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We continue to study the second-order cosmological perturbations in synchronous coordinates in the
framework of general relativity (GR) during the radiation dominated (RD) stage and to focus on the scalar-
tensor and tensor-tensor couplings. The first-order curl velocity and the associated first-order vector metric
perturbations are assumed to be vanishing. By analytically solving the second-order Einstein equation and
the energy-momentum conservation equations, we obtain the second-order formal solutions (in the integral
form) of all the metric perturbations, density contrast and velocity; perform the transformation between the
synchronous coordinates; and identify the residual gauge modes in the second-order solutions. In addition,
we present the second-order gauge transformations of the solutions from synchronous to Poisson
coordinates. To apply these formal solutions to concrete cosmological study, one needs to choose proper
initial conditions and carry out several numerical integrations.
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I. INTRODUCTION

The cosmological perturbations in a Friedmann-
Robertson-Walker Universe are of great importance for
the study of cosmology. In the past, the linear cosmological
perturbations have been extensively explored [1-7] and
widely applied to the large scale structure [8], the cosmic
microwave background (CMB) [9-20], relic gravitational
waves (RGW) [21-34], etc. Nowadays, observations with
increasing accuracy [35-44] are capable of probing the
nonlinear cosmological perturbations. Throughout all cos-
mic expansion stages, the nonlinear perturbations exist at
small scales; may accumulate substantially in the course of
expansion; and can leave possibly observable effects in the
large scale structure, the CMB anisotropies and polariza-
tion [40,41], the non-Gaussianity of primordial perturba-
tion [42], primordial black holes [45], etc.

The metric perturbations in GR are usually decom-
posed into scalars, vectors, and tensors. In regard to
cosmology, the linear vector modes decrease with cosmic
expansion and can be neglected in most applications,
while the scalar and tensor modes are generated with
comparable magnitudes during inflation. So three types of
nonlinear couplings are more interesting in cosmological
studies: scalar-scalar, scalar-tensor, and tensor-tensor.
In the literature [46-53], the studies of the second-order
perturbations mainly consider the scalar-scalar coupling,
whereas the scalar-tensor and the tensor-tensor couplings
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have not been sufficiently investigated. The authors of
Ref. [54] used the Arnowitt-Deser-Misner (ADM) method
on the second-order perturbation with the tensor-tensor
coupling for a zero pressure dust [55] and made compar-
isons between the comoving gauge and the synchronous
gauge [56]. The authors of Ref. [57] presented a complete
set of second-order equations for scalar, vector, and tensor
perturbations in the ADM formulation for a general
gauge. The authors of Ref. [58] studied the gauge
dependence of the spectrum of the second-order tensor
mode with scalar-scalar couplings during the matter
dominated (MD) stage and showed that the second-order
tensor mode could dominate over the first-order tensor
mode. The authors of Refs. [59,60] studied the second-
order perturbed Einstein equation during the MD stage
driven by the zero pressure dust in synchronous coor-
dinates, including only the scalar-scalar coupling, and
derived the solutions of second-order scalar and tensor
perturbations. In our previous works, we extended the
study of Refs. [59,60], including the scalar-scalar [61],
scalar-tensor, and tensor-tensor couplings [62]; obtained
all the second-order solutions of the scalar, vector, tensor,
and density perturbations in the MD stage; identified the
residual gauge modes under synchronous-to-synchronous
transformations; and also presented the second-order
transformation from synchronous to Poisson coordinates.
In Ref. [63], we studied the second-order perturbations
in the RD stage driven by a relativistic perfect fluid,
including only the scalar-scalar coupling; derived the
second-order formal solutions of the scalar, vector, tensor,
density, and velocity perturbations in the integral form;

© 2019 American Physical Society


https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.99.123008&domain=pdf&date_stamp=2019-06-11
https://doi.org/10.1103/PhysRevD.99.123008
https://doi.org/10.1103/PhysRevD.99.123008
https://doi.org/10.1103/PhysRevD.99.123008
https://doi.org/10.1103/PhysRevD.99.123008

BO WANG and YANG ZHANG

PHYS. REV. D 99, 123008 (2019)

and also identified the residual gauge modes within the
synchronous coordinates. In this paper as a continuation
of Ref. [63], we shall include the scalar-tensor and tensor-
tensor couplings. We are motivated not only by non-
linearity within one type of metric perturbation, such as
the transfer of perturbation power between k-modes, etc.,
but also by the transfer of perturbation power between
different types of perturbations, such as those between
scalar and tensor modes, etc. We shall derive the second-
order solutions of scalar, vector, tensor, density, and
velocity perturbations in the integral form, perform the
second-order synchronous-to-synchronous transforma-
tion, and identify the residual gauge modes. In addition,
we shall present the second-order gauge transformations
of the solutions from the synchronous to the Poisson
coordinates; the latter is also commonly used in cosmo-
logical studies. Thus, together with the results in
Ref. [63], a complete set of solutions of second-order
cosmological perturbations of the RD stage are available.

In Sec. II, we give some basic setups of the metric
perturbations and the relativistic fluid model. We also list
the solutions of first-order perturbations of the RD stage for
use in this paper.

In Sec. III, we decompose the second-order perturbed
Einstein equation into the equations of second-order scalar,
vector, tensor metric perturbations with scalar-tensor and
tensor-tensor couplings as part of the effective sources, and
we also derive the equations of the second-order density
contrast and velocity from the covariant conservation of the
stress tensor.

In Sec. IV, we derive all the second-order solutions in the
integral form. We also explain how to do the time and
momentum integrals that occur in the solutions by two
examples.

In Sec. V, we perform the synchronous-to-synchronous
transformation and identify the residual gauge modes in the
second-order solutions.

In Sec. VI, we perform the transformations from syn-
chronous coordinates to Poisson coordinates of the second-
order solutions in Sec. IV and also of those with the
scalar-scalar couplings that have been derived in Ref. [63].

Section VII gives the conclusions and discussions.

The Appendix gives a list of the second-order perturbed
Einstein equation and covariant conservation equations of
the stress tensor with the scalar-tensor and tensor-tensor
couplings in a general RW spacetime. We use units with the
speed of light ¢ = 1.

I1. BASIC SETUPS AND FIRST-ORDER
SOLUTIONS

Here we give the basic setups of this paper, using
the same notations as in Refs. [60-63]. A flat Robertson-
Walker (RW) metric in synchronous coordinates is
given by

ds* = g, dx'dx’ = a*(z)[—d7* +y;dx'dx/],  (2.1)
n, 1 e
Yij = 0ij + 75,‘) + 571(']'), (2.2)

perturbation, respectively. Writing g/ = a~2y"/, one has

with y being the first- and second-order metric

yuzgu_me_§¢m1+¢wqﬁ{ (2.3)
Raising and lowering the three-dimensional spatial indices

will be done by §”. The metric perturbations can be further
written as

}’E;U = _2¢<A)5ij +)((A), with A =1,2,

ij (2.4)
where ¢*) is the trace part of scalar perturbation, and ;(?ﬁ

is traceless and can be further decomposed into the
following:

A 1(A T(A .
where D;; = 0,0, —15;V?, yI® is a scalar function,
and Dij;(H(A) is the traceless part of the scalar perturba-
tion. The vector metric perturbation satisfies a condition
0'0/ )(i(A) =0 and can be written as

)(t(A) — alBEA) 4 a/Bl(A)’ with alBSA) _ 07 A— 1’ 2’
(2.6)
where BSA) is a curl vector and has two independent modes.

The tensor metric perturbation satisfies the traceless and
transverse condition: y' Wi, =0, ai;(fj“‘) = 0, having two
independent modes.

The RD stage of expansion is driven by a relativistic
fluid (without a shear stress), whose energy-momentum
tensor is 7, = (p + p)U,U, + g,,p, where p and p are,
respectively, the energy density and pressure measured
by a comoving observer in the locally inertial frame, and
UF =42 with di? = —ds? is the fluid 4-velocity with a

normalization condition g, U*U* = —1. We write
_ 0 4 ,m 4 Lo
p=p" +p 4500, (2.7)
— 50,04 e
p=p" +pY+-p, (2.8)

2
where p(¥) is the background density and p(!), p(®) are the
respective first- and second-order density perturbations. We
introduce the density contrast
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(2.9)

=

oy (1) (2)
2_P 2 _ P > _ P
Cy =~ CL =~ Ny =7 (2.10)
) L p(D N p@
where ¢, 1s the sound speed. For the relativistic fluid,

2

cs— =1

3’
and ¢} = § is taken [64]. In this paper we assume ¢} = %
for computation convenience; its actual value should be
determined by future experiments. The expansion of U* is

also expanded up to second order,

©
, which also equals the state of matter @ = Z 0 =

Ut = Uk 1 ghs I U@k,

2.11

: (2.11)

where

U0 — 41 ymo — o, U0 — 4=1,(my( )’
(2.12)

Ui =0, Ui = g=1yMi, Ui = g1y
(2.13)

with the 3-velocity v’ = ‘fixf = % = i 4 1@ [12]. @)

can be decomposed into a noncurl and a curl part as
Wi = ll@d LA with 9,0tWi =0 for A =1, 2.
We also have

1
Uy = —a<1 —I—EU(I)’”UE%)),

1
U, = a(vgl) +7/(-1-) (1) +2vfz)>.

ij (2.14)
The Einstein equation is expanded up to the second order
of perturbations:

1
G,(lﬁ) = R;(,':) -

Sl9. R = 87GT.), with A=0,1,2.

(2.15)

For each order of (2.15), the (00) component is the energy
constraint, (0i) components are the momentum constraints,
and (ij) components are the evolution equations. The
zeroth-order Einstein equation gives the Friedman equa-
tions (£)? =8294%p and -22 + (2)2 = 8zGa’p?),
which have a solutlon for the RD stage a(z) x 7 and

pO(e) = 5t

stress tensor is

« 7%, The covariant conservation of the

™, = 0. (2.16)

The dynamics of gravitational systems is determined by
(2.15) and (2.16). The component u = 0 of (2.16) gives the
energy conservation,

9°p o+ dollp + p)UU°] + 8,[(p + p)U°U']
+Tho(p + p)UU +T¥(p + p)U'U
+T0(p + p)UU° + Ty (p + p)U°U°

T, (o + p)UPUT =0, (2.17)

and the component y = i gives the momentum conserva-
tion,

9*p i+ llp + p)UU 4 0,(p + p)U'U™]
+ 2 o (p+ p)UU + T (p + p)U™U'
+T0(p + P)UU® +Tho(p + p)U'U°

+T (p+ p)UU' =0, (2.18)

where the nonvanishing Christopher symbols are listed in
(A1)-(A4) of Ref. [63]. To each order of perturbation,
(2.17) and (2.18) will determine p and U*.

The first-order perturbation in the RD stage is known in
the literature and a complete list is given in Ref. [63]. Here
we quote the first-order gauge-invariant modes for use in
this paper. The transverse part of first-order velocity U+(1)!

and the vector mode )(ilj( 2
the RD stage, so we take

of the metric are decaying during

Ui :)(iijﬂ) =y =0, (2.19)

which amounts to assuming that the relativistic fluid is
irrotational during the RD stage. This will simplify the
second-order calculation as the coupling terms involving
first-order vectors vanish. The k-mode of the first-order
longitudinal velocity with a constant ¢? is

%2
k 3
vll((])(f) =d, (CLZ T) F( ;L + 1) (J_i(CLkT)

¥ (e ko), (chf))
-+l

crkt 5 3c¢? crkr\?
d2<2> F2(22 (e

+ d; <—CLkT)_3C%1F2<l_ﬁ-_ﬁ

l\)IUI

(2.20)

where d;, d,, d; are k-dependent integration constants;
J,(x) is the Bessel function; I'(x) is the gamma function;
and ,F g is the generalized hypergeometric function. From
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the solution of v”( ), other scalar perturbations can also be
given [63]. For 51mplicity, we take ¢} = 1 [7]; then (2.20)
reduces to

1 2 i —ikt
ol —Dz(k)<g+ﬁ)e fs1v3

2 i ,
+D3(k> (E_ﬁ) e”“/‘/g, (221)
where Dz \/.dz + \/_dl and D3 \/.dz +

%\ﬁdl are k-dependent constants. The first-order density
contrast is

] 8 8i  4k\ _..
51((> =D2<W+E—?>e ke/V3

o (B 84K,
—————=]e
k2 V3r 3

The two scalar modes of the metric perturbation are

(2.22)

(1 _ 2 2i —ikz/\/3 2 2i lkT/\/_
=D, =+ = D. = —
P 2<k72 " \/§T)e T\ T VA
2k (7 o o AT
-5 [Dyeike IV3 4 Dyeike /\/5]7 (2.23)
)(H(l) _ D2 4\/§ lkT/\/_ D 4\/§ zkr/\/—
k k21 K
4 T ) iler! d !
-7 / [Dye1V3 1 paeite/ V3 (2.04)
T
And the equation for the tensor mode is
T L 2T g, T _ g (2.25)
/Yij sz ){1] — Y .

which has the solution written in terms of Fourier modes

1 . s §
1000 = g [ r 3 bk 0,

s=+,X

k = kk, (2.26)

with two polarization tensors satisfying
& (K)e (k) =26,,.
(2.27)

e;j(k)37 =0,  e;(k)k' =0,

For RGW generated during inflation [21,27,30], the two

s
polarization modes /;, with s = 4+, x are usually assumed
to be statistically equivalent, the superscript s can be
dropped. During the RD stage, the mode is given by

\/\/ (b1 (k) (ke) + b (k) HY? (k)]

[ ble’kT + bze_lkf], (228)

T\/_

where b, b, are k-dependent coefficients, to be determined
by the initial condition during inflation or a possible
subsequent reheating stage [21,30]. There are cosmic
processes occurring during the RD stage, such as the
QCD transition and e " e~ annihilation [65], which modify
only slightly the amplitude of RGW and will be neglected
in this study.

The scalar modes (2.23) and (2.24), the density contrast
(2.22), and the longitudinal velocity (2.21) all contain a

factor e*k7/ ‘/—, so that they are waves propagating at the
sound speed - 7 of the relativistic fluid. On the other hand,

the tensor modes (2.28) are waves propagating at the speed
of light. In the MD stage [60-62], the scalar and density
contrast are not waves and do not propagate; only the tensor
modes still propagate at the speed of light. Therefore,
whether or not the scalar modes propagate actually depends
on the background matter; nevertheless, the tensor modes
always propagate at speed of light, regardless of the
background matter. Thus, the tensor modes are radiative
as dynamic degrees of freedom, differing from the scalar
and vector modes.

III. THE SECOND-ORDER PERTURBED
EQUATIONS

A. Equations with scalar-tensor couplings

The second-order perturbed Einstein equation is listed in
the Appendix for a general RW spacetime. As said earlier in
(2.19), the transverse vector mode and the curl velocity are
dropped; there remain only three types of couplings: scalar-
scalar, scalar-tensor, and tensor-tensor. The scalar-scalar
coupling has been studied in Ref. [63]. Now we consider
the scalar-tensor coupling.

The (00) component of the second-order perturbed
Einstein equation is

GY) = 8xGT(). (3.1)
where Gl and T{) are given by (A16) and (A22) in
Ref. [63]. For the scalar-tensor coupling, by using the
Friedmann equation and moving the coupling terms to the
rhs, Eq. (3.1) gives the second-order energy constraint

/

1 12 _ 3 2
—¢ )+2v2¢ +§V2V2;(s(,) :T—zés(t)—i—Es(,),

O\

(3.2)

2\

where a subscript s(¢) in gbf%t)) etc., indicates the case of
scalar-tensor coupling, and Ey, is the scalar-tensor cou-

pling terms as follows:
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I Tay / 2 T / is part of the effective source. Equation (3.5) can be further
=2 [(1).im = [1(1)"im ;
P l’” +2)( m X T X decomposed into two equations. Applying V=29" on (3.5)
2 Ty T 1) gives the longitudinal momentum constraint
- m v ).m _,|(1 lmv2
+T)(1m X +3}( X
LT lam
—xmn 2" (3.3) @ 1o lo 1) y-2p!
2 ' 20 T3 V0 = =200 VM, (37)
which is part of the effective source of the 2nd-order energy
constraint. b
The (0i) component of the second-order perturbed — W1e®
Einstein equation is
2 2 2 8
GY =R = 8xGT(), (B4) My, = =Dl g gy T 1)y (1)
where R\Y and T\ are given by (Al13) and (A23) in L0y (1)mn g2l
Ref. [63]. This gives the second-order momentum con- _2)( imn X +6)(
straint equation for the scalar-tensor case as follows: 1
_){H(l),lmv2)(l 1y ZZT( ) (1) Imn
20; ’+1D;(”” L RV o
(. A (1) 2% s5(ij 72 7s(0) _l}(r V2, _1}(” imy2,, T )‘ (3.8)
(3.5) 3
where o .
A combination [(3.5)—0;(3.7)] gives the transverse
8 Tn Ty T momentum constraint
M E_:2)(”( )vu(l),z+¢(1),z)(ﬂ( ) — 211 (1)
T LTy jaim L) jaym
Ximi X Xim X Xim.i X 1 1oy 4 1@ _
2 2 5 5)(3(;),)/ = _T_zvs<5),') + (Mv( oV*M (1) )s (3-9)
+Z;,(nl1)/)(“<l)’lm <1>V2X||(1>’,z+§Z;(1)’v2){ (1)1
(3.6) where
|
8 ] ! ] !
( a V- 2M S0l ) )(ll ’UH -|— ¢ )(ll — 2¢(1) 1, T() — EZZn(ll))(H(l)l 5)(;1[)(“( ) m +}(;(n{l))(H(l)’lm
1 2 ! !
—g)(z V 3 ;(1) V201 4 9w 2{ ( ) pll(1).m ¢(1),lm)(;;51)
1 1
+ 20 —zﬂr;nnx” DI — = VIO 4 2 mg2
1
+2me It 3)( D2 m x” N ] (3.10)
The (ij) component of the second-order perturbed Einstein equation is
G = 8aGT, (3.11)

where Gl(-JQ-) and Tl(-]2-) are given in (A18) and (A24) of Ref. [63]. For the scalar-tensor case, (3.11) gives the second-order

evolution equation

/

¢ 6l]+ ¢ )5lj+¢§22 (1)

