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Decay X(3872) — a’z*n~ and S-wave D’D" — z* 7z~ scattering length
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The isospin-breaking decay X(3872) — (D*D + D*D) — z°DD — %2z~ is discussed. In its
amplitude there is a triangle logarithmic singularity, due to which the dominant contribution to
BR(X(3872) — 7%+ 7~) comes from the production of the zz~ system in a narrow interval of the
invariant mass m:,- near the value of 2mpo ~3.73 GeV. The analysis shows that BR(X(3872) —
7%z 7~) can be expected at the level of 1073 — 107, This estimate includes, in particular, the assumption

that the S-wave inelastic scattering length |a/
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I. INTRODUCTION

The state X (3872) [or y.;(3872) [1]] was first observed in
2003 by the Belle Collaboration in the process B —
K(X(3872) —» nz~J/y) [2]. Then it was observed in many
other experiments in other processes and decay channels [1].
The X(3872) is a narrow resonance in non-(D*°D° +
D*°DY) decay channels, I'y < 1.2 MeV [3], and its mass
coincides practically with the D*D threshold [1]. It has the
quantum numbers 1°(JP€) = 0+ (17F) [1,4,5]. In addition
to decay into z "z~ J /y [2,6,7], the X(3872) also decays into
oJ [y [8-11], D*°D° + c.c. [12,13], yJ /y [14-16], yy(2S5)
[14-16], and 7’ (1P) [17,18]. The nature of X(3872)
remains the subject of much discussion; see, for
example, Refs. [14-33]. Of course, new experiments will
allow making a more definite choice between different
interpretations.

The search for X(3872) in decay channels that do not
contain charmed particles or charmonium states [i.e., in
channels other than D**D° + c.c., D°D°2°, ztz~J/y,
ol/y, vJ/w, rw2S), xta n.(1S), 7" 2"y (1P), and
7%.1(1P)] is of great interest [1,25-35]. For example,
the c¢ = y.(2P) scenario predicts a significant number of
various two gluon decays X(3872) — (gluon + gluon) —
light hadrons [26-30]. The situation here is qualitatively
the same as for the decays y. (1P) — (gluon + gluon) —
light hadrons. In this way, only one channel has been
explored so far [1]. Namely, the LHCb Collaboration
undertook a search for the decay X(3872) — pp, which
resulted in the following restriction [34]:
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. |~ 1/(2mp+) ~0.25 GeV~!.

DDzt

BR(B* — X(3872)K™) x (BR(X(3872) — pp)
BR(B" — J/yK") x (BR(J/y - pp)
<0.25 x 1072, (
Hence, in view of BR(B* —»J/wK")x (BR(J/w— pp) ~
2.14x107° [1] and 0.9x 10~ <BR(B* — X(3872)K*) <
2.7x107* [1,36], it follows that

BR(X(3872) — pp) < 0.6 x 1074, (2)

—_
~—

Taking into account a sizable contribution of the D**D° +
D*°D® channel (and also the channels containing the
charmonium states) to the X(3872) decay rate, one can
conclude that the above relation is in satisfactory agreement
(at least not in contradiction) with what is observed in the
decays of the y.(1P) meson: BR(y. (1P)— pp)=
(7.60 +0.34) x 1075 [1]. Note that the y.,(1P) has only
one decay into yJ/y containing ¢¢ quarks in the final
state. It is also proposed to investigate the X(3872)
coupling to the pp channel in the reaction pp —
X(3872) —» z"zn~J/y with the PANDA detector [35].

We propose to obtain an experimental limit on the
probability of the decay X(3872) — z°z*z~ and, if lucky,
to register this decay. According to our estimate, the
branching ratio of the decay X(3872) — z%z"z~ can be
expected at the level of 107-10~* due to the transition
mechanism X (3872) — (D*D+D*D) - z°DD — 2z * 7~
In this case, the main contribution to BR(X(3872) —
7%zt 7~) comes from the production of z*z~ pairs in a
narrow interval of the invariant mass m,+ - near the value
of 2mpo = 3.73 GeV.

