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In the perturbative QCD approach, we study the direct CP violation in the decay of B̄0
s → ρðωÞϕ →

πþπ−ϕ via isospin symmetry breaking. An interesting mechanism involving the charge symmetry violating
between ρ and ω is applied to enlarge the CP violating asymmetry. We find that the CP violation can be
enhanced by the ρ-ω mixing mechanism when the invariant masses of the πþπ− pairs are in the vicinity of
the ω resonance. For the decay process of B̄0

s → ρðωÞϕ → πþπ−ϕ, the maximum CP violation can reach
5.98%. The possibility of detecting the CP violation is also presented.
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I. INTRODUCTION

CP violation has obtained extensive attention even since
its first discovery in the neutral kaon systems [1]. Within
the standard model, CP violation originates from a nonzero
weak phase angle from the complex Cabibbo-Kobayashi-
Maskawa (CKM) matrix, which describes the mixing of
weak interaction and mass eigenstates of the quarks [2,3].
Although the source of CP violation has not been well
understood up to now, physicists are striving to increase
their knowledge of the mechanism for the CP violation.
Many theoretical studies [4–6] (within and beyond the
standard model) and experimental investigations have been
conducted since 1964. According to theoretical predictions,
large CP violation may be expected in B meson decay
process due to the large mass of b quarks. In recent years,
the LHCb Collaboration observed the large CP violation
in the three-body decay channels of B� → π�πþπ− and
B� → K�πþπ− [7–9]. Hence, more attention has been
focused on the nonleptonic B meson three-body decays
channels in searching for CP violation.
Direct CP violation in the Bmeson decay process occurs

through the interference of at least two amplitudes with a
different weak phase ϕ and strong phase δ. The weak phase
difference ϕ is determined by the CKM matrix elements,
while the strong phase can be produced by the hadronic
matrix elements and interference between the intermediate

states. However, one can know that the strong phase δ is not
still well determined from the theoretical approach. The
nonleptonic weak decay amplitudes of the Bmeson involve
the hadronic matrix elements of hM1M2jOijBi, which can
be calculated from the different factorization methods.
However, the different methods may present different
strong phases so as to affect the value of the CP violation.
Currently, there are three popular theoretical approaches to
study the dynamics of the two-body hadronic decays,
which are the naive factorization approach [10–13], the
QCD factorization [14–18], perturbative QCD (pQCD)
[19–21], and soft-collinear effective theory [22–24].
Based on the power expansion in 1=mb (mb is the b-quark
mass), all of the theories of factorization are shown to deal
with the hadronic matrix elements in the leading power
of 1=mb. However, these methods pertain to whether one
takes into account the collinear degrees of freedom or the
transverse momenta. Meanwhile, in order to have a large
signal of CP violation, we need to appeal to some
phenomenological mechanism to obtain a large strong
phase δ. ρ-ω mixing has been used for this purpose in
the past few years and focuses on the naive factorization
and QCD factorization approaches [25–30]. Recently,
Lü et al. attempted to generalize the pQCD approach to
the three-body nonleptonic decay via ρ-ωmixing in B0;� →
π0;�πþπ− and Bc → Dþ

ðsÞπ
þπ− decays [31,32]. In this

paper, we will focus on the CP violation of the decay
process B̄0

s → ρðωÞϕ → πþπ−ϕ via ρ-ω mixing in the
pQCD approach.
Isospin symmetry breaking plays a significant role in the

ρ-ω mixing mechanism. The mixing between the u and d
flavors leads to the breaking of isospin symmetry for the
ρ-ω system [33,34]. In Refs. [35,36], the authors studied
the ρ-ω mixing and the pion form factor in the timelike
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region, where ρ-ωmixing was used to obtain the (effective)
mixing matrix element Π̃ρωðsÞ, which consists of two part
contributions: one from the direct coupling of ω → 2π and
the other from ω → ρ → 2π mixing [37–39]. The magni-
tude has been determined by the pion form factor through
the data for the cross section of eþe− → πþπ− in the ρ and
ω resonance region [36,39–42]. Recently, isospin sym-
metry breaking was discussed by incorporating the vector
meson dominance model in the weak decay process of the
meson [27,32,43–45]. However, one can find that ρ-ω
mixing produces the large CP violation from the effect of
isospin symmetry breaking in the three- and four-body
decay processes. Hence, in this paper, we shall follow the
method of Refs. [27,32,43–45] to investigate the decay
process of B̄0

s → ρðωÞϕ → πþπ−ϕ via isospin symmetry
breaking.
The remainder of this paper is organized as follows.

In Sec. II we will briefly introduce the pQCD framework
and present the form of the effective Hamiltonian and wave
functions. In Sec. III we give the calculating formalism
and details of the CP violation from ρ-ω mixing in the
decay process B̄0

s → ρðωÞϕ → πþπ−ϕ. In Sec. IV we show
the input parameters. We present the numerical results in
Sec. V. Summary and discussion are included in Sec. VI.
The related function defined in the text are given in the
Appendix.

II. THE FRAMEWORK

For the decay process of B̄s → M2M3, integrated over
the longitudinal and the transverse momenta, the emitted or
annihilated particle M2 can be factored out. The rest of the
amplitude can be expressed as the convolution of the wave
functions ϕBs

, ϕM3
and the hard scattering kernel TH. The

pQCD factorization theorem has been developed for non-
leptonic heavy meson decays, based on the formalism of
Lepage, Brodsky, Botts, and Sterman [46–49]. The basic
idea of the pQCD approach is that it takes into account the
transverse momentum of the valence quarks in the hadrons
which results in the Sudakov factor in the decay amplitude.
Then, it is conceptually written as the following:

Amplitude ∼
Z

d4k1d4k2d4k3Tr½CðtÞϕBs
