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Effect of the anomalous magnetic moment of quarks on the phase structure
and mesonic properties in the NJL model
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Employing a field dependent three-momentum cutoff regularization technique, we study the phase
structure and mesonic masses using the 2-flavor Nambu—Jona Lasinio model at finite temperature and
density in the presence of an arbitrary external magnetic field. This approach is then applied to incorporate
the effects of the anomalous magnetic moment (AMM) of quarks on constituent quark mass and
thermodynamic observables as a function of temperature/baryonic density. The critical temperature for
transition from chiral symmetry broken to the restored phase is observed to decrease with the external
magnetic field, which can be classified as inverse magnetic catalysis, while an opposite behavior is realized
in the case of a vanishing magnetic moment, implying magnetic catalysis. These essential features are also
reflected in the phase diagram. Furthermore, the properties of the low lying scalar and neutral pseudoscalar
mesons are also studied in presence of a hot and dense magnetized medium including AMM of the quarks
using random phase approximation. For nonzero values of magnetic field, we notice a sudden jump in the
mass of the Goldstone mode at and above the Mott transition temperature which is found to decrease
substantially with the increase in magnetic field when the AMM of the quarks are taken into consideration.
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I. INTRODUCTION

The study of strongly interacting matter under the
influence of high temperature and finite baryonic density
in a magnetized medium is a subject of great interest [1].
Specifically, the presence of a background magnetic field
results in a large number of interesting physical effects in
quark matter and understanding them brings us closer to
our main objective of understanding quantum chromody-
namics (QCD). Some of the most important ones among
these phenomena are chiral magnetic effects (CME) [2-5];
magnetic catalysis (MC) [6-9] of dynamical chiral sym-
metry breaking as well as inverse magnetic catalysis (IMC)
[10,11] which may lead to significant modification of the
nature of electroweak [12-15], chiral, and superconducting
phase transitions [16-19], electromagnetically induced
superconductivity and superfluidity [20,21] and many
more. Now, it is remarkable that strong magnetic fields
of the order of ~10'® G [3,22] or larger can be generated in
noncentral heavy-ion collisions, at RHIC and LHC, two
of the most important laboratories for the study of strongly
interacting matter. Since this is comparable to the QCD
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scale, i.e., eB~ m2 (note that in natural units, 10'® G~
m2 ~0.02 GeV?), the magnetic field in these laboratories
is sufficient to make noticeable influence in the properties
of QCD matter. The charge separation in heavy ion
collisions may be a consequence of such magnetic field
which has been attributed to the so-called CME mentioned
earlier. It is worth mentioning that, though the fields created
during heavy ion collision is short lived [3], the presence of
finite electrical conductivity of the hot and dense medium
may lead to substantial delay in the decay of these time-
dependent magnetic fields [23]. This justifies the use of a
uniform background field in most of the calculations in the
literature. Besides heavy ion collisions, strong magnetic
field can be realized in several physical systems, such as:
(1) in the early universe during electroweak transition where
the magnetic field, as high as ~10%* G [24,25] might have
been produced, (ii) at the surface of certain compact stars
called magnetars, magnetic field is of the order of 10> G
[26,27], while in the interior it might reach ~10'® G [28],
(iii) in quasirelativistic condensed matter systems like
graphene [29,30] etc. Thus, apart from its theoretical
intricacies, the possibility of an experimental verification
has attracted a large number of researchers in this domain
of physics in recent years.

However, the detailed analysis of the above mentioned
properties involves a great deal of complexities while
evaluating quantities of interest from first principles since
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the large coupling strength of QCD in low energy regime
restricts the use of perturbative approach. Lattice QCD
simulations provide one of the best procedures to tackle the
problem at intermediate temperatures (comparable to the
QCD scale) and low baryonic density which is relevant for
highly relativistic heavy ion collisions [31-37]. However,
for compact stars one has to deal with the low temperatures
and high values of baryonic chemical potential. CBM
experiment at FAIR is also expected to explore high
baryonic density matter. These areas of the phase diagram
are not accessible via the lattice simulation due to the so-
called sign problem in Monte Carlo sampling [10]. An
available alternative is to work with effective models which
possess some of the essential features of QCD and
mathematically tractable so that the basic mechanisms
remain illustrative. The Nambu Jona-Lasinio (NJL) model
[38,39] is one such model, which presents a useful scheme
to examine the vacuum structure of QCD at arbitrary
temperatures and baryonic density. This model has been
extensively used to study some of the nonperturbative
properties of the QCD vacuum as it was constructed
respecting the global symmetries of QCD, most impor-
tantly the chiral symmetry (see [40—43] for reviews). As
mentioned in [40] the pointlike interaction between quarks
makes the NJL model nonrenormalizable. Thus a proper
regularization scheme has to be chosen to deal with the
divergent integrals and the parameters associated with the
model are fixed to reproduce some well-known phenom-
enological quantities, for example pion-decay constant f,,
condensate etc. [44].

The problem of chiral phase transition using the NJL
model in the presence of a uniform background magnetic
field is an extensively studied topic in the literature
[7-9,45-48]. In most of the cases it was found that the
magnetic field is likely to strengthen the chirally broken
phase leading to the MC. But in a few lattice data [34,49—
51], a contradictory behavior of the transition temperature
was observed which supports IMC. A significant amount
of effort has been made to explain this discrepancy
by adopting appropriate modifications of effective models,
primarily considering a field dependent coupling constant
[52-54]. In [46] it was shown that eB-dependence
of transition temperature can vary depending upon the
regularization scheme. In a recent study [55], it has been
indicated that finite value of anomalous magnetic moment
(AMM) of nucleons increases the level of pressure anisot-
ropies for a system of proton and neutrons. Further-
more, in [56] it was demonstrated that, as a manifestation
of inclusion of AMM of protons and neutrons, critical
temperature for vacuum to nuclear medium decreases
with increasing magnetic field which can be identified as
IMC. Since the chiral symmetry breaking leads to the
generation of an AMM for the quarks [57,58], it is justified
to include their contributions during evaluation of dynam-
ics of chiral symmetry breaking and restoration at high

temperatures and chemical potentials. A rigorous study of
the effect of AMM in phase diagram in a magnetized
medium can be found in [59], where they have used the
zeta function regularization technique to regularize the eB
dependent thermodynamic potential for nonzero values of
AMM of quarks and used a field dependent smoothing
function.

In absence of magnetic field NJL. model has also been
used extensively to describe the physical properties of light
scalar and pseudoscalar mesons [40,60-64], which have a
direct relevance with the dynamics of chiral phase tran-
sition. Progress has also been made in studying these
lightest hadrons in a hot and dense magnetized medium
[47,65—-67]. It was found that the minimum temperature for
which the overlap interval starts in the crossover region
increases with increasing magnetic field. As it was already
pointed out in the previous paragraph that inclusion of
AMM in different cases leads to an opposite behavior in
transition temperature so it will be interesting to evaluate
mesonic masses considering the AMM of quarks. It is
worth mentioning that there are also other methods avail-
able to study mesonic properties, such as, lattice simula-
tions [31-33,68,69], dimensional reduction [70,71], hard
thermal loop approximation [72-74] etc. As mentioned in
Ref. [64], the latter approaches rely on a separation of
momentum scales which, strictly speaking, holds only in
the weak coupling regime g < 1 and hence may not be
justified near the vicinity of phase transition.