As for the nature of X(3872), our calculations implicitly
imply for this state the conventional c¢ nature, i.e., that it is
a compact charmonium state similar to the states y.;(1P),
w(2S), w(3770), and so on, and to describe its decays
one can use the effective phenomenological Lagrangian
approach [25-30].
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II. ESTIMATE OF BR(X(3872) —» n'z*x™)

The decay X(3872) — (D*°D° + D*°D°) — z°D°DO°
(see Fig. 1) is one of the main decay channels of the
X (3872) resonance [1]. Because of the final state inter-
action among D and D° mesons, i.e., due to the S-wave
transition D°D® — ztz~, the isospin breaking decay
X(3872) —» (D*°D° + D*°D°) - z°D°D° — 2%zt z~ is
induced (see Fig. 2).

The amplitudes of such triangle diagrams, as in
Fig. 2, may contain logarithmic singularities that can produce
some enhancement in the mass spectra. The conditions for
the appearance of such singularities in the physical region of
the reaction were repeatedly deduced in various forms and
discussed in the literature; see, for example, Refs. [37-45]
and also the very recent work [46]. For the considered
mechanism of the X — 7%zt 7~ decay, these conditions are
reduced to the following relations.

If the virtual invariant mass squared of the X(3872)
resonance s; falls in the range

2(m3 .0 + m3,) —m?, = (3.87193 GeV)? > s,
> (mpo + mpo)?* = (3.87168 GeV)?, (3)

then, in the range of the invariant mass squared of the 7z~
system s, = m?>, _,

D*O(D*O)

X(3872) )

D°(DY)
FIG. 1. The diagram of the decay X(3872) — D°D°z°. The
four-momenta of X(3872), D°, D°, and #° are, respectively, p;,

Pps Ph» and p,; the four-momenta of the intermediate D*° and
D*0 are k, and k,, respectively.

D*O(D*O) 0

X(3872), py

P2

FIG. 2. The diagram of the decay X(3872) — (D*D° +
D*D% — z°D°D° — z%z+z~. In the X(3872) mass region,
all intermediate particles in the triangle loop can be near or
directly on the mass shell. As a consequence, a logarithmic
singularity in the imaginary part of the amplitude emerges in the
hypothetical case of the stable D** meson when the conditions (3)
and (4) are fulfilled. The four-momenta of corresponding
particles are denoted as p;, p,, and ps; p% = s, is the squared
invariant mass of the X(3872) resonance or of the final 7%z 7~

system; p3 = s, = m?%, _ is the squared invariant mass of the

2

+ - . 2 _
final z* 7z~ system; and p5 = my.

mDO

(0 mi = m2g) + 2mi = (3.7299 GeV )?
D

> 5y > 4mf)0 =(3.72966 GeV)?, (4)
the imaginary part of the amplitude of the diagram in
Fig. 2 contains the triangle logarithmic singularity [37-46].
Below, we see that this singularity leads to the reso-
nancelike enhancement in the z"z~ mass spectrum at
/52 = My R 2mp 7373 GeV, ie., near the D°D°
threshold.

The decay X(3872) — #2272~ can also be produced via
the charged intermediate states, X(3872) — (D**D~ +
D*"D*) - 2°D*D~ — 2%z" 72~ (see Fig. 3). From the
isotopic symmetry for the coupling constants (C invariance
of the amplitudes is implied), it follows that the contribu-
tions of the diagrams in Figs. 2 and 3 exactly compensate
each other and the isospin breaking decay X(3872) —
2%ztx~ is absent, if mpe = mpo and mp: = mpy.
However, the D*°D° and D** D~ thresholds in the variable
/1 differ by 8.23 MeV (mp.o + mpo = 3.87168 GeV,
mp~ + mp- = 3.87991 GeV) and the DD and D* D~
thresholds in the variable /s, differ by 9.644 MeV
(2mpo =3.72966 GeV, 2mp: =3.73930GeV). Therefore,
in the region of the variables /s and /s, that is significant
for the decay X(3872) — 2%z xn~ (ie., for /5| & my~
mpyo + mpo, where my is the nominal mass of the X (3872)
equal to 3.87169 GeV [1], and /s, ~ 2mpo ~ 3.73 GeV),
the contributions from the neutral (see Fig. 2) and charged
(see Fig. 3) intermediate states weakly compensate each
other and the contribution of the diagram in Fig. 2
dominates.

