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The semiclassical general formula for the probability of radiation of twisted photons by ultrarelativistic
scalar and Dirac particles moving in the electromagnetic field of a general form is derived. This formula is
the analog of the Baier-Katkov formula for the probability of radiation of one plane wave photon with the
quantum recoil taken into account. The derived formula is used to describe the radiation of twisted photons
by charged particles in undulators and laser waves. Thus, the general theory of undulator radiation of
twisted photons and radiation of twisted photons in the nonlinear Compton process is developed with
account for the quantum recoil. The explicit formulas for the probability to record a twisted photon are
obtained in these cases. In particular, we found that the quantum recoil and spin degrees of freedom
increase the radiation probability of twisted photons in comparison with the formula for scalar particles
without recoil. In the range of applicability of the semiclassical formula, the selection rules for undulator
radiation established in the purely classical framework are not violated. The manifestation of the
blossoming out rose effect in the nonlinear Compton process in a strong laser wave with circular
polarization and in the wiggler radiation is revealed. Several examples are studied: the radiation of mega-
electron-volt twisted photons by 180 GeV electrons in the wiggler, the radiation of twisted photons by
256 MeV electrons in strong electromagnetic waves produced by the CO, and Ti:Sa lasers, and the
radiation of MeV twisted photons by 51.1 MeV electrons in the electromagnetic wave generated by the

free-electron laser with photon energy 1 keV.
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I. INTRODUCTION

Nowadays, the Baier-Katkov (BK) semiclassical method
[1-4] is a standard tool to describe radiation of plane wave
photons by ultrarelativistic charged particles in external
electromagnetic fields of a general form. This method
effectively includes the quantum recoil experienced by a
charged particle in radiating one hard photon and is
applicable for the energies of radiated photons right up to
the energy of the radiating particle (for other semiclassical
methods see, e.g., Refs. [5-10]). The BK method is realized
in several computer codes [11-14] and proved to be very
successful [4,15-22]. A comparison of the radiation prob-
ability obtained by this method with the exact QED results,
when they are obtainable, reveals a spectacular agreement
[2-4,16]. We use this method to derive the radiation
probability of one twisted photon [23-32] by an ultra-
relativistic charged particle with account for the quantum
recoil. In the case of negligible quantum recoil, the obtained
general formula reduces to the one derived in Ref. [33].
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According to the BK method, in the ultrarelativistic
limit, the one-photon radiation probability can be calcu-
lated by means of a formula resembling the classical
formula for the intensity of radiation [34,35]. One does not
need to solve the Dirac or Klein-Gordon equations in the
given external fields but just has to find the solution of the
Lorentz equations in these fields. The spin degrees of
freedom are characterized by the spin vector, and its
evolution is governed by the Bargmann-Michel-Telegdi
equation. If the radiation probability is summed over spin
polarizations of the escaping particle and averaged over
spin polarizations of the incoming one, the dynamics of the
spin vector are irrelevant for evaluation of the radiation
probability. All that drastically simplifies the calculations
of radiation probability. Of course, there are certain
limitations of this semiclassical method. The complete
list of them is presented in Sec. II. The main idea standing
behind our derivation of the radiation probability of
twisted photons is to find the approximate expression
for the product of radiation amplitudes using the procedure
developed in Refs. [1-4] and to integrate it over the
azimuth angles of photon momenta with the corresponding
weights. The last step creates the twisted photon in the
out state.
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Having derived the general formula, we employ it to
investigate the radiation probability of twisted photons by
electrons in undulators (Sec. III) and strong laser pulses
(Sec. 1V). Currently, the twisted photons of different
spectral ranges are used in fundamental science and
technology [27-32]. In the optical range and below, the
detectors were designed that allow one to decompose an
arbitrary electromagnetic radiation into twisted photons
[36-40]. Even in the x-ray spectral range, the twisted
photons can be directly detected [41]. The formulas we
obtain are aimed to describe correctly the radiation of hard
twisted photons with mega-electron-volt energies and
above that are not accessible for an immediate observation.
The hard twisted photons can be employed to study the
properties of nuclear matter by exciting higher multipole
transitions in nuclei and hadrons (see, e.g., the discussions
in Refs. [24,25,42,43]). Rather recently, it was shown that
hard twisted photons can be generated in the inverse
Compton scattering of low-energy twisted photons
[24,25], in channeling radiation [44,45], and strong laser
pulses [42,46—49]. In Sec. 111, we show that mega-electron-
volt photons can be produced by 180 GeV electrons in
helical wigglers. Besides, we develop a general theory of
undulator radiation of twisted photons with the quantum
recoil taken into account. In particular, we show that the
selection rules for the forward radiation of twisted photons
by helical undulators [33,42,46,50-56] are not affected by
the quantum recoil, at least, in the domain of applicability
of the semiclassical method. Then, in Sec. IV, we revisit the
problem of radiation of twisted photons by electrons in
laser waves studied in Refs. [42,46,47]. We generalize the
results of Refs. [42,46,47] to the case of laser waves with an
arbitrary amplitude envelope and include the influence of
quantum recoil. Thus, we develop a general theory of
twisted photon production in the nonlinear Compton
process. Of course, it is just another description of the
nonlinear Compton process usually formulated in terms of
plane wave photons [2-4,15,17,19-21,57-68]. In Sec. IV,
we apply this general theory and describe the radiation of
twisted photons by electrons in strong laser pulses pro-
duced by the free-electron laser (FEL) and CO, and Ti:Sa
lasers. The obtained general formulas can be implemented
in computer codes to describe the radiation of twisted
photons by ultrarelativistic charged particles in electro-
magnetic fields of a rather general configuration, in
particular, in channeling.

The paper is organized as follows. In Sec. II, we derive
the general semiclassical formulas for the one-photon
radiation probability of twisted photons by scalar and
Dirac particles and discuss their applicability conditions.
In Sec. III, we elaborate a general theory of undulator
radiation of twisted photons, taking into account the
quantum recoil undergone by a charged particle in radiating
a photon. We also obtain a simple estimate for the number
of radiated twisted photons and specialize the general

applicability conditions to the case of undulator radiation.
As expected, the wiggler radiation of lower harmonics in
which the main part of twisted photons is radiated has a
clear imprint of the “blossoming out rose” effect [9]. In
Sec. IV, we consider the radiation of twisted photons by
charged particles in an intense laser wave of a circular
polarization. In particular, we trace the manifestation of the
blossoming out rose effect in this radiation. Several
examples are presented there. Some cumbersome calcu-
lations are removed to Appendixes A and C. The estimates
of the transverse size of a particle wave packet are
presented in Appendix B. In the Conclusion, we summarize
the results.

We use the system of units such that 7 =c¢ =1 and
e? = 4za, where a ~ 1 /137 is the fine structure constant.
Besides, we vastly use the notation introduced in Ref. [33].

II. GENERAL FORMULAS

Let us begin with the case of a stationary external
magnetic field. The generalization to the case of a general
electromagnetic field will be given below. In the presence
of the electromagnetic field, the following process is
possible,

ei__)y(l_’_xv (1)

where e; is the initial electron in the state i, y,, is the twisted
photon [23-27,69-73] recorded by the detector in the state
a, and X denotes the rest of particles that are not recorded
by the detector. Notice that such a detector can be not only a
specially designed detector of twisted photons [36—41] but
a molecule, an atom, a nucleus, etc. The probability of such
an inclusive process equals

(@) = S 010 X 77 X| U —asli). (2)

where U is the evolution operator of QED in the presence
of the external field (see, e.g., Refs. [59,74]). In the first
Born approximation with the exact account for the external
electromagnetic field, the final state contains only one
electron,

w(es i) & S0 oolfs ) (i 100 sli)s (3)
f

where f characterizes the final electron state. In this
approximation, using the completeness relation, we obtain

w(as i) = (i|U o wolra) (7al Uso ~ooi): (4)

i.e., the probability of process (1) is equal to the average
number of photons in the final state a. According to (AS),
the twisted photon state can be decomposed into the plane
wave ones [23-27,69-73]. Then,
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S,k2><s7k1|f]oo.—oo|i>’

W<a;i> = ZAZ;‘v,sza;s,kl <i|U—oo,oo
KKy

(5)

2

e
C(ky. k) :=(27r)3—2Vk0

o

which should be integrated over the azimuth angles of the
vectors k;, with the corresponding phase factors as in
(A5). Notice that we work in the coordinate system adapted
to the detector of twisted photons with the axis directed
along the unit vector e; (see, for details, Ref. [33]). The unit
vectors {e|, e, e3} of this coordinate system constitute a
right-hand triple. The perpendicular components of a vector
are those lying in the plane spanned by {e;,e,}. The
photons are supposed to lie on the mass shell

o8]

ko = \/ki +ki; = \/k%J_ +k3;. (7)

and

ki3 = ka3; (8)
i.e., the photon momenta k; , differ only by the azimuth
angles. The helicities of photons with momenta k;, are
the same.

We will evaluate (6) using the approximation introduced
in Refs. [1-4]. Recall that it is assumed in this approxi-
mation that:

(1) The charged particle is ultrarelativistic, i.e., the
Lorentz factor y>1 and x/y <1, where
x = max(1,K), K = ( )y is the undulator strength
parameter, and (/3 ) is a typical value of the velocity
component perpendicular to the detector axis.

The particle wave packet is sufficiently narrow in the
momentum space.

The size of the wave packet in the configuration
space is small in comparison with the typical scale of
variation of the external electromagnetic field
in space.

n,, = K, ,/k lie inside of the cone directed along
the detector axis (the axis 3) with the opening of
order 2x/y; i.e., we consider the region where the
main part of radiation is concentrated.

Below, the additional restriction related to the fact that we
consider the radiation of twisted photons will appear. In
contrast to the case of radiation of plane wave photons, we
have to know C(k,, k) out of the diagonal, and so the
additional assumptions will be needed.

If the above conditions are satisfied, then, in evaluating
average (0) in the leading order in 1/y, we can use the

le = kZLv

2
3

“

dtldtzeikO(tl_tZ)MT<t2’ kZ)M(th kl)

where A, are the coefficients of expansion (AS).
Therefore, in the first Born approximation, w(e;i) can
be found from the matrix element for the plane wave
photons (see the notation in Ref. [4])

).

analog of the Thomas-Fermi approximation. Namely, the
commutator

(6)

(LA~ <1 1 ()

0}’2

is small for large particle energies. Here, H is a typical
magnitude of the electromagnetic field, H is the critical
(Schwinger) field, and fDﬂ = p, — eA,(X). Hence, the non-
commutativity of operators ®* and P entering into the
operators M'(t,,k,), M(t;,k;) can be neglected. At the
same time, the noncommutativity of P and =% in J/ cannot
be ignored because the exponent is a rapidly varying
function for |k|~ ¢, where ¢ is the energy of a charged
particle.

