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We continue to study the second-order cosmological perturbations in synchronous coordinates in the
framework of general relativity (GR) during the radiation dominated (RD) stage and to focus on the scalar-
tensor and tensor-tensor couplings. The first-order curl velocity and the associated first-order vector metric
perturbations are assumed to be vanishing. By analytically solving the second-order Einstein equation and
the energy-momentum conservation equations, we obtain the second-order formal solutions (in the integral
form) of all the metric perturbations, density contrast and velocity; perform the transformation between the
synchronous coordinates; and identify the residual gauge modes in the second-order solutions. In addition,
we present the second-order gauge transformations of the solutions from synchronous to Poisson
coordinates. To apply these formal solutions to concrete cosmological study, one needs to choose proper
initial conditions and carry out several numerical integrations.
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I. INTRODUCTION

The cosmological perturbations in a Friedmann-
Robertson-Walker Universe are of great importance for
the study of cosmology. In the past, the linear cosmological
perturbations have been extensively explored [1–7] and
widely applied to the large scale structure [8], the cosmic
microwave background (CMB) [9–20], relic gravitational
waves (RGW) [21–34], etc. Nowadays, observations with
increasing accuracy [35–44] are capable of probing the
nonlinear cosmological perturbations. Throughout all cos-
mic expansion stages, the nonlinear perturbations exist at
small scales; may accumulate substantially in the course of
expansion; and can leave possibly observable effects in the
large scale structure, the CMB anisotropies and polariza-
tion [40,41], the non-Gaussianity of primordial perturba-
tion [42], primordial black holes [45], etc.
The metric perturbations in GR are usually decom-

posed into scalars, vectors, and tensors. In regard to
cosmology, the linear vector modes decrease with cosmic
expansion and can be neglected in most applications,
while the scalar and tensor modes are generated with
comparable magnitudes during inflation. So three types of
nonlinear couplings are more interesting in cosmological
studies: scalar-scalar, scalar-tensor, and tensor-tensor.
In the literature [46–53], the studies of the second-order
perturbations mainly consider the scalar-scalar coupling,
whereas the scalar-tensor and the tensor-tensor couplings

have not been sufficiently investigated. The authors of
Ref. [54] used the Arnowitt-Deser-Misner (ADM) method
on the second-order perturbation with the tensor-tensor
coupling for a zero pressure dust [55] and made compar-
isons between the comoving gauge and the synchronous
gauge [56]. The authors of Ref. [57] presented a complete
set of second-order equations for scalar, vector, and tensor
perturbations in the ADM formulation for a general
gauge. The authors of Ref. [58] studied the gauge
dependence of the spectrum of the second-order tensor
mode with scalar-scalar couplings during the matter
dominated (MD) stage and showed that the second-order
tensor mode could dominate over the first-order tensor
mode. The authors of Refs. [59,60] studied the second-
order perturbed Einstein equation during the MD stage
driven by the zero pressure dust in synchronous coor-
dinates, including only the scalar-scalar coupling, and
derived the solutions of second-order scalar and tensor
perturbations. In our previous works, we extended the
study of Refs. [59,60], including the scalar-scalar [61],
scalar-tensor, and tensor-tensor couplings [62]; obtained
all the second-order solutions of the scalar, vector, tensor,
and density perturbations in the MD stage; identified the
residual gauge modes under synchronous-to-synchronous
transformations; and also presented the second-order
transformation from synchronous to Poisson coordinates.
In Ref. [63], we studied the second-order perturbations
in the RD stage driven by a relativistic perfect fluid,
including only the scalar-scalar coupling; derived the
second-order formal solutions of the scalar, vector, tensor,
density, and velocity perturbations in the integral form;
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and also identified the residual gauge modes within the
synchronous coordinates. In this paper as a continuation
of Ref. [63], we shall include the scalar-tensor and tensor-
tensor couplings. We are motivated not only by non-
linearity within one type of metric perturbation, such as
the transfer of perturbation power between k-modes, etc.,
but also by the transfer of perturbation power between
different types of perturbations, such as those between
scalar and tensor modes, etc. We shall derive the second-
order solutions of scalar, vector, tensor, density, and
velocity perturbations in the integral form, perform the
second-order synchronous-to-synchronous transforma-
tion, and identify the residual gauge modes. In addition,
we shall present the second-order gauge transformations
of the solutions from the synchronous to the Poisson
coordinates; the latter is also commonly used in cosmo-
logical studies. Thus, together with the results in
Ref. [63], a complete set of solutions of second-order
cosmological perturbations of the RD stage are available.
In Sec. II, we give some basic setups of the metric

perturbations and the relativistic fluid model. We also list
the solutions of first-order perturbations of the RD stage for
use in this paper.
In Sec. III, we decompose the second-order perturbed

Einstein equation into the equations of second-order scalar,
vector, tensor metric perturbations with scalar-tensor and
tensor-tensor couplings as part of the effective sources, and
we also derive the equations of the second-order density
contrast and velocity from the covariant conservation of the
stress tensor.
In Sec. IV, we derive all the second-order solutions in the

integral form. We also explain how to do the time and
momentum integrals that occur in the solutions by two
examples.
In Sec. V, we perform the synchronous-to-synchronous

transformation and identify the residual gauge modes in the
second-order solutions.
In Sec. VI, we perform the transformations from syn-

chronous coordinates to Poisson coordinates of the second-
order solutions in Sec. IV and also of those with the
scalar-scalar couplings that have been derived in Ref. [63].
Section VII gives the conclusions and discussions.
The Appendix gives a list of the second-order perturbed

Einstein equation and covariant conservation equations of
the stress tensor with the scalar-tensor and tensor-tensor
couplings in a general RW spacetime. We use units with the
speed of light c ¼ 1.

II. BASIC SETUPS AND FIRST-ORDER
SOLUTIONS

Here we give the basic setups of this paper, using
the same notations as in Refs. [60–63]. A flat Robertson-
Walker (RW) metric in synchronous coordinates is
given by

ds2 ¼ gμνdxμdxν ¼ a2ðτÞ½−dτ2 þ γijdxidxj�; ð2:1Þ

γij ¼ δij þ γð1Þij þ 1

2
γð2Þij ; ð2:2Þ

with γð1Þij and γð2Þij being the first- and second-order metric
perturbation, respectively. Writing gij ¼ a−2γij, one has

γij ¼ δij − γð1Þij −
1

2
γð2Þij þ γð1Þikγð1Þjk : ð2:3Þ

Raising and lowering the three-dimensional spatial indices
will be done by δij. The metric perturbations can be further
written as

γðAÞij ¼ −2ϕðAÞδij þ χðAÞij ; with A ¼ 1; 2; ð2:4Þ

where ϕðAÞ is the trace part of scalar perturbation, and χðAÞij

is traceless and can be further decomposed into the
following:

χðAÞij ¼ Dijχ
kðAÞ þ χ⊥ðAÞ

ij þ χ⊤ðAÞ
ij ; with A ¼ 1; 2; ð2:5Þ

where Dij ≡ ∂i∂j − 1
3
δij∇2, χkðAÞ is a scalar function,

and Dijχ
kðAÞ is the traceless part of the scalar perturba-

tion. The vector metric perturbation satisfies a condition

∂i∂jχ⊥ðAÞ
ij ¼0 and can be written as

χ⊥ðAÞ
ij ¼ ∂iB

ðAÞ
j þ ∂jB

ðAÞ
i ; with ∂iBðAÞ

i ¼ 0; A ¼ 1; 2;

ð2:6Þ

where BðAÞ
i is a curl vector and has two independent modes.

The tensor metric perturbation satisfies the traceless and

transverse condition: χ⊤ðAÞi
i ¼ 0, ∂iχ⊤ðAÞ

ij ¼ 0, having two
independent modes.
The RD stage of expansion is driven by a relativistic

fluid (without a shear stress), whose energy-momentum
tensor is Tμν ¼ ðρþ pÞUμUν þ gμνp, where ρ and p are,
respectively, the energy density and pressure measured
by a comoving observer in the locally inertial frame, and
Uμ ¼ dxμ

dλ with dλ2 ¼ −ds2 is the fluid 4-velocity with a
normalization condition gμνUμUν ¼ −1. We write

ρ ¼ ρð0Þ þ ρð1Þ þ 1

2
ρð2Þ; ð2:7Þ

p ¼ pð0Þ þ pð1Þ þ 1

2
pð2Þ; ð2:8Þ

where ρð0Þ is the background density and ρð1Þ, ρð2Þ are the
respective first- and second-order density perturbations. We
introduce the density contrast

BO WANG and YANG ZHANG PHYS. REV. D 99, 123008 (2019)

123008-2



δðAÞ ≡ ρðAÞ

ρð0Þ
; A ¼ 1; 2: ð2:9Þ

One can define the following parameters of a fluid:

c2s ≡ pð0Þ0

ρð0Þ0
; c2L ≡ pð1Þ

ρð1Þ
; c2N ≡ pð2Þ

ρð2Þ
; ð2:10Þ

where cs is the sound speed. For the relativistic fluid,

c2s ¼ 1
3
, which also equals the state of matter ω ¼ pð0Þ

ρð0Þ ¼ 1
3
,

and c2L ¼ 1
3
is taken [64]. In this paper we assume c2N ¼ 1

3

for computation convenience; its actual value should be
determined by future experiments. The expansion of Uμ is
also expanded up to second order,

Uμ ≡Uð0Þμ þ Uð1Þμ þ 1

2
Uð2Þμ; ð2:11Þ

where

Uð0Þ0 ¼ a−1; Uð1Þ0 ¼ 0; Uð2Þ0 ¼ a−1vð1Þmvð1Þm ;

ð2:12Þ

Uð0Þi ¼ 0; Uð1Þi ¼ a−1vð1Þi; Uð2Þi ¼ a−1vð2Þi;

ð2:13Þ

with the 3-velocity vi ≡ dxi
dτ ¼ Ui

U0 ¼ vð1Þi þ 1
2
vð2Þi [12]. vðAÞi

can be decomposed into a noncurl and a curl part as
vðAÞi ¼ vkðAÞ;i þ v⊥ðAÞi, with ∂iv⊥ðAÞi ¼ 0 for A ¼ 1, 2.
We also have

U0 ¼ −a
�
1þ 1

2
vð1Þmvð1Þm

�
;

Ui ¼ a
�
vð1Þi þ γð1Þij v

ð1Þj þ 1

2
vð2Þi

�
: ð2:14Þ

The Einstein equation is expanded up to the second order
of perturbations:

GðAÞ
μν ≡RðAÞ

μν −
1

2
½gμνR�ðAÞ ¼ 8πGTðAÞ

μν ; with A¼ 0;1;2:

ð2:15Þ

For each order of (2.15), the (00) component is the energy
constraint, ð0iÞ components are the momentum constraints,
and ðijÞ components are the evolution equations. The
zeroth-order Einstein equation gives the Friedman equa-
tions ða0aÞ2 ¼ 8πG

3
a2ρð0Þ and −2 a00

a þ ða0aÞ2 ¼ 8πGa2pð0Þ,
which have a solution for the RD stage aðτÞ ∝ τ and

ρð0ÞðτÞ ¼ 3
8πG

a02ðτÞ
a4ðτÞ ∝ τ−4. The covariant conservation of the

stress tensor is

Tμν
;ν ¼ 0: ð2:16Þ

The dynamics of gravitational systems is determined by
(2.15) and (2.16). The component μ ¼ 0 of (2.16) gives the
energy conservation,

g00p;0 þ ∂0½ðρþ pÞU0U0� þ ∂i½ðρþ pÞU0Ui�
þ Γ0

00ðρþ pÞU0U0 þ Γ0
ijðρþ pÞUiUj

þ Γ0
00ðρþ pÞU0U0 þ Γk

k0ðρþ pÞU0U0

þ Γk
kmðρþ pÞU0Um ¼ 0; ð2:17Þ

and the component μ ¼ i gives the momentum conserva-
tion,

gikp;k þ ∂0½ðρþ pÞUiU0� þ ∂m½ðρþ pÞUiUm�
þ 2Γi

m0ðρþ pÞUmU0 þ Γi
mlðρþ pÞUmUl

þ Γ0
00ðρþ pÞUiU0 þ Γk

k0ðρþ pÞUiU0

þ Γk
klðρþ pÞUiUl ¼ 0; ð2:18Þ

where the nonvanishing Christopher symbols are listed in
(A1)–(A4) of Ref. [63]. To each order of perturbation,
(2.17) and (2.18) will determine ρ and Uμ.
The first-order perturbation in the RD stage is known in

the literature and a complete list is given in Ref. [63]. Here
we quote the first-order gauge-invariant modes for use in
this paper. The transverse part of first-order velocity U⊥ð1Þi

and the vector mode χ⊥ð1Þ
ij of the metric are decaying during

the RD stage, so we take

U⊥ð1Þi ¼ χ⊥ð1Þ
ij ¼ C1ij ¼ 0; ð2:19Þ

which amounts to assuming that the relativistic fluid is
irrotational during the RD stage. This will simplify the
second-order calculation as the coupling terms involving
first-order vectors vanish. The k-mode of the first-order
longitudinal velocity with a constant c2L is

vkð1Þk ðτÞ ¼ d1

�
cLkτ
2

�
−
3c2
L
2

Γ
�
3c2L
2

þ 1

��
J3c2

L
2

ðcLkτÞ

þ ðcLkτÞJ3c2
L
2
þ1
ðcLkτÞ

�

þ d2

�
cLkτ
2

�
3

1F2

�
2;
5

2
;
3c2L
2

þ 5

2
;−

�
cLkτ
2

�
2
�

þ d3

�
cLkτ
2

�
−3c2L

1F2

�
1

2
−
3c2L
2

;−
3c2L
2

−
1

2
; 1 −

3c2L
2

;−
�
cLkτ
2

�
2
�
; ð2:20Þ

where d1, d2, d3 are k-dependent integration constants;
JqðxÞ is the Bessel function; ΓðxÞ is the gamma function;
and pFq is the generalized hypergeometric function. From
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the solution of vkð1Þk , other scalar perturbations can also be
given [63]. For simplicity, we take c2L ¼ 1

3
[7]; then (2.20)

reduces to

vkð1Þk ¼ D2ðkÞ
�
2

kτ
þ iffiffiffi

3
p

�
e−ikτ=

ffiffi
3

p

þD3ðkÞ
�
2

kτ
−

iffiffiffi
3

p
�
eikτ=

ffiffi
3

p
; ð2:21Þ

where D2 ¼ − 3
ffiffi
3

p
4
d2 þ i

2

ffiffiffi
3

p
d1 and D3 ¼ − 3

ffiffi
3

p
4
d2 þ

i
2

ffiffiffi
3

p
d1 are k-dependent constants. The first-order density

contrast is

δð1Þk ¼ D2

�
8

kτ2
þ 8iffiffiffi

3
p

τ
−
4k
3

�
e−ikτ=

ffiffi
3

p

þD3

�
8

kτ2
−

8iffiffiffi
3

p
τ
−
4k
3

�
eikτ=

ffiffi
3

p
: ð2:22Þ

The two scalar modes of the metric perturbation are

ϕð1Þ
k ¼ D2

�
2

kτ2
þ 2iffiffiffi

3
p

τ

�
e−ikτ=

ffiffi
3

p
þD3

�
2

kτ2
−

2iffiffiffi
3

p
τ

�
eikτ=

ffiffi
3

p

−
2k
3

Z
τ
½D2e−ikτ

0=
ffiffi
3

p
þD3eikτ

0=
ffiffi
3

p
� dτ

0

τ0
; ð2:23Þ

χkð1Þk ¼ D2

4
ffiffiffi
3

p
i

k2τ
e−ikτ=

ffiffi
3

p
−D3

4
ffiffiffi
3

p
i

k2τ
eikτ=

ffiffi
3

p

−
4

k

Z
τ ½D2e−ikτ

0=
ffiffi
3

p
þD3eikτ

0=
ffiffi
3

p
�dτ

0

τ0
: ð2:24Þ

And the equation for the tensor mode is

χ⊤ð1Þ00
ij þ 2

τ
χ⊤ð1Þ0
ij −∇2χ⊤ð1Þ

ij ¼ 0; ð2:25Þ

which has the solution written in terms of Fourier modes

χ⊤ð1Þ
ij ðx; τÞ ¼ 1

ð2πÞ3=2
Z

d3keik·x
X
s¼þ;×

ϵ
s
ijðkÞh

s

kðτÞ;

k ¼ kk̂; ð2:26Þ

with two polarization tensors satisfying

ϵ
s
ijðkÞδij ¼ 0; ϵ

s
ijðkÞki ¼ 0; ϵ

s
ijðkÞϵs

0
ijðkÞ ¼ 2δss0 :

ð2:27Þ

For RGW generated during inflation [21,27,30], the two

polarization modes h
s

k with s ¼ þ;× are usually assumed
to be statistically equivalent, the superscript s can be
dropped. During the RD stage, the mode is given by

hkðτÞ ¼
1

aðτÞ
ffiffiffi
π

2

r ffiffiffi
τ

2

r
½b1ðkÞHð1Þ

1
2

ðkτÞ þ b2ðkÞHð2Þ
1
2

ðkτÞ�

¼ 1

τ

iffiffiffiffiffi
2k

p ½−b1eikτ þ b2e−ikτ�; ð2:28Þ

where b1, b2 are k-dependent coefficients, to be determined
by the initial condition during inflation or a possible
subsequent reheating stage [21,30]. There are cosmic
processes occurring during the RD stage, such as the
QCD transition and eþe− annihilation [65], which modify
only slightly the amplitude of RGW and will be neglected
in this study.
The scalar modes (2.23) and (2.24), the density contrast

(2.22), and the longitudinal velocity (2.21) all contain a
factor e�ikτ=

ffiffi
3

p
, so that they are waves propagating at the

sound speed 1ffiffi
3

p of the relativistic fluid. On the other hand,

the tensor modes (2.28) are waves propagating at the speed
of light. In the MD stage [60–62], the scalar and density
contrast are not waves and do not propagate; only the tensor
modes still propagate at the speed of light. Therefore,
whether or not the scalar modes propagate actually depends
on the background matter; nevertheless, the tensor modes
always propagate at speed of light, regardless of the
background matter. Thus, the tensor modes are radiative
as dynamic degrees of freedom, differing from the scalar
and vector modes.

III. THE SECOND-ORDER PERTURBED
EQUATIONS

A. Equations with scalar-tensor couplings

The second-order perturbed Einstein equation is listed in
the Appendix for a general RW spacetime. As said earlier in
(2.19), the transverse vector mode and the curl velocity are
dropped; there remain only three types of couplings: scalar-
scalar, scalar-tensor, and tensor-tensor. The scalar-scalar
coupling has been studied in Ref. [63]. Now we consider
the scalar-tensor coupling.
The (00) component of the second-order perturbed

Einstein equation is

Gð2Þ
00 ¼ 8πGTð2Þ

00 ; ð3:1Þ

where Gð2Þ
00 and Tð2Þ

00 are given by (A16) and (A22) in
Ref. [63]. For the scalar-tensor coupling, by using the
Friedmann equation and moving the coupling terms to the
rhs, Eq. (3.1) gives the second-order energy constraint

−
6

τ
ϕð2Þ0
sðtÞ þ2∇2ϕð2Þ

sðtÞ þ
1

3
∇2∇2χkð2ÞsðtÞ ¼

3

τ2
δð2ÞsðtÞ þEsðtÞ; ð3:2Þ

where a subscript sðtÞ in ϕð2Þ
sðtÞ, etc., indicates the case of

scalar-tensor coupling, and EsðtÞ is the scalar-tensor cou-
pling terms as follows:
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EsðtÞ≡2ϕð1Þ;lmχ⊤ð1Þ
lm þ1

2
χ⊤ð1Þ0
lm χkð1Þ0;lmþ2

τ
χ⊤ð1Þ
lm χkð1Þ0;lm

þ2

τ
χ⊤ð1Þ0
lm χkð1Þ;lmþ1

3
χ⊤ð1Þ
lm ∇2χkð1Þ;lm−χkð1Þ;lm∇2χ⊤ð1Þ

lm

−
1

2
χ⊤ð1Þ;l
mn χkð1Þ;mn

;l ; ð3:3Þ

which is part of the effective source of the 2nd-order energy
constraint.
The ð0iÞ component of the second-order perturbed

Einstein equation is

Gð2Þ
0i ¼ Rð2Þ

0i ¼ 8πGTð2Þ
0i ; ð3:4Þ

where Rð2Þ
0i and Tð2Þ

0i are given by (A13) and (A23) in
Ref. [63]. This gives the second-order momentum con-
straint equation for the scalar-tensor case as follows:

2ϕð2Þ0
sðtÞ;i þ

1

2
Dijχ

kð2Þ0;j
sðtÞ þ 1

2
χ⊥ð2Þ0;j
sðtÞij ¼ −

4

τ2
vð2ÞsðtÞi þMsðtÞi;

ð3:5Þ
where

MsðtÞi≡−
8

τ2
χ⊤ð1Þ
il vkð1Þ;lþϕð1Þ;lχ⊤ð1Þ0

il − 2ϕð1Þ0;lχ⊤ð1Þ
il

− χ⊤ð1Þ0
lm;i χ

kð1Þ;lm−
1

2
χ⊤ð1Þ0
lm χkð1Þ;lm;i −

1

2
χ⊤ð1Þ
lm;i χ

kð1Þ0;lm

þ χ⊤ð1Þ0
il;m χkð1Þ;lm−

1

3
χ⊤ð1Þ
li ∇2χkð1Þ0;lþ 2

3
χ⊤ð1Þ0
il ∇2χkð1Þ;l

ð3:6Þ

is part of the effective source. Equation (3.5) can be further
decomposed into two equations. Applying ∇−2∂i on (3.5)
gives the longitudinal momentum constraint

2ϕð2Þ0
sðtÞ þ

1

3
∇2χkð2Þ

0

sðtÞ ¼ −
4

τ2
vkð2ÞsðtÞ þ∇−2M;l

sðtÞl; ð3:7Þ

where

M;l
sðtÞl ¼ −

8

τ2
χ⊤ð1Þ
lm vkð1Þ;lm þϕð1Þ;lmχ⊤ð1Þ0

lm − 2ϕð1Þ0;lmχ⊤ð1Þ
lm

−
1

2
χ⊤ð1Þ0
lm;n χ

kð1Þ;lmn þ 1

6
χ⊤ð1Þ0
lm ∇2χkð1Þ;lm

− χkð1Þ;lm∇2χ⊤ð1Þ0
lm −

1

2
χ⊤ð1Þ
lm;n χ

kð1Þ0;lmn

−
1

3
χ⊤ð1Þ
lm ∇2χkð1Þ0;lm −

1

2
χkð1Þ0;lm∇2χ⊤ð1Þ

lm : ð3:8Þ

A combination [(3.5)−∂i(3.7)] gives the transverse
momentum constraint

1

2
χ⊥ð2Þ0;j
sðtÞij ¼ −

4

τ2
v⊥ð2Þ
sðtÞi þ ðMsðtÞi − ∂i∇−2M;l

sðtÞlÞ; ð3:9Þ

where

ðMsðtÞi − ∂i∇−2M;l
sðtÞlÞ ¼ −

8

τ2
χ⊤ð1Þ
il vkð1Þ;l þ ϕð1Þ;lχ⊤ð1Þ0

il − 2ϕð1Þ0;lχ⊤ð1Þ
il −

1

2
χ⊤ð1Þ0
lm;i χ

kð1Þ;lm −
1

2
χ⊤ð1Þ
lm;i χ

kð1Þ0;lm þ χ⊤ð1Þ0
il;m χkð1Þ;lm

−
1

3
χ⊤ð1Þ
li ∇2χkð1Þ0;l þ 2

3
χ⊤ð1Þ0
il ∇2χkð1Þ;l þ ∂i∇−2

�
8

τ2
χ⊤ð1Þ
lm vkð1Þ;lm − ϕð1Þ;lmχ⊤ð1Þ0

lm

þ 2ϕð1Þ0;lmχ⊤ð1Þ
lm −

1

2
χ⊤ð1Þ0
lm;n χ

kð1Þ;lmn −
2

3
χ⊤ð1Þ0
lm ∇2χkð1Þ;lm þ 1

2
χkð1Þ;lm∇2χ⊤ð1Þ0

lm

þ 1

2
χ⊤ð1Þ
lm;n χ

kð1Þ0;lmn þ 1

3
χ⊤ð1Þ
lm ∇2χkð1Þ0;lm þ 1

2
χkð1Þ0;lm∇2χ⊤ð1Þ

lm

�
: ð3:10Þ

The ðijÞ component of the second-order perturbed Einstein equation is

Gð2Þ
ij ¼ 8πGTð2Þ

ij ; ð3:11Þ

where Gð2Þ
ij and Tð2Þ

ij are given in (A18) and (A24) of Ref. [63]. For the scalar-tensor case, (3.11) gives the second-order
evolution equation

2ϕð2Þ00
sðtÞ δij þ

4

τ
ϕð2Þ0
sðtÞδij þ ϕð2Þ

sðtÞ;ij −∇2ϕð2Þ
sðtÞδij þ

1

2
Dijχ

kð2Þ00
sðtÞ þ 1

τ
Dijχ

kð2Þ0
sðtÞ þ 1

6
∇2Dijχ

kð2Þ
sðtÞ −

1

9
δij∇2∇2χkð2ÞsðtÞ

þ 1

2
χ⊥ð2Þ00
sðtÞij þ 1

τ
χ⊥ð2Þ0
sðtÞij þ

1

2
χ⊤ð2Þ00
sðtÞij þ 1

τ
χ⊤ð2Þ0
sðtÞij −

1

2
∇2χ⊤ð2Þ

sðtÞij ¼
3c2N
τ2

δð2ÞsðtÞδij þ SsðtÞij; ð3:12Þ
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where

