrate that electron scattering, nucleon-nucleon bremsstrahlung
processes, and four-neutrino processes dominate flavor decoherence in the protoneutron star (PNS),
absorption dominates near the shock, and all of the considered processes except elastic nucleon scattering
and neutrino-neutrino processes are relevant in the decoupling region. Finally, we propose an effective
decoherence opacity that at most energies predicts decoherence rates to within a factor of 10 in our model

PNS and within 20% outside of the PNS.
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I. INTRODUCTION

Neutrinos interacting with matter are central to the
mechanism by which massive (210 M) stars explode
as core-collapse supernovae (CCSNe; see, e.g., [1-3]).
When the iron core of such a star exceeds its effective
Chadrasekhar mass, it becomes unstable to collapse and the
center reaches nuclear densities within a couple hundred
milliseconds. At this point, nuclear forces cause the
equation of state to quickly stiffen, halting collapse and
launching a shock wave into the still supersonically
infalling iron core. This initial shock is not strong enough
to lead to an explosion. Neutrinos emitted as matter
accretes onto the protoneutron star (PNS) have the potential
to transport enough energy to the fluid under the shock
front to lead to an explosion. However, a detailed account-
ing of precisely how this happens remains elusive.

Numerical simulations have become the primary tool for
studying the nonlinear and multiphysics dynamics in
CCSNe. Current state of the art simulations account for
neutrino transport by treating neutrinos as classical radi-
ation and employing a variety of implementations of the
relativistic Boltzmann equation or approximations thereof
(e.g., [4-10]). Over the years since the first numerical
model of a neutrino-driven supernova by Colgate and
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White [1], many different neutrino-matter interaction proc-
esses have been found to be important, including absorp-
tion and emission by nucleons and nuclei, scattering by
nucleons and electrons, pair production and annihilation,
nucleon-nucleon bremsstrahlung radiation, and neutrino-
neutrino pair annihilation and scattering (see [11,12] for
overviews).

However, it has long been known that neutrinos are able
to change flavor in-flight [13-16], though many of the
relevant parameters are not yet well constrained [17].
Understanding how the neutrino flavor evolves from the
neutrino’s emission in the CCSN to its detection on earth is
necessary in order to use neutrino signals to gain valuable
insight into the depths of the CCSN explosion mechanism
(e.g., [18]). Historically, calculations of flavor conversion
of CCSN neutrinos have been performed by evolving
neutrinos moving outward from the neutrinosphere (see
[19,20] for recent reviews). In contrast to neutrino transport
calculations, simulations of neutrino flavor conversion
neglect collisions but include some aspects of neutrino-
matter interactions in the form of a potential through which
neutrinos propagate. Neutrino-neutrino interactions also
contribute to this potential, making the evolution equations
very nonlinear and difficult to simulate over timescales
relevant to the CCSN.

If neutrinos are experiencing flavor oscillations and
collisions in widely separated regions of the supernovae,
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then the no-oscillation approximation in neutrino transport
calculations and the no-collision approximation in neutrino
flavor conversion calculations at first glance appear very
reasonable. Neutrinos are emitted in flavor states inside of
the supernova shock wave, and the large matter-induced
contribution to the neutrino potential suppresses flavor
oscillations in regions where collisions are important [21].
However, including the contribution of neutrinos them-
selves to this potential (namely, the “self-interaction™ part
of the potential) makes the problem much richer. The first
calculations including the full potential but only one
neutrino energy and propagation direction suggested that
flavor oscillations could occur within the shock [22].
Subsequent calculations that include multiple energies
and/or propagation directions indicate that, though still
occurring inside the shock, oscillations begin at too large of
a radius to significantly affect the CCSN explosion mecha-
nism [23-25]. Once the neutrinos are beyond the strong
matter potential, the matter density is so low that scattering
events are exceedingly rare, making collision terms unim-
portant where flavor oscillations take place.

One could take this as evidence that a full quantum
kinetic treatment including both collisions and oscillations
is not needed, but recent developments have suggested that
there may be scenarios where neutrino oscillations and
scattering may not be so separable. So-called fast flavor
conversions may occur deep within the supernova shock
wave if the electron neutrino and electron antineutrino
angular distributions differ enough that they intersect in
momentum space. In this way, in some directions the
contribution to the potential from antineutrinos overwhelms
that from neutrinos, allowing neutrino flavor states to mix
[26-32]. Though the lepton-emission self-sustained asym-
metry [5,33] may be conducive to fast flavor conversions
[28,34], searches for conditions conducive to fast flavor
conversions in simulations of CCSNe have had mixed
results [33,35,36].

The neutrino halo effect is another such scenario where
collision and oscillation physics are simultaneously rel-
evant. Even though neutrinos are decoupled outside of
the shock, the small changes to the neutrino distribution
from rare scattering events can enhance the neutrino self-
interaction potential and significantly change the location
and strength of the flavor conversions [37—41]. Though the
halo effect is not expected to have an impact on the CCSN
explosion mechanism, it could significantly change the
neutrino signal we might expect to see from the next
nearby CCSN.

Neutron star mergers also create an environment with
complex neutrino radiation fields, and the details of this
radiation field have profound effects on the amount of mass
ejected from the merger, the eventual composition of this
ejecta, the fate of the central remnant, and the potential
launching of a relativistic jet (e.g., [42-50]). It has been
shown that the neutrinos are also likely subject to a number

of interesting flavor transformation effects that are expected
to occur near the decoupling region (e.g., [51-60]).
However, the effects of quantum kinetics in these systems
are yet to be investigated in detail.

To account for both neutrino flavor conversions and
collisions consistently, one must evolve the neutrino
quantum kinetic equations (QKEs) [61-65]. Though the
collision physics for neutrinos in flavor eigenstates has
been extensively explored (see, e.g., [11,12] for overviews),
how neutrinos in general flavor states interact with matter
was only recently fleshed out by the authors of [65].
However, these detailed interaction physics have yet to be
explored thoroughly in numerical simulations.

In this paper, we begin in Sec. II with a brief introduction
of the QKEs and the concept of distribution flavor vectors
that are critical in visualizing the results. We discuss our
numerical method for solving the QKEs and our choice of
initial conditions in Sec. III. Then in Sec. IV we describe a
method by which the existing wealth of understanding the
interaction rates for neutrinos in flavor eigenstates can be
extended in a straightforward way to the full collision
kernel for the QKEs. We also show results from non-
oscillating calculations in this section to build intuition
about the impact of each process on the flavor dynamics.
We present our main results in Sec. V. Section VA shows
the evolution of flavor decoherence resulting from a
combination of all of the interactions discussed in this
paper without the oscillation term. In Sec. V B we describe
the same with the oscillation term turned on and compare it
to the nonoscillating calculation. Finally, we perform
nonoscillating calculations using input parameters from
many points along a 1D core-collapse supernova simulation
snapshot and suggest an approximate decoherence length
scale formula in Sec. V C. To facilitate future simulations of
the QKEs in core-collapse supernovae and neutron star
mergers, we write the general relativistic moment form of
the QKEs and the corresponding oscillation and collision
source terms in Appendix A.

II. QUANTUM KINETIC EQUATIONS

In this section, we present the QKEs in general relativ-
istic form to allow future implementations in codes that
account for spacetime curvature and velocity dependence.
The QKEs describe the evolution of the (dimensionless)
Wigner transform of the neutrino two-point correlation
function [62]

fLLab

(1)

fABab(V’ Q, x”) = |: SLRab ] ’

JLrab S RRab

where f;; and frg are Ny X Ny matrices representing left-
and right-handed neutrinos, respectively, and N, is the
number of neutrino flavors. Throughout this paper, upper-
case latin indices represent handedness indices, lowercase
latin indices are flavor indices, greek indices are spacetime
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indices, and we use the (—, 4+, +, +) sign convention for
the metric. The flavor-diagonal (a = b) components of f
and frp are the occupation probabilities at particular
spacetime coordinates x* of neutrinos with frequency v
and direction 3-vector Q in a comoving orthonormal tetrad.
That is, fss., are the ordinary neutrino distribution
functions, and the number density n,, of neutrino flavor
a and handedness A in such a frame is

d3
nAa(xﬂ) = /C_:fAAaa’ (2)

where d®v = 12dvdQ. The off-diagonal elements of f,
and fpp describe quantum flavor coherence. f;r is also
a Ny x Ny matrix that represents quantum coherence
between left- and right-handed neutrinos. In the ultra-
relativistic limit, the QKEs can be written to order €2,
where € < 1 is the ratio of the neutrino mass, mass
splitting, forward-scattering potentials, or gradients to
the neutrino frequency, as

dF ‘
_ 1 — —pH -
1 + force + drift plu, <C Py [H, .7'—]) . (3)

where u“” is the dimensionless fluid four-velocity. 4 is an
affine parameter such that the neutrino four-momentum is
pt = dx*/dA. In the comoving orthonormal tetrad, the
momentum is also p* = (1,Q)hv/c, where the first com-
ponent is the time component. The derivative expands
in a general curved spacetime to d/dA = p*0/0x* —
Isp” pP0/0p*, where I”5(x) are connection coefficients
(units of cm™). The 2N;x2N; collision integral
Cuap (v, Q, x*) (units of cm™") can be decomposed as [62]

C=Cr-C ={1-F 0} -{F 1}, (4)

where the calculation and wuse of the self-energies
M5y, (v, Q,x*) will be described in more detail in
Sec. IV. The oscillation potential H g, (v, 2, x*) (units
of ergs) is described below. If neutrinos are Majorana
particles, only F needs to be evolved; but if neutrinos are
Dirac particles, an additional antineutrino field F must be
evolved with an analogous equation. Throughout the rest of
this paper, we will refer to the Ny x N, matrices f,, and
fap as simply the neutrino and antineutrino distribution
functions, respectively.

The terms labeled “force” and “drift” in Eq. (3) are O(e?)
corrections to the d/dA term that account for refractive
effects due to the finite masses of neutrinos (see, e.g.,
[62,64]). We neglect them in this work for simplicity, and
more work needs to be done to assess the importance of
these terms in the context of core-collapse supernovae.
We will also assume for simplicity that there is no spin
coherence (f;r = fir =0) and, in the case of Dirac

neutrinos, there are no right-handed neutrinos and no
left-handed antineutrinos (f gz = f;, = 0). Spin coherence
effects are not expected to be important in CCSNe, since
the neutrino-antineutrino-mixing contributions to the
potential are suppressed by an additional factor of ¢ and
neutrinos in typical CCSN profiles likely pass through
the associated resonance too rapidly [64,66,67]. However,
spin coherence effects may not be negligible in other
environments such as neutron star mergers [54]. Under
the assumption of no spin coherence, we can separate left-
handed neutrinos from right-handed (anti)neutrinos, and
Dirac and Majorana neutrinos evolve identically. The
QKEs for f = f;; and f = frr (Majorana) or f :f_RR
(Dirac) then become

where C,;, and H,, are the N x N collision integral and
Hamiltonian, respectively, from the LL quadrants of C and
H. Similarly, C,, and H,, come from the RR quadrants of
C and H (Majorana) or C and H (Dirac).

The Hamiltonian operator is often decomposed as

H = Hvacuum + Hmatter + HneutrinO' (6)

The Hamiltonian for antineutrinos is related to that for
n_eutrinos by H vacuum — H tacuum’ H matter — -H ;Fnatter’ and

Heurino = —H peyino- The vacuum Hamiltonian is
Hypeoum = UHE/ZLC)uum U+a (7)

where H™ . = diag(, [h2* + m%c“) is the vacuum

Hamiltonian in the neutrino mass basis, m; is the mass
of the neutrino corresponding to lepton flavor /. The unitary
matrix U describes the mixing between the flavor and mass
bases [68,69]. The matter potential in the local comoving
frame is

H aer = \/EGFh3C3diag(nl - I’l]‘), (8)

where n; and n; are the number density of charged lepton
and antilepton of flavor [/, though in the astrophysical
systems of interest electrons are the only lepton with a
significant abundance. Neutral current interactions with
nucleons also technically contribute to the potential, but
since they affect all flavors equally, the potential offset does
nothing to modify oscillations and can be ignored. Finally,
the neutrino self-interaction potential is
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where cos@ = Q- €Q'. This is analogous to the matter
potential, except that neutrinos are not in general isotropic
and the cos @ term is needed to account for the angular
dependence of the anisotropic neutrino distributions.

A. Distribution flavor vector

It is useful to visualize a neutrino quantum state as a
vector in flavor isospin space. We can also visualize the
distribution functions f,, and f,, with a similar flavor
isospin vector, but unlike that for an individual neutrino
spin 1/2 quantum state, the distribution flavor vector can
represent states with a trace different from unity. When
working in a two-flavor system, the vector components are
written as

Fav = Fiodas + Fio0ty + Fyo0 + Foon
fo =5 e+ Fu)

f Z%(feﬂ + fue)

For =5 Fou Fie)

—_—

f(z) :E(fee_fyy)’ (10)

where ¢(®) are Pauli matrices. We can define the length of
the spatial part of the distribution flavor vector as

L=\J7 7 (11)

where in components ]7 = (), fv)» f(2)). We recall that
for two arbitrary matrices A and B, one can derive the
following identities:

i

54.B] = (0,4 x B),

LA By —a,B <1+ AB A + E) (12)
A VLB = AP VRN
2 AwBw Ay B

where the first term in the parentheses is the “time”
component of the distribution flavor vector. These identities
are useful in gaining intuition for how the oscillation and
collision terms affect the neutrino distribution. Applying
the first identity to Eq. (5), we see that the Hamiltonian term
is incapable of changing the number of neutrinos (the ¢
component of the anticommutator is zero) and that it is
incapable of changing the length of the flavor vector
(df/dA is perpendicular to f). The second identity applied
to the same equation together with Eq. (4) shows that the
collision terms can change both.