T 1 Ter 1

5 sij T 7 Aswii T3

1 1
o=V, 3D DMH( I Lg2p, I

2. T(2)

3CN (2)
Xsij = 2 0

i S()

1 12)
§5l‘jv2v2)(s(t>

S(t)(sij + Ss(t)ij’ (3'12)
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where

6 yoT( Y. T( T LTy T
Sy = by o) =60 7 ——45‘)(,, +4xl-,-“>v2¢“>—¢<1>xl,~“>—¢<1>-fxl,~5~”—¢<>xh, + 3¢y

" " 2 !
+ 2¢(1)V2;(;<1> _ 2‘15,(1'1)'12(1] 2¢ ){h )(m(l) )(H(l),lmél“ —){;,fl))(““) .lm5ij _ _)(;1(1))(\\(1),1,”5{

()

2 , /
—;sz le(l)’l"’5ij+)(1,<) (1)

/ 3 T m
Jr)(l](> Hl(> Elzrn() (1YL 5 §le V2 H 3)([] vz H

T ” o2 T L 1) j1(1).im aml T 2 Tay
_)(lm,i})(u( Jm o l(Ddmg2y 1 >5 2Izm,)ZHz 1).im E)(lm,i>)(!|j ) +§){H( ). z)(n”(”>5 '—glij( I92,0)
2 1
+§;(l VvV '3 Ly, LV 4 ;(l vz ;(J.Uvz)(\\(l),z + 2
T(1 m T m
+ 21V —m,»f;ﬁw”“” (3.13)

is part of the effective source.
We also need to decompose the evolution equation (3.12) into the trace equation and the traceless equation. First, the
trace equation from (3.12) is

) _ 2,0 1 2 _3 250 1
2¢ - ¢ 03 ¢s(,>—§v2v2;gs(,> :?clz\,és([)+§Si(,),, (3.14)
where
6 6 5 ' ,
o = —4 T v [OR T PRSP (O ;ﬁﬁ”xnw __ﬂ IORE _yjmm%um Im
2 m m T(1 1 T(1 mn

—5)( (D2 lnim 4 gl lvzﬂfznf)+§)(1m(,n))(wl)’l : (3.15)

The traceless equation from (3.12) is
D2 3 Ly e +1D ey sz H()+1 (>”+1 J_(2)_’_l T Lt gyt g g

i i (s (1) l])( iiXs (1) 2)( (0)ij s( )ij ZZ.v(t)ij T)(s(t)ij 2 )(s(t)ij s(t)ij» :

where

—_— 1,
Ss0)ij = Ssyij — 35

3 55010

6 " 12 !
_ T_zc%)(;_;(l)(s(l) _ 6(15(1) )(iTj(l) : ¢( ))(u( ) + 4)(” V2¢ ¢ ))(,»ij _ ¢<1)'1)(1Tj,(i1> _ f/)( )l )(lu + 3¢ )(z,z)
T N ’ 2 T(1Y Cim
+ 2¢<1)v2)(ij(1) _2¢(i1) le 2¢ + ‘»{’ )(lm 5!/ +)(n( ))(Hj( ! +)fl/ ))(Hz EXZWEI)ZH(I) ! 0ij
1 T 1 1
—gﬂfzimvzﬁfllj( )l V2 H by 9% V I(0).dmgs. —)(zm( l;)(u( )dm 4 3)(” ).Imyy2 le 5 2){lm(;)(lll( )-lm
[ 1 mn 2 Ty ! 2 T
Xl”f 1>)(”,( )lm +—)(zm(,ln))(”(1>’l 5, — —)(ij(l) V2, Iy 4 VZV + vz V
2 3 3 3
1 1
+§x;§1>vzﬂf”“ D20 EO) 1) im +x;§1,ix”“>’lm — . (3.17)

which still contains the scalar, vector, and tensor components. Applying 3V=2V~29,0; on (3.16) gives the evolution
ll2 )

equation for the scalar Xs(p) a8 follows:

A 2 4 0D 1 2p2) = 39vsi (3.18)

123008-6



SECOND-ORDER COSMOLOGICAL PERTURBATIONS. IV. ... PHYS. REV. D 99, 123008 (2019)

where
o.lm m 1 T m m 7 T mn
i, =~ VA0 ]+V2{ ) 4 g VA 4 ST OV g L0

N\ 2 ,
L6 <a> T g0 _ 07"y, T 12 0y, TO) _ 0y TOF _ 3 g0t TO) _ 1.ty TOY
a T
1 3
+ 3){1 v E}(—’rn nv ), lmn + VZ)(;VL(])VZZH ), lm + 2)(” lmnvZ T( n) (319)
By a combination §'[(3.16) —3D;;(3.18)], one has
’ ()1 _ gl -2G.lm
s T wn = S T VS e (3.20)

By V2[0,(3.20) + (i <> j)], using (2.6), one gets the evolution equation for the vector mode

I qpy 1 1oy
24 s(0)ij +;){s(t)ij = Viwijs (3.21)

where

—\7-2¢l -2l Im
Vv (,),-J:V 2Ss(t),j,i+v ZSS( —2V~2V- 25

()Im.ij
:ga.a.wl 0] 4 9,0,V 2[ p0im, T 3 TG L i mg2, T _2 T 1)1

i0; Yin ~Hm VX 6;( i ~HimaX
+OV2 | S0~ 6"y —Eqs“)’fx;(”—¢<1>’~fx7j("’+2x;<1>v2¢ R R
0 am TNy zm+§1 'V éXlT’;l)vzﬂ\j(l)Jm+%11Tj(1)v2v2)(u(1),1_i_%szI(l)vz)( (1)

+ 10 lmv2 T ) 2)(\\ )Am72, T }+88V Ave 2[ 60%)(;51 D 4 gp(1) + ¢ lm)
+¢(1)’.1m){le(l)’+3¢(1),lmn ()‘H(” lmv2 T (y % T(1 V lm+2)( V ).lmn vz T V
_5)(” )iz, Tl ):|+(j<_>j) (3.22)

is the effective source of the second-order vector. Finally, [(3.16) — 1 D,;(3.18) — (3.21)] gives the evolution equation for
the second-order tensor mode

Lty  1orey 1o e
24 s()ij + A swij T Evz)(s(t)ij = Jsijs (3.23)

where

123008-7



BO WANG and YANG ZHANG PHYS. REV. D 99, 123008 (2019)

Is(0)ij

G 3 —2-2Clm A -2l Jm

S () EDUV 2v 2SS(l)l —V 2S Z]l —V 2S. +2V 2V 2S )lm l]
6 ) ) ’ /
—261)(,, — 6y ¢1 ;(Z +4;(,, DV2p) — g );(l-T,-“)

/ 1 ,

_2¢ +2¢ )(1,,51)51‘1'"'111( ||<> +le (1) H, 1.1 217;) ||(1),lm5ij
1T<)2II() 2, ) i
= vzl 3 (g2, 3 g2l 0ims, .y U)(u

Loty jmam 1 Ty i) Loty jyamng 2

lemj/,{/l 2)(11111)(] +4)(mn ”(> 5'_5)(1] v

2
+3;(,] Dv2vzy, + v2T V2 RAvS (G ;( v

(1) m (1) m (1) JAm - (1) JAm
+le,im)(H<l)’l Zli,jm)(H(l)’l Zij,lm)(H(l)l :| +5ijv 2[_26-%)(1”1 5(1)1
;ﬁ m ﬁ ! m 1 1 ﬁ ! m 1 ! p mn 1
N ) T <]).l )(lrrf ) 2 (l) ! Zlm( ) 2 (IN )(lrrfn)

1 Cmen. Ty 1 Ty m L oT0 o
i e Lo

1 3 1 / ’
2v2 T(1 V (Ddm )(” g2, T }+88V 2{ 2 IT”SI))(”(D’I’"

1 T mn _ 6 T // T
+Z;(,,,f,‘,2;(”<'ﬂ ] +0,V2 [—T—zc@(,}” 16T 4 12 ¢
lm m
+ ) sz —2)(,Tj(1>V2¢(1)’1 - pUIv )(,j +¢ T 2 )(ljm )(”( yi
’ 1 4
+)(mf,j))(”(1) dm _ glszm v2;(||<1> 6 V2 H glu vzvz)( (1)

m T m
__v)(lj v2)(||(1 _)(H IVZ )+2ZH Iv)(lmj

6 //
+ a.fv_z _?c%ﬂ(;(l + 6¢ l T + ¢ )(lz + ¢ )(ll

_2)(;(1)v2¢(1),1_¢) )(11 +¢ lm)(;n) )(zi,m )(H( lm+)( )(H(

1 ' ! m
_glzTi(l) V2l +6%;ﬂl vz)(.Hil ).l —512 (1) vzvz)(u(l),l _§v2)(; V2 (1.1
— VL) - )(“ 2 } +0,0,V2V- 2[ ¢ty 8

" 6 ’ 1 / / 3
_ 3¢(1) ’lm)(T(l) _ ;qs(l) ,lm)(;;(l) _ 545(1) .lm)(;rfl) _ E¢(1),lmn ;zrn(ln)

I Tay ) I a1
— ) tmg2 ){lm +_)(1m( >V2)(H(1> Am _ZZIWEM)VZXH(I),Imn

1 3
+ EVZ)(;E])VZXH )odm 4)(“ lmnvz T( n):| , (324)

which is the effective source of the second-order tensor. [See also (A20) for a general RW spacetime.] So far the second-
order perturbed Einstein equation has been decomposed into separate equations for the second-order metric perturbations.

To solve these equations of second-order metric perturbations, we need also the second-order energy-momentum
conservation. The general energy conservation is given by (2.17). Substituting 'y, in (A1)—~(A4) of Ref. [63] and U* in (2.12)
and (2.13) into (2.17) and keeping second order, one has the second-order energy conservation for the scalar-tensor case,
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!

402 12 )
_§V2vs(t) + 4¢s(t) —I—AS(,),

(3.25)

where
Asto ngm P +gﬁfl>x”“”’"- (3.26)
Equation (3.25) contains the scalar mode ¢(52) and the

velocity vH( ) Note that cy defined by (2.10) appears in
the second order energy conservation equation.

The general expression of the momentum conservation
has been given in (2.18). Substituting I';,, in (A1)~(A4) in
Ref. [63] and U* in (2.12) and (2.13) into (2.18) to second
order gives the second-order momentum conservation for
the scalar-tensor case

2
Clz\/(sg(t)),i

where
T 8
Fyi = 26’%5(1)’1)(”( ) —§vH )(11( v, (3.28)

Observe that (3.27) involves the second-order velocity
v+ yet does not involve the second-order metric
perturbations, in contrast to the energy conservation
(3.25). To proceed further, (3.27) is decomposed into a
longitudinal part by [V=207(3.27)] as

@ 4 ey _ Ll
C?Vés(t)—"g”s(z) =F

Lo (3.29)

with

(=72 | 262 6(0my T _%Dum,zm Ty

F 0= v_zaiFs(,) Xim ,
(3.30)
and a transverse part by [(3.27) — 0;(3.29)] as
4 1oy
3 = FSLW, (3.31)

with

— [
= Fyni — aiFs(t)

) 8
= 2c250y [V ng Wy LV

Ty

8
A v —26%5(])’1"1)(;151)+§”H(l)’lm)(zm

(3.32)

being a transverse vector function.
We find that the second-order trace evolution equa-
tion (3.14) can be given as the combination

Y32 —31(3 2) 4= v2(3 7) ——(3 25),

(3.14) = T

3
(3.33)

and the second-order traceless scalar evolution equa-
tion (3.18) as follows:

(3.18) = V2{(32) + 74 (32) = <V2(3.7)
4 3%(3.7) 1267+ 2629 - 26.29)].

(3.34)

These mean that, for the scalars, we can solve the equations
of constraints and conservations, and the solutions satisfy
the evolution equations automatically. (See Sec. 1V.)

B. Equations with tensor-tensor couplings

Now we consider the tensor-tensor couplings. Moving
the tensor-tensor coupling terms to the rhs of the (00)
component of the Einstein equation (3.1), and using the
Friedmann equation, one has the second-order energy
constraint equation as follows:

3

6 /
=20 v v2v2 1 =567 + Er. (3.39)

where a subscript 7' in ¢(Tz ) etc. indicates the case of tensor-
tensor coupling, and E in the above is

1 "Im,, T(1) 2 m,, T(1) m
Er = 4 ST =T,
3 1
= T 5T, (3.36)
The (0i) component of the second-order perturbed

Einstein equation (3.4) gives the second-order momentum
constraint equation as follows:

1 4
2¢Tz +3 Du)(g() +5x . J:_?U;"zi)"i_MTiv (3.37)

2 sz
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with is the effective source term. A combination [(3.37)—
0;(3.39)] gives the transverse momentum constraint
L TWimy, TOY Ty, TOY _ L T(m (1Y
Mri =2 i =2 Himi =32 Tm Loty _ _ 4 100 o _ g v 3.41
(3.38) Arij - = T avri + (Mg = 0; r)s (3.41)
2 . . . with
As before, [V720"(3.37)] gives the longitudinal momentum
constraint (My; — 8,2 M%)
! 1 m 1 m !
02 LT 0 g, ae) = T L
’ 1 ’
where +9,V2 |:_)(T(])1m.n)(;l(.'1n) + ixT(])lm.n)(;;(}n)
/ ! 1
V2My, = V- 2[ Dimny T(L) _%)ﬂ Jimany T +5x (Dim72 't ] (3.42)
— —y T()imyy2 — — T()im e (17) component of second-order perturbed Einstein
Ly, 70| _ L, T 340y The (i) comp f second-order perturbed Einstei
2 2 equation (3.11) gives the second-order evolution equation
J
2y 4 2y 2 1 2
2¢(T) i + ;¢(T> i + ¢(T,3j - v2¢T i + 2DU)(T e D,ﬁ VZD §5ijv2v2)(¥ )
I 1o 1 1 I o 1 1oy 1 T2 3¢k
+§XTl(j) +T)(Tl<j) +§XT£/) +;)(Tl<j) __VZXTI-S-) — TN6< )511+ST1]’ (343)
with
Spi = — 2y T, T 5 T(0im, TO) Dimyg2 L rmm, Ty _ 1), T 3 1 (1)ma, T 5
Tij:_;)( )(lm j )(lmlj +){ )(lm EIJ Kimj —XiimXj +Z)( Ximn9ij
T, T(Wms 1 . T(1 Ty Ty 3 . T(1) m. T(1) . T(1
4_)(ll..(’n))(].< ) _EXT(I)Z . )(lnfm)5ij +y (1) le( ) __)(T(l)l Zlni )51'1' _ZT(l)l )(lm( ) 5 _|_)(T(l)l lefirzl
m m T(1
+ T )(ll(jﬂ)l — "W )(ij.(m)z (3.44)

as part of the effective source term.

We also need to decompose the evolution equation (3.43) into the trace part and the traceless part. The trace part of

second-order evolution equation (3.43) is
2\ 4 2 2
207 +;¢(T) —§V2¢(T

with

6

Ssz = ——yTimy, ( ) 127 zmvzlle(l) +§IT(1)1m,nIT(l) _
T

4
The traceless part of (3.43) is

1

2 2 1
Dijfl’(r) +§Dij)(H() +- D,ﬂ! += VZDUZT )+§)(Tij

with

Im,n

LZ”
2 ;)(Tij +sX

1

lgeyz o _ 3 2500 35 (3.45)
1 T(W)iman,, T(1) 5 T(1) Im,, T(1) T(1)im,, T(1)" 4
X Xinm =22 o =30 W, (3.46)

I vy 1 1oy

L iy <
@ + )(sz __v)(TU _STij7

X1 (3.47)
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_ 1
Stij = Stij = 351193
m 1 m T(1)Im_ T(1 Hlm
=~ iy 32" 8 = 2 ] = 1
1 m,n m,l 1 m,n 1)1 !
+§1T< ) )(lrrgn)él]—'_)(h(m))(/ (1) _§1T( ) )(zn(m)5u+)(, ) )(sz(l)
(3.48)

i T(1Y Tl my LU
2TtV g Ty ) g Ty g = o TV L.

m

Q| =

Equation (3.47) contains the scalar, the vector, and the tensor. Applying 3V ZV‘26[8/- on (3.47) gives the evolution

equation for the scalar ;(H( ) as follows:

A +i I + Ly 0 0@ _ 3y-2y-2gim (3.49)
where
Sy = V2V2[ " i } - v{ 1 é’f T
Jr)(T(1)/1,”,”)(;(.'1”)’ _ %XT(I)lmV2v2XITWEI) _ %)(T(l)lm'"vzﬂf;f,l,z 4y TOimng2 )( i m (3.50)

A combination §'[(3.47) — 3 D,;(3.49)] gives

| C S LA e A B’ ogdm

E)Kle ;an = Sle - ajv Sim- (3.51)
By V~2[0;(3.51) + (i <> j)], using (2.6), one gets the evolution equation for the vector mode

(3.52)

L gy 1 10y
EXTi(j) +=1r) = Vrijs

where

Vi = v-zs;lj,,. + V28, = 2VRVES

m 1 m m m,n 1 m T
=9,V2 Y1 )(jz(m> 2 1)1 v)(lmj 01 v)(]lm:| +0,0,9" 2y- 2[_)( 1)1 ){ln(m> +§XT(1)I VZVZ)(I (1)
(3.53)

1 . .
+2)( lmnv){lmn T(l lmnvxlnm):| +(l<_>])

(3.52)] gives the evolution equation for the second-order tensor

is the effective source. Finally, [(3.47) —1D;;(3.49) —
mode
Lroy Loy _lgo o) (3.54)
ZZTij T)(Tij Xrij = JTijs :
where
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_ 3 _
I1ij = S1i;=5D; VRS — VS = VRS 2V VRS
5 w T L T 0ym L tym_T@ T, T()lm | 3 o m.l
N [_g)ﬂ(l)l )(lnf,i} +4 2 )(lm 5 1T gX ,i( : )(lng,j) _Zli.<rn>)(j( ! +§XT<1)I ZIWEn)‘Su +)(u(m>11 W

1 ! 1 / !