SsðtÞij ≡ 6

τ2
c2Lχ

⊤ð1Þ
ij δð1Þ − 6ϕð1Þ00χ⊤ð1Þ

ij −
12

τ
ϕð1Þ0χ⊤ð1Þ

ij þ 4χ⊤ð1Þ
ij ∇2ϕð1Þ − ϕð1Þ0χ⊤ð1Þ0

ij − ϕð1Þ;lχ⊤ð1Þ
lj;i − ϕð1Þ;lχ⊤ð1Þ

li;j þ 3ϕð1Þ;lχ⊤ð1Þ
ij;l

þ 2ϕð1Þ∇2χ⊤ð1Þ
ij − 2ϕð1Þ;l

;i χ⊤ð1Þ
lj − 2ϕð1Þ;l

;j χ⊤ð1Þ
li − χ⊤ð1Þ00

lm χkð1Þ;lmδij − χ⊤ð1Þ
lm χkð1Þ00;lmδij −

2

τ
χ⊤ð1Þ0
lm χkð1Þ;lmδij

−
2

τ
χ⊤ð1Þ
lm χkð1Þ0;lmδij þ χ⊤ð1Þ0

li χkð1Þ
0;l

;j þ χ⊤ð1Þ0
lj χkð1Þ

0;l
;i −

3

2
χ⊤ð1Þ0
lm χkð1Þ0;lmδij −

1

3
χ⊤ð1Þ
li ∇2χkð1Þ;l;j −

1

3
χ⊤ð1Þ
lj ∇2χkð1Þ;l;i

− χ⊤ð1Þ
lm;ijχ

kð1Þ;lm þ χkð1Þ;lm∇2χ⊤ð1Þ
lm δij −

1

2
χ⊤ð1Þ
lm;j χ

kð1Þ;lm
;i −

1

2
χ⊤ð1Þ
lm;i χ

kð1Þ;lm
;j þ 1

2
χkð1Þ;nmlχ⊤ð1Þ

nm;l δij −
2

3
χ⊤ð1Þ0
ij ∇2χkð1Þ0

þ 2

3
χ⊤ð1Þ
ij ∇2∇2χkð1Þ þ 1

3
∇2χ⊤ð1Þ

ij ∇2χkð1Þ þ 1

3
χ⊤ð1Þ
lj;i ∇2χkð1Þ;l þ 1

3
χ⊤ð1Þ
li;j ∇2χkð1Þ;l þ χ⊤ð1Þ

lj;imχ
kð1Þ;lm

þ χ⊤ð1Þ
li;jmχ

kð1Þ;lm − χ⊤ð1Þ
ij;lmχ

kð1Þ;lm ð3:13Þ

is part of the effective source.
We also need to decompose the evolution equation (3.12) into the trace equation and the traceless equation. First, the

trace equation from (3.12) is

2ϕð2Þ00
sðtÞ þ

4

τ
ϕð2Þ0
sðtÞ −

2

3
∇2ϕð2Þ

sðtÞ −
1

9
∇2∇2χkð2ÞsðtÞ ¼ 3

τ2
c2Nδ

ð2Þ
sðtÞ þ

1

3
SlsðtÞl; ð3:14Þ

where

SlsðtÞl ¼ −4ϕð1Þ;lmχ⊤ð1Þ
lm − 3χ⊤ð1Þ00

lm χkð1Þ;lm − 3χ⊤ð1Þ
lm χkð1Þ00;lm −

6

τ
χ⊤ð1Þ0
lm χkð1Þ;lm −

6

τ
χ⊤ð1Þ
lm χkð1Þ0;lm −

5

2
χ⊤ð1Þ0
lm χkð1Þ0;lm

−
2

3
χ⊤ð1Þ
lm ∇2χkð1Þ;lm þ 2χkð1Þ;lm∇2χ⊤ð1Þ

lm þ 1

2
χ⊤ð1Þ
lm;n χ

kð1Þ;lmn: ð3:15Þ

The traceless equation from (3.12) is

Dijϕ
ð2Þ
sðtÞ þ

1

2
Dijχ

kð2Þ00
sðtÞ þ 1

τ
Dijχ

kð2Þ0
sðtÞ þ 1

6
∇2Dijχ

kð2Þ
sðtÞ þ

1

2
χ⊥ð2Þ00
sðtÞij þ 1

τ
χ⊥ð2Þ0
sðtÞij þ

1

2
χ⊤ð2Þ00
sðtÞij þ 1

τ
χ⊤ð2Þ0
sðtÞij −

1

2
∇2χ⊤ð2Þ

sðtÞij ¼ S̄sðtÞij; ð3:16Þ

where

S̄sðtÞij ≡ SsðtÞij −
1

3
SlsðtÞlδij

¼ 6

τ2
c2Lχ

⊤ð1Þ
ij δð1Þ − 6ϕð1Þ00χ⊤ð1Þ

ij −
12

τ
ϕð1Þ0χ⊤ð1Þ

ij þ 4χ⊤ð1Þ
ij ∇2ϕð1Þ − ϕð1Þ0χ⊤ð1Þ0

ij − ϕð1Þ;lχ⊤ð1Þ
lj;i − ϕð1Þ;lχ⊤ð1Þ

li;j þ 3ϕð1Þ;lχ⊤ð1Þ
ij;l

þ 2ϕð1Þ∇2χ⊤ð1Þ
ij − 2ϕð1Þ;l

;i χ⊤ð1Þ
lj − 2ϕð1Þ;l

;j χ⊤ð1Þ
li þ 4

3
ϕð1Þ;lmχ⊤ð1Þ

lm δij þ χ⊤ð1Þ0
li χkð1Þ

0;l
;j þ χ⊤ð1Þ0

lj χkð1Þ
0;l

;i −
2

3
χ⊤ð1Þ0
lm χkð1Þ0;lmδij

−
1

3
χ⊤ð1Þ
li ∇2χkð1Þ;l;j −

1

3
χ⊤ð1Þ
lj ∇2χkð1Þ;l;i þ 2

9
χ⊤ð1Þ
lm ∇2χkð1Þ;lmδij − χ⊤ð1Þ

lm;ijχ
kð1Þ;lm þ 1

3
χkð1Þ;lm∇2χ⊤ð1Þ

lm δij −
1

2
χ⊤ð1Þ
lm;j χ

kð1Þ;lm
;i

−
1

2
χ⊤ð1Þ
lm;i χ

kð1Þ;lm
;j þ 1

3
χ⊤ð1Þ
lm;n χ

kð1Þ;lmnδij −
2

3
χ⊤ð1Þ0
ij ∇2χkð1Þ0 þ 2

3
χ⊤ð1Þ
ij ∇2∇2χkð1Þ þ 1

3
∇2χ⊤ð1Þ

ij ∇2χkð1Þ

þ 1

3
χ⊤ð1Þ
lj;i ∇2χkð1Þ;l þ 1

3
χ⊤ð1Þ
li;j ∇2χkð1Þ;l þ χ⊤ð1Þ

lj;imχ
kð1Þ;lm þ χ⊤ð1Þ

li;jmχ
kð1Þ;lm − χ⊤ð1Þ

ij;lmχ
kð1Þ;lm; ð3:17Þ

which still contains the scalar, vector, and tensor components. Applying 3∇−2∇−2∂i∂j on (3.16) gives the evolution

equation for the scalar χkð2ÞsðtÞ as follows:

χkð2Þ
00

sðtÞ þ 2

τ
χkð2Þ

0

sðtÞ þ 1

3
∇2χkð2ÞsðtÞ þ 2ϕð2Þ

sðtÞ ¼ 3∇−2∇−2S̄;lmsðtÞlm; ð3:18Þ
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where

S̄;lmsðtÞlm ¼ −
2

3
∇2∇2½χkð1Þ;lmχ⊤ð1Þ

lm � þ∇2

�
4

3
ϕð1Þ;lmχ⊤ð1Þ

lm þ 1

3
χ⊤ð1Þ0
lm χkð1Þ0;lm þ 8

9
χ⊤ð1Þ
lm ∇2χkð1Þ;lm þ 7

6
χ⊤ð1Þ
lm;n χ

kð1Þ;lmn

�

þ 6c2L

�
a0

a

�
2

χ⊤ð1Þ
lm δð1Þ;lm − 6ϕð1Þ00;lmχ⊤ð1Þ

lm −
12

τ
ϕð1Þ0;lmχ⊤ð1Þ

lm − ϕð1Þ0;lmχ⊤ð1Þ0
lm − 3ϕð1Þ;lmnχ⊤ð1Þ

lm;n − χkð1Þ0;lm∇2χ⊤ð1Þ0
lm

þ 1

3
χ⊤ð1Þ0
lm ∇2χkð1Þ0;lm −

1

2
χ⊤ð1Þ
lm;n∇2χkð1Þ;lmn þ∇2χ⊤ð1Þ

lm ∇2χkð1Þ;lm þ 3

2
χkð1Þ;lmn∇2χ⊤ð1Þ

lm;n : ð3:19Þ

By a combination ∂i½ð3.16Þ − 1
2
Dijð3.18Þ], one has

1

2
χ⊥ð2Þ00;l
sðtÞlj þ 1

τ
χ⊥ð2Þ0;l
sðtÞlj ¼ S̄;lsðtÞlj − ∂j∇−2S̄;lmsðtÞlm: ð3:20Þ

By ∇−2½∂ið3.20Þ þ ði ↔ jÞ�, using (2.6), one gets the evolution equation for the vector mode

1

2
χ⊥ð2Þ00
sðtÞij þ 1

τ
χ⊥ð2Þ0
sðtÞij ¼ VsðtÞij; ð3:21Þ

where

VsðtÞij≡∇−2S̄;lsðtÞlj;iþ∇−2S̄;lsðtÞli;j−2∇−2∇−2S̄;lmsðtÞlm;ij

¼2

3
∂i∂j½χkð1Þ;lmχ⊤ð1Þ

lm �þ∂i∂j∇−2
�
−ϕð1Þ;lmχ⊤ð1Þ

lm −
5

6
χ⊤ð1Þ
lm ∇2χkð1Þ;lm−

1

6
χkð1Þ;lm∇2χ⊤ð1Þ

lm −
4

3
χ⊤ð1Þ
lm;n χ

kð1Þ;lmn

�

þ∂i∇−2
�
6

τ2
c2Lχ

⊤ð1Þ
lj δð1Þ;l−6ϕð1Þ00;lχ⊤ð1Þ

lj −
12

τ
ϕð1Þ0;lχ⊤ð1Þ

lj −ϕð1Þ0;lχ⊤ð1Þ0
lj þ2χ⊤ð1Þ

lj ∇2ϕð1Þ;lþϕð1Þ;l∇2χ⊤ð1Þ
lj −ϕð1Þ;lm

;j χ⊤ð1Þ
lm

þχ⊤ð1Þ0
lj;m χkð1Þ0;lm−χ⊤ð1Þ0

lm;j χ
kð1Þ0;lmþ1

3
χ⊤ð1Þ0
lj ∇2χkð1Þ0;l−

1

6
χ⊤ð1Þ
lm ∇2χkð1Þ;lm;j þ1

3
χ⊤ð1Þ
lj ∇2∇2χkð1Þ;lþ2

3
∇2χ⊤ð1Þ

lj ∇2χkð1Þ;l

þχkð1Þ;lm∇2χ⊤ð1Þ
lj;m −

1

2
χkð1Þ;lm∇2χ⊤ð1Þ

lm;j

�
þ∂i∂j∇−2∇−2

�
−
6

τ2
c2Lχ

⊤ð1Þ
lm δð1Þ;lmþ6ϕð1Þ00;lmχ⊤ð1Þ

lm þ12

τ
ϕð1Þ0;lmχ⊤ð1Þ

lm

þϕð1Þ0;lmχ⊤ð1Þ0
lm þ3ϕð1Þ;lmnχ⊤ð1Þ

lm;n þχkð1Þ0;lm∇2χ⊤ð1Þ0
lm −

1

3
χ⊤ð1Þ0
lm ∇2χkð1Þ0;lmþ1

2
χ⊤ð1Þ
lm;n∇2χkð1Þ;lmn−∇2χ⊤ð1Þ

lm ∇2χkð1Þ;lm

−
3

2
χkð1Þ;lmn∇2χ⊤ð1Þ

lm;n

�
þði↔ jÞ ð3:22Þ

is the effective source of the second-order vector. Finally, [ð3.16Þ − 1
2
Dijð3.18Þ − ð3.21Þ] gives the evolution equation for

the second-order tensor mode

1

2
χ⊤ð2Þ00
sðtÞij þ 1

τ
χ⊤ð2Þ0
sðtÞij −

1

2
∇2χ⊤ð2Þ

sðtÞij ¼ JsðtÞij; ð3:23Þ

where
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JsðtÞij ≡ S̄sðtÞij −
3

2
Dij∇−2∇−2S̄;lmsðtÞlm −∇−2S̄;lsðtÞlj;i −∇−2S̄;lsðtÞli;j þ 2∇−2∇−2S̄;lmsðtÞlm;ij

¼
�
6

τ2
c2Lχ

⊤ð1Þ
ij δð1Þ − 6ϕð1Þ00χ⊤ð1Þ

ij −
12

τ
ϕð1Þ0χ⊤ð1Þ

ij þ 4χ⊤ð1Þ
ij ∇2ϕð1Þ − ϕð1Þ0χ⊤ð1Þ0

ij

− ϕð1Þ;lχ⊤ð1Þ
lj;i − ϕð1Þ;lχ⊤ð1Þ

li;j þ 3ϕð1Þ;lχ⊤ð1Þ
ij;l þ 2ϕð1Þ∇2χ⊤ð1Þ

ij − 2ϕð1Þ;l
;i χ⊤ð1Þ

lj

− 2ϕð1Þ;l
;j χ⊤ð1Þ

li þ 2ϕð1Þ;lmχ⊤ð1Þ
lm δij þ χ⊤ð1Þ0

li χkð1Þ
0;l

;j þ χ⊤ð1Þ0
lj χkð1Þ

0;l
;i −

1

2
χ⊤ð1Þ0
lm χkð1Þ0;lmδij

−
1

3
χ⊤ð1Þ
li ∇2χkð1Þ;l;j −

1

3
χ⊤ð1Þ
lj ∇2χkð1Þ;l;i þ 1

3
χ⊤ð1Þ
lm ∇2χkð1Þ;lmδij − χ⊤ð1Þ

lm;ijχ
kð1Þ;lm

−
1

2
χ⊤ð1Þ
lm;j χ

kð1Þ;lm
;i −

1

2
χ⊤ð1Þ
lm;i χ

kð1Þ;lm
;j þ 1

4
χ⊤ð1Þ
lm;n χ

kð1Þ;lmnδij −
2

3
χ⊤ð1Þ0
ij ∇2χkð1Þ0

þ 2

3
χ⊤ð1Þ
ij ∇2∇2χkð1Þ þ 1

3
∇2χ⊤ð1Þ

ij ∇2χkð1Þ þ 1

3
χ⊤ð1Þ
lj;i ∇2χkð1Þ;l þ 1

3
χ⊤ð1Þ
li;j ∇2χkð1Þ;l

þ χ⊤ð1Þ
lj;imχ

kð1Þ;lm þ χ⊤ð1Þ
li;jmχ

kð1Þ;lm − χ⊤ð1Þ
ij;lmχ

kð1Þ;lm
�
þ δij∇−2

�
3

τ2
c2Lχ

⊤ð1Þ
lm δð1Þ;lm

− 3ϕð1Þ00;lmχ⊤ð1Þ
lm −

6

τ
ϕð1Þ0;lmχ⊤ð1Þ

lm −
1

2
ϕð1Þ0;lmχ⊤ð1Þ0

lm −
3

2
ϕð1Þ;lmnχ⊤ð1Þ

lm;n

−
1

2
χkð1Þ0;lm∇2χ⊤ð1Þ0

lm þ 1

6
χ⊤ð1Þ0
lm ∇2χkð1Þ0;lm −

1

4
χ⊤ð1Þ
lm;n∇2χkð1Þ;lmn

þ 1

2
∇2χ⊤ð1Þ

lm ∇2χkð1Þ;lm þ 3

4
χkð1Þ;lmn∇2χ⊤ð1Þ

lm;n

�
þ ∂i∂j∇−2

�
−
1

2
χ⊤ð1Þ0
lm χkð1Þ0;lm

þ 1

4
χ⊤ð1Þ
lm;n χ

kð1Þ;lmn

�
þ ∂i∇−2

�
−

6

τ2
c2Lχ

⊤ð1Þ
lj δð1Þ;l þ 6ϕð1Þ00;lχ⊤ð1Þ

lj þ 12

τ
ϕð1Þ0;lχ⊤ð1Þ

lj

þ ϕð1Þ0;lχ⊤ð1Þ0
lj − 2χ⊤ð1Þ

lj ∇2ϕð1Þ;l − ϕð1Þ;l∇2χ⊤ð1Þ
lj þ ϕð1Þ;lm

;j χ⊤ð1Þ
lm − χ⊤ð1Þ0

lj;m χkð1Þ0;lm

þ χ⊤ð1Þ0
lm;j χ

kð1Þ0;lm −
1

3
χ⊤ð1Þ0
lj ∇2χkð1Þ0;l þ 1

6
χ⊤ð1Þ
lm ∇2χkð1Þ;lm;j −

1

3
χ⊤ð1Þ
lj ∇2∇2χkð1Þ;l

−
2

3
∇2χ⊤ð1Þ

lj ∇2χkð1Þ;l − χkð1Þ;lm∇2χ⊤ð1Þ
lj;m þ 1

2
χkð1Þ;lm∇2χ⊤ð1Þ

lm;j

�

þ ∂j∇−2
�
−

6

τ2
c2Lχ

⊤ð1Þ
li δð1Þ;l þ 6ϕð1Þ00;lχ⊤ð1Þ

li þ 12

τ
ϕð1Þ0;lχ⊤ð1Þ

li þ ϕð1Þ0;lχ⊤ð1Þ0
li

− 2χ⊤ð1Þ
li ∇2ϕð1Þ;l − ϕð1Þ;l∇2χ⊤ð1Þ

li þ ϕð1Þ;lm
;i χ⊤ð1Þ

lm − χ⊤ð1Þ0
li;m χkð1Þ0;lm þ χ⊤ð1Þ0

lm;i χ
kð1Þ0;lm

−
1

3
χ⊤ð1Þ0
li ∇2χkð1Þ0;l þ 1

6
χ⊤ð1Þ
lm ∇2χkð1Þ;lm;i −

1

3
χ⊤ð1Þ
li ∇2∇2χkð1Þ;l −

2

3
∇2χ⊤ð1Þ

li ∇2χkð1Þ;l

− χkð1Þ;lm∇2χ⊤ð1Þ
li;m þ 1

2
χkð1Þ;lm∇2χ⊤ð1Þ

lm;i

�
þ ∂i∂j∇−2∇−2

�
3

τ2
c2Lχ

⊤ð1Þ
lm δð1Þ;lm

− 3ϕð1Þ00;lmχ⊤ð1Þ
lm −

6

τ
ϕð1Þ0;lmχ⊤ð1Þ

lm −
1

2
ϕð1Þ0;lmχ⊤ð1Þ0

lm −
3

2
ϕð1Þ;lmnχ⊤ð1Þ

lm;n

−
1

2
χkð1Þ0;lm∇2χ⊤ð1Þ0

lm þ 1

6
χ⊤ð1Þ0
lm ∇2χkð1Þ0;lm −

1

4
χ⊤ð1Þ
lm;n∇2χkð1Þ;lmn

þ 1

2
∇2χ⊤ð1Þ

lm ∇2χkð1Þ;lm þ 3

4
χkð1Þ;lmn∇2χ⊤ð1Þ

lm;n

�
; ð3:24Þ

which is the effective source of the second-order tensor. [See also (A20) for a general RW spacetime.] So far the second-
order perturbed Einstein equation has been decomposed into separate equations for the second-order metric perturbations.
To solve these equations of second-order metric perturbations, we need also the second-order energy-momentum

conservation. The general energy conservation is given by (2.17). Substituting Γα
μν in (A1)–(A4) of Ref. [63] andUμ in (2.12)

and (2.13) into (2.17) and keeping second order, one has the second-order energy conservation for the scalar-tensor case,
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δð2Þ
0

sðtÞ þ
3

τ

�
c2N −

1

3

�
δð2ÞsðtÞ ¼ −

4

3
∇2vkð2ÞsðtÞ þ 4ϕð2Þ0

sðtÞ þ AsðtÞ;

ð3:25Þ

where

AsðtÞ ≡ 4

3
χ⊤ð1Þ0
lm χkð1Þ;lm þ 4

3
χ⊤ð1Þ
lm χkð1Þ0;lm: ð3:26Þ

Equation (3.25) contains the scalar mode ϕð2Þ
S and the

velocity vkð2ÞS . Note that cN defined by (2.10) appears in
the second-order energy conservation equation.
The general expression of the momentum conservation

has been given in (2.18). Substituting Γα
μν in (A1)–(A4) in

Ref. [63] and Uμ in (2.12) and (2.13) into (2.18) to second
order gives the second-order momentum conservation for
the scalar-tensor case

c2Nδ
ð2Þ
sðtÞ;i þ

4

3
vkð2Þ

0

sðtÞ;i þ
4

3
v⊥ð2Þ0
sðtÞi ¼ FsðtÞi; ð3:27Þ

where

FsðtÞi ≡ 2c2Lδ
ð1Þ;lχ⊤ð1Þ

li −
8

3
vkð1Þ;lχ⊤ð1Þ0

li : ð3:28Þ

Observe that (3.27) involves the second-order velocity
v⊥ð2Þi, yet does not involve the second-order metric
perturbations, in contrast to the energy conservation
(3.25). To proceed further, (3.27) is decomposed into a
longitudinal part by [∇−2∂ið3.27Þ] as

c2Nδ
ð2Þ
sðtÞ þ

4

3
vkð2Þ

0

sðtÞ ¼ Fk
sðtÞ; ð3:29Þ

with

Fk
sðtÞ≡∇−2∂iFsðtÞi¼∇−2

�
2c2Lδ

ð1Þ;lmχ⊤ð1Þ
lm −

8

3
vkð1Þ;lmχ⊤ð1Þ0

lm

�
;

ð3:30Þ

and a transverse part by [ð3.27Þ − ∂ið3.29Þ] as

4

3
v⊥ð2Þ0
sðtÞi ¼ F⊥

sðtÞi; ð3:31Þ

with

F⊥
sðtÞi ≡ FsðtÞi − ∂iF

k
sðtÞ

¼ 2c2Lδ
ð1Þ;lχ⊤ð1Þ

li −
8

3
vkð1Þ;lχ⊤ð1Þ0

li

þ ∂i∇−2
�
−2c2Lδð1Þ;lmχ

⊤ð1Þ
lm þ 8

3
vkð1Þ;lmχ⊤ð1Þ0

lm

�

ð3:32Þ

being a transverse vector function.
We find that the second-order trace evolution equa-

tion (3.14) can be given as the combination

ð3.14Þ ¼ −
1

3
ð3.2Þ − τ

3

d
dτ

ð3.2Þ þ τ

3
∇2ð3.7Þ − 1

τ
ð3.25Þ;

ð3:33Þ

and the second-order traceless scalar evolution equa-
tion (3.18) as follows:

ð3.18Þ ¼ ∇−2
�
ð3.2Þ þ τ

d
dτ

ð3.2Þ − τ∇2ð3.7Þ

þ 3
d
dτ

ð3.7Þ þ 6

τ
ð3.7Þ þ 3

τ
ð3.25Þ − 9

τ2
ð3.29Þ

�
:

ð3:34Þ

These mean that, for the scalars, we can solve the equations
of constraints and conservations, and the solutions satisfy
the evolution equations automatically. (See Sec. IV.)