A. Scalar particle

For a scalar charged particle, we have [4]

M (). ky) = Py (87 (1)) e s P2,

W (1. Ks) = P2 (£,P(1,)) X P2, (10)
where f; , = f(k| ) are the polarization vectors of physical
photons. All the operators in (10) are given in the
Heisenberg representation with the Hamiltonian

H=\/P? +m2 + eAy(R).

Henceforth, we perform our calculations in the Coulomb
gauge. Notice that Ay = 0 in the case of time-independent
magnetic field. However, we leave A, intact since its
presence influences the derivation only in one point
[Eq. (22)], which we shall discuss separately below. To
avoid additional complications with the vacuum definition
(see, e.g., Refs. [59,74-76]), we suppose that

(11)

|€A0| Sme’ (12)
which is fulfilled for all the electromagnetic fields achiev-
able at the present moment in laboratories. Therefore, P, =
m,y ~ € up to the terms of order 1/y.
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Let us carry the exponent entering into M (1,, k) to the
right and the one entering into M(z,,k;) to the left,

M (1, k) M (1, k1)
= P 2 (£,,) Py P eeke =ik POV (818 ) P2,
(13)

where
P61.2 = PO(f’/IQ)’ IA’/1,2 = P1,2 - k1,2v (14)

and f’l,z = lA)(tl,z). Then, we transform the operator expres-
sion

elkoko o=k Xy — ik 5% 15 piksky p—iksRy) p—ik X1y
= eikizf‘ueilth(6—1'1:17)?3_)133_,(3 e~ kX , (15)
where 7 := 1, — t;. To proceed, we assume that
e—iku,zfii],2|i> ~ e_ikil.ZXL].2|i>’ (]6)

where x;, is the average value of the corresponding
operator with respect to the state |/). The approximate
equality takes place, if

kJ_O'J_ < 1, (17)

where ¢ | is a typical transverse (with respect to the detector
axis) size of the wave packet in the configuration space.
The condition (17) is absent in considering the radiation of
plane wave photons by the BK method. The reason is that
the dependence of radiation probability for twisted photons
on the transverse structure of a particle wave packet is
stronger than for plane wave photons. It is not surprising
as, in contrast to plane wave photons, the probability to
record a twisted photon depends on the photon momentum
component perpendicular to the detector axis.

Notice that condition (17) also arises in considering the
radiation of twisted photons by a bunch of charged particles
[77,78]. When condition (17) is satisfied, the probability
of radiation of a twisted photon by the bunch of N particles
is the same as for one charged particle, multiplied by N
(incoherent radiation) or by N? (coherent radiation). To put
it differently, the form of the wave packet does not affect the
radiation spectrum of twisted photons in this case. It is clear
that if (17) is violated the approximation we use cannot be
employed. In that case, the probability of radiation of
twisted photons depends severely on the form of the wave
packet and is not determined only by the average values of
the particle momentum and coordinate. In particular, none
of the fine effects stemming from the form of the wave
packet of a charged particle (see, e.g., Refs. [26,79-84])
can be reproduced by the semiclassical approach

considered here. However, condition (17) cannot be
strongly violated. It was shown in Refs. [77,78] that, in
a general position, the coherent radiation produced by a
smooth wave packet of a charged particle is strongly
suppressed for k0, 2 3 due to destructive interference
of the radiation amplitudes coming from different points of
the wave packet.
Furthermore, we have

[([em®nafna P))|/|(P2)[V2 ~ kox/(ey) S x/y;  (18)

i.e., up to the terms of order x/y, we can carry these

exponents through the operators entering into I\A/Ig and M,
and make use of (16). Now, take into account that

V(Ps = k)2 4+ P2+

kOPU - k3P3 ki (19)
(Po—ko)*  2(Po—ko)*)

z(PO—k0)<1+

The approximation (19) is valid, provided

Poko(1 — nx) ko/Py  %*
(Po—ko)* (1 =ko/Po)*7*

< L. (20)

If x/y is small, estimate (20) holds up to ky < Py. Then,
repeating the calculations presented in Ref. [4], we can
write

e—ikoreiﬁr<e—iﬁr)

P3—>f’3—k3
_ Texp{i /Tdt(H —ko— Hpa_,lsz_ks)}. (21)
; :

Therefore,

. P ~
o ~ e—l,so—,o,(o[koT—k,z (x32=x31)—k{ 7/ (2Py)]
P3—P3—ky ’

(22)

e_ikOTeiHT (e—if{‘r)

where we have used the fact that, in the time-independent
magnetic fields, P, = my is an integral of motion of the
Lorentz equations. It is argued in Ref. [4] that approxima-
tion (22) is valid in the leading order in x/y for general
nonstationary external electromagnetic fields as well,
provided

27/ (Te) < 1, (23)

where 7 is a typical timescale or length scale of changing of
the external electromagnetic fields. In that case, fDO should
be replaced by Py; in (22), i.e., by the particle energy in the
initial state |i) where the external fields are absent. This
prescription ensures, in particular, that the right-hand side
of (22) is invariant under translations in the spacetime.
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Disentangling expression (15) and taking into account
the conditions 1-4 and Eqs. (9) and (17), we can replace the
operators in matrix element (6) by their average values. In
particular,

Phs = Py o =Po(Piy—Kko) ®Poa—ko  (24)

As for exponent (22), this replacement is justified when the
dispersion of

1+n3y> 4 B 72

2 (25)

qkolrdt(l—n3ﬁ3)zqk0/) "dt

is much less than unity, where z,. is the radiation formation
time in the laboratory frame, n, :=k,/ky, and we
neglected the last term in the exponent in (22) as it is
small in comparison with the first two [see (44) below]. By
the order of magnitude,

L+ + A7
2y?

7,qkg N, (26)

where N is the number of periods of particle motion. Then,
for an isoenergetic wave packet, we have the condition

(667)r*
1+niy? +Br°

< 1, (27)

where (5f32 ) is a typical value of the variance of , for a
given particle wave packet.
Thus, in the scalar case,

62

C(ky k) = WG

(ko)™ (ky), (28)
where

oK) = /oo dte—iqi[kO_kzL/(ZPOi)]l+iqik3x3+ikalql/z (fx),

[Se]

(29)
and

X(1) = P(1)/Po(1).  q(t) = Po(1)/Po(1).  (30)
and ¢; = Py;/Py,. Recall that P, is the energy of particle in
the initial state and Pj, = Py; — ko. The approximate
expression for probability (5) derived from (28) is non-
negative. Furthermore, matrix element (28) with the photon
momenta satisfying (8) transforms properly under trans-
lations in the spacetime, x* — x* 4 a*, viz.,

Clky ki) = C(ky ky)eihorho)a, (31)

where a, is the translation 4-vector component perpen-
dicular to the detector axis.

Employing formula (AS5), we find the leading contribu-
tion to the probability of radiation of a twisted photon by a
charged scalar particle with the quantum recoil taken into
account,

dP(s,m,k,,k3) = e

(o]
/ dte—i%'[ko—ki/(ZPoi)]t+iq,k3x3ql/z
—00

2

1. . .
X (E X a_+x_a,]+ x3a3>

ki \ 3 dksdk |
() 5 -

where

ay =ay(s,m, ks, k| ;x), as =as(s,m, k;x). (33)
Recall that we use the system of units such that e? = 4za.
In the case g = 1, i.e., when the energy of the radiated
photon is negligibly smaller than the energy of charged
particle, formula (32) passes into formula (36) in Ref. [33].
As arule, g = const in the ultrarelativistic limit, and so ql/ 2
can be removed from the integrand of (32). Since ¢ > 1, we
see that the quantum recoil tends to increase the radiation
probability in comparison with the answer which does not
include it.

B. Dirac particle

In case of radiation of twisted photons by the
Dirac particles, the considerations are analogous but more
cumbersome. Using the notation of Ref. [4], we have
approximately

m,

1/2 N m,\ /2
M(t;. k) = (P ) iy (Py)fie™ ‘x‘us(P1)<P )
o1 o1

A m, 1/2_ A
— e—lk]XI <P—/> uS/(P/l)flus(Pl)
01

m,\ /2 . m,\ /2
(k) = () o e () (5
02

1/2 . 12
= (Z/le > ux (P2)f21/ls/ (P,Z) <;/fe > e’kzxz ,
02 0
(34)

where s and s’ characterize the initial and final electron spin
states. For brevity, we do not write the hats over the
operators P and x anymore. Further, we employ formu-
las (15) and (22), substitute all the operators by their
averages, sum over spin polarizations of the escaping
electron, and average over spin polarizations of the incom-
ing electron. As a result, we come to
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1 1 i . . "
5D M (1. ko) M (11 k)~ 5Spl(A3 — i(B3o))(A) +i(B1o))] = 434, + (B3B)). (35)
spins
where
Ay = — (Fi.P12) Poyp +m, Poip +m,
‘ 2,/Ph Py \V Pora T e\ Poy o+ m,
1 Poratme . Poro+mg,.. o,
B1,2 == P [f1,27 P1.2] - [)/—[fl,Z’ P],z] . (36)
24/ Po12Poi2 012 + e 012 T M,

In the ultrarelativistic limit, we can neglect the mass in expressions (36) since it gives the contributions of order 1/y as

compared to the main contribution. Then,

1
ASA + (BB)) = ———
: ? 4Py, P,

[(Po1 + Py) (P + Py ) (F2%,) (£1%)

- k(Z)(fz,Xl - nl)(fT’XZ -n,) + ktz)(fsz)(?kz —n,,X; —ny)|. (37)

This expression turns into formula (2.41) in Ref. [4] for k; , = k.
The integration over azimuth angles of the vectors k;, is considered in Appendix C. With the aid of the notation

introduced there, we can write

00 dtldtz

dP(s,m,ky, k3) = ez/
—w 4Py P,

—i(ko=H3 /(2P0;))q; (1 =11)+ik3 q; (x23—x13)

/ / 1 . * . * . * 1 . . .
X ¢ (Poi + Py ) (Po + Pip) | 5 [X—al + &y al ] + Xp3a; ) | 5 [opas + Xp_ay] + Xozas

2
k2

2

+ (g ay —ingat (m=1))(kya, +inja (m—1))

4

+ (¥_at +inyat(m+1)) (% a_—inja_(m+ 1))]} <

in the leading order in x/y. Here,

ax=ax(s.m.ks,ki;Xy),
al=al(s,mk3,k;;X1), a (s,m,ky;Xy). (39)
The approximate expression (38) for probability density (5)
is non-negative. In the case ky < ¢, 5, formula (38) passes
into expression (36) in Ref. [33] without the quantum recoil
due to photon radiation. Just as for the scalar particle case,
we see that the quantum recoil tends to increase the
radiation probability as compared to the formula without
recoil. As long as

— , — =qg—-1=:4q, 40
2P, 2 Py ¢ (40)

the second and third terms in (38) are proportional to (6¢)?,
while the first term is proportional to (1 + 8¢/2)%. Thus, in
the limit of small recoil, g ~ 1, the second and third terms
can be neglected, and the contribution of the first term is the

k_L> 3 dksdk (38)

2k 27?

|
same as in the case of a scalar particle (32) since
q'? ~ 1 + 8q/2. The spin effects become irrelevant in this
limit within the bounds of the approximations made in
deriving (38).