Finally, given values for f,, and f,,, one can determine
the maximum magnitude of the off-diagonal component of

the distribution function (i.e., ./ f%x) + f%”) by requiring

that no diagonal component of the distribution function
be smaller than O (i.e., Ly < f(;)) or larger than 1 (ie.,
Ly <1—f()in any basis. Since f ) is determined by f .,
and f,,, the off-diagonal components must satisfy

P+ 2 <min(f. 1= f) = 2. (13)
This will be useful for setting the initial conditions for our
test calculations.

III. ISOTROPICSQA

We evolve the QKEs assuming isotropy, homogeneity,
and flat spacetime in a stochastic, operator-split manner
with the new, open-source code ISOTROPICSQA.1’2 Under
these assumptions, the neutrino QKEs [Eq. (3)] take the
form of

10f _

i
cor = et

e (14)

In the absence of collisions, this equation can be rewritten
as

108 i
Pty 1
c Ot hc S, (15)

where the (unitary) evolution operator S determines the
distribution function at a later time as

£(1) = SF(0)S". (16)
The (Hermitian) Hamiltonian operator H was described in
Sec. II. The corresponding equations for antineutrinos are
exactly analogous. We assume a two-flavor system under
the normal hierarchy with a mass splitting of Am,; =
2.43 x 1073 eV? and mass eigenstates rotated from flavor
eigenstates by 9°. The assumptions of isotropy and homo-
geneity preclude important spatial transport and multiangle
effects (e.g., [41,56]), but allow us to get a handle on the
effects of the various contributions to the collision term on
the flavor evolution of a neutrino distribution.

A. Maximally mixed initial conditions

To demonstrate the effects of each of the contributions to
the collision term, we will evolve a flavor-mixed isotropic
neutrino distribution function in time without oscillations.
We configure the initial distribution function to be

1https ://github.com/srichers/IsotropicSQA
*http://doi.org/10.5281/zenodo.3236833.
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FIG. 1.

IsoTrROPICSQA method summary. Neutrino oscillations are evolved explicitly via the evolution matrix S (bottom horizontal

lines) separately from collisions (top horizontal lines), and the effects are combined at time intervals of d#y,.. This allows us to take
very large time steps for the expensive and slowly acting interactions, and very short steps for the inexpensive and rapidly varying

oscillations.
o) [FD(T, U V) S man(V) }
B f(x),max(l/) FD(T., 0, 1/) ’
FD(T. =, ) (o) max()

fo = |

where the Fermi-Dirac distribution is given by

| an

f(x),max(y) FD(T7 0, V)

1

FD(T, p,v) = /KT 4 1"

(18)

The electron neutrino chemical potential is u, = p,+
Hp — My, Where p,, p,, and p, are the neutron, proton,
and electron chemical potentials determined by an input
equation of state (EOS). We use the HShen equation of
state [70] to determine the chemical potentials used in the
initial conditions and collision reactions because it is
consistent with the Furusawa EOS [71,72] used to produce
the core-collapse supernova simulation snapshots used in
Sec. V. We set the imaginary part of the off-diagonal
components to zero and give the real parts positive values
that maximally mix the distribution function at each energy
according to Eq. (13). Our fiducial fluid parameters for the
test calculations are p = 10> gcm™, T = 10 MeV, and
Y, = 0.3, which yields y, =1.39MeV, u, = —8.56 MeV,
#e = 10.1 MeV, and p, = 0.0977 MeV (including con-
tributions from masses).

B. Stochastic integration

In our implementation of the QKEs depicted in Fig. 1,
we evolve neutrino oscillations without collisions using
Eq. (15) punctuated by interaction steps at random inter-
vals, as described below. We discretize the distribution
functions and evolution matrices into 50 energy bins
centered on integer multiples of 2 MeV, each with a width
of 2 MeV. This choice allows a direct implementation of the
neutrino-neutrino collision terms presented in [65]. We
initialize the evolution matrices S and S at each energy to
the identity and calculate the Hamiltonian based on f and f

[Eq. (6), depicted as vertical arrows in Fig. 1]. We then
evolve S and S for a block in time d#y,, Without collisions
using an adaptive sixth-order Cash-Karp Runge Kutta
integrator (depicted as the bottom horizontal arrows in
Fig. 1). At the end of this block, we map the evolution
matrix back onto the distribution function using Eq. (16)
(depicted as diagonal dashed arrows in Fig. 1). We then
evolve f starting from this updated value for an identical
time dtyoe using the same sixth-order integrator (depicted
as the upper line in Fig. 1). Then the process repeats for
subsequent blocks until the end of the simulation.

The oscillation term time step dfqjjjate- the collision term
time step dfieract» @nd the block time step dty . are all
independent. d7 ijjae aNd dfiyieract are dynamically adjusted
to keep the maximum relative difference between fifth- and
sixth-order solutions for each step within a critical value of
107'2. Such high accuracy is required to maintain an
accurate solution over the large number of time steps in
our simulations. The time step d?,gjae 1S typically much
shorter than dty,q, but dt;eract 18 typically very large and is
restricted by dty. This separation of oscillation and
collision integration allows us to take much larger time
steps for the collision term than for the oscillation term,
both for computational efficiency and for preventing the
conversion between f and S, which suffers from truncation
errors, from ruining the accuracy of the solution (see
Appendix B).

If dtyoe 1 left constant or is changed deterministically,
there will be artificial correlations between successive
interaction steps. For example, if dfy,q 1S a multiple of
the oscillation timescale, the collision step will always act
on the same point in the oscillation cycle, and this would
not represent the physical solution where collisions affect
the distribution continuously throughout the oscillations.
To prevent such aliasing errors, we randomize dty,,q based
on a target time step dfyock jarget a8

dtblock = min(_ IOg(U), S)dtblock,ta.rgetv (19)

123014-5



RICHERS, MCLAUGHLIN, KNELLER, and VLASENKO

PHYS. REV. D 99, 123014 (2019)

where U is a uniform random number between 0 and 1. The
resulting exponential random time step makes the inter-
action sampling a Poisson process, which causes the times
of the collision events to be uncorrelated and uniformly
sampled in time. The limiter of 5 prevents an excessively
large time step. The first dfpjock targer 1S @N input parameter,
and subsequent values of dfty, are determined in order to
keep the impact of the collision term within a block
relatively small. We define the impact over the previous
block as

f(t) _f(t - dtblock)
L(1) ’

[ = max (20)

where L(f) is the length of the distribution flavor vector
[Eq. (11)] at the same energy and helicity as f, and the
maximum is taken over all matrix components, helicities,
and energies. Comparing to L rather than the trace allows
us to adapt dt),. to quantities relevant to oscillations, since
the oscillation term rotates this distribution flavor vector.
After the first block, subsequent values of dyjoex arger are
set to

Liaroerdt,

. get%block

dtblock,target - dtblock.target X min (llv Id (21)
tblock,target

in order to drive the impact of the collisions over dfyqqx
toward the target impact. The factor of 1.1 prevents dfyocx
from growing quickly following a step with serendipitously
low impact. We choose a target impact of [yye; = 1074,
See Appendix B for convergence tests for the integrator
accuracy, the target impact, and the number of neutrino
energy bins.

We use detailed flavor-incoherent neutrino interaction
rates from the open-source neutrino rate library NuLib
[73]. However, we must generalize these interaction rates to
flavor-coherent neutrinos. This is the subject of Sec. IV.

IV. COLLISION TERMS

Calculating the neutrino self-energies in Eq. (4) requires
evaluating two-point irreducible Feynman diagrams start-
ing at two loops as in [62,65]. As in Sec. II, we neglect spin

£ TE _ E
coherence and calcula~te I, =11, ,, and I, = Ilge,,

(Majorana) or I1%, = g, (Dirac), though without spin
coherence the Dirac and Majorana terms are identical. In
the following sections, we break down the various con-
tributions to the collision term and evaluate their effects
individually. In many cases, these diagrams have already
been evaluated for applications in core-collapse supernovae
assuming neutrinos remain in flavor eigenstates (see, e.g.,
[11,12]). We will demonstrate how to extend them to full
QKE source terms without reevaluating the diagrams.

e

v a "

FIG. 2. Two-point diagram for electron neutrino absorption and
emission processes. The equivalent diagram for electron anti-
neutrinos is the same diagram in reverse. The lack of internal
neutrino lines makes this a particularly straightforward process to
transform into QKE collision terms.

A. Absorption and emission

Let us first consider charged-current neutrino absorption
by free neutrons (v +n — e~ + p) and the reverse emis-
sion process (Fig. 2). Typical CCSN temperatures of
around 10 MeV are not high enough to produce significant
amounts of u or 7 leptons. Thus, we are able to ignore all
charged-current interactions involving leptons other than
electrons. This is accounted for by only considering the ee
component of IT*, such that

" ~ T ~ I(e)aba (22)

where /¢y, = 6c40cp- Expanding out Eq. (4), we find that

[(1=fee) —feu/2 —fer/2
Ct~ | ~fu/2 0 0 |,
[ —fee/2 0 0
[ fee  faul2 ferf2
C ~|fuw/2 O 0 (23)
[ fee/2 0 0

Recall that the contributions to the standard collision
integral for the ee component in the absence of phase
coherence are

Cz’Le = J(vc)(l _fee)7

Ceo = K(ve)fee’ (24)
where j(,,e)(u, x*) is the electron neutrino emissivity and
K(v,) (v, x*) is the electron neutrino absorption opacity, both
in units of cm~!. After matching terms and applying the
same process to other lepton species, we arrive at

Cuh = j(u,,)aub - (<J>ab + <K>ab)fub’ (25)
where (), = (j,) + J(,))/2, and similarly for (k). In
line with the above assertion that there are very few heavy
leptons present in conditions relevant to core-collapse
supernovae and neutron star mergers, it is often assumed
that Jw) = Jw) = Ku,) = Ke,) = 0. The collision integral
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t
o
hv (MeV)

FIG. 3. Absorption.—Evolution of the flavor—off-diagonal
components of a maximally mixed Fermi-Dirac neutrino distri-
bution [Eq. (17)] due to absorption and emission by nucleons and
nuclei. On-diagonal components are not shown since they simply
remain at their initial values. Interaction rates are based on a
background described by p = 10"2gcm™, T = 10 MeV, and
Y, = 0.3. We will show in Sec. V C that absorption dominates
decoherence of higher-energy neutrinos outside of the PNS.

for antineutrinos is exactly analogous. While for this
process it is particularly straightforward to write down
the collision terms, it serves to illustrate the matching
procedure that we will apply to the more complex processes
in the next sections.

The on-diagonal collision terms are exactly identical to
the standard transport collision terms, while the off-diago-
nal ones contain only the absorption component with
interaction rates averaged between two flavors. Thus,
absorption and emission will always cause flavor coherence
to decay. Figure 3 shows the evolution of the off-diagonal
components of our fiducial maximally mixed Fermi-Dirac
distribution [Eq. (17)] relative to their initial values due
only to absorption onto and emission from free nucleons
and nuclei. All curves demonstrate that the off-diagonal
components decay exponentially with a timescale deter-
mined by the absorption opacities according to Eq. (25). As
one would expect, neutrinos at higher energies (yellow
curves) interact more strongly than those at low energies
(black curves), resulting in more rapid flavor decoherence.
Similarly, neutrinos (solid lines) interact more strongly than
antineutrinos (dashed lines), resulting in more rapid flavor
decoherence. The on-diagonal components (not plotted)
remain constant at their initial Fermi-Dirac values, since the
collision terms for these components do not depend on the
off-diagonal components of f.

B. Electron scattering

Charged-current reactions are once again kinematically
suppressed for heavy-lepton neutrinos, so we only consider
scattering by electrons. The two-point diagrams contribut-
ing to electron processes are shown in Fig. 4. These give
rise to four terms, each with a different flavor structure.
They are [65]

LB

FIG. 4. Two-point diagrams for neutrino-electron scattering
processes. The charged-current processes lead to flavor
decoherence and all processes allow redistribution in energy.