_ZIT( Yim, ")(zn(m)(su +7 (1) )(;;(1) —gf“”’%f” 5 +ZT( Yim le(m)l Ty T(1)im ZITI(JIn)z _XT(1)sziijllr)l]

|l T tman,, T 1 1)Imy72 1 T(l)lmn . Ty, ] T()imnyg2,, T(1)
+6ijv 5)( “Xinm _4 % )(lm Y% Im.n +§Z v Xinm

- Im,, T(1) 1 m )im
+ 0,V 2[—ZT<W leFm) _|_2ZT )i Vﬂ(zmj 1)1 VZ,zm

1
—’—5‘J'v_2|:_}(—r 1'tm Zzl(m) +2)( lmv)(lmz lmv)(tlm:|
m T 1/ m 1 m,n
—I—@@Vz[ W't ZWE) 8 lvlzm 4)( b )fzn<m>]
, o1 1 1

+ aiajv—2v—2 [EIT“) lmn)(;;(rln) _Z)(T(l)lmvzvzx'r(l) _Z){T(l)lm,nv )(lnin) + 2){ 1)im,nyg2 )(lnm (3.55)

is the effective source. So far the second-order perturbed
Einstein equation has been decomposed into the separate
equations for the second-order metric perturbations.

Next, we derive the second-order energy-momentum
conservation with tensor-tensor couplings. Expanding
(2.17) to second order, one has the second-order energy
conservation for the tensor-tensor case as

. 1
o2 (=3 ) =3Pl e ar, 356)
where
4 ,
Ay = _)(lT”EU)(T(l)lm' (3.57)

Expanding (2.18) to second order, one has the second-order
momentum conservation for the tensor-tensor case as

2 4 4 1y
R L MY
which is homogeneous, involving no tensor-tensor cou-

pling terms. Observe that (3.58) involves the second-order

velocity v#-(z)

., yet does not involve the second-order metric
perturbations, in contrast to the energy conservation (3.25).
To proceed further, (3.58) can be decomposed into a

longitudinal part by [V~207(3.58)] as

2o 42 . der g (3.59)
and a transverse part by [(3.58) — 0,(3.59)] as
4
. o =0, (3.60)

Similar to the relations (3.33) and (3.34), the trace of the
second-order evolution equation (3.45) can be given by a
combination as

|
1

-3 (3.35) —71(3 35) += V2(3 39) —1(3 56),

3.45
( )= 3dr

(3.61)

and the scalar part of the second-order traceless evolution
equation (3.49) is given by

(3.45)=V"2|(3.35) +Td—(3 35)—7V2(3. 39)+3d (3.39)
+g(3.39)+%(3.56)—%(3.59) . (3.62)

So we can use the equations of constraints and conserva-
tions to solve the scalars, and the solutions satisfy the
evolution equations automatically.

IV. SOLUTION OF THE SECOND-ORDER
PERTURBATIONS

A. Solution for scalar-tensor couplings

Given the second-order perturbed equations, we shall
solve for the second-order perturbations. This subsection is
for the scalar-tensor case. First, the solution of tensor
equation (3.23) is

(27)2
s \ 2 ieikT i 2 le—lk’l’
@f”(“[‘“lﬁvﬂzﬁ )
(4.1)
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where aj(k) and a5(k) are polarization-dependent and
k-dependent coefficients, to be determined by initial con-
ditions; their associated term is the homogeneous solution of
(3.23) and has the same form as (2.28). In certain applica-
tions, they can be absorbed into (2.28). The integrand of the
inhomogeneous solution in (4.1) is given by

_ ie—ikr T .
IS(t)ij(k’T) = o / TlelkT Js(t)[j(k,’[/)d’l'/
ieikr

= / e T (k. 7)dT,  (4.2)

with J s(1ij being the Fourier transform of the source J();; in

(3.24) that contains many terms of products of first-order
solutions.
Next, the vector solution of evolution equation (3.21) is

1(2
L (%.7) = quy(x) +

TdT/ v 12 ! /"
+ ) 27 VS<,),»j(X,1 )d7", (4.3)

where qy;;(x) and g,;;(x) are two time-independent func-
tions determined by initial values and V), is given by
(3.22). Note that g,;;(x) is a gauge mode as shall be seen in
Sec. V. Plugging the solution (4.3) into (3.9) yields the
transverse part of the second-order velocity

QZij(X)
T

J 2
102 @3;(x) T o gk
Ux(t)i - ]8 + Z (Ms(l)i - a’v ZMS(I)IC)
1 T .
— 4_1/ T/ZV’Sj(t)ij(x,’r’)dT’, (4.4)
where (M, - 0;V~ 2M k ) is in (3.10). This solution can

also be denved from 1ntegrat10n of the transverse momen-
tum conservation (3.31), as we have checked. Thus,

although the first-order curl vector vilm is vanishing by

assumption, nevertheless, the second-order curl vector

vf(g)zl) is generated by the coupling according to (4.4).

3 " 9 2 ’

2 " _9C12v+3F||
4 s

3, 3
47 50 202 s 4 T Ty

ZS([)E
_ |4 T, 1(1).0m 27 (1).dm,,
= 3)( v +3¢

T T(1
+§sz( )VZ;( (1), Im

3 m Ty 6 m T(1) my
+ZC%6U)J Xim _1_2 5( )l Xim +3C%5( Vi

T

+ =LA,
'+ ¢ "1 +12
3
_ o laymy v-2 |2 250" dm,, T()
12){ xm}r [ZCL Xim +3
<> T(1)
— 2pll (1)t T

2 w T 2 iy am, T 8 . T(LY
— Zpll @y, T _;Unm,z ) +?UH(1>J PSSl

Next, we solve the scalars. From the longitudinal
momentum conservation (3.29), one has

4 oy, 1
80 — -4 o Ll
C

¢ ! I (4.5)
(0= 732 0 T2 s

Plugging the above 5(%)) into the energy conservation (3.25)

[[CYR [ [Co4

gives ¢ 1n terms of v s Vs(r) > v!m as
ey __ 1 ey _1ev=5 jer, loa, I
P =320 T @ B T3 it
Loy 3cer—3, 1
+RFS(I) +4T a F (0 _ZAS“)' (4.6)

To use the energy constraint (3.2), taking [%(3.2)] gives

6 @ 6 0, w2lrs@ | Lo ll2y
=iy 0+ V200 3 VG
320 6
= 50 ~ 0 + E,. (4.7)

Plugging the momentum constraint (3.7) into the above to

eliminate the V2V?2 ){‘H @)

5 1)/ term leads to

6,0 L6 01 4o k
=2+~ 2V + My
_ 3 6. g
=58, = 30 + By (4.8)
Then, plugging 5 of (4.5)and ¢ ) of (4.6) into the above

yields a third- order differential equatlon of v”(( )) as follows:

2 2
I 3en ey 6k +2 oy o H 2V H
Uty T2 Vs 2 Ust) T —V vV
:Zs(l)’ (49)
with

2 [ 2/
<>‘§ NM<)+2 NEs

T /
)(m())(”( ). lm+12)(’1§ IO lm_f_%)(;fl) V2 ll(1).

Tm(l)” +236%5(1)’,1m)(
T

— 20y TV _

Im 2 %5( im
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being the effective source, formed from the products of first-order scalar and tensor modes. Written in the k-space, (4.9) is

", 3cx @ 6ck + 2\ oy | Nl _
Usk T Vs(ok T (c%vkz - )P +7k21js(l)k = Zyk (7). (4.11)
where
1
Zyoi(7) = / d3k2{ {klk’” > (ks } (r;k,kz)} (4.12)
(2r)3 S

is the Fourier transform of (4.10), with

Z(1;k, k,) = ——hk, Hk k) ——hszﬁ(k)lkz 6hi(2¢k —k,) Tl-zhﬁﬂl(llgl—);(z) hi(z Hk —kj) |k k |2h k kz)
+§|k ko Pl 112 (ko i +%<k> i3l +§(k) eihi 5(") k)
+ % (k) hkﬁgk) K,) +%(k) - zh/ 5Ek) k,) %(k)_zcihkﬁgll()—kz) + 3<k)_2c%hi‘25§‘1‘{kz)
— 2k ol — 20— 4k~ 2 Ry~ 2 kol
F S0 (@13

T

where e, j(k)ki = 0 has been used. Plugging the first-order solutions (2.21)—(2.28) into the above yields

- . 40 401 40ik 4i
Z(t;k,k,) = by (k,) D> (k — k eilka=lk—ko|/V3)r [— - z
( 2) l( 2) 2( 2) k2 |k—k2‘(k)2‘[5 \/5( ) |k kZ‘( )2 4 \/§‘k—k2|2’[4
20k — k| 20(k,)> 4k, 40k, 4i(k,)3 16i(k,)?  8ilk — k2

- - - + +
37 [k —ko|(k)*? W3k — k2P V3P [k —Ky|(k)2 T V3B(k)22 3v/3(k)2
20ik —kolky _2[k —ksf* | 2k —kolhy 2]k —ko|(Ko)* | 2(k)®

- - + + by (k,)D5(k — k
3(’()2’[2 9(k)2T \/§(k)21 (k)2T \/§(k)27:| l( 2) 3( 2)
it kol V) [_ 40 4o . 40ik, 4i | 200k — k|
V2K k-l " VAR k—Kkal(k*  VAk -k, 3T
20(k2)2 4k2 40k2 4l(k2) 16l(k2)2 _ 8l|k - k2|2

TRk Bk —kPe VAR KK Ak 3V

20ilk — K, |k, 2|k —K,]? 2|k —K,|?k, 2|k —K,|(ky)?  2(ky)?
_ i 2lka | 2 _ | 2 2 | 2|(k2) _ (k2) ]+b2(k2)D2(k—k2)

3k 9(k)’r V3(k)*r (k)*t V3(k)t
L il kel Ve { 40 . 40i N 40ik, . 4i _20]k — k|
V2ky k —k,|(k)* 3k [k —ky|(k)*r*  VBlk — k2t 3(k)*
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_ 20(kp)* 4k, A0k, i)’ 16i(ky)*  8ilk—k,* 20ik—K;|k, 2]k —k,|’
k—ko|(k)*7 V3k—k, 7} V3(k)T k=Ko (k) V3(k)*P> 3V3(k)P 3(k)* 9(k)*z

2 2 3
2|l:/§(l,iilfk2 2|k (:)225](2) jg({g% +b2(k2)D3<k_k2)\/;Tze—z<k2—|k—k2\/\/§)f |k—kj(|)(k)21'5
40i 40ik, 4i 20k —ky|  20(k,)> 4k, 40k,
TV KK (P VAk—kole 3077 K—Ka (K27 VAlk—kal | VA
3 4z(k2) 161(1{2)2 8i|k k2|2 20i|k—k2|k2 2|k—k2|3_2|k—k2|2k2 2|k—k2|(k2)2_ 2(k2)3
k—k,|(k)*z  V3(k)*2> 3V3(k)2  3(k)* 9(k)*z V3(k)*z (k)*z V3(k)*z)

(4.14)

Notice that (4.14) contains no time-integration terms.
The homogeneous solution of (4.11) for a general value of ¢y is similar to Eq. (2.20) just by a replacement of ¢; — cy,
and the inhomogeneous solution of (4.11) is complicated. For the case c¢% = % and a general c¢;, (4.11) becomes

2 2
7 ey | (k4N ey K e
sk T Vst T (? - ;) sk 37 stk = Zy (1 (7). (4.15)

The solution of (4.15) is

(2) P (k) I —ikt/\/3 2 i ikt/\/3
- Py(k L Pyk) (= -2
vs(t)k kt + 2( ) kr =+ \/g e + 3( ) kr \/g &

- (%cos (k_’;) +L3sin (%)) /T <9 cos <%> + 3v/3k7’ sin <f/—§>> Zx%il;(,ﬂdr’
(

g 1 kt of [kt ko' \\ Zsk(7)
— | —sin[ —= ) ——=cos| — 9sin{ — ) — 3v3kt cos| —= | | L2 gy
(kf V3 3 \/5))/ < (ﬁ) ‘ <\/§>> w7
1 [73(k*7? +6)
W/ oy L)t (4.16)

where P (k), P,(k), P3(k) are arbitrary time-independent functions, determined by initial conditions, and their associated
terms are the homogeneous solution. The P; (k) terms are gauge modes as shall be seen in Sec. V.

The solution of 52?3)1( is directly given by (4.5) in k-space as

88 = =40l +3F)

4P 8 8i 4k . 8 i  4k\ .
1( >+P2<k)< +_l__>e—zkr/\/§+P3(k)(___l_?>elk‘r/\/§+3F!(t)k

(a V3r 3
() (5) S 5) [ on(2)
() () ()
+¥sin <%)> / ' (9 sin (%) — 3/3ke’ cos (%)) ZX(};%“TET)CJT'

1 [712(k*7? +6)
K2 87 Zyok (7)dr. (4.17)

Integrating the k-mode equation of (4.6) yields the scalar solution
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2) 1 [
P = / ol dr 43 F”() Z / Ag(od? + Py(k)(2)
1  klnz 2 2i . 2 2i
=P(K) (= ) + Pa(K) (5 + —= e */V3 4 Py(k ke/V3 Py (k
I >(sz ! )+ 209 (e i) (= ) i
2k 7 - ; d 3 1 [+
3 [Pa(K)e™ /3 4 Py (K)elt/ V3] 7+ZF‘U(‘)"(T) _4_1/ Ay (7)dr

« (k*72 +6)In7 +3 1 kinz\ [3(kK*7?+6)
RN ()k(r/)dr’+ 23 pEm Zy k(7)d7

(305 B ol
(e e 5

T (o) ()

{ -<k7"> T”(3sm<kf3,) V3ke cos(]“;)) > )d/:|d’[//, (4.18)

where A, =4 [‘3‘)(;5 L 0dm] by (3.26), and

/ “Aypdr = (2717) / d3k2{ [klk'” S e kz)] [——hk2 1o k2>”

s=-+,X
1 s 16i
- Pl (KIS & () | e
(27)? / 2{ [ S;f”"( 2)] 32k, |k — k|t
ﬁiei(k2—|k—kz\/\/§)f . re—i\k—kz\f/\/§
X |:b1(k2)D2(k - k2) < |k _ k2|f — e ko / Td’?/)

[k — K|z '

T
3 —i(ky+|k—ko|/V3) ) 7 p—ilk=l |7 /V3
+ bz(kz)Dz(k - k2) (— \/_le + e_lkfr/ e‘d’fl)

k — K|z 7

i o—ilko—[k—k;|/V3)z 7 pilk—ko|7/V3
+ by(ky)Ds(k — ky) (ﬂw + e_isz/ eidf)} } (4.19)

3 i(ky+|k—ks|/V3)7 ' 7 Hilk=ks|7/V/3
+ b, (ky)Ds(k — K») (— V3ie — ekt / ‘34(11)

|k — k|7 T

Notice that in the above, P,(k) terms in (4.18) are gauge modes, as shall be seen in Sec. V.
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Finally, plugging (4.17) and (4.18) into (3.2) in k-space gives the scalar solution

3
k4

21m 4430 . 430 . 6P,(k) 4 [t - e dt
= —P(k) + Py (k) e_’kf/ﬂ—Pﬂk)—sz ehe/V3 ) )—%/ [Pa(k)e™™ /Y3 4 Py(k)eit/ V3] —

12) y 6 .0 9 2
Xs(k = k4¢) ¢()k+ Ok T 72

kA2 s(1) E()

k Kz K2 7

_211?1 /13(k21:;21/+ 6) Zy () + / 6(k*t” —i—k?)/lnf +18 Zyu () — 4k\2/_ n (ﬁ) /T <9cos (/\%)
+3V3ke' sm(’\%» s ( % 4o +4k‘2f 05(%)/ (9 1n<]:/3i> 33kt COS(@%))ZS(]?TI;(,T,)(ZT’

+ /T L;i/ <k7”> <3 cos< ) + V/3kz' sin (7:)) (k)—k/(rl)dr’] dr’

[ lpwn) [ (on(3) -awen () 25 ]

3 27 3 [r
- WD)+ s Pl ZTCZF” () - 2k4 Aok(®) =52 / Ay (7)de. (4.20)

I
E() +—F

+ 2k4 s(Hk

We have checked that the scalar solutions (4.16)—(4.18) and (4.20) satisfy the scalar parts of the evolution equation, (3.14)
and (3.18).

The above second-order solutions involve many integrals [ d*k or [ dz of the scalar-tensor coupling terms. In the
k-integrations, the four functions b, (k), b, (k), D,(k), and D3(k) depend upon the concrete initial conditions and inflation
models. Moreover, in actually doing integration, one should avoid IR and UV divergences which may arise from the lower
and upper limits of [ @k [66,67]. As an illustration, suppose b, (k) o kM1, by (k) o k™2, Dy(k) o k™3, and D5(k) oc KN+
Then we shall have the following typical integration terms:

/d3k2 |:e_"(k2+|k—kg/‘/§)7(k2)"l |k — ko|2klkm > ‘e‘l,,,(kz)}, (4.21)

sS=+,%X

where n; and n, are linearly related to Ny, N,, N3, and N,. Let k be along the z-axis and 6 be the angle between k, and k.
The unit vector along k, is

ky = cos ¢ sin O + sin ¢ sin 09 + cos 62, (4.22)

the orthogonal unit vectors normal to k, are
il = sin % — cos ¢9, (4.23)
D = cos ¢p cos O + sin ¢p cos 0y — sin 62, (4.24)

and the corresponding polarization tensors of the first-order tensor mode are as follows:

2 sin ¢ cos ¢ cos sin’¢pcos @ — cos’>¢pcos@ —sin ¢ sin@
é,»j(kz) = i;0; + D;i1; = | sin’¢pcos 6 — cos’p cos O —2sin ¢ cos ¢h cos O cosgsing |, (4.25)
—sin¢sin @ cos ¢ sin 4 0
sin?¢h — cos’¢pcos’d  —singpcos p(1 + cos’d)  cos ¢ cos Osin O
Jerij(kz) = ii;it; — 0;0; = | —singcosg(l +cos’d)  cos’p —sin’cos’d  singcosOsind [.  (4.26)
cos ¢p cos @sin @ sin ¢h cos @ sin 6 —sin%0
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So one has K’k &,(K,) = —(k,)?sin®6. The angular integration in (4.21) can be carried out, yielding

K k3 . n
B 271'/ 2 dk, / de[e—z(szr (k)2+(k2)2—2k2kcos€/\/§)T(k2>n1+2((k)2 + (k2)2 — 2kyk cos 9)72(16)2Si1’139]
K, 0

2k10

K F+1 ' -
= _ﬂ/ 2 dk2{32 (ky )1~ emikarg=m (= jym [14((]{)2 — (ky)?)2T <n2 ey ik k2|7>

K,

V3

+67((k)* + (kz)z)r<n2 +4, M) 49T ("2 - 6M>

V3

(k) - (k2)2)2F<n2 ; z(“ﬁf‘)

—9F<n2 +6,%)] },

where the integration limits K| and K, are cutoffs to ensure
IR and UV convergence, and the remaining integration over
k, can be done numerically. All other [ d*k terms can be
treated similarly.