Contrary to the classical formula for radiation proba-
bility, expression (38) does not factorize into c*c, where ¢
is determined by the particle trajectory. This is a conse-
quence of the fact that the averaging over spin polarizations
was performed and the quantum recoil was taken into
account. If one neglects the recoil, the created radiation
will be described by a coherent state in the Fock space
[33,69,85-87], and nontrivial quantum correlations will be
absent. In the case of a scalar charged particle, formula (32)
does factorize into the amplitude and its complex conjugate,
and the nontrivial quantum correlations are absent within the
bounds of the approximations made.

Notice that formulas (32) and (38) describe the radiation
produced by one charged particle. As a rule, in real experi-
ments, the bunch of charged particles radiates. Under usual
conditions, radiation amplitudes of hard photons produced
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by different particles in the bunch add up incoherently; i.e.,
expression (32) or (38) should be summed over different
particles in the bunch. In Refs. [77,78], the simple formulas
were obtained, allowing one to find the radiation of twisted
photons by a bunch of charged particles using the one-
particle radiation probability distribution. These formulas
can be applied to (32) and (38), as the initial plane wave
matrix elements (31) transform correctly under translations.
Below, we shall employ the formulas from Ref. [77] for
axially symmetric bunches. Such bunches are created, for
example, in the electron-positron collider VEPP-2000,
Novosibirsk [88].

III. FORWARD RADIATION BY CHARGED
PARTICLES IN UNDULATORS

Let us apply the general formulas derived in the
preceding section to the forward radiation of charged
particles in undulators with the quantum recoil taken into
account. We shall investigate the undulator radiation in the
dipole regime for an arbitrary periodic trajectory of a
charged particle. As for the wiggler case, we shall obtain

|

the exact expression for the probability of radiation of
twisted photons by charged particles moving along an ideal
helix (the helical wiggler).

A. Scalar particle

The general formula for the radiation probability of a
twisted photon by a scalar charged particle has the form
(32). The radiation of twisted photons by undulators
without quantum recoil was described in Ref. [33]
(Sec. V). Comparing Eq. (82) in Ref. [33] with (32), we
see that the account for quantum recoil leads only to a
change of the energy spectrum of radiated photons and to
the appearance of the common factor ¢ when the forward
radiation produced by a scalar particle in the undulator in
the dipole regime and in the ideal helical wiggler is
considered. Notice that, according to the Lorentz equations,

g = g, = const (41)
for the motion of charged particles in undulators. As a
result, in the dipole approximation,

- k
dP(s,m, ky.ks) = e}y 5 {qko (1 = n3v3 = n;P:> - nw]
n=1

onn \? wnn, \? dksdk
o (kuoy + 2 ) 00+ 0 (ks + 2 ) A5

(42)

where the notation introduced in Ref. [33] was used. As in the case of radiation without recoil, the main part of forward
radiation consists of twisted photons with m = +1.
The energy spectrum is found from the equation

n I’likg n
POkO 1- n3vsz — 2P0 = na)(PO - k0>

(43)

In virtue of condition (17) with minimum o, taken from (B6), the last term in the parentheses on the left-hand side is small
and should be taken into account perturbatively. Indeed,

n? kg L+ K> +niy? —niy’ky /Py 1+ K>+ niy?/q
2P, 2y? - 2y? '

1 —nzv; — (44)

For k( ~ &, it follows from (17) and (B6) that n, y < K, and the contribution of this term can be neglected as compared to
the contributions of the first terms. For ky < €, obviously, the contribution of this term is also negligibly small in
comparison with the contributions of the first terms in this expression. Then, the physical solution to (43) takes the form

kn_M{H@_ KH@)z_Z’_‘S’—”i]”z}
0 n? Py Py Py(1 = nzv3)

Pa(1 KZ 2.2 ]_Cn I_Cn 2 47(” 2,2 1/2
~ U( + . _|2'nJ_y ){1+_O_ |:<1+_0> _ OZJ_]/ < 2:| }7 (45)
2n%y P Py Po(1 + K= +niy?)
where
- wn
kit = 46
0 1—7’131)3 ( )
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is the energy of the radiated twisted photon without
quantum recoil. If condition (17) with minimum ¢, taken
from (B6) is fulfilled, the last term under the square root in
(45) is small. Developing (45) as a series, we obtain in the
leading order

In fact, this is the BK prescription for the shift of the energy
spectrum due to quantum recoil. Formulas (45) and (47)
imply that kjj < Py~ €.

Using formulas from Ref. [33], the probability of
radiation of twisted photons by a scalar charged particle

moving along an ideal helix can readily be derived even in
the wiggler regime. Denoting by y = £1 the helicity of the
particle trajectory, we find from (32) that

k! 1 1 1
ki = e =0 e (47)
1—n3v3+na)/P0 1+k8/P0 k(r)l kg PO

nik;
— ymw
2p, ) ¥

nywm kLK sK , kLK 2 dk3dkL
Xqg|{v3—x I\ —— ) —x—Iu|— || ——-
niky wy nyy wy 4
Thus, the selection rule m = yn for the forward radiation produced by an ideal helical wiggler survives even when the
quantum recoil is taken into account, within the bounds of the approximations made in deriving formula (32). The energy
spectrum of radiated twisted photons is given by (45) and (47). Notice that formula (48) is the exact one. In contrast to

expression (42), its domain of applicability is not restricted to the dipole regime. The particular case of formula (42) can be
reproduced from (48) by expanding the latter in a Taylor series in K.

dP(s,m, k., k3) = ’n3 8% {qko <1 — 303 —

(48)

B. Dirac particle

In the dipole approximation, it is necessary to expand the integrand of (38) into series in K and take into account only the
leading contribution (see the estimates in Sec. 5. A of Ref. [33]). Then, up to a common factor, the first term in the curly
brackets in (38) turns into the same expression as that appearing when the quantum recoil is neglected,

inJ_ . l.l’lJ_
Fap + kJ_UBrZ-&-) <n
S -

ny—S§

1 .
I (Py + Pj)* [—5m,1 ( ri-+ k¢03r1—)

N

l.l”ll . inl .
=01 <s T Iy — kﬂ)ﬂz—) <s T rig + k¢03”1+>} . (49)
The second term in the curly brackets in (38) standing at kf) /4 is written as
n? . , 1 1
m |:r1+5m,—l —ing <5m,0 + §5m,1kﬂ”1— - E‘Sm,—lklrl-i—)]
. ) 1 1
x [r2—5m,—1 +ing (5m,0 + E‘Sm,lkj_rZ-&- - Eém,—lkj_r2—):|
nt . , 1 1
m P10y +ing | 6y + §5m,1kﬂ1— - §5m,—1kﬂ1+
. . 1 1
X ["2+5m,1 —ing <5m,0 + §5m,1kﬂ’2+ - 5%,—1’&"2—)} . (50)
Expanding r| , into a Fourier series and integrating over the time variable, we have
dP(s,m,k k) =e*n} iéz gko| 1 —nzv _nuky —nw
SHE, R ,R3 ln:l N 0 3U3 2P0
2 k2 nik 2 2k
xJs PotP V(K wnn 1L _nhiky 1k 2
{oma | ot P2 (ko + 22 ) s (=22 ) ()
wnn \?2 k2 nik\?2 n% k* dkydk
St | (Po+P)* k L L ik It () LaRsdkL oy
T omt {( o+Fo) ( l“3+n3+s) TP\ T2 ) Taimy eI e O
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4 30
4 10 s=1,n,=K/y, K=3 ’
£3 05 y=3.52x10° <20
2 1.5} Kk =15.8MeV =N
43 5, < 00— X g=125pum
< 3 9 k, 0 =85255 0.0
o B -0.5 X (=7 0 10 20 3.0
=} -5,
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T, -1.0 <10
0
3 7 0 7 307309311 | 5
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K=3
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ko 10~m

FIG. 1. The radiation of twisted photons by 180 GeV electrons in the helical wiggler. The seventh harmonic is presented. The wiggler
period is 0.72 c¢cm, the number of periods N = 15, and the magnetic field strength in the wiggler is 63.3 kG. The applicability conditions
(84) are satisfied for 6, < 10°m; . The photon energy is measured in the electron rest energies. Left panel: The probability of recording
a twisted photon produced by one electron in the wiggler against the photon energy. Left inset: The probability distribution over m. Right
inset: The relative change of radiation probability due to quantum recoil: 5 := (dP.; — dP)/dP,;, where dP,, is the radiation probability
without quantum recoil. Right panel: The distribution over m of the probability per particle to record a twisted photon produced by an
incoherent axially symmetric bunch of particles in the wiggler. The radial bunch profile is Gaussian with the width ¢ = 125 pym. The
angular momentum per photon is the same as for radiation of one electron. Inset: The asymmetry of distribution over m.

As in the case of a scalar particle, only the twisted photons with m = +1 are radiated. The photon energy spectrum has the

form of (45) and (47).

Performing calculations along the same lines as in the case of a scalar particle, we find for an ideal helical wiggler the

exact result

dP(s,m,ky, k3) = e*n 53 {qko <1 — 303 —

x {(PO+P6)2KU3 -1

_k
4(ny —s)?

+

The argument of the Bessel functions is the same as in
formula (48). Employing the recurrence relations for the
Bessel functions and keeping in mind that n; =~ 1, the last
two terms in the curly brackets can be brought to

wm

sK 2
k2 —-11)J —J |,
0 |:<niki ) nt m}

nyy
to the accuracy with which we work. Setting v; = n; =1
in the first term in the curly brackets in (52), we obtain

(53)

k
dP(s,m,k, k3)~e’n’ &3 [qko <1 —n303 —nleol) —)(ma)]

niky
—ym
2p, ) MY

sK

nywm 2 K <K >2
I — | +—= =T —xn I
nﬂﬂ) X”M ] A(ns+s)> \y " AL

K 2
<7‘]m—1 _)(nJ_Jm)

} dksdk | 52)

16P)>

|
The forward radiation of twisted photons in helical wig-
glers obeys the selection rule m = yn within the bounds of
the approximations made (see Fig. 1). Comparing (48) with
(54), we see that the probability of radiation of twisted
photons by Dirac particles is always bigger than the same
quantity for scalar particles since (1 + ¢*)/2 > g for g > 1
(see Fig. 2). For g =~ 1, the respective radiation probabilities
are almost equal. Of course, developing (54) as a Taylor
series in K, one reproduces the particular case of (51).