B. Equations with tensor-tensor couplings

Now we consider the tensor-tensor couplings. Moving
the tensor-tensor coupling terms to the rhs of the (00)
component of the Einstein equation (3.1), and using the
Friedmann equation, one has the second-order energy
constraint equation as follows:

−
6

τ
ϕð2Þ0
T þ 2∇2ϕð2Þ

T þ 1

3
∇2∇2χkð2ÞT ¼ 3

τ2
δð2ÞT þ ET; ð3:35Þ

where a subscript T in ϕð2Þ
T etc. indicates the case of tensor-

tensor coupling, and ET in the above is

ET ≡ 1

4
χ⊤ð1Þ0lmχ⊤ð1Þ0

lm þ 2

τ
χ⊤ð1Þlmχ⊤ð1Þ0

lm − χ⊤ð1Þlm∇2χ⊤ð1Þ
lm

−
3

4
χ⊤ð1Þlm;nχ⊤ð1Þ

lm;n þ 1

2
χ⊤ð1Þlm;nχ⊤ð1Þ

ln;m : ð3:36Þ

The ð0iÞ component of the second-order perturbed
Einstein equation (3.4) gives the second-order momentum
constraint equation as follows:

2ϕð2Þ0
T;i þ

1

2
Dijχ

kð2Þ0;j
T þ1

2
χ⊥ð2Þ0;j
Tij ¼−

4

τ2
vð2ÞTi þMTi; ð3:37Þ
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with

MTi ≡ χ⊤ð1Þlmχ⊤ð1Þ0
il;m − χ⊤ð1Þlmχ⊤ð1Þ0

lm;i −
1

2
χ⊤ð1Þlm
;i χ⊤ð1Þ0

lm :

ð3:38Þ

As before, [∇−2∂ið3.37Þ] gives the longitudinal momentum
constraint

2ϕð2Þ0
T þ 1

3
∇2χkð2Þ

0
T ¼ −

4

τ2
vkð2ÞT þ∇−2M;l

Tl; ð3:39Þ

where

∇−2M;l
Tl ¼ ∇−2

�
χ⊤ð1Þlm;nχ⊤ð1Þ0

ln;m −
1

2
χ⊤ð1Þlm;nχ⊤ð1Þ0

lm;n

−
1

2
χ⊤ð1Þlm∇2χ⊤ð1Þ0

lm

�
−
1

2
χ⊤ð1Þlmχ⊤ð1Þ0

lm ð3:40Þ

is the effective source term. A combination [ð3.37Þ−
∂ið3.39Þ] gives the transverse momentum constraint

1

2
χ⊥ð2Þ0;j
Tij ¼ −

4

τ2
v⊥ð2Þ
Ti þ ðMTi − ∂i∇−2M;l

TlÞ; ð3:41Þ

with

ðMTi − ∂i∇−2M;l
TlÞ

¼ χ⊤ð1Þlmχ⊤ð1Þ0
il;m −

1

2
χ⊤ð1Þlmχ⊤ð1Þ0

lm;i

þ ∂i∇−2
�
−χ⊤ð1Þlm;nχ⊤ð1Þ0

ln;m þ 1

2
χ⊤ð1Þlm;nχ⊤ð1Þ0

lm;n

þ 1

2
χ⊤ð1Þlm∇2χ⊤ð1Þ0

lm

�
: ð3:42Þ

The ðijÞ component of second-order perturbed Einstein
equation (3.11) gives the second-order evolution equation

2ϕð2Þ00
T δij þ

4

τ
ϕð2Þ0
T δij þ ϕð2Þ

T;ij −∇2ϕð2Þ
T δij þ

1

2
Dijχ

kð2Þ00
T þ 1

τ
Dijχ

kð2Þ0
T þ 1

6
∇2Dijχ

kð2Þ
T −

1

9
δij∇2∇2χkð2ÞT

þ 1

2
χ⊥ð2Þ00
Tij þ 1

τ
χ⊥ð2Þ0
Tij þ 1

2
χ⊤ð2Þ00
Tij þ 1

τ
χ⊤ð2Þ0
Tij −

1

2
∇2χ⊤ð2Þ

Tij ¼ 3c2N
τ2

δð2ÞT δij þ STij; ð3:43Þ

with

STij ≡ −
2

τ
χ⊤ð1Þlmχ⊤ð1Þ0

lm δij − χ⊤ð1Þlmχ⊤ð1Þ
lm;ij þ χ⊤ð1Þlm∇2χ⊤ð1Þ

lm δij −
1

2
χ⊤ð1Þlm
;i χ⊤ð1Þ

lm;j − χ⊤ð1Þ
li;m χ⊤ð1Þl;m

j þ 3

4
χ⊤ð1Þlm;nχ⊤ð1Þ

lm;n δij

þ χ⊤ð1Þ
li;m χ⊤ð1Þm;l

j −
1

2
χ⊤ð1Þlm;nχ⊤ð1Þ

ln;m δij þ χ⊤ð1Þ0l
i χ⊤ð1Þ0

lj −
3

4
χ⊤ð1Þ0lmχ⊤ð1Þ0

lm δij − χ⊤ð1Þlmχ⊤ð1Þ00
lm δij þ χ⊤ð1Þlmχ⊤ð1Þ

lj;im

þ χ⊤ð1Þlmχ⊤ð1Þ
li;jm − χ⊤ð1Þlmχ⊤ð1Þ

ij;lm ð3:44Þ

as part of the effective source term.
We also need to decompose the evolution equation (3.43) into the trace part and the traceless part. The trace part of

second-order evolution equation (3.43) is

2ϕð2Þ00
T þ 4

τ
ϕð2Þ0
T −

2

3
∇2ϕð2Þ

T −
1

9
∇2∇2χkð2ÞT ¼ 3

τ2
c2Nδ

ð2Þ
T þ 1

3
SlTl; ð3:45Þ

with

SlTl ¼ −
6

τ
χ⊤ð1Þlmχ⊤ð1Þ0

lm þ 2χ⊤ð1Þlm∇2χ⊤ð1Þ
lm þ 3

4
χ⊤ð1Þlm;nχ⊤ð1Þ

lm;n −
1

2
χ⊤ð1Þlm;nχ⊤ð1Þ

ln;m −
5

4
χ⊤ð1Þ0lmχ⊤ð1Þ0

lm − 3χ⊤ð1Þlmχ⊤ð1Þ00
lm : ð3:46Þ

The traceless part of (3.43) is

Dijϕ
ð2Þ
T þ 1

2
Dijχ

kð2Þ00
T þ 1

τ
Dijχ

kð2Þ0
T þ 1

6
∇2Dijχ

kð2Þ
T þ 1

2
χ⊥ð2Þ00
Tij þ 1

τ
χ⊥ð2Þ0
Tij þ 1

2
χ⊤ð2Þ00
Tij þ 1

τ
χ⊤ð2Þ0
Tij −

1

2
∇2χ⊤ð2Þ

Tij ¼ S̄Tij; ð3:47Þ

with
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S̄Tij ≡ STij −
1

3
SlTlδij

¼ −χ⊤ð1Þlmχ⊤ð1Þ
lm;ij þ

1

3
χ⊤ð1Þlm∇2χ⊤ð1Þ

lm δij −
1

2
χ⊤ð1Þlm
;i χ⊤ð1Þ

lm;j − χ⊤ð1Þ
li;m χ⊤ð1Þl;m

j

þ 1

2
χ⊤ð1Þlm;nχ⊤ð1Þ

lm;n δij þ χ⊤ð1Þ
li;m χ⊤ð1Þm;l

j −
1

3
χ⊤ð1Þlm;nχ⊤ð1Þ

ln;m δij þ χ⊤ð1Þ0l
i χ⊤ð1Þ0

lj

−
1

3
χ⊤ð1Þ0lmχ⊤ð1Þ0

lm δij þ χ⊤ð1Þlmχ⊤ð1Þ
lj;im þ χ⊤ð1Þlmχ⊤ð1Þ

li;jm − χ⊤ð1Þlmχ⊤ð1Þ
ij;lm: ð3:48Þ

Equation (3.47) contains the scalar, the vector, and the tensor. Applying 3∇−2∇−2∂i∂j on (3.47) gives the evolution

equation for the scalar χkð2ÞT as follows:

χkð2Þ
00

T þ 2

τ
χkð2Þ

0
T þ 1

3
∇2χkð2ÞT þ 2ϕð2Þ

T ¼ 3∇−2∇−2S̄;lmTlm; ð3:49Þ

where

S̄;lmTlm ¼ −∇2∇2

�
1

8
χ⊤ð1Þlmχ⊤ð1Þ

lm

�
þ∇2

�
−
1

3
χ⊤ð1Þ0lmχ⊤ð1Þ0

lm þ 1

12
χ⊤ð1Þlm∇2χ⊤ð1Þ

lm þ 1

6
χ⊤ð1Þlm;nχ⊤ð1Þ

ln;m

�

þ χ⊤ð1Þ0lm;nχ⊤ð1Þ0
ln;m −

1

2
χ⊤ð1Þlm∇2∇2χ⊤ð1Þ

lm −
1

2
χ⊤ð1Þlm;n∇2χ⊤ð1Þ

lm;n þ χ⊤ð1Þlm;n∇2χ⊤ð1Þ
ln;m : ð3:50Þ

A combination ∂i½ð3.47Þ − 1
2
Dijð3.49Þ� gives

1

2
χ⊥ð2Þ00;l
Tlj þ 1

τ
χ⊥ð2Þ0;l
Tlj ¼ S̄;lTlj − ∂j∇−2S̄;lmTlm: ð3:51Þ

By ∇−2½∂ið3.51Þ þ ði ↔ jÞ�, using (2.6), one gets the evolution equation for the vector mode

1

2
χ⊥ð2Þ00
Tij þ 1

τ
χ⊥ð2Þ0
Tij ¼ VTij; ð3:52Þ

where

VTij ≡∇−2S̄;lTlj;i þ∇−2S̄;lTli;j − 2∇−2∇−2S̄;lmTlm;ij

¼ ∂i∇−2
�
χ⊤ð1Þ0lmχ⊤ð1Þ0

jl;m −
1

2
χ⊤ð1Þlm∇2χ⊤ð1Þ

lm;j þ χ⊤ð1Þlm∇2χ⊤ð1Þ
jl;m

�
þ ∂i∂j∇−2∇−2

�
−χ⊤ð1Þ0lm;nχ⊤ð1Þ0

ln;m þ 1

2
χ⊤ð1Þlm∇2∇2χ⊤ð1Þ

lm

þ 1

2
χ⊤ð1Þlm;n∇2χ⊤ð1Þ

lm;n − χ⊤ð1Þlm;n∇2χ⊤ð1Þ
ln;m

�
þ ði ↔ jÞ ð3:53Þ

is the effective source. Finally, [ð3.47Þ − 1
2
Dijð3.49Þ − ð3.52Þ] gives the evolution equation for the second-order tensor

mode

1

2
χ⊤ð2Þ00
Tij þ 1

τ
χ⊤ð2Þ0
Tij −

1

2
∇2χ⊤ð2Þ

Tij ¼ JTij; ð3:54Þ

where
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JTij ≡ S̄Tij −
3

2
Dij∇−2∇−2S̄;lmTlm −∇−2S̄;lTlj;i −∇−2S̄;lTli;j þ 2∇−2∇−2S̄;lmTlm;ij

¼
�
−
5

8
χ⊤ð1Þlmχ⊤ð1Þ

lm;ij þ
1

4
χ⊤ð1Þlm∇2χ⊤ð1Þ

lm δij −
1

8
χ⊤ð1Þlm
;i χ⊤ð1Þ

lm;j − χ⊤ð1Þ
li;m χ⊤ð1Þl;m

j þ 3

8
χ⊤ð1Þlm;nχ⊤ð1Þ

lm;n δij þ χ⊤ð1Þ
li;m χ⊤ð1Þm;l

j

−
1

4
χ⊤ð1Þlm;nχ⊤ð1Þ

ln;m δij þ χ⊤ð1Þ0l
i χ⊤ð1Þ0

lj −
1

2
χ⊤ð1Þ0lmχ⊤ð1Þ0

lm δij þ χ⊤ð1Þlmχ⊤ð1Þ
lj;im þ χ⊤ð1Þlmχ⊤ð1Þ

li;jm − χ⊤ð1Þlmχ⊤ð1Þ
ij;lm

�

þ δij∇−2
�
1

2
χ⊤ð1Þ0lm;nχ⊤ð1Þ0

ln;m −
1

4
χ⊤ð1Þlm∇2∇2χ⊤ð1Þ

lm −
1

4
χ⊤ð1Þlm;n∇2χ⊤ð1Þ

lm;n þ 1

2
χ⊤ð1Þlm;n∇2χ⊤ð1Þ

ln;m

�

þ ∂i∇−2
�
−χ⊤ð1Þ0lmχ⊤ð1Þ0

jl;m þ 1

2
χ⊤ð1Þlm∇2χ⊤ð1Þ

lm;j − χ⊤ð1Þlm∇2χ⊤ð1Þ
jl;m

�

þ ∂j∇−2
�
−χ⊤ð1Þ0lmχ⊤ð1Þ0

il;m þ 1

2
χ⊤ð1Þlm∇2χ⊤ð1Þ

lm;i − χ⊤ð1Þlm∇2χ⊤ð1Þ
il;m

�

þ ∂i∂j∇−2
�
1

2
χ⊤ð1Þ0lmχ⊤ð1Þ0

lm −
1

8
χ⊤ð1Þlm∇2χ⊤ð1Þ

lm −
1

4
χ⊤ð1Þlm;nχ⊤ð1Þ

ln;m

�

þ ∂i∂j∇−2∇−2
�
1

2
χ⊤ð1Þ0lm;nχ⊤ð1Þ0

ln;m −
1

4
χ⊤ð1Þlm∇2∇2χ⊤ð1Þ

lm −
1

4
χ⊤ð1Þlm;n∇2χ⊤ð1Þ

lm;n þ 1

2
χ⊤ð1Þlm;n∇2χ⊤ð1Þ

ln;m

�
ð3:55Þ

is the effective source. So far the second-order perturbed
Einstein equation has been decomposed into the separate
equations for the second-order metric perturbations.
Next, we derive the second-order energy-momentum

conservation with tensor-tensor couplings. Expanding
(2.17) to second order, one has the second-order energy
conservation for the tensor-tensor case as

δð2Þ
0

T þ3

τ

�
c2N−

1

3

�
δð2ÞT ¼−

4

3
∇2vkð2ÞT þ4ϕð2Þ0

T þAT; ð3:56Þ

where

AT ≡ 4

3
χ⊤ð1Þ0
lm χ⊤ð1Þlm: ð3:57Þ

Expanding (2.18) to second order, one has the second-order
momentum conservation for the tensor-tensor case as

c2Nδ
ð2Þ
T;i þ

4

3
vkð2Þ

0
T;i þ 4

3
v⊥ð2Þ0
Ti ¼ 0; ð3:58Þ

which is homogeneous, involving no tensor-tensor cou-
pling terms. Observe that (3.58) involves the second-order

velocity v⊥ð2Þ
Ti , yet does not involve the second-order metric

perturbations, in contrast to the energy conservation (3.25).
To proceed further, (3.58) can be decomposed into a
longitudinal part by [∇−2∂ið3.58Þ] as

c2Nδ
ð2Þ
T þ 4

3
vkð2Þ

0
T ¼ 0 ð3:59Þ

and a transverse part by [ð3.58Þ − ∂ið3.59Þ] as
4

3
v⊥ð2Þ0
Ti ¼ 0: ð3:60Þ

Similar to the relations (3.33) and (3.34), the trace of the
second-order evolution equation (3.45) can be given by a
combination as

ð3.45Þ ¼ −
1

3
ð3.35Þ − τ

3

d
dτ

ð3.35Þ þ τ

3
∇2ð3.39Þ − 1

τ
ð3.56Þ;
ð3:61Þ

and the scalar part of the second-order traceless evolution
equation (3.49) is given by

ð3.45Þ¼∇−2
�
ð3.35Þþτ

d
dτ

ð3.35Þ−τ∇2ð3.39Þþ3
d
dτ

ð3.39Þ

þ6

τ
ð3.39Þþ3

τ
ð3.56Þ− 9

τ2
ð3.59Þ

�
: ð3:62Þ

So we can use the equations of constraints and conserva-
tions to solve the scalars, and the solutions satisfy the
evolution equations automatically.

IV. SOLUTION OF THE SECOND-ORDER
PERTURBATIONS

A. Solution for scalar-tensor couplings

Given the second-order perturbed equations, we shall
solve for the second-order perturbations. This subsection is
for the scalar-tensor case. First, the solution of tensor
equation (3.23) is

χ⊤ð2Þ
sðtÞijðx;τÞ¼

Z
d3k

ð2πÞ32e
ik·x

�
ĪsðtÞijðk;τÞ

þ
X
s¼þ;×

ϵ
s
ijðkÞ

�
−as1

ffiffiffi
2

π

r
ieikτ

kτ
þas2

ffiffiffi
2

π

r
ie−ikτ

kτ

��
;

ð4:1Þ
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where as1ðkÞ and as2ðkÞ are polarization-dependent and
k-dependent coefficients, to be determined by initial con-
ditions; their associated term is the homogeneous solution of
(3.23) and has the same form as (2.28). In certain applica-
tions, they can be absorbed into (2.28). The integrand of the
inhomogeneous solution in (4.1) is given by

ĪsðtÞijðk; τÞ≡ ie−ikτ

kτ

Z
τ
τ0eikτ0 J̄sðtÞijðk; τ0Þdτ0

−
ieikτ

kτ

Z
τ
τ0e−ikτ0 J̄sðtÞijðk; τ0Þdτ0; ð4:2Þ

with J̄sðtÞij being the Fourier transform of the source JsðtÞij in
(3.24) that contains many terms of products of first-order
solutions.
Next, the vector solution of evolution equation (3.21) is

χ⊥ð2Þ
sðtÞijðx; τÞ ¼ q1ijðxÞ þ

q2ijðxÞ
τ

þ
Z

τ dτ0

τ02

Z
τ0

2τ002VsðtÞijðx; τ00Þdτ00; ð4:3Þ

where q1ijðxÞ and q2ijðxÞ are two time-independent func-
tions determined by initial values and VsðtÞij is given by
(3.22). Note that q1ijðxÞ is a gauge mode as shall be seen in
Sec. V. Plugging the solution (4.3) into (3.9) yields the
transverse part of the second-order velocity

v⊥ð2Þ
sðtÞi ¼

q;j2ijðxÞ
8

þ τ2

4
ðMsðtÞi − ∂i∇−2M;k

sðtÞkÞ

−
1

4

Z
τ
τ02V;j

sðtÞijðx; τ0Þdτ0; ð4:4Þ

where (MsðtÞi − ∂i∇−2M;k
sðtÞk) is in (3.10). This solution can

also be derived from integration of the transverse momen-
tum conservation (3.31), as we have checked. Thus,

although the first-order curl vector v⊥ð1Þ
i is vanishing by

assumption, nevertheless, the second-order curl vector

v⊥ð2Þ
sðtÞi is generated by the coupling according to (4.4).

Next, we solve the scalars. From the longitudinal
momentum conservation (3.29), one has

δð2ÞsðtÞ ¼ −
4

3c2N
vkð2Þ

0

sðtÞ þ 1

c2N
Fk
sðtÞ: ð4:5Þ

Plugging the above δð2ÞsðtÞ into the energy conservation (3.25)

gives ϕð2Þ0
sðtÞ in terms of vkð2ÞsðtÞ , v

kð2Þ0
sðtÞ , v

kð2Þ00
sðtÞ as

ϕð2Þ0
sðtÞ ¼ −

1

3c2N
vkð2Þ

00

sðtÞ −
1

τ

c2N − 1
3

c2N
vkð2Þ

0

sðtÞ þ 1

3
∇2vkð2ÞsðtÞ

þ 1

4c2N
Fk0
sðtÞ þ

3

4τ

c2N − 1
3

c2N
Fk
sðtÞ −

1

4
AsðtÞ: ð4:6Þ

To use the energy constraint (3.2), taking [ ddτ(3.2)] gives

−
6

τ
ϕð2Þ00
sðtÞ þ

6

τ2
ϕð2Þ0
sðtÞ þ∇2

�
2ϕð2Þ0

sðtÞ þ
1

3
∇2χkð2Þ

0

sðtÞ

�

¼ 3

τ2
δð2Þ

0

sðtÞ −
6

τ3
δð2ÞsðtÞ þ E0

sðtÞ: ð4:7Þ

Plugging the momentum constraint (3.7) into the above to

eliminate the ∇2∇2χkð2Þ
0

sðtÞ term leads to

−
6

τ
ϕð2Þ00
sðtÞ þ

6

τ2
ϕð2Þ0
sðtÞ −

4

τ2
∇2vkð2ÞsðtÞ þM;k

sðtÞk

¼ 3

τ2
δð2Þ

0

sðtÞ −
6

τ3
δð2ÞsðtÞ þ E0

sðtÞ: ð4:8Þ

Then, plugging δð2ÞsðtÞ of (4.5) and ϕ
ð2Þ0
sðtÞ of (4.6) into the above

yields a third-order differential equation of vkð2ÞsðtÞ as follows:

vkð2Þ
000

sðtÞ þ3c2N
τ

vkð2Þ
00

sðtÞ −
6c2Nþ2

τ2
vkð2Þ

0

sðtÞ −
c2N
τ
∇2vkð2ÞsðtÞ −c2N∇2vkð2Þ

0

sðtÞ

¼ZsðtÞ; ð4:9Þ

with

ZsðtÞ ≡ 3

4
Fk00
sðtÞ þ

9c2N
4τ

Fk0
sðtÞ −

9c2N þ 3

2τ2
Fk
sðtÞ −

3c2N
4

A0
sðtÞ þ

3c2N
4τ

AsðtÞ −
τ

2
c2NM

;l
sðtÞl þ

τ

2
c2NE

0
sðtÞ

¼
�
4

3τ
χ⊤ð1Þ
lm vkð1Þ;lm þ 2τ

3
ϕð1Þ0;lmχ⊤ð1Þ

lm þ τ

6
ϕð1Þ;lmχ⊤ð1Þ0

lm þ τ

12
χ⊤ð1Þ00
lm χkð1Þ0;lm þ τ

12
χ⊤ð1Þ0
lm χkð1Þ00;lm þ τ

36
χ⊤ð1Þ0
lm ∇2χkð1Þ;lm

þ τ

9
χ⊤ð1Þ
lm ∇2χkð1Þ0;lm −

τ

12
χkð1Þ0;lm∇2χ⊤ð1Þ

lm

�
þ∇−2

�
3

2
c2Lδ

ð1Þ00;lmχ⊤ð1Þ
lm þ 3

2
c2Lδ

ð1Þ;lmχ⊤ð1Þ00
lm þ 3

2τ
c2Lδ

ð1Þ0;lmχ⊤ð1Þ
lm

þ 3

2τ
c2Lδ

ð1Þ;lmχ⊤ð1Þ0
lm −

6

τ2
c2Lδ

ð1Þ;lmχ⊤ð1Þ
lm þ 3c2Lδ

ð1Þ0;lmχ⊤ð1Þ0
lm − 2vkð1Þ00;lmχ⊤ð1Þ0

lm − 2vkð1Þ;lmχ⊤ð1Þ000
lm − 4vkð1Þ0;lmχ⊤ð1Þ00

lm

−
2

τ
vkð1Þ;lmχ⊤ð1Þ00

lm −
2

τ
vkð1Þ0;lmχ⊤ð1Þ0

lm þ 8

τ2
vkð1Þ;lmχ⊤ð1Þ0

lm

�
; ð4:10Þ
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being the effective source, formed from the products of first-order scalar and tensor modes. Written in the k-space, (4.9) is

vkð2Þ
000

sðtÞk þ 3c2N
τ

vkð2Þ
00

sðtÞk þ
�
c2Nk

2 −
6c2N þ 2

τ2

�
vkð2Þ

0

sðtÞk þ c2N
τ
k2vkð2ÞsðtÞk ¼ ZsðtÞkðτÞ; ð4:11Þ

where

ZsðtÞkðτÞ ¼
1

ð2πÞ3
Z

d3k2

	�
klkm

X
s¼þ;×

ϵ
s
lmðk2Þ

�
Z̃ðτ;k;k2Þ



ð4:12Þ

is the Fourier transform of (4.10), with

Z̃ðτ;k;k2Þ ¼ −
4

3τ
hk2

vkð1Þðk−k2Þ −
2τ

3
hk2

ϕð1Þ0
ðk−k2Þ −

τ

6
h0k2

ϕð1Þ
ðk−k2Þ −

τ

12
h00k2

χkð1Þ
0

ðk−k2Þ −
τ

12
h0k2

χkð1Þ
00

ðk−k2Þ þ
τ

36
jk − k2j2h0k2

χkð1Þðk−k2Þ

þ τ

9
jk − k2j2hk2

χkð1Þ
0

ðk−k2Þ −
τ

12
ðk2Þ2hk2

χkð1Þ
0

ðk−k2Þ þ
3

2
ðkÞ−2c2Lhk2

δð1Þ
00

ðk−k2Þ þ
3

2
ðkÞ−2c2Lh00k2

δð1Þðk−k2Þ

þ 3

2τ
ðkÞ−2c2Lhk2

δð1Þ
0

ðk−k2Þ þ
3

2τ
ðkÞ−2c2Lh0k2

δð1Þðk−k2Þ −
6

τ2
ðkÞ−2c2Lhk2

δð1Þðk−k2Þ þ 3ðkÞ−2c2Lh0k2
δð1Þ

0

ðk−k2Þ

− 2ðkÞ−2h0k2
vkð1Þ

00

ðk−k2Þ − 2ðkÞ−2h000k2
vkð1Þðk−k2Þ − 4ðkÞ−2h00k2

vkð1Þ
0

ðk−k2Þ −
2

τ
ðkÞ−2h00k2

vkð1Þðk−k2Þ −
2

τ
ðkÞ−2h0k2

vkð1Þ
0

ðk−k2Þ

þ 8

τ2
ðkÞ−2h0k2

vkð1Þðk−k2Þ; ð4:13Þ

where ϵ
s
ijðkÞki ¼ 0 has been used. Plugging the first-order solutions (2.21)–(2.28) into the above yields

Z̃ðτ;k;k2Þ ¼ b1ðk2ÞD2ðk − k2Þ
iffiffiffiffiffiffiffi
2k2

p eiðk2−jk−k2j=
ffiffi
3

p Þτ
�
−

40

jk − k2jðkÞ2τ5
−

40iffiffiffi
3

p ðkÞ2τ4 þ
40ik2

jk − k2jðkÞ2τ4
−

4iffiffiffi
3

p jk − k2j2τ4

þ 20jk − k2j
3ðkÞ2τ3 þ 20ðk2Þ2

jk − k2jðkÞ2τ3
−

4k2ffiffiffi
3

p jk − k2j2τ3
−

40k2ffiffiffi
3

p ðkÞ2τ3 −
4iðk2Þ3

jk − k2jðkÞ2τ2
þ 16iðk2Þ2ffiffiffi

3
p ðkÞ2τ2 þ

8ijk − k2j2
3

ffiffiffi
3

p ðkÞ2τ2

−
20ijk − k2jk2

3ðkÞ2τ2 −
2jk − k2j3
9ðkÞ2τ þ 2jk − k2j2k2ffiffiffi

3
p ðkÞ2τ −

2jk − k2jðk2Þ2
ðkÞ2τ þ 2ðk2Þ3ffiffiffi

3
p ðkÞ2τ

�
þ b1ðk2ÞD3ðk − k2Þ

×
iffiffiffiffiffiffiffi
2k2

p eiðk2þjk−k2j=
ffiffi
3

p Þτ
�
−

40

jk − k2jðkÞ2τ5
þ 40iffiffiffi

3
p ðkÞ2τ4 þ

40ik2
jk − k2jðkÞ2τ4

þ 4iffiffiffi
3

p jk − k2j2τ4
þ 20jk − k2j

3ðkÞ2τ3

þ 20ðk2Þ2
jk − k2jðkÞ2τ3

þ 4k2ffiffiffi
3

p jk − k2j2τ3
þ 40k2ffiffiffi

3
p ðkÞ2τ3 −

4iðk2Þ3
jk − k2jðkÞ2τ2

−
16iðk2Þ2ffiffiffi
3

p ðkÞ2τ2 −
8ijk − k2j2
3

ffiffiffi
3

p ðkÞ2τ2

−
20ijk − k2jk2

3ðkÞ2τ2 −
2jk − k2j3
9ðkÞ2τ −

2jk − k2j2k2ffiffiffi
3

p ðkÞ2τ −
2jk − k2jðk2Þ2

ðkÞ2τ −
2ðk2Þ3ffiffiffi
3

p ðkÞ2τ

�
þ b2ðk2ÞD2ðk − k2Þ

×
iffiffiffiffiffiffiffi
2k2

p e−iðk2þjk−k2j=
ffiffi
3

p Þτ
�

40

jk − k2jðkÞ2τ5
þ 40iffiffiffi

3
p ðkÞ2τ4 þ

40ik2
jk − k2jðkÞ2τ4

þ 4iffiffiffi
3

p jk − k2j2τ4
−
20jk − k2j
3ðkÞ2τ3
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−
20ðk2Þ2

jk−k2jðkÞ2τ3
−

4k2ffiffiffi
3

p jk−k2j2τ3
−

40k2ffiffiffi
3

p ðkÞ2τ3−
4iðk2Þ3

jk−k2jðkÞ2τ2
−
16iðk2Þ2ffiffiffi
3

p ðkÞ2τ2−
8ijk−k2j2
3

ffiffiffi
3

p ðkÞ2τ2−
20ijk−k2jk2

3ðkÞ2τ2 þ2jk−k2j3
9ðkÞ2τ

þ2jk−k2j2k2ffiffiffi
3

p ðkÞ2τ þ2jk−k2jðk2Þ2
ðkÞ2τ þ 2ðk2Þ3ffiffiffi

3
p ðkÞ2τ

�
þb2ðk2ÞD3ðk−k2Þ

iffiffiffiffiffiffiffi
2k2

p e−iðk2−jk−k2j=
ffiffi
3

p Þτ
�

40

jk−k2jðkÞ2τ5

−
40iffiffiffi
3

p ðkÞ2τ4þ
40ik2

jk−k2jðkÞ2τ4
−

4iffiffiffi
3

p jk−k2j2τ4
−
20jk−k2j
3ðkÞ2τ3 −

20ðk2Þ2
jk−k2jðkÞ2τ3

þ 4k2ffiffiffi
3

p jk−k2j2τ3
þ 40k2ffiffiffi

3
p ðkÞ2τ3

−
4iðk2Þ3

jk−k2jðkÞ2τ2
þ 16iðk2Þ2ffiffiffi

3
p ðkÞ2τ2þ

8ijk−k2j2
3

ffiffiffi
3

p ðkÞ2τ2−
20ijk−k2jk2

3ðkÞ2τ2 þ2jk−k2j3
9ðkÞ2τ −

2jk−k2j2k2ffiffiffi
3

p ðkÞ2τ þ2jk−k2jðk2Þ2
ðkÞ2τ −

2ðk2Þ3ffiffiffi
3

p ðkÞ2τ

�
:

ð4:14Þ

Notice that (4.14) contains no time-integration terms.
The homogeneous solution of (4.11) for a general value of cN is similar to Eq. (2.20) just by a replacement of cL → cN ,

and the inhomogeneous solution of (4.11) is complicated. For the case c2N ¼ 1
3
and a general cL, (4.11) becomes

vkð2Þ
000

sðtÞk þ 1

τ
vkð2Þ

00

sðtÞk þ
�
k2

3
−

4

τ2

�
vkð2Þ

0

sðtÞk þ k2

3τ
vkð2ÞsðtÞk ¼ ZsðtÞkðτÞ: ð4:15Þ

The solution of (4.15) is

vkð2ÞsðtÞk ¼ P1ðkÞ
kτ

þ P2ðkÞ
�
2

kτ
þ iffiffiffi

3
p

�
e−ikτ=

ffiffi
3

p
þ P3ðkÞ

�
2

kτ
−

iffiffiffi
3

p
�
eikτ=

ffiffi
3

p

−
�
2

kτ
cos

�
kτffiffiffi
3

p
�
þ 1ffiffiffi

3
p sin

�
kτffiffiffi
3

p
��Z

τ
�
9 cos

�
kτ0ffiffiffi
3

p
�
þ 3

ffiffiffi
3

p
kτ0 sin

�
kτ0ffiffiffi
3

p
��

ZsðtÞkðτ0Þ
k3τ0

dτ0

−
�
2

kτ
sin

�
kτffiffiffi
3

p
�
−

1ffiffiffi
3

p cos

�
kτffiffiffi
3

p
��Z

τ
�
9 sin

�
kτ0ffiffiffi
3

p
�
− 3

ffiffiffi
3

p
kτ0 cos

�
kτ0ffiffiffi
3

p
��

ZsðtÞkðτ0Þ
k3τ0

dτ0

þ 1

kτ

Z
τ 3ðk2τ02 þ 6Þ

k3τ0
ZsðtÞkðτ0Þdτ0; ð4:16Þ

where P1ðkÞ, P2ðkÞ, P3ðkÞ are arbitrary time-independent functions, determined by initial conditions, and their associated
terms are the homogeneous solution. The P1ðkÞ terms are gauge modes as shall be seen in Sec. V.