The time integrations can also be carried out. Z) in
(4.12) and (4.14) only has one type of term: & ¢~"5, so that the
single time integrations of Z ;) have the nontrivial terms,

T dr ,klr’] < ik1>
—exp|—i—| « k" T(1=-n,— |, 4.27
/r’" p[ V3 V3 (427)

/T de In7 ex 'le’
T -1
" P \/?_)

_ ikt
« 3 (k) lnrf‘(l _ n,O,l—>
(ik) 7
T]—n

—mzﬁ—é(] —n,l—n;z—n,2—n;—

)
(4.28)

and the double time integrations of Z,) have the following
nontrivial term:

v dr k7] (7 dd ket
7exp |:l \1/3] / i exp [z \2/5] = z5(73m5 kL ko),
(4.29)

which, in actual computing, can be defined as a function and
recalled [63]. As an illustration, we plot the real part of zs
in Fig. 1.

B. Solution for tensor-tensor couplings

Now we solve the second-order perturbations with
tensor-tensor couplings. The tensor part of the traceless
part of evolution equation (3.54) has the general solution

V3

) — 622((k)2 + (kz)z)r<”2 +4 W)

V3

|
Pk - s
)(;“—i(jz)(x,f) — / - pikx (ITij<k’T) + Z €ij(k)

(277)7 §=+,%

2 ieikr 2 ie—ikr
. [‘ff\/;vﬁ% = D (4.30)

where fi(k) and f5(k) terms represent a homogeneous
solution, similar to (4.1). The integrand of the inhomo-
geneous solution in (4.30) is given by

O
X T/el TJTl'j(k,T/)dT/
T
l'eikr
kt

7Tij(k’7) =

/T e Jr ik, T)dd,  (4.31)

with J; ; being the Fourier transform of the source Jy;; in
(3.55) that contains many terms of products of first-order
solutions. The solution (4.30) has a similar structure to the

FIG. 1.

Real part of zs5(z; 15k, k,) at fixed k,.
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solution (4.1) except for the inhomogeneous part with a
different source term.
The vector solution of Eq. (3.52) is

1(2) ‘]4ij(x)

XTij (x,7) = ‘1311(") +
/ / 202V (x ), (432)

with Vz,;; given by (3.53) and g3;;(x) and gqq4;;(x) are
two coefficients to be determined by initial conditions.
Note that g3;;(x) is a gauge mode as shall be seen in the
next section. Also the solution (4.32) has a similar structure
to the solution (4.3). Plugging the solution (4.32) into
(3.41), one has the transverse part of the second-order
velocity as

J 2
1(2) ‘14ij(X) T
(2) = = (Mo
UTZ 8 + 4 ( Ti

1 [~ .
- Z/ T’2V¥ij(x, 7)dr,

where (My; — 8,-V‘2Mfk) is in (3.42). This solution sat-
isfies the transverse momentum conservation (3.60), i.e.,
v7? =0, as we have checked. According to (4.33), the

12
second-order curl vector v; @

- 9,VMy))

(4.33)

is generated by the coupling,

although the first-order curl vector vf(l)

assumption.
Next, we solve the scalars.
momentum conservation (3.59),

is zero by

From the longitudinal

(4.34)

Plugging the above 5(Tz ) into the energy conservation (3.56)

gives ¢\ in terms of vl\?, oI I 4
e _ 1 ey 1 =3 oy 1o o _ 1
¢T :—EUT _; C2N Ur +§V vr _ZAT'

(4.35)

To use the energy constraint (3.35), taking [ (3.35)]
gives

6 " 6 / 1
—;4’7(12) +;¢§2> + V2 |24 +§V2ﬁ(2)
3 2V 6 2

Plugging the momentum constraint (3.39) into the above to

eliminate v2v2ﬂ<2)’, one has

6 " 6 '
—;45;2) ‘f‘;f/]’(rz) —_vzvg(z)"'Mﬁk

3 oy 6 (2

> (4.37)

Then, plugging 67 of (4.34) and ¢\? of (4.35) into the
1)
as

above yields a third-order differential equation of vy

e 3k ey ey +2 oy

2
N w2, [I2)
_Sy2
T v

T : T - 2 T

2Vl = 7 (4.38)

NV =47, .
with

3CN/3CN gl T oy
ZT——TA +— 47 AT 2CNMT[+§CNE s (439)
which can also be written as
1 T(1) Im,, T(1)

Zr = —6)( Xim > (4.40)
where the first-order GW equation (2.25) is used.
Equation (4.38) in the k-space is

n 36’2 " 6C2 —|— 2 ’
o+ 28 4 (e - 2L
T T
+ ‘;V 2ol = 7. (7). (4.41)

where the source

1 3 L ocyim, TV | —ikx
e

NS

1=+t X 5=+

X h/k—kz h/k2 (442)

is the Fourier transform of Z;(x,7) in (4.39). Plugging

(2.28) into the above, one has
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1

Zr = —— | &Pk ik = Ky) & MM (Ky) — e
™ = 2020 2 ;; im(k = Ky)€ " (k) PN

k-k)|—k) klk-k
x {—bl(kz)bz(k—k) ik kK| (4+ i 2\ 2) | kol 5 2|>
T T T
: 1 i(k—ky| +k) klk -k
+b1(k2)b1(k—kz)e’(k2+|k—kz|)T<T_4_ ( T32| 2) k| . 2|>
k—K;| +k) klk-k
+ by(ky)by(k —ky)e —i(ky+[k—k,|)z <4 i(| 2| 2) 2| . 2|>
T T T
: 1 i(k—ky|—k) hklk—k
—bz(kz)bl(k—kz)e—’(kz—k—kzl)f<r_4_l(| T32| 2) | Kl . 2|> H (4.43)

The homogeneous solution of (4.41) for a general value of cy is similar to the first-order solution (2.20) just by a
replacement of ¢; — ¢y and a new set of integration constants d, d,, ds. For simplicity, we take ¢%, = % and ¢; can be a
general value in the following calculations. Then, (4.41) becomes

" k2 4 ! k
2 2
o ol (5 2 ) 4 5ol = 2o (4.44)

The solution of (4.44) is

o) = 2 0k (2 e Quli) (- e
(Een() o () ) (o) rovien(G5)) o
G )30

.,3 k2 /2 6
(k' + 3KTH6),  (ar, (4.45)

where Q;(k), 0,(k), Q3(k) are time-independent coefficients, determined by initial conditions, corresponding to the
homogeneous terms of the solution. Note that the Q; (k) term is a gauge mode as shall be seen in Sec. V. The solution

of 5(T212 is directly given by (4.34) in k-space as

2 !
=l

_40,(k) 8i 4k\ o3 <_____> ikt/\/3
== +Q2(k)(kT +\/§r 3)6 + 05(k) 2 V3 3 €

()] ) on) () e
() fon(l) ) o)

kt V4 1 [12(k*7” +6
— 33kt cos(\/g)> 2;(/ )dT +ﬁ/ %Zn«(f')d‘r’. (4.46)

Integrating (4.35) yields the solution of 4’;"212 as
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/ k 1 T
4’(7212 = _”%{2) _/ 3 %>d7 1/ Apdt + Q4(k)(7)
B L klnt 2i —ike/V3 2 3 2i ike/v3
= 0,(k) (k12 ) Qz(k)< —\/51) + 0s3(k )(— \/31')6 + Q4(k)

102005+ 0310 -1 [y (e

T

(kK272 4+ 6)In7 + 3 1 klnzt 3(k272 + 6
( kz)/ Zp(7)d7 + (k 27 ) / ( o7 )ZTk(T/)dT/

(el () () om0 0

2 2 k7' k' \ \ Zrk

s ( ) ( ) (9s1n<3 —3\/_krcos< )) () 4o
k

Jr
\“"|§

/\/—\

\/§ k%/

2 k7’ T" 7 kT \\ Zp (7
—— oS 3 cos + V/3k7' sin d " di"
[w (% ) " (e () () 20
f2 (K [ ke K\ Z
[ﬁ sin ( ! ) <3 sin T3> —V3kt cos< T3>> Ld ’} dr”, (4.47)
T

where [by Ay =4 [%)(IT”S]))(T(W”’] in (3.57)]

+

+

\\

T 2 Salm
/ AdeT/:3(2ﬂ)3/d3k2{ Z Z elm(k ky)é (kZ)hk—kzhk2:|

1=+, X §p=+,X
1 / 1 S2lm
=——— | @k {— Emk —ky)é (ky)
3<2ﬂ>3 72 V k2|k - k2| s,;»:,x SZ;X
x (by(ka)bs(k — ky)elkamlk=kelr — b (K,)b, (k — ky)eetk—kal)e
— by(ka)by (kK — ky)eilkatk=kalr 4 p) (k) )by (k — kz)e_i(kz_k_kmf)] . (4.48)

In the above and the following solutions, Q4(k) terms are gauge modes, as shall be seen in Sec. V.
Finally, plugging (4.46) and (4.47) into (3.35) in k-space, one has the scalar solution

l2) _ 18 oy 6 @ 9 2,3
ATk —Eﬁbﬂ( pﬁbrk 7 25Tk+k4ETk

—-0(k >21‘” Qz(k)4fl V3 — 0 (k) 5 3 s S04 4 / T[Qz<k>e-“<f’/ﬂ +Q3(k)e”‘”ﬂ}d—rl

Kz K2 k 7
2Inz [73(k*7%+6) 76(k*t? +6)In7’ + 18 ke
- k / 137 ZTk(T/)dT/+/ 4 ZTk(T/ 7'~ ﬁ
Z Z
+3V3ke s1n( >) 2‘; - 7/ k\z/gcos(%)/ (95 n(@%) 33kt cos(f/_)) Zlg(/ )d

+/ [k3 e (lj;% / (3 COS< ) +/3ke sin <I\>§>) ZTIlc( (,T ) g ’] 7’
+/ [1:32" sin (i%) / (3 sm( ) V3kt'c os(%)) ZTkT(, )dr’] de”
i A

)= / (). (4.49)
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‘We have checked that the scalar solutions (4.45)—(4.47) and
(4.49) satisfy the scalar parts of the evolution equation,
(3.45) and (3.49). So far, the solutions for the second-order
perturbations have all been given. The expressions of the
second-order solutions for the RD stage generally contain
many more terms than those for the MD stage [61,62].

|

The second-order solutions contain several terms of
integrals of the tensor-tensor coupling. The [ d*k integral
can be treated in a similar way to the paragraph below
(4.20). As an illustration, suppose b;(k) o kM and
b,(k) « kN>, Then we shall have the following typical
integration,

/ &k [e-i<k2+k-kzl>r(k2)ns|k kol >N k- kﬁ“’é’”’(kz)}

S1=+,X $p=-+,%

K, ¥4 T . Ky S2lm
= dk / d¢/ sinéde{e‘“kﬁ'k‘kﬂfk m2 |k — K,|m emk —Ky)é (ko) |,
/ ["as [ (ot 303 k- )k

where n5 and ny are linearly related to N and N,, and K3
and K, are cutoffs to ensure IR and UV convergence. Take
k as the z-axis and 6 as the angle between k, and k. The

polarization tensors g:l-j(kz) are the same as (4.25) and
(4.26), and él-j(k —Kk,) are given by a replacement of

6 — arctan(kfi;%) and ¢ — ¢ + & in (4.25) and (4.26).
With these relations, the integration over k, can be treated
similarly to the paragraph below (4.20). As for the time
integrations [ dz, since Zy () in (4.43) only has one type
of term, ﬁ e~'**_the time integrations in the tensor-tensor
coupling case have similar forms as in (4.27)—(4.29) and
can be done numerically.

V. SECOND-ORDER RESIDUAL GAUGE MODES
IN SYNCHRONOUS COORDINATES

The second-order perturbation solutions in the last section
contain the gauge modes. In this section, we shall give the
second-order residual gauge transformations for scalar-
tensor and tensor-tensor coupling cases and eliminate the
second-order residual gauge modes in the solutions.

Consider the coordinate transformation up to second
order [60,61,63]:

W = g E %ggwgma " %5(2)14, (5.1)

where EWV¥ is a first-order vector field and E@* is a second-
order vector field, and they can be written in terms of their
respective parameters,

A0 =g, with A=1,2, (5.2)
EWE = gipA) £ Wi with  9;d4) =0. (5.3)
For the RD stage with a(7) « 7,
A
£00(z, x) = (X), (5.4)
T

(4.50)

=+,X sp=+,X

[

EWi(z,x) = A Inz 4 CIWi(x) + cWi(x),  (5.5)

where A1) and CII(" are z-independent scalar functions,

Cfm is a z-independent curl vector, and all of them are
of first order. [See (C12) and (C13) of Ref. [63].] The
first-order gauge transformations of metric perturbations
between two synchronous coordinate systems are given
in (3.37)—(3.50) of Ref. [63].

The general second-order synchronous-to-synchronous
gauge transformations in a general RW spacetime are given
in Appendix C in Ref. [63]. Here we apply them to the case
of a(7) « z. First we shall give the second-order gauge
transformations for the scalar-tensor coupling. From (C27),

(C29), and (C30) of Ref. [63], keeping only the y,"'-

linear-dependent terms, the second-order vector field 5(2)”
is given as follows:

A®
o0 =A%) (5.6)
T
e, T
4D = y-2 [_Am,lm / Y (7. %) dT/]
T
+ AP (x)In7 + Cl)(x), (5.7)
2 T
dgz) :aiv—z |:2A(1),lm/ Xim (/T’X) dT/:|
T
e (W
_ZAW/ L (%) gy ), (58)
T

where A and Cl® are z-independent scalar functions,

C,-Mz) is a r-independent curl vector, and all of them are of

second order. From (C31)-(C34) of Ref. [63] applied to the
RD stage and for the scalar-tensor coupling, we have the
second-order transformation of metric perturbations
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T(l)(rl,X) / 1

Int

o @ 2InT ) w [720 I
B = #) + 5aAm - A0 / ot + 5 AR+ VAR + vl (5.9)
— 6 — — m 3 — — ! m
FI0) = 10 = S 7292 D4 0m) - 29292 (7 4 10m)
+ [In 7] {2V 2 (g, ADIm) = 39292 (3, DA mn g 2] D24 (1.0}
+ {2V, Vel Wimy — 39-29-2(3y ) O el Wdmn g5, P (Vg2l(1).0m) )y
N )
_4v—2{_A(1),lm/ Xim (/T ’X) d‘L’l} _ Z[IHT}A(Z) _ZCH(Z)’ (510)
T

)?i(z) _)(lj 2{ 2av 2()(1]
28 a \Van 2v 2(){1 lm)}

—20,0,972V2(3y, ) AWdmn g 5,1

m,n

(1) +20,0,V-2V2(y] (VA0
[lnr]{28V (2)([] 1) A (1).0m ) T(1) 4 (1).dm

(Ng240m)}y 4 {=20,V2(2,

1 ,
)y — _{28iv—2(){;(1) A(l),l)
a0

Im
Dl 4, Ol 4 TGl

/

2 T(l) ',
+20,0,V2V2(+37] D clamn 49, T2l ””)}+8i{A(')J / Mm’}

T

9.0.V-20 —A().m TZI;EI)(T/’X) d ct® . . -
+ 0i0; - 7 T =Ly + (i < j), (5.11)
and

_T(2 B ”

2 = 2{ 5,V 2 (g VAW — 2y LVAM 4 29,972 TV AN 420,92 (1M A0

- 6i8jV‘2V‘2(;(1m e
+20,V2( A — 9,0,92V2 (VA

T T(1 1)1 T(1 1)1
— 2){“’([ )A(l),l _ 2)(”( )A’(]) _ 2){”( )A,(l ),
+20;V=2(2y

m i

lm) _ 2)(;(1)’14(
)} -+ el 5,92 A
+ Zaiv_z(z)(lj,m)A( tm +}(lnf )A,(jl)’lm +)(1j V240 N
M) = 0,0,V72V2(7y, 1 A0

). Im\72 T ) l(1).1mn (1), 1mx72 T _ 9, T A1)
+ 24()Im2y )}—l—{éV (;(mnC +2C Viy ) 2;(..,C

)} + ;{—6ijv-zof7,,£‘>’A<1>

T(])A(l)lm +;(1T(]>A(l)lm T(I)V2A(1

N4 20,V2 (IITJ-WA(I)’I)

lmn+2A lva T ))

).mn 4Z;1§1)VZA(1) l
— ZZT.(I)CH.(I)'Z _ ZXITJ'(])C”;'(])J

VZCH ’ ) 8,0,9- 2v ( )cll< >lmn + 4y, v2cH Jm ch Jimyg2, T >)}. (5.12)
I
Equation (5.12) tells that the transformation of the second- 2)
i (O, | @ _ @ Ly Ty, AY(x)

order tensor involves only £'*%, independent of the second- 7 0 =Usy T V=2(=24Wmy W) 4 . (5.14)
order vector field &@#. So the second-order tensor is v g
effectively gauge invariant under the second-order gauge o Lo 1 T ‘
transformations. This is similar to the case of the MD stage vs(g)i) = vs(§> l) +=[2400, ) 4 giv-2(240 l’”)(mf .

in Ref. [61].