C. Number of radiated twisted photons

Let us find the number of radiated twisted photons with a
given projection of the total angular momentum m per
energy interval k, and the total number of radiated twisted

wm SK > photons. Further, we set y =1, since y = —1 can be

x (1+¢°) [(1 —;(—) I —;(—Jin] obtained by the substitution m — —m, s - —s. To shorten

niky niy formulas, we suppose that the last term in the round

- dk3dk¢' (54) brackets in (43) is small and the energy spectrum is given
8 by (47). Then,
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FIG.2. The radiation of twisted photons by 51.1 MeV electrons evolving in the circularly polarized electromagnetic wave produced by

the FEL with the photon energy 1 keV, intensity 3.38 x 10 W/cm?,
The applicability conditions (84) are satisfied for ¢, < 103m_'. The photon

correspond to Q =~ 1.96 x 1073 and f, ~ 8.54 x 1073.

and amplitude envelope (163) with N = 20. These data

energy is measured in the electron rest energies. Left panel: The head-on collision. The first harmonic (166) for radlatlon without recoil
(classical), scalar, and Dirac particles is depicted. For the parameters chosen, the quantum recoil halves the energy of radiated photons in
comparison with formula without recoil. The probability of radiation of twisted photons by Dirac particles is bigger than the same
quantity for scalar particles, which, in turn, is bigger than the probability of radiation of twisted photons without quantum recoil [see the
discussion after Eq. (54)]. Right panel: The laser wave is overtaking the electron. The first harmonic (166) is shown. The quantum recoil
is negligible in this case. Insets: The distribution over m at the main maximum of the harmonic.

5]2\/[qk0(1 - }131)3) - ma)]dk3dkl

dkydx dkodx

=0 (x) ———— =~ &
v (x) DagqnL® v (x) Lo

(55)

As long as the function 6% (x) is localized near the point
x =0 for N = 5, the integral over x can easily be found:

/oo dx&%(x) = N.

Substituting (55) and (56) into (48) and (54), we obtain
dP(s,m, kgy)/dky. The analogous formulas can be obtained
in the dipole case as well. However, in that case, the
overlapping of harmonics has to be taken into account.
Namely, the integration over x results in

(56)

25,2\, [qko(l - 7’1303) - l’la)]dk:;dkl
n=1

= nw nw dk
N>» 0 , , 57
- ; ko [l—l—n(u/PO 1—v3+na)/PJ qn, (57)
where
1, € |a,bl;
0,la. b] =={ a.] (58)
0, x¢&la,b],

and n, is to be expressed through kj by using (47).

The twisted photons with large projections m of the total
angular momentum can be produced by undulators only in
the wiggler regime. When m 2 5, the Bessel functions
entering into (48) and (54) are expressed through the Airy

functions [9] with (see the notation in Eq. (122) of
Ref. [33])

o1 4nt y’K? (59)
X~ 1+ K2+ 2222
(1+K*+nir’)’q

For the probability of radiation of twisted photons with the
total angular momentum projection m, m 2 5, not to be
exponentially suppressed, quantity (59) must be small. This
is achieved when K > 3 and

n=n,y/K=~1. (60)

Then, it follows from (54), (55), and (56) that

dP(s, m, k) K2q+q ' [2\*3] .
TAEE0) o aNa = 9 ()7 Ay
dk, g ayz 20 \m o)
1+ n? 13 2
1 - A R
+snk< q an>(2) i(y)
(61)
where
m\ /3 4n?
~ (= l——k |, 62
=(3) e ®

and n; should be expressed in terms of k' from (47) and
(60). The Airy function and its derivative drop exponen-
tially to zero for y > 1/2. Therefore, the radiation of twisted
photons is exponentially suppressed when
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mme, m, =min((1 — g72)~2,K3)/vV2. (63)
The second quantity in the min function appearing in
the definition of m,. comes from the estimate of subsequent
terms of the expansion of y in K~! (see Eq. (120)
of Ref. [33]).

The distribution (61) reaches the maximum at
e~ q = sco(2/m)'>, (64)
where ¢y = 0.58 is found from the equation
(Ai'(c2) — coAi(c3)) = 0. (65)
If m < m,, then

dP(m, ko) _ Z dP(s,m, kg)

66
dk, dk, (66)

s==£1

possesses the maxima at points (64) with s = %1 and the
local minimum at the point n; =~ ¢q. For m 2 m,, the
maxima coalesce in the point n; = g.

Such behavior of radiation maxima is expectable, if one
bears in mind that the wiggler radiation is just the
synchrotron one in the Lorentz frame in which the electron
is at rest on average. The intensity profiles of lower
synchrotron harmonics, m < m,., were thoroughly inves-
tigated in Sec. 1.3.4 of Ref. [9], in which the effect of a
blossoming out rose was revealed. The maxima of intensity
of these harmonics do not lie in the orbit plane in the
ultrarelativistic limit. In the orbit plane, the intensity of these
harmonics possesses a local minimum. For large harmonics,
m 2 m,, this minimum disappears. The maxima and minima
of intensities of synchrotron harmonics in the laboratory
frame are found from the standard transformation law for
angles

. sin ¢ V1+K?
sinf = . (67)
1+ [1=(1+K?>/y]"?cos@ 7

where €' is the polar angle counted in the “synchrotron”
frame and 6 is the same angle in the laboratory frame. In the
synchrotron frame, the electron has the Lorentz factor

vo=V1+K? (68)

and is ultrarelativistic in the wiggler case. The orbit plane,
¢ = r/2, is seen in the laboratory frame at the angle
0 = arcsin(v/'1 + K?/y) ~ K /y. We shall return to the effect
of the blossoming out rose in Sec. I'V.

Now, we find a loose estimate for the number of twisted
photons radiated by the right-handed helical wiggler at the
harmonic n = m. The function (61) is peaked at n; ~ 1.
The width of this peak can be found from the equation

4n? 2\2/3
" b(—) : (69)

1 _ =
(14 n3)%q? m
where b ~ 1. Solving this equation, we obtain
Any = 2q[b(2/m)*3 + ¢ = 1]'/2. (70)

Take into account that

dko = —*7771](61711{. (71)
m

Then, assuming (¢ —1)m'® <1 and multiplying the

value of dP/dn, at the point n, = 1 by An,, we arrive at

AP(s,m) ~ 4xaN(2/m)' 3[b(2/m)*? + g72 — 1]'/?

X Ai? ( (g) Pa- q_2)>. (72)

This quantity is independent of K. In the classical limit,
g = 1, we have

AP(s,m)~ 1.1 x 1072Nm™%/3, (73)

for b = 1.3 [in Eq. (135) of Ref. [33], the other quantity
was estimated]. Such a value of b is taken for concordance
of the estimate with the numerical calculations. This
estimate shows, in particular, that, in describing the leading
contribution to radiation of twisted photons produced in
wigglers, the one-photon approximation is justified when

Nm™23 < 10. (74)

If this condition is violated, the trajectory can be partitioned
into pieces such that condition (74) is satisfied for each part
of the trajectory. The probabilities of radiation from differ-
ent parts of the trajectory should be summed and a change
of the electron energy momentum due to the radiation
reaction on the each part of the trajectory is to be taken into
account. In the classical regime, ¢ — 1 < 1, the Landau-
Lifshitz equation can be employed to describe the effective
electron dynamics [15,19-21,34,35,89-97].

D. Applicability conditions.

Let us find the domain of applicability of the above
formulas for the radiation of twisted photons in undulators
with the quantum recoil taken into account. To shorten
formulas, we suppose that all the dimensional quantities are
measured in the units of the electron rest energy or in the
electron Compton wavelengths.

Formula (63) implies that the quantum recoil dimini-
shes the maximum attainable value of m for the twisted
photons generated in the forward undulator radiation.
Another restriction on the maximum m follows from the
requirement (17). If
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nyo, <1, (75)

then (17) holds. The condition (75) can be satisfied only in
the dipole regime. In the wiggler case, the main part of
radiation is produced with n, y % K = 3 and Eq. (75) is not
fulfilled even for the wave packet with cross-size (B6).

If

njyo, Z 1, (76)
then (17) and (47) imply
knjy=q-151/(10ny6,) = qg-1<1;  (77)

i.e., in radiating a photon, the quantum recoil experienced
by the electron should be small. In the wiggler case, for
n, ~ 1, we obtain

m < K/(10wyo,) = R/(100,), (78)

where K = wyR and R is the radius of the spiral turn along
which the electron is moving. Taking into account (B6), we
deduce the upper estimate

m < RK/10, (79)

where recall that R is measured in the Compton wave-
lengths %.. The estimates (78), (79) are the necessary
conditions for the model of a point particle to be used. In
this case, the localized wave packet of a particle radiating
twisted photons in a wiggler can be characterized only by
the average coordinate and momentum. As we see, the
quantum recoil should be small for that to be the case.

It is useful to write restrictions (63) and (78) as a system
of inequalities specifying the admissible region on the
plane (k{'/e, m):

m 2/3 3 m
gLV R
y T4 \m V2 y T~ 10Ko |
Note that k' ~ k. One can distinguish two cases:
i) 50, > K, ii) 56, < K. (81)

In case i, the region (80) is reduced to a rectangle,

kool
U< ,
Y ~ IOKGL

K3
m<—. 82

7 (82)
The twisted photons with the maximum energy and
projection of the total angular momentum are produced

when inequalities (82) turn into the equalities. In case ii, the
region (80) has nontrivial angular points at

=V _ (5Ka )2,
O " 10Ks, ' N
Y K’
o= i 83
0 2K2’ \/E’ ( )

which coalesce for 56, = K. In terms of m, the three
inequalities in (80) are written as

1 (K*\3/5 K3 K
m<S=-(—) ms—, ms . (84)

2 \yw V2 100 yw
respectively.

IV. RADIATION BY CHARGED PARTICLES IN
THE LASER WAVE

Let us apply the above general formulas for a description
of radiation of twisted photons by an ultrarelativistic
charged particle in the laser wave of a circular polarization.
We suppose that the one-photon radiation gives the leading
contribution to radiation of twisted photons. Then, we can
employ the formulas from the preceding sections to
describe this radiation. The strength tensor of the electro-
magnetic field reads as (we use the notation borrowed from
Refs. [94,95,98])

eFHV — f(g)hk‘[h’;] cos (&) + h;] sing(£)],  (85)

where h* = (1,0,0,¢), My, =8,,, the function f(¢)
characterizes the amplitude of the electromagnetic
field, and (&) is the phase, where & = h*x, = x° — {x°.
We consider the situation in which the electromagnetic
wave propagates along the axis of the detector of twisted
photons. The quantity ¢ = 41, where the upper sign
corresponds to the case in which the wave moves toward
the detector and the lower sign is for the case in which the
wave moves from the detector.