The solution of δð2ÞsðtÞk is directly given by (4.5) in k-space as

δð2ÞsðtÞk ¼ −4vkð2Þ
0

sðtÞk þ 3Fk
sðtÞk

¼ 4P1ðkÞ
kτ2

þ P2ðkÞ
�

8

kτ2
þ 8iffiffiffi

3
p

τ
−
4k
3

�
e−ikτ=

ffiffi
3

p
þ P3ðkÞ

�
8

kτ2
−

8iffiffiffi
3

p
τ
−
4k
3

�
eikτ=

ffiffi
3

p
þ 3Fk

sðtÞk

þ
�
−

8

kτ2
cos

�
kτffiffiffi
3

p
�
−

8ffiffiffi
3

p
τ
sin

�
kτffiffiffi
3

p
�
þ 4k

3
cos

�
kτffiffiffi
3

p
��Z

τ
�
9 cos

�
kτ0ffiffiffi
3

p
�

þ 3
ffiffiffi
3

p
kτ0 sin

�
kτ0ffiffiffi
3

p
��

ZsðtÞkðτ0Þ
k3τ0

dτ0 þ
�
−

8

kτ2
sin

�
kτffiffiffi
3

p
�
þ 8ffiffiffi

3
p

τ
cos

�
kτffiffiffi
3

p
�

þ 4k
3
sin

�
kτffiffiffi
3

p
��Z

τ
�
9 sin

�
kτ0ffiffiffi
3

p
�
− 3

ffiffiffi
3

p
kτ0 cos

�
kτ0ffiffiffi
3

p
��

ZsðtÞkðτ0Þ
k3τ0

dτ0

þ 1

kτ2

Z
τ 12ðk2τ02 þ 6Þ

k3τ0
ZsðtÞkðτ0Þdτ0: ð4:17Þ

Integrating the k-mode equation of (4.6) yields the scalar solution
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ϕð2Þ
sðtÞk ¼ −vkð2Þ

0

sðtÞk −
Z

τ k2

3
vkð2ÞsðtÞkdτ

0 þ 3

4
Fk
sðtÞk −

1

4

Z
τ
AsðtÞkdτ0 þ P4ðkÞðτÞ

¼ P1ðkÞ
�

1

kτ2
−
k ln τ
3

�
þ P2ðkÞ

�
2

kτ2
þ 2iffiffiffi

3
p

τ

�
e−ikτ=

ffiffi
3

p
þ P3ðkÞ

�
2

kτ2
−

2iffiffiffi
3

p
τ

�
eikτ=

ffiffi
3

p
þ P4ðkÞ

−
2k
3

Z
τ½P2ðkÞe−ikτ0=

ffiffi
3

p
þ P3ðkÞeikτ0=

ffiffi
3

p
� dτ

0

τ0
þ 3

4
Fk
sðtÞkðτÞ −

1

4

Z
τ
AsðtÞkðτ0Þdτ0

þ
Z

τ ðk2τ02 þ 6Þ ln τ0 þ 3

k2τ0
ZsðtÞkðτ0Þdτ0 þ

�
1

kτ2
−
k ln τ
3

�Z
τ 3ðk2τ02 þ 6Þ

k3τ0
ZsðtÞkðτ0Þdτ0

−
�

2

kτ2
cos

�
kτffiffiffi
3

p
�
þ 2ffiffiffi

3
p

τ
sin

�
kτffiffiffi
3

p
��Z

τ
�
9 cos

�
kτ0ffiffiffi
3

p
�
þ 3

ffiffiffi
3

p
kτ0 sin

�
kτ0ffiffiffi
3

p
��

ZsðtÞkðτ0Þ
k3τ0

dτ0

−
�

2

kτ2
sin

�
kτffiffiffi
3

p
�
−

2ffiffiffi
3

p
τ
cos

�
kτffiffiffi
3

p
��Z

τ
�
9 sin

�
kτ0ffiffiffi
3

p
�
− 3

ffiffiffi
3

p
kτ0 cos

�
kτ0ffiffiffi
3

p
��

ZsðtÞkðτ0Þ
k3τ0

dτ0

þ
Z

τ
�
2

kτ00
cos

�
kτ00ffiffiffi
3

p
�Z

τ00
�
3 cos

�
kτ0ffiffiffi
3

p
�
þ

ffiffiffi
3

p
kτ0 sin

�
kτ0ffiffiffi
3

p
��

ZsðtÞkðτ0Þ
kτ0

dτ0
�
dτ00

þ
Z

τ
�
2

kτ00
sin

�
kτ00ffiffiffi
3

p
�Z

τ00
�
3 sin

�
kτ0ffiffiffi
3

p
�
−

ffiffiffi
3

p
kτ0 cos

�
kτ0ffiffiffi
3

p
��

ZsðtÞkðτ0Þ
kτ0

dτ0
�
dτ00; ð4:18Þ

where AsðtÞ ≡ d
dτ ½43 χ⊤ð1Þ

lm χkð1Þ;lm� by (3.26), and

Z
τ
AsðtÞkdτ0 ¼

1

ð2πÞ3
Z

d3k2

	�
klkm

X
s¼þ;×

ϵ
s
lmðk2Þ

��
−
4

3
hk2

χkð1Þðk−k2Þ

�


¼ 1

ð2πÞ3
Z

d3k2

	�
klkm

X
s¼þ;×

ϵ
s
lmðk2Þ

�
16i

3
ffiffiffiffiffiffiffi
2k2

p jk − k2jτ

×

�
b1ðk2ÞD2ðk − k2Þ

� ffiffiffi
3

p
ieiðk2−jk−k2j=

ffiffi
3

p Þτ

jk − k2jτ
− eik2τ

Z
τ e−ijk−k2jτ0=

ffiffi
3

p

τ0
dτ0

�

þ b1ðk2ÞD3ðk − k2Þ
�
−

ffiffiffi
3

p
ieiðk2þjk−k2j=

ffiffi
3

p Þτ

jk − k2jτ
− eik2τ

Z
τ eijk−k2jτ0=

ffiffi
3

p

τ0
dτ0

�

þ b2ðk2ÞD2ðk − k2Þ
�
−

ffiffiffi
3

p
ie−iðk2þjk−k2j=

ffiffi
3

p Þτ

jk − k2jτ
þ e−ik2τ

Z
τ e−ijk−k2jτ0=

ffiffi
3

p

τ0
dτ0

�

þ b2ðk2ÞD3ðk − k2Þ
� ffiffiffi

3
p

ie−iðk2−jk−k2j=
ffiffi
3

p Þτ

jk − k2jτ
þ e−ik2τ

Z
τ eijk−k2jτ0=

ffiffi
3

p

τ0
dτ0

��

: ð4:19Þ

Notice that in the above, P4ðkÞ terms in (4.18) are gauge modes, as shall be seen in Sec. V.
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Finally, plugging (4.17) and (4.18) into (3.2) in k-space gives the scalar solution

χkð2ÞsðtÞk ¼ 18

k4τ
ϕð2Þ0
sðtÞk þ 6

k2
ϕð2Þ
sðtÞk þ 9

k4τ2
δð2ÞsðtÞk þ 3

k4
EsðtÞk

¼ −P1ðkÞ
2 ln τ
k

þ P2ðkÞ
4

ffiffiffi
3

p
i

k2τ
e−ikτ=

ffiffi
3

p
− P3ðkÞ

4
ffiffiffi
3

p
i

k2τ
eikτ=

ffiffi
3

p
þ 6P4ðkÞ

k2
−
4

k

Z
τ ½P2ðkÞe−ikτ0=

ffiffi
3

p
þ P3ðkÞeikτ0=

ffiffi
3

p
� dτ

0

τ0

−
2 ln τ
k

Z
τ 3ðk2τ02 þ 6Þ

k3τ0
ZsðtÞkðτ0Þdτ0 þ

Z
τ 6ðk2τ02 þ 6Þ ln τ0 þ 18

k4τ0
ZsðtÞkðτ0Þdτ0 −

4
ffiffiffi
3

p

k2τ
sin

�
kτffiffiffi
3

p
�Z

τ
�
9 cos

�
kτ0ffiffiffi
3

p
�

þ 3
ffiffiffi
3

p
kτ0 sin

�
kτ0ffiffiffi
3

p
��

ZsðtÞkðτ0Þ
k3τ0

dτ0 þ 4
ffiffiffi
3

p

k2τ
cos

�
kτffiffiffi
3

p
�Z

τ
�
9 sin

�
kτ0ffiffiffi
3

p
�
− 3

ffiffiffi
3

p
kτ0 cos

�
kτ0ffiffiffi
3

p
��

ZsðtÞkðτ0Þ
k3τ0

dτ0

þ
Z

τ
�
12

k3τ00
cos

�
kτ00ffiffiffi
3

p
�Z

τ00
�
3 cos

�
kτ0ffiffiffi
3

p
�
þ

ffiffiffi
3

p
kτ0 sin

�
kτ0ffiffiffi
3

p
��

ZsðtÞkðτ0Þ
kτ0

dτ0
�
dτ00

þ
Z

τ
�
12

k3τ00
sin

�
kτ00ffiffiffi
3

p
�Z

τ00
�
3 sin

�
kτ0ffiffiffi
3

p
�
−

ffiffiffi
3

p
kτ0 cos

�
kτ0ffiffiffi
3

p
��

ZsðtÞkðτ0Þ
kτ0

dτ0
�
dτ00

þ 3

k4
EsðtÞk þ 27

2k4τ
Fk0
sðtÞkðτÞ þ

27

k4τ2
Fk
sðtÞk þ 9

2k2
Fk
sðtÞkðτÞ −

9

2k4τ
AsðtÞkðτÞ −

3

2k2

Z
τ
AsðtÞkðτ0Þdτ0: ð4:20Þ

We have checked that the scalar solutions (4.16)–(4.18) and (4.20) satisfy the scalar parts of the evolution equation, (3.14)
and (3.18).
The above second-order solutions involve many integrals

R
d3k or

R
dτ of the scalar-tensor coupling terms. In the

k-integrations, the four functions b1ðkÞ, b2ðkÞ,D2ðkÞ, andD3ðkÞ depend upon the concrete initial conditions and inflation
models. Moreover, in actually doing integration, one should avoid IR and UV divergences which may arise from the lower
and upper limits of

R
d3k [66,67]. As an illustration, suppose b1ðkÞ ∝ kN1 , b2ðkÞ ∝ kN2 , D2ðkÞ ∝ kN3 , and D3ðkÞ ∝ kN4 .

Then we shall have the following typical integration terms:

Z
d3k2

�
e−iðk2þjk−k2j=

ffiffi
3

p Þτðk2Þn1 jk − k2jn2klkm
X
s¼þ;×

ϵ
s
lmðk2Þ

�
; ð4:21Þ

where n1 and n2 are linearly related to N1, N2, N3, and N4. Let k be along the z-axis and θ be the angle between k2 and k.
The unit vector along k2 is

k̂2 ¼ cosϕ sin θx̂þ sinϕ sin θŷþ cos θẑ; ð4:22Þ

the orthogonal unit vectors normal to k2 are

û ¼ sinϕx̂ − cosϕŷ; ð4:23Þ

v̂ ¼ cosϕ cos θx̂þ sinϕ cos θŷ − sin θẑ; ð4:24Þ

and the corresponding polarization tensors of the first-order tensor mode are as follows:

ϵ
×
ijðk2Þ ¼ ûiv̂j þ v̂iûj ¼

0
BB@

2 sinϕ cosϕ cos θ sin2ϕ cos θ − cos2ϕ cos θ − sinϕ sin θ

sin2ϕ cos θ − cos2ϕ cos θ −2 sinϕ cosϕ cos θ cosϕ sinϕ

− sinϕ sin θ cosϕ sin θ 0

1
CCA; ð4:25Þ

ϵ
þ
ijðk2Þ ¼ ûiûj − v̂iv̂j ¼

0
BB@

sin2ϕ − cos2ϕcos2θ − sinϕ cosϕð1þ cos2θÞ cosϕ cos θ sin θ

− sinϕ cosϕð1þ cos2θÞ cos2ϕ − sin2ϕcos2θ sinϕ cos θ sin θ

cosϕ cos θ sin θ sinϕ cos θ sin θ −sin2θ

1
CCA: ð4:26Þ
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So one has klkm
P

s¼þ;×ϵ
s
lmðk2Þ ¼ −ðk2Þ2sin2θ. The angular integration in (4.21) can be carried out, yielding

− 2π

Z
K2

K1

dk2

Z
π

0

dθ½e−iðk2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkÞ2þðk2Þ2−2k2k cos θ

p
=
ffiffi
3

p Þτðk2Þn1þ2ððkÞ2 þ ðk2Þ2 − 2k2k cos θÞ
n2
2 ðkÞ2sin3θ�

¼ −π
Z

K2

K1

dk2

	
3

n2
2
þ1

2kτ6
ðk2Þn1−1e−ik2ττ−n2ð−iÞn2

�
τ4ððkÞ2 − ðk2Þ2Þ2Γ

�
n2 þ 2;

ijk − k2jτffiffiffi
3

p
�

þ 6τ2ððkÞ2 þ ðk2Þ2ÞΓ
�
n2 þ 4;

ijk − k2jτffiffiffi
3

p
�
þ 9Γ

�
n2 þ 6;

ijk − k2jτffiffiffi
3

p
�

− τ4ððkÞ2 − ðk2Þ2Þ2Γ
�
n2 þ 2;

iðkþ k2Þτffiffiffi
3

p
�
− 6τ2ððkÞ2 þ ðk2Þ2ÞΓ

�
n2 þ 4;

iðkþ k2Þτffiffiffi
3

p
�

− 9Γ
�
n2 þ 6;

iðkþ k2Þτffiffiffi
3

p
��


;

where the integration limits K1 and K2 are cutoffs to ensure
IR and UV convergence, and the remaining integration over
k2 can be done numerically. All other

R
d3k terms can be

treated similarly.
The time integrations can also be carried out. ZsðtÞk in

(4.12) and (4.14) only has one typeof term: 1
τN
e−i

kτffiffi
3

p
, so that the

single time integrations of ZsðtÞk have the nontrivial terms,

Z
τ dτ0

τ0n
exp

�
−i

k1τ0ffiffiffi
3

p
�
∝ kn−1Γ

�
1 − n;

ikτffiffiffi
3

p
�
; ð4:27Þ

Z
τ dτ0

τ0n
ln τ0 exp

�
−i

k1τ0ffiffiffi
3

p
�

∝ 3
1−n
2 ðikÞn−1 ln τΓ

�
1 − n; 0;

ikτffiffiffi
3

p
�

−
τ1−n

ð1 − nÞ2 2F2

�
1 − n; 1 − n; 2 − n; 2 − n;−

ikτffiffiffi
3

p
�
;

ð4:28Þ

and the double time integrations of ZsðtÞk have the following
nontrivial term:

Z
τ dτ0

τ0
exp

�
i
k1τ0ffiffiffi
3

p
� Z

τ0 dτ00

τ00n
exp

�
i
k2τ00ffiffiffi

3
p

�
≡ z5ðτ; n; k1; k2Þ;

ð4:29Þ

which, in actual computing, can be defined as a function and
recalled [63]. As an illustration, we plot the real part of z5
in Fig. 1.

B. Solution for tensor-tensor couplings

Now we solve the second-order perturbations with
tensor-tensor couplings. The tensor part of the traceless
part of evolution equation (3.54) has the general solution

χ⊤ð2Þ
Tij ðx; τÞ ¼

Z
d3k

ð2πÞ32 e
ik·x

�
ĪTijðk; τÞ þ

X
s¼þ;×

ϵ
s
ijðkÞ

×

�
−fs1

ffiffiffi
2

π

r
ieikτ

kτ
þ fs2

ffiffiffi
2

π

r
ie−ikτ

kτ

��
; ð4:30Þ

where fs1ðkÞ and fs2ðkÞ terms represent a homogeneous
solution, similar to (4.1). The integrand of the inhomo-
geneous solution in (4.30) is given by

ĪTijðk; τÞ≡ ie−ikτ

kτ

Z
τ
τ0eikτ0 J̄Tijðk; τ0Þdτ0

−
ieikτ

kτ

Z
τ
τ0e−ikτ0 J̄Tijðk; τ0Þdτ0; ð4:31Þ

with J̄Tij being the Fourier transform of the source JTij in
(3.55) that contains many terms of products of first-order
solutions. The solution (4.30) has a similar structure to the

FIG. 1. Real part of z5ðτ; 1; k1; k2Þ at fixed k2.

BO WANG and YANG ZHANG PHYS. REV. D 99, 123008 (2019)

123008-18



solution (4.1) except for the inhomogeneous part with a
different source term.
The vector solution of Eq. (3.52) is

χ⊥ð2Þ
Tij ðx; τÞ ¼ q3ijðxÞ þ

q4ijðxÞ
τ

þ
Z

τ dτ0

τ02

Z
τ0

2τ002VTijðx; τ00Þdτ00; ð4:32Þ

with VTij given by (3.53) and q3ijðxÞ and q4ijðxÞ are
two coefficients to be determined by initial conditions.
Note that q3ijðxÞ is a gauge mode as shall be seen in the
next section. Also the solution (4.32) has a similar structure
to the solution (4.3). Plugging the solution (4.32) into
(3.41), one has the transverse part of the second-order
velocity as

v⊥ð2Þ
Ti ¼ q;j4ijðxÞ

8
þ τ2

4
ðMTi − ∂i∇−2M;k

TkÞ

−
1

4

Z
τ
τ02V;j

Tijðx; τ0Þdτ0; ð4:33Þ

where (MTi − ∂i∇−2M;k
Tk) is in (3.42). This solution sat-

isfies the transverse momentum conservation (3.60), i.e.,

v⊥ð2Þ0
Ti ¼ 0, as we have checked. According to (4.33), the

second-order curl vector v⊥ð2Þ
i is generated by the coupling,

although the first-order curl vector v⊥ð1Þ
i is zero by

assumption.
Next, we solve the scalars. From the longitudinal

momentum conservation (3.59),

δð2ÞT ¼ −
4

3c2N
vkð2Þ

0
T : ð4:34Þ

Plugging the above δð2ÞT into the energy conservation (3.56)

gives ϕð2Þ0
T in terms of vkð2ÞT , vkð2Þ

0
T , vkð2Þ

00
T as

ϕð2Þ0
T ¼ −

1

3c2N
vkð2Þ

00
T −

1

τ

c2N − 1
3

c2N
vkð2Þ

0
T þ 1

3
∇2vkð2ÞT −

1

4
AT:

ð4:35Þ

To use the energy constraint (3.35), taking [ ddτ ð3.35Þ]
gives

−
6

τ
ϕð2Þ00
T þ 6

τ2
ϕð2Þ0
T þ∇2

�
2ϕð2Þ0

T þ 1

3
∇2χkð2Þ

0
T

�

¼ 3

τ2
δð2Þ

0
T −

6

τ3
δð2ÞT þ E0

T: ð4:36Þ

Plugging the momentum constraint (3.39) into the above to

eliminate ∇2∇2χkð2Þ
0

T , one has

−
6

τ
ϕð2Þ00
T þ 6

τ2
ϕð2Þ0
T −

4

τ2
∇2vkð2ÞT þM;k

Tk

¼ 3

τ2
δð2Þ

0
T −

6

τ3
δð2ÞT þ E0

T: ð4:37Þ

Then, plugging δð2ÞT of (4.34) and ϕð2Þ0
T of (4.35) into the

above yields a third-order differential equation of vkð2ÞT as

vkð2Þ
000

T þ 3c2N
τ

vkð2Þ
00

T −
6c2N þ 2

τ2
vkð2Þ

0
T −

c2N
τ
∇2vkð2ÞT

− c2N∇2vkð2Þ
0

T ¼ ZT; ð4:38Þ

with

ZT ≡ −
3c2N
4

A0
T þ 3c2N

4τ
AT −

τ

2
c2NM

;l
Tl þ

τ

2
c2NE

0
T; ð4:39Þ

which can also be written as

ZT ¼ −
1

6
χ⊤ð1Þ0lmχ⊤ð1Þ0

lm ; ð4:40Þ

where the first-order GW equation (2.25) is used.
Equation (4.38) in the k-space is

vkð2Þ
000

Tk þ 3c2N
τ

vkð2Þ
00

Tk þ
�
c2Nk

2 −
6c2N þ 2

τ2

�
vkð2Þ

0
Tk

þ c2N
τ
k2vkð2ÞTk ¼ ZTkðτÞ; ð4:41Þ

where the source

ZTk¼
1

ð2πÞ3=2
Z

d3x

�
−
1

6
χ⊤ð1Þ0lmχ⊤ð1Þ0

lm

�
e−ik·x

¼−
1

6ð2πÞ3
Z

d3k2

� X
s1¼þ;×

X
s2¼þ;×

ϵ
s1
lmðk−k2Þϵ

s2 lmðk2Þ
�

×h0k−k2
h0k2

ð4:42Þ

is the Fourier transform of ZTðx; τÞ in (4.39). Plugging
(2.28) into the above, one has
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ZTk ¼ 1

12ð2πÞ3
Z

d3k2

� X
s1¼þ;×

X
s2¼þ;×

ϵ
s1
lmðk − k2Þϵ

s2 lmðk2Þ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2jk − k2j
p

×

	
−b1ðk2Þb2ðk − k2Þeiðk2−jk−k2jÞτ

�
1

τ4
þ iðjk − k2j − k2Þ

τ3
þ k2jk − k2j

τ2

�

þ b1ðk2Þb1ðk − k2Þeiðk2þjk−k2jÞτ
�
1

τ4
−
iðjk − k2j þ k2Þ

τ3
−
k2jk − k2j

τ2

�

þ b2ðk2Þb2ðk − k2Þe−iðk2þjk−k2jÞτ
�
1

τ4
þ iðjk − k2j þ k2Þ

τ3
−
k2jk − k2j

τ2

�

− b2ðk2Þb1ðk − k2Þe−iðk2−jk−k2jÞτ
�
1

τ4
−
iðjk − k2j − k2Þ

τ3
þ k2jk − k2j

τ2

�
�
: ð4:43Þ

The homogeneous solution of (4.41) for a general value of cN is similar to the first-order solution (2.20) just by a
replacement of cL → cN and a new set of integration constants d1, d2, d3. For simplicity, we take c2N ¼ 1