From (C38), (C39), and (C42)-(C44) in Ref. [63],
applied to the RD stage and for the scalar-tensor coupling,
we have the second-order transformation for the density
contrast and the velocity as follows:

hd (5.13)

(5.15)

The above general synchronous-to-synchronous trans-
formations contain two vector fields &U¢ and 2w
However, in applications, distinctions should be made

between ¥ and E@¥_If one sets EP¥ = 0 [68,69], only

EWH remains, which ensures gf)g =0, g(()? = 0 and keeps
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the obtained first-order solutions as gauge invariant; one
has no freedom to make Q(%) =0 and gf)f) = 0 anymore,
because £1# has been already fixed. Thus, this kind
of second-order transformation is not effective when
E@r = 0. The more interesting case of second-order gauge
transformation is when the ﬁrst—order solutions are held
fixed and only the second- orderf # 1s allowed [70]. In this
case one simply sets EWr = 0 but EPH £ 0 in (5.6)—(5.8),
which reduce to

a? (7, x) = A(Z)T(X> : (5.16)
S (z,x) = A@(x)Inz + Cl@(x) (5.17)
' (x) = ;¥ (x), (5.18)
and (5.9)—(5.15) reduce to
32030 = 62 .30 + A gy
+ %vzcﬂ (%) (5.19)

@ (x)Inz —2C1?) (x),

(5.20)
B (%) = (5 %) = 0,6 (%) = 0,62 (x),
(5.21)
200 (2.x) = 715 (. %), (5.22)
5 (r.x) = 8,0) (7. %) + 5 AP (x),  (5.23)
1% x) =0l x)+A<2>T(X), (5.24)
By (.x) = v, (2. %), (5.25)

2 2i .
4’?2)1( = Py(k) (— + —> e~ /Y3 + Py(k) (T

k’L'2 \/§’L’

7(2’2+6)ln1+3 1 klnz 13(2/2+6)
+/ K27 Zow (@) g = 7

T - ! 3 ] d
—?/ [P (k)e*7/V3 +P3(k)€’k7/ﬁ]7

which has the same structure as the first-order residual

e L)

transforms [63]. It is seen that y S(1)ij cand v s are invariant

within synchronous coordinates. Equation (5.21) tells that
the z-independent term ¢,;;(x) in the vector solution (4.3)
is a gauge term and can be eliminated by a choice of le(2>,

so that the gauge-invariant vector solution is

/ / //ZV 1] X T )d /!

(5.26)

1(2) C]zu
)(s(t)tj(x

To identify the residual gauge modes in the second-order
scalar solutions, we write (5.19), (5.20), (5.23), and (5.24)
in k-space:

-(2 2 2 1 k2 k2 5
¢§<3>k(f) = r/)ﬁ(,))k(r) +AY (?2 " T) Lo,

3 3

(5.27)

2@ =@ —247 e 2%, (5.28)

5@ (7) = s? 4 e 529

S(t)k T) - s(t)k(T) +T_2 kK ( . )

)
A

_[(2

Bl (1) = vl (7) + - (5.30)

Comparing (5.27)—(5.30) with the solutions (4.18), (4.20),
(4.17), and (4.16), respectively, tells us that the P, (k) and
P, (k) terms in (4.18), (4.20), (4.17), and (4.16) are gauge
terms, which can be eliminated simultaneously by choosing

Pi(k

AY = Pik). (5.31)
k
3P,(K)

) = 22 . (5.32)

Thus, the gauge-invariant modes of the second-order scalar
perturbations are

2i ) ikt/\/3
V3t

3 I 1 T
+1Fs(t)k<r) _Z/ Ax(t)k(f/)d‘[/

Zywk (7)de!

k(7)

() () [ () m(9)
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2 [kt 2 kr of (ke ko' \\ Zsk(7')
— [ —sin| —= | = ——=cos| — 9sin( — | —3v3kt' cos| —= | | =22 g/
<kfz <ﬁ) V3e <ﬁ>> ( (ﬂ) : (ﬁ)) we
T 2 kt” 7 kT
+/ [ cos< >/ (3cos< + V/3k7 sin
k7" \/g \/g

)
() [ (o))

430 .
H( — Pz(k) g e—zkr/\/g —P3< )
sk k°t

z Tl ) /
. lkr/\/—_%/ [Pz(k)e—lkr/\/g+P3<k>elkr/\/§]i_f
2Inz [73(k*7% +6) 76(k*c? +6)In7’ + 18
- k / K37 Zx(t)k(rl)d7/+/ Kt

sk (7)dt

( ( ( ) +3V3ke sm<’“'>> Zyok(7)

V3 W‘ZT’
T
+T os<—

5/
c ) (9 sin(%) — 33k cos( )) k3 ,
{k* e << > <3 COS(%) + 3k sm<'“'>> Zsok(7)

— | | ——2d|d"
) ]
. kT/ k’[/ ZS<,)k(T/)
|:k3 // ) <3 Sin (ﬁ) - \/§le COS 7§>> Td’[/ d’l’”
3 27 9
FE<)k+2k (T)+k4 3 Fsox +WFS(I)I(<T)
9 3 T
27 Asok (@) _W/ Agpi(7)d7, (5.34)
® 8, 84K\ s LN YRR
52 =Pk L w3 p k) (S = B K wevs 4 s
sk = P )(kfz T A3 P02 5 +

() ) S ) o
(o) (') 2l

kz?
1 / 12(k*7 + 6)
T2

(%) +3v/3k7’ sin (i‘g)) Zyow(®)

pER dr’
(o . [k ko' \ '\ Zs(ox(7)
\/_ 3 \/g) ) / <9 Sin <%> - 3\/§le COS <7§> ) W dT’
2] ee Lux(@)d (5.35)
) _ 2 0N i3 2PN\ i3
vs(r)k P2(k) <k’l’+ \/g) + 3(k) kt \/g e
T

(o (5) + () [ (o (5) +ovmvenn(5) ) 25
_ <%sin(%) _\/Lgcos(%»/r(gsm ke

K37 /
! k' \ '\ Zsok (7)
— | — 3\/§kT/ COS| —= —dTl
(%) (V3)
3(k*7? +6
+E/ %%k(f’)dﬂ

where ZS(,), Es(t)

(5.36)
(1)» and F! are in (4.10), (3.3), (3.26), and (3.30)

Next is the case of tensor-tensor coupling. The analysis is similar to the above paragraphs. In particular, the second-order
transformations are

residual gauge transformation is effectively implemented only by the second-order vector field £'“#, and the gauge
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_ (2)
72z, x) = p2(z, %) + 2 72(") n h’TTWA(z)(x)

1
+5 Vi), (5.37)
)—(\\(2)(1 x)= [I(2) _ 942 B Ya(®)
T (7, xr - (1,x)-2A¥(x)In7-2C1¥(x), (5.38)
_1(2 1(2 1(2 1(2
7 (@x) =17 (1.%) = 0,¢ P (x) - 9,67 (%), (5.39)
_T(2 T2
)(Ti(j)(T’X) :)(Ti(j>(1’x)’ (5.40)
- 4
57 (1. x) = 67 (r,x) + 5 AP (x),  (5.41)
T
A®
O x) = ol @) + 22 (5.42)
T
17#2)(1, X) = 0#2) (7,%). (5.43)

Again, 737 in (4.30) and v3”) in (4.33) are invariant

ij
within synchronous coordinates. By (5.39), the g¢3;;(x)
term in the solution (4.32) is a gauge term and can be

eliminated, so that the gauge-invariant vector solution is

q4lJ(X) / / //2VT X r )d 7
ij

(5.44)

12
)(Ti(j)( )

Pl = Qz(k)(%Jr%)e—m/ﬁJrQ3(k)(%_%>

-3 [ An@aw + / BN, (1

() () () i ) 2

) -3 cos(%))zzzif”
[

|
o~ I
<y
(3%}
(@}
@}
w
A

2 an( X
kt? V3

. 2k [+ o o d
b5 = 2 [T 10a()e I 1 0s(k)e )

( ) (9“(’&%

kv’

To identify the residual gauge modes in the second-order
scalar solutions, we write (5.37), (5.38), (5.41), and (5.42)
in k-space:

Pri(z) = din

1 K K?
() + AP <1_2 -5 1) -5 cl?. (5.45)

@ =n) (@) 240 =20, (5.40)
—-(2 2 4 2
Sr(e) = op () + 5 A, (5.47)
2
A
—[I(2 2
U%()(T) _ U%)(T) + ok (5.48)

Comparing (5.45)—(5.48) with the solutions (4.47), (4.49),
(4.46), and (4.45), respectively, tells us that the Q; (k) and
04(k) terms in (4.47), (4.49), (4.46), and (4.45) are gauge
terms, which can be removed simultaneously by choosing

AY = Pt (5.49)
a’ = 3Q;() (5.50)

Thus, the gauge-invariant solutions of the second-order
scalar perturbations are

3 7

Zri(7)de!

kinz\ [73(k*7% +6)
3 k3 /

(5.51)

)l
V3
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A2 = 0.0 2 ﬁ IV 0, (K >4fl e/ V5 _ /

21nr/f3(k2r’2 +6)
k K7
43

6(k*7> +6)In7’ + 18

_~k/ \/§ ikt \/§ dT/
w3 4 g ()t A &

Zn(d)dr' + /

k4 7 ZTk (T/)d’l'/

_733111@—%)/ (9cos<f/§) +3v/3ke sm(%)) Z;'g(, ) ar

Lol
Tl
e

3 3
k4 Erx — 2,(4714”: (1) =

2 I . 2
”%(2) = 0,(k) (E + 7§> AN (kr

(o) -l
) () i
) () a5

— /TATk (T/)d’l'/,

8i  4k\ _. 8 '
2 4 O T pmike/V3 K[ = - >
2t )e + Os( )(kfz 75

() ()

+¥Sin(%>)/r<9sin<%> —3x/§krfcos<7>>z2;(f)df #/ %Zn{( dr',

))Ep s (en(5)

ZTk
k3 /

kr’)) Zn (") } ”
(5.52)

4k> ikr/ﬁ+< 8 COS(kT) 8 Sin(h)
_4K, _8 s 8 (X
3 k2 \V3) VB V3

()

_ (%Cos k—g) +\/%sin< )) <9cos( ) + 3v/3k? sm(lj/g)) ZZ‘;S/) dr’

(2 . kr) 1
— [ —sin — ——cos
kt 3 V3

1 [73(K*7? +6)
+_ - @7

ke oo (@),

where Z; is in (4.40), E7 is in (3.36), and Ay is in (3.57).
Thus, we have obtained all the gauge-invariant solutions
of the second-order perturbations with scalar-tensor cou-
plings in Egs. (5.33)—(5.36), (5.26), (4.4), and (4.1) and
with tensor-tensor couplings in Eqs. (5.51)—(5.54), (5.44),
(4.33), and (4.30).
To illustrate the physical picture of the solved second-

(5.53)
\/L_) eikr/\/g
3
( )) (9 sm( ) — 3V/3k7 cos (%)) ZY}:;E;/) dt
(5.54)
[
1 T
¢§~212=—4/ A (7)dr
1
6(27)3 / ¢y
x { > n(k—k)&" (k)i h, | (5.55)
§1,87="+.X

order perturbations, we now calculate the power spectrum

of the second-order scalar perturbation ¢(T212 in (4.47)
generated by the tensor-tensor coupling. Equation (4.47)
contains many terms. For an illustration, here we consider
only the term —§ [* Az (7/)d7’ in the first line in (4.47) as
follows:

where hy is the first-order tensor mode given by (2.28).
As a complex random variable, /s has a zero mean

(hy) =0 for each Kk, (5.56)
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and its real and imaginary parts have the same Gaussian
probability distribution, with no correlation between them;
i.e., the phase of Ay is random with a uniform probability
distribution [71]. Furthermore, /iy are statistically indepen-
dent for different k, and the power spectrum of the first-
order tensor is defined in terms of the ensemble average as
follows [30,72]:

* 2”2 / 2
(hyhy) = Fé(k - KA (k, 7). (5.57)
Also,
(hhy) =0 (5.58)

holds since the phase of Ay is random [71,73]. By these, the
statistical properties of Ay are completely determined.
[In parallel, one can write down the properties similar to
(5.56)—(5.58), for the first-order scalar and vector metric
perturbations, as well as for the first-order density and
velocity perturbations.] For inflation models described by a
power law a(7) « |z|'*7, the first-order power spectrum is
known for the RD stage resulting from the cosmic evolution
from inflation [30]. We define the second-order power
spectrum in terms of the covariance as follows:

(@3 = (BN (@R = (@)
— (PP — (BB

272
o

= 5(k —K')P, (k1) (5.59)

where the mean of the second-order scalar perturbation is
given by

1 N Salm
) =gy [ P X -k
51.853=+,%

X (k2)<hk—k2hk2>] =0,

(5.60)

where the second equality follows from (5.58). In fact, a
second-order perturbation, either scalar, vector, or tensor,
always has a vanishing mean since it is formed from the
products of the first-order perturbations with the statistical
properties (5.57) and (5.58). The covariance (5.59) is
always proportional to the Dirac delta function as we have
checked. This is consistent with Refs. [52,58] in other
coordinates. (We remark that the second-order perturba-

tions, such as qb(Tzlz are statistically independent for different
k since their covariances are zero for k # k’. However, ¢(T212
for different k are dynamically related, since it contains

products of the first-order perturbations with different k.)
By using the “factorization” property [52,72,74]

(X1xox3x4) = (x122) (x3%4) + (xX1x3) (X2%4) + (xX1x4) (X2%3),
(5.61)

which is valid for generic Gaussian random variables x, x»,
X3, X4, each having zero mean; using the property (2.27)
of the polarization tensors; and using (5.55), (5.57), and
(5.58), the covariance is written as

)% ,(2)\ _ L/ (2”2)2 #
(P Ppe) = ok —k )36(2ﬂ)6/d3k2 (k) [k =k,

x ( Y (k- szé”"(kz)>2

S1,82==4,X%

x A2(|k — K|, 7)A2(ky. 7). (5.62)

So by the definition (5.59), we read off the second-order
power spectrum

k3 d3k/
P k’ = _—
l/’T( T) 36(27[)4 / k/3

1 s Salm 2
X [m < Z €im(k —K')é (k/))
Sl,Sz:+,X

x A2(|k — K’ ,T)A,z(k/,f)] )

(5.63)

Given A?(k, ) in a cosmological model [30], the power
spectrum P, (k, 7) is determined by the integration (5.63).
The frequency at a conformal time 7 is related to k via
f(z) = k/2rxa(r). By the normalization of a(z) in
Ref. [66], the present frequency is related to k as
f~17x10"" kHz. We plot A}(f) and P, (f) in
Fig. 2 for different values of cosmic redshift z in the
low frequency range, which may affect the CMB anisot-
ropies and polarization. It is seen that, at low f, A?(f) ~
107'% in magnitude, and P (f) ~ [A7(f)]* ~ 1072, so that
the amplitude of the second-order spectrum is extremely
small in this case. As expected, the amplitudes of the power
spectra are decreasing as z becomes smaller, since the
amplitude ;. of RGW is decreasing inside the horizon [30].
So far in the above, we present only the contribution of one
term — i J*Apdt’, as an illustration. The whole contribu-

tion to the second-order spectrum of qﬁ(Tzlz will involve

hundreds of terms like this. Besides, there are the second-

order scalars qﬁﬁ%t))k, )(!éf;k, generated by the scalar-tensor

coupling, etc. All these require many more efforts of
computation and will be left for future study.
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FIG. 2.

power spectrum (5.63) of second-order scalar d)(rzlz generated by
the first-order tensor-tensor coupling term (5.55).

(a) The power spectrum of first-order tensor. (b) The

VI. TRANSFORMATION OF SECOND-ORDER
SOLUTIONS FROM SYNCHRONOUS
TO POISSON COORDINATES

The Poisson coordinates are also commonly used in
cosmological study, so in this section we perform trans-
formation of the second-order solutions from synchronous
coordinates into Poisson coordinates. A perturbed metric
up to second order in the Poisson coordinates is generally
written as [11,12,60]

1
goo = —a* [1 ) +§W§D2)} (6.1)
EES IOV R )
Joi = a |:WPi + EWPi ]’ (6.2)

1 1
gij = a* {51‘1‘ - 2<¢1(01) + §¢§3>>5i,/‘ +)(;i('l) + —)(;i(jz) ;

2
(6.3)
with the vectors satisfying
owid =0,  A=12, (6.4)
and the tensor satisfying
=0 o =o. (6.5)

[When the vector and tensor modes are zero, the coordi-
nate system (6.1)—(6.3) is also called the longitudinal
(conformal-Newtonian) coordinate.] Consider a transfor-
mation of the solutions of metric perturbations from a
synchronous coordinate to a Poisson coordinate. The first-
and second-order transformation vectors &)# and E@* are
introduced, respectively, as (5.2) and (5.3). Let the first-
order metric perturbations, ¢V, D, x|, ;(iTj(l) be given as
(2.23), (2.24), and (2.26) in a synchronous coordinate
without a vector mode. By the coordinate transformation

(C4) in Ref. [63], one gets the first-order metric perturba-
tion in Poisson coordinates as follows [60]:

w) = g = %am, (6.6)
WJ(’—"li) = a,<i1> —ﬂ,(il)l - dz('lyﬁ (6.7)
S0 — g0+ Lgrpm L @0 (6.8)
P 3 a
D =DV 4L —2pp ) —dl) (6.9)

By the constraints (6.4) and (6.5) in the Poisson coordinate,
the transformation parameters satisfy the following

constraints:
all) = gy, (6.10)
D,»j(;(H“) —2p) =0, (6.11)
d" =0, (6.12)

in the absence of the first-order vector mode. Also, their
solutions are given by all) =1 IV g = 1,11 1n

k-space, the solution ;(‘l‘fl) is known in (2.24), by which
one obtains the first-order transformation parameters
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07— _p, 23 ke 4, V3 ke,
K>z rza

g —Elk
(6.13)
n 1 a
P
D2 2\/§l e—ikﬂ:/\/’)T _ 2\/§ lkT/\/_
Kz KPr
2 T o S dT/
—k/ [Dze—’kf/ﬁ+D3e"”/ﬁ]7. (6.14)

Plugging these and (2.23), (2.24) into (6.6)—(6.9) yields the
metric perturbations in Poisson coordinates

¥pk — Ppk
=D i_z\/gi e—ikt/V3
k2 K2
20 2V3i
+D3(ﬁ+w>ekhﬁ, (615)
wh) =0, (6.16)
g =" (6.17)

Our result (6.15) is the general first-order scalar solution. By
taking D,=(—A,+iB,)/(4v/3k) and D;=(-A,—iB,)/
(4v/3k), Eq. (6.15) is the same as Eq. (43) of Ref. [52].
The first-order scalar mode ® in Ref. [52] is related to
our yIV as @ =1yl - Lyl Also note that
Ref. [52] ignored certain terms as decaying modes in
(6.15) in their actual subsequent computing. We see that
in the Poisson coordinate the first-order vector mode is still
zero and the first-order tensor mode is the same as in
synchronous coordinates, and the two first-order scalar

modes are equal, a fact that can be checked using (6.7),
(6.8), (6.13), and (6.14),

#) — ) = %Ium" Ll Ty 4 pm =
T 6

where in the last step the evolution equation (3.11) in
Ref. [63] is used. That is why the Poisson coordinate is
often used when only the scalar metric perturbation is
present.