It is useful to convert all the quantities to the
dimensionless ones using the Compton wavelength as a
unit length. Then, for example, the laser wave with
intensity 10> W/cm? and photon energy 1.53 eV [99]
corresponds to

|f| ~ 1.47 x 1074, |Q| ~2.99 x 1075, (86)

The Lorentz equations are easily solved for arbitrary
function f(¢) (see, e.g., Eq. (51) of Ref. [94] with 1 =0
and Ref. [34]),

116016-12



SEMICLASSICAL PROBABILITY OF RADIATION OF ...

PHYS. REV. D 99, 116016 (2019)

@+ = [fafo (70 -

2(E) = 2(0) + 7
{=o_r,

where r#:=0v//v_, v* is the 4-velocity, v,0" =1,
v_=0"— v} = const, 7 is the proper time, and it is
assumed that x* = x* = 0 at the initial instant of time. It
is clear this assumption does not destroy the generality of
our considerations. Upon shifting x° and x> by constants,
the amplitude of radiation of a twisted photon changes by
an overall phase, which does not affect the probability to
record the twisted photon by detector. It is convenient to
pass in formulas (32) and (38) from the integration variable
t to the variable £. The corresponding derivatives take the
form

F(E) = (0) =07 /O ® dxf (x) cosp(x),

_ 4 .
(€)= 2(0) v / dxf (x)sing (x),

(&) +¢r (&) =022+ (r'(0) —oZ! Agdxf(x) cosg(x))?

# (PO [farssingt))

(88)

To obtain analytic formulas, we assume that the phase

@ = Q&+ gy, (89)

where Q is the frequency of the electromagnetic wave and
@o is the initial phase. The amplitude is chosen as

f(&) = const, &€ 0,2zN], (90)
where N is the number of periods of the electromagnetic
wave. The amplitude vanishes outside this interval; i.e., it is
assumed that the laser wave pulse possesses sharp rising

and descending edges. In that case, employing the notation
from Eqgs. (32) and (38), we have

re =ry +iKoZle*,
1
0= 2—2[1) + 1+ K*+ 95 — 2K, sin(gp —p)],
5 ¢

r° =

51+ K2 +01 -0l =2Kb sin(p—p)].  (91)

) — ot / © dx / " dyf(y) cos (),
0)¢ — v A * dx A * dyf(y) sing(y),

:llxdyf(y)COS(P()’)>2+ <r2(0)—v:'[Cde(y) sinfﬂ()’))z],

(87)

|
where K = f/Q,
7y =r.(0) F iKvZleti®, D) = 0_|Fyl, (92)

and p = arg7,. The solution to the Lorentz equations is
given by

K .
Xy = )_Ci + ?ig =+ —ei"/’,
v_Q

1 K
xozﬁ {(U%—J—1+K2+1')2L)§+21')L§(cos(go—p)

— cos(gy — ﬂ))] :

K
X = 25”; {(1 + K* + 2 —02)§+20L§(cos(rp p)
- coslon =) (93)
where
K )
Xi =X (O) - 1)_—Q ei’%. (94)

Notice that if the charged particle moves initially along
the axis of the twisted photon detector, viz., r.(0) =0,
then ?:i: ?é 0.

A. Radiation without recoil

Let us consider the radiation of twisted photons in the
case in which the quantum recoil is negligible. To find the
probability of radiation [(36), [33]], it is necessary to
evaluate the amplitudes

N ,
I3 :/ d§r3(§)e_’k“( ”3)‘) m(kix kix_),
0

inJ_

TN ik, 0 3\ .
I, = / déry (&)ehol—mxj  (kyx, kyx_).

s+ n3.jo
(95)

Then, the probability to record the twisted photon is
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5 dksdk
d (Ska_,k3)—€ I';+ I++ L 136 2J_.

(96)

2 21 '
In formula (95), the contributions from the parts of the
particle trajectory with & & [0,2zN] are neglected. These
contributions correspond to the edge radiation. They can be
ignored when the energies of recorded photons are suffi-
ciently large. A thorough description of the edge radiation
in terms of twisted photons is given in Ref. [100].

The evaluation of integrals (95) is performed analogously
to the case of undulator radiation studied in Ref. [33]. First of
all, we shift the integration variable £ - £ + TN/2 and
make use of the addition theorem (A6) in Ref. [33] (see also
Ref. [101]) for the Bessel functions,

Jmlkerxi ki x) =" juoilkizykiz )ik, kiyo),

|=—o0

(97)

where

K .
4+ :=.;Ci+7_"iTN/2, Vi = ?ig_‘_mei’(ﬂ' (98)

Now, the phase ¢ entering into ¢ includes zN. We denote
this phase by ¢y. Notice that, on shifting the variable ¢, the
phase ¢, appearing explicitly in formulas (92), (93), and
(94) does not change. Substitute the integral representation

7 () . . .
N e e RN

into (97) and then (97) into (95). As a result, the expression
standing in the exponent in the integrand of /5 becomes

— i El(1 = Eny) (14 K2 08 4 (1 4+ Cna)ol

—2n,0,0_cos(y —p)] + insin(p + 8) + ily, (100)
up to a constant term that does not influence the probability
of radiation. Here,

(1 _§”3)72),

ko (n, sin
2500, -
Q sy

K
7 Cos o =
v

Kk
nsiné::—é(nlcosy/—(l—Cn3)?1). (101)
v

Using the Fourier series expansion

E em (p+5

n=—oo

111 sin(@+6)

(102)

the integral over ¢ is reduced to the deltalike sequence

/TN/zge_;xng’_(sN(x)’ 5N(xn),:M, (103)

—TN/2 2 X,
The argument of the regularized delta function reads

k
xy =5 3 [(1=En3) (14 K2 4 01) + (1+ ng)ol
—2n,0v_cos(y —p)] — Qn. (104)
For N large, the main contribution to the integral over y
comes from the points where the argument of the regularized
delta function vanishes.
Below, we shall assume that Q > 0 and, at the end, shall
discuss how the results change for Q < 0. The condition
x, = 0 can be conveniently written as

Q
x, =5 (b + a,)[cosé, = cos(y = p)] = 0. (105)
where the notation has been introduced [33]
a,=n-— koa);l, b, = k()(l)Zl —-n,
b,—a
— n_Zn 106
&, := arccos a. (106)
and
2Q0?

a)itz

(1=¢n3)(1+ K> +07) + (14+&n3)02 F2n,0,0_°

(107)
If N is so large that 5y (x, ) removes the integration over v,

then the energy spectrum of radiated twisted photons
consists of the intervals

ko € nfw_, w.], n=1,oco. (108)
The radiation is suppressed outside these intervals. These
intervals become overlapping starting from the harmonic
number

- (109)

w+_w_

ny =

When k, belongs to the intervals, a, >0, b, >0,

and &, € [0, 7.
As aresult, neglecting the terms at nonpositive n, we have

B0 dlkizkiz) [ dpiy(a e
n=1[l=—oc0 -
¢ 1+K? J
X ((14 K23 —02)0, (1)
=+ iKl—)J_(e_i(5+p)Jn—l (’7) - ei(5+p)‘]n+l (77))] (1 10)
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As for the rest integrals, we obtain similarly

Iizz Z jm—l(kJ_Z+’kJ_Z—)/” dy Sy (x,) o) HUF Dy =l T [Fud, & iK0Z T,y e ¥,

n=1 l=—c0

111
ST (111)

where the arguments of the Bessel functions are the same as in (110). To obtain (111), one needs to shift the
summation index / — [ F 1 in the series (97). Taking into account estimates (C7), the total contribution to the radiation

amplitude takes the form

0 0 d ) i
I+ (1+ HI)RY D uaikizikiz) / 2‘” Sy (x,)em oo tilyi=lg () (112)
n=1 |=—o0 -z
where
1+ K +07 —0v2 iKdy, | s s 2 iK s
gu(y) = > Jo+ = (7O, —eCH0) ), ) = eV FJ, +s—J, e ). (113)
vz - ny v_
The last expression can be rewritten in terms of the Bessel function and its derivative with the same index:
1+K>+0% —v2  isKn s Kb n . P
gn(l//):Q' c 2 - e is( +W)+Z.: 2 51n(5—|—p)——e e P
0% no_n v2n ny
2iK A D
! [e-lx(fw) — ML s+ p) | (114)
nyov_ U_
|
Further, we suppose that N is so large that Jy(x,) removes 0(a,)0(b,)
the integration over . The solution of (105) is, evidently, Oy () QVa,b, 6w =p=&:) +6(w—p+&,)]. (116)

w=pEE, (115)
As in the case of undulator radiation, the three cases occur
[33]: (a) the regular case &, # {0,7z}, (b) the weakly
degenerate case £, = {0, z}, and (c) the strongly degen-
erate case a, = b, = 0.

Let us begin with the regular case. For N large, in the
leading order, we deduce

The delta functions remove integration in (112). The
remaining sum over / can be performed by using the relation

(s8]
Z *ji(p,q) = eP=a/0/2,

k=—00

which follows from Eq. (A7) in Ref. [33]. Then, up to an
irrelevant phase,

(117)

1 =0(a )
I3 +— ] —|—I N m(pON{eznéﬁ-zmw—&-tki\zqcos(w argz,) ( )| _}_em&-s-zml//—&-zkilzgcos(y/ argz, ) ( )| }
2 + gzgm w=p+&, w=p=&,
(118)
In the photon energy range in which the harmonics do not overlap, we obtain
2.0 o(b
dP(s,m, k|, k3) = e 2—4(13’2)61 (b ) |eind+imytiky|z,|cos(y—argzs) g W) ly—pie,
n=
+ ezn5+zmw+1kl\z+\cos(w argz+) ( )|l//—p ‘e Zni d]fgjr];l . (119)

The dependence on m for the energies k, belonging to the spectral band with number n is periodic with

the period [33]
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ns n e 09 2;

- {ﬂ/é GeOn/:
n/(x=&). & €ln/2.7).

Of course, this periodicity holds only for those

quantum numbers m where Sy(x
delta function (116).

Now, we turn to the weakly degenerate case. Let a,, = 0,
b, >0, ie., ky = no,. Then,

») can be replaced by

b, = n(w,w>' = 1), &, =0, w=p. (121)
We assume that N is so large that all the integrand functions
in (112), apart form §y(x,,), can be taken at the point yy = p
and be removed from the integrand. In that case, the

integral arises:

[Favoney~ [

= Q_l

sin[zNn(w,w=! = 1)y?/4]
aQn(w, o' = 1)y?/4

8N
n(w,w = 1)

(122)

The probability to record a twisted photon becomes

Nlg,(p)|*ni  dksdk,

dP(s,m, k, , k;3) ~ e?
(s.m. k1 k) e O’n(w,w! = 1) 8z

(123)

For b, =0, a, > 0, i.e., for kg = nw_, the similar calcu-
lations lead to

2 N|g, (7 —P)|2”3¢ dkzdk |

dP(s,m. k1. k) On(l —w_w3') 8x°

(124)

In the domain where the applicability conditions of the
approximations made are fulfilled, the explicit dependence
of the twisted photon radiation probability on m disappears.