In this work, we aim to study the effect of AMM of the
quarks on both the phase structure as well as mesonic
properties (namely of scalar meson o and pseudoscalar
neutral meson 7°) in the 2-flavor NJL model. We have used
a magnetic field dependent three-momentum cutoff as our
regularization scheme [75] which has been shown to be a
generalization of the usual zero field three-momentum
cutoff regularization. We have also shown that, in the limit
B — 0, the analytic expression reduces to the correspond-
ing one in the absence of an external magnetic field. An
extensive study of the phase structure of quark matter at
finite density under arbitrary external magnetic field has
been made by evaluating the chiral susceptibility in the
neighborhood of transition temperature or chemical poten-
tial of quarks. MC is observed when AMM of the quarks is
switched off while an opposite behavior IMC) is obtained
considering the AMM of the quarks. Moreover, it is seen
that, the nature of the (pseudochiral) phase transition
largely depends on the external magnetic field as well as
on the consideration of the AMM of the quarks. We then
calculated the masses of ¢ and #° at finite temperature,
density, and arbitrary external magnetic field including
AMM of the quarks, of which we have not come across any
prior investigations in the literature. The z° mass has been
seen to suffer a sudden jump at and above Mott transition
(Tmow) temperature. Finally, the variation of Ty, with
external magnetic field is studied and significant decrease
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of Tt 1 observed with the increase in B when the AMM
of the quarks are taken into account. It is worth mentioning
that all the calculations presented in the work have been
performed by considering all the Landau levels of the
quarks and thus the results are valid for arbitrary magnetic
field.

The paper is organized as follows. In Sec. II, the gap
equation is derived for the calculation of the constituent
quark mass. Next in Sec. III, various thermodynamic
quantities are obtained. Section IV is devoted for the
calculation of mesonic properties. We then present numeri-
cal results in Sec. V followed by a summary and conclusion
of our work in Sec. VL

II. CONSTITUENT QUARK MASS

The Lagrangian of the two-flavor NJL-model consider-
ing the anomalous magnetic moment of free quarks in the
presence of constant background magnetic field is given by
[38-40,43,60,76]

1
L=y(x) (iB -m+ E&O'”DFW> w(x)

+G{Ww(x))? + W()irszy ()’ (1)

where we have dropped the flavor (f = u, d) and color
(c=r, g, b) indices from the Dirac field (y/¢) for a
convenient representation. In Eq. (1), m is current quark
mass representing the explicit chiral symmetry breaking
(we will take m, = m,; = m to ensure isospin symmetry of
the theory at vanishing magnetic field), D, = 9, + iQA, is
covariant derivative which couples quark charge Q =
diag(2e/3,—e/3) with the external magnetic field repre-
sented by the four potential A, the factor a = Q &, where
k = diag(k,, k) is a 2 x 2 matrix in the flavor space (see
Ref. [59] for details), F* = O*AY — QYA* and o"* =
Z[r*.7*]. The metric tensor used in this work is mostly
negative, ¢** = diag(1,—1,—-1,—-1). Now expanding yy
around the quark-condensate (ww) and dropping the
quadratic term of the fluctuation one can write

(iy)*.
(2)

In this mean field approximation (MFA), the Lagrangian
becomes

(oy)? = oy — (oy) + (oy))> = 2(ww) (Wy) -

o L (M —m)®
L =y(x) (lB -M+ anﬂ FMD)I/I(X) BT (3)
where, M is the constituent quark mass given by
M = m = 2G(yy). (4)

Equation (4) is known as the gap equation. Now following
Refs. [47,59], the one-loop effective potential (2) for a

two-flavor NJL model considering the AMM of quarks at
finite temperature (7)) and chemical potential (1) in pres-
ence of a uniform background magnetic field (B) fixed
along z-direction is expressed as

lesB|
VO 2
n=0 se{£1}
x/_:rﬁ;{ﬂEnfs_ln

where N. =3 is the number of colors, e, =2¢/3,
e, =—¢e/3,p= %is the inverse temperature, and n* being
the thermal distribution functions of the quarks/antiquarks
given by

Q(Mm

(I=nt)=In(1-n7)} (5

1
a eXpV}(Enfs + /‘q)] + 1

(6)

with u, being the chemical potential of the quark. In
Egs. (5) and (6), E,;, are the energy eigenvalues of the
quarks in the presence of external magnetic field (which is a
consequence of the Landau quantization of the transverse
momenta of the quarks due to the external magnetic field)
and given by

{ (\/|€fB| (2n+1—s&p)+M? _stefB)z H%
(7)

Enf.\': [p%+

where, n is the Landau level index, s € {£1} is the spin
index, and &, = sign(ey).

Following Ref. [59], in this article we will assume
the values of k; appearing in Eq. (7) as constant and
independent of (7, u, B, M). Now the constituent
quark mass can be obtained self-consistently by minimiz-
ing the thermodynamic potential with respect to M. For
this, we differentiate € with respect to M and equate it to
zero to get

0Q _M-m odp, M
aM . -N ZEfB|ZZ/c;o“'—f;zzEnfs

=0 {5}
B
X (1—%)(1—11*—11_):0. (8)

M,

The solution of the above equation gives the constituent
quarks mass as

= m+2GN Z|€fB|ZZ/OO Zﬁﬁ;ﬁ

X (1—s’<fef3>(1—n:+{—}n-) 9)

M,y
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where M, = \/\efB|(2n + 1 —s&) + M?. Note that in

Eq. (9), the medium independent integral is ultraviolet
divergent. This feature is due to the fact that quarks are
assumed to interact via pointlike interaction [40]; as a
consequence the theory becomes nonrenormalizable. So it
is necessary to provide an appropriate regularization scheme
to make a sense of the divergent integrals. There is no unique
way to introduce this regulator [40,43,46,47,67,77,78].
Discussions about the implementation of different regulari-
zation schemes and their outcomes in absence as well as in
presence of background magnetic field can be found in these
articles. In the case of nonzero background magnetic field,
regularization has been done via extracting the pure vacuum
part using Hurwitz zeta function and applying a three
momentum cutoff on the pure vacuum part [47,67,77]. In
this article, we will demonstrate the application of a field
dependent cutoff [75] on the divergent p.-integral directly
without going into the trouble of extracting the pure vacuum
part which may become cumbersome. To discuss this
procedure we will start from the following integral which
appeared in Eq. (9):

odp. M skre B
Idiv:/ el | - L7 (10)
—00 dn- E nfs M nf
First, we note that the integrands in Egs. (9) and (10) are both
even functions of p_; introducing the field dependent cutoff

E <
l
nfs

A d
Ireg :2/ izz
0 4

A=A - P2 (12)

while A being the usual three-momentum cutoff. The
quantity p2 inside the square root can be identified from
Eq. (7) in the following manner:

B
_SK'fef (11)
M,

where,

2
P = (\/|efB|(2n +1—s&)+M - sxfefB) — M?
= |le/B|(2n+ 1 = s&;) + (kpesB)?

As a cross check, one can see that as k; — 0, we get P -
(2n + 1 = s&;)|eyB| which is the usual expression of the
Landau quantized transverse momentum expressing the fact
that the lowest Landau level is nondegenerate. Now the
regularlzatlon shown in Eq. (11) will be valid iff A2 —p3 >0
and p2 7 >0as p,, p, are real quantities. Note that the first
condition will always be there for any finite values of e B [55]
but the second condition is only due to the nonzero values of
AMM of quarks. These conditions will constrain the
contributing n-values in the sum. From now on we will

call these two conditions as “UV-blocking” and “AMM-
blocking,” respectively. A discussion on these issues is
provided in Appendix B. Putting these condition back in
Eq. (9), we get

=m +4GN Z|efB|ZZ/AZ

n=0 {s}

dp, . . M skpesB
“O(A% - p2)O(p? 1-
odp, M
—4GN, ZM«MEZ/ 47% E, 1
n=0 {s}
e+B
X (1 —SI;’Z;) (nt+n7), (14)

where ©(x) represents Heaviside theta function with
O(x) =1 for x > 0 and zero otherwise. As a consistency
check, we take the limits k; — 0 and e;B — 0 of the above
equation (see Appendix C for details) and get,

GMN N
M=m+ f [A\/A2+M2 M?sinh~! (A)]
(15)

which is the well known expression of the gap equation in
absence of external magnetic field and agrees with Ref. [40].

III. THERMODYNAMIC QUANTITIES

In this section we will calculate some of the thermody-
namic observables which can be evaluated from the
effective potential (). For example, the entropy density
is given

0Q
or

=-N Z|efB|ZZ/ dp: [In 1—n")

=0 5}

§=-

+n(1 —n—)—E"Tff (nt +n- )+%(n+—n_)} (16)

To study different mechanism involving the phase
transition from symmetry broken to restored phase, we
will use the chiral susceptibility which is defined as

’Q 1 (oM
== (=21, 1
K = om? ~ 2G <8m ) (17)

Evaluation of Eqgs. (16) and (17) are straight forward and
can be done by differentiating M from Eq. (14) with respect
to T and m in the following way:
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M skrerB
: 25
n=0 {s} nfs nf
x[n* (1 —n+)(Enfs —u)+n(1=n")(E,zs+p)]
(18)

oM

e (19)

1
D,
where Dy and D,, appearing in the above equations are
respectively given by:

BM? 1 B M? B\ 2
|€fB|ZZ/ {sxfef <1 _ SKpey ) M (1 _ SKpey > }
n=0 {s} Enfs Enfs Mnf Enfs Mnf
GN (1 B s1<fefB> skresB
= o A2+M2)1/2 M,y ) DMy
GN sk re [ BM? 1 skre ;B M? skre B\ 2
[ff <1_ff>_3<1_ ff>:|(n+_|_n—)
n=0 {s} Enfs Enfs Mnf Enfs Mnf
GN & M \?2 skse B\ 2
dp.p (E—> (1 —A) T (1=nt)+n"(1+n7)], (20)
n=0 {s} nfs nf
B GN dp H ~ M? <1 B s1<fefB> } (1 ~ s:cfefB> s;cfefBMT
z 3
n=0 {s} " s Enfs M"f M”f E"fSMnf
- SK‘fefB sxfefB
GN., x o 1 M? skpe B skre B sk e BM?
+ leB| / dpv[{ - (1— 1 - (nt+n7)
7[2 ; ;% 0 : Enfs Eflfs Mnf Mnf EnfsMZf
GN. — o M \? skpe ;B\ 2 ~ B
-5 Z|ef3|zz/ dpzﬁ<E > (1—”) (1 —=n*) +n~(1+n7)). (21)
f n=0 {‘} 0 nfS l’lf
[
The fact that A, = A (M) is also a function M has been  where
taken care of while taking the derivatives by means of using |
Leibniz rule. -
Sk)=K+M)|5—s— 24
P

IV. MESON PROPERTIES IN THE NJL-MODEL

Since mesons are the bound states of quark and
antiquark, the meson propagators are expressed as [40]
(in RPA)

2G

(22)

where a € {0, 7} denotes the scalar (I', = 1) and pseudo-
scalar (I', = iys7) channels respectively. In the above

equation, I1,(g)’s are the “polarization functions” and
given by
) d*k
,(q) =i WTr[S(k)FaS(p:k+Q)Fa] (23)

is the dressed quark propagator at zero temperature con-
taining the vacuum constituent quark mass M. From the
pole of the propagators, the mesonic masses can be
obtained which essentially requires solving the following
set of transcendental equations

1-2GM,(¢° = m,, G =0)=0,

ae{o,n}. (29)

To include the effect of finite temperature and density in
the mesonic excitations, we use the real time formalism
(RTF) of thermal field theory (TFT) [79,80] in which all the
two point correlation functions become 2 x 2 matrices in
thermal space. However, these matrices can be put in
diagonal forms in terms of analytic functions (will be
denoted by bars) and thus the knowledge of any one
components (say the 11 component) of these matrices are
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sufficient to know the complete one. The real part of the
analytic thermal polarization function is thus given by [79]

4

o [ dk
ReHa(qO,q):Rez/(2”)4

Tr[S1 (KT, S (p = k+ q)T.]
(26)

where
S (k) = S(k) = n(k - u)[S(k) = 7S (k)y°]  (27)
is the 11 component of the real time dressed quark

propagator containing the temperature and/or density
|

Na(ko = _q() + wk)

dependent constituent quark mass M = M(T,u,). In the
above equation,

n(k-u) = Ok - w)f* (k- u) + O(=k- u)f~(~k-u) (28)

where, u* is the medium four velocity which becomes
1 o = (1,0) in the local rest frame (LRF) of the medium;
fE(x) = [e"F#)/T £ 1]7! are the Fermi-Dirac distribution
functions for the quark/antiquark. Performing the dk° and
the angular integrals in Eq. (26), we get after some
simplifications,

. a1 Ay 1
Rell, (g :ma,q:0):4—ﬂ2 ; k™d|k| orde P

" No(K = a’k)}

q° = 2wy q° + 20,
b fem e (] No(K = —o)f (o) Nk = o) f* (o)
47* Jo Kk <kaO)P|: q" = 2wy 9" + 20,
0_ _,0_ - 0_ __0 +
+Na(k = oq ) f~ () +Na(k 0‘1 +o)f (wk)] (29)
g’ — 2wy q° + 2w,

where P denotes the Cauchy principal value integral and
N, (k,q) contains the factors coming from interaction
vertices as well as the numerator of the fermion propa-
gators. For the scalar and pseudoscalar channels, they are
given by

No(k,q) = NN Tr[(K+ g+ M)(K+ M)]
=4NN(M* + K + k- q) (30)

No(k.q) = =N N,Tr[y* (K + g+ M)y (K + M)
= —4N.N¢(M?> - K> — k- q). (31)

It can be noticed that a sharp three-momentum cutoff has
been used to regulate the temperature independent part in
Eq. (29). We have checked that the substitution of the above
equations into Eq. (29) followed by some simplification
agrees with the expressions of the polarization functions as
given in Ref. [40].