3
, and cL can be a

general value in the following calculations. Then, (4.41) becomes

vkð2Þ
000

Tk þ 1

τ
vkð2Þ

00
Tk þ

�
k2

3
−

4

τ2

�
vkð2Þ

0
Tk þ k2

3τ
vkð2ÞTk ¼ ZTkðτÞ: ð4:44Þ

The solution of (4.44) is

vkð2ÞTk ¼ Q1ðkÞ
kτ

þQ2ðkÞ
�
2

kτ
þ iffiffiffi

3
p

�
e−ikτ=

ffiffi
3

p
þQ3ðkÞ

�
2

kτ
−

iffiffiffi
3

p
�
eikτ=

ffiffi
3

p

−
�
2

kτ
cos

�
kτffiffiffi
3

p
�
þ 1ffiffiffi

3
p sin

�
kτffiffiffi
3

p
��Z

τ
�
9 cos

�
kτ0ffiffiffi
3

p
�
þ 3

ffiffiffi
3

p
kτ0 sin

�
kτ0ffiffiffi
3

p
��

ZTkðτ0Þ
k3τ0

dτ0

−
�
2

kτ
sin

�
kτffiffiffi
3

p
�
−

1ffiffiffi
3

p cos

�
kτffiffiffi
3

p
��Z

τ
�
9 sin

�
kτ0ffiffiffi
3

p
�
− 3

ffiffiffi
3

p
kτ0 cos

�
kτ0ffiffiffi
3

p
��

ZTkðτ0Þ
k3τ0

dτ0

þ 1

kτ

Z
τ 3ðk2τ02 þ 6Þ

k3τ0
ZTkðτ0Þdτ0; ð4:45Þ

where Q1ðkÞ, Q2ðkÞ, Q3ðkÞ are time-independent coefficients, determined by initial conditions, corresponding to the
homogeneous terms of the solution. Note that the Q1ðkÞ term is a gauge mode as shall be seen in Sec. V. The solution

of δð2ÞTk is directly given by (4.34) in k-space as

δð2ÞTk ¼ −4vkð2Þ
0

Tk

¼ 4Q1ðkÞ
kτ2

þQ2ðkÞ
�

8

kτ2
þ 8iffiffiffi

3
p

τ
−
4k
3

�
e−ikτ=

ffiffi
3

p
þQ3ðkÞ

�
8

kτ2
−

8iffiffiffi
3

p
τ
−
4k
3

�
eikτ=

ffiffi
3

p

þ
�
−

8

kτ2
cos

�
kτffiffiffi
3

p
�
−

8ffiffiffi
3

p
τ
sin

�
kτffiffiffi
3

p
�
þ 4k

3
cos

�
kτffiffiffi
3

p
��Z

τ
�
9 cos

�
kτ0ffiffiffi
3

p
�
þ 3

ffiffiffi
3

p
kτ0 sin

�
kτ0ffiffiffi
3

p
��

ZTkðτ0Þ
k3τ0

dτ0

þ
�
−

8

kτ2
sin

�
kτffiffiffi
3

p
�
þ 8ffiffiffi

3
p

τ
cos

�
kτffiffiffi
3

p
�
þ 4k

3
sin

�
kτffiffiffi
3

p
��Z

τ
�
9 sin

�
kτ0ffiffiffi
3

p
�

− 3
ffiffiffi
3

p
kτ0 cos

�
kτ0ffiffiffi
3

p
��

ZTkðτ0Þ
k3τ0

dτ0 þ 1

kτ2

Z
τ 12ðk2τ02 þ 6Þ

k3τ0
ZTkðτ0Þdτ0: ð4:46Þ

Integrating (4.35) yields the solution of ϕð2Þ
Tk as
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ϕð2Þ
Tk ¼ −vkð2Þ

0
Tk −

Z
τ k2

3
vkð2ÞTk dτ0 −

1

4

Z
τ
ATkdτ0 þQ4ðkÞðτÞ

¼ Q1ðkÞ
�

1

kτ2
−
k ln τ
3

�
þQ2ðkÞ

�
2

kτ2
þ 2iffiffiffi

3
p

τ

�
e−ikτ=

ffiffi
3

p
þQ3ðkÞ

�
2

kτ2
−

2iffiffiffi
3

p
τ

�
eikτ=

ffiffi
3

p
þQ4ðkÞ

−
2k
3

Z
τ ½Q2ðkÞe−ikτ0=

ffiffi
3

p
þQ3ðkÞeikτ0=

ffiffi
3

p
� dτ

0

τ0
−
1

4

Z
τ
ATkðτ0Þdτ0

þ
Z

τ ðk2τ02 þ 6Þ ln τ0 þ 3

k2τ0
ZTkðτ0Þdτ0 þ

�
1

kτ2
−
k ln τ
3

�Z
τ 3ðk2τ02 þ 6Þ

k3τ0
ZTkðτ0Þdτ0

−
�

2

kτ2
cos

�
kτffiffiffi
3

p
�
þ 2ffiffiffi

3
p

τ
sin

�
kτffiffiffi
3

p
��Z

τ
�
9 cos

�
kτ0ffiffiffi
3

p
�
þ 3

ffiffiffi
3

p
kτ0 sin

�
kτ0ffiffiffi
3

p
��

ZTkðτ0Þ
k3τ0

dτ0

−
�

2

kτ2
sin

�
kτffiffiffi
3

p
�
−

2ffiffiffi
3

p
τ
cos

�
kτffiffiffi
3

p
��Z

τ
�
9 sin

�
kτ0ffiffiffi
3

p
�
− 3

ffiffiffi
3

p
kτ0 cos

�
kτ0ffiffiffi
3

p
��

ZTkðτ0Þ
k3τ0

dτ0

þ
Z

τ
�
2

kτ00
cos

�
kτ00ffiffiffi
3

p
�Z

τ00
�
3 cos

�
kτ0ffiffiffi
3

p
�
þ

ffiffiffi
3

p
kτ0 sin

�
kτ0ffiffiffi
3

p
��

ZTkðτ0Þ
kτ0

dτ0
�
dτ00

þ
Z

τ
�
2

kτ00
sin

�
kτ00ffiffiffi
3

p
�Z

τ00
�
3 sin

�
kτ0ffiffiffi
3

p
�
−

ffiffiffi
3

p
kτ0 cos

�
kτ0ffiffiffi
3

p
��

ZTkðτ0Þ
kτ0

dτ0
�
dτ00; ð4:47Þ

where [by AT ¼ d
dτ ½23 χ⊤ð1Þ

lm χ⊤ð1Þlm� in (3.57)]

Z
τ
ATkdτ0 ¼

2

3ð2πÞ3
Z

d3k2

� X
s1¼þ;×

X
s2¼þ;×

ϵ
s1
lmðk − k2Þϵ

s2lmðk2Þhk−k2
hk2

�

¼ 1

3ð2πÞ3
Z

d3k2

�
1

τ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2jk − k2j

p X
s1¼þ;×

X
s2¼þ;×

ϵ
s1
lmðk − k2Þϵ

s2lmðk2Þ

× ðb1ðk2Þb2ðk − k2Þeiðk2−jk−k2jÞτ − b1ðk2Þb1ðk − k2Þeiðk2þjk−k2jÞτ

− b2ðk2Þb2ðk − k2Þe−iðk2þjk−k2jÞτ þ b2ðk2Þb1ðk − k2Þe−iðk2−jk−k2jÞτÞ
�
: ð4:48Þ

In the above and the following solutions, Q4ðkÞ terms are gauge modes, as shall be seen in Sec. V.
Finally, plugging (4.46) and (4.47) into (3.35) in k-space, one has the scalar solution

χkð2ÞTk ¼ 18

k4τ
ϕð2Þ0
Tk þ 6

k2
ϕð2Þ
Tk þ

9

k4τ2
δð2ÞTk þ

3

k4
ETk

¼ −Q1ðkÞ
2 ln τ
k

þQ2ðkÞ
4

ffiffiffi
3

p
i

k2τ
e−ikτ=

ffiffi
3

p
−Q3ðkÞ

4
ffiffiffi
3

p
i

k2τ
eikτ=

ffiffi
3

p
þ 6Q4ðkÞ

k2
−
4

k

Z
τ
½Q2ðkÞe−ikτ0=

ffiffi
3

p
þQ3ðkÞeikτ0=

ffiffi
3

p
�dτ

0

τ0

−
2 ln τ
k

Z
τ 3ðk2τ02 þ 6Þ

k3τ0
ZTkðτ0Þdτ0 þ

Z
τ 6ðk2τ02 þ 6Þ ln τ0 þ 18

k4τ0
ZTkðτ0Þdτ0 −

4
ffiffiffi
3

p

k2τ
sin

�
kτffiffiffi
3

p
�Z

τ
�
9 cos

�
kτ0ffiffiffi
3

p
�

þ 3
ffiffiffi
3

p
kτ0 sin

�
kτ0ffiffiffi
3

p
��

ZTkðτ0Þ
k3τ0

dτ0 þ 4
ffiffiffi
3

p

k2τ
cos

�
kτffiffiffi
3

p
�Z

τ
�
9 sin

�
kτ0ffiffiffi
3

p
�
− 3

ffiffiffi
3

p
kτ0 cos

�
kτ0ffiffiffi
3

p
��

ZTkðτ0Þ
k3τ0

dτ0

þ
Z

τ
�
12

k3τ00
cos

�
kτ00ffiffiffi
3

p
�Z

τ00
�
3 cos

�
kτ0ffiffiffi
3

p
�
þ

ffiffiffi
3

p
kτ0 sin

�
kτ0ffiffiffi
3

p
��

ZTkðτ0Þ
kτ0

dτ0
�
dτ00

þ
Z

τ
�
12

k3τ00
sin

�
kτ00ffiffiffi
3

p
�Z

τ00
�
3 sin

�
kτ0ffiffiffi
3

p
�
−

ffiffiffi
3

p
kτ0 cos

�
kτ0ffiffiffi
3

p
��

ZTkðτ0Þ
kτ0

dτ0
�
dτ00

þ 3

k4
ETk −

9

2k4τ
ATkðτÞ−

3

2k2

Z
τ
ATkðτ0Þdτ0: ð4:49Þ
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We have checked that the scalar solutions (4.45)–(4.47) and
(4.49) satisfy the scalar parts of the evolution equation,
(3.45) and (3.49). So far, the solutions for the second-order
perturbations have all been given. The expressions of the
second-order solutions for the RD stage generally contain
many more terms than those for the MD stage [61,62].

The second-order solutions contain several terms of
integrals of the tensor-tensor coupling. The

R
d3k integral

can be treated in a similar way to the paragraph below
(4.20). As an illustration, suppose b1ðkÞ ∝ kN1 and
b2ðkÞ ∝ kN2 . Then we shall have the following typical
integration,

Z
d3k2

�
e−iðk2þjk−k2jÞτðk2Þn3 jk − k2jn4

X
s1¼þ;×

X
s2¼þ;×

ϵ
s1
lmðk − k2Þϵ

s2lmðk2Þ
�

¼
Z

K4

K3

dk2

Z
π

0

dϕ
Z

π

0

sin θdθ

�
e−iðk2þjk−k2jÞτðk2Þn3þ2jk − k2jn4

X
s1¼þ;×

X
s2¼þ;×

ϵ
s1
lmðk − k2Þϵ

s2lmðk2Þ
�
; ð4:50Þ

where n3 and n4 are linearly related to N1 and N2, and K3

and K4 are cutoffs to ensure IR and UV convergence. Take
k as the z-axis and θ as the angle between k2 and k. The

polarization tensors ϵ
s
ijðk2Þ are the same as (4.25) and

(4.26), and ϵ
s
ijðk − k2Þ are given by a replacement of

θ → arctanð k2 sin θ
k−k2 cos θ

Þ and ϕ → ϕþ π in (4.25) and (4.26).
With these relations, the integration over k2 can be treated
similarly to the paragraph below (4.20). As for the time
integrations

R
dτ, since ZTkðτÞ in (4.43) only has one type

of term, 1

τN
0 e−ikτ, the time integrations in the tensor-tensor

coupling case have similar forms as in (4.27)–(4.29) and
can be done numerically.

V. SECOND-ORDER RESIDUAL GAUGE MODES
IN SYNCHRONOUS COORDINATES

The second-order perturbation solutions in the last section
contain the gauge modes. In this section, we shall give the
second-order residual gauge transformations for scalar-
tensor and tensor-tensor coupling cases and eliminate the
second-order residual gauge modes in the solutions.
Consider the coordinate transformation up to second

order [60,61,63]:

xμ → x̄μ ¼ xμ þ ξð1Þμ þ 1

2
ξð1Þμ;α ξð1Þα þ 1

2
ξð2Þμ; ð5:1Þ

where ξð1Þμ is a first-order vector field and ξð2Þμ is a second-
order vector field, and they can be written in terms of their
respective parameters,

ξðAÞ0 ¼ αðAÞ; with A ¼ 1; 2; ð5:2Þ

ξðAÞi ¼ ∂iβðAÞ þ dðAÞi with ∂idðAÞi ¼ 0: ð5:3Þ

For the RD stage with aðτÞ ∝ τ,

ξð1Þ0ðτ;xÞ ¼ Að1ÞðxÞ
τ

; ð5:4Þ

ξð1Þiðτ;xÞ ¼ Að1Þ;i ln τ þ Ckð1Þ;iðxÞ þ C⊥ð1ÞiðxÞ; ð5:5Þ

where Að1Þ and Ckð1Þ are τ-independent scalar functions,

C⊥ð1Þ
i is a τ-independent curl vector, and all of them are

of first order. [See (C12) and (C13) of Ref. [63].] The
first-order gauge transformations of metric perturbations
between two synchronous coordinate systems are given
in (3.37)–(3.50) of Ref. [63].
The general second-order synchronous-to-synchronous

gauge transformations in a general RW spacetime are given
in Appendix C in Ref. [63]. Here we apply them to the case
of aðτÞ ∝ τ. First we shall give the second-order gauge
transformations for the scalar-tensor coupling. From (C27),

(C29), and (C30) of Ref. [63], keeping only the χ⊤ð1Þ
ij -

linear-dependent terms, the second-order vector field ξð2Þμ
is given as follows:

αð2Þ ¼ Að2ÞðxÞ
τ

; ð5:6Þ

βð2Þ ¼ ∇−2
�
−Að1Þ;lm

Z
τ 2χ⊤ð1Þ

lm ðτ0;xÞ
τ0

dτ0
�

þ Að2ÞðxÞ ln τ þ Ckð2ÞðxÞ; ð5:7Þ

dð2Þi ¼ ∂i∇−2
�
2Að1Þ;lm

Z
τ χ⊤ð1Þ

lm ðτ0;xÞ
τ0

dτ0
�

− 2Að1Þ;l
Z

τ χ⊤ð1Þ
li ðτ0;xÞ

τ0
dτ0 þ C⊥ð2Þ

i ðxÞ; ð5:8Þ

where Að2Þ and Ckð2Þ are τ-independent scalar functions,

C⊥ð2Þ
i is a τ-independent curl vector, and all of them are of

second order. From (C31)–(C34) of Ref. [63] applied to the
RD stage and for the scalar-tensor coupling, we have the
second-order transformation of metric perturbations
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ϕ̄ð2Þ
sðtÞ ¼ ϕð2Þ

sðtÞ þ
2 ln τ
3

χ⊤ð1Þ
lm Að1Þ;lm − Að1Þ;lm

Z
τ 2χ⊤ð1Þ

lm ðτ0;xÞ
3τ0

dτ0 þ 1

τ2
Að2Þ þ ln τ

3
∇2Að2Þ þ 1

3
∇2Ckð2Þ; ð5:9Þ

χ̄kð2Þ ¼ χkð2Þ −
6

τ2
∇−2∇−2ðχ⊤ð1Þ

lm Að1Þ;lmÞ − 3

τ
∇−2∇−2ðχ⊤ð1Þ0

lm Að1Þ;lmÞ

þ ½ln τ�f2∇−2ðχ⊤ð1Þ
lm Að1Þ;lmÞ − 3∇−2∇−2ð3χ⊤ð1Þ

lm;nA
ð1Þ;lmn þ 2χ⊤ð1Þ

lm ∇2Að1Þ;lmÞg
þ f2∇−2ðχ⊤ð1Þ

lm Ckð1Þ;lmÞ − 3∇−2∇−2ð3χ⊤ð1Þ
lm;nC

kð1Þ;lmn þ 2χ⊤ð1Þ
lm ∇2Ckð1Þ;lmÞg

− 4∇−2
	
−Að1Þ;lm

Z
τ χ⊤ð1Þ

lm ðτ0;xÞ
τ0

dτ0


− 2½ln τ�Að2Þ − 2Ckð2Þ; ð5:10Þ

χ̄⊥ð2Þ
ij ¼ χ⊥ð2Þ

ij þ 2

τ2
f−2∂i∇−2ðχ⊤ð1Þ

lj Að1Þ;lÞ þ 2∂i∂j∇−2∇−2ðχ⊤ð1Þ
lm Að1Þ;lmÞg − 1

τ
f2∂i∇−2ðχ⊤ð1Þ0

lj Að1Þ;lÞ

− 2∂i∂j∇−2∇−2ðχ⊤ð1Þ0
lm Að1Þ;lmÞg − ½ln τ�f2∂i∇−2ð2χ⊤ð1Þ

lj;m Að1Þ;lm þ χ⊤ð1Þ
lm Að1Þ;lm

;j þ χ⊤ð1Þ
lj ∇2Að1Þ;lÞ

− 2∂i∂j∇−2∇−2ð3χ⊤ð1Þ
lm;nA

ð1Þ;lmn þ 2χ⊤ð1Þ
lm ∇2Að1Þ;lmÞg þ f−2∂i∇−2ð2χ⊤ð1Þ

lj;m Ckð1Þ;lm þ χ⊤ð1Þ
lm Ckð1Þ;lm

;j þ χ⊤ð1Þ
lj ∇2Ckð1Þ;lÞ

þ 2∂i∂j∇−2∇−2ðþ3χ⊤ð1Þ
lm;nC

kð1Þ;lmn þ 2χ⊤ð1Þ
lm ∇2Ckð1Þ;lmÞg þ ∂i

	
Að1Þ;l

Z
τ 2χ⊤ð1Þ

lj ðτ0;xÞ
τ0

dτ0



þ ∂i∂j∇−2
	
−Að1Þ;lm

Z
τ 2χ⊤ð1Þ

lm ðτ0;xÞ
τ0

dτ



− C⊥ð2Þ

i;j þ ði ↔ jÞ; ð5:11Þ

and

χ̄⊤ð2Þ
ij ¼ χ⊤ð2Þ

ij þ 2

τ2
f−δij∇−2ðχ⊤ð1Þ

lm Að1Þ;lmÞ − 2χ⊤ð1Þ
ij Að1Þ þ 2∂i∇−2ðχ⊤ð1Þ

lj Að1Þ;lÞ þ 2∂j∇−2ðχ⊤ð1Þ
li Að1Þ;lÞ

− ∂i∂j∇−2∇−2ðχ⊤ð1Þ
lm Að1Þ;lmÞg þ 1

τ
f−δij∇−2ðχ⊤ð1Þ0

lm Að1Þ;lmÞ − 2χ⊤ð1Þ0
ij Að1Þ þ 2∂i∇−2ðχ⊤ð1Þ0

lj Að1Þ;lÞ

þ 2∂j∇−2ðχ⊤ð1Þ0
li Að1Þ;lÞ − ∂i∂j∇−2∇−2ðχ⊤ð1Þ0

lm Að1Þ;lmÞg þ ½ln τ�fδij∇−2ðχ⊤ð1Þ
lm;nA

ð1Þ;lmn þ 2Að1Þ;lm∇2χ⊤ð1Þ
lm Þ

− 2χ⊤ð1Þ
ij;l Að1Þ;l − 2χ⊤ð1Þ

li Að1Þ;l
;j − 2χ⊤ð1Þ

lj Að1Þ;l
;i þ 2∂i∇−2ð2χ⊤ð1Þ

lj;m Að1Þ;lm þ χ⊤ð1Þ
lm Að1Þ;lm

;j þ χ⊤ð1Þ
lj ∇2Að1Þ;lÞ

þ 2∂j∇−2ð2χ⊤ð1Þ
li;m Að1Þ;lm þ χ⊤ð1Þ

lm Að1Þ;lm
;i þ χ⊤ð1Þ

li ∇2Að1Þ;lÞ − ∂i∂j∇−2∇−2ð7χ⊤ð1Þ
lm;nA

ð1Þ;lmn þ 4χ⊤ð1Þ
lm ∇2Að1Þ;lm

þ 2Að1Þ;lm∇2χ⊤ð1Þ
lm Þg þ fδij∇−2ðχ⊤ð1Þ

lm;nC
kð1Þ;lmn þ 2Ckð1Þ;lm∇2χ⊤ð1Þ

lm Þ − 2χ⊤ð1Þ
ij;l Ckð1Þ;l − 2χ⊤ð1Þ

li Ckð1Þ;l
;j − 2χ⊤ð1Þ

lj Ckð1Þ;l
;i

þ 2∂i∇−2ð2χ⊤ð1Þ
lj;m Ckð1Þ;lm þ χ⊤ð1Þ

lm Ckð1Þ;lm
;j þ χ⊤ð1Þ

lj ∇2Ckð1Þ;lÞ þ 2∂j∇−2ð2χ⊤ð1Þ
li;m Ckð1Þ;lm þ χ⊤ð1Þ

lm Ckð1Þ;lm
;i

þ χ⊤ð1Þ
li ∇2Ckð1Þ;lÞ − ∂i∂j∇−2∇−2ð7χ⊤ð1Þ

lm;nC
kð1Þ;lmn þ 4χ⊤ð1Þ

lm ∇2Ckð1Þ;lm þ 2Ckð1Þ;lm∇2χ⊤ð1Þ
lm Þg: ð5:12Þ

Equation (5.12) tells that the transformation of the second-
order tensor involves only ξð1Þμ, independent of the second-
order vector field ξð2Þμ. So the second-order tensor is
effectively gauge invariant under the second-order gauge
transformations. This is similar to the case of the MD stage
in Ref. [61].
From (C38), (C39), and (C42)–(C44) in Ref. [63],

applied to the RD stage and for the scalar-tensor coupling,
we have the second-order transformation for the density
contrast and the velocity as follows:

δ̄ð2ÞsðtÞ ¼ δð2ÞsðtÞ þ
4

τ2
Að2ÞðxÞ; ð5:13Þ

v̄kð2ÞsðtÞ ¼ vkð2ÞsðtÞ þ
1

τ
∇−2ð−2Að1Þ;lmχ⊤ð1Þ

lm Þ þ Að2ÞðxÞ
τ

; ð5:14Þ

v̄⊥ð2Þ
sðtÞi ¼ v⊥ð2Þ

sðtÞi þ
1

τ
½−2Að1Þ;lχ⊤ð1Þ

li þ ∂i∇−2ð2Að1Þ;lmχ⊤ð1Þ
lm Þ�:
ð5:15Þ

The above general synchronous-to-synchronous trans-
formations contain two vector fields ξð1Þμ and ξð2Þμ.
However, in applications, distinctions should be made
between ξð1Þμ and ξð2Þμ. If one sets ξð2Þμ ¼ 0 [68,69], only

ξð1Þμ remains, which ensures ḡð1Þ00 ¼ 0, ḡð1Þ0i ¼ 0 and keeps
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the obtained first-order solutions as gauge invariant; one

has no freedom to make ḡð2Þ00 ¼ 0 and ḡð2Þ0i ¼ 0 anymore,
because ξð1Þμ has been already fixed. Thus, this kind
of second-order transformation is not effective when
ξð2Þμ ¼ 0. The more interesting case of second-order gauge
transformation is when the first-order solutions are held
fixed and only the second-order ξð2Þμ is allowed [70]. In this
case one simply sets ξð1Þμ ¼ 0 but ξð2Þμ ≠ 0 in (5.6)–(5.8),
which reduce to

αð2Þðτ;xÞ ¼ Að2ÞðxÞ
τ

; ð5:16Þ

βð2Þðτ;xÞ ¼ Að2ÞðxÞ ln τ þ Ckð2ÞðxÞ; ð5:17Þ

dð2Þi ðxÞ ¼ C⊥ð2Þ
i ðxÞ; ð5:18Þ

and (5.9)–(5.15) reduce to

ϕ̄ð2Þ
sðtÞðτ;xÞ ¼ ϕð2Þ

sðtÞðτ;xÞ þ
Að2ÞðxÞ

τ2
þ ln τ

3
∇2Að2ÞðxÞ

þ 1

3
∇2Ckð2ÞðxÞ; ð5:19Þ

χ̄kð2ÞsðtÞ ðτ;xÞ ¼ χkð2ÞsðtÞ ðτ;xÞ − 2Að2ÞðxÞ ln τ − 2Ckð2ÞðxÞ;
ð5:20Þ

χ̄⊥ð2Þ
sðtÞijðτ;xÞ ¼ χ⊥ð2Þ

sðtÞijðτ;xÞ − ∂jC
⊥ð2Þ
i ðxÞ − ∂iC

⊥ð2Þ
j ðxÞ;

ð5:21Þ

χ̄⊤ð2Þ
sðtÞijðτ;xÞ ¼ χ⊤ð2Þ

sðtÞijðτ;xÞ; ð5:22Þ

δ̄ð2ÞsðtÞðτ;xÞ ¼ δð2ÞsðtÞðτ;xÞ þ
4

τ2
Að2ÞðxÞ; ð5:23Þ

v̄kð2ÞsðtÞ ðτ;xÞ ¼ vkð2ÞsðtÞ ðτ;xÞ þ
Að2ÞðxÞ

τ
; ð5:24Þ

v̄⊥ð2Þ
sðtÞi ðτ;xÞ ¼ v⊥ð2Þ

sðtÞi ðτ;xÞ; ð5:25Þ

which has the same structure as the first-order residual

transforms [63]. It is seen that χ⊤ð2Þ
sðtÞij and v

⊥ð2Þi
sðtÞ are invariant

within synchronous coordinates. Equation (5.21) tells that
the τ-independent term q1ijðxÞ in the vector solution (4.3)

is a gauge term and can be eliminated by a choice of C⊥ð2Þ
j ,

so that the gauge-invariant vector solution is

χ⊥ð2Þ
sðtÞijðx; τÞ ¼

q2ijðxÞ
τ

þ
Z

τ dτ0

τ02

Z
τ0

2τ002VsðtÞijðx; τ00Þdτ00:

ð5:26Þ

To identify the residual gauge modes in the second-order
scalar solutions, we write (5.19), (5.20), (5.23), and (5.24)
in k-space:

ϕ̄ð2Þ
sðtÞkðτÞ ¼ ϕð2Þ

sðtÞkðτÞ þ Að2Þ
k

�
1

τ2
−
k2

3
ln τ

�
−
k2

3
Ckð2Þ
k ;

ð5:27Þ

χ̄kð2ÞsðtÞkðτÞ ¼ χkð2ÞsðtÞkðτÞ − 2Að2Þ
k ln τ − 2Ckð2Þ

k ; ð5:28Þ

δ̄ð2ÞsðtÞkðτÞ ¼ δð2ÞsðtÞkðτÞ þ
4

τ2
Að2Þ
k ; ð5:29Þ

v̄kð2ÞsðtÞkðτÞ ¼ vkð2ÞsðtÞkðτÞ þ
Að2Þ
k

τ
: ð5:30Þ

Comparing (5.27)–(5.30) with the solutions (4.18), (4.20),
(4.17), and (4.16), respectively, tells us that the P1ðkÞ and
P4ðkÞ terms in (4.18), (4.20), (4.17), and (4.16) are gauge
terms, which can be eliminated simultaneously by choosing

Að2Þ
k ¼ −

P1ðkÞ
k

; ð5:31Þ

Ckð2Þ
k ¼ 3P4ðkÞ

k2
: ð5:32Þ

Thus, the gauge-invariant modes of the second-order scalar
perturbations are

ϕð2Þ
sðtÞk ¼ P2ðkÞ

�
2

kτ2
þ 2iffiffiffi

3
p

τ

�
e−ikτ=

ffiffi
3

p
þ P3ðkÞ

�
2

kτ2
−

2iffiffiffi
3

p
τ

�
eikτ=

ffiffi
3

p

−
2k
3

Z
τ ½P2ðkÞe−ikτ0=

ffiffi
3

p
þ P3ðkÞeikτ0=

ffiffi
3

p
� dτ

0

τ0
þ 3

4
Fk
sðtÞkðτÞ −

1

4

Z
τ
AsðtÞkðτ0Þdτ0

þ
Z

τ ðk2τ02 þ 6Þ ln τ0 þ 3

k2τ0
ZsðtÞkðτ0Þdτ0 þ

�
1

kτ2
−
k ln τ
3

�Z
τ 3ðk2τ02 þ 6Þ

k3τ0
ZsðtÞkðτ0Þdτ0

−
�

2

kτ2
cos

�
kτffiffiffi
3

p
�
þ 2ffiffiffi

3
p

τ
sin

�
kτffiffiffi
3

p
��Z

τ
�
9 cos

�
kτ0ffiffiffi
3

p
�
þ 3

ffiffiffi
3

p
kτ0 sin

�
kτ0ffiffiffi
3

p
��

ZsðtÞkðτ0Þ
k3τ0

dτ0
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−
�

2

kτ2
sin

�
kτffiffiffi
3

p
�
−

2ffiffiffi
3

p
τ
cos

�
kτffiffiffi
3

p
��Z

τ
�
9 sin

�
kτ0ffiffiffi
3

p
�
− 3

ffiffiffi
3

p
kτ0 cos

�
kτ0ffiffiffi
3

p
��

ZsðtÞkðτ0Þ
k3τ0

dτ0

þ
Z

τ
�
2

kτ00
cos

�
kτ00ffiffiffi
3

p
�Z

τ00
�
3 cos

�
kτ0ffiffiffi
3

p
�
þ

ffiffiffi
3

p
kτ0 sin

�
kτ0ffiffiffi
3

p
��

ZsðtÞkðτ0Þ
kτ0

dτ0
�
dτ00

þ
Z

τ
�
2

kτ00
sin

�
kτ00ffiffiffi
3

p
�Z

τ00
�
3 sin

�
kτ0ffiffiffi
3

p
�
−

ffiffiffi
3

p
kτ0 cos

�
kτ0ffiffiffi
3

p
��

ZsðtÞkðτ0Þ
kτ0

dτ0
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where ZsðtÞ, EsðtÞ, AsðtÞ, and Fk
sðtÞ are in (4.10), (3.3), (3.26), and (3.30).