In the strongly degenerate case, the spectral bands (108)
turn into narrow lines ky = nw., = nw_. This happens
when o, ~ 0. Then,

Kk,
= Ss=x/2—y. 125
=G 72—y (125)
The functions,
k
Xy =5 (1= Cn) (14 K2) + (14 {ns)oZ] - O,
1+ K2—02 2K
gn:C 5 Jn = s
U_ n,ov_
14+ K>=02 2Q 25K
N L (126)
0= n k; no_

do not depend on y, and the integral over y in (112) is
readily performed. As a result,

1 .
I +§(l+ + 1)~y (x,) jmen (k12 k2 )em o (=1)"Ng, .

(127)
The probability to record a twisted photon is given by

0 dadk,
16
(128)

dP(S, m, kJ_s k3) = 625}2\]( n) m— ﬂ(kJ_‘Z—&-D

If k |z,| < 1, then the selection rule m = n is fulfilled
[33,42,46,50-56].

Let us show how the above results are modified for
Q < 0. The sign change of Q corresponds to a change of
polarization of the incident electromagnetic wave (85).
This, in turn, leads to a change of handedness of the helix
along which the charged particle is moving. Upon changing
the sign of €, formulas (106)—(109) remain valid with the
replacement Q — |Q|. Since the substitution Q — —Q
results in

K - —K, (129)

n— —n,
we have

9n(W) = (=1)"gu(w). (130)
Therefore, on substituting Q@ — —|Q| in (119), (123), (124),
and (128), one must set

ein5 N e—inﬁ (131)
in formula (119); formulas (123) and (124) remain intact;
and in formula (128), one needs to replace

(132)

Tnn(kilz]) = Ton(k iz ).

For k, |z, | < 1, the selection rule in the strongly degen-
erate case looks like m = —n.

Consider in more detail the cases in which the electro-
magnetic wave propagates toward the detector of twisted
photons or from it. In these cases, the electron bunch moves
approximately along the direction of propagation of the
electromagnetic wave or in the opposite direction, respec-
tively. In the case in which the electromagnetic wave
propagates toward the detector, we have { = 1 and

4ot )
2y T2

(133)

~

vy ~x, 0y Sx, J_<;

The bounds of the spectral bands (108) are expressed
through

n, o \? n -1
a2 e

(134)

116016-16



SEMICLASSICAL PROBABILITY OF RADIATION OF ...

PHYS. REV. D 99, 116016 (2019)

In the strongly degenerate case, the radiation spectrum
becomes

2 -1
- ny _

For n > 5, the Bessel functions entering into g, can be
expressed through the Airy functions (see Eq. (122) in
Ref. [33] and also Ref. [9]) with

16K%02 /n*
(1+ K%+ 402 /n%)*

X =

(136)

For the radiation probability not to be exponentially sup-
pressed, this quantity should be small x < 1/20. This
occurs for K > 3 and

200 1+0%
nG ~—~x ~—,
UK YKy

(137)

In that case, the radiation probability drops exponentially to
zero at the harmonic numbers [33]
3
nz K—
V2
If the electromagnetic wave moves from the detector,

i.e., the head-on collision of the laser wave with the bunch
of charged particles is considered, then { = —1, and

(138)

v_~2y, 0, Sx,

~

ny 5}{/}/7 (139)

and also

y Q2 4Qy>
T1+K 4 (b, T /2?2

258 (140)

The analysis in this case is completely analogous to the
analysis of the undulator radiation [33] at the observation
angle 0:=9,/y and the undulator frequency w :=2Q
(cf. Eq. (85) of Ref. [33]). In the strongly degenerate case,
the radiation spectrum looks like

N Qnv?
T1+ K24 nl02/4

ko n=T 0. (141)

For n > 5, the radiation probability is not exponentially
suppressed at K >3 if n, ~ K/y and n < K3/+/2.

B. Radiation with recoil

Now, we take the quantum recoil into account. In the
case { = 1, estimate (134) holds. Therefore, the quantum
recoil can be neglected for reasonable photon energies of
the laser wave [see Eq. (86)]. In that case, the probability to

record a twisted photon radiated by both scalar and Dirac
particles is described by formula (36) in Ref. [33]. Thus,
formulas obtained above remain intact with good accuracy.

In the case { = —1, the quantum recoil can be significant.
Since the approximate equality (139) is valid, the quantity

q:PO/P6:UO/U6:7/(7—k0)

~o_/(v_ — 2ky) = const, (142)
up to the terms of order x?/y>. Hence, the probability to
detect a twisted photon radiated by a charged scalar particle
with the quantum recoil taken into account (32) is obtained
from the formulas above, where the recoil was ignored, by
multiplying the probability by g and substituting

ko = ko = gko (143)

in the definitions of a,,, b, (106) and the radiation spectrum
(108). As was discussed in the preceding sections, the term
standing in the exponent and proportional to k3 /(2Py;) can
be safely neglected. As far as the strongly degenerate case
(128) is concerned, substitution (143) has to be done in
formula (126) for x,, and, of course, (128) must be
multiplied by g.

The treatment of the Dirac particle case is a bit more
complex. The probability to record a twisted photon equals

dP(s,m, k3,kl) = dPl(s,m,kJ_,k3) —|—dPa(s,m,kJ_,k3),
(144)

where dP (s, m, k|, k3) is the contribution of the first term
in (38) and dP,(s,m,k,, k3) is the contribution of the
second and third terms in (38). As long as (142) holds,
the contribution of the first term in (38) is evaluated as in the
case of negligible quantum recoil: the probability to record a
twisted photon without recoil must be multiplied by

(14 q)*/4.

and substitution (143) must be performed in the definitions
of a, and b,, (106) and the radiation spectrum (108).

The contribution of the last two terms in (38) has to be
evaluated from scratch. It follows from the explicit expres-
sions for the mode functions [see Eq. (13) in Ref. [33]) that
for s = —1 the third term in (38) can be omitted, while for
s = 1, the second term can be thrown out. Let

_ko
4},

(145)

N —iko(x0—n3x) : 0
I,: ; dée= oW =) [r g —isn ra_j(m+ys)].

(146)

The contribution of the last two terms in (38) is propor-
tional to the modulus squared of this integral. For the head-
on collision, we have

P~ 1)2. (147)
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Then, performing the calculations completely analogous to
the case of negligible recoil, we find

aN k() Z Z .]m l kJ_Z+7kJ_Z )

4y o= =,

< [ dwsyxen iy, (148)
where
7 ) 2isK .
= (1 =2 e isv g _ J . —ls(§+y/)’
)= (1-20 e )0 = 255 0, e
(149)

9(b
la 41)0 Z

zn(pUN{eln5+1m1//+lkL\z+|co%y/ argz+) ( )

and x,, has the form (105) with

a,=n-— koa)il, b, = kow”"' —n,

bn —day
£, == arccos——.

150
bn + an ( )

The approximate expressions for @, are written in (140).

Let us consider separately the regular, weakly degener-
ate, and strongly degenerate cases. In the regular case,
under the same assumptions that were made in considering
the first term in (38), we deduce up to an irrelevant phase,

|l// it +ezn5+imu/+ikﬂ z,|cos(y—argz,) ( )|l// et } (151)

The respective contribution to the probability, in the region of photon energies where the harmonics do not overlap,

becomes

ko N~ 0(a,)0(by)

dP (S m, kl,k';)
1603 2~ Q%a,b,

& pind+imytik, |z | cos(y—arg z+)

This expression, just as the contribution of the first term
in (38), is a periodic function of m with the period
given in (120).

In the weakly degenerate case, for a, =0, b, > 0, i.e.,
ky = nw., we obtain

ki Nlga(p)|*nl  dksdk,

dP , ’k ’k ~ 2 .
J(s.m.k k3) evl(z)gzn<w+w:1_1) 327°

(153)

If b, =0, a, >0, i.e., ky = nw_, then

@ Nlgi(a—p) P dksdk,

AP (s.m.k | k3)~e?
asmki k)X e ) 3222

(154)

These expressions are independent of m.
In the strongly degenerate case a, =0, b, =0, we
suppose that o, = 0. Then, x,, does not depend on v,

2K
@ — J (n)— J
gn = J,(n) o nes (1)
210 25K
= 1 — — / = 1
( nlk) Ju (1) "o () =g, (155)

and relations (125) take place. The contribution to the
probability to detect a twisted photon is

|ein5+imy/+ilq |z | cos(y—arg z+)ga( )
n

4 |1//:p+§,,
dksydk |
nW)y=p-e, n} 1622 (152)
I
dPa(S, m, kJ_, k3)
k2 dkydk
— 88 (0 ok e it S (156)
0
The total probability (144) becomes [cf. Eq. (54)]
dP(S, m, kJJ k3)
dksydk
= (1 + )R (¥ (kL2 )gan} —5—=. (157)

32

For k| |z, | < 1, the selection rule m = n is fulfilled. As in
the case of forward undulator radiation, the applicability
conditions (74) and (84) must be satisfied. The number of
twisted photons recorded by the detector is approximately
given by (73).

C. Examples

As is seen from (128) and (157), the electrons moving in
the laser wave represent a pure source of twisted photons
only in the strongly degenerate case in which o, =~ 0 and
ky|z,| = 0. For this to be the case, the initial data must be
taken in the form [see (92), (94), and (98)]

r+(0) x,(0)

Since it is very hard to control the initial phase of a laser
wave, in the wiggler regime, K = 3, it is practically

= jKvZleioo, = KoZ!Q leioo,

(158)
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4 K=ggo £4 1.5} n.=k/y £
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FIG. 3. The radiation of twisted photons in head-on collision of 256 MeV electrons with the circularly polarized electromagnetic wave
produced by the Ti: Sa laser. The parameters are the same as in Fig. 6, but the laser pulse amplitude envelopes are different. Left panel: The
amplitude envelope has the form (90). The initial laser wave phase ¢, = 0. The maximum near k, = 3w, is shown. Right panel: The
amplitude envelope is f sin*(Q&/(2N)). The third harmonic (166) is depicted. Insets: The distribution over m at the main maximum.

impossible to launch the electron to the electromagnetic ~ (108) spread violently, and the twisted photon detector
wave so that the radiation produced by it would correspond  records a wide distribution over m (see Fig. 3). In this case,
to the strongly degenerate case. For an arbitrarily chosen  the twisted photons escape the laser wave at large angles to
phase, equalities (158) are strongly violated, harmonics  the detector axis rather than move along it (see Fig. 4).