R
= /C—f{A—YL(l =YL+ B Yr(1=f)Yg
+ DY (1= )Y+ Yr(l = f)Y,]},
N /d3z/ , y
T+ = 7{Aﬂ/Lf Y, + B Yrf'Yp
+DEYLf YR+ Yef'Y ] (26)

where Yy = sin?Qy and Y, = sin*6y, — 1/2 + 1), and we
use sin’@y, ~ 0.22343 [69]. We will now use our matching
procedure to find the values of the constants A*, B, and
D*, These constants can depend on both the ingoing and
outgoing neutrino momenta. In the absence of flavor
coherence, the collision rates have long been used for
neutrino transport simulations ([74] and corrections by
[11]). They are usually written in the form of

v
C) = /7[]"(%1)&1)(1 ~fw)

—fua R, (=1l (27)

where primed quantities refer to the final state of the

neutrino after scattering. R(iy >(z/, V,cos0,x*) (units of

cm’s™!) are the inscattering (4+) and outscattering (—)
kernels for neutrino species a that depend on both the
ingoing and outgoing neutrino frequencies and the cosine
of the angle between the ingoing and outgoing neutrinos in
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a comoving orthonormal tetrad. We indicate dependence on
the background fluid quantities generally with a depend-
ence on the spacetime coordinates x*. Detailed balance
requires that R@»(zz,v’,cos@,x") :R(‘%)(y’,y,cosﬁ,x") =
exp[h(V —v)/kTIR, | (v.V/,cos6,x"). When arguments
are suppressed, we assume that ¢/ is the second argument.
Following [11], we note that the coefficients D* are
smaller than A* and B* by approximately a factor of the
ratio of the electron mass to the electron energy, so we
neglect them here. When f and f are flavor diagonal, the
standard neutrino rates and the QKE collision terms should
be identical, so we can simply match terms to arrive at

Ra) = (ALY, Y, + B*YRYR)

RE )= (A*Y Y[ + B*YYR),,-

(”/x

ee’

(28)

Note that the scattering kernels for v, are the same as for v,

in the absence of y and 7 leptons. We can solve for A* and
B*. The result is

+ _pt
4t = R~ Ri)
2sin’@y,
(2sin*Qy + 1)°RE | — (2sin*0y, — 1)°RE
Bt _ ) W ()

8sin®dy,
We can then write the self-energies very compactly as

3.
H+ _ d_I/R—F !
ab — c4 abJ ab’

d3l/
I, = /713517(6“;; —fu)s (30)
where
RY (v, cos0) == (R)E — RE,,
RE —R*
R(:J‘:b (U, I//, CcOS 0) =€, M
4sin- Oy,
RE 4+ RE
<R>fh(l/, V,cos6) = w’ (1)

and e, is the rank-two Levi-Civita symbol that makes the
kernel symmetric on the flavor indices.
Plugging this into the collision term [Eq. (4)], we get

d31/
C;rb :/ A [R;rb ;b_g;rb]’

d3 /
Cor = [ S RS = <)

- (32)

where

1
gaib (V’ I/’ Cos 9’ xﬂ) = E Z(befacf/cb + chl/:c itcfcb)

c

(33)

(units of cm?s™!). The first term in each line in Eq. (32)
accounts for unblocked in- and outscattering, respec-
tively, and the second term accounts for Pauli blocking.
As with absorption processes, the outscattering rate in
these off-diagonal elements is based on the average of the
outscattering rates of two neutrino flavors. For the flavor-
diagonal elements (¢ = b), the ¢ = a terms in Eq. (33) sum
to the ordinary flavor-incoherent blocking terms, but we see
that there is an additional blocking or enhancement
[depending on the sign of Re(f7,.f.,)] coming from flavor
coherence.

For numerical applications, we expand the interaction
kernels in Legendre polynomials as in [11] and consider
only the first two terms. That is,

1 3
RE ~ Ed%ab(u, v, xt) + §<I>1iab(z/, v, x") cos 6.

(34)
Inelastic scattering rates in this form are available for
flavor-incoherent neutrinos as part of the open-source
neutrino rate library NuLib [73]. Figure 5 shows ®,,/
(@), over a range of incoming and outgoing neutrino
frequencies at a particular temperature of 2.74 MeV and
electron degeneracy u, = 3.16 MeV chosen to clearly
show the features. A value of 1 (red) means that a scattered
neutrino carries over its quantum state to its new direction
and energy. A value of 0 (white) means the off-diagonal
flavor component is erased and that a neutrino collapses
to a flavor eigenstate when scattering. Negative values
(blue) mean the scattered quantum state receives a phase
inversion.

In the case of neutrinos scattering on electrons, the
scattering kernel for a neutrino of ingoing momentum p,
and outgoing momentum p),, involves an integral over the
ingoing electron momentum p, and outgoing electron
momentum p’,. To interpret Fig. 5, we first note that in
computing R,), there are three terms in this integral that
come from combinations of the momentum structures
of the different diagrams in Fig. 4. One term is propor-
tional to (p.-p,)(p.- p,), another is proportional to
(P, p,)(pe-p,), and a third that we neglect (again,
because it is suppressed by a factor of m,/E,) is propor-
tional to p, - p., [see, e.g., the integrand in Eq. (C49)
in [11]]. If the reaction rate is dominated by the first
integral, one can use the coefficients of this term for

electron and muon neutrinos to show that @, /(®)g,,~

(4sin*0y, — 1)/ (4sin*@y) ~ —0.67. Similarly, if the reac-
tion is dominated by the second term, the appropriate
combination of coefficients yields ®g,,/(®)5,, = 1. As
can clearly be seen in the top panel of Fig. 5, the first
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FIG. 5. Flavor structure of the isotropic part ®F of electron
scattering collision kernel R [Eq. (34)] as used in Eq. (32). The
reaction rates are calculated at an electron chemical potential of
1, = 3.16 MeV and a temperature of kT = 2.74 MeV as well as
using Oy, = 0.2223. The top plot is for neutrinos and the bottom
for antineutrinos. Red regions indicate that scattering events
mostly preserve the sign and magnitude of the scattered neu-
trino’s off-diagonal elements, white regions collapse them to
zero, and blue regions flip their sign.

integral dominates for large energy transfers, causing the
top left and bottom right parts of the plot to be blue. The
reaction rates for antineutrinos can be determined by
replacing p, <> —p,, effectively swapping the coefficients
of the two energy integrals. Thus, the top left and bottom
right parts of the bottom panel are red. When there are equal
contributions from both, ®,,/(®)y,, = (8sin*@y, — 1)/
(8sin*@y, + 1) = —0.43. This is visible along the diagonal
in both plots.

The phase inversion process is depicted in Fig. 6 using
flavor vectors for an initial single particle flavor state
described by a density matrix p,, (unrelated to the fluid
density p). We define vector components of g based on p,,
in the same way that we define the distribution flavor vector
components in Sec. I A. Focus first on the series of lines in
the top half starting at initial state “Initial 1.” One can
interpret this initial flavor vector as representing a neutrino
at a single frequency that is more likely to be measured as a
neutrino than an antineutrino (p(,) > 0) and has some flavor

coherence (|p(,)| > 0). The series of red lines depict the

P(z)

-...

~

..... 43 2 I’s Initial 1

'
I @Oeu o )
' (B)ocu =074 o
[ L Ll
—1v Poep —0.9 :1
‘|<q>>0€H ’ :
. P
b ’
hs .
* .
d P
M P
\~~ f .
189 Initial 2

FIG. 6. Diagram demonstrating how the first term in Eq. (32)
(electron scattering collision integral) affects the phase of
2-flavor mixed-state neutrinos after scattering when we follow
the neutrino from its initial to its final energy with each scatter.
We show a maximal-length single particle flavor isospin vector
p for an initial neutrino flavor state described by the density
matrix p,;, (unrelated to the fluid density p) that is mostly electron
neutrino (Initial 1) and one that is mostly muon neutrino
(Initial 2) for illustration purposes (p() = Vi /4, pyy =0 and
P =3 /4). We set the oscillation Hamiltonian to zero and only
consider electron scattering. Red regions in Fig. 5 drive the
distribution function closer to the flavor axis with each scatter, as
shown by the series of red arrows. Blue regions in Fig. 5 follow
the same pattern, except that the neutrino phase is negated on
each scatter, as shown by the series of red arrows. In both cases,
the density matrix approaches the flavor states more quickly as
Q(i#/ (@)ﬁeﬂ approaches 0. To see this, compare the Initial 1 case
to the Initial 2 case, where the magnitude of the off-diagonal
component of the scattering kernel is larger for the latter. The
dashed circle represents the sphere along which oscillations can
rotate the vector, described by pfx) + /’%\;) + p%z) =1

neutrino flavor structure after a series of scattering events
where 0 < @, /(®)g,, < 1. This could be realized, for
instance, by antineutrinos scattering back and forth
between high and low energies (red regions in the bottom
panel of Fig. 5) without blocking. During each scatter, the
neutrino is not destroyed and the relative probability of
finding the neutrino in an electron or muon flavor remains
unchanged (p(, and p) are constant). However, since the
ratio is positive but not 1, some of the flavor coherence
decays away with each scattering event (p(,) decreases).
Similarly, the series of blue lines depict a scattering event
where —1 < @, /(®)g,, < 0. Once again, the neutrino
is not destroyed and the relative probability of being
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FIG. 7. Flavor structure of the linearly anisotropic part (IDfE of electron scattering collision kernel R* as used in Eq. (32). The reaction
rates are calculated at an electron chemical potential of y, = 3.16 MeV and a temperature of kT = 2.74 MeV using 0y, = 0.2223. The
top plot is for neutrinos and the bottom for antineutrinos. The anisotropic collision term for off-diagonal elements (middle panels) reflect
both the anisotropy of the flavor-diagonal parts (left and right panels) and the flavor structure of Fig. 5.

measured as each flavor remains unchanged, but the flavor
coherence (p(y) in this diagram) is negated and loses magni-
tude with each scattering event. In both cases, the distri-
bution decays down to a flavor-diagonal state at the same
rate. The series of lines in the bottom half start at a similar
initial condition “Initial 2” that is mostly muon neutrino for
illustration purposes. The evolution of the flavor vectors
proceed very similarly to those in the top half, but decay to
flavor diagonal states more slowly since the magnitude of
@,/ (@), is closer to unity. In realistic QKE calcula-
tions, the impact of phase inversions on the distribution
function will depend on the relative directions of the
distribution flavor vectors at the initial and final momenta.

The feature in the bottom left corner of Fig. 5 (below
hv ~ h/ ~ 10 MeV) is due to the degeneracy of electrons.
Along the diagonal (v~1/), where scattering events
exchange no energy, electron blocking for inscattering
exactly cancels that for outscattering. However, in scatter-
ing from high energy to low energy (bottom right corner),
electron blocking strongly reduces the reaction rate,
whereas in scattering from low to high energies the terms
that are traditionally associated with blocking effectively
amplify the rate. This is to say that the feature is located
precisely where one expects degeneracy effects to be
important. Increasing the temperature or electron degen-
eracy increases the size of the feature.

The leftmost and rightmost plots in Fig. 7 show the
standard anisotropic component of the scattering kernel for

the ee (left panels) and pp (right panels) components of the
neutrino (top panels) and antineutrino (bottom panels)
distributions. As we would expect, the large positive values
along the diagonal indicate that for small energy transfer,
electron scattering is largely forward peaked, and the
negative values away from the diagonal mean that scattering
events with large energy transfer are backward peaked.
However, the center plot describing the anisotropy of the
scattering kernel for off-diagonal components is strikingly
different because it contains both angular information similar
to the plots on the left and right and flavor information
similar to Fig. 5. Thus, in the collision term for f,, (top
center panel), large energy transfers both are backward
peaked and induce a phase flip, resulting in a net positive
(red) value. Similarly for antineutrinos (bottom center panel),
the collision term is backward peaked and does not induce a
phase flip, resulting in a net negative (blue) value. For small
energy transfers (along the diagonal), the scattering is
forward peaked and induces a phase flip, resulting in a
net negative value for both neutrinos and antineutrinos. The
anisotropic (®;) terms do not enter into the isotropic
evolution equations in this paper, but will be important
for quantum kinetics calculations with spatial transport.
Given this intuition, we can now understand the action of
the inelastic scattering kernel on our fiducial maximally
mixed Fermi-Dirac distribution [Eq. (17)]. The top and
middle panels of Fig. 8 depict evolution of the flavor-
diagonal components for both neutrinos and antineutrinos.
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FIG. 8. Inelastic electron scattering.—Evolution of maximally
mixed Fermi-Dirac neutrino distribution [Eq. (17)] due to
inelastic electron scattering (v + e~ <> v+ e”) interactions.
The top panel contains the flavor-diagonal neutrino distribution
components, the middle panel contains the flavor-diagonal
antineutrino distribution components, and the bottom panel
contains the flavor—off-diagonal neutrino and antineutrino com-
ponents. Interaction rates are based on a background described by
p=10"” gem™, T =10 MeV, and Y, =0.3. The charged-
current parts of the electron scattering interaction drive the
off-diagonal elements to zero, and the diagonal elements redis-
tribute in energy to non-Fermi-Dirac values as long as the oft-
diagonal elements are nonzero.

The first thing to notice is that even though the flavor-
diagonal components are in Fermi-Dirac distributions, the
flavor coherence temporarily drives them out of equilib-
rium. Inspecting Eq. (32), it becomes apparent that the only
terms that modify the flavor-diagonal components are the
a = b # c part of the blocking terms ¢2;. This can be seen
after noting that the flavor-diagonal components of the
scattering kernel are R,, = (R,,) = R,,) and that the first
terms in Eq. (32) combined with the a = b = ¢ part of the
¢t terms constitute the standard flavor-diagonal collision
term for incoherent neutrinos. The a = b = ¢ part of ¢3 is
the blocking term for incoherent neutrinos, and ¢ itself is
just the extension of the blocking term to non-flavor-
diagonal neutrino distributions. Equation (12) shows that
the blocking terms, which are quadratic in f, have an effect
smaller than the standard flavor-incoherent terms when f
and f’ are antialigned and a larger effect when aligned.
Thus, what we see in Fig. 8 is that the Fermi-Dirac
distribution, though an equilibrium for incoherent neutri-
nos, is not an equilibrium in this mixed state. The blocking
terms redistribute neutrinos in energy toward a new mixed
equilibrium that has more low-energy neutrinos and fewer
high-energy neutrinos. However, after a short period of
time the terms linear in f (i.e., the regular scattering terms

2 =100
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FIG. 9. Elastic electron scattering.—Evolution of maximally
mixed Fermi-Dirac neutrino distribution [Eq. (17)] due to elastic
electron scattering (v + e~ <> v + e”) interactions. The top panel
contains the flavor—off-diagonal neutrino and antineutrino com-
ponents. The bottom panel shows the difference between the
elastic (f) and inelastic (fijelasic from Fig. 8) results. On-diagonal
components are not shown since they simply remain at their
initial values. Interaction rates are based on a background
described by p =102 gcm™3, T =10 MeV, and Y, = 0.3.
Though these approximate results are qualitatively similar to
the bottom panel of Fig. 8, there are significant quantitative
differences.

without blocking) drive the distribution to be flavor-
diagonal, since R/, is present in the inscattering terms
but (R),, is present in the outscattering terms. This is
demonstrated by the sharp decline of the off-diagonal
components of both neutrino and antineutrino distributions
in the bottom panel of Fig. 8. As the flavor—off-diagonal
components decay, the blocking terms increasingly resem-
ble the classic flavor-incoherent terms and the distribution
settles back down to a flavor-diagonal Fermi-Dirac dis-
tribution. As expected, neutrinos interact more strongly
than antineutrinos and high-energy neutrinos interact more
strongly than low-energy neutrinos, and stronger interac-
tion rates lead to quicker returns to the flavor-diagonal
Fermi-Dirac distribution.