The effect of external magnetic field in the polarization
function is included by means of Schwinger proper time
formalism [81]. Thus, under both the external magnetic
field (BZ) and finite temperature, the real part of the analytic
thermomagnetic polarization function (denoted by a double
bar) becomes [82,83]

[
— 4

- . d’k
Rena(qo’ q) :Rel/(zﬂ_)4

Tr[Sy' (k)T.SE' (p = k+q)T]
(32)

where, SL'(k) is the 11-component of the real time
thermomagnetic quark propagator given by,

Sy (k) = Sp(k) = n(k - u)[Sy(k) = °Sp(k)y"]  (33)

with Sg(k) being the momentum space Schwinger proper
time propagator for charged Fermions. It is worth noting
that, the corresponding coordinate space Schwinger propa-
gator contains a gauge dependent phase factor which gets
canceled for the calculation of loop graphs containing
equally charged particles. The expression for Sg(k) for a
particular quark flavor f including the AMM of quarks is
given by [84]

Ss0) = 30 S (1= 857Dy (b)

se{£l} n=0

-1
X 34
{kz — (M, — skerB)* + ie (34)

where,
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—1)e—%
D, = "0 (0, M)y = e, B+ 5M, {1+ sign(e, )ir'7) L, (2an)
— (M, — sM)(K) + xyesB = sM,){1 = sign(e,)ir' 7} Ly 1 (x)
— 4{k| + sign(ey)iy'y*s(M,, — skre B)}sign(ep)iy'y?sp L) (2ay)] (35)

with @y = —k% /e;B, M,, = \/M* + 2n|e;B| and L%(z) being the generalized Laguerre polynomial (with the condition
L%, (z) = 0). Due to the external magnetic field in the positive z-direction, the decomposition of a four vector is done as
k= (kj+ky) where k| =gk, and K| =gk, with the corresponding metric tensors ¢} = diag(1,0,0,-1)
and ¢\ = diag(0,-1,-1,0).

We now substitute Eq. (33) into Eq. (32) and perform the dk’d?k | integrals. Some relevant steps for this calculation are

provided in Appendix D and we get from Eq. (DS8)

DODW -

[ Sis, 1=

(36)

pion mass m, = 135.0 MeV and pion decay constant [, =
92.4 MeV at zero temperature and baryon density in
absence of background magnetic field. We have considered
constant values of AMM of quarks «, = 0.29 GeV~! and

In Fig. 1(a) we have demonstrated temperature depend-
ence of constituent quark mass at , = 0 for eB = 0.0, 0.05

AR dk - N - N
Refl,(0) = 33 > [T e e e - e - 1)
SksSp =0
a Is, L ra s
" P{ zzsksp (K =—-¢"+ w,") . zms,,(ko = wi‘) }
ls, 15,2 Is Is, lv Is)\2
20, {(qo—wk ) = (@)} 200{(q° + o)’ = (0,")}
) > llsks,, (ko Qk)f ( ) Nllsks,, (ko = wlSk)f+ (wivk)
O(k1,)0(p1)P |- lsk ,Sk Ispn2 s, Is, Is 2
{(¢° ) = (0"} 20 {(q° + o) = (")}
Cra Is, ls Is, Is,
_ llsks,,(ko = _q — Wy )f (wk ) _ llsksp(ko - _q + oy )f+( oy ):|
Is, Is,\2 Is Is,\2 Is
20, "{(¢° + w,")" — (wkk)z} Zwk {(¢"—o") - (wkk)z}
[
where
ot = \/k2 — sykeB)?, (37)
- x; = 0.36 GeV~! following Ref. [59].
ki, = 2leB + (keB)? — 2s5,M,(keB), (38)
p%, =2leB + (keB)? — 25 ,M,(keB). (39)

and the expression for N ?,wp is given in Eq. (D7).

V. NUMERICAL RESULTS

In this section, we present numerical results for con-
stituent quark mass, several thermodynamic quantities
and properties of scalar and neutral pseudoscalar mesons
in a hot and dense medium in presence of uniform magnetic
field. As already discussed in Sec. II, due to the four-
fermion contact interaction among the quarks, NJL model
becomes nonrenormalizable and we have described a
field dependent regularization technique where a three-
momentum cutoff parameter(A) was used to get rid of
divergent integrals. Now, following Refs. [40,43,85], we
have chosen A = 587.9 MeV, coupling constant G =
2.44/A? and bare mass of quarks m = 5.6 MeV. These
parameters have been fixed by fitting the empirical values of

and 0.10 GeV? respectively without considering AMM of
quarks. In all the cases, M almost remains constant up
to T = 100 MeV and the transition from chiral symmetry
broken (with M # 0) to the restored phase (i.e., M =~ m = 0),
is a smooth crossover. Since we have considered non-
vanishing current quark mass, m = 5.6 MeV, the chiral
symmetry is never restored fully. So, the temperature for
which M has the highest change can be identified as critical
temperature(7 ). Note that, for stronger values of magnetic
field, M increases as 7 — O and the transitions to the
symmetry restored phase take place at the larger values of
temperature, which is immediately evident from Fig. 1(c)
where we have plotted the variation of —OM/OT as a
function 7. It can be seen that, as eB increases, the peak
representing 7', shifts towards the higher values of temper-
ature. This phenomenon is known as magnetic catalysis
(MCO) [3,6-9], which explains that the magnetic field has a
strong tendency to enhance (or catalyze) spin-zero fermion-
antifermion ((yy)) condensates. Moreover, height of the
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FIG. 1. Variation of constituent quark mass (M) with temperature (') at zero quark chemical potential (u,) for three different values of
external magnetic field (eB = 0.0, 0.05 and 0.10 GeV?) for (a) k + = 0and (b) k; # 0. Variation of % with temperature (7') at zero quark
chemical potential (yq) for three different values of external magnetic field (eB = 0.0, 0.05 and 0.10 GeV?) for (c) kp=0

and (d) xy #0.

peaks also increases with increase in eB implying the
fact that M decreases more rapidly around a certain
value of temperature as we keep on increasing the magnetic
field. Now in Fig. 1(b) we have included AMM of quarks
without altering the other external factors, such as, eB and
Hg- In this case we observe an opposite effect. The value of M
deceases significantly with the increase of eB at low
temperature values and the transitions occur at smaller
values of temperature with increasing eB. Thus, in contrast
to MC, the chirality broken phase becomes unfavorable
with increasing magnetic field. This is known as inverse
magnetic catalysisAMC) [3,10,34,49-51,86]. The corre-
sponding curve of — %—Af vs T shows s broadening of the peak
in Fig. 1(d) which implies that, for finite values of AMM of
quarks, the transition occurs for larger range of temperature
about T'c.