Next is the case of tensor-tensor coupling. The analysis is similar to the above paragraphs. In particular, the second-order
residual gauge transformation is effectively implemented only by the second-order vector field ξð2Þμ, and the gauge
transformations are
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ϕ̄ð2Þ
T ðτ;xÞ ¼ ϕð2Þ

T ðτ;xÞ þ Að2ÞðxÞ
τ2

þ ln τ
3

∇2Að2ÞðxÞ

þ 1

3
∇2Ckð2ÞðxÞ; ð5:37Þ

χ̄kð2ÞT ðτ;xÞ¼ χkð2ÞT ðτ;xÞ−2Að2ÞðxÞ lnτ−2Ckð2ÞðxÞ; ð5:38Þ

χ̄⊥ð2Þ
Tij ðτ;xÞ¼ χ⊥ð2Þ

Tij ðτ;xÞ−∂jC
⊥ð2Þ
i ðxÞ−∂iC

⊥ð2Þ
j ðxÞ; ð5:39Þ

χ̄⊤ð2Þ
Tij ðτ;xÞ ¼ χ⊤ð2Þ

Tij ðτ;xÞ; ð5:40Þ

δ̄ð2ÞT ðτ;xÞ ¼ δð2ÞT ðτ;xÞ þ 4

τ2
Að2ÞðxÞ; ð5:41Þ

v̄kð2ÞT ðτ;xÞ ¼ vkð2ÞT ðτ;xÞ þ Að2ÞðxÞ
τ

; ð5:42Þ

v̄⊥ð2Þ
Ti ðτ;xÞ ¼ v⊥ð2Þ

Ti ðτ;xÞ: ð5:43Þ

Again, χ⊤ð2Þ
Tij in (4.30) and v⊥ð2Þ

Ti in (4.33) are invariant
within synchronous coordinates. By (5.39), the q3ijðxÞ
term in the solution (4.32) is a gauge term and can be
eliminated, so that the gauge-invariant vector solution is

χ⊥ð2Þ
Tij ðx; τÞ ¼ q4ijðxÞ

τ
þ
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τ dτ0
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Z
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2τ002VTijðx; τ00Þdτ00:

ð5:44Þ

To identify the residual gauge modes in the second-order
scalar solutions, we write (5.37), (5.38), (5.41), and (5.42)
in k-space:

ϕ̄ð2Þ
TkðτÞ ¼ ϕð2Þ

TkðτÞ þ Að2Þ
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−
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−
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k ; ð5:45Þ

χ̄kð2ÞTk ðτÞ ¼ χkð2ÞTk ðτÞ − 2Að2Þ
k ln τ − 2Ckð2Þ

k ; ð5:46Þ

δ̄ð2ÞTkðτÞ ¼ δð2ÞTkðτÞ þ
4
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k ; ð5:47Þ

v̄kð2ÞTk ðτÞ ¼ vkð2ÞTk ðτÞ þ Að2Þ
k

τ
: ð5:48Þ

Comparing (5.45)–(5.48) with the solutions (4.47), (4.49),
(4.46), and (4.45), respectively, tells us that the Q1ðkÞ and
Q4ðkÞ terms in (4.47), (4.49), (4.46), and (4.45) are gauge
terms, which can be removed simultaneously by choosing

Að2Þ
k ¼ −

Q1ðkÞ
k

; ð5:49Þ

Ckð2Þ
k ¼ 3Q4ðkÞ

k2
: ð5:50Þ

Thus, the gauge-invariant solutions of the second-order
scalar perturbations are
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where ZT is in (4.40), ET is in (3.36), and AT is in (3.57).
Thus, we have obtained all the gauge-invariant solutions

of the second-order perturbations with scalar-tensor cou-
plings in Eqs. (5.33)–(5.36), (5.26), (4.4), and (4.1) and
with tensor-tensor couplings in Eqs. (5.51)–(5.54), (5.44),
(4.33), and (4.30).
To illustrate the physical picture of the solved second-

order perturbations, we now calculate the power spectrum

of the second-order scalar perturbation ϕð2Þ
Tk in (4.47)

generated by the tensor-tensor coupling. Equation (4.47)
contains many terms. For an illustration, here we consider
only the term − 1

4

R
τ ATkðτ0Þdτ0 in the first line in (4.47) as

follows:
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s2lmðk2Þhk−k2
hk2

�
; ð5:55Þ

where hk is the first-order tensor mode given by (2.28).
As a complex random variable, hk has a zero mean

hhki ¼ 0 for each k; ð5:56Þ
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and its real and imaginary parts have the same Gaussian
probability distribution, with no correlation between them;
i.e., the phase of hk is random with a uniform probability
distribution [71]. Furthermore, hk are statistically indepen-
dent for different k, and the power spectrum of the first-
order tensor is defined in terms of the ensemble average as
follows [30,72]:

hh�khk0 i≡ 2π2

k3
δðk − k0ÞΔ2

t ðk; τÞ: ð5:57Þ

Also,

hhkhki ¼ 0 ð5:58Þ

holds since the phase of hk is random [71,73]. By these, the
statistical properties of hk are completely determined.
[In parallel, one can write down the properties similar to
(5.56)–(5.58), for the first-order scalar and vector metric
perturbations, as well as for the first-order density and
velocity perturbations.] For inflation models described by a
power law aðτÞ ∝ jτj1þβ, the first-order power spectrum is
known for the RD stage resulting from the cosmic evolution
from inflation [30]. We define the second-order power
spectrum in terms of the covariance as follows:

hðϕð2Þ�
Tk − hϕð2Þ�

Tk iÞðϕð2Þ
Tk0 − hϕð2Þ

Tk0 iÞi
¼ hϕð2Þ�

Tk ϕð2Þ
Tk0 i − hϕð2Þ�

Tk ihϕð2Þ
Tk0 i

≡ 2π2

k3
δðk − k0ÞPϕT

ðk; τÞ; ð5:59Þ

where the mean of the second-order scalar perturbation is
given by
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Tki ¼ −

1

6ð2πÞ3
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hk2

i
�
¼ 0; ð5:60Þ

where the second equality follows from (5.58). In fact, a
second-order perturbation, either scalar, vector, or tensor,
always has a vanishing mean since it is formed from the
products of the first-order perturbations with the statistical
properties (5.57) and (5.58). The covariance (5.59) is
always proportional to the Dirac delta function as we have
checked. This is consistent with Refs. [52,58] in other
coordinates. (We remark that the second-order perturba-

tions, such as ϕð2Þ
Tk, are statistically independent for different

k since their covariances are zero for k ≠ k0. However, ϕð2Þ
Tk

for different k are dynamically related, since it contains
products of the first-order perturbations with different k.)
By using the “factorization” property [52,72,74]

hx1x2x3x4i ¼ hx1x2ihx3x4i þ hx1x3ihx2x4i þ hx1x4ihx2x3i;
ð5:61Þ

which is valid for generic Gaussian random variables x1, x2,
x3, x4, each having zero mean; using the property (2.27)
of the polarization tensors; and using (5.55), (5.57), and
(5.58), the covariance is written as

hϕð2Þ�
Tk ϕð2Þ

Tk0 i ¼ δðk − k0Þ ð2π2Þ2
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�

2

× Δ2
t ðjk − k2j; τÞΔ2

t ðk2; τÞ: ð5:62Þ

So by the definition (5.59), we read off the second-order
power spectrum

PϕT
ðk; τÞ ¼ k3

36ð2πÞ4
Z

d3k0

k03

×

�
1

jk − k0j3
� X

s1;s2¼þ;×
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�
2

× Δ2
t ðjk − k0j; τÞΔ2

t ðk0; τÞ
�
: ð5:63Þ

Given Δ2
t ðk; τÞ in a cosmological model [30], the power

spectrum PϕT
ðk; τÞ is determined by the integration (5.63).

The frequency at a conformal time τ is related to k via
fðτÞ ¼ k=2πaðτÞ. By the normalization of aðτÞ in
Ref. [66], the present frequency is related to k as
f ≃ 1.7 × 10−19 kHz. We plot Δ2

t ðfÞ and PϕT
ðfÞ in

Fig. 2 for different values of cosmic redshift z in the
low frequency range, which may affect the CMB anisot-
ropies and polarization. It is seen that, at low f, Δ2

t ðfÞ ∼
10−10 in magnitude, and PϕT

ðfÞ ∼ ½Δ2
t ðfÞ�2 ∼ 10−20, so that

the amplitude of the second-order spectrum is extremely
small in this case. As expected, the amplitudes of the power
spectra are decreasing as z becomes smaller, since the
amplitude hk of RGW is decreasing inside the horizon [30].
So far in the above, we present only the contribution of one
term − 1

4

R
τ ATkdτ0, as an illustration. The whole contribu-

tion to the second-order spectrum of ϕð2Þ
Tk will involve

hundreds of terms like this. Besides, there are the second-

order scalars ϕð2Þ
sðtÞk, χ

kð2Þ
sðtÞk, generated by the scalar-tensor

coupling, etc. All these require many more efforts of
computation and will be left for future study.
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VI. TRANSFORMATION OF SECOND-ORDER
SOLUTIONS FROM SYNCHRONOUS

TO POISSON COORDINATES

The Poisson coordinates are also commonly used in
cosmological study, so in this section we perform trans-
formation of the second-order solutions from synchronous
coordinates into Poisson coordinates. A perturbed metric
up to second order in the Poisson coordinates is generally
written as [11,12,60]

g00 ¼ −a2
�
1þ ψ ð1Þ

P þ 1

2
ψ ð2Þ
P

�
; ð6:1Þ

g0i ¼ a2
�
wð1Þ
Pi þ

1

2
wð2Þ
Pi

�
; ð6:2Þ

gij ¼ a2
�
δij − 2

�
ϕð1Þ
P þ 1

2
ϕð2Þ
P

�
δij þ χ⊤ð1Þ

Pij þ 1

2
χ⊤ð2Þ
Pij

�
;

ð6:3Þ

with the vectors satisfying

∂iwðAÞ
Pi ¼ 0; A ¼ 1; 2; ð6:4Þ

and the tensor satisfying

χ⊤ðAÞi
Pi ¼ 0; ∂iχ⊤ðAÞ

Pij ¼ 0: ð6:5Þ

[When the vector and tensor modes are zero, the coordi-
nate system (6.1)–(6.3) is also called the longitudinal
(conformal-Newtonian) coordinate.] Consider a transfor-
mation of the solutions of metric perturbations from a
synchronous coordinate to a Poisson coordinate. The first-
and second-order transformation vectors ξð1Þμ and ξð2Þμ are
introduced, respectively, as (5.2) and (5.3). Let the first-

order metric perturbations, ϕð1Þ, Dijχ
kð1Þ, χ⊤ð1Þ

ij be given as
(2.23), (2.24), and (2.26) in a synchronous coordinate
without a vector mode. By the coordinate transformation
(C4) in Ref. [63], one gets the first-order metric perturba-
tion in Poisson coordinates as follows [60]:

ψ ð1Þ
P ¼ −αð1Þ0 −

a0

a
αð1Þ; ð6:6Þ

wð1Þ
Pi ¼ αð1Þ;i − βð1Þ

0
;i − dð1Þ

0
i ; ð6:7Þ

ϕð1Þ
P ¼ ϕð1Þ þ 1

3
∇2βð1Þ þ a0

a
αð1Þ; ð6:8Þ

χ⊤ð1Þ
Pij ¼ Dijχ

kð1Þ þ χ⊤ð1Þ
ij − 2Dijβ

ð1Þ − dð1Þi;j − dð1Þj;i : ð6:9Þ

By the constraints (6.4) and (6.5) in the Poisson coordinate,
the transformation parameters satisfy the following
constraints:

αð1Þ ¼ βð1Þ0 ; ð6:10Þ

Dijðχkð1Þ − 2βð1ÞÞ ¼ 0; ð6:11Þ

dð1Þi ¼ 0; ð6:12Þ

in the absence of the first-order vector mode. Also, their
solutions are given by αð1Þ ¼ 1

2
χkð1Þ0, βð1Þ ¼ 1

2
χkð1Þ. In

k-space, the solution χkð1Þk is known in (2.24), by which
one obtains the first-order transformation parameters

(a)

(b)

FIG. 2. (a) The power spectrum of first-order tensor. (b) The

power spectrum (5.63) of second-order scalar ϕð2Þ
Tk generated by

the first-order tensor-tensor coupling term (5.55).
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αð1Þk ¼ 1

2
χkð1Þ

0
k ¼ −D2

2
ffiffiffi
3

p
i

k2τ2
e−ikτ=

ffiffi
3

p
þD3

2
ffiffiffi
3

p
i

k2τ2
eikτ=

ffiffi
3

p
;

ð6:13Þ

βð1Þk ¼ 1

2
χkð1Þk

¼ D2

2
ffiffiffi
3

p
i

k2τ
e−ikτ=

ffiffi
3

p
−D3

2
ffiffiffi
3

p
i

k2τ
eikτ=

ffiffi
3

p

−
2

k

Z
τ
½D2e−ikτ

0=
ffiffi
3

p
þD3eikτ

0=
ffiffi
3

p
� dτ

0

τ0
: ð6:14Þ

Plugging these and (2.23), (2.24) into (6.6)–(6.9) yields the
metric perturbations in Poisson coordinates

ψ ð1Þ
Pk ¼ ϕð1Þ

Pk

¼ D2

�
2

kτ2
−
2

ffiffiffi
3

p
i

k2τ3

�
e−ikτ=

ffiffi
3

p

þD3

�
2

kτ2
þ 2

ffiffiffi
3

p
i

k2τ3

�
eikτ=

ffiffi
3

p
; ð6:15Þ

wð1Þ
Pi ¼ 0; ð6:16Þ

χ⊤ð1Þ
Pij ¼ χ⊤ð1Þ

ij : ð6:17Þ

Our result (6.15) is the general first-order scalar solution. By
taking D2¼ð−ArþiBrÞ=ð4

ffiffiffi
3

p
kÞ and D3¼ð−Ar−iBrÞ=

ð4 ffiffiffi
3

p
kÞ, Eq. (6.15) is the same as Eq. (43) of Ref. [52].

The first-order scalar mode Φ in Ref. [52] is related to
our χkð1Þ as Φ ¼ − 1

2
χkð1Þ00 − 1

2τ χ
kð1Þ0 . Also note that

Ref. [52] ignored certain terms as decaying modes in
(6.15) in their actual subsequent computing. We see that
in the Poisson coordinate the first-order vector mode is still
zero and the first-order tensor mode is the same as in
synchronous coordinates, and the two first-order scalar
modes are equal, a fact that can be checked using (6.7),
(6.8), (6.13), and (6.14),

ϕð1Þ
P − ψ ð1Þ

P ¼ 1

2
χkð1Þ00 þ 1

τ
χkð1Þ0 þ 1

6
∇2χkð1Þ þ ϕð1Þ ¼ 0;

where in the last step the evolution equation (3.11) in
Ref. [63] is used. That is why the Poisson coordinate is
often used when only the scalar metric perturbation is
present.
Next, we turn to the second-order metric perturbations

with scalar-tensor couplings in the Poisson coordinates. By
(C5) in Ref. [63] with the scalar-tensor coupling, one has

ψ ð2Þ
PsðtÞ ¼ −αð2Þ

0

sðtÞ −
a0

a
αð2ÞsðtÞ; ð6:18Þ

wð2Þ
PsðtÞi ¼ WsðtÞi þ αð2ÞsðtÞ;i − βð2Þ

0

sðtÞ;i − dð2Þ
0

sðtÞi; ð6:19Þ

ϕð2Þ
PsðtÞ ¼ ϕð2Þ

sðtÞ þ
1

3
χ⊤ð1Þ
lm χk;lm þ a0

a
αð2ÞsðtÞ þ

1

3
∇2βð2ÞsðtÞ; ð6:20Þ

χ⊤ð2Þ
PsðtÞij ¼ Dijχ

kð2Þ
sðtÞ þ χ⊥ð2Þ

sðtÞij þ χ⊤ð2Þ
sðtÞij þ YsðtÞij

− ðdð2ÞsðtÞi;j þ dð2ÞsðtÞj;i þ 2Dijβ
ð2Þ
sðtÞÞ; ð6:21Þ

where

WsðtÞi ≡ −χ⊤ð1Þ
il χkð1Þ0;l; ð6:22Þ

YsðtÞij ≡ −
2a0

a
χ⊤ð1Þ
ij χkð1Þ0 − χ⊤ð1Þ0

ij χkð1Þ0 − χ⊤ð1Þ
ij;l χkð1Þ;l

− χ⊤ð1Þ
il χkð1Þ;l;j − χ⊤ð1Þ

jl χkð1Þ;l;i þ 2

3
χ⊤ð1Þ
lm χkð1Þ;lmδij:

ð6:23Þ

In order to get perturbations in the Poisson coordinates,

one needs to solve for the parameters αð2ÞsðtÞ, β
ð2Þ
sðtÞ, and dð2ÞsðtÞi.

We decompose WsðtÞi in (6.19) into two parts,

WsðtÞi ¼ Wk
sðtÞ;i þW⊥

sðtÞi, with

Wk
sðtÞ ¼ ∇−2∂iWsðtÞi ¼ ∇−2½−χ⊤ð1Þ

lm χkð1Þ0;lm�; ð6:24Þ

W⊥
sðtÞi ¼ WsðtÞi − ∂iW

k
sðtÞ

¼ −χ⊤ð1Þ
il χkð1Þ0;l þ ∂i∇−2½χ⊤ð1Þ

lm χkð1Þ0;lm�: ð6:25Þ

Since wð2Þ
PsðtÞi contains only the curl part, the gradient part of

Eq. (6.19) gives an equation

Wk
sðtÞ þ αð2ÞsðtÞ − βð2Þ

0

sðtÞ ¼ 0: ð6:26Þ

Also χ⊤ð2Þ
PsðtÞij is traceless and transverse; i.e., the rhs of (6.21)

should contain no scalar, vector modes. We decompose
YsðtÞij into scalar, vector, and tensor modes as

YsðtÞij ¼ DijY
k
sðtÞ þ 2Y⊥

sðtÞði;jÞ þ Y⊤
sðtÞij; ð6:27Þ

where Y⊥
sðtÞði;jÞ ¼ 1

2
ðY⊥

sðtÞi;j þ Y⊥
sðtÞj;iÞ, Y⊥;i

sðtÞi ¼ 0, and

Y⊤;i
sðtÞij ¼ 0. We get

Yk
sðtÞ ¼

3

2
∇−2∇−2Y;lm

sðtÞlm

¼∇−2½χ⊤ð1Þ
lm χkð1Þ;lm�þ∇−2∇−2

�
−
3a0

a
χ⊤ð1Þ
lm χkð1Þ0;lm

−
3

2
χ⊤ð1Þ0
lm χkð1Þ0;lm−

9

2
χ⊤ð1Þ
lm;n χ

kð1Þ;lmn−3χ⊤ð1Þ
lm ∇2χkð1Þ;lm

�
;

ð6:28Þ
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Y⊥
sðtÞj ¼ ∇−2Y;l

sðtÞlj −
2

3
Yk
sðtÞ;j

¼ ∇−2
�
−
2a0

a
χ⊤ð1Þ
lj χkð1Þ0;l − χ⊤ð1Þ0

lj χkð1Þ0;l − 2χ⊤ð1Þ
jl;m χkð1Þ;lm − χ⊤ð1Þ

lm χkð1Þ;lm;j − χ⊤ð1Þ
lj ∇2χkð1Þ;l

�

þ ∂j∇−2∇−2
�
2a0

a
χ⊤ð1Þ
lm χkð1Þ0;lm þ χ⊤ð1Þ0

lm χkð1Þ0;lm þ 3χ⊤ð1Þ
lm;n χ

kð1Þ;lmn þ 2χ⊤ð1Þ
lm ∇2χkð1Þ;lm

�
; ð6:29Þ

Y⊤
sðtÞij ¼ YsðtÞij −DijY

k
sðtÞ − 2Y⊥

sðtÞði;jÞ

¼ −
2a0

a
χ⊤ð1Þ
ij χkð1Þ0 − χ⊤ð1Þ0

ij χkð1Þ0 − χ⊤ð1Þ
ij;l χkð1Þ;l − χ⊤ð1Þ

il χkð1Þ;l;j − χ⊤ð1Þ
jl χkð1Þ;l;i þ χ⊤ð1Þ

lm χkð1Þ;lmδij

þ δij∇−2
�
−
a0

a
χ⊤ð1Þ
lm χkð1Þ0;lm −

1

2
χ⊤ð1Þ0
lm χkð1Þ0;lm −

3

2
χ⊤ð1Þ
lm;n χ

kð1Þ;lmn − χ⊤ð1Þ
lm ∇2χkð1Þ;lm

�

þ ∂i∇−2
�
2a0

a
χ⊤ð1Þ
lj χkð1Þ0;l þ χ⊤ð1Þ0

lj χkð1Þ0;l þ 2χ⊤ð1Þ
jl;m χkð1Þ;lm þ χ⊤ð1Þ

lm χkð1Þ;lm;j þ χ⊤ð1Þ
lj ∇2χkð1Þ;l

�

þ ∂j∇−2
�
2a0

a
χ⊤ð1Þ
li χkð1Þ0;l þ χ⊤ð1Þ0

li χkð1Þ0;l þ 2χ⊤ð1Þ
il;m χkð1Þ;lm þ χ⊤ð1Þ

lm χkð1Þ;lm;i þ χ⊤ð1Þ
li ∇2χkð1Þ;l

�

− ∂i∂j∇−2½χ⊤ð1Þ
lm χkð1Þ;lm� þ ∂i∂j∇−2∇−2

�
−
a0

a
χ⊤ð1Þ
lm χkð1Þ0;lm −

1

2
χ⊤ð1Þ0
lm χkð1Þ0;lm

−
3

2
χ⊤ð1Þ
lm;n χ

kð1Þ;lmn − χ⊤ð1Þ
lm ∇2χkð1Þ;lm

�
: ð6:30Þ

Requiring the scalar and vector modes in Eq. (6.21) to be
zero leads to the two equations

χkð2ÞsðtÞ þ Yk
sðtÞ − 2βð2ÞsðtÞ ¼ 0; ð6:31Þ

∇−2∂jχ⊥ð2Þ
sðtÞij þ Y⊥

sðtÞi − dð2ÞsðtÞi ¼ 0: ð6:32Þ

The solutions of (6.26), (6.31), and (6.32) are as follows:

αð2ÞsðtÞ ¼
1

2
χkð2Þ

0

sðtÞ þ 1

2
Yk0
sðtÞ −Wk

sðtÞ; ð6:33Þ

βð2ÞsðtÞ ¼
1

2
χkð2ÞsðtÞ þ

1

2
Yk
sðtÞ; ð6:34Þ

dð2ÞsðtÞi ¼ ∇−2χ⊥ð2Þ;j
sðtÞij þ Y⊥

sðtÞi: ð6:35Þ

Plugging the solutions χ⊥ð2Þ
sðtÞij (5.26) and χ

kð2Þ
sðtÞ (5.34) into the

above equations, one obtains the parameters

αð2ÞsðtÞk ¼ −P2

2
ffiffiffi
3

p
i

k2τ2
e−ikτ=

ffiffi
3

p
þ P3

2
ffiffiffi
3

p
i

k2τ2
eikτ=

ffiffi
3

p
−

1

kτ

Z
τ 3ðk2τ02 þ 6Þ
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ZsðtÞkðτ0Þdτ0 −

9

k4τ
ZsðtÞk

þ 2
ffiffiffi
3

p
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sin
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kτffiffiffi
3

p
�Z

τ
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9 cos

�
kτ0ffiffiffi
3

p
�
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ffiffiffi
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kτ0 sin
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kτ0ffiffiffi
3

p
��
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dτ0

−
2

ffiffiffi
3

p

k2τ2
cos

�
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kτ0 cos

�
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��
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Fk00
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27
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3
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2
Yk0
sðtÞk −Wk

sðtÞk; ð6:36Þ
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sðtÞk; ð6:37Þ

dð2ÞsðtÞi ¼
∇−2q;j2ij

τ
þ 2

Z
τ dτ0

τ02

Z
τ0

τ002∇−2V;j
sðtÞijðx; τ00Þdτ00 þ Y⊥

sðtÞi; ð6:38Þ

where EsðtÞ, FsðtÞ, AsðtÞ, ZsðtÞ, and VsðtÞij are given by Eqs. (3.3), (3.30), (3.26), (4.10), and (3.22).
Plugging Eqs. (5.33) and (6.36)–(6.38) into (6.18)–(6.20) with aðτÞ ∝ τ, one obtains the second-order metric

perturbations in the Poisson coordinate as
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and
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where
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and

wð2Þ
PsðtÞi ¼

∇−2q;j2ij
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−
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τ
τ02∇−2V;j

sðtÞijðx; τ0Þdτ0 − Y⊥0
sðtÞi þW⊥

sðtÞi;

ð6:43Þ

with Wk
sðtÞ, Y

k
sðtÞ, Y

⊥
sðtÞi, W

⊥
sðtÞi given in (6.24)–(6.29). Also,

the tensor χ⊤ð2Þ
PsðtÞij is given from (6.21) as

χ⊤ð2Þ
PsðtÞij ¼ χ⊤ð2Þ

sðtÞij þ Y⊤
sðtÞij; ð6:44Þ

with χ⊤ð2Þ
sðtÞij in (4.1) and Y

⊤
sðtÞij in (6.30). From the above, it is

seen that in the Poisson coordinate the two second-order
scalar modes are no longer equal, that the second-order
vector mode is nonzero and is contributed by the scalar-
tensor couplings, and that the second-order tensor mode is
different from the one in synchronous coordinates by the
coupling term Y⊤

sðtÞij.
Next, we calculate the density in the Poisson coordinate.