Many modern neutrino transport codes treat electron
scattering as elastic for computational efficiency. If the
collisions are treated as elastic, the scattering kernels
simplify as R, = R;,. The collision integral greatly
reduces to

1
C,p = g dQ¥[(Koap + K145 €08 0) f,
V3

= ({K)oap + (k) 1ap €08 0) f ap ] (35)
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where the elastic but anisotropic scattering opacity is

dk,, 1
déz/) = E (KO(Ua) + Kl(”u) cos 9)

(36)

and the matrix form of the opacities are constructed in the
same way as the scattering kernels in Eq. (31).

The top panel of Fig. 9 shows the evolution of the
flavor—off-diagonal parts of a maximally mixed Fermi-
Dirac distribution under this assumption of elastic electron
scattering. The on-diagonal components f,, are not shown,
since the assumption of elastic scattering causes ¢
(blocking) terms to cancel and the on-diagonal components
do not change. We see that the elastic treatment produces
results rather consistent with the full inelastic treatment.
The bottom panel shows the difference between the elastic
and inelastic treatments, and in this particular choice of
fluid parameters elastic scattering causes the distribution to
evolve more slowly, leading to differences of at most
~15%. Of course, greater differences could occur for other
fluid and neutrino distributions.

C. Nucleon scattering

Next, we consider scattering by nucleons and nuclei
(Fig. 10), which at the two-loop level only undergo
scattering reactions with neutrinos through neutral-current
processes. The outscattering and inscattering self-energies
are identical in form to Eq. (30), though we note that due
to the neutral current nature of nucelon scattering that the
flavor structure of the scattering kernels is simpler (RF, =
(R)% and R = 0). Thus, the scattering kernels do not
themselves impart any flavor information on the collision
term and could be represented by a scalar instead of a flavor
matrix (i.e., R, = R*). However, in order to minimize the
number of representations used in this paper we leave in the
flavor indices. Note that weak magnetism corrections cause
the interactions to be weaker for antineutrinos than for
neutrinos [75], but leave the flavor structure unaffected.

The resulting self-energies are then identical in form to
Eq. (30). The contribution to the collision term is then also
given by Eq. (32). Matching the diagonal elements with
Sfex = fhx = 0 to the known scattering interaction rates for
incoherent neutrinos, we see that R, are the standard
scattering kernels. Though inelastic nucleon scattering is
not yet implemented in NuLib, we note that in the electron

FIG. 10. Two-point diagram for neutrino-nucleon scattering.
This is very similar to Fig. 4, but the lack of charged-current
processes makes the flavor structure less complex.

scattering case the finite value of RE, is what drives the
distribution to a flavor equilibrium and leads to interesting
structure in Fig. 5 and the center panels of Fig. 7. When
R%, = 0 as it is for nucleon scattering, the ratio ®, / (@)%,
is everywhere identically 1. Thus, inelastic nucleon scatter-
ing will redistribute neutrinos and flavor coherence in
energy and direction, but will not cause the flavor coher-
ence to decay.

If we consider the collisions to be elastic, which is a
much better approximation for nucleon or nucleus scatter-
ing than electron scattering because the masses are much
larger, then R* = R™. Once again, the corresponding
collision term is identical to that for electron scattering
given by Eq. (35), though we note that for neutral-current
scattering k,;, = (k),, and K,;, = 0. For an isotropic radi-
ation field and elastic nucleon scattering, f = f" and C = 0.
Thus, we do not plot the uninteresting case of evolving an
isotropic mixed distribution function in the presence of
elastic nucleon scattering because all quantities remain
constant.

D. Pair annihilation

Electron-positron pair annihilation (e~ + e' < v 4+ D) is
a cross diagram of electron scattering, and the collision
terms have a similar structure. That is [65],

v Z 7
I = /7{A+YL(1 =YL+ B YR(1 = f)Yg
+ Y. (1 —f’)YR + Yr(1 _J?I)YL]}’
3.7
= = /%{A_YLJ?'YL + B Yrf'Yg

+ CTYLf'Yr+ Yrf'YL]} (37)

where f is the antineutrino distribution function. Once
again, we neglect the third term in each line. One can go

through the term-matching procedure in Sec. IV B and
show that AT and BT are the same as in the electron

scattering case [Eq. (29)], but with values of R(Jj ) from
annihilation processes. This leads us to
& -
I, = /7Ra+b(5ab — fu):
N &PV -
I, = /7Rabf;b‘ (38)

Plugging this into the collision term [Eq. (4)], we arrive at
d317/
CZb = /7 [R2b5ab -

. v
Cab :/ C4 Sab>

<R>;Lbfab - R::hf!;b + g:b],

(39)
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where R, and (R)7, are defined with respect to values of
R(iy) from annihilation processes in the same way as in

Eq. (31). The ¢, is also similar to the electron scattering
case [Eq. (33)], but replacing f' — f' since we are
integrating over the antineutrino distribution instead of
an outgoing neutrino distribution. The first term on the first
line of Eq. (39) is the emission term in the absence of Fermi
blocking, which creates flavor-diagonal pairs of neutrinos.
Similarly, the second line describes the neutrino pair
annihilation rate, where Fermi blocking of final state
electrons and positrons is already accounted for in the
calculation of R7,. We can then understand the final three
terms on the first line as accounting for neutrino Fermi
blocking. The second term in C/, behaves as outscattering
and will always decrease the magnitude of the flavor—off-
diagonal components. The third term has a flavor structure
like the inscattering term in Eq. (32), but acts with the
opposite sign.

Figure 11 shows the isotropic part [see Eq. (34)] of the
pair production kernel RZ;,, similar to Fig. 5. This term does
not affect the unblocked pair production or annihilation
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FIG. 11. Flavor structure of the isotropic part ®3 of the pair
annihilation kernel R* as used in Eq. (39). The reaction rates are
calculated at an electron chemical potential of u, = 17.8 MeV
and a temperature of k7 = 2.74 MeV using 0y, = 0.2223. The
top plot is for neutrinos and the bottom for antineutrinos. Red and
dark blue regions show where electron degeneracy has a
significant impact on the flavor structure of the scattering kernel.

rates, but does describe how the presence of neutrinos and
antineutrinos contribute to the blocking term differently
and how they annihilate. When the ratio @, /(®), is
negative (blue in the top panel of the figure), the flavor—off-
diagonal component of the blocking term will increase the
neutrino distribution in the direction of the antineutrino
distribution’s off-diagonal component. Similarly, when the
ratio is positive (red in the top panel of the figure), the
neutrino’s off-diagonal components will be increased in
the opposite direction of the antineutrino’s off-diagonal
components. The same argument can be applied to anti-
neutrinos being blocked by neutrinos (bottom panel of the
figure). Notice that the antineutrino collision term is simply
the transpose in ingoing/outgoing energy of the neutrino
collision term. This is due to the fact that the interaction
diagrams are closely related to the interaction diagrams for
antineutrinos, so R (v, 7, cos 0,x*) = R, (7, v, cos 0, x*).

Similarly, Fig. 12 shows the linearly anisotropic part of
the electron-positron pair annihilation kernels. The left and
right panels show the classic incoherent kernels for electron
neutrinos (left) and heavy lepton neutrinos (right) and for
antineutrinos (bottom left and right). The predominantly
blue color means that neutrinos annihilate more strongly
when colliding at large angles, except for a small range of
energies near the electron degeneracy energy where
dependence on the collision angle is much weaker. This
feature is only present when the electron degeneracy is
larger than the fluid temperature. The middle plots for
neutrinos (top) and antineutrinos (bottom) show the off-
diagonal part of the kernel, which is a convolution of
angular information in the plots to the left and right and the
flavor information in Fig. 11. In the blue regions, the
blocking term from neutrino-antineutrino pair creation will
increase the neutrino’s off-diagonal components in the
same (flavor) direction as the antineutrino’s if they are
born moving in the same (spatial) direction, and will do the
opposite if born moving in opposite (spatial) directions. In
red regions, the opposite is true.

Note that the features in Figs. 11 and 12 only appear when
the electrons are very degenerate. We chose very degenerate
parameters to show these effects, but when k7" = u, there is
almost no dependence of the flavor structure on either
neutrino or antineutrino energy (the plots are a solid color).
There are two relevant energy scales. The first is the inner
edge of the features at around 10 MeV in the figures.
This is related to the temperature, since in the range of
0 < h(v+v) <10 MeV a significant fraction of the anni-
hilating electrons will have energies below our example fluid
temperature of 2.74 MeV. The second is the outer edge of the
features at around 100 MeV in the figures. This energy scale
is related to the electron degeneracy, since in the range of
10 S h(v+1/) <100 MeV  a significant fraction of the
reacting electrons will be degenerate.

Figure 13 shows the evolution of our isotropic
maximally mixed Fermi-Dirac distribution of neutrinos
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FIG. 12.  Flavor structure of the linearly anisotropic part @ of the pair annihilation kernel R* as used in Eq. (39). The reaction rates
are calculated at an electron chemical potential of y, = 17.8 MeV and a temperature of k7 = 2.74 MeV using 8y, = 0.2223. The top
plot is for neutrinos and the bottom for antineutrinos. The anisotropic annihilation term for off-diagonal elements (middle panels)
reflects both the anisotropy of the flavor-diagonal parts (left and right panels) and the flavor structure of Fig. 11.

[Eq. (17)] due to electron-positron pair production and
annihilation only. Since the distribution is isotropic, only
the isotropic part of the kernel @ enters into the calcu-
lation. Similar to the electron scattering case, we see that
the pair production kernels modify both the flavor-diagonal
(top two panels of Fig. 13) and the flavor—off-diagonal
(bottom panel of Fig. 13) components of the distribution.
Once again, only the nonlinear ¢, terms lead to the initial
change in the on-diagonal components, since the other
terms cancel out by construction of the initial Fermi-Dirac
distribution. Unlike electron scattering, electron-positron
pair production and annihilation can change the total
number of neutrinos present, which occurs as all flavor-
diagonal components grow in the first ~0.1 ms. The ee
component of both the neutrino and antineutrino distribu-
tions (solid lines in the top two panels) grow on a shorter
timescale than the uu components (dashed lines in the top
two panels), since the collision rates for those components
are larger due to the contribution of charged-current
processes. While this rapid change occurs, the off-diagonal
components (bottom panel) of both neutrino and antineu-
trino distributions decline, and they decline more rapidly
for high-energy anti/neutrinos.

For all components, the antineutrino distribution evolves
more quickly than the neutrino distribution. The initial
neutrino distribution has a higher average energy and a
higher overall number density than the initial antineutrino
distribution due to the large degeneracy of the electrons.

This causes both RE, and R, to be larger when v > # than
when v < . If we look at the third term in Eq. (39), since
the average energy of f is lower than that of f and R}, is
smaller when 7 < v, the contribution of that term to the
integral is relatively small. Similarly, the corresponding
term for antineutrinos is an integral over f, which has a
larger average energy than f, and R*, which is larger when
v > p. Thus, it is natural to expect a larger collision term
for antineutrinos than neutrinos and correspondingly more
rapid evolution of the antineutrino distribution.

It is common for neutrino transport codes to treat pair
processes as an effective absorption and emission process
by applying Kirchhoff’s law to the pair emissivity under
the assumption of no Fermi blocking. This allows the
neutrino distributions to reach the correct equilibrium and
is less computationally expensive. To extend this idea to
coherent flavor transport, we take the flavor structure of
the term linear in f,

Cah = j(ya)aub - (<j>ab + <K>ab)fub9 (40)
where
Jwy) = /d3l/q)g(%>,
J(”a) (41)
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FIG. 13. Pair annihilation.—Evolution of maximally mixed
Fermi-Dirac neutrino distribution [Eq. (17)] due to electron-
positron pair (e* + e~ <> v+ D) interactions. The top panel
contains the flavor-diagonal neutrino distribution components,
the middle panel contains the flavor-diagonal antineutrino dis-
tribution components, and the bottom panel contains the flavor—
off-diagonal neutrino and antineutrino components. Interaction
rates are based on a background described by p = 10'? gcm™,
T =10 MeV, and Y, =0.3. The nonlinear terms cause the
flavor-diagonal elements to redistribute away from Fermi-Dirac
values as long as the off-diagonal elements are nonzero. The long
evolution timescale makes this process a subdominant driver of
flavor decoherence.

Figure 14 shows the evolution of the same initial
condition under this treatment of pair processes. The on-
diagonal components are in equilibrium and do not change
due to the lack of the nonlinear gaih terms in Eq. (40), and so
are not plotted. The top panel shows the evolution of the
off-diagonal components of the neutrino (solid lines) and
antineutrino (dashed lines) distributions relative to their
initial values. We see that they evolve on a timescale that is
significantly longer than that seen in the bottom panel of
Fig. 13. When we subtract the full kernel solution from this
approximated solution (bottom panel of Fig. 14), we see
that the solutions differ by as much as ~80%. The effective
absorption approach is problematic, but we will see in
future sections that pair annihilation is not a dominant
source of flavor decoherence for these background fluid
parameters.