Next, we turn to the second-order metric perturbations
with scalar-tensor couplings in the Poisson coordinates. By
(C5) in Ref. [63] with the scalar-tensor coupling, one has

(6.18)

/

2) _ ) ) (2)
Wp i = Wsni + A(p).i =By~ dm)n

S(1). (6.19)

@ _ @ L0 um @ @ Loas
¢Ps(z) - ¢\(1) + 3)(lm )(Hl + ;as(t) T gvzﬁx(t) (6.20)
TR _ 12 , L2 | . TQ)
)(P.;(,)ij Dij)(x(l) +)(S(t)t/ +)(X([)l] + YV(’)U
) 2) 2)
- (ds(t)i.] + ds(t)jl + 2Dijﬂs(t))’ (621)
where
W\(t)l = _)(1—;(1))(“(1)/ lv (622)
2d" Ty jay _ L TOY jay _ T )
Ysij = — X X Xij X" =X x
2
o H]( ).l x,f ))r”,( ).l +3x7,,f”x”(”’“”5z
(6.23)

In order to get perturbations in the Poisson coordinates,
one needs to solve for the parameters agt)), ﬁﬁt)), and dﬁt))i.
in (6.19) into

with

We decompose W,
_wl
Wi = Wi + Wi

two  parts,

W, = V20W, = V2 [ 0 m, (6.24)

Wy = Wi = 0w,

:—;{,“;(H +av2b( ) (6.25)

(2)

Since w Py contains only the curl part, the gradient part of

Eq. (6.19) gives an equation

/

[ ) @y _
Ws(t) +ag; - ,Bs(t =0. (6.26)

=

Also )(T(z)-- is traceless and transverse; i.e., the rhs of (6.21)
Pyyij

should contain no scalar, vector modes. We decompose
Y(1)ij into scalar, vector, and tensor modes as

_ Il 1 T
Y(ij D,]YS()—i—ZY 4)—|—Y

o) T Yowip  (627)

1 1 1
where - ¥, ) =2 (Vi)

YST(}")U =0. We get

1i
i.j+Y§z)j,i)’ Yo' =0, and

Y” 7v 2y- 2ylm

3
:V‘zb(;,fl))(”(l)~’m]+V‘2V‘2 7"){“) (1.

3 T() "Im
_2, 1 ))(H(l)’l

mn T 1
2)(1m D4 _3)(1m( )vz)( (1)

9 T11
—Eﬂ(lm(,n))(H(

(6.28)
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vi, =V2rl, .—%YH
(1)

370
. 2d' 1) / T(1 m 1
_y2 [_ OO T A0Vd T tham _ T, Wi T >vz)(||<1>,z}
24’ / ,
+ 0, \VaAvas 2[ a T( ) ||( Y m Jr)(lT”EU)(n(l).zm Jr3)(;5‘1’1))(” 1).lmn +2}( V } (6.29)
T _ I il
Ys(t)ij = Yyij — Dij Ys(z) - ZYs(t)(i,j)

20/ ’ / ’
_ _7)(3(1))(\\(1) _)(iTj(l)ZH(l) —xﬂ;”x”“” _%l( ))(H; ) )(,1( ) !I( )1 ) T(1 ))(H( )lm5ij

a , 1 3
+ 8 V2 [ = =y Ity Pt =y Pyt P D2
a 2 2
[2d" T / TAY 1y T( T
+9,V2 {7“( )){H(l).l +ﬂ(zj(l))(”(])’l +2lefm)}(\\( Jm gy T T )(H Jr)(lj( )V%(”(‘)-l

261/ ’ / ’ m
+ 0,V {7)(;(1))((1),1 jL)(;U))(nm N/ Jr2)(;;11))(”( ).dm Jr)(m( ))(H( ) +;(;(1)V2;( (1)1

/

0. T m —2\7— d T "Im 1 T "Im
- 0,0,V Zb(lm(l))(”(')’l ] +0,0,V2V 2[—5)(1,,1(1))((1)’1 _E)(zm( Syl
3
a E)(Tm nZH )dmn _)(le(l)vz)((l),lm] ) (6.30)

Requiring the scalar and vector modes in Eq. (6.21) to be
zero leads to the two equations @ 1o 1

) — [
1@yl @ Biny = 5450 +3Ys (6.34)
X5y T Y50 =280 = 0. (6.31)
-2 il 2 _
VIl Vi~ iy =0 (63 — V2B oy (6.35)

The solutions of (6.26), (6.31), and (6.32) are as follows:

ll2
@ 1 ey 1oy I Plugging the solutions )( (5 26) and Xs(s (5 34) into the
== D SPNE AP 6.33
%) T 240 + 250 s(1) (6.33) above equations, one obtams the parameters
|
@ _ _p V3 2V3i i, 3(K*2? 4 6) 9
Ak = 2522 e/ V3 + P3 322 e/ V3 kT Tzs(t)k(fl)dfl - Ezs(t)k
2\/_ kz kz sk (7')
9 3v3k s Lar
() 6 e ()
2V3 ke\ [7f. . (k¥ k' \\ Zsok (7)
9 — | = 3V3k7 — | | —5—=d7
e cos(\/g) / ( s1n<\/§> V3kt' cos <\/§)> pEEEy
+ iE’ + 27 FH” + 27 FH/ _ EFH + iF”/
264 Ts(k T qpdn 442 0 sk T 42 sk
~ 1 Aok gz Asox — aAsox 5 Vg = Wi (6.36)

123008-31



BO WANG and YANG ZHANG PHYS. REV. D 99, 123008 (2019)

> 2V3i . 2v/3i ke y we v dT Int [73(k27% +6)
ﬂi) —p, Y e emike/V3 _ p EV e ike/\/3 _ / [Pye kf/f+pek/f]1 k/TZY(I)k(T/)dT/

(kz 12 + 6) Int +9 , 2\/_ /T kt' . k7' Zs(t)k (T/)
dr ) _2V3 9 — 3V 3kt — | | —5—=dr
+/ i stk(T) pEm sin \/§ cos NG + 33kt sin 7 o7 T
2V3 kt of (k7 k' \\ Zs(k (')
2V cos( 2 9sin( —— | —3v/3ke cos | —= | | 22222 g
+amreo(5) [ (osn(5) -avakeens(G5) ) 2t
[ 6 k' [ k7' (kT Zsok ()
+/ [ cos( 3cos| — | + V3ke'sin[ — | | 2L g | de”
o \/§> / ( (ﬂ) V3] ke

o6 . (ki 7 (kT kT Zs(,)k(f/) 3 27
—l—/ [WSH](%) / (3 sm<ﬁ) - \/§k1’00s<7§>> Td dt” +ﬁE (k +mFs(t)k(T)

27 7l 9 9 3 [ 1
+ 2k4 2 s(t)k +3 4k2 F s(hHk (T> - 4k4TAS(t)k(T) - 4k2 As(z)k (T/)dT/ + 5 Ys(t)k’ (637)
_zq
diit))i 211 / / 2V~ 2V/ z]<x T )d‘[”—l— YJ{) (6.38)

where E ), Fy1), Asqr)s Zs()» and V(,);; are given by Egs. (3.3), (3.30), (3.26), (4.10), and (3.22).
Plugging Eqgs. (5.33) and (6.36)—(6.38) into (6.18)—(6.20) with a(z) x 7, one obtains the second-order metric
perturbations in the Poisson coordinate as

3
@ _ [ dk | oy 1 o) | ke«
V/Pm) _/(27[)3/2[ as(z)k Tas(t)k:|e ’ (6'39)
where
/ 1 2 ) 231 2 23 k
_a(z)k __a(2)k :P2 \2/;l+ = e—zkr/ﬁ+P3 _ \2/:l+_2 lkT/\/—+ ;/;Sln T
stk — 7 %s(0) e ke K ke k*t V3
2 kt kt' . (kT Zsok(7)
k200s<\/§> / (9cos<%> +3\/§kf’sm<ﬁ)>7dr’
23 kz 2 . [kt k' \\ Zsk (')
+ (-preos((5) () [ (sn(T5) -3vaw oo (5) ) Z
3 9 3 3 27 135
+kzz<) +Ezs(t)k _2k4TEs(t)k ﬂE()k T 4 sk T A s 3 ok
27 4 9 LI 9 L 9 9
_4/(47,'2 s(nk k4 4F (nk 4k2 F s(nk 4k2F (Nk 4k4 A s(nk +4k4 3As(l)k
9 3 3 . Lo 1o 1 Ik
T A2 Aok T 4kers(t>k T a2 sk T 57 Yok =2 Y50k T2 Wik T Wik (6.40)
and
3 2
@ _ [ @k o 1o Koo | ax LT jum
¢PJ(,) _/(271_)3/2 |:¢s(t)k +Tas(t)k 3 ﬂs(t)k ek X +3)(lm X s (641)
where
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@ Lo Ko _ 2V3i
Pk %ok 3 Pk = P2< g

2V3 . [kt 2
—+ (W Sin <7§> — WCOS (—
K3 V3) ki?

zkr/\/—+P3 2fl+ ikr/\/§
sz K7 kr?

))/ <9cos<f/§>+3\/_k1 sm«‘};» k3(//)
5)) [ (vsn () <3v s (K2) ) 2ok e

9 9 3 27 2T
_WZS(t)k_4k4rzA 0k T 4147 3A<)k+2k k+4k4 2550k T g, 103 sk
I 1 9 L _k Lor Lo
A stk 52 Bstox — 5523 ok gYs(nk T3 Vsox =7 Wsoe (6.42)

and
-2
WD = v qZu
—/ VRV (X )Y - Y AW
(6.43)
with Wl Yl vl W given in (6.24)-(6.29). Also,

the tensor )(P(z) is given from (6.21) as

T(2) T(2)
. (6.44)

_ T
Xpyii = X T Y

1n (4.1) and YT in (6.30). From the above, it is

seen that in the Poisson coordinate the two second-order
scalar modes are no longer equal, that the second-order
vector mode is nonzero and is contributed by the scalar-
tensor couplings, and that the second-order tensor mode is
different from the one in synchronous coordinates by the
coupling term Y ST(t)l.j.

with ;(

Next, we calculate the density in the Poisson coordinate.
Equation (C6) in Ref. [63] gives that the zeroth-order mass-
energy density as

(6.45)

By Eq. (C7) in Ref. [63], the first-order pg) is given by

m _ (0)

Pp = P(l) — P 5(1)”- (6.46)

For the RD stage, from 5§(1) in (2.22) and al((]) in (6.13), the
above gives

a 8v3i 8 8 4k ke
5pk—Dz<—W+W+\/§T 3 s

81/3i 8i  4k\ .
+D3<k23+ TZ—E—?>EIC/\/§.

To second order, by using (C8) in Ref. [63], one has

pi) = p@ —2p 0 _2p WPk 4 0010

+pF8)§F]:)0§(1)k +P,((())())‘=E(l)0‘f<l)0 —p_(g)f(2>°, (6.48)

which can be written in terms of the second-order density
contrast contributed by scalar-tensor couplings as

For the RD stage, using the solution 5§%B)k in (5.35) and

a%k in (6.36), the above becomes

(6.50)

3
@ _ [ dk 2 4 ) xx
5})5(:) - / (27[)3/2 [5s(z)k +,L.as(t)k]e >

where
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50 42 —p (L83, B 8T
s(nk T Ts(nk 2 ) V3r 3

+ 8\/gs'n ke 8 cos
2Vodnl—) = 2
K73 V3 kz?

8v3i 8 8i 4k

k>3 +k72 3r 3

) zkr/\/—+P3<8\/_l _ﬁ_ﬁ>eikr/\/§

)l

+%cos<\k/—%>> / (9cos (f/§> + 3V3k7 sm(%)) %}jﬂdf,

+ 8\/gcos ke 8 sin
- — | ——si
k2 3 \/§ sz

5((5)) [ (5

36 6 27
k4 2

—k4—1_22s(z)k+k E ka3
9 9

H
+3F o~z Ao + s

@ ) . yet EWDr does

It is seen that only £2)# contributes to op
not contribute.

Next, we solve for the 4-velocity in the Poisson
coordinate. By (C9) in Ref. [63], the zeroth-order
4-velocity is U = U0 = =1 and U = Ui =,
By (C10) in Ref. [63], the first-order velocity transforms as

(6.52)

Ug)t = i 4 g0 (6.53)

. 1) .
is used From a]((> in

=0 in (2.12),

where the definition U = a=1p})’

(6.13) for the RD stage, and using U(!)
Eq. (6.52) becomes

NN
U0 py (2311 2 ke
kTt kT

2V3i 2\
D =2Y20 2 ) ik 54
+ 3( kKt k13>e ’ (65 )

which is nonzero, even in the synchronous coordinate
UM = 0. By using vV in (2.21) and ) in (6.14), and

taking v-(V" = 0 and dV' = 0, Eq. (6.53) gives
v =0, (6.55)
NI 2V3i i\ e
Vpk —D2< 2 +E+7§>e ke/V3
230 2 i\ .
Dy 2 = eike/V3, 6.56
- 3<k21'2+k7 \/§>e (6:56)

As(t)k -

) el

K\ Zgi (7
) 3v/3k7 cos<\/§>><kl)37k1€)dr’
- 27 pir 108 9

I’
KA T sk T pAsd T s(nk +kTF()k

3 2 4

Ak - )4 WH

s(t)k s(Hk” (651)

|
Thus the first-order velocity remains noncurl in the
Poisson coordinate.

To second order, from (C11) in Ref. [63] and (2.12),
(2.13), (6.13), and (6.14), one has the O-component of the
4-velocity as

3
@o_ L[ &k T oy 1 0 | xx

UP:(:) - T/ (2”)3/2 as(t)k Tot 'k (6 57)

where —a@)’k L (;21)) is given in (6.40). By a definition
f))(f) =a! vf) one has the i-component as

where only £2# contributes to UE,ZW By writing v(f)) =

||(()> +v<(>,-> with Ul<<)> =0, [V20/(6.58)] gives the

noncurl part of vﬁ,j@i as

/

3
2 _ [ &k o) | .00
UPSW - / (271_)3/2 [Us(t)k +ﬂs(t)k}e kX’ (659)

where
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o+ B = P2< Zk\f; +o \%) kI3 | p, <2kz—\/§2’ + % - \}§> N /G{;/; <\//§>
(5] o) o) e )
(e S(%) () e (3) ] (5)

k' \\ Zsox () 9 3 27 27 v 27
—3\fkrcos< )>7d’——z(> + 53 B + 1= Faion + 1052 Fox = 753 Ftox

V3 KB K 2k* 4k*r 4k* 72 K
o Fsox ~ g Aokt gaa Aok — gz Aok + 5 Ve (6.60)
with Ey(. Fy(y. Ayy. Zy and Y] given by Egs. (3.3), (3.30), (3.26), (4.10), and (6.28).

The curl part of vﬁ,‘j,)i is given by [(6.58)—0;(6.59)] as follows:

2 72 /
j (X 2 i = OV M,
i (X T/)dT/+T " 2v- 2V’ i (x.7)dr + 4( o,V 2M'(>)—|—YL

vp -

J =2 )
1) _ 03;5(X) 3 V=g 1/’ 2y

5(1) 8 2 s(t)ij s(t)i?
(6.61)
where (M (,); — 9;V~ Mt oi)s V(i and Yt i are given in @ _ a2 _
(3.10), (3.22), and (6. 29) respectively. Thl(ltS the second- ar —Fr =0, (6.66)
orc}e)r curl part of the 3-velocity is nonzero even if
=0.
Next we will calculate the second-order perturbations
. L . . 12) _ 52 _ 6.67
with tensor-tensor couplings in the Poisson coordinate, by Xt pr = 0. (6.67)
similar procedures to the above. By (C5) with the coupling
of tensor-tensor in Ref. [63], one has
o V20 —dl) =0, (6.68)
v = o =) (6.62) e
and the solutions
Wi = ap) =Pt —dy] . (6.63)
2y 1
p | o) =277 (6.69)
) = o7 +=ar + IV (6.64)
T2 _ 1@ , L@, T 1
Aprij = DUZT +)(Tij +)(Tij ﬁ<T2) = 5)(9(2)’ (6'70)
2 2
— (dp); +dp); 1287, (663
where only &2 contributes to the above transformations, _ J
df) = V2 4. (6.71)

as EW# does not contain the tensor mode.