In Figs. 2(a) and 2(b), we have shown M as function
of T for two different values of quark chemical potential
(1, =300 and 330 MeV). It is important to note that in
the first case, for finite and vanishing values of eB as
well as k;, M decreases continuously as a function of 7.
But for higher value of u, we obtained several possible
solutions of M from the gap equation for a range of
temperature. These solutions correspond to the absolute
(stable) minima, local minima (metastable), and maxima

(unstable) of the effective potential. Existence of three
different solutions can be understood from considering the
gap equation in the zero field scenario as expressed in
Eq. (C6). Since this is a cubic equation in variable M, in
principle, there will always be three roots for M (three real
or one real and two imaginary roots). For lower values of 4,
there exists only one real root and as we increase u,,, after a
certain value the imaginary roots become real. This multi-
valuedness of M is a signature of first order transition.
Comparing the solid-red and dashed-blue curves in both the
Figs. 2(a) and 2(b), we notice that, in the absence of the
AMM of quarks the nature of pseudochiral phase transition
changes from crossover to first order with the increase in
quark chemical potential. Similar behavior is also seen
even for nonzero AMM of the quarks (the dash-dot-green
curves) for lower values of eB (~0.01 GeV?). However, at
higher values of external magnetic field (~0.10 GeV?), the
transition remains always cross over (the dash-dot-dot-pink
curves) for x # 0.

Next, in Figs. 3(a) and 3(b), M is plotted as a function of
Ky at two different temperature (7 = 30 and 120 MeV)
for four different cases as discussed in the previous para-
graph. Here also we get multiple solutions of M but at
lower values of temperature for similar external conditions
as discussed above. This interplay of 7 and u, on the
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FIG. 3. u, dependence of constituent quark mass (M) at (a) T = 30 MeV and (b) at T = 120 MeV for different values of eB and «.
The inset plot in (a) shows the multivalued nature of M by focusing on the relevant y, range.

mechanism of phase transition will be revisited while
discussing the phase diagram. It is to be noted that, with
the increase in temperature, y, decreases.

In Figs. 4(a) and 4(b) we have plotted e B-dependence of
M at vanishing quark chemical potential with and without
AMM of quarks for three different values of temperatures.
We have not used any smoothing function as done in
Refs. [47,59,65] during numerical evaluation which leads

500
400 ke v
— o Ve y B
% Loy \'v'/ /_/ \_ ,/'/
S 300t %
=
k=0, Uy = 0
200}
T=50MeV ——
T=100MeV -----
(@) T=150 MeV —-—-
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to the oscillatory behavior of M. These oscillations are
related to the well-known de Haas-van Alphen (dHVA)
effect [87] in the weak magnetic field regime and had also
been observed in Refs. [16,17,47,59,88-92]. It occurs
whenever the Landau levels cross the quark Fermi surface.
As can be noticed in Fig. 4, the dHvA oscillations get
smeared out with the increase in magnetic field (as LLL
dominates) in agreement with Ref. [59]. As expected from

M (MeV)

() ‘
0 0.04

0.08 0.12 0.2

eB (GeV?)

FIG. 4. Variation of constituent quark mass (M) at u, = 0 (a) without considering AMM of quarks and (b) considering nonzero values

of k, for temperatures of 7' = 50, 100, and 150 MeV.

116025-9



CHAUDHURI, GHOSH, SARKAR, and ROY

PHYS. REV. D 99, 116025 (2019)

10

ST
~N

Hq=0

eB=0 — |
eB=0.10GeV; k=0 -~~~
eB=0.10GeV", k%0 — —-

Stefan-Boltzmann limit

0 50 100 150 200 250 300

T (MeV)

FIG. 5. Variation of scaled entropy density as function of
temperature at y, = 0 for zero and nonzero values of eB with
and without including AMM of quarks along with the Stefan-
Boltzmann limit for the ideal gases.

Figs. 1(a) and 1(b), for a particular temperature there is an
overall increase of M with e B when AMM of quarks are not
taken into consideration. On the other hand, inclusion of
AMM leads to a reduction in M with increasing eB which
indicates the occurrence of IMC during the transition from
broken to symmetry restored phase.

Now we turn our attention to several thermodynamic
observables defined in Sec. III. In Fig. 5, we have plotted
the scaled entropy density (s/T°) as functions of the
temperature for three different conditions. In all cases,

Yo (GEV?)

T (MeV)

‘ ‘ ”<“CEI;
‘; W=Ucgp -----
4l i W>Hegp — —-

k#0, eB =0.010 GeV>

X (GEV?)

T (MeV)

the scaled entropy density increases monotonically with
temperature and eventually saturates at the corresponding
ideal gas limit. Since the transition to the high temperature
phase, as shown in Figs. 1(a) and 1(b), is a rapid crossover
the entropy varies continuously with increasing temper-
ature. Note that, when we include AMM of quarks, the
steep rise in s/T° starts at lower values of temperature
compare to the case for vanishing AMM of quarks.

In Figs. 6(a) and 6(b) we have shown the variation of chiral
susceptibility(y,,) as a function of T for eB = 0,0.10 GeV?
at three different values of u, without including the AMM
of quarks. The behavior is very similar in both cases. At
Hg = HcEp» Xmm diverges at T = Tcpp and we have a second
order phase transition. This is known as the critical end point
(CEP). For p, < pcgp, in the crossover region, y,,,, remains
continuous for entire range of 7" and goes through a finite
maximum at temperatures greater than 7cgp. On the other
hand, for y;, > pcgp we have found a finite discontinuity at
some temperature less than 7T cgp and the transition is first
order. The only difference in Figs. 6(a) and 6(b) is the fact
that for nonzero background magnetic field T'cgp shifts
toward the higher values of temperature. In Figs. 6(c) and
6(d), we have included AMM of the quarks and studied the
variation of y,,,, for eB = 0.01 and 0.10 GeV? respectively.
For the smaller value of magnetic field, a similar behavior of
Xmm [as Figs. 6(a) and 6(b)] for three different x, around the
CEP s observed; apart from the fact that 7' cgp, unlike the case

/N
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FIG. 6. Variation of y,,, with temperature at different values of quark chemical potential for (a) eB =0,x; =0
(b) eB =0.10 GCVZ,Kf =0, (c) eB=0.010 GeVz,Kf # 0 and (d) eB = 0.10 GeV?, kp#0
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FIG. 7. Tc-(u,)c phase diagram in NJL model for three
different conditions. The solid (dashed) lines denote the first-
order (crossover) transition. The red, green, and blue square
points represent CEPs.

of vanishing AMM, moves toward lower values of temper-
ature. But, interestingly, y,,,, in Fig. 6(d) remains continuous
for different values of y/T ratio and hence phase transition
remains a crossover always which is also expected from
Figs. 2 and 3. For the studied parameter set we have found
that (a) for eB =0, CEP is located at pcgp =321 MeV,
TCEP =82 MeV, (b) for eB = 0.10 GCV2 CEP is at HCEP =
315 MeV, Tegp = 90 MeV and (c) for eB = 0.010 GeV?
CEP is at pcpp = 322 MeV, Tcpp = 78 MeV.