We write the differential probability for the decay of the
virtual state X(3872) to 2%z 2~ in the form

d*BR(X — izt 77551, 5,)
dy/51dy/5y
251 s dU(X - 2'ntaTisy,s))
R |Dx(51)|2 d\/sy ’

where Dy(s;) is the inverse propagator of the X(3872)
resonance [25,27,28] that takes into account the couplings
of X(3872) with the D*D + D* D decay channels as well as

(5)

D+ (D) 0,

X(3872), py

P2

FIG. 3. The diagram of the decay X(3872) — n’z*zn~
corresponding to the charged intermediate state contributions,
X(3872) —» (D**D~ + D*"D*) —» 2°D* D™ = n’ztx.
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with all non-(D*D + D*D) decay channels; and dI'(X —
rtnisy,80)/d/s; is the X — 2%zTx~ differential
decay width in the variable /s, = m,+,- caused by the
sum of the diagrams in Figs. 2 and 3.

The X(3872) resonance propagator constructed in
Refs. [25,27,28] has good analytical and unitary properties.
The inverse propagator Dy(s;) has the form [25,27,28]

Dy(sy) = my — s

+ Z [Rell¢ (m

— ¢ (s1)] - (6)

imXFnon’

where ', = Z,I; is the total width of the X(3872)
decay to all non-(D*D + D*D) channels, which in the
narrow region of the X(3872) peak (I'y < 1.2 MeV [1,3])
is approximated by a constant; ab = D**D°, D*'DO,
D**D~, D*"D*. At s; > (m, +m,)?

gx% m(Z)m(b

a a

Zab Tab 3, b

Tor | as, a+pab(sl)

1 \/Sl_m£;)2+\/sl_

. map
X |i——In ,
-)2 2
\/sl—m((lb) —\/sl—mg)

H?(b(sl) =

()
where  p.,(s;) = \/S1 - m(az)z\/sl - miz)z/s, mg) =
mg, & my, my, > my,

ImIT (s1) = /s1Txoan(51) = ﬂab( ). (8)

and g, is the coupling constant of X with the D**D°
(= ) (+)2

channel. At m,,’~ < s; <m,,
72 m<+>m( ) m
Hah(sl) JA ab ab In b
167z sy m
(+)2
m b S
— 1 —Zarctan—2—— 1|, (9
pab(sl) pu =y ( )

where p;,(s;) = \/mm2 -5 \/Sl —m(;)z/ﬁ If s, <m((17;>2’

\/mab —sl\/m , —581/s1, and

then p,,(s1)

), ()

QA Myp My o My
¢ (s —42__4ab Ip
(s1) = 167 s my,
\/mb —s1+\/mb -5
+ Pan(s1) - .

\/mab B \/mab =S

(10)

The sum of the probabilities of the X(3872) decay to all
modes satisfies the unitarity [25,27,28]

BR(X = (D*D% +-c.c.))

+BR(X—> (D**D™+c.c))+EBR(X—-i)=1. (11)
The coupling of the X(3872) with the D**D° system was
introduced in Refs. [25-28] by means of the Lagrangian
Lypopo (X) = guX¥ (D;ODO + D;0D0>, (12)
and the range of possible values of the coupling constant
g4/ (167) was determined from the analysis of the experi-
mental data [3,6,8,9,13,15].
To describe the amplitudes of the D* — Dz° decays, we
use the expression
Vo = 9ppat (€D Pad = Pb) (13)
where ep- is the polarization four-vector of the D* meson,
po and pp are the four-momenta of z° and D, respec-
tively; gp«+prz0 = —gpopos0. _ _
The effective vertex of the X(3872) — (D*D + D*D) —
7°DD — 7%zt 7~ transition corresponding to the sum of

the diagrams in Figs. 2 and 3, in which the zt 7z~ system is
produced in the S wave, can be written as

- P2)

F o (s1,52)],

Vwzizr = Oxpop s -(Sl’sz)(exvm

_2—[F0(51,52)