We need to solve for a(Tz), ﬁ(rz), and d(rzi>-
use the transverse condition of Wf)i and the traceless and Plugging the solutions )(T (5 44) and ;( (5 52) into the
T ij

transverse condition of ;(;T(lz]) which lead to above equations, one has

To do this, we

123008-35



BO WANG and YANG ZHANG PHYS. REV. D 99, 123008 (2019)

2/3i f ©3(k*7% + 6 9
oy =0, 2 s s 0, N s L [N 5 g0 2 7,

gy 137 kir

() (o1 < ()
_%cos<%> /T<9sin<fg) 3v3k cos<f/§>>22§(, ) ar

3 9 9 3
+ ﬁE/Tk - mAlrk + WATk 0 —5Ark, (6.72)

d? Int [73(k*7? +6)

\/_ ) ot
,B Qz —zkr/\/_ Q lkT/\/_ / o—ik? /3 + Q3elkT /\/5] @ Zrn (’L'/)dT/

7 k K7

JWTT”%mw%MQH%ﬁ#VM%%%%r
ALn(5) [ (os(7) () 3 [ () [ (o[

+ 3kt sin ( f/%)) Z%T(/T/)dr’} e + / ' {% sin (%) / (3 sin <%> — 3kt cos (%)) ZT]'{‘T(,T/) dr’} dr

3 9 3
+ﬁETk _MATk(T) 4k2/ Ap(7)d7, (6.73)
dy) = q“” / / V2V (x. 7 de (6.74)

where E7, Ay, Zy, and Vyp;; are given by Egs. (3.36), (3.57), (4.40), and (3.53).
Plugging Egs. (5.51), (6.72), and (6.73) into (6.62) and (6.64) with a(z) « 7, one obtains the second-order metric

perturbations in the Poisson gauge as

Pk | .
2 2 2) | ikx
) = a7 [—a<T]2 —;a(“z}ek , (6.75)
where
_“(TZIZ — la(Tzk) — Q2 <_22_\/§;’l + %) e—ikr/\/g + Q ( 2\/:l %) zk‘r/\/— + ( 5 2 (k_\/l;)
T k“t kt . kT 3
2 kr . kr ko' \\ Zx(z 2V3 kt
_@cos<7§>>/ (9cos<ﬁ>+3\/_kr sm< )) o7 d —|—< e cos 7§
2 . [kt kt Zp(7) 3 9 3
-— 9 3V 3k d Z —— 7 ———FE
() (1) () 0 D L
3 9 9 9 3 3
o et g A ¥ g Ane T g Anct g Anct g Ane (6:76)
and
3 2
@ _ [ dk Lo 1 o kK o i
bp, = (2732 [d’ %K _?ﬂTk e'x, (6.77)
where
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@ 1
¢Tk +; k 2

2 2
( —_ﬁrk—Qz( %"‘_) ﬂkr/\f‘*‘Q%(

2\/_1_’_ lkT/\/_+ &_Sl k
k2 3 k‘L’z k2 3 \/§

cos< )) <9cos< >+3\/—krsm<f/§>>22§(,)dr

()

() () () 5

9

3 1

k%zz ST et e A T g Bk~ g Ene (678)
|
Thus, we see that in the Poisson gauge, the two second- The tensor )(;(2) is given from (6.65) as
order scalar modes are not equal. This can be checked by ™
using (6.62), (6.64), (6.69), and (6.70), ){;(g} :)(;(jz) (6.80)
Ti ij >

P2 2 ey 1 e

Py l//PT:ET +)(T + VZ ” +¢T
:_v V- 2‘S'Tl‘;rrln’

according to the evolution equation (3.49). A similar
relation holds for the scalar-tensor and scalar-scalar cases.
The vector mode is given by (6.63) and (6.72)—(6.74) as

V‘z j 2 T .
Wl =2 / PY2V(x.7)de. (6.79)

T

which is nonzero and sourced by the first-order couplings

) 4 8v/3i
R

ae(a) ()5

+ —8\/§ Ccos kT
k3 3

kS/ k42

(2)

Itis seen that only &2 contributes to 5, , yet & does not
contribute.

The second-order 4-velocity in the Poisson coordinate is
derived from (C11) in Ref. [63] and from (2.12), (2.13),
(6.13), and (6.14) as

@0 _ 1 [ &%k o 1 o] xx
Up. __/(271)3/2 —ayy, —;aTk e™*,  (6.34)

T

which is the same as in the synchronous coordinate.

Next, we calculate the second-order density in the
Poisson coordinate. We write (6.48) in terms of the
second-order density contrast contributed by tensor-tensor
couplings as

" !/
553)_5$>+[—2“(7) 4"(1)}(1‘5). (6.81)

70 T al
(2)

For the RD stage, using the solution 5%2 in (5.53) and ayy
in (6.72), the above becomes

&k 4 .
2 2 2| ikx
i) = [ e R TaR|e, (o)

where

4k> —ke/V3 4 0, (iﬁ’*;—\%—?) V3 @C m<¢§>
n(85)) [ (ooon(55) waviwsin(t5) ) Zotae

(1) s

z
— 33kt cos<’f/§>> T“( e =8 Zi +—

()55 ()

6 9 9 3
“r E/Tk EX 2A/Tk +a3 P ATk - EATk- (6.83)

with —aiy) —1al) given in (6.76), and

vl = o)+ pE) +di

(6.85)
with Up, (2>i =a! (2>i . Only £2) contributes to Ugr)” . By
writing v(Tl) = U%) + v with o3P = 0, [V-20/(6.85)]

gives the noncurl part of vl([,z:i as

123008-37



BO WANG and YANG ZHANG

PHYS. REV. D 99, 123008 (2019)

dk
o = /(2 Rl

where

2 = o

9 3 9 9
~ i Yy e g Anct g

with Er, A7, and Z; given by Egs. (3.36), (3.57), and
(4.40). The curl part of v},); is given by [(6.85)—9;(6.86)]
as follows:

o x V-2 o 1 [c _
”#?) = 614,]8( ) - 26141] - Z/ TQV%:’,’(XJ’)dT/

T
2 [t 2y7-2y/) N gt
+r_2 T Vii(x,7)dr

+T
4

LS}

(Mr; — 0,V 2My,), (6.88)

where (M7; — 9;V2M3},) and V1, ; are given in (3.42) and
(3.53), respectively. The second-order curl part of the

3-velocity is nonzero even if vﬁi(l) =0.

The second-order perturbations with scalar-scalar cou-
plings in Poisson coordinates have not been given in
Ref. [63]. Using the solutions in synchronous coordinates

24/3i

k23+

A |
—ay) - ;0‘(3212 = Gz( ~ike/V3 4 G, (

k2

2 i\ g 2V/3i
—+%>e k/‘/i+Q3(W

2

e ke

-n(15)) | () o () o (i)
2 . [kt 1 kt T .

_Em(ﬁ) 7“’8(79) / (9““<

Aqk =

2/3i

+ﬁTk] ex, (6.86)

(%)

2 i ik kt
= i r/\/_ o~
ke \/§> " <k2 2 <\/§>

+

k7' kz Zn(7)
75) 3V3k? cos(\/§>> i dr
3
AT (6.87)

[
in Ref. [63], by similar gauge transformation procedures to

the above we obtain the results as follows (the computation
details are skipped).

With the source terms Ej, F‘;, Ag, Zs, and V;; given
in Egs. (4.2), (4.28), (4.24), (5.14), and (4.19) of Ref. [63],

the second-order metric perturbations in the Poisson
coordinates are

&Pk | . 1
2 2 2 ik- n

5 1 1 "
2 Y 2y 2 M
R s 22X LA

Lo imas o Loy iay
1 ~ 6.8
+ o AW Sy . (6.89)

where

) ()

o)
ioenl(5)) [ (on(3) vl Extar s (isen(5)

. T/ kt ZSk( /) 9 3
< >> <9sm( 3) 3v/3ke' cos(ﬁ>> o dr’ +kZZSk+EZ’Sk T E'

3 B 27 H"' 135 F”I 27
TR TSR T 44 Fi 4k*3 " Sk qpAe?
9 9 3 3
MTERCE YR A+ e a2 T

l
ASk

54 O o 9 9

Sk k4- 4 FSk - 4k2 FSk - 4k2 F + 4k4 Ag'k
Ly Ly L Lyl wl (6.90)
2 Sk 2 Sk Sk Sk» .
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and
&Pk 1 K2 . 1 , A |
¢1<35> Sk [¢Sk ald) - ?ﬂgk) ek (1) 1) __¢ Dyl _lel(nxll(l) _4_)(\\())(\\ __¢
1 1
—_—llayy2 jay — L 110572, 1D _ L1y 72 H(l)__vz ()2, (1) — Il — . I
X V4 X S X oV X X X ¢ )( X
I ja
+3X!|15n>)(”“)‘[’"’ (6.91)
where

@ Lo Koo 2V 2N g g (232 s
Ko kD Kok

2V3 . 2 kz kv \ '\ Zsk (7')
oen(5) () [ (en(5) rovamean(5)) e
f kz 2 kz k7’ ko' \\ Zg (')
— si 9 3V 3kt dr’
(Rl ) aeo(3)) [ () -2veen(()) T
9 9 3 27 27
TP QZSk e 2A5k+ 414 %ASk+TE/Sk+ 4k 2FSk+4k4T3FSk
27 1 9 K?
k4 4 .‘S“k 2k2 ESk 2k2 2FL‘S"k EYL‘S"I( + 5 2r YH _WL‘S"k’ (692)
and
V‘zc’j.. 2 [z . ,
Wl("i)i T2 2 7_2/ T’ZV—ZV‘S!U(x,T’)dT’ - Y5 + Wg, (6.93)
and the tensor ;(;i(f) is
ZP5<17) —)(513 : + YSt/’ (694)
with 7, in (5.1) of Ref. [63] and W§, Y§, Wk, Y&, Y3 as
Wi = V2o'w
’ ,, 1 "
= V2 29" 4 2pw2 0 —2;(” I AV
1|| gz, I _ LIy
vy + v DAV ~5Xm ZI @\ (6.95)
The curl part of Wy; is
1Y 1 " l
Wh = Wy, — 0,Wh = 2910 _EW ol +3xl 'vz, 2)(”( 0.
1 "
+ 0,V [ =24y H _2¢ ) 4 )(H "Ly || )+§)(”(1> V2, (1)
1 D" J1(1).0m
g (6.96)

Ao a1 2,
V 3V V'V2y —|—2)(

The scalar, vector, and tensor modes of Yg; j are
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3 Im
_Ev 2v 2YSlm

1 5 3
=—x”“x”“—§x” zH ) L2 2¢<1)v2;(“<1)+6v2;(||<1>v2;(“( gl” zH( g)(H()Im)(”(rn)

3 ’ /
4+ V-2V- 2[6(;5 ) m H +12¢ IVZZ,Hz(I)+6$(1)V2V2}(M(1)—Z)(H“)'lvz)(!lz(l)

3

_ 2 ()72 (1).Im72 H I(1).Ix72v72 H
X S22y 4;( Vy 4;( MIN2V2y (6.97)
_ -2yl [
Y§j =V ZYSI/_gy
1 ’ / 1
_ V- 2{44) z || +4¢ V2 H 5)(\\(1) VZZ,HJ-<1) —6%'“)"V2%!';5~”]
+0,V2v=2 [_4¢ lm)(”lm — 8p()1V2y H — 4pIV2V2y +2)(” LI2y, ||
1
+§x“ V2w ) 4 x” Jimg2 1) ;(H 11272 } (6.98)

1
3
_ 2y, || 1y 102y, 5 _ iy ||(1> (1)1 \\()5,
4)( +4)( 4)( 8)( ij
1 3
_ 2l i) I 112y H Ii(H I Il( )lm || )5_
4 )(,J+1)( X X +8)( ij

+5ijv—2 {2(]5 )y, H +4¢ ZVZ;(!|1(1>+2¢(1)V2V2;(H( _ )(H Rve ||
_ZIII 'V2V2y, _EI” ).lmyy2 || 12)(” 12V, || ]

+8,~V‘2[ 401 z)(lll, 4¢(1)vz)(.uj(1)+%){H(1)/v2)(£(1)’+éxu ’V2 || ]
+3,V_2{ 4401 z)(llh 4¢(1)V2Z!|[( +;)(H V2 H +é)(H ).Iy72 H ]
+ 0,0,V [2¢<1>v2)(|<1> _évzxwwvz%um +gx”“)“’x!'f y 2’(”( >zm)(llgn>]
+8i8jV‘2V‘2 {2(]5 lm H +4¢ 1V2;(!|1(1>+2¢(1>V2V2;(H( )(H lv2 ||

__|| 2 (1 lm2|| ||122||
Y4 V2V 12)( Vy 2)( V=Vey ] (6.99)

Note that Ref. [52] also gave the second-order vector mode of the metric perturbation in Poisson coordinates. However, by
detailed checking of Eq. (17) of Ref. [52], we find that in their source ), the asymmetric, last term

2H(0,D)(0,, D)
should be replaced by the symmetrized term

H(0,9)(0,, %) + H(9,%')(9,,P)
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because ), as the source in the Einstein equation must be symmetric, and the solution S(k, 7) of (20) in Ref. [52] should
also be revised accordingly. We project the inhomogeneous part of wp; of (6.93) into the following:

. 2 . 2 T _ /// /// 1 ’ f 1 ’
e :ej{_r_z/ v 2[ PO A g JO O S
1
+ W w2y 4 3,0 g2, }dr } (6.100)
T

where e; is a polarization vector orthogonal to the wave vector. The Fourier mode of our result (6.100) agrees with the
corrected S(k,7) in Eq. (20) of Ref. [52], where the relation ® = —%){HU)” - %){H(l)’ is used.
The second-order density contrast is

3
@ _ [k 1@ 4 o] x4 sy i)y _ sy % o _ Loy a3 ayiay
(6.101)
where
@ 4 8v/3i 8i 4K\ v 8v/3i 8i 4K\ 43
89 4+ 248 =G — = G - =
sk ¥sk 2< k23+kr +\/—1 3 )¢ +03 k23+k12 3. 3 )¢

() ()50l

+¥cos<5—%>)/ <9cos(f/§> + 3V/3ke! sm<]\‘/§>> Z;‘;(, ) av
3

N 8\/§COS k 8 “in kr N 8 cos kt
—_—— —_— —_—— ] — — —
k*73 V3 kz? V3 V37 V3
4k k k' ki'\\ Z
+?sin<7g>>/ (9s1n<\/§> - 3V3kt cos(\/§)> “2‘3(, )dr
k4 2ZSk+k EfSk KT 2F k4 3FSk e 4FSk kTF
9 9 3 2 4
+ 3FH = A T pEr Ask _EASk + ;Y!k - ;W!k' (6.102)

The 0-component of the 4-velocity is
3
@0 _ 1 [ d%k @ _1 o] ixx ol oy a1 oy oL :
UPS _;/W _aSk _;aSk + 'UH() 1}’1 +;)(,l /UH(I) +F)(H<l))(”<l) +4_T2)(”(1) ;{/”(1)

1 1 1 , 1 .
— iy 2y ey — 2 I iy — 2 W) i) 1y, (L) 6.103
XX + YA a2 x X A + 1 x X1 (6.103)

where —a(Szk)l - %a(szk) is given in (6.90). By the definition UEDZ) =a 111532) , one has the i-component as

U;ZX:U§2.>+ﬂg2?’+d<52.>’+lvll‘<1>xu(1>’_U||‘<1>’X||<1>’_UHI<,1>X||(> + ol D Iy 4)('())(””
sl i i i N i i
+ Lparay ZLaraay Lo, yays
6.104
X "y — g hiai X Yy (6.104)

By writing ”(s) = v!(l) + v o2 with ”s( M=o, V- 201(6.104)] gives the noncurl part of 1)53) as
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&’k

2 i 1 1 ’ ’ 1
UEL(S) — / G )3/2[ H +ﬁ5k] k-x _ U!lz( ))(H(l)J _~_4_T)(H(1))(H(1) _ZZH( ) I _Z)(

+v2{ 01y Zu I V2l — 1G240

ll(1 >)(H( )

Hl(l)’)(u( 14 pyll ey H +2v”< )lm || )

1 / ” " ’
+§)(.U1(1))(H(1) 1 +§ZH<1) V2,10 2)(” LIy, H +2)(\\< )1(1),1m]’ (6.105)
where
(2) @2y 2\/§l 2 i —ikt/\/3 2\/§l 2 l lk‘r/\/_ \/_
=G| ——5+—+— G —— —
R 2( 2 Tk B)0 T\ T A AVEE
2 kt 1 kt kt
——cos| —= | ——=sin| — 9 cos + 3V3k? sm( >)
() -m(3) [ =)
+< 2V/3 <k‘[) 2 . (kr>+ 1 <k1>> (9 . ( )
cos ——sin| — —cos| — sin
#27\3) ke \V3) V3 \V3
kT \\ Za(7) 9 3 27 r_ 27 4
— 33kt cos(\/§>> i a7’ — i Zs t 2k4E’Sk + iy o k4 2FSk i P
9 I 9 9 3 Ly
—l—WFSk - 4k%A’sk + 4k412AS 4k2ASk + 2YSk (6.106)
The curl part of 1)5,25)1. is given by [(6.104)—0;(6.105)] as
chi(x) V2 1 e . 2 [t ‘ 2 )
;3(1‘2) = 218( )— TZZJ _4_1/ T/ZVgij(X,T/)dT/ +?/ T’ZV'ZVgij(X,T’)dT’ —I—TZ(MSi - aiV'szk) + Yy
Ly Z I iay gl Loy gy 1w, 2| _ Lo i Z L aygz o
+;v.i 7= 7420 +2)( Uy +2)( Wylare 4 5w ——v Dy - V2
10240 }I;l)’)(u( Vi yll0ig2, H — 2pll(D.dm 1) _%){UI(U’X\\(DHJ _ywn"vz)( n)
1 1
— g2, I _ ll l(y 6.107
Y4 PSR W : (6.107)
|
where (Mg; — 9,V2M skk) is given in (4.8) in Ref. [63]. The  while the tensor modes are waves at the speed of light.

curl part i)f the 3-velocity is nonzero in the second order,
even if vps(i =0.

VII. CONCLUSION

As part of a series study [63] of the second-order
cosmological perturbations in the RD stage in synchronous
coordinates, this paper presents the second-order formal
solutions for the scalar-tensor and tensor-tensor couplings
in the integral form. The cosmic matter content is repre-
sented by a relativistic fluid. The first-order vector pertur-
bations and the first-order transverse velocity are assumed
to be zero.

From the second-order solutions we find that in the RD
stage the scalar modes, density contrast, and longitudinal
velocity all propagate as a wave at the sound speed %,

These wave features are similar to the first-order solutions
in the RD stage. This is in contrast to the MD stage, in
which only tensor modes are waves at the speed of light,
and other types of perturbations evolve as a power law of
the comoving time z [61,62].

A general second-order gauge transformation, from
synchronous to synchronous coordinates, is implemented
by first-order and second-order transformation vector
fields. When the gauge-invariant first-order solutions are
used in the couplings, only the second-order transformation
vector is effective at carrying out the second-order trans-
formations. With this, we obtain the gauge-invariant
second-order formal solutions in the integral form within
a chosen synchronous coordinate. In addition, we also
perform the second-order gauge transformations of the
solutions from synchronous to Poisson coordinates and
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obtain the second-order formal solutions in Poisson coor-
dinates. In the Poisson coordinates, for the second-order
vector mode with scalar-scalar couplings, we find that the
last term in Eq. (17) of Ref. [52] should be symmetrized.
After correcting this mistake in Eq. (17) of Ref. [52], the
revised solution Eq. (20) in Ref. [52] will agree with our
Eq. (6.100).