Equation (C6) in Ref. [63] gives that the zeroth-order mass-
energy density as

ρð0ÞP ¼ ρð0Þ ¼ 3

8πG
a02ðτÞ
a4ðτÞ ∝ τ−4: ð6:45Þ

By Eq. (C7) in Ref. [63], the first-order ρð1ÞP is given by

ρð1ÞP ¼ ρð1Þ − ρð0Þ;μ ξð1Þμ: ð6:46Þ

For the RD stage, from δð1Þk in (2.22) and αð1Þk in (6.13), the
above gives
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To second order, by using (C8) in Ref. [63], one has

ρð2ÞP ¼ ρð2Þ − 2ρð1Þ;0 ξð1Þ0 − 2ρð1Þ;k ξð1Þk þ ρð0Þ;0 ξð1Þ0;0 ξð1Þ0

þ ρð0Þ;0 ξð1Þ0;k ξð1Þk þ ρð0Þ;00ξ
ð1Þ0ξð1Þ0 − ρð0Þ;0 ξð2Þ0; ð6:48Þ

which can be written in terms of the second-order density
contrast contributed by scalar-tensor couplings as

δð2ÞPsðtÞ ¼ δð2ÞsðtÞ þ
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a0ðτÞ þ 4
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�
αð2ÞsðtÞ: ð6:49Þ

For the RD stage, using the solution δð2ÞsðtÞk in (5.35) and

αð2ÞsðtÞk in (6.36), the above becomes

δð2ÞPsðtÞ ¼
Z

d3k

ð2πÞ3=2 ½δ
ð2Þ
sðtÞk þ 4

τ
αð2ÞsðtÞk�eik·x; ð6:50Þ

where
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It is seen that only ξð2Þμ contributes to δð2ÞPsðtÞ , yet ξ
ð1Þμ does

not contribute.
Next, we solve for the 4-velocity in the Poisson

coordinate. By (C9) in Ref. [63], the zeroth-order

4-velocity is Uð0Þ0
P ¼ Uð0Þ0 ¼ a−1 and Uð0Þi

P ¼ Uð0Þi ¼ 0.
By (C10) in Ref. [63], the first-order velocity transforms as

Uð1Þ0
P ¼ Uð1Þ0 þ a0

a2
αð1Þ þ 1

a
αð1Þ0 ; ð6:52Þ

vð1ÞiP ¼ vð1Þi þ βð1Þ0;i þ dð1Þi0 ; ð6:53Þ

where the definition Uð1Þi
P ¼ a−1vð1ÞiP is used. From αð1Þk in

(6.13) for the RD stage, and using Uð1Þ0 ¼ 0 in (2.12),
Eq. (6.52) becomes
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which is nonzero, even in the synchronous coordinate
Uð1Þ0 ¼ 0. By using vkð1Þ in (2.21) and βð1Þ in (6.14), and
taking v⊥ð1Þi ¼ 0 and dð1Þi ¼ 0, Eq. (6.53) gives

v⊥ð1Þi
P ¼ 0; ð6:55Þ
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Thus the first-order velocity remains noncurl in the
Poisson coordinate.
To second order, from (C11) in Ref. [63] and (2.12),

(2.13), (6.13), and (6.14), one has the 0-component of the
4-velocity as

Uð2Þ0
PsðtÞ ¼ −
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ð2πÞ3=2
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−αð2Þ

0

sðtÞk −
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eik·x; ð6:57Þ

where −αð2Þ
0

sðtÞk − 1
τ α

ð2Þ
sðtÞk is given in (6.40). By a definition

Uð2Þi
PsðtÞ ¼ a−1vð2ÞiPsðtÞ , one has the i-component as

vð2ÞPsðtÞi ¼ vð2ÞsðtÞi þ βð2Þ
0

sðtÞ;i þ dð2Þ
0

sðtÞi; ð6:58Þ

where only ξð2Þμ contributes to Uð2Þμ
PsðtÞ . By writing vð2ÞsðtÞi ¼

vkð2ÞsðtÞ;i þ v⊥ð2Þ
sðtÞi with v⊥ð2Þ;i

sðtÞi ¼ 0, [∇−2∂i(6.58)] gives the

noncurl part of vð2ÞPsðtÞi as

vkð2ÞPsðtÞ ¼
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ð2πÞ3=2 ½v
kð2Þ
sðtÞk þ βð2Þ

0

sðtÞk�eik·x; ð6:59Þ

where
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with EsðtÞ, FsðtÞ, AsðtÞ, ZsðtÞ, and Yk
sðtÞ given by Eqs. (3.3), (3.30), (3.26), (4.10), and (6.28).

The curl part of vð2ÞPsðtÞi is given by [(6.58)−∂i(6.59)] as follows:
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PsðtÞi ¼
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where ðMsðtÞi − ∂i∇−2M;k
sðtÞkÞ, VsðtÞij, and Y⊥

sðtÞi are given in
(3.10), (3.22), and (6.29), respectively. Thus the second-
order curl part of the 3-velocity is nonzero even if
v⊥ð1Þ
Pi ¼ 0.
Next, we will calculate the second-order perturbations

with tensor-tensor couplings in the Poisson coordinate, by
similar procedures to the above. By (C5) with the coupling
of tensor-tensor in Ref. [63], one has

ψ ð2Þ
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αð2ÞT ; ð6:62Þ
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Ti ; ð6:63Þ
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∇2βð2ÞT ; ð6:64Þ
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T Þ; ð6:65Þ

where only ξð2Þμ contributes to the above transformations,
as ξð1Þμ does not contain the tensor mode.

We need to solve for αð2ÞT , βð2ÞT , and dð2ÞTi . To do this, we

use the transverse condition of wð2Þ
PTi

and the traceless and

transverse condition of χ⊤ð2Þ
PTij

, which lead to

αð2ÞT − βð2Þ
0

T ¼ 0; ð6:66Þ

χkð2ÞT − 2βð2ÞT ¼ 0; ð6:67Þ
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Tij − dð2ÞTi ¼ 0; ð6:68Þ

and the solutions

αð2ÞT ¼ 1

2
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T ; ð6:69Þ

βð2ÞT ¼ 1

2
χkð2ÞT ; ð6:70Þ

dð2ÞTi ¼ ∇−2χ⊥ð2Þ;j
Tij : ð6:71Þ

Plugging the solutions χ⊥ð2Þ
Tij (5.44) and χkð2ÞT (5.52) into the

above equations, one has
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where ET , AT , ZT , and VTij are given by Eqs. (3.36), (3.57), (4.40), and (3.53).
Plugging Eqs. (5.51), (6.72), and (6.73) into (6.62) and (6.64) with aðτÞ ∝ τ, one obtains the second-order metric

perturbations in the Poisson gauge as
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Tk; ð6:76Þ

and

ϕð2Þ
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¼
Z

d3k

ð2πÞ3=2
�
ϕð2Þ
Tk þ 1

τ
αð2ÞTk −

k2

3
βð2ÞTk

�
eik·x; ð6:77Þ

where
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Thus, we see that in the Poisson gauge, the two second-
order scalar modes are not equal. This can be checked by
using (6.62), (6.64), (6.69), and (6.70),

ϕð2Þ
PT

− ψ ð2Þ
PT

¼ 1

2
χkð2Þ

00
T þ 1

τ
χkð2Þ

0
T þ 1

6
∇2χkð2ÞT þ ϕð2Þ

T

¼ 3

2
∇−2∇−2S̄;lmTlm;

according to the evolution equation (3.49). A similar
relation holds for the scalar-tensor and scalar-scalar cases.
The vector mode is given by (6.63) and (6.72)–(6.74) as

wð2Þ
PTi

¼ ∇−2q;j4ij
τ2

−
2

τ2

Z
τ
τ02∇−2V;j

Tijðx; τ0Þdτ0; ð6:79Þ

which is nonzero and sourced by the first-order couplings
VTij in (3.53).

The tensor χ⊤ð2Þ
PTij

is given from (6.65) as

χ⊤ð2Þ
PTij

¼ χ⊤ð2Þ
Tij ; ð6:80Þ

which is the same as in the synchronous coordinate.
Next, we calculate the second-order density in the

Poisson coordinate. We write (6.48) in terms of the
second-order density contrast contributed by tensor-tensor
couplings as
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¼ δð2ÞT þ
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aðτÞ

�
αð2ÞT : ð6:81Þ

For the RD stage, using the solution δð2ÞTk in (5.53) and αð2ÞTk
in (6.72), the above becomes
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¼

Z
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eik·x; ð6:82Þ

where
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It is seen that only ξð2Þμ contributes to δð2ÞPT
, yet ξð1Þμ does not

contribute.
The second-order 4-velocity in the Poisson coordinate is

derived from (C11) in Ref. [63] and from (2.12), (2.13),
(6.13), and (6.14) as

Uð2Þ0
PT

¼ −
1

τ

Z
d3k

ð2πÞ3=2
�
−αð2Þ

0
Tk −

1

τ
αð2ÞTk

�
eik·x; ð6:84Þ

with −αð2Þ
0

Tk − 1
τ α

ð2Þ
Tk given in (6.76), and

vð2ÞPTi
¼ vð2ÞTi þ βð2Þ

0
T;i þ dð2Þ

0
Ti ; ð6:85Þ

with Uð2Þi
PT

¼ a−1vð2ÞiPT
. Only ξð2Þμ contributes to Uð2Þμ

PT
. By

writing vð2ÞTi ¼ vkð2ÞT;i þ v⊥ð2Þ
Ti with v⊥ð2Þ;i

Ti ¼ 0, [∇−2∂i(6.85)]

gives the noncurl part of vð2ÞPTi
as
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¼
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where

vkð2ÞTk þ βð2Þ
0

Tk ¼ Q2

�
−
2

ffiffiffi
3

p
i

k2τ2
þ 2

kτ
þ iffiffiffi

3
p

�
e−ikτ=

ffiffi
3

p
þQ3

�
2

ffiffiffi
3

p
i

k2τ2
þ 2

kτ
−

iffiffiffi
3

p
�
eikτ=

ffiffi
3

p
þ
�
2

ffiffiffi
3

p

k2τ2
sin

�
kτffiffiffi
3

p
�
−

2

kτ
cos

�
kτffiffiffi
3

p
�

−
1ffiffiffi
3

p sin

�
kτffiffiffi
3

p
��Z

τ
�
9 cos

�
kτ0ffiffiffi
3

p
�
þ 3

ffiffiffi
3

p
kτ0 sin

�
kτ0ffiffiffi
3

p
��

ZTkðτ0Þ
k3τ0

dτ0 þ
�
−
2

ffiffiffi
3

p

k2τ2
cos

�
kτffiffiffi
3

p
�

−
2

kτ
sin

�
kτffiffiffi
3

p
�
þ 1ffiffiffi

3
p cos

�
kτffiffiffi
3

p
��Z

τ
�
9 sin

�
kτ0ffiffiffi
3

p
�
− 3

ffiffiffi
3

p
kτ0 cos

�
kτ0ffiffiffi
3

p
��

ZTkðτ0Þ
k3τ0

dτ0

−
9

k4τ
ZTk þ 3

2k4
E0
Tk −

9

4k4τ
A0
Tk þ 9

4k4τ2
ATk −

3

4k2
ATk; ð6:87Þ

with ET , AT , and ZT given by Eqs. (3.36), (3.57), and

(4.40). The curl part of vð2ÞPTi
is given by [(6.85)−∂i(6.86)]

as follows:

v⊥ð2Þ
PTi

¼ q;j4ijðxÞ
8

−
∇−2q;j4ij

τ2
−
1

4

Z
τ
τ02V;j

Tijðx; τ0Þdτ0
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τ02∇−2V;j

Tijðx; τ0Þdτ0
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4
ðMTi − ∂i∇−2M;k

TkÞ; ð6:88Þ

where (MTi − ∂i∇−2M;k
Tk) and VTij are given in (3.42) and

(3.53), respectively. The second-order curl part of the

3-velocity is nonzero even if v⊥ð1Þ
Pi ¼ 0.

The second-order perturbations with scalar-scalar cou-
plings in Poisson coordinates have not been given in
Ref. [63]. Using the solutions in synchronous coordinates

in Ref. [63], by similar gauge transformation procedures to
the above we obtain the results as follows (the computation
details are skipped).

With the source terms ES, F
k
S, AS, ZS, and VSij given

in Eqs. (4.2), (4.28), (4.24), (5.14), and (4.19) of Ref. [63],
the second-order metric perturbations in the Poisson
coordinates are
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and

wð2Þ
PSi

¼ ∇−2c;j2ij
τ2

−
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τ02∇−2V;j
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Si þW⊥

Si; ð6:93Þ

and the tensor χ⊤ð2Þ
Pij is

χ⊤ð2Þ
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¼ χ⊤ð2Þ
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with χ⊤ð2Þ
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The curl part of WSi is
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: ð6:96Þ

The scalar, vector, and tensor modes of YSij are
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1
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1
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1
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�
: ð6:99Þ

Note that Ref. [52] also gave the second-order vector mode of the metric perturbation in Poisson coordinates. However, by
detailed checking of Eq. (17) of Ref. [52], we find that in their source

P
lm the asymmetric, last term

2Hð∂lΦÞð∂mΦ0Þ

should be replaced by the symmetrized term

Hð∂lΦÞð∂mΦ0Þ þHð∂lΦ0Þð∂mΦÞ
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because
P

lm as the source in the Einstein equation must be symmetric, and the solution Sðk; τÞ of (20) in Ref. [52] should
also be revised accordingly. We project the inhomogeneous part of wPSi of (6.93) into the following:

ejwð2Þ
PSj

¼ ej
	
−

2

τ2

Z
τ
τ02∇−2

�
τ02

2
χkð1Þ

000
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00
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000
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τ0
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0
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τ0
χkð1Þ

00
;j ∇2χkð1Þ0 þ 3χkð1Þ

00
;j ∇2χkð1Þ00

�
dτ0



; ð6:100Þ

where ei is a polarization vector orthogonal to the wave vector. The Fourier mode of our result (6.100) agrees with the
corrected Sðk; τÞ in Eq. (20) of Ref. [52], where the relation Φ ¼ − 1

2
χkð1Þ00 − 1

2τ χ
kð1Þ0 is used.

The second-order density contrast is

δð2ÞPS
¼

Z
d3k

ð2πÞ3=2
�
δð2ÞSk þ 4

τ
αð2ÞSk

�
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τ
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1
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1

τ
χkð1Þ

0
;l χkð1Þ;l þ 5

τ2
χkð1Þ0χkð1Þ0 ;

ð6:101Þ

where

δð2ÞSk þ 4

τ
αð2ÞSk ¼ G2
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−
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3

p
i
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3

p
i
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þ 8
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3

p
τ
−
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þ
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p
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−
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−
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3
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þ 3

ffiffiffi
3

p
kτ0 sin

�
kτ0ffiffiffi
3

p
��

ZSkðτ0Þ
k3τ0

dτ0

þ
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Sk þ 9

k2τ
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Sk

þ 3Fk
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A0
Sk þ 9

k4τ3
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3
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τ
Yk0
Sk −

4

τ
Wk

Sk: ð6:102Þ

The 0-component of the 4-velocity is

Uð2Þ0
PS

¼ −
1

τ

Z
d3k

ð2πÞ3=2
�
−αð2Þ

0
Sk −

1

τ
αð2ÞSk

�
eik·x þ 1

τ
vkð1Þ;lvkð1Þ;l þ 1

τ
χkð1Þ

0
;l vkð1Þ;l þ 1

2τ3
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1
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0
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1

4τ
χkð1Þ

00
;l χkð1Þ;l þ 1

4τ
χkð1Þ0;lχkð1Þ

0
;l ; ð6:103Þ

where −αð2Þ
0

Sk − 1
τ α

ð2Þ
Sk is given in (6.90). By the definition Uð2Þi

PS
¼ a−1vð2ÞiPS

, one has the i-component as

vð2ÞPSi
¼ vð2ÞSi þ βð2Þ

0
S;i þ dð2Þ

0
Si þ 1

τ
vkð1Þ;i χkð1Þ0 − vkð1Þ

0
;i χkð1Þ0 − vkð1Þ;li χkð1Þ;l þ vkð1Þ;lχkð1Þ;li þ 1

2τ
χkð1Þ

0
;i χkð1Þ0 −

1
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χkð1Þ
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;i χkð1Þ0

þ 1
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χkð1Þ

0
;i χkð1Þ00 −

1

4
χkð1Þ

0
;li χkð1Þ;l þ 1

4
χkð1Þ;li χkð1Þ0;l: ð6:104Þ

By writing vð2ÞSi ¼ vkð2ÞS;i þ v⊥ð2Þ
Si with v⊥ð2Þ;i

Si ¼ 0, [∇−2∂i(6.104)] gives the noncurl part of vð2ÞPSi
as
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vkð2ÞPS
¼

Z
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; ð6:105Þ

where
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4k4τ
Fjj00
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4k4τ2
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k4τ3
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þ 9

4k2
Fk0
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4k4τ
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4k4τ2
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4k2
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The curl part of vð2ÞPSi
is given by [(6.104)−∂i(6.105)] as

v⊥ð2Þ
PSi

¼ c;j2ijðxÞ
8

−
∇−2c;j2ij

τ2
−
1

4

Z
τ
τ02V;j

Sijðx; τ0Þdτ0 þ
2

τ2

Z
τ
τ02∇−2V;j

Sijðx; τ0Þdτ0 þ
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4
ðMSi − ∂i∇−2M;k

SkÞ þ Y⊥0
Si

þ 1

τ
vkð1Þ;i χkð1Þ0 − vkð1Þ

0
;i χkð1Þ0 þ 2vkð1Þ;lχkð1Þ;li þ 1

2
χkð1Þ

0
;i χkð1Þ00 þ 1

2
χkð1Þ;li χkð1Þ0;l þ ∂i∇−2

�
−
1

τ
vkð1Þ;l χkð1Þ0;l −

1

τ
χkð1Þ0∇2vkð1Þ

þ χkð1Þ0∇2vkð1Þ0 þ vkð1Þ
0

;l χkð1Þ0;l − 2vkð1Þ;l∇2χkð1Þ;l − 2vkð1Þ;lmχkð1Þ;lm −
1

2
χkð1Þ

0
;l χkð1Þ00;l −

1

2
χkð1Þ00∇2χkð1Þ0

−
1

2
χkð1Þ0;l∇2χkð1Þ;l −

1

2
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�
; ð6:107Þ

where (MSi − ∂i∇−2M;k
Sk) is given in (4.8) in Ref. [63]. The

curl part of the 3-velocity is nonzero in the second order,
even if v⊥ð1Þ

PSi
¼ 0.

VII. CONCLUSION

As part of a series study [63] of the second-order
cosmological perturbations in the RD stage in synchronous
coordinates, this paper presents the second-order formal
solutions for the scalar-tensor and tensor-tensor couplings
in the integral form. The cosmic matter content is repre-
sented by a relativistic fluid. The first-order vector pertur-
bations and the first-order transverse velocity are assumed
to be zero.
From the second-order solutions we find that in the RD

stage the scalar modes, density contrast, and longitudinal
velocity all propagate as a wave at the sound speed 1ffiffi

3
p ,

while the tensor modes are waves at the speed of light.
These wave features are similar to the first-order solutions
in the RD stage. This is in contrast to the MD stage, in
which only tensor modes are waves at the speed of light,
and other types of perturbations evolve as a power law of
the comoving time τ [61,62].
A general second-order gauge transformation, from

synchronous to synchronous coordinates, is implemented
by first-order and second-order transformation vector
fields. When the gauge-invariant first-order solutions are
used in the couplings, only the second-order transformation
vector is effective at carrying out the second-order trans-
formations. With this, we obtain the gauge-invariant
second-order formal solutions in the integral form within
a chosen synchronous coordinate. In addition, we also
perform the second-order gauge transformations of the
solutions from synchronous to Poisson coordinates and
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obtain the second-order formal solutions in Poisson coor-
dinates. In the Poisson coordinates, for the second-order
vector mode with scalar-scalar couplings, we find that the
last term in Eq. (17) of Ref. [52] should be symmetrized.
After correcting this mistake in Eq. (17) of Ref. [52], the
revised solution Eq. (20) in Ref. [52] will agree with our
Eq. (6.100).
From these second-order solutions, one will be able to

investigate the properties of nonlinearity evolution not only
within one type of metric perturbation, such as the transfer
of perturbation power among various k-modes, the influ-
ence by the growing and decaying modes, etc., but also the
transfer of perturbation power between different types of
perturbations, such as those between scalar and tensor
modes, etc. After accumulations during cosmic expansion,
these nonlinear effects might possibly lead to changes of
the tensor/scalar ratio of metric perturbations observed in
CMB anisotropies from that of the primordial metric
perturbations generated during inflation. A detailed inves-
tigation of these issues would require the initial conditions
pertinent to the cosmic evolution and the proper adjoining
of perturbations from the precedent expansion stages such
as inflation and a possible period of reheating.
To use these solutions, one needs to do three types ofR
dτ integrals and one type of

R
d3k integral that involve

the functions ZsðtÞk, AsðtÞk, ZTk, ATk, etc., which can be
done numerically. To apply these in the cosmological study,
one needs to specify the initial conditions which are

presented by D2ðkÞ, D3ðkÞ, b1ðkÞ, b2ðkÞ, P2ðkÞ,
P3ðkÞ, Q2ðkÞ, Q3ðkÞ, etc.
The results of scalar-tensor and tensor-tensor in this

paper, together with the results of scalar-scalar couplings in
Ref. [63], constitute the full solution of the second-order
cosmological perturbations in the integral form in the RD
stage in synchronous coordinates. These second-order
results of the RD stage, in conjunction with the second-
order results of the MD stage [61,62], can be used to study
the nonlinear effects of cosmological perturbations.
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APPENDIX: SECOND-ORDER PERTURBED
EINSTEIN EQUATION AND CONSERVATION

EQUATIONS

In this appendix, we shall list the second-order perturbed
Einstein equation with the scalar-tensor and tensor-tensor
couplings, as well as the second-order covariant conserva-
tion equations of the stress tensor in a generalRWspacetime.
First, we present the second-order perturbed equations

with scalar-tensor couplings. The (00) component of
second-order perturbed Einstein equation, i.e., the second-
order energy constraint, is