6n (14)

where the invariant amplitude Gy,o,+,-(s1,5,) is used
below [see, Eq. (19)] to compactly write the expression
for the energy dependent differential width of the X —
%777~ decay; ey is the polarization four-vector of the
X (3872), the amplitudes Fy(sy, s,) and F__ (s, s,) describe
the contributions from the neutral and charged intermediate
D*D states, respectively, and

(15)

We assume the S-wave amplitudes of the processes
D°D° = ztz~ and D* D~ — z"z~ (entering in the ampli-
tudes of the diagrams in Figs. 2 and 3) to be equal and

9=949p*°p°z°9pOpOrta--
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approximate them in the region of the DD thresholds by an
s,-independent constant gpop0,+ -

Taking into account Egs. (12)—(14), the amplitude
Fo(sy,s,) can be written in the form

(_g;w + 2;_%) (21731/ - ku)
(k* —m3 o+ ie)
d*k
((p1=k)? =miy +ie) (k= p3)* —mpo +ie)
(16)

i
FO(SI’SZ) :;6)(”

X

The four-vector under the integral sign we transform as
follows:

k,k,
<_g/w - I’:lt—%)*> (2p3y - kb)

= —-2p3, + kﬂ(m%)*(J - szO + mio)/sz*o

—kﬂ((k—p3)2—m2D0)/m2D*0. (17)

This shows that after reducing the numerator and denom-
inator in Eq. (16) by the factor ((k— p3)* —m2,), the
divergent part of the integral is proportional to p,, [i.e., the
four-moment of the X(3872) resonance] and does not
contribute to Fy(s;,s,) because (ex,p;) =0. For the
numerical calculation of the amplitudes Fy(s;,s,) in
Eq. (16), we use the method developed in Refs. [47,48].
Note that the part of the contribution from the second term
in (17), k,,(mé*0 - mlz)0 + mio) / m%)*o, which after integra-
tion turns out to be proportional to ps,, gives a negligible
contribution to Fy(s;, s,) in the /sy and /5, region under
consideration. Thus we put

i d*k
F =-2 B e
0(s1,52) (GX,P3)H3/<k2_m%*O+I.€)
« 1
((p1—k)> =mp +ie) (k= p3)* —mp, +ie)’

(18)

The amplitude F_(s,s,) is obtained from Eq. (18) by
replacing the masses of neutral D* and D mesons by the
masses of their charged partners.

Using Eq. (14) we express the differential width dI'(X —

2°ntn;51,5,)/d\/s; in terms of the invariant amplitude

GXIIOITJWT_ (sl s Sz),

dU(X — n°ztn~; 51, 5,)

d\/g
:%|GX7ZOIE+7Z'(SI7S2)|2 P3(51, S2>/J(S2) 2\/5 (19)
3 4r 8 l6x 7

where

\/S% = 251(s3 + m2) + (s = m2)?

251 ’

p(s7) = \[1—4m2. /s,. (21)

The width of the decay X — 7%z 7~ as a function of s, has
the form

p(si.s) = (20)

I(X - 2’2775 s))
(Vs dD(X - 2r sy, s))

= d\/s,, 22
2m .+ d\/g \/_ ( )

and the probability of this decay is given by the expression

BR(X — 2%t77)

B /oo 2/51 /510X = 7[07[+JT_;S1)d
3

m, T \Dx(31)|2

U5 (23)

Equations (22) and (23) indicate the kinematically allow-
able limits of integration. In fact, the main contributions in
Egs. (22) and (23) are concentrated in much smaller
intervals.

We now estimate the coupling constants gpopo0 and
9p°DOrta-+

For the total decay width of the D** meson, only its
upper limit is known so far: I'p0 < 2.1 MeV [1]. On the
other hand, the total decay width of the D** meson and
the branching ratio of the D*" — (Dz)" decay are well
known [1]: I'p-+ ~ 83.6 keV, BR(D*" — (Dz)")~98.4%.
Assuming the isotopic symmetry for the coupling constants
9p*px» WE have