In Fig. 7 we have plotted the phase diagram associated
with NJL model in the Tc—(u,)c plane for different
external conditions. The essential features of the plots
are similar except when we consider AMM of quarks
at high background magnetic field. At higher temperature
and low chemical potential the transition from chiral
symmetry broken to restored phase is a crossover. On
the other hand, at low temperature and high baryonic
density the transition becomes first-order. Although, in
presence of the magnetic field, the transition temperature
for a fixed value of (u, ) increases and CEP moves towards
the higher (lower) values of temperature (chemical poten-
tial of quarks) for vanishing AMM of quarks. The opposite

160 - Ll T
(Hq)czo Hif—-\_\’\.
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140t k=0 ——
k=0, Chiral -----

K20 — —

@ . k#0,chiral -——
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FIG. 8.
(m = 0).

effect is realized when AMM of quarks are taken into
account. Interestingly, for high values of magnetic field in
the later case, the transition temperature is found to go
down significantly and the transition remains a crossover
for the entire range of 7' and (u, ) we have considered in
the phase diagram. Note that the red, blue, and green points
in Fig. 7 represent the locations of the CEPs in three
different cases.

In Figs. 8(a) and 8(b) we have plotted the variation of
transition temperature (7'.) with the critical external mag-
netic field (eBc) at two different values of critical quark
chemical potential ((u,)c =0 and 150 MeV) with and
without including AMM of quarks along with respective
curves in the chiral limit (m = 0). From Fig. 8(a), it is
evident that when the contributions of AMM of quarks are
ignored, there is an overall increase in the transition
temperature with increasing background magnetic field,
again pointing towards the MC effect discussed earlier. On
the contrary, when we include AMM, the transition temper-
ature is reduced as (eB) - increases, which leads to the IMC
effect, which is obvious from Fig. 1(d). In a similar manner,
from Fig. 8(b) the MC and IMC for increasing eB for zero
and nonzero values of AMM can be noticed. The only
difference is the fact that finite values of chemical potential
results in a decrease of the magnitude of transition temper-
ature. The overall behavior of all these curves is the same in
their corresponding chiral limit except the fact that value of
transition temperature decreases further.

We now turn our attention to the mesonic properties in
the NJL model. We will present results for the variation of
masses of scalar meson ¢ and neutral pseudoscalar meson
7Y with temperature, density and external magnetic field.
Let us first consider the case of zero external magnetic field
for which the masses of ¢ and z° are plotted as a function of
temperature in Fig. 9 at three different values of quark
chemical potential (x, = 0, 200 and 300 MeV). In each of
the three curves, one can notice that, the masses of ¢ and 7°
start from their respective vacuum values at lower tem-
peratures. With the increase in temperature, the ¢ mass
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T c-eB( phase diagram in NJL model at (a) (#,)c = 0 and (b) (4,)c = 150 MeV along with the corresponding chiral limits
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FIG. 9. Variation of masses of scalar (¢) and neutral pseudo-
scalar (z°) mesons with temperature at zero external magnetic
field and at three different values of quark chemical potential
(1y = 0, 200 and 300 MeV).

first decreases toward a minimum and then increases at the
high temperature region. On the contrary, with the increase
in temperature, the 7° mass stays almost constant in the
low temperature region and then starts increasing with
temperature and merges with the mass curve of 6 meson
owing to the restoration of chiral symmetry. The effect of
increase in density is to shift the position of the minima of
the 6 mass curve towards low temperature as well as to
decrease the transition temperature (7.) for the chiral
symmetry restoration. Though, it is barely possible to
precisely locate the T, from these curves, yet qualitatively
the behavior of T, with the change in density is consistent
with Fig. 7.

Now, we switch on the external magnetic field. In
Fig. 10, the behavior of masses of ¢ and z° is shown
as a function of temperature at two different values of
external magnetic field (eB = 0 and 0.10 GeV?, respec-
tively) including and excluding the AMM of the quarks.
Figure 10(a) is obtained using quark chemical potential
#g = 0 whereas Fig. 10(b) corresponds p, = 200 MeV. As
can be noticed from Figs. 10(a) and 10(b), the mass of ¢
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increases with the increase in magnetic field when the
AMM of quarks are not taken into account and the position
of minima shows no significant shift over the temperature
axis. On the contrary, while considering the AMM of
quarks, the 6 mass decreases significantly with the increase
in magnetic field in the low temperature region followed by
a shift of the minima toward low temperature and the
smearing of the same. The mass of z° is seen to decrease
(increase) with the increase in magnetic field in the low
(high) temperature region when the AMM of the quarks are
turned off. However, turning on the AMM of the quarks, we
find that the #° mass increases with the increase in
magnetic field in all the temperature range. A sudden jump
(discontinuity) of the #° mass at a particular temperature is
also noticed for the nonzero external magnetic field values
(in both the cases of x = 0 and « # 0).

Next, we look at the pion mass (m,) in more detail
and compare it with the constituent quark mass (M) in
Fig. 11 where we have plotted m,, M and 2M as a function
of temperature. In Figs. 11(a) and 11(b), the AMM of
the quarks are switched off (i.e., x = 0) and the quark
chemical potential u, = 0 and 200 MeV are used; whereas
Figs. 11(c) and (d) correspond to k # 0 with u, =0 and
200 MeV. Defining the Mott temperature (Ty) as the
temperature beyond which m, > 2M i.e.,

me(T) 2 2M(T) if T 2 Tygoq, (40)
one can notice from Fig. 11 that, T, decreases with the
increase in quark chemical potential. Also, switching on the
AMM of quarks, decreases the value of Ty, substantially
with respect to the x = 0 case.

A few comments on the Mott dissociation in the context
of NJL model are in order here. As discussed in Ref. [93],
the Mott transition in the context of solid state physics [94]
has a close analogy with the confinement-deconfinement
phase transition of QCD (hadrons to plasma of quarks and
gluons). The Mott transition corresponds to the phase
transition from a phase of bound states and constituents
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FIG. 10. Variation of masses of scalar (¢) and neutral pseudoscalar (z°) mesons with temperature at two different values of external
magnetic field (eB = 0 and 0.10 GeV?) including and excluding the AMM of the quarks for (a) #g =0 and (b) u, =200 MeV.
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to a phase of constituents only. Whereas both Mott and
confinement-deconfinement phase transitions involve the
delocalization of the bound states into their constituents,
the Mott transition is applicable for nonconfining systems
as well; for example in the NJL model where there is no
confinement. Here, with the increase in temperature and/or
density, the dynamically generated constituent quark mass
decreases owing to the partial restoration of chiral sym-
metry. One of the immediate impacts on the meson
spectrum is the decrease of the continuum thresholds for
qq scattering. This in turn lowers the binding energy for the
pseudoscalar meson bound states (e.g., pions). The pions
get dissociated while entering the continuum and thus
become resonances having a finite lifetime. This phenome-
non is also termed as the Mott effect or the Mott transition
which occurs when the polarization function of the pion
possesses an imaginary part or in other words the mass pole
become complex. More details on this topic can be found in
Refs. [66,93,95,96].

This sudden jump of the pion mass at/or above the Mott
temperature under external magnetic field is also observed
and well studied in Refs. [67,96]. The main reason being
the dimensional reduction from (3 + 1)D to (1 4 1)D of
the quark degrees of freedom due to which the number of
accessible states for the gg resonant pair reduces. This in
turn fails to guarantee some solution for the resonant z°
state just above the m, = 2M. However, due to the random

phase approximation (RPA) leading to Eq. (25), the
external momenta in the RPA bubbles are both conserved
and onshell. This makes the pion mass to have a sudden
jump at/or above the Mott temperature to the lowest
possible energy state accessible.