0 <
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05 0.5
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uI: _ < <
" 2 00 o 00
15 -0.5 -05
10 -1.0
-20 . 15 -15
-3.0 -25 -2.0 -1.5 -1.0 -0.5 0.0 15 1.0 -05 00 05 10 15 15 1.0 -05 00 05 10 15
(a) 107x (b) 107 (c) 1074
0
4 4
-2
2 2
k>‘ _4 L)\ ¥>.
5 s 0 S 0
-6
-2 -2
-8
_4 4
-10
4 -2 0 2 4 4 2 0 2 4 4 2 0 2 4
10%r, 10%r, 10%r,

FIG. 4. The coordinates x, y and “velocities” r,, r, for head-on collision of an electron with the circularly polarized electromagnetic
wave produced by the Ti:Sa laser. The parameters are the same as in Fig. 3. The electron moves initially along the detector axis. The
initial laser wave phase ¢, = 0. The lengths are measured in the Compton wavelengths. a) The amplitude envelope has the form (90).
b) The amplitude envelope is given in (163). ¢) The amplitude envelope is f; sin*(Q&/(2N)).
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It turns out that this situation can be improved if one takes
into account that, usually, the laser wave pulses generated in
experiments have no sharp rising and descending edges. The
amplitude envelope f(&) is a smooth function vanishing at
E={0,TN} and f'(&)/f(§) ~1/N. For N z 10, this
entails that the radiation probability ceases to depend
virtually on the initial phase ¢,. As a result, it is possible
to choose the initial velocity and entrance point of the
electron to the electromagnetic wave so that the correspond-
ing radiation will be a sufficiently pure source of twisted
photons.

Indeed, under the restrictions on the form of the envelope
mentioned above, the integrals entering into the general
solution (87), (88) of the Lorentz equations can be
approximately evaluated for N Z 10. Integrating once by
parts and keeping only the integrated term, we obtain
[cf. Eq. (91) and (93)]

K .
xp~xy(0)+ ri(0)§+l)_—gei"/’,

M r— [(vg +1 +K2—|—vi(O))f—l—Zul(O)gcos(go—p)] ,

ooy [(1 + K247 (0) —v%)f—i—ZvL(O)gcos((p—p)] ,
(159)

where K = f(£)/Q and

ry~ry(0)+iKoZle®,

1 .
rozﬂ[vg +1+K2+0%(0)—2Kv, (0)sin(p—p)],
e z%[l + K2 402 (0) = 0% —2Kv, (0)sin(p—p)].

(160)

The accuracy of this approximation increases as N
increases. As is seen, the form of the trajectory is almost
the same as in the case of a laser wave with constant
amplitude but without strong dependence on the initial
phase. Now, the dependence on the initial phase is con-
tained only in ¢.

Substituting approximate trajectory (159) and (160) into
(99), itis easy to see that the pure source of twisted photons
can be obtained when

(161)

i.e., in the strongly degenerate case. In this paper, we will
investigate only this case. The plots of typical trajectories in
this case are presented in Fig. 4. The calculations are
performed along the same lines as those made above,
except that the shift ¢ - £+ TN/2 is unnecessary. In

particular, formulas (125) and (126) hold, and the radiation
amplitude is proportional to

1 1 <. .
B+ 1) =5 > uealkux (0).kux (0) e

n=-—00

TN )
x/ dEg, (£)e (8. (162)
0

On stretching the variable & — TN¢, it is clear that the
integral over & can be approximately evaluated by using the
saddle point approximation. For the envelope with one
maximum as, for example,

f(&) = fosin*(QE/(2N)), (163)

the function &x,, (€) has two extrema, £ (kg ), on the interval
(0,TN), in a general position. At these extrema,

2Qnv?
kg = 5 - 5 > 0.

(164)

Therefore, we have

1 TN 4
I3 +§(1+ _,_1_)%\/; D Jmenlk1x(0),k x_(0))e0

—ix, ()

" [gn (&)e ] ’
£=.

(165)

Gu(E)em 0 ()
e, Vi(Ex,(8)"

i(6xa (&))"

where the principal branch of the square root is taken. The
contribution of the boundaries is suppressed since, in the
leading order in 1/N, the same contribution but with
opposite sign comes from the edge radiation (see, for
details, e.g., Refs. [98,100]). As a result, the contributions
of the internal stationary points are only relevant. One of
the extremum points, £, , is close to the point where
f1(&) =0 ie., K(&) is close to its maximum value at this
point. Taking into account the form of g, (&), we see that
this stationary point gives the leading contribution to (165).
The main maximum is located approximately at

2Qnv?

o 2y (1 K2) (11 L)

, Qn>0.

(166)

In fact, the maximum is slightly shifted to the right
since the stationary point &, is displaced a little
from the extremum of K(&). If &k |x, (0)] < 1, then
jm—n(klx+(0)’ klx— (O)) = 6mn’ and
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FIG. 5. The radiation of twisted photons in head-on collision of 256 MeV electrons with the circularly polarized electromagnetic wave
produced by the CO, laser with the wavelength 10 um, intensity 10'® W/cm?, and amplitude envelope (163) with N = 20. These data
correspond to Q = 2.8 x 1077 and f, ~ 1.47 x 107°. The first three harmonics (166) are depicted. The applicability conditions (84) are
satisfied for 6, < 10°m;!. The photon energy is measured in the electron rest energies. Insets: The distribution over m at the main

maximum of harmonics.

gug)est0

dP(s,m, k|, k;) = e
(Sm . 3) ‘ i(gxm(‘f)yl

‘f:§+

L In(©)e O 2 dksdk,
Vi€, @) le—e |+ 322
(167)

At the extremum points, & ~ N, x,(¢) ~ 1/N, and x), (&)~
1/N?. Therefore, the radiation probability is proportional
to N.

The dependence of the probability density on k differs
from the profile 6% (x,,) and is depicted in Figs. 5, 6, and
7. As is seen, the radiation probability dP(m) is nearly
zero for ky < kii'; then, it rapidly grows in the vicinity of
ko = ki, and for ky > kj, it declines to zero and
oscillates. When n,y < Kq.c/2, this decrease is quite
slow. So, for these values of n, the radiation probability
dP(m, k) taken in the neighborhood of the point ky = k{}
can contain a considerable contribution of photons with
the projection of the total angular momentum m — 1. For
very small n,, the contribution of photons with all the
lower projections of the angular momentum are relevant

(see Figs. 5 and 6). When n,y =~ K., the peaks of
dP(m, ko) with different m are well separated. In that
case, the radiation at ko = kg consists of twisted photons
with the projection of the angular momentum m; i.e., the
selection rule m = yn is fulfilled, where n is the number
of harmonic (166) and y = £1 is the handedness of the
helix along which the electron is moving.

As follows from (73), most of twisted photons are
radiated at lower harmonics (166). In the wiggler case,
K > 1, these harmonics are fairly well described as the
Lorentz-boosted lower harmonics of synchrotron radiation
[see the discussion after (66)]. They would perfectly
coincide if the charged particle moved along an ideal
helix. Those lower harmonics were studied in Ref. [9], in
which the effect of blossoming out rose was established; in
the ultrarelativistic limit, these harmonics do not drive to
the orbit plane, and the maximum intensity of radiation of
every harmonic is achieved at some finite angle to the orbit
plane. These angles for f =1 are given in Sec. 1.3.4 of
Ref. [9]. The maxima of the first harmonic are located at the
angles @ = {0, z}.

In the laboratory frame, the imprint of this effect on the
properties of radiation is as follows. One observes the
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FIG. 6. The radiation of twisted photons in head-on collision of 256 MeV electrons with the circularly polarized electromagnetic wave
produced by the Ti:Sa laser with parameters (86) and amplitude envelope (163) with N = 20. The first three harmonics (166) are
depicted. The applicability conditions (84) are satisfied for ¢, < 103m . The photon energy is measured in the electron rest energies.
Insets: The distribution over m at the main maximum of harmonics.

maxima of radiation of twisted photons at these harmonics  lobes are mostly right-handed polarized (if, in the laboratory
at the angles taken from Ref. [9] and substituted into (67). frame, the particle moves along a right-handed helix) and the
The orbit plane is seen in the laboratory frame as acone with ~ back lobes are mostly left-handed polarized, and this
opening 2K /y. Since, in the synchrotron frame, the front  property is Lorentz invariant, in the laboratory frame, the
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FIG. 7. Theimprint of the blossoming out rose effect [9] on the radiation of twisted photons in head-on collision of electrons with circularly
polarized electromagnetic wave produced by the CO, (left panel) and Ti:Sa (right panel) lasers. The parameters are the same as in Figs. 5 and
6. The firstharmonic (166) with s = —1 dominates. This is just a Lorentz-boosted back lobe of the first harmonic of synchrotron radiation (see
Sec. 1.3.4 of Ref. [9]). Itis mostly left-handed polarized, and this property is preserved by the Lorentz transformations. This harmonic does not
die out even for n | ~ 1. Upper left insets: The distributions over m at the main maxima of the first two harmonics. Upper right insets: The
distribution over m at the main maximum of the third harmonic. Lower insets: The second and third harmonics are separately depicted.
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twisted photons with s = 1 dominate for n;, < K/y, while
forn,; > K/y, the twisted photons with s = —1 prevail. The
first harmonic with s = —1 does not die out for large n | and
even for n| =~ 1. The plots of lower harmonics are presented
in Fig. 7. Strictly speaking, formula (38) is not applicable for
so large n | . However, in the case of small quantum recoil,
we can use exact formula (36) in Ref. [33]. Numerical
calculation shows that Eq. (38) of the present paper and
Eq. (36) in Ref. [33] give the same results in this case.

V. CONCLUSION

Let us summarize the results. Using the BK semiclassical
approach [1-4], we derived the general formula for the
one-photon radiation probability of a twisted photon by
scalar (32) and Dirac (38) ultrarelativistic particles moving
in the electromagnetic field of a general configuration. This
formula takes into account the quantum recoil undergone
by a charged particle in radiating the twisted photon and, in
the case of negligible recoil, turns into the formula given in
Ref. [33]. It also gives the average number of photons in the
out state and the probability of inclusive process (1) in the
first Born approximation. Then, we applied this formula to
radiation of charged particles in helical undulators and in
circularly polarized laser waves with a plane wave front.
The explicit formulas for the probability to record the
twisted photon by a detector were obtained in these cases.
The inclusion of quantum recoil forbids radiation of twisted
photons with energies larger than the initial particle energy.
We established that, as a rule, the quantum recoil increases
the total yield of radiation in comparison with classical
formulas (see Fig. 2) and, at the same time, diminishes the
energy of radiated photons. The spin degrees of freedom of
a radiating particle increase the probability of radiation of
twisted photons.