2 2
mD*Or‘D*O—»DUnO - mD*+FD*+_,(D”)+
- 3 3

2P pogs T Ppig

\ 24
)4 3D° 20 ( )

where pp, denotes the momentum of the final D or #
meson in the D* rest frame. From here we find the decay
width I'pwo_po0 36 keV and the coupling constant
Gryopn/ (4m)=3m7 .U pon/(2py, o) ~2.8. Using also
the value of BR(D*® — Dz°) ~ 64.7% [1], we get an
estimate for the total decay width of the D** meson:
I'po =~ 55.6 keV. Here we note in passing the following.
As the examples [49-54] show, the instability of the vector
mesons in the intermediate states (i.e., the finiteness of their
total widths) is important to take into account when
estimating the contributions of logarithmic triangle
singularities. In this case, I'p« is small. Nevertheless,
its accounting in the D*C propagator (by replacing

2 — imp«l o) noticeably smoothes the loga-

m D*O g sz*O
rithmic singularity in the amplitude of the diagram in Fig. 2
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and the computed width ['(X(3872) — z’z"z~;my) is
reduced by approximately 30% as compared to that for
I'po = 0. In a similar way, we take into account the width
['p-+ in the D** propagator.

The constant gpopo,+,~ 1S associated with the annihila-
tion cross section 6popo_ .~ at the D°DC threshold
and with the corresponding inelastic scattering length

! .
oo, DY the relations

ko 0 50y - GO0 g+ o 2
SRR = | = 0| SRR (29)

where k and ¢ are momenta of the D° and 7™ mesons,
respectively, in the center-of-mass frame of the reaction
D°DY — 777~ In the D°D° threshold domain of interest
to us, g/s,~1/(4mpo). At present, the values in
Eq. (25), which characterizes the S-wave D°D® — 7t~
annihilation at rest, are completely unknown. If we
naively put the inelastic scattering length |a)5, . |~
1/(2mp+) =~ 1/(4 GeV) (which is in dimensionless units
M| opo_ i -| ~0.0347), then l9p0 505t -/ (87)|> s
approximately equal to ~1.8. We use this value in further
evaluations. It is clear that our rough estimate is related to
considerations about the DD annihilation radius. An
experiment will show whether this value is reasonable or
not. For comparison, we note that the tree D°D° — z+7~
annihilation amplitude caused by the charged D* exchange
leads to |a;’)0 DO—»n+n-|’ which is about 15 times greater
than our estimate, due to the large coupling constant
I pop/ (4m) 5.6 (see note [55]).

Figure 4 shows an example of the z"z~ mass
spectrum in the decay X(3872) - 2%ztz~, e,
dl(X - 7777351, 5,)/d\/5; as a function of /55, cal-
culated with use of Eq. (19) at \/s; = my = 3.87169 GeV
and the coupling constant of X(3872) with the D*°D°
channel ¢%/(16x) = 0.25 GeV? [other possible values
for ¢4/(16x) are discussed below]. The integration
dU(X — 2zt n~;m%, 52)/d\/5; over /s, in the region
of 35 MeV wide, ie., from my —m_ —0.035 GeV =
3.70171 GeV to my —my = 3.73671 GeV, results in
(X - 2%z 7~;m%) ~ 3 keV. However, as can be seen
from Fig. 5, this is in fact the maximal value of the
X(3872) — 2%z z~ decay width in the X(3872) resonance
region. The width I'(X — 7%z z;s,) is a sharply chang-
ing function of ,/s;. Two peaks in I'(X — ntrsy)
located near the D**D° and D** D~ thresholds (see Fig. 5)
are manifestations of the logarithmic singularities in the
amplitudes of the diagrams in Fig. 2 (the left peak) and in
Fig. 3 (the right peak) [56]. The most important contribu-
tion to BR(X — 7%z 77) [see Eq. (23)] comes from the left
peak. The right peak in T'(X — z%z%z~;s,) practically
does not work as it is located far on the right tail of

0.003
!« 0.0025
)
e
°
~ 0.002
?
@
o 0.0015
"
3
X 0.001
=
el
0.0005
0 : :
3.729 3.7295 3.73 3.7305 3.731

Vs2 (Gev)

FIG. 4. An example of the z*z~ mass spectrum dI'(X —
7[07T+7t_;S1,S2)/d\/§ constructed with the use of Eq. (19) at
V51 =my =3.87169 GeV and g3/(167) = 0.25 GeV>. The
solid curve corresponds to the sum of the diagrams in Figs. 2
and 3. The dashed curve shows the contribution from the diagram
in Fig. 2 only. The /s, values between which [according to
Eq. (4)] the amplitude of the X(3872) — (D**D° + D*°D%) —
7°D°D° — 7°z* 7~ decay contains the logarithmic singularity, in
the hypothetical case of the stable D* meson, are shown by the
dotted vertical lines. In so doing, the singularity itself is located at
/82 = 3.72982 GeV (see note [57]).

the X(3872) resonance and its contribution to BR(X —
%zt 77) is strongly suppressed by the X(3872) propagator
module squared.