−
6a0

a
ϕð2Þ0
sðtÞ þ 2∇2ϕð2Þ

sðtÞ þ
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3
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The ð0iÞ component of the second-order perturbed Einstein equation, i.e., the second-order momentum constraint, is
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The longitudinal part of the momentum constraint (A3) is
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and the transverse part is
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The ðijÞ component of the second-order perturbed Einstein equation, i.e., the second-order evolution equation, is
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where
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SsðtÞij ≡ 6c2L
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a0

a

�
2

χ⊤ð1Þ
ij δð1Þ − 6ϕð1Þ00χ⊤ð1Þ

ij − 12
a0

a
ϕð1Þ0χ⊤ð1Þ

ij þ 4χ⊤ð1Þ
ij ∇2ϕð1Þ − ϕð1Þ0χ⊤ð1Þ0

ij

− ϕð1Þ;lχ⊤ð1Þ
lj;i − ϕð1Þ;lχ⊤ð1Þ

li;j þ 3ϕð1Þ;lχ⊤ð1Þ
ij;l þ 2ϕð1Þ∇2χ⊤ð1Þ

ij − 2ϕð1Þ;l
;i χ⊤ð1Þ

lj

− 2ϕð1Þ;l
;j χ⊤ð1Þ

li − χ⊤ð1Þ00
lm χkð1Þ;lmδij − χ⊤ð1Þ

lm χkð1Þ00;lmδij −
2a0

a
χ⊤ð1Þ0
lm χkð1Þ;lmδij

−
2a0

a
χ⊤ð1Þ
lm χkð1Þ0;lmδij þ χ⊤ð1Þ0

li χkð1Þ
0;l

;j þ χ⊤ð1Þ0
lj χkð1Þ

0;l
;i −

3

2
χ⊤ð1Þ0
lm χkð1Þ0;lmδij

−
1

3
χ⊤ð1Þ
li ∇2χkð1Þ;l;j −

1

3
χ⊤ð1Þ
lj ∇2χkð1Þ;l;i − χ⊤ð1Þ

lm;ijχ
kð1Þ;lm þ χkð1Þ;lm∇2χ⊤ð1Þ

lm δij

−
1

2
χ⊤ð1Þ
lm;j χ

kð1Þ;lm
;i −

1

2
χ⊤ð1Þ
lm;i χ

kð1Þ;lm
;j þ 1

2
χkð1Þ;nmlχ⊤ð1Þ

nm;l δij −
2

3
χ⊤ð1Þ0
ij ∇2χkð1Þ0

þ 2

3
χ⊤ð1Þ
ij ∇2∇2χkð1Þ þ 1

3
∇2χ⊤ð1Þ

ij ∇2χkð1Þ þ 1

3
χ⊤ð1Þ
lj;i ∇2χkð1Þ;l þ 1

3
χ⊤ð1Þ
li;j ∇2χkð1Þ;l

þ χ⊤ð1Þ
lj;imχ

kð1Þ;lm þ χ⊤ð1Þ
li;jmχ

kð1Þ;lm − χ⊤ð1Þ
ij;lmχ

kð1Þ;lm: ðA10Þ

The trace part of the second-order evolution equation (A9) is

2ϕð2Þ00
sðtÞ þ 4

a0

a
ϕð2Þ0
sðtÞ −

2

3
∇2ϕð2Þ

sðtÞ þ
�
4
a00

a
þ 6

�
c2s −

1

3

��
a0

a

�
2
�
ϕð2Þ
sðtÞ −

1

9
∇2∇2χkð2ÞsðtÞ ¼ 3c2N

�
a0

a

�
2

δð2ÞsðtÞ þ
1

3
SlsðtÞl; ðA11Þ

where

SlsðtÞl ¼ −4ϕð1Þ;lmχ⊤ð1Þ
lm − 3χ⊤ð1Þ00

lm χkð1Þ;lm − 3χ⊤ð1Þ
lm χkð1Þ00;lm −

6a0

a
χ⊤ð1Þ0
lm χkð1Þ;lm

−
6a0

a
χ⊤ð1Þ
lm χkð1Þ0;lm −

5

2
χ⊤ð1Þ0
lm χkð1Þ0;lm −

2

3
χ⊤ð1Þ
lm ∇2χkð1Þ;lm þ 2χkð1Þ;lm∇2χ⊤ð1Þ

lm þ 1

2
χ⊤ð1Þ
lm;n χ

kð1Þ;lmn: ðA12Þ

The traceless part of the second-order evolution equation (A9) is

Dijϕ
ð2Þ
sðtÞ þ

1

2
Dijχ

kð2Þ00
sðtÞ þa0

a
Dijχ

kð2Þ0
sðtÞ þ

�
ð1−3c2sÞ

�
a0

a

�
2

−2
a00

a

�
Dijχ

kð2Þ
sðtÞ þ

1

6
∇2Dijχ

kð2Þ
sðtÞ þ

1

2
χ⊥ð2Þ00
sðtÞij þ

a0

a
χ⊥ð2Þ0
sðtÞij

þ
�
ð1−3c2sÞ

�
a0

a

�
2

−2
a00

a

�
χ⊥ð2Þ
sðtÞijþ

1

2
χ⊤ð2Þ00
sðtÞij þ

a0

a
χ⊤ð2Þ0
sðtÞijþ

�
ð1−3c2sÞ

�
a0

a

�
2

−2
a00

a

�
χ⊤ð2Þ
sðtÞij−

1

2
∇2χ⊤ð2Þ

sðtÞij¼ S̄sðtÞij; ðA13Þ

where

S̄sðtÞij ≡ SsðtÞij −
1

3
SksðtÞkδij

¼ 6c2L

�
a0

a

�
2

χ⊤ð1Þ
ij δð1Þ − 6ϕð1Þ00χ⊤ð1Þ

ij − 12
a0

a
ϕð1Þ0χ⊤ð1Þ

ij þ 4χ⊤ð1Þ
ij ∇2ϕð1Þ − ϕð1Þ0χ⊤ð1Þ0

ij − ϕð1Þ;lχ⊤ð1Þ
lj;i − ϕð1Þ;lχ⊤ð1Þ

li;j

þ 3ϕð1Þ;lχ⊤ð1Þ
ij;l þ 2ϕð1Þ∇2χ⊤ð1Þ

ij − 2ϕð1Þ;l
;i χ⊤ð1Þ

lj − 2ϕð1Þ;l
;j χ⊤ð1Þ

li þ 4

3
ϕð1Þ;lmχ⊤ð1Þ

lm δij þ χ⊤ð1Þ0
li χkð1Þ

0;l
;j þ χ⊤ð1Þ0

lj χkð1Þ
0;l

;i

−
2

3
χ⊤ð1Þ0
lm χkð1Þ0;lmδij −

1

3
χ⊤ð1Þ
li ∇2χkð1Þ;l;j −

1

3
χ⊤ð1Þ
lj ∇2χkð1Þ;l;i þ 2

9
χ⊤ð1Þ
lm ∇2χkð1Þ;lmδij − χ⊤ð1Þ

lm;ijχ
kð1Þ;lm

þ 1

3
χkð1Þ;lm∇2χ⊤ð1Þ

lm δij −
1

2
χ⊤ð1Þ
lm;j χ

kð1Þ;lm
;i −

1

2
χ⊤ð1Þ
lm;i χ

kð1Þ;lm
;j þ 1

3
χ⊤ð1Þ
lm;n χ

kð1Þ;lmnδij −
2

3
χ⊤ð1Þ0
ij ∇2χkð1Þ0

þ 2

3
χ⊤ð1Þ
ij ∇2∇2χkð1Þ þ 1

3
∇2χ⊤ð1Þ

ij ∇2χkð1Þ þ 1

3
χ⊤ð1Þ
lj;i ∇2χkð1Þ;l þ 1

3
χ⊤ð1Þ
li;j ∇2χkð1Þ;l þ χ⊤ð1Þ

lj;imχ
kð1Þ;lm þ χ⊤ð1Þ

li;jmχ
kð1Þ;lm

− χ⊤ð1Þ
ij;lmχ

kð1Þ;lm: ðA14Þ
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The scalar part of the traceless part of the second-order evolution equation (A13) is

ϕð2Þ
sðtÞ þ

1

2
χkð2Þ

00

sðtÞ þ a0

a
χkð2Þ

0

sðtÞ þ
�
ð1 − 3c2sÞ

�
a0

a

�
2

− 2
a00

a

�
χkð2ÞsðtÞ þ

1

6
∇2χkð2ÞsðtÞ ¼ 3

2
∇−2∇−2S̄;klsðtÞkl; ðA15Þ

where

S̄;lmsðtÞlm ¼ −
2

3
∇2∇2½χkð1Þ;lmχ⊤ð1Þ

lm � þ∇2

�
4

3
ϕð1Þ;lmχ⊤ð1Þ

lm þ 1

3
χ⊤ð1Þ0
lm χkð1Þ0;lm þ 8

9
χ⊤ð1Þ
lm ∇2χkð1Þ;lm þ 7

6
χ⊤ð1Þ
lm;n χ

kð1Þ;lmn

�

þ 6c2L

�
a0

a

�
2

χ⊤ð1Þ
lm δð1Þ;lm − 6ϕð1Þ00;lmχ⊤ð1Þ

lm − 12
a0

a
ϕð1Þ0;lmχ⊤ð1Þ

lm − ϕð1Þ0;lmχ⊤ð1Þ0
lm − 3ϕð1Þ;lmnχ⊤ð1Þ

lm;n

− χkð1Þ0;lm∇2χ⊤ð1Þ0
lm þ 1

3
χ⊤ð1Þ0
lm ∇2χkð1Þ0;lm −

1

2
χ⊤ð1Þ
lm;n∇2χkð1Þ;lmn þ∇2χ⊤ð1Þ

lm ∇2χkð1Þ;lm þ 3

2
χkð1Þ;lmn∇2χ⊤ð1Þ

lm;n : ðA16Þ

The vector part of the traceless part of the second-order evolution equation (A13) is

1

2
χ⊥ð2Þ00
sðtÞij þ a0

a
χ⊥ð2Þ0
sðtÞij þ

�
ð1 − 3c2sÞ

�
a0

a

�
2

− 2
a00

a

�
χ⊥ð2Þ
sðtÞij ¼ ∇−2S̄;ksðtÞkj;i þ∇−2S̄;ksðtÞki;j − 2∇−2∇−2S̄;klsðtÞkl;ij; ðA17Þ

where the rhs of the above is

∇−2S̄;lsðtÞlj;i þ∇−2S̄;lsðtÞli;j − 2∇−2∇−2S̄;lmsðtÞlm;ij

¼ 2

3
∂i∂j½χkð1Þ;lmχ⊤ð1Þ

lm � þ ∂i∂j∇−2
�
−ϕð1Þ;lmχ⊤ð1Þ

lm −
5

6
χ⊤ð1Þ
lm ∇2χkð1Þ;lm

−
1

6
χkð1Þ;lm∇2χ⊤ð1Þ

lm −
4

3
χ⊤ð1Þ
lm;n χ

kð1Þ;lmn

�
þ ∂i∇−2

�
6c2L

�
a0

a

�
2

χ⊤ð1Þ
lj δð1Þ;l − 6ϕð1Þ00;lχ⊤ð1Þ

lj

− 12
a0

a
ϕð1Þ0;lχ⊤ð1Þ

lj − ϕð1Þ0;lχ⊤ð1Þ0
lj þ 2χ⊤ð1Þ

lj ∇2ϕð1Þ;l þ ϕð1Þ;l∇2χ⊤ð1Þ
lj − ϕð1Þ;lm

;j χ⊤ð1Þ
lm

þ χ⊤ð1Þ0
lj;m χkð1Þ0;lm − χ⊤ð1Þ0

lm;j χ
kð1Þ0;lm þ 1

3
χ⊤ð1Þ0
lj ∇2χkð1Þ0;l −

1

6
χ⊤ð1Þ
lm ∇2χkð1Þ;lm;j

þ 1

3
χ⊤ð1Þ
lj ∇2∇2χkð1Þ;l þ 2

3
∇2χ⊤ð1Þ

lj ∇2χkð1Þ;l þ χkð1Þ;lm∇2χ⊤ð1Þ
lj;m −

1

2
χkð1Þ;lm∇2χ⊤ð1Þ

lm;j

�

þ ∂i∂j∇−2∇−2
�
−6c2L

�
a0

a

�
2

χ⊤ð1Þ
lm δð1Þ;lm þ 6ϕð1Þ00;lmχ⊤ð1Þ

lm þ 12
a0

a
ϕð1Þ0;lmχ⊤ð1Þ

lm

þ ϕð1Þ0;lmχ⊤ð1Þ0
lm þ 3ϕð1Þ;lmnχ⊤ð1Þ

lm;n þ χkð1Þ0;lm∇2χ⊤ð1Þ0
lm −

1

3
χ⊤ð1Þ0
lm ∇2χkð1Þ0;lm

þ 1

2
χ⊤ð1Þ
lm;n∇2χkð1Þ;lmn −∇2χ⊤ð1Þ

lm ∇2χkð1Þ;lm −
3

2
χkð1Þ;lmn∇2χ⊤ð1Þ

lm;n

�

þ ði ↔ jÞ: ðA18Þ

The tensor part (GW) of the second-order evolution equation (A13) is

1

2
χ⊤ð2Þ00
sðtÞij þ a0

a
χ⊤ð2Þ0
sðtÞij þ

�
ð1 − 3c2sÞ

�
a0

a

�
2

− 2
a00

a

�
χ⊤ð2Þ
sðtÞij −

1

2
∇2χ⊤ð2Þ

sðtÞij

¼ S̄sðtÞij −
3

2
Dij∇−2∇−2S̄;klsðtÞkl −∇−2S̄;ksðtÞkj;i −∇−2S̄;ksðtÞki;j þ 2∇−2∇−2S̄;klsðtÞkl;ij; ðA19Þ

where the rhs of the above is
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S̄sðtÞij −
3

2
Dij∇−2∇−2S̄;lmsðtÞlm −∇−2S̄;lsðtÞlj;i −∇−2S̄;lsðtÞli;j þ 2∇−2∇−2S̄;lmsðtÞlm;ij

¼
�
6c2L

�
a0

a

�
2

χ⊤ð1Þ
ij δð1Þ − 6ϕð1Þ00χ⊤ð1Þ

ij − 12
a0

a
ϕð1Þ0χ⊤ð1Þ

ij þ 4χ⊤ð1Þ
ij ∇2ϕð1Þ − ϕð1Þ0χ⊤ð1Þ0

ij

− ϕð1Þ;lχ⊤ð1Þ
lj;i − ϕð1Þ;lχ⊤ð1Þ

li;j þ 3ϕð1Þ;lχ⊤ð1Þ
ij;l þ 2ϕð1Þ∇2χ⊤ð1Þ

ij − 2ϕð1Þ;l
;i χ⊤ð1Þ

lj − 2ϕð1Þ;l
;j χ⊤ð1Þ

li

þ 2ϕð1Þ;lmχ⊤ð1Þ
lm δij þ χ⊤ð1Þ0

li χkð1Þ
0;l

;j þ χ⊤ð1Þ0
lj χkð1Þ

0;l
;i −

1

2
χ⊤ð1Þ0
lm χkð1Þ0;lmδij

−
1

3
χ⊤ð1Þ
li ∇2χkð1Þ;l;j −

1

3
χ⊤ð1Þ
lj ∇2χkð1Þ;l;i þ 1

3
χ⊤ð1Þ
lm ∇2χkð1Þ;lmδij − χ⊤ð1Þ

lm;ijχ
kð1Þ;lm

−
1

2
χ⊤ð1Þ
lm;j χ

kð1Þ;lm
;i −

1

2
χ⊤ð1Þ
lm;i χ

kð1Þ;lm
;j þ 1

4
χ⊤ð1Þ
lm;n χ

kð1Þ;lmnδij −
2

3
χ⊤ð1Þ0
ij ∇2χkð1Þ0

þ 2

3
χ⊤ð1Þ
ij ∇2∇2χkð1Þ þ 1

3
∇2χ⊤ð1Þ

ij ∇2χkð1Þ þ 1

3
χ⊤ð1Þ
lj;i ∇2χkð1Þ;l þ 1

3
χ⊤ð1Þ
li;j ∇2χkð1Þ;l

þ χ⊤ð1Þ
lj;imχ

kð1Þ;lm þ χ⊤ð1Þ
li;jmχ

kð1Þ;lm − χ⊤ð1Þ
ij;lmχ

kð1Þ;lm
�
þ δij∇−2

�
3c2L

�
a0

a

�
2

χ⊤ð1Þ
lm δð1Þ;lm

− 3ϕð1Þ00;lmχ⊤ð1Þ
lm − 6

a0

a
ϕð1Þ0;lmχ⊤ð1Þ

lm −
1

2
ϕð1Þ0;lmχ⊤ð1Þ0

lm −
3

2
ϕð1Þ;lmnχ⊤ð1Þ

lm;n

−
1

2
χkð1Þ0;lm∇2χ⊤ð1Þ0

lm þ 1

6
χ⊤ð1Þ0
lm ∇2χkð1Þ0;lm −

1

4
χ⊤ð1Þ
lm;n∇2χkð1Þ;lmn þ 1

2
∇2χ⊤ð1Þ

lm ∇2χkð1Þ;lm

þ 3

4
χkð1Þ;lmn∇2χ⊤ð1Þ

lm;n

�
þ ∂i∂j∇−2

�
−
1

2
χ⊤ð1Þ0
lm χkð1Þ0;lm þ 1

4
χ⊤ð1Þ
lm;n χ

kð1Þ;lmn

�

þ ∂i∇−2
�
−6c2L

�
a0

a

�
2

χ⊤ð1Þ
lj δð1Þ;l þ 6ϕð1Þ00;lχ⊤ð1Þ

lj þ 12
a0

a
ϕð1Þ0;lχ⊤ð1Þ

lj þ ϕð1Þ0;lχ⊤ð1Þ0
lj

− 2χ⊤ð1Þ
lj ∇2ϕð1Þ;l − ϕð1Þ;l∇2χ⊤ð1Þ

lj þ ϕð1Þ;lm
;j χ⊤ð1Þ

lm − χ⊤ð1Þ0
lj;m χkð1Þ0;lm þ χ⊤ð1Þ0

lm;j χ
kð1Þ0;lm

−
1

3
χ⊤ð1Þ0
lj ∇2χkð1Þ0;l þ 1

6
χ⊤ð1Þ
lm ∇2χkð1Þ;lm;j −

1

3
χ⊤ð1Þ
lj ∇2∇2χkð1Þ;l −

2

3
∇2χ⊤ð1Þ

lj ∇2χkð1Þ;l

− χkð1Þ;lm∇2χ⊤ð1Þ
lj;m þ 1

2
χkð1Þ;lm∇2χ⊤ð1Þ

lm;j

�
þ ∂j∇−2

�
−6c2L

�
a0

a

�
2

χ⊤ð1Þ
li δð1Þ;l

þ 6ϕð1Þ00;lχ⊤ð1Þ
li þ 12

a0

a
ϕð1Þ0;lχ⊤ð1Þ

li þ ϕð1Þ0;lχ⊤ð1Þ0
li − 2χ⊤ð1Þ

li ∇2ϕð1Þ;l − ϕð1Þ;l∇2χ⊤ð1Þ
li

þ ϕð1Þ;lm
;i χ⊤ð1Þ

lm − χ⊤ð1Þ0
li;m χkð1Þ0;lm þ χ⊤ð1Þ0

lm;i χ
kð1Þ0;lm −

1

3
χ⊤ð1Þ0
li ∇2χkð1Þ0;l þ 1

6
χ⊤ð1Þ
lm ∇2χkð1Þ;lm;i

−
1

3
χ⊤ð1Þ
li ∇2∇2χkð1Þ;l −

2

3
∇2χ⊤ð1Þ

li ∇2χkð1Þ;l − χkð1Þ;lm∇2χ⊤ð1Þ
li;m þ 1

2
χkð1Þ;lm∇2χ⊤ð1Þ

lm;i

�

þ ∂i∂j∇−2∇−2
�
3c2L

�
a0

a

�
2

χ⊤ð1Þ
lm δð1Þ;lm − 3ϕð1Þ00;lmχ⊤ð1Þ

lm − 6
a0

a
ϕð1Þ0;lmχ⊤ð1Þ

lm

−
1

2
ϕð1Þ0;lmχ⊤ð1Þ0

lm −
3

2
ϕð1Þ;lmnχ⊤ð1Þ

lm;n −
1

2
χkð1Þ0;lm∇2χ⊤ð1Þ0

lm þ 1

6
χ⊤ð1Þ0
lm ∇2χkð1Þ0;lm

−
1

4
χ⊤ð1Þ
lm;n∇2χkð1Þ;lmn þ 1

2
∇2χ⊤ð1Þ

lm ∇2χkð1Þ;lm þ 3

4
χkð1Þ;lmn∇2χ⊤ð1Þ

lm;n

�
: ðA20Þ

Next, we present the second-order perturbed Einstein equation with tensor-tensor couplings. The (00) component of the
second-order perturbed Einstein equation, i.e., the second-order energy constraint, is

−
6a0

a
ϕð2Þ0
T þ 2∇2ϕð2Þ

T þ 1

3
∇2∇2χkð2ÞT ¼ 3

�
a0

a

�
2

δð2ÞT þ ET; ðA21Þ

where
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ET ≡ 1

4
χ⊤ð1Þ0lmχ⊤ð1Þ0

lm þ 2a0

a
χ⊤ð1Þlmχ⊤ð1Þ0

lm − χ⊤ð1Þlm∇2χ⊤ð1Þ
lm −

3

4
χ⊤ð1Þlm;nχ⊤ð1Þ

lm;n þ 1

2
χ⊤ð1Þlm;nχ⊤ð1Þ

ln;m : ðA22Þ

The ð0iÞ component of the second-order perturbed Einstein equation, i.e., the second-order momentum constraint, is

2ϕð2Þ0
T;i þ

1

2
Dijχ

kð2Þ0;j
T þ 1

2
χ⊥ð2Þ0;j
Tij ¼ −3ð1þ c2sÞ

�
a0

a

�
2

vð2ÞTi þMTi; ðA23Þ

where MTi is the same as (3.38). The longitudinal part of the momentum constraint (A23) is

2ϕð2Þ0
T þ 1

3
∇2χkð2Þ

0
T ¼ −3ð1þ c2sÞ

�
a0

a

�
2

vkð2ÞT þ∇−2M;l
Tl; ðA24Þ

and the transverse part is

1

2
χ⊥ð2Þ0;j
Tij ¼ −3ð1þ c2sÞ

�
a0

a

�
2

v⊥ð2Þ
Ti þ ðMTi − ∂i∇−2M;l

TlÞ; ðA25Þ

where ∇−2M;l
Tl and (MTi − ∂i∇−2M;l

Tl) are the same as (3.40) and (3.42).
The ðijÞ component of second-order perturbed Einstein equation, i.e., the second-order evolution equation, is
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a
χ⊥ð2Þ0
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1

2
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�
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a

�
2

δð2ÞT δij þ STij; ðA26Þ

where

STij ≡ −2
a0

a
χ⊤ð1Þlmχ⊤ð1Þ0

lm δij − χ⊤ð1Þlmχ⊤ð1Þ
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1
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;i χ⊤ð1Þ
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lj;im

þ χ⊤ð1Þlmχ⊤ð1Þ
li;jm − χ⊤ð1Þlmχ⊤ð1Þ

ij;lm: ðA27Þ

The trace part of the second-order evolution equation (A26) is

2ϕð2Þ00
T þ 4

a0

a
ϕð2Þ0
T −

2

3
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a00
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3
SlTl; ðA28Þ

where SlTl is the same as (3.46). The traceless part of the second-order evolution equation (A26) is

Dijϕ
ð2Þ
T þ 1

2
Dijχ

kð2Þ00
T þ a0

a
Dijχ

kð2Þ0
T þ

�
ð1 − 3c2sÞ

�
a0

a

�
2

− 2
a00

a

�
Dijχ

kð2Þ
T þ 1

6
∇2Dijχ

kð2Þ
T

þ 1

2
χ⊥ð2Þ00
Tij þ a0

a
χ⊥ð2Þ0
Tij þ

�
ð1 − 3c2sÞ

�
a0

a

�
2

− 2
a00

a

�
χ⊥ð2Þ
Tij

þ 1

2
χ⊤ð2Þ00
Tij þ a0

a
χ⊤ð2Þ0
Tij þ

�
ð1 − 3c2sÞ

�
a0

a

�
2

− 2
a00

a

�
χ⊤ð2Þ
Tij −

1

2
∇2χ⊤ð2Þ
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where S̄Tij is the same as (3.48). The scalar part of the traceless part of second-order evolution equation (A29) is

χkð2Þ
00

T þ 2a0

a
χkð2Þ

0
T þ 2

�
ð1 − 3c2sÞ

�
a0

a

�
2

− 2
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�
χkð2ÞT þ 1

3
∇2χkð2ÞT þ 2ϕð2Þ

T ¼ 3∇−2∇−2S̄;lmTlm; ðA30Þ

where S̄;lmTlm is the same as (3.50). The vector part of the traceless part (A29) is

1

2
χ⊥ð2Þ00
Tij þ a0

a
χ⊥ð2Þ0
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�
ð1 − 3c2sÞ
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a
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Tij ¼ ∇−2S̄;kTkj;i þ∇−2S̄;kTki;j − 2∇−2∇−2S̄;klTkl;ij; ðA31Þ

where ∇−2S̄;lTlj;i þ∇−2S̄;lTli;j − 2∇−2∇−2S̄;lmTlm;ij is the same as (3.53). The tensor part of (A29) is

1

2
χ⊤ð2Þ00
Tij þ a0

a
χ⊤ð2Þ0
Tij þ
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�
a0
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where the rhs of the above is the same as (3.55).
Finally, we present the second-order equations of the covariant conservation of the energy-momentum tensor, which are

also needed for solving the second-order perturbations. The conservation equations with all the couplings for a general RW
spacetime are given in (2.17) and (2.18). Keeping only the scalar-tensor terms, we have

δð2Þ
0

sðtÞ þ 2a00ða0Þ−1δð2ÞsðtÞ þ ð−1þ 3c2NÞa0a−1δð2ÞsðtÞ þ ð1þ c2sÞ∇2vkð2ÞsðtÞ − 3ð1þ c2sÞϕð2Þ0
sðtÞ

− ð1þ c2sÞχ⊤ð1Þ0
lm χkð1Þ;lm − ð1þ c2sÞχ⊤ð1Þ

lm χkð1Þ0;lm ¼ 0; ðA33Þ

c2Nδ
ð2Þ
sðtÞ;i þ 2ð1þ c2sÞa00ða0Þ−1vkð2ÞsðtÞ;i þ ð1þ c2sÞvkð2Þ

0
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ð1Þ;lχ⊤ð1Þ
li þ 2ð1þ c2sÞvkð1Þ;lχ⊤ð1Þ0

li ¼ 0: ðA34Þ

Keeping only the tensor-tensor coupling terms, we have

δð2Þ
0

T þ 2a00ða0Þ−1δð2ÞT þ ð−1þ 3c2NÞa0a−1δð2ÞT þ ð1þ c2sÞ∇2vkð2ÞT − 3ð1þ c2sÞϕð2Þ0
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lm χ⊤ð1Þlm ¼ 0; ðA35Þ
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T;i þ 2ð1þ c2sÞa00ða0Þ−1vkð2ÞT;i þ ð1þ c2sÞvkð2Þ

0
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Ti ¼ 0: ðA36Þ
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