E. Nucleon-nucleon bremsstrahlung

Comparing nucleon-nucleon bremsstrahlung to electron-
positron pair annihilation is very similar to comparing
nucleon scattering to electron scattering. Nucleon-nucleon
bremsstrahlung is a neutral-current process that requires too
many diagrams to show them all here. The general structure
of the diagrams is depicted in Fig. 15 but without the gauge
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FIG. 14. Effective absorption pair annihilation.—Evolution of
maximally mixed Fermi-Dirac neutrino distribution [Eq. (17)]
due to electron-positron pair (e* + e~ <> v+ D) interactions
treated as an effective absorption/emission process. The top
panel contains the flavor—off-diagonal neutrino and antineutrino
components. The bottom panel shows the difference between the
elastic (f) and inelastic (f;,ejasic from Fig. 8) results. On-diagonal
components are not shown since they simply remain at their
initial values. Interaction rates are based on a background
described by p =102 gcm™, T =10 MeV, and Y, = 0.3.
There are significant differences between how an effective
absorption treatment leads to flavor decoherence compared to
the full treatment.

bosons connecting the lines in many permutations (see,
e.g., [76,77] and references therein). However, in all
diagrams there is a single unbroken neutrino line, so the
self-energy is linear in f’. The resulting expressions for the
self-energies are identical in form to Eq. (38), except that
the purely neutral-current nature of the interactions leads to
the simplifications RY, = (R)%, and RZ, = 0. The resulting
collision term is then identical to Eq. (39).

However, many codes treat nucleon-nucleon bremsstrah-
lung as an effective absorption and emission process by
setting and by applying Kirchoff’s law to the pair emis-
sivity under the assumption of no Fermi blocking. This

14
v v
N > N
N > N

FIG. 15. Two-point diagram for nucleon-nucleon bremsstrah-
lung radiation. This diagram represents many diagrams with
various permutations of Z bosons connecting the lines. A single
internal neutrino line makes the structure similar to electron-
positron pair annihilation (Fig. 4).
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FIG. 16. Effective absorption bremsstrahlung.—Evolution of
the flavor—off-diagonal components of a maximally mixed Fermi-
Dirac neutrino distribution [Eq. (17)] due to nucleon-nucleon
bremsstrahlung (N +N <> N + N + v+ 7) interactions. On-
diagonal components are not shown since they simply remain
at their initial values. Interaction rates are based on a background
described by p =10 gem™3, T =10 MeV, and Y, =0.3.
Bremsstrahlung processes decohere low-energy neutrinos more
rapidly than high-energy neutrinos and become a dominant driver
of decoherence at nuclear densities. The significant errors
associated with the effective absorption treatment of pair proc-
esses (Fig. 14) calls for a more realistic treatment of bremsstrah-
lung processes.

leads to reaction rates that are approximately correct, settle
to the correct equilibrium, and are much more computa-
tionally efficient. To extend this idea to coherent flavor
transport, we take the flavor structure of the term linear in
f, which results in a collision term as in Eq. (40). With this
construction, all species have the same emissivity but
different absorption opacities such that the collision term
drives the distribution to Fermi-Dirac values.

Figure 16 shows the evolution of our maximally mixed
Fermi-Dirac distribution [Eq. (17)] using an approximate
absorption-emission treatment, since full kernels are not
readily available. As with any simple absorption process
(e.g., Sec. IVA), the off-diagonal component decays
exponentially. However, we see that high-energy neutrinos
evolve more slowly than low-energy neutrinos, since the
bremsstrahlung emissivity decreases with neutrino energy
(e.g., [12]). The neutrino distribution at a given energy also
evolves more slowly than the antineutrino distribution
because the values of FD(#,—pu, ,T) that go into
Eq. (41) are smaller than FD(v, Hy, s T) at the same neutrino
energy. In any case, the effect of bremsstrahlung collision
processes on neutrino flavor coherence is much weaker
than other processes for this choice of fluid parameters.
However, the effects can be much more conspicuous at the
nuclear densities in a protoneutron star.

F. Four-neutrino processes

Finally, we describe the contribution of four-neutrino
processes to the collision term, the diagrams for which are

V1

FIG. 17. Two-point diagrams for neutrino-neutrino scattering
and pair annihilation. The multiple internal neutrino lines make
this a difficult process to treat in the QKEs. The lack of charged-
current interactions precludes phase decoherence.

shown in Fig. 17. The full integrals [65] are rather
complicated, and we do not reproduce them here. Since
this reaction requires integrating over all of the neutrino
distributions, we do not extend existing reaction rates and
instead directly integrate Eq. (96) in [65].

Figure 18 shows the evolution of our fiducial maximally
mixed Fermi-Dirac distribution [Eq. (17)] due to neutrino-
neutrino scattering and pair processes. It is apparent that the
initial distribution is not an equilibrium distribution, and the

F@&)/f0)
hv (MeV)

FIG. 18. Four-neutrino processes.—Evolution of maximally
mixed Fermi-Dirac neutrino distribution [Eq. (17)] due to
neutrino-neutrino  scattering (v+v < v-+v) and pair
(v+ 7 < v+ D) interactions. The top panel contains the fla-
vor-diagonal neutrino distribution components, the middle panel
contains the flavor-diagonal antineutrino distribution compo-
nents, and the bottom panel contains the flavor—off-diagonal
neutrino and antineutrino components. Interaction rates are based
on a background described by p = 10> gcm™, T = 10 MeV,
and Y, = 0.3. The neutrinos never decay to flavor-diagonal
Fermi-Dirac distributions, but instead redistribute such that the
distribution flavor vector at all neutrino energies are aligned, and
the neutrino vectors are antialigned with the antineutrino vectors.
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distribution redistributes itself. Initially, the distribution
flavor vector length is 1.6-2.7 (depending on the neutrino
energy) times the length of the flavor vector of a flavor-
diagonal Fermi-Dirac distribution due to our imposed off-
diagonal components [Eq. (17)]. However, over time the
flavor vector length decays down to a nearly constant factor
of 1.1-1.4 times the Fermi-Dirac values (again, depending
on the neutrino energy). This is done by redistributing
flavor coherence between neutrinos and helicities. Indeed,
the initial flavor phase angle (the angle between the
distribution flavor vector and the positive flavor axis) is
initially energy and helicity dependent, but at the end of the
calculation the distribution flavor vector is constant in
energy at 50.6° and the antineutrino distribution flavor
vector at 230.6°. Intuitively, neutrino-neutrino scattering
will redistribute flavor phase within a helicity to make
the flavor phase angle constant in energy, and neutrino-
neutrino pair processes will redistribute the flavor phase
across helicity to make the neutrino and antineutrino flavor
phase angles antiparallel. The direction of this equilibrium
distribution flavor vector can be in any direction and
depends on the initial conditions.

If we assume that distribution functions 2 and 3 are
flavor-diagonal Fermi-Dirac distributions (similar to what
is done by [78] for standard neutrino transport), the self-
energies reduce to

d3U1/
H:b:/ A <R>3—bf/lab’

d3y /
I, = /C41<R>a_b(5ah— ab)> (42)

where

d31/2/ d3l/3/
Rz;a) = Z(l + 5(10)/ C3 CS

x r(PlJrPa—’Pﬂ’z)(l _fécc) /SCC’

_ d31/2/d3113/
R<ua>=2<1+5m>/ PR

C
c

X r(P+Pz—>p1+p3)fl200(1 - gcc) (43)

are the ordinary Boltzmann neutrino-neutrino scattering
rates. This would lead to similar evolution timescales, but
assuming that one of the reacting distributions is flavor
diagonal breaks the flavor symmetry that allows the full
scattering and annihilation kernels to relax the distributions
to an arbitrary flavor phase angle. Instead, the neutrino and
antineutrino distributions would always be driven to flavor-
diagonal Fermi-Dirac distributions.

V. RESULTS

Armed with an understanding of the effects of individual
processes, we can make sense of more complete QKE

ot
o
hv (MeV)

FIG. 19. All processes.—Evolution of maximally mixed Fermi-
Dirac neutrino distribution [Eq. (17)] due to absorption/emission,
inelastic electron scattering, electron-positron pair annihilation,
nucleon-nucleon bremsstrahlung, neutrino-neutrino scattering,
and neutrino-antineutrino pair interactions. The top panel con-
tains the flavor-diagonal neutrino distribution components, the
middle panel constrains the flavor-diagonal antineutrino distri-
bution components, and the bottom panel contains the flavor—off-
diagonal neutrino and antineutrino components. Interaction rates
are based on a background described by p = 10'> gecm™,
T =10 MeV, and Y, = 0.3. This quantitatively provides an
estimate of decoherence timescales on the order of a millisecond
for these parameters depending on energy.

simulations. We will first outline the major points before
taking a deeper dive into the results. We have published the
most important data from this section on Zenodo,’ and the
rest is available on request.

In Sec. VA we will combine all of the interactions
in Sec. IV while still neglecting oscillations. We demon-
strate for our fiducial fluid parameters of p = 10'® gcm™3,
T =10 MeV, and Y, = 0.3 that neutrino flavor coherence
decays on timescales near a microsecond depending
on energy, as seen in the bottom panel of Fig. 19.
Bremsstrahlung processes drive the decoherence of the
lowest energy neutrinos, absorption and electron scattering
drive decoherence of the highest energies, and inelastic
scattering and pair processes drive changes in the flavor-
diagonal components.

The keystone to our discussion of the QKEs is the
oscillation term, which we discuss in Sec. V B. We show in
Fig. 20 that for our fiducial fluid parameters there is a
nutation due to the total neutrino density (top two panels)
and a precession due to the electron density, both of which
occur on timescales of around a picosecond. Extending this
calculation by several microseconds, we see the combined

*https://doi.org/10.5281/zenodo.3237245.
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FIG. 20. Oscillation terms.—Evolution of all components of a
two-flavor neutrino distribution function due to the action of the
oscillation Hamiltonian in Eq. (3) in a background fluid described
byp =102 gcm™3, T = 10 MeV, and Y, = 0.3. There is a short
precession timescale associated with the number density of
electrons visible in the flavor—off-diagonal components (bottom
two panels) and a longer nutation timescale associated with the
total neutrino density most obvious in the flavor-diagonal
components (top two panels). Both are much shorter than the
collision timescale.

action of oscillations and collisions in Fig. 21. The neutrino
distributions (thick shaded regions covering the oscillation
amplitude) decohere to flavor-diagonal Fermi-Dirac dis-
tributions on timescales similar to but measurably different
from the calculations without oscillations (green curves).

Given this result, we feel justified to do a wider
parameter sweep in Sec. VC using the less-expensive
nonoscillating QKE calculations to understand flavor
decoherence in core-collapse supernovae. We take back-
ground matter parameters from a one-dimensional (1D)
CCSN simulation (Fig. 22) and determine the decoherence
time using an isotropic QKE calculation at each radial point
(Fig. 23). We show the results using different interaction
sets in different panels to demonstrate that in the PNS
decoherence is dominated by electron scattering, nucleon-
nucleon bremsstrahlung, and neutrino-neutrino scattering,
while near the shock decoherence is dominated by absorp-
tion, and in the decoupling region all of these processes
except elastic nucleon scattering and neutrino-neutrino
processes have a significant impact. Finally we are able

to demonstrate that an empirically determined effective
decoherence opacity Kefrecive [EQ- (45)] is a much better
predictor of flavor decoherence rates than the mean free
path. In Fig. 24, one can see that the decoherence timescale
from Kgpeciive Matches the simulated one generally to within
a factor of 10 in the PNS and to within 20% outside of
the PNS.

A. Quantum Kinetics without oscillations

First, we will discuss how neutrinos evolve with a full
suite of collision processes but without oscillations to
provide a basis for understanding what happens when
evolving the full QKEs. We begin with the same initial
maximally mixed neutrino distribution [Eq. (17)] and back-
ground matter parameters (p = 10> gcm™, T = 10 MeV,
Y, =0.3) used in Sec. IV. The resulting evolution of
the neutrino distributions is shown in Fig. 19, and it is
immediately clear that it behaves unlike that due to any
single collision process.

The initial reactions of the flavor-diagonal elements (top
two panels of Fig. 19) are very reminiscent of the evolution
due to neutrino-neutrino reactions (Fig. 18), though with
different amplitudes and on a shorter timescale. In all but
the lowest energy electron neutrinos (solid lines, top panel
of Fig. 19), the impact of electron scattering (Fig. 8) is
apparent. Similarly, at intermediate energies, the electron
and muon antineutrino curves (center panel of Fig. 19
evolve similar to those caused by pair annihilation in
Fig. 13. The on-diagonal elements are also influenced
by the nonlinear terms in the electron scattering and
electron-positron pair annihilation reactions, but since these
reactions operate over milliseconds rather than microsec-
onds, their contribution is less obvious. The off-diagonal
elements (bottom panel) show that high-energy neutrinos
lose flavor coherence more quickly than low-energy
neutrinos and that neutrinos lose flavor coherence more
quickly than antineutrinos. This reflects the actions of
absorption of neutrinos on nucleons (Fig. 3) and electron
scattering (Fig. 8). Even though neutrino-neutrino inter-
actions themselves support long-lived flavor coherence,
when combined with coherence-destroying reactions they
simply accelerate the demise of coherence. The rapid initial
adjustment from neutrino-neutrino interactions quickly
shuffles neutrinos between energy bins, and energy is also
shuffled between neutrinos and antineutrinos, allowing
flavor-destructive processes to operate more efficiently.