The conditions when the developed semiclassical
approach is justified were found and analyzed. The most
stringent among these conditions is (17). It guarantees that,
in describing the radiation of twisted photons, it is
sufficient to characterize the particle wave packet by its
average coordinate and momentum. In particular, it turns
out that the radiation of twisted photons with large
projection m of the total angular momentum produced
by electrons in helical wigglers and strong laser waves can
be described semiclassically only in the case of a small
quantum recoil. In the dipole regime, the quantum recoil
can be substantial and still be described semiclassically (see
Fig. 2). We found estimate (73) for the number of twisted

|
/ de
s==£1

The states are normalized as

k2,k3><S kl,kz,k3| = /
§= ilm*—oo

photons with large projections of the total angular momen-
tum produced in the forward radiation. We also described
the effect of the blossoming out rose [9] in the radiation of
twisted photons by electrons evolving in strong laser waves
with circular polarization and wigglers (see Fig. 7).

For an example, we considered the radiation of twisted
photons with large angular momentum in the helical
wiggler (see Fig. 1) and in the circularly polarized strong
laser waves produced by the CO, and Ti:Sa lasers (Figs. 3,
5, 6, and 7). The parameters are given in these figures. In
particular, we showed that mega-electron-volt twisted
photons with m ~ 5 can be generated in helical wigglers.
As for lasers, we found that the design of a sufficiently pure
source of twisted photons based on the nonlinear Compton
process is only possible for long laser pulses, N = 10, with
a smooth amplitude envelope. For short pulses, the escape
direction of a twisted photon depends severely on the initial
phase of a laser wave that is virtually uncontrollable.
Therefore, the detector (the atom, for example) will feel
the radiation consisting of twisted photons with a wide
spread of the total angular momentum projections m (see
Fig. 3). For the systems concerned, we also described the
effect of a finite width of a particle bunch on the incoherent
radiation of twisted photons [77].

ACKNOWLEDGMENTS

We are thankful to Yu. L. Pivovarov and D. V. Karlovets

for fruitful conversations. This work is supported by the
Russian Science Foundation (Project No. 17-72-20013).

APPENDIX A: TWISTED PHOTONS IN TERMS

OF PLANE WAVES

For the convenience of the reader, we shall provide the
representation of the states of twisted photons in terms of
the plane wave ones (see the detailed exposition, e.g., in
Ref. [25]). The states describing the photons with plane
wave front,

ky. k3). (A1)
and the states of twisted photons,
k). (A2)

constitute the complete sets in the Hilbert space of one-
particle states:

Lsdks /

Rdk,

k3)(s.m. ki ks| =1. (A3)
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<S’k1’ ko, k3

S,kl,kz,k3> = (s,m,kj_,k3
= (2ko)™",

S, m, kJ_, k3>
(A4)

where ko = |k| = /K% + k3. One can decompose the state
(A2) in terms of the states (A1). Carrying out rather simple

calculations, we come to

V2KV [k \1/2
s,m,kl,k3>—

"~ 2RL; \ ko
T d .
x/ —(pi""e”"‘”|s,kLCOS(p,klsin(p,k3>.
27
(A5)

Obviously, the states describing twisted photons depend on
the choice of the detector axis (the axis 3) and transform
nontrivially under translations perpendicular to this axis.
Such a dependence is well known and was measured
experimentally (see, e.g., Refs. [39,43,102-106]).

APPENDIX B: ESTIMATES OF THE WAVE
PACKET WAIST

The estimate (17) is the most stringent condition on
the range of applicability of formula (32). It is absent in
the semiclassical description of radiation of plane wave
photons [4]. The narrower the transverse size of a particle
wave packet is, the better this condition is satisfied.
Currently, there are techniques allowing one to produce
the electron wave packets with the transverse size of order
1A [107]. For a particle, which is at rest on average, the
width of the wave packet cannot be smaller than the
Compton wavelength. Otherwise, the momentum uncer-
tainty is larger than 2m, and the height of a potential barrier
confining such a particle must be larger than 2m. Such fields
create electron-positron pairs, and the problem becomes
essentially multiparticle. Nevertheless, if the electron is
moving on average, then its wave packet can be squeezed
more strongly in the transverse directions with the aid of
the fields not exceeding the critical (Schwinger) field in the
laboratory frame. In the comoving reference frame, the
potential well depth can become larger than the critical one,
but this does not result in pair creation. In passing to the
comoving frame, the magnetic field arises, and the respec-
tive invariants of the electromagnetic field remain the same
as in the laboratory frame.

This situation is naturally realized for axial channeling of
particles in crystals (see for details, e.g., Refs. [4,8,9,89,108]).
Suppose that the particle momentum component p; > m,
and |p;,| < p3. Then, the solution of the stationary Dirac
or Klein-Gordon equations is reduced approximately to the
solution of the Schrodinger equation with a certain effective
potential U(x ),

p2
<_l 4 U>ll/ = 6Ey,

B1
2mege ( )

where 6E = E — meg, m%; == m2 + p3, and it is assumed
that |U| < meg and |SE| < meg. The effective mass is well
approximated by

(B2)

Mgy XYM,

The potential barrier of the height U, can hold a particle
with typical momentum uncertainty

|Ap,) | < /2meUy.

Then, from the uncertainty relation, we obtain the mini-
mum transverse size

(B3)

6" ~ (2meUp) ™2 % 1/(0,€). (B4)

where the critical Lindhard angle has been introduced:

2U
0. =1/ =2, Uy~ Za*m,. (B5)
€
Since | =~ 6., then
o'l ~1/(m,K). (B6)

As we see, the transverse size of the particle wave
packet can be much smaller than the Compton wavelength
for axal channeling in the wiggler regime [109,110]. The
maximum transverse squeezing of a particle wave packet is
achieved at
o't ~ 1/ (mp). (B7)

However, this is possible only in the external fields of the
same order as the critical one in the laboratory frame. Such
maximally localized wave packets were investigated in
Refs. [111,112].

Consider the fulfillment of condition (17) for axial
channeling with the wave packet transverse size (BO).
The respective undulator frequency is estimated as

70,
w~—, (B8)
where d is the channel width,
d~1A~10m;". (B9)
Then, in the dipole regime, at the nth harmonic
ko ~ 2wy’n. (B10)

Hence,
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nyy

e

n<l.

kol ~2n (B11)

Bearing in mind that n, y < 1, we see that (17) is satisfied.
This condition is fulfilled even for 6, = d in the dipole
regime for not-too-large harmonic numbers. In the wiggler
case for ny ~ K, we have

in channeling regime, the overlap integrals are small, and so
the parts of the electron wave packet do not virtually
interfere. To describe the radiation of twisted photons
produced by each part of such dispersed wave packet,
Eq. (38) can be used. As the particle escaped the crystal,
the parts of the wave packet spread in the transverse
directions with the characteristic velocity | = 6..

ko ~ wy’n/K>. (B12)
APPENDIX C: EVALUATION OF INTEGRALS
Then, OVER THE AZIMUTH ANGLE
kio" ~ zn <1 (B13) It is convenient to evalu'ate the intggrals over the azimuth
m,dK angles of the vectors K , in expression (37) as follows. Up

In fact, condition (17) is already satisfied for o, n < d/10.
The energy shift due to quantum recoil was neglected in
these formulas. The inclusion of quantum recoil only
improves the estimate.

The dynamical picture looks as follows. The wide particle
wave packet falls onto the crystal surface and, in the
channeling regime, is split into wave packets with transverse
sizes from (B6) up to d. Because of interaction with the
crystalline potential and other electrons, the different parts of
the wave packet moving in different channels do not almost
interfere. This picture, of course, agrees with the quantum
channeling theory where the states of electrons are usually
described by Bloch waves [4,8]. In our case, if the particle is
|

to a common factor, which can be restored easily from
(AS5), we have the correspondence

I |
—ik —.
f; > (5 [ahe. +a’e_] +ajes |es0m = ar,

1 )
f2 - <§ [Cl+e_ + a_e+} + Cl3e3> e’k3‘12xza =: Q. (Cl)

Hereinafter, for brevity, we write only those arguments of
the mode functions a, 3, a’ 5 that differ from those written
in Eq. (39). The basis vectors e; are defined in Eq. (9) of
Ref. [33]. Notice that g, , = g; in (37), but we keep ¢q;
different. Then, for example,

. . : . . ., .o\ (1. . . e .
(F1%,)(F%,) — efhalexa=nx) (5 [Xj_aZ + %y at] ‘|‘x13“3> (5 [faya_ + ¥y a]+ x23a3> = (ajx;)(azxy).  (C2)
The additional powers of k;, can be obtained by differentiation of the expression with respect to
bio = q12X312€3 + X110 (C3)
For example,
ko(£2£7)(x,k ) = iko| X 0 + X 0 + X 0 (aja,) (C4)
iky| x X Xo_ .
oIl ) (X2Ky ol X23 Oby3 24 b, 2 b, 122
The derivatives of the mode functions are calculated with the aid of relations (A3) in Ref. [33]. They read as
832 kl 832 kL a .
= — A - 1 5 - — 4 1 9 - — k 5
ab2+ 2 aZ(m ) 8b2_ 2 aZ(m+ ) ab23 k32,
Oaj ky Ooa;  k, Oaj
— Lg% 1 , — _— g* — 1 s = — k *, CS
aler 2 al(m+ ) ab]_ 2 al(m ) abH L 3al ( )

Applying these relations to the expression in the square brackets in (37), we arrive at the rather bulky formula
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(Po1 + Py ) (Poz + Ppp)(a7X ) (a2%,) + k%[(a’faz)(fq — n3e3, X, — nze3) — (ay, X, — nzes)(ay, X — nzes)]

ikok |

[(aj(m — 1), (Xo — n3e3)a,- — x,_a,) — (aj(m + 1), (X, — nzes)ar,; — X, a,)

— (%1 = nses)ai_ - ypat as(m — 1) + (% - nses)aj, —i_aj.ay(m + 1))]

—aj_(m—1)ay,_(m—1)+2(aj(m+1),a,(m+ 1)) +2(aj(m—1),a,(m —1))], (Co)

where n; = k3/ky. Now, take into account that, in the region where the radiation of an ultrarelativistic particle is

k2
+f lai_(m+ 1ay, (m—1)+ai, (m—1)a,_(m+1) —aj, (m+1)ay (m+1)
concentrated,
ko/e <1, [Xi| ~x/y, 3]~ 1,

X3 — n3| S /72,

ny| <x/r, ny~ 1, (C7)

where n| = k| /ky. It follows from the explicit expressions for the mode functions that

@] ~las] Sv/x,

|a3| ~ |afaz| ~ 1. (C8)

Expanding the scalar products in (C6) and neglecting the terms of order x/y < 1 in comparison with the main contribution,

we obtain

. 1.. . . 1.. . .
elk3(b23_b‘3){(P01 + Py ) (Poa + Pyy) (E[xl—ai + Xy at] +x13a§> <— [tra_ 4% a,] +x23a3>

k2
4

2

+2(kypat —in at(m—1))(Gy_ay +in a, (m—1))+ (x;_a* +in a*(m+1))(kyra_ —in a_(m+1))] } (C9)

Setting g, = ¢; and taking into account the common factor in (37), we deduce (38).
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