Finally, we present the variation of Mott temperature as a
function of external magnetic field at two different values
of quark chemical potential (4, = 0 and 200 MeV respec-
tively) in Fig. 12. The results including and excluding the
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FIG. 12. Variation of Mott temperature with external magnetic
field for two different values of quark chemical potential (1, = 0
and 200 MeV respectively). Results including and excluding the
AMM of quarks have been compared.
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AMM of quarks are also shown. As can be seen from the
graph that, the Mott temperature decreases substantially
with the increase in u, for both the cases of x =0 and
k # 0. For a particular value of y,, Ty is almost constant
with the variation of the external magnetic field for x = 0.
However, for x # 0, Ty, decreases with the increase in
external magnetic field owing to the IMC.

VI. SUMMARY AND CONCLUSION

In summary, using a field dependent three-momentum
cutoff, we study the 2-flavor NJL model at finite temper-
ature and baryonic density in presence of arbitrary external
magnetic field. The constituent quark mass (M) is obtained
by solving the gap equation as a function of T, u, and eB
considering the AMM of quarks. We have evaluated M as a
function of 7 at vanishing baryonic density for different
magnetic fields and it is found that the transition temper-
ature from symmetry broken to restored phase increases
with external magnetic field showing the enhancement of
the quark antiquark condensate, which can be identified
as magnetic catalysis. On the other hand, the opposite
behavior is observed when AMM of quarks is taken into
consideration, indicating inverse magnetic catalysis. Tem-
perature variation of M is also studied for finite baryonic
density by choosing two different representative values of
#g and it is found out that, even at u, = 300 MeV, M
remains single valued through out the temperature range
indicating a crossover transition but for y g 330 MeV, itis
observed that for certain range of 7, the gap equation
provides multiple solutions for M, which indicates a first
order transition. The same behavior is also obtained while
studying the y, dependence of M, the only difference is the
fact that, multiple solutions for M are observed for lower
values of temperature. The e¢B dependence of M is obtained
at different 7 with and without considering AMM of
quarks. In the case of vanishing AMM, M becomes highly
oscillatory function of eB but an overall increase in M with
eB can be inferred. But inclusion of AMM results in a
steady decrease in M with eB. Critical behavior of chiral
susceptibility (y,,,) has been examined in the vicinity of
the phase transition. Finally the phase diagram of hot and
dense magnetized quark matter, described by NJL model is
obtained and for finite values of eB, the CEP is found to
shift towards higher temperature. On the contrary, when we
include AMM of quarks CEP follows an opposite trend.
Interestingly at high eB for finite values of AMM, the
transition remains crossover for larger range of 7. and
(#g)c- Thus, it can be inferred that in the presence of an
external magnetic field, the AMM of quarks plays a crucial
role in characterizing the properties of quark matter and its
modification at finite temperature and density.

The masses of the scalar meson o and the neutral
pseudoscalar meson 7z° have been calculated at finite
temperature, density and arbitrary external magnetic field

using the RPA in the NJL model. For this, both the AMM of
the quarks as well as infinite number of Landau levels of the
quarks are considered in the calculation so that the results
are valid for arbitrary strength of the external magnetic
field. In this context, the Mott temperature corresponding to
the transition from a bound to a resonant pionic state has
been calculated and its variation with external magnetic
field and quark chemical potential is studied.

We find that, both the masses of ¢ and z° reduces to their
respective vacuum masses at 7~ 0 and B ~ (0. With the
increase in temperature, m, decreases while m, increases
followed by a merging of their masses at high temperature
owing to the partial restoration of the chiral symmetry. The
external magnetic field affects the masses of these mesons
in a nontrivial way; m, decreases (increases) with the
increase in magnetic field in the low (high) temperature
region when the AMM of the quarks are turned off.
However, turning on the AMM of the quarks, m, increases
with the increase in magnetic field in the temperature range
considered. The 7° mass suffers a sudden jump (disconti-
nuity) at and above the Mott transition temperature for
nonzero values external magnetic field. Finally, the Ty 1S
found to decrease significantly with the increases in density
and external magnetic field when the AMM of the quarks
are taken into consideration.

APPENDIX A: DERIVATIVES OF
DISTRIBUTION FUNCTIONS

From Eq. (7) we get

OEus _ M (|
M E,p,

B sxfef3> A1

M,

where M, = \/|efB|(2n + 1 —5&7) + M?. Again differ-

entiating Eq. (6) with respect to M and using Eq. (A1) we
can write

8I’li - 4\2 8Enfs
M skrerB
— _ApE(1 _ pE _ORfeS
=pn (1 " >Enfs <1 Mnf ) (AZ)

In a similar manner, the following expressions can be
derived:

on* M skre B\ OM
T —dpnt(l-nt) |1 F = (1 - ) 22 (A
. >[ :FEf( Mnf)aﬂ} (A3)

aT |’
(A4)

%:ﬂni(l—ni) E, s :F/J_M l_SKfEfB oM
or T E M,
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APPENDIX B: UV AND AMM BLOCKING

In Sec. II, we have introduced two blocking factors while
discussing the regularization scheme. To ensure the reality
of UV cutoff A,, we arrived at UV blocking condition
expressed as

— lesB|(2n + 1 — s&) — (kpe;B)* + 2sM,, jk pe ;B > 0.

(B1)

Let us first study the case when k; = 0 for which the above
condition becomes

—lesB|(2n +1—-s&7) 20
2

1
< ——(1-=
=" =20e,B| 5 (1= s¢p)

which will give us a maximum value of the Landau level

index, ny,, = 1 — s&;)] up to which the summa-

2
e — 3 (
tion has to be performed. Here [x] is the floor function
which give greatest integer less than or equal to x. Now for
nonzero values of AMM, the UV blocking condition
becomes nonlinear in n and thus it becomes difficult to
find out the corresponding inequality for n analytically.
|

A dp - . M skpe B
M= m 4o Slen 33 [ o - et - (1- 7).

n=0 {s}

So we have implemented the condition given in Eq. (B1) in
our numerical calculations.

Now the AMM blocking condition is appearing to ensure
the positivity of the Landau quantized transverse momen-
tum of the quarks having an AMM. The AMM blocking
condition is
le;B|(2n+1—5&;) + (kpeB)* —2sM, ke, B>0  (B2)
which will restrict the lower values of the Landau level
index n.

APPENDIX C: GAP EQUATION
IN THE LIMIT B - 0

In this Appendix, we will show that, in the limit of
vanishing external magnetic field, the analytic expression
of the gap equation without external magnetic field is
exactly reproduced. We will show the calculation for the
temperature independent part containing the magnetic field
dependent UV regulator for which a straightforward zero
field limit is not obvious.