B. Quantum Kkinetics with oscillations

Now we can finally add the oscillation term back in.
Before discussing the combined effects of oscillations and
collisions, we note that the oscillations occur on an
extremely short timescale of ~1071® s. Figure 20 shows
this in detail. The top two panels show the evolution of
the flavor-diagonal components of the neutrino (solid)
and antineutrino (dashed) distributions. When one flavor
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FIG. 21. Top panels: Evolution of the z component of the neutrino distribution flavor vectors relative to the equilibrium vector length

at several neutrino energies. Dark (light) shades show (anti)neutrino values. The equivalent values from the nonoscillating calculations
are plotted in green for neutrinos (solid lines) and antineutrinos (dashed lines). The spread is due to violent oscillations on much shorter
timescales, and one can see collisions decreasing the amplitude of the oscillations (width of the spread) and driving the distributions
toward the flavor axis. Center panels: Component of the distribution flavor vector perpendicular to the z direction [Eq. (44)] relative to
the equilibrium vector length using the same color/line conventions as above. The spread is due to the same oscillations that cause the
spread in the top panels. The results roughly agree with those of the nonoscillating calculations, plotted as solid green for neutrinos and
dashed green for antineutrinos. Bottom panels: Length of the neutrino distribution flavor vector relative to the equilibrium length using
the same color and line conventions as above. There is not spread because the distribution flavor vector length is not directly sensitive to

oscillations.

becomes more abundant, the other flavor becomes less
abundant, conserving the total number of neutrinos. Lower
energy neutrinos (dark colors) are more degenerate and
have larger occupation probabilities. The lowest-energy
electron neutrinos (black solid curves at the top of the
top panel) actually oscillate into a completely degenerate
state with occupation numbers of 1. This emphasizes the
importance of taking care to choose only physically
motivated initial conditions since a larger amount of initial
flavor mixing in the initial conditions than used here would
allow the oscillation term to push the occupation numbers
in these degenerate states higher than 1. With our choice of
initial conditions, the blocking terms in our calculations
naturally prevent the neutrino distribution from developing
into a state with f > 1 in any basis. For the realization of
the QKEs [64] and our adaption of them, we have not,
however, proven that the collision terms are incapable of
developing such an unphysical distribution under all
circumstances. This is trivially true for absorption and
elastic scattering, for which evolution of the diagonal
components is unchanged by flavor coherence, but the
nonlinear processes are less straightforward.

The bottom two panels of Fig. 20 show the real and
imaginary parts of the distribution, respectively. First, we

notice that the real and imaginary parts are out of phase
with each other, indicating a circular oscillation of the
distribution flavor vector around the flavor axis. Also, the
direction of the antineutrino flavor vector oscillation is
opposite to the neutrino vector, indicated by the opposite
sign of the imaginary components. This is expected based
on the relationship between the neutrino and antineutrino
matter Hamiltonians (Sec. II). Finally, we see that when the
difference between the values of the on-diagonal compo-
nents (the z component of the distribution flavor vector)
grows toward t = (0.3 ps, the magnitude of the off-diagonal
components (x and y components of the distribution flavor
vector) shrink. This is an expression of the fact that the
oscillation term is unable to change the length of the
distribution flavor vector. Effects from interactions are
technically present in these data, but they do not have a
significant impact over such a short time.

The rapid oscillations in the bottom two panels show the
effect of the matter potential. At the relevant density of
10!2 g cm™ and electron fraction of 0.3, the matter poten-
tial [Eq. (6)] is 0.023 eV, a factor of 1.8 x 107 larger than
the vacuum potential for the 1 MeV bin. Because of the
large matter potential, the oscillation axis is nearly aligned
with the flavor axis. One can also see that the period of the
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FIG. 22. Background fluid snapshot from a one-dimensional
neutrino radiation hydrodynamics core-collapse supernova sim-
ulation at 100 ms after core bounce [79]. We perform separate
isotropic, homogeneous quantum kinetics calculations without
the oscillation term at each radial point using the matter density p,
electron fraction Y,, and temperature 7 at that radius as input.
The bottom panel also shows for reference the chemical poten-
tials of electrons y, and electron neutrinos 4, as determined by
the HShen equation of state [70]. The location of the shock is at
the right edge of the plot at 168 km, and the approximate location
of the outer edge of the protoneutron star is shown at 10 km with a
vertical dashed green line.

oscillations is approximately h/v2Gpn,=1.8x10""s.
Deviations from this are due to the additional contribution
of the neutrino self-interaction potential. For the diagonal
components in the top panel, the period of oscillation, also

due to the neutrino potential, is /1/v/2Grn, =6.9x 1073 s,
where n,, is the total neutrino number density.

Only on timescales much longer than the oscillation time
do collisions have a chance to impact the neutrino dis-
tribution, so we continue the simulation for an additional
100 us. The top left panel of Fig. 21 makes it clear that the
amplitude of the nutations at neutrino energies of 8 MeV are
damped on a timescale of around a microsecond and that
the distributions are driven to flavor states on a timescale of
several microseconds. In particular, this panel shows the z
component of the neutrino (dark) and antineutrino (light)
distribution flavor vectors relative to their equilibrium
Fermi-Dirac values. In flavor-diagonal equilibrium, the
distribution flavor vector is entirely in the z direction with
a magnitude of L.y. As a reminder, the initial conditions
were constructed as distribution flavor vectors described by
fe (0) = L¢q and an imposed large x component, resulting
in a value of L(0) > L.,. On the left side of the plot, the
oscillations from the top two panels of Fig. 20 are visible as
a vertical spread in the colored regions. The neutrinos
oscillate from their initial latitude (bottom edge of the dark
region) toward the electron flavor axis (top edge of the dark
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FIG. 23.

Decoherence times of flavor—off-diagonal components of the neutrino distribution function in conditions relevant to CCSNe.

We perform an isotropic, homogeneous nonoscillating quantum kinetic calculation using fluid values from each radial point in Fig. 22.
Top panels show the decoherence times for neutrinos and bottom panels show those for antineutrinos. Neutrino energies from 1 MeV to
100 MeV are colored according to the color bar on the right, while energies from 101 to 200 MeV are all colored gold. Each panel shows
the results using a different set of interactions as indicated by the text in the panel. The approximate outer edge of the protoneutron star is
depicted with a dashed green line at 10 km. For reference, we also show the location where the radial coordinate is equal to the
decoherence length scale with a dashed blue line. Electron scattering, bremsstrahlung processes, and four-neutrino processes dominate
decoherence in the PNS, while absorption dominates decoherence just under the shock. All processes except neutrino-nucleon elastic
scattering and neutrino-neutrino processes contribute in the decoupling region.
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FIG. 24. Ratio of the computed flavor decoherence length scale
to the effective decoherence opacity [Eq. (45)] in the non-
oscillating calculations including absorption, inelastic electron
scattering, electron-positron pair annihilation, and effective-
absorption nucleon-nucleon bremsstrahlung. This effective opac-
ity is a much better predictor of flavor decoherence rates than the
mean free path.

region), indicated by a z component that grows to values of
fz)/Leq > 1. Antineutrinos start with a negative latitude
(more muon antineutrinos than electron antineutrinos,
bottom edge of the light region) and oscillate across the
equator a bit beyond the opposite latitude (top edge of
the light region). The oscillation term drives the flavor-
diagonal components much farther from their initial values
than the collision terms themselves were able to do in the
absence of oscillations (plotted in solid green for neutrinos
and dashed green for antineutrinos). As time progresses,
two effects are evident. First, the amplitude of the oscil-
lations in the z direction decreases as the shaded areas
compress to lines. Second, the location of the average value
of f ;) decays to the equilibrium value. Stated another way,
the distribution flavor vectors nutate within a band between
two latitudes, and with time the width of the band
(amplitude of the nutations) shrinks and the average
latitude approaches the (muon) electron flavor axis for
(anti)neutrinos.

The top left plot only reflects the behavior of the flavor-
diagonal components of the distribution. However, in the
leftmost center plot in Fig. 21 we see that oscillations in the
flavor—off-diagonal components are damped similarly to
the flavor-diagonal components and that they damp on
roughly the timescale predicted by the nonoscillating
calculations. This can be seen as follows. To avoid over-
loading the plot with the precession motion, we only plot
the part of the distribution flavor vector perpendicular to the

flavor axis
= \[Tty + 1) (44)

still at 8 MeV. Though this quantity also oscillates at the
left-hand side of the plot, the neutrinos (dark) exhibit a

much broader band than antineutrinos (light). This corrob-
orates the interpretation of the top panel, namely that the
neutrino distribution flavor vector is oscillating from its
initial latitude (large f(,)) to very near the electron flavor
axis (small f(,)) and back. Antineutrinos, on the other
hand, oscillate from their initial latitudes across the flavor
equator without getting very close to either axis (opposite
sign f(;) and small variation in f(;)). As with the z
component, the collisions simultaneously decrease the
average value of f(,) and the range of the oscillation.
At 1~ 0.4 pus, the lower edge of the f(,) band is able to
reach a value of zero, meaning the neutrino distribution
flavor vector is able to nutate directly in line with the
electron flavor axis. However, the minimum f' ) increases
once again before slowly decaying back to zero. Compared
to the decay of the corresponding quantities in the absence
of oscillations (plotted in green), the overall evolution
is somewhat more rapid for neutrinos and slower for
antineutrinos.

As time progresses, the collisions work to remove off-
diagonal components of the neutrino distribution, or
equivalently to reduce f(,). In the case of antineutrinos,
which oscillate back and forth over the flavor equator, this
rapidly shortens the total length of the distribution flavor
vector. The bottom left panel of Fig. 21 shows the length of
the distribution flavor vector relative to the equilibrium
Fermi-Dirac length at the same neutrino energy of 8§ MeV.
The light curves show that the collisions decrease the
antineutrino distribution flavor vector length to less than
the equilibrium value, since the flavor-diagonal parts of the
collision term are unable to replenish the on-diagonal
distribution components as quickly as the off-diagonal parts
of the collision term decrease the off-diagonal distribution
components. Once f () is depleted, the diagonal compo-
nents and hence the vector length slowly decay back to
equilibrium values. Since the oscillations cause the neu-
trino distribution flavor vector to spend more time than the
antineutrino vector spends near the flavor axis, the colli-
sions are less effective at shortening the length of the
distribution flavor vector and so it decreases more slowly
than the case when oscillations are switched off (solid green
lines). In contrast, we see that since oscillations cause the
antineutrino vector to spend more time near the equator, the
vector length decreases more rapidly than when oscillations
are not present (dashed green lines).

This story remains true at higher energies as depicted in
farther right plots in each row, but at higher energies the rate
at which diagonal components of the collision term
equilibrate f;) to L., become comparable to the rate at
which the off-diagonal components equilibrate f ) to zero.
This can be seen in the top panels as the centers of the
bands for both neutrinos and antineutrinos approach
equilibrium more quickly, though the bands in the bottom
panel approach 0 at a similar rate. In the case of low-energy
neutrinos, the distribution flavor vector decays to the flavor
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axis, and when f, is depleted f(,) > L.y and the vector
decays down the flavor axis until it reaches f(;) = Leq. On
the other hand, at high energies f ) is driven to L, before
S (1) reaches 0. As a result, the range of latitudes covered by
the oscillations extends below the starting latitude, and the
off-diagonal components are able to push the vector toward
the flavor axis with both f ) (top panels) and L (bottom
panels) less than L. Switching now to the antineutrinos, at
low energies the distribution flavor vector decays to the
flavor axis with f(,) and L less than L.y, as we described
earlier. Just as the neutrinos, at higher energies the anti-
neutrinos are driven to f(,) = Ly before f(,) decays to
zero, resulting in values of L that do not dip as far below
L4 as at low energies. For both neutrinos and antineutrinos,
the continued presence of off-diagonal components when
f() first reaches L., allows continued evolution of f z)
and L away from L., until f;) decays to 0, and the
interesting fluctuations in the top and bottom panels result.
These behaviors are apparent in the evolution of the
nonoscillating distributions (green curves) as well, but
without oscillations driving the distribution flavor vectors
through a wide range of latitudes, they tend not to be as
pronounced.

Finally, the thickness of the bands in the top and center
plots are much larger at low energies than at high energies.
This is a result of our choice of initial conditions, since the
differences between the distributions for different neutrino
flavors at low energies permit a larger initial f ) relative to
Sz [Eq. (17)]. We remind the reader that our initial con-
ditions also place all neutrinos and antineutrinos at the
same phase angle (i.e., f(,) >0 and f(,) =0) and with
Fermi-Dirac values for diagonal components. Under-
standing how the evolution of the neutrino distributions
proceeds under different initial conditions is certainly
worth further study.

C. Flavor decoherence in core-collapse supernovae

In order to understand flavor decoherence in conditions
throughout a CCSN explosion, we perform a series of
isotropic homogeneous QKE calculations using a range of
input parameters relevant to CCSNe. We see in Fig. 23 that
a detailed accounting of all of the processes described in
Sec. IV (except for elastic nucleon scattering) are required
to describe flavor decoherence everywhere under the shock.
However, before describing the results in detail, we will
outline the details of the calculations.

The range of parameters come from a snapshot of a one-
dimensional neutrino radiation hydrodynamics CCSN sim-
ulation [79] shown in Fig. 22. This snapshot was taken at
100 ms after core bounce, by which time the shock has
stalled at a radius of around 168 km. The spatial grid of the
original simulation has 384 radial points extending out to
5000 km, but we only perform QKE calculations on each of
the 241 radial points inside of the shock. Inside of the PNS

(dashed green line) the temperatures are only ~8 MeV
(black curve), but electrons and electron neutrinos are
trapped and very degenerate (yellow and red curves). Just
outside of the PNS the temperature reaches a maximum
of 18.5 MeV and then continues to decrease with radius.
The equilibrium electron neutrino degeneracy drops
more quickly with radius than does the temperature,
causing thermal electron neutrinos to become nondegen-
erate at r ~ 20 km.