We now present numerical estimates for BR(X —
%7 77) using as a guide the values of g, obtained in
Refs. [25,27,28]. Figure 6 shows an example of the

resonance distribution 2s,/(z|Dx(s;)|?) calculated at

[(X(3872)-7°%"7"; 81) (keV)

0
3.86 3.865 387 3875 388 3885 3.89

Vs; Gev)

FIG. 5. The width I'(X — z%2%77;s;) as a function of ,/s;.
The constructed example corresponds to g4 /(167) = 0.25 GeV?.

116023-5



N.N. ACHASOV and G.N. SHESTAKOV

PHYS. REV. D 99, 116023 (2019)

0.5

0.4

0.3

0.2

0.1

Resonance distribution (106xGeV2)

0
3.8705 3.871 3.8715 3.872

Vsi (GeV)

3.8725  3.873

FIG. 6. The resonance distribution 2s,/(z|Dx(s;)|*) at
@ /(167) = 025 GeV?2 and Ty, = 1 MeV.

my = 3.87169 GeV [1], ¢5/(16z) = 0.25 GeV?, and
INon = 1 MeV. Weighting with this distribution the
energy dependent width I'(X — z°z7z7;s,) shown in
Fig. 5, we find, according to Eq. (23), that for the above
values of the parameters BR(X — z’z"7z~) =5 x 107%.
Estimates for BR(X — 7%z z~) for different values of
gi/(16x) and T, which we vary in a fairly wide
but reasonable range, are given in Table I at my =
3.87169 GeV [1].

It is not yet clear whether the mass of the X(3872) state
lies slightly above or slightly below the D*°DO threshold.
The £0.17 MeV uncertainty that the Particle Data Group
[1] indicates allows for both possibilities. Tables II and III
show the estimates for BR(X — 7%z z~) at the same
values of ¢3/(16z) and T, as in Table I but for
my = 3.87169 £ 0.00017 GeV.

III. CONCLUSION

The above analysis shows that BR(X(3872) — %z z™)
can be expected at the level of 107>~10~%. The dominant

TABLE . BR(X((3872) — z%z* ") in units of 10~* for five
values of g3 /(16x) and three values of T',o,; my = 3.87169 GeV.

d/(16z) (in GeV?) =01 =02 =025 =05 =10
[hon = 0.5 MeV 742 842 835 7.0 5.19
[hon = 1 MeV 393 499 514 488 384
[on = 2 MeV 193 270 289 307 2.67

TABLE II. The same as Table I but for my = 3.87169 +
0.00017 GeV.

di/(167) (in GeV?) =01 =02 =025 =05 =10
Thon = 0.5 MeV 645 697 6.82 5.63  3.94
Ton = 1 MeV 376  4.60 4.68 430 3.27
Thon = 2 MeV 1.93 2.64 2.80 2.89 245

TABLE III. The same as Table I but for my = 3.87169 —
0.00017 GeV.

di/(167) (in GeV?) =01 =02 =025 =05 =10
Ion = 0.5 MeV 8.04 112 12.2 147 163
Ton = 1 MeV 3.91 5.57 6.08 737  8.20
Ton = 2 MeV 1.86 2.73 3.01 370 412

contribution to BR(X(3872) — 7%z z~) comes from the
production of the #tz~ system in a narrow (no more than
20 MeV wide) interval of the invariant mass m1,+,- near the
value of 2mpo ~ 3.73 GeV. The z7z~ events with such an
invariant mass can serve as a signature of the decay
X(3872) - (D*°D° + D*D%) - z°D°D° — 2%zt 7~
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