Let us consider the gap equation at T =0 and B # 0
from Eq. (14):

E,, (C1)

To take the limit B — 0 of the above equation, we first put all the terms containing the ;e B equals to zero. Thus the above

equation becomes

M = m + 4GN., llmZ|efB|Z2 8u0)
n=0

/\//\Z—ZnefB dpz o M
A2
0 A

(A2 = 2nle, B) )
\/pf + 2nle;B| + M?

where the sum over the spin index s has been carried out. We can now analytically perform the dp, integration and get after

some simplification

M:

N, . = )
> 11;1%;|ef3|;(2—5n0)®/\

(C3)

-1 A2 —2n|€fB|
- 2n|€fB|) tanh W

Separating out the contribution of the LLL from the above equation, we get after a substitution of 7, = 2n|e,B|

MG
M=m+

Ne lim " JeB| | tanh~" N § O(A? - 7, )tanh™"! N -z
2 5 ; ¢f n A2+ M? B fp)tan A%+ M?
. f f

where the primed summation E denotes an increment of 2e ;B of its index rather than 1. Now as ¢;B — 0, we can change
the summation to an integration by doing the following substitution considering the continuum limit

T

Z/ - ZefB

(C4)

)
/ de
2esB
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This leads to

2

MGN, w A
M=m + 7[2 ZA de@(Az - Tf) tanh ! W]‘lfz (CS)
f

Note that, the presence of the step function will restrict the upper limit of the 7, integration. Performing the remaining dz,
integral, we are left with

GMN N
M=m+—--F f [A\/ A + M? — M?sinh™! <A>} (C6)

which is same as the vacuum term given in Ref. [40].

APPENDIX D: CALCULATION OF THE POLARIZATION FUNCTIONS FOR B # 0

In this Appendix, we will calculate the polarization functions in presence of external magnetic field and finite
temperature. We first substitute Eq. (34) and (33) into Eq. (32) to write,

Rell,(q) =Re>_ > )" ZZ / LY Nises, (k. q)

foske{£1}s,e{£1} =0 n=0

-1 '
|:kﬁ (M, — sykeB)? + ie —2min(k - u)(S{kﬁ - (M, - SkKeB)z}]

-1
X
[p2| — (M, - s,keB)? + ie

~2ain(p - 13(pf - (M, = syxeB)) (D1)

where the flavor indices have been suppressed inside the flavor sum for brevity and N ;’mksp(k, q) for the scalar () and

neutral pseudoscalar (z°) channels are given by

NU

Insgs,

(k.q) = N.Tx[D, sy, (g + k) Dy, (K)](1 = 87851) (1 = 3,55 (D2)

Toses, (ks @) = =N Tt Dy (g + Ky Dy ())(1 = 8551 (1 = 855,)). (D3)
Evaluating the traces over the Dirac matrices, the above equations become,

I+n
e (1= 80851) (1 = 8005 BLL, G 2O 1) ey 8 - )

+jsksp(KeB)2 + jMM,, — jkeB(s,M; + s;M,)}

+ L1 Qa) Ly 2a,){j kg - py) (M) = M) (M, — 5,M)

+ {sikeBM — M (M — syM; + keB) }{s ,keBM — M, (M — s,M, + keB)}}

+ Li(2ay )L, (2a,){j(ky - py) (M) + s M) (M, + 5,M)

+ {sikeBM — M (M + s;M, — keB) }{s ,xeBM — M, (M + s ,M, — xeB)} }| (D4)

ln\k\ (k Q) _J2N e~

where j = 1 for a =6 and j = —1 for a = 2°. Performing the dk° integral of Eq. (D1), we get
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ns S (k = _q + a) p) ns, S (ko - wlSk)
ReL0) = Y33 [P e
7 oy {(¢° )= (@)} 207{(¢° + @) = (@)}
Is Is Is Is
lnsks (ko a)kk)f (a)kk) lnsksI,(kO = k)f+( k)
T A s Is ns, T4 s Is ns,
20 {(¢° = ") = (@)} 207 {(¢° + @) = (@)}
lnsks (ko —C] - a);Sp )f_ (w;l)s'7> lnskf (kO _qO + w;»‘p )f+ (a);%) (DS)
» ns, Is, - ns, ns, Is
sz {(¢° + wp )? - (a)kk)z} 2w, "{(q° = @p )? - (a’kk)z}
where a) \/ k? 4+ (M, — sykeB)? in which the flavor index has been suppressed. Now considering § = 6, the d’k |
integral in the above equation has been performed using the orthogonality of the Laguerre polynomials as
+oo dk nsys ko —-q° + a)’”p nsgs ko - a)ISk
Rell zzz/ B e e O
P o {(4° = 0" = (@)} 20 {(¢° + @) = (0")}
_ lnsks,, (ko chk)f (w?k) _ Ins,\S,,(kO = wlSk )f+( ISA)
Is Is ns, Is Is ns,
20, {(q" kk)z_(wk P} 20 (6" + o) = (0)}
lnvkv (ko - w]’(”p )f_ (CUZSP) _ Nln.sks ( = _q0 + a)zsp )f+ (w:%) (Dﬁ)
ns, Is ns, ns, Isp\2
20, "{(¢° +‘Uk P — (o)} 20, "{(¢" = w0 ") = (@)}
where,
eB . . :
N;m“ (k,q) = 8] j2N. I M2( —5?5_;1)(1 —5?(5;]7 )[—4eBl{s;s, ( + k%¢°) +]sks,,(KeB)2 +]M12 — jkeBM(s, + s;)}

+(1 - ){]( + k0¢°) (M) — s;M)(M; — s ,M) + {sykeBM — M (M — 5;M; + keB)}{s ,keBM
_MI(M_Sle+KeB)}}+]( +K0g°) (M, + s, M)(M,; + 5,M)
+ {sikeBM — M (M + s;M; — keB) }{s ,xeBM — M;(M + s,M; — keB)}]. (D7)

The presence of the Kronecker delta function in the above equation will eliminate one of the sums in Eq. (D6). It is to be
noted that, the temperature independent part of Eq. (D6) is ultraviolet divergent which has to be properly regularized.
Following the same regularization procedure as used in the gap equation (as discussed in Sec. II) we get,

Rell, ZZZ A @ e e - e - 2

SksSp

Is Is
llsys, (K =-¢"+ ") llsys, (K = ™) 2L [+oo dk,
xﬂ el S O D _kp}zzz/ 5

20,{(¢° = 0")" = (@)} 200+ o)

" Skesp 1=0
) -7 \ ?lskx (ko ?k)f (a)fk) l/sks (ko - wISk)er( lSk)
x O(k1,)0(p1,)P|- lsk e Is)\2v A Ise Lsy s,
{(@° - o) = (")} 20 {(q + o) = (o)}
Cra l‘ _ l\ ra
_ Usys, (ko = _q0 - a)kp)f (a)k ) _ llsksp(ko - _q + CO )f+(wk ):| (DS)
Is, Is,\2 s ls, Is)\2 s
207 {(¢° + @") = (@)} 207{(¢" — ") = (")}
where
K, = 2leB + (keB)* — 2s,M,(xeB) (D9)
P, =2leB + (keB)* — 25 ,M;(keB). (D10)

In Eq. (D8), the step functions ©(k7 ;) and ©(j?2,) represents the AMM blocking whereas ©(A? — k7,;) and ©(A% — 32 )
represents UV blocking of the loop quarks. These step functions will in turn restrict the minimum and maximum values of
the summation index / in Eq. (D8).
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