We perform an isotropic calculation for the conditions
associated with each location in the CCSN shown in
Fig. 22, i.e., between the center of the PNS and the position
of the shock at 168 km. In these calculations, we use a large
energy grid spanning a domain of 200 MeV with energy
grid spacing of 1 MeV in order to resolve the neutrino
distribution anywhere under the shock. The large degen-
eracies within and near the PNS require an energy domain
extending to 200 MeV to contain the neutrino distributions,
and when the temperature and electron neutrino degeneracy
drop at larger radii we need to adequately resolve the more
compact distribution. We elect to initialize the distribution
function in each calculation with maximally mixed Fermi-
Dirac values [Eq. (17)] based on the background fluid
temperature and chemical potentials for the initial neutrino
distributions, even though outside of the neutrinosphere the
neutrino distribution is more sparse and anisotropic than a
thermal distribution. Without spatial transport, even flavor-
diagonal distributions will evolve toward Fermi-Dirac
distributions if they begin out of equilibrium with the
fluid. It would be difficult to disentangle this known effect
from the new off-diagonal parts of the collision terms if we
did not start with Fermi-Dirac initial conditions on the
diagonals. In addition, we do not see a way to consistently
map anisotropic distributions into isotropic calculations in a
meaningful way, so we construct our initial conditions
using Eq. (17) rather than from output of the CCSN
simulation. Effects due to anisotropy should be addressed
with anisotropic calculations with spatial transport, which
will be the subject of future work.

Using the results of each of these simulations, we can
define a flavor decoherence timescale 7y..opere @S the
amount of time it takes for the magnitude of the flavor—
off-diagonal component of the neutrino distribution to
decrease to a factor of e~! of its initial value. We show
Tdgecohere throughout the CCSN profile in Fig. 23, color
coded by neutrino energy. The left panels show the results
when we only consider absorption onto nucleons and
nuclei a la Sec. IVA. The interpretation of decay time is
especially accurate in this case, since the off-diagonal
components truly decay exponentially according to the
absorption opacities. As expected, we see once again
that neutrinos (top left panel) lose flavor coherence
more quickly than antineutrinos (bottom left panel), and
high-energy neutrinos decohere faster than low-energy
neutrinos. Going inward from the shock (right side of
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the panel) to the protoneutron star, the decoherence
timescales decrease as increasing matter densities and
temperatures increase the interaction rates. Progressing
into the PNS, the temperature decreases as the electron
and neutron degeneracies increase, blocking neutrino and
antineutrino absorption processes, respectively. In the PNS
the electron neutrinos are also very degenerate and final-
state neutrino blocking increases the effective electron
neutrino absorption opacity (corrected for stimulated
absorption), but the electrons more than compensate for
this with an even larger degeneracy that greatly reduces the
opacity.

In the second panels from the left of Fig. 23 we perform
the same calculations, but include inelastic electron scatter-
ing and electron-positron pair annihilation processes.
Outside of the PNS the results are rather similar to those
in the first panel, but electron scattering totally dominates
absorption and lepton pair processes as a driver of flavor
decoherence in the PNS. Just as with the absorption
processes, the high electron degeneracy strongly blocks
electron-positron pair production, and the lack of positrons
due to the same degeneracy makes pair production ineffi-
cient in the PNS. Note that the decoherence times for the
highest energy neutrinos (gold curves) discontinuously
jump within the PNS. This is an artifact of how we measure
decoherence times. At the lower branch, the blocking terms
in the off-diagonal component of the scattering term
redistribute neutrinos in a way that causes the off-diagonal
component |f,, ()| to quickly decrease below f,,(0)/e. On
the upper branch, f,, ) decreases past this point, continues
through zero, and becomes large and negative; we must
then wait for |f,, ()| to decrease below f,,(0)/e a second
time. With larger radii and smaller degeneracies, this
overshoot effect becomes less severe. Eventually we reach
a radius where the size of the overshoot is smaller than 1/e
of the initial value and our measured decoherence time
drops to the lower branch.

In the third panels from the left, we once again repeat the
calculations now with the addition of nucleon-nucleon
bremsstrahlung interactions, implemented as effective
absorption and emission of heavy lepton neutrinos. The
bremsstrahlung reaction predominantly decreases the
decoherence timescale of low-energy neutrinos and anti-
neutrinos, leaving the high energies for the most part
unchanged. In the antineutrino case, the effect is strong
enough to make decoherence times increase with energy up
to 24 MeV, above which decoherence times again decrease
with increasing energy. The importance of the bremsstrah-
lung reaction increases with density and is especially
important within the PNS. More work needs to be done
to develop detailed bremsstrahlung kernels to replace the
effective absorption treatment, but once developed for
flavor-diagonal neutrinos, they can be extended and devel-
oped into the QKE collision term in the same way as the
electron-positron pair annihilation kernels.

Finally, in the fourth panels from the left we repeat the
calculations one more time and include the full suite of
reactions described in this paper. Within the PNS, neutrino-
neutrino scattering increases the decoherence times of low-
energy neutrinos (black curves, top right panel), decreases
those of neutrinos above 100 MeV (yellow curves, top right
panel), and decreases those of all antineutrinos (bottom-
right panel). Outside of the PNS, there is some overall
decrease in decoherence times due to neutrino-neutrino
interactions, though primarily at low energies. However, we
must once again consider that an isotropic thermal dis-
tribution is not realistic outside of the decoupling region,
and we have not tested the effects of different initial
conditions. More work is required to understand the
quantum kinetics of non-equilibrium distributions.

The high computational cost of QKE calculations incites
us to attempt to predict the flavor decoherence rates using
only the flavor-diagonal interaction rates, i.e., without
needing to run QKE calculations. Based on our QKE
calculations, we find that the neutrino mean free path is not
an accurate predictor of decoherence rates. However, we
can empirically construct an effective decoherence opacity
to reflect flavor decoherence rates as

Keffective *= Kabs,eﬂ =+ EKscat,eﬂ- (45)

The value of k,,, we use here contains bremsstrahlung
radiation and electron-positron pair annihilation as effective
absorption, and k., is the elastic electron scattering opacity
described in Sec. IVB. In Fig. 24 we compare the
decoherence times from the third panels in Fig. 23 (i.e.,
including absorption, inelastic electron scattering, electron-
positron pair annihilation, and nucleon-nucelon bremsstrah-
lung) to those predicted by K.freeive- Within the PNS, the
effective opacity predicts flavor decoherence rates for the
1-100 MeV within a factor of 10, while the results from
higher energies are thrown off by the overshoot discussed in
reference to Fig. 23. Outside of 12 km Kggecive predicts
decoherence rates to within 20%, except for the four lowest
antineutrino energies (1-4 MeV) at ~90 km. One might
expect the charged-current component of the total opacity
(Kabs,en + Kscaten) 10 describe flavor decoherence, but this
combination is only accurate to within a factor of 2 outside of
12 km and is significantly worse than Kgfeeive inside the
PNS. For completeness, we also examined the absorption
opacity by itself and found that it consistently underpredicts
the decoherence rates. Another combination, the total off-
diagonal opacity (Kyps e, + Kscatep)s 1 also less successful
than Kegpecive, Since it is only good to within a factor of 10
outside of 12 km and much worse inside the PNS.

VI. DISCUSSION AND CONCLUSIONS

Core-collapse supernova simulations have long included
neutrino transport with a detailed set of collision rates, but
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until now the technology to simultaneously and self-
consistently also treat neutrino flavor oscillations did not
exist. In this work, we take the first steps toward developing
the technology to simulate neutrino quantum kinetics in
regions relevant to the CCSN explosion mechanism. In
Sec. IV we demonstrate a means of converting existing
neutrino interaction rates used in CCSN simulations into
full collision terms for the quantum kinetic equations. For
reference, we also describe the moment-integrated form of
these source terms in Appendix A for application to
moment-based QKE calculations. To demonstrate the use
of these collision terms, we developed a novel method and
open-source code IsotropicSQA for explicitly evolving
both oscillations and collisions using stochastic integration
to randomly sample the impact of collisions during the
evolution (Sec. III). In our code and derivations, we include
absorption of neutrinos by nucleons and nuclei, inelastic
scattering by electrons, elastic scattering by nucleons,
kernel-based electron-positron pair annihilation, kernel-
based neutrino-neutrino scattering and annihilation, and
nucleon bremsstrahlung as an effective absorptive process.

In Sec. V, we demonstrated the use of this new method
and source terms to perform the first, albeit isotropic and
homogeneous, direct evolution of the QKEs in conditions
relevant to the CCSN explosion mechanism. In particular,
we chose conditions of p = 10> gecm™, T = 10 MeV,
and Y, = 0.3, and evolved an initially strongly flavor-
mixed neutrino distribution for 20 us. This was long
enough to demonstrate that the distribution relaxes to a
flavor-diagonal Fermi-Dirac distribution on timescales
similar to but measurably different from those observed
in calculations where the oscillation term is neglected.

Given this insight, we performed a parameter sweep using
nonoscillating calculations in conditions relevant to CCSNe.
We find that electron scattering, nucleon-nucleon brems-
strahlung, and four-neutrino processes are the dominant
drivers of decoherence within the PNS, while just inside the
shock front absorption is dominant. In the decoupling region,
all of the processes discussed in this paper except for elastic
nucleon scattering and neutrino-neutrino processes had a
significant impact on flavor decoherence times. This dem-
onstrates the need for a more sophisticated estimate of
decoherence rates than the neutrino mean free path. To
address this, we defined an effective decoherence opacity in
Eq. (45) that predicts decoherence rates within ~20%
outside of 12 km and within a factor of 10 everywhere in
our parameter set. In the future, we will test this estimate for
different stages of a CCSN and under more realistic treat-
ments of neutrino angular distributions.

Numerical neutrino quantum kinetics is a nascent field,
and there is a great deal of work to do. Our calculations are
limited to isotropic and homogeneous neutrino and matter
distributions, but we are hopeful that this work will
encourage development of QKE codes with spatial transport.
This will be required to gain a quantitative understanding of

how flavor coherence is transported throughout a CCSN,
especially in the decoupling region where neutrino densities
and collision rates are high. The importance of nucleon-
nucleon bremsstrahlung in and near the PNS begs for an
improved kernel-based treatment of these reactions rather
than our effective absorption method. Fortunately, the same
framework for generating QKE source terms from existing
electron-positron pair production rates can also do the same
for bremsstrahlung interaction rates. Inelastic nucleon scat-
tering kernels could also be implemented in the framework
of inelastic electron scattering. Finally, our treatment of
neutrino-neutrino scattering and annihilation could become
computationally prohibitive for more large-scale calcula-
tions. Since this term requires integrating over the phase
space of four neutrino distributions, the cost of calculating
this term increases as N, where N is the number of energy
bins. In addition, our particular discretization of neutrino
energy (bins having equal widths centered on integer
multiples of the first bin center), though allowing for a
straightforward implementation of the four-neutrino proc-
esses, does not allow a single energy grid to cover neutrino
distributions in the range of temperatures and chemical
potentials seen in CCSNe unless an intractable number of
energy bins are used. Developing a more efficient way to
accurately treat four-neutrino processes will be necessary for
QKE calculations covering the wide range of conditions seen
in a CCSN.

The full QKE calculation presented in Sec. V required
collision term time steps on the order of 2 x 10~!' s and
oscillation time steps on the order of 3 x 1071 s, and
required about four days on as many cores. The cost of the
calculation is in the large number of time steps needed to
follow the oscillations and the high accuracy required of
each step to prevent numerical artifacts from appearing.
Since these isotropic and homogeneous calculations evolve
a relatively small number of variables, the parallelizability
is limited. However, future calculations including spatial
transport will have many more quantities to evolve, and
thus will be much more suited to taking advantage of larger
computing resources.

While simulating the QKEs in CCSNe presents new
challenges, doing so is essential to understanding the
neutrino signal from and potentially also to the explosion
mechanism of CCSNe. In addition to CCSNe, mergers of
two neutron stars or of a neutron star and a black hole are
astrophysical environment that are a particularly interesting
home to potential quantum kinetic effects, as neutrino
flavor transformations have already been suggested to be
significant very close to the decoupling region [51,52,54].
There is much to be explored on the frontier of numerical
quantum Kinetics.

ACKNOWLEDGMENTS

S.R. is supported by the N3AS Fellowship under
National Science Foundation Grant No. PHY-1630782

123014-24



NEUTRINO QUANTUM KINETICS IN COMPACT OBIJECTS

PHYS. REV. D 99, 123014 (2019)

and Heising-Simons Foundation Grant No. 2017-228.
G.M., A.V,, and J.K. are supported at NC State by
DOE Grant No. DE-FG02-02ER41216. We thank Hiroki
Nagakura for access to core-collapse supernova simula-
tion results. Some computations were performed on the
Wheeler cluster at Caltech, which is supported by the
Sherman Fairchild Foundation and by Caltech. Feynman
diagrams are generated with the TIKZ-FEYNMAN pack-
age [80].

APPENDIX A: MOMENT FORM

Following [81,82], we can take moments of the QKEs in
order to generate evolution equations for a small number of
angular moments of the distribution function. In order to do
this, we decompose the neutrino four-momentum into

_hl/

pr= w1, (A1)

where [* is a unit normal four-vector (/*/, = 1) orthogonal
to u* (u*l, =0). We can define the first few comoving-

frame angular moments (units of Hz®) of the neutrino
distribution function as

Jave) = [ d2f 0.2,

HS, (v, x*) = u3/d§2fab(v, Q, x*)1*

L% (v, x#) =13 / dQf (v, Q. x*) 171
NG (v, x*) = 1/3/de“;,(1/, Q. x P (A2)

Note that the oscillation Hamiltonian H,, can be distin-
guished from the first moment of the radiation field H%, by
the presence of a spacetime index. The two-moment
evolution equations from [81] Eq. (3.19) are

0
VM =5 WMV ) = S5, (A3)
where
M%) = Jputuf + HuP 4 HD, u® + LBy,
M = J uuPu’ + HE ubur HY  uu? + HY u?
+ L%u + LYl + LI u® + N (A4)

In this work, we will focus on the source terms, which
can be expressed in moment form as

i

S5y (02#) =07 [ a2 Cop = .l ) 4 1)
(a3

(units of Hz? cm™"). We leave the full implementation of
relativistic QKEs to future work, but note that, when
neglecting the O(e?) force and drift term corrections, all
of the flavor coherence effects lie in the source term. These
evolution equations need to be massaged into a numerically
implementable form (e.g., [73,81-85]).