From these second-order solutions, one will be able to
investigate the properties of nonlinearity evolution not only
within one type of metric perturbation, such as the transfer
of perturbation power among various k-modes, the influ-
ence by the growing and decaying modes, etc., but also the
transfer of perturbation power between different types of
perturbations, such as those between scalar and tensor
modes, etc. After accumulations during cosmic expansion,
these nonlinear effects might possibly lead to changes of
the tensor/scalar ratio of metric perturbations observed in
CMB anisotropies from that of the primordial metric
perturbations generated during inflation. A detailed inves-
tigation of these issues would require the initial conditions
pertinent to the cosmic evolution and the proper adjoining
of perturbations from the precedent expansion stages such
as inflation and a possible period of reheating.

To use these solutions, one needs to do three types of
| dr integrals and one type of [ d’k integral that involve
the functions Z(,x, Ask> Zrks A7k, €tc., which can be
done numerically. To apply these in the cosmological study,
one needs to specify the initial conditions which are

|

presented by D,(k), Ds(k),
P3(k), 02(k), O5(k), etc.

The results of scalar-tensor and tensor-tensor in this
paper, together with the results of scalar-scalar couplings in
Ref. [63], constitute the full solution of the second-order
cosmological perturbations in the integral form in the RD
stage in synchronous coordinates. These second-order
results of the RD stage, in conjunction with the second-
order results of the MD stage [61,62], can be used to study
the nonlinear effects of cosmological perturbations.

bi(k), by(k), P,(k),
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APPENDIX: SECOND-ORDER PERTURBED
EINSTEIN EQUATION AND CONSERVATION
EQUATIONS

In this appendix, we shall list the second-order perturbed
Einstein equation with the scalar-tensor and tensor-tensor
couplings, as well as the second-order covariant conserva-
tion equations of the stress tensor in a general RW spacetime.

First, we present the second-order perturbed equations
with scalar-tensor couplings. The (00) component of
second-order perturbed Einstein equation, i.e., the second-
order energy constraint, is

6a" | (ay @ | I a\* )
_7¢sm +2v2¢s(t) +§v2v2)(s(t> =3 ” Sy + Es(r)» (A1)
where
1 24 /
_2¢ lm)(zm _~_211Tn§) (1) lm+ ) ||( y zm+_)(;n(1>)(||(1>,1m
I Ta 2T L Ty
+3)(zm V20 im0 dmg2y 2xmn) A (A2)

The (0i) component of the second-order perturbed Einstein equation, i.e., the second-order momentum constraint, is

/ 1 i1 a\2
2¢ 3)1 +5 DMH( )) +5 2 l<<)2> J _3(1 + C?) (Z) Uﬁt))i + Ms(t)iv

where

a\?
Ms<t>iz—6<;> (14 ey ol 4 g — 200
T(1) 2 T(1)
+ 20 W N0 dm —gﬂm g2, 20 gl

(A3)

am LTy jaym 1 T 1)

(1)
me )(t 2)(lmt

(1) _ T ).

(A4)
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The longitudinal part of the momentum constraint (A3) is

2y 1 2y a\? @ _
2¢§(f) + §V2;(!<(t>) = -3(1+¢?) <;> v!((t)) + VML (AS5)

and the transverse part is

where

— I (my72,, "L ;)(;nn It )lm”—%)(;,fl)vzx”(‘ —;(” RO (A7)
and
2l a"\? 2y, T(1) L oray iy
(M = OV =>My,) =—6<5> (1+ Ay Vol gL 10— 24 T ‘Elzm.i (0 m

! / 1 2 Ty
_5)(;5 l))(H< ) dm +){;<’111))(H<1),1m _5){;(1)v2%||(1) j] +§){;(1) V2,0

a\2
+aiv—2[6(;> (1+ ) Dl — 0ty g0ty 1)

1 2 ’ 1
—EZTmn){H )lmn_g)(;rfl) V2l zm+2)(u Jimg2, T 1y
! |
s s A (a9

The (ij) component of the second-order perturbed Einstein equation, i.e., the second-order evolution equation, is

y @) 1\ (d\?]
235 +47 ¢ >5if+¢s<z>, = V0 + {4_%( 3> <Z> }(ﬁ‘”(’)éij

A M a\* Jd 12)

N R T AT [OPYS) A RPLA T
6 ijX sy 2 s(t)z a ()1/ S\ a a )(S(l)ij
I Ty Ty a P L) oo T02)
+§)(S( 1)ij +_Zs() |: 1 —36’ (E) a:| S( )ij Ev)(s(t)ij
a’ 2 2
=3cy (g) 85817 + Sy (A9)

where
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a' 2 T " T Ty
Sy(yij = 6¢7 <—> )(ij( )5 — 6t —12% 45 (y —|—4)(,] V2¢ - ¢! )J(ijm

T( Ta " 2d" Tqy
_ 2¢ le —x ))(H<1)’1m5;/ _me )1\\(1) ,lméij _7)(1"1( ))(”(1)'1"’5,','

25 oM H()zméi,”h())(n]() +%z,< I %X;El)')(ﬂ(l)’,lméij
_%M 2l 3){” DY 0 0w N2, T 5
;xfnf,)x”,() ;;(Z,fl)x”,” +§)‘H( ity T 5 —yr,,-“yvzx o)
+§x, V2V, V3 Ly, Ty, +3;(, Mvzy %ngg.‘)vzx (14
+ x;,(,-ln)lx”“)”’” + x,l-,jmx”( dm x,-Tj,(,,Zx”“)”m
The trace part of the second-order evolution equation (A9) is
207 +4% ¢ §v2¢§f3) + [4%”+6(c§ —%) (agﬂ ¢§<> Loy, =3¢ (‘;’)25@) +%S§(,)l,

where

m. T(1 T(1)” m T(1 " Im 661/T1/ -
s! = —4p D ng ) _ 3)([”5 )qu),z _ 3)(1’"( ))(Hu) A _7%”( >)(H(1)‘l

6(1, T(1 ’ 5 m m T 1 T4 o
_7)(lm( >)(”('>"l 2)(,,1“ Iy m 3 V Jlm 2 I(1).Img2,, >+§){ZWE.H))(H(1)J )

The traceless part of the second-order evolution equation (A9) is

2y @ L Ley @ Loy
V Dijr s +2 s T 5w

N 2 " N 2
o (4N 4| 1) 1 Ty _T<2> o (2N L4 e 1o Te) <
+ |:(1 3CY)(Z> 2 a:|)(5([)zj+2)(5() + )(s( 1)ij |:(1 3C‘Y)<a> 2 a:|)(s(t)ij 2v )(s(t)ij_Ss(t)ij’

where

2 +D lor & DA%+ [ (1-3¢2) (L) 2% p, 1
l] tj)( (1) t])(() Cy a a z])(

Ssij = Sstayij %S'l o0
—6&(%)2;(3( — 6 - 125 ¢ T+ 4 VR = g0 L = g0 D — g0 i
300 12T~ 2D 2 T g0 Vs T
gﬂmm 1 zméij_%%()vzxuju %Xl]()vz)(\\l() +9x g2 l0img, T l1).m

1 m Loy jam 1y jiyum | 1 mns 2 T
+3)(|| ZV;(Zm 0ij _Exlm])(z = imiX.j +3)(mn PUOK 51"‘5%‘,‘ V20

2 1
+3a VAV 4 2 v2T VI 4 32 A +3Z DV g g D0t g P (1)t

T\
— 1 ZMW
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The scalar part of the traceless part of the second-order evolution equation (A13) is
g0 Lo (@i g 3 (€Y 2] e 1 vz Ie _3¢- 2y-234 (A15)
s() T3 4s() A s\, P ?( (1) ) (ki

where

_ 2 4 1 7
S;Z(nf)zm _ _§v2v2b(||(l),lm)(;rfl)] + V2 {3¢(1),szle(1> +§sz< )){H( Y. Im +9)( V )Im 6)( n)(u( ).lmn

a/ 2 , ’
+ 6C% (E) ){;51) 645 lm 12 ¢ ) _ ¢(1) ,lm){;n(l) _ 3¢(1),lmn)(;5’ln)
’ ’ 1 / ’ 3
_}(H(l) ,lmvz)(;n(l) +§Z;§1) VZ)(H(I) Im _EX;%,IIBVZJ(” )lmn . V2 T V )dm )(” ).lmnxy2 }(mn (A16)

The vector part of the traceless part of the second-order evolution equation (A13) is

1oy d Loy 2 (4N 59" 1) _ gk ok g2 Tk
EXS(t)ij +E;(S([)l.j+ (1=3c3) " —2 Xii; = \Y S( )i + V- S (ki) -2V~ S (OkLij? (A17)
where the rhs of the above is
ool N —2a,Im
VZS(”JI%—VZS ZU—2V 2V 2S (im.ij
= _aiajb(ll(l),l ] + 0, 3 \Vas 2[ ¢ m){lng ) 6)(lm v

I1(1).tm 4 1) |(1).lmn -2 a"\? T(1) "1 T
_61 VZy m = 3 mak +0;V2|6¢2 | — X — 61

a v, Ta Ty T(1 ).m_T(1
=127 = g +2)(zj( V2P 4 g2 = g

! 7 / 1
+x,Tj,(,L)x”“> m —x,T,,f,l-)x”( Vilm 4 3){ V'yz, g)me( 2yl
1
VZV + v2 T v +)(H lmv2 T )_5)(” lmv :|
a, 2 T(1) " T(1) a/ T(1)

+ 0,0;V2V2|=6¢7 —) X SUDIm (1)l Wy 12a¢ Yim

(1y, m,, ).lmn T() (1) imx72 T ) 1 Ty o (1)1
+ ¢ Vg 3gpitmmy 1) 4y Vex — 3 Vy

3
v ),Imn v2 T v = lmnvZ T (1)

+2)(lmn 2)( m,n
+ (i < ). (A18)

The tensor part (GW) of the second-order evolution equation (A13) is

LT @ e [ 3y (€Y DL re g Te)
Xswis T g Xs)ij I\ Xs(0)ij Xs(w)ij

a 2
T 3 kl & 2k ki
= Sy(ij 2D V2V~ 2S -V~ 2S (k)i -V 2Ss(t)klj +2V-2V- 2S DkLij? (A19)

where the rhs of the above is
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_ 3 o - - )
Ss0)ij ‘QDi'v_zv_zs’sl(z)zm = V8= VS T 2V VS
al 2 r/ ! !
= [6t (%) 20t -7 12 g +4)(,, D720 — 7T

=D = 9V + 3L 4+ 2OV =20 Y =290

y 1 ,
+ 2¢<1)1m)(;;51)5lj +)(11 1y ”( ).l +)(lj( Hl( ). E}(;’rn(l))(“(l) .lmél_j
1 7 -
_g)(ll( )v2)(||]( )il Vz || 3 V (1)1 5 '_)(lm l])(”(

L1y li(1)am 1 T Idm | L T s 2 T 9210
2)(1mj)(, zlzm,)(] +lem.n)(”( . 5ij_§lij Ve
1
vzv _|_ vz T v ;,(,'l)v%(”(l)’l+_)(;,(jl)v2)( (1).1

N 2
T m T m T m T m
+)(lj.(ilrr)1)(”(l)'l +Zzi.(jlrr>1)(”(l)'l _)(ij,(lnz)(”( M } + 0, V~ 2[3%( ) )(1”51)5(1)1

1 ’ ! 3
_3¢ 6 ¢ (1) _E(ﬁ(l) ,lm)(;n“) _§¢( )lmnxlm(n)
1 m T "Im 1+ mn T
[ ve ) _le vz){uu) A __)(mf,ln)vzlm)’l +—V2)mm(')V% (1).1
2 6 4 2
+ i)(n Imnyg2,, T } +0,0,9" 2 [_ %)( (1 ))(H(l)/'lm +%IE$53)(||(1),lmn:|

a/ 2 // a
VT [‘66% (;) 2 O 6" Y 127 U 1
Ta lm T T(1) " Im T(1Y " im
_ 2le< )V2¢(1>,1 — IV )(1, ) + ¢ le )(ijm)){\\(l) J +Zln5.j))(H(l) N

L ray / (1) dm 2, T
— 34 Vz)(l\(1>,z+8}(lm Vz)(.j —glzj VZvZXH(l),l_gszlj V2,1

1 "\ 2
_)(H lmvz T _|_2)(|| )imy72,, ]_I_av 2{ 6CL(a> )(ll(l)(s(l)l

+ 61" Ly T )+12‘;¢ )(;(1)+¢(1 )(1, (1y 2)(11 V2¢(1)~’—¢ v)(z,

My T T )y O 1)t _% 2Tl 6 (D2l

_%XIT V2V2y _%vz)(;(l)vzx”( I myg2, T T +%}(H l’"V;(n“}

+aav2v2{3c </);{,m“> Jim 31", T _ 6 ¢ Y
_%45(1)’,1,1%;51)’_%(ﬁ(l),zmn}(;ﬁrz ;)(” zmvz T 1y +6Xz V

—ixﬂ,l,fvzx“““”’” +%V2 ol m +jx” MmNy } (A20)

Next, we present the second-order perturbed Einstein equation with tensor-tensor couplings. The (00) component of the
second-order perturbed Einstein equation, i.e., the second-order energy constraint, is

6a" oy 2, Loron 12 a"\? )

where
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2d o T(1Y Vim 3 mon. T (1 1 mon,, (1
7)(T(]>l Zlng) V! v)(zm T )(lm(n) +ox W ')(zn(,m)' (A22)

1 . T
E=—,T(1)im,,T(
TE A 4 2

The (0i) component of the second-order perturbed Einstein equation, i.e., the second-order momentum constraint, is
1 1 10 a\? o
2¢T1 +2D1/)(g"() +2 Tl(_]) __3(1+c%)<g vg"z)—'_MTiv (A23)

where My, is the same as (3.38). The longitudinal part of the momentum constraint (A23) is

’ 1 ’ "\ 2
27+ 3V = =31+ ) (%) 0+ v2My, (A24)
and the transverse part is
L 1oy (4N 1@ 2y
SATij = =3(1 +¢5) 4 ) Uri + (Mq; = 0;V "My, (A25)

where V‘zMﬁl and (M; — a,-v-zM;,) are the same as (3.40) and (3.42).
The (ij) component of second-order perturbed Einstein equation, i.e., the second-order evolution equation, is

) a oy 2 2,0 a RAYLAS e, 4 o ey
2¢r 5ij+4;¢T Sij + drij — Vs 6+ 4;4‘6 =3\ = ¢r 5, +2Dzﬂr +EDij)(T

3
a\?2 a” 2 1 1 2" a J_ 2
N 2 Vi ’ N 2 1"
2 (@ a’l 1o 1 ter a4 Tey 2 (4@ a’l 1o _lgs, T
+ {(1 _3Cs)(;) _2;:|)(Tij +§)(Tij +Z)(Tij + {(1 _3(:5)(2) _2;:|)(Tij _zv ATij
a\? 2
where
a . T(1) . T(1 Yim L tym T01 tm 3 . T(1
Sy = _2;XT(1)1 )(lngl) 5 — T XMEJ; 1y TWimyg2 le 5 _5 ,,~< ) )(mfj) _)(hin)% (1) +me>l . )(z,,f.,,)@'j
T TWmt 1 o Tay 3 . T . T(1) o T(1
+)(1i,(m))(j< : X T )(m(m)5u +Xi [ )(lj< : _ZXT(I)Z )(lrrf )51‘1‘ - )(lm( : Sij +y T Xl.ie(i”)l
m,, T(1 m
+ T )(li,,(jrzl —y T )(ij,(lrzz‘ (A27)

The trace part of the second-order evolution equation (A26) is
2y a/ 2) 2 2 a// 1 a/ 2 a/ 2 1
267 + 4= ¢ =V + [4a+6 d=3)(5) |7 - v2v2 =3 () o H Sk (A28)
where SITI is the same as (3.46). The traceless part of the second-order evolution equation (A26) is

1 a\? a’
11¢T + = Dz])(g"() +— Dz])(;() + |:(1_3c%)<Z) _20}1)11)(9 + - VZDI_])(T)

2
L 1oy d 1oy a\?_ Jd"l ip
+§)(Ti(j) +Z)(Ti(j> + [(1=3c3) 2 —2; )(Ti(j)
1 7oy  d 1oy a\?* Jd"l 1o 1oy 7)) _ o
tarmy +gam + | (=3 T ) =2 =5 V) = S (29)
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where Sy, ; 1s the same as (3.48). The scalar part of the traceless part of second-order evolution equation (A29) is

" 2 / ’ / —
A+ = 42 [(1 - 3c2) (%) —2 ] v2 12 opl?) = 3v-2v-23m (A30)
where S is the same as (3.50). The vector part of the traceless part (A29) is
Lpor @ opor g 32y (D) 0@ 40 _geash 4 vsh, - av-y2y (A31)
2)(nj )(Tu Cs P p )(rl, Thji T Tki,j TkLij>
where V‘23'¥,j’i + v—%‘%, —2V2V2gim 4j is the same as (3.53). The tensor part of (A29) is
L Ty, @ a\? _,d'l 1o _lgs T
EZTij +a Tz, + | (1=3c5)( = p —2; XTij —Ev)(nj
3 3 -2kl 2k 2k —2 -2kl
= S7ij =53 Dy VAV Sy = V7287, = V728, + 2V V2S5 (A32)

where the rhs of the above is the same as (3.55).

Finally, we present the second-order equations of the covariant conservation of the energy-momentum tensor, which are
also needed for solving the second-order perturbations. The conservation equations with all the couplings for a general RW
spacetime are given in (2.17) and (2.18). Keeping only the scalar-tensor terms, we have

/

2 —1¢(2
8% +2a"(a') 185 + (14 3¢} )d'a

—1¢(2 2
180+ (1+ )Vl

=3(1+ )l

— (14 Dy O — (14 Ry I = 0, (A33)
&y + 201+ cha" (@) ol + (14 Aol + 201+ Aa(a) vy )
+(1+ 3o =280V +2(1 + )yll( M (= 0, (A34)
Keeping only the tensor-tensor coupling terms, we have
57 +2a" (@)Y + (=1 +3c3)da™ 6 + (1 + V2o =3(1 + A)pf — (1 + AV T0m =0, (A35)
A7) +2(1+ e)a" (@) o} + (1 4+ Do) 4201 + 2)a" (@) or® + (1 + o™ =0, (A36)
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