Oscillation term.—Performing the angular integrals on
the contribution to the source term from the vacuum and
matter potentials yields

i

Sap = " he

[Hvacuum + Hmatter’ lIJOt]ah' (A6)
Similarly, performing the angular integral on the contribu-
tion from the neutrino self-interaction term, we get

G [V

s, = -
ab vc v

- j/)’lpa]ab

—[(H" = H").Ef] }. (A7)
where we have defined the following Lorentz-invariant
objects (units of Hz?):

W, (v, x#) = J pn® + H%,,

Efiab (v, x") 3= g (Hypu® + Liy,). (A8)

Absorption and emission.—To get the source term for
the two-moment form of the QKEs [Eq. (A3)], we perform
the integral in Eq. (A5) for the contribution to the source
term in Eq. (25) and arrive at

2y = 410 St = (ap + () ¥ep (A9)

The source term for antineutrinos is exactly analogous.

Scattering.—Angular moments of the inelastic scattering
kernel [Eq. (31)] can be integrated as

4713

1/31/3/d§2d§2’f(u“—|—l“)Ri: DFYe,

43

y/3y3/deQ/f/(ua+la)Rj: (q)g.]/uoz_i_q)li[_llnr)7

1 3 _
V3 / dQUL ' (u”+1%)R* = S ®F IV + S OF HES,
(A10)

The resulting source terms from performing the angular
integral in Eq. (A5) on Eq. (32) are

dv (4n
Sap = /W {7 [VS(CD(TabJ;b”a + @), H'S,)

@), W) —szb}, (ALD)
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where
Zb = 1/3113 / deQ’(ga - g;b)(u“ + la)

1 1
=32 [5 (AP Wi 1y + ADouc) ¥

3

+3 (AD, B H, + AD HG B, ) (A12)

(units Hz” cm?) and A®,, := @, — @, . The contribution
to S%, from the terms inside the square brackets in
Eq. (All) and the ¢ = a terms in (%, make the well-
known source term for noncoherent neutrinos as in [81]. If
the scattering process is treated as elastic [Eq. (35)], the
source terms simplify to
Sap = [=Ha, ((&)oap = K1ap/3) = JapRoap®].  (A13)
Pair processes.—The pair process (electron-positron
and nucleon-nucleon bremsstrahlung) source terms can
be integrated from Eq. (39) as

dv (4n _
Sgb = /7 {7[471'1/3 /3(I)(J)rgb(sab
- 1/3 ((I)gabj;bua/c + (D;rabH,Zh)

— 7 @), Pe,] + (:Zb}- (Al4)
{9, is defined in Eq. (A12), though for Eq. (Al4) one
should use values of RE, for this process, and primed
quantities should be primed and barred. The source term
from integrating the effective absorption collision term
[Eq. (40)] looks identical to Eq. (A9), but here the
emissivities j(, ) and opacities k() for heavy lepton
neutrinos are nonzero.

APPENDIX B: CODE TESTS

To ensure that ISOTROPICSQA produces realistic results,
we perform a few basic tests.

1. Equilibrium test

In the limit of no flavor mixing, the interactions should
reduce to the well-known flavor-diagonal interactions,
which drive the neutrino distributions to Fermi-Dirac dis-
tributions described by the fluid temperature and chemical
potentials of 1, = u, +u, — p,, gy, = —p,,, and p, = 0.
Though we see the collision kernels in the main text driving
the distribution function to this equilibrium, we quantify
how well the collision terms maintain this equilibrium. To
test this, we initialize the diagonal components of the
distribution function to their thermal equilibrium values, set
off-diagonal elements to zero, and evolve including all

interactions in Sec. IV and without oscillations. All tests are
performed under the conditions of p = 102 gcm™,
T =10 MeV, Y, = 0.3, and a neutrino energy domain
of 1-101 MeV as in Secs. IV and V. We run three tests:
(a) 50 energy bins and an integration accuracy of 107'2,
(b) 25 energy bins and an integration accuracy of 107!, and
(c) 50 bins and an integration accuracy of 10~'!. In all
cases, within 25 us the maximum deviation of any com-
ponent of the distribution function settles to within one part
in 2 x 10715 of its initial value. The 25 bin case briefly has
maximum errors that grow to 5 x 10712 before settling
down to the previously mentioned error. We also tested
individual processes with similar results. These tests show
that the equilibrium Fermi-Dirac distribution is reproduced
to within numerical error by our collision processes.

2. Vacuum oscillations

To ensure that the oscillations evolve correctly, we first
simulate vacuum oscillations by setting the matter and
interaction potentials to zero. The probability of a neutrino
transitioning from one flavor to another is given by the
well-known formula (e.g., [20])

(B1)

AAm?,t
Py (t) = sin?(20,,)sin? (ﬂ)

Thus, we expect the distribution function values to follow:

f96<t) = [1 _PT(I)]fee(O) +PT(t)fmt(0)’
)

f/m( = [1 - PT(t)]f/m<0) + PT(t)fee(())' (B2)
The good agreement between the computed (colored lines)
and analytic (dotted lines) results is shown in the top panel
of Fig. 25. The bottom panel shows the maximum relative
error among all energy groups and neutrino species
between the computed and analytic solution as a function
of the time step size. The error actually increases when the
time step decreases. This is due to the hybrid representation
of the distribution function matrices. After every oscillation
step, the unitary evolution operator is applied to the
distribution functions. Though the operator itself is repre-
sented very accurately, some accuracy is lost in applying
the evolution operator to the distribution function. This
emphasizes the importance of applying the operator as
sparsely as possible, and it is the reason we allow the
evolution operator to evolve for many steps between
applications to the distribution function.

3. MSW resonance

Oscillations in a constant matter background are also
straightforward to compute. Equation (B2) still applies, but
the mixing angle and mass squared difference in Eq. (B1)
are replaced by effective values of
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FIG. 25. Vacuum oscillations test.—The top panel shows the
evolution of the v, and v, distribution functions for the 10 MeV
and 49 MeV energy bins, along with the analytic solution. The
bottom panel shows the maximum error in the solution for
simulations with three different time step sizes. The error
increases with decreasing step size. See text for details.

~ in?(20
sin?(205) = -0 (2012)
sin®(26,,) + C

Aﬁ’l%z = Am%z sin2(2912) -+ CZ,

2VE
Am%zc4 ’

C = cos(26,,) — (B3)

where V = +£v/2Gph3c?n, is the matter potential (positive
for neutrinos, negative for antineutrinos). Figure 26 shows
the error associated with evolution in a matter potential that
puts the 20 MeV neutrinos on the Mikheyev—Smirnov—
Wolfenstein (MSW) resonance (C = 0).

4. Bipolar oscillations

Figure 27 shows a calculation of bipolar oscillations and
associated errors. Bipolar oscillations occur for pure
electron anti/neutrinos with the inverted mass hierarchy
and for pure anti/muon neutrinos with the normal mass
hierarchy. In this test, we set up an initial distribution of
pure anti/muon neutrinos with f,, = f uu = 1 in a single
energy bin at an energy of hv. The background matter
density is set to 0, the angle between the mass and flavor
bases to 0.01, and the self-interaction Hamiltonian to be

10(m3 — m?})c*

2hv (B4)

Heutrino = (f - f )
We also set the mass difference to m3 — m} = (2hw)h/c?,

such that the approximate frequency for bipolar oscillations
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FIG. 26. MSW oscillations test—The top panel shows the
evolution of the v, and v, distribution functions for the 10 MeV
and 49 MeV energy bins, along with the analytic solution. The
bottom panel shows the maximum error in the solution for
simulations with three different time step sizes. The error
increases with decreasing step size. See text for details.

is then x ~ 0.995 s !, corresponding to the y = 10, ® = 1
case in [86]. The top panel of Fig. 27 shows the evolution of
the neutrinos over a period of 8 s. The oscillations do
indeed occur on approximately this timescale and match
Fig. 1 in [86]. However, the period of the oscillations in
the numerical solution decreases over time due to numeri-
cal errors caused predominantly by the mapping of the
evolution matrix onto the distribution function; applying
the mapping less often causes the period to decrease more
slowly. The third panel shows the relative change in the
length of the distribution flavor vector with time, which
should always be zero in this test without collision terms. It
is once again clear that a longer dty,o prevents accumu-
lation of error, and that the integration accuracy parameter
does not significantly affect the solution on these time-
scales. Similarly, the distribution function should always
be Hermitian. The non-Hermitivity of f is shown in the
bottom panel after each step prior to making f Hermitian
again. Once again, the largest errors occur during the flavor
transitions.

5. Resolution

We demonstrate here that errors associated with our
numerical treatment of the QKEs are within acceptable
bounds. To do this, we rerun the combined oscillation and
collision QKE calculation in Sec. V under varied parameter
choices. The black curves in the top two panels of Fig. 28
show the length of the distribution flavor vectors for
neutrinos and antineutrinos, run with 25 energy bins and
an energy grid spacing of 4 MeV. Each curve represents one
neutrino energy. The distribution flavor vector length is a
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FIG. 27. Bipolar oscillation test—First panel: Evolution of a
neutrino distribution function f initially consisting of pure
50 MeVy, and 7, in equal amounts, ignoring collision terms.
Second panel: Maximum error between the fiducial calculation
(integration accuracy of 10™13 and d# ;. = 1073 s) and that with
lower integration accuracy (red line) and longer dty,,. (blue line).
Third panel: Relative change in the length of the distribution
flavor vector, which should be O since collision terms are set to
zero. Fourth panel: How non-Hermitian the distribution function
becomes at each step before enforcing Hermitivity.

particularly useful quantity to compare to, since it
changes on collision timescales and does not oscillate
violently as individual components of the neutrino distri-
bution do. We aim to ensure that this macroscopic
behavior converges and do not expect the instantaneous
phases of the underlying oscillations to match between
calculations.

Underneath the black curves in Fig. 28 are the corre-
sponding curves from each of the simulations with numeri-
cal tweaks. The relative errors between the fiducial and
tweaked calculations are shown in the same color in the
bottom panel. First we look at the green curves, which
result from decreasing the accuracy of the integrator by a
factor of 10 from the fiducial case. This is clearly not the
dominant source of error. The solid green curve in the
bottom panel shows that the relative error maximized over
all neutrino energies and both helicities is always less than
1.4%. The dashed and dotted lines show the neutrino and
antineutrino errors at 28 MeV, respectively, which is near
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FIG. 28. Fidelity tests.—Calculations evolving the QKEs

including oscillations and collisions. Top panel: Neutrino dis-
tribution flavor vector length relative to the flavor-diagonal Fermi-
Dirac length. Center panel: Antineutrino distribution flavor
vector length. Bottom panel: Relative error compared to the
fiducial calculation. Black curves show the results of a fiducial
calculation using 25 energy bins and an energy grid spacing of
4 MeV, while red curves show the results from Sec. V with 50
energy bins and an energy spacing of 2 MeV. Green curves result
from worsening the accuracy of the integrator to 10", Blue
curves result from increasing the target impact to 10>, Red curves
result from doubling the neutrino energy resolution with the same
energy domain. Gold curves result from increasing the upper
bound of the neutrino energy domain and the number of energy
bins by 20%, keeping the energy grid spacing constant. In the
bottom panel, solid lines take the maximum over all energies and
helicities, dashed lines show only errors for neutrinos at 28 MeV,
and dotted lines show only errors for antineutrinos at 28 MeV.

the average energy of the distribution. The errors there are
negligibly small.

Next, we increase the target impact by a factor of 10 and
show the results as blue curves. These results sampled values
of dty.q that are on average also a factor of 10 larger, causing
the collisions to more sparsely sample the rapidly varying
distributions. This also leads to at most a 1.3% error. The
sparse sampling seems only to make the evolution of L noisier
without significantly changing its long-term evolution.

Of course, we also need to check our energy grid
resolution. The red curves (data from Sec. V) show that
doubling the energy resolution leads to a much more
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systematic error of at most ~1.4%, and an even lower error
at 28 MeV. Here, we only calculate and plot the errors at
neutrino energies at bin centers present in both grids (i.e.,
integer multiples of 4 MeV). Interestingly, the results seem
to be much more sensitive to the size of the energy domain.
The gold curves demonstrate the effect of extending the
grid out to 120 MeV with an additional five energy zones in
order to keep the grid spacing constant. This leads to
significant errors of up to 3.7%, again where errors are only
calculated for neutrino energies contained in both domains.
However, we note that the largest errors are at the highest

energies close to the energy boundary. If we instead look at
the errors at 28 MeV (near the average neutrino energy of
31.5 MeV), the error is always under 0.27% for antineu-
trinos and 0.12% for neutrinos. The fiducial grid spans a
domain of 2-102 MeV, corresponding to 99.7% of the
neutrino number and 99.0% of the neutrino energy. The
extended grid spans a domain of 2—122 MeV, correspond-
ing to 99.9% of the neutrino number and 99.8% of the
neutrino energy. Given the small number of neutrinos in
these high-energy bins, it is unclear why the energy domain
size is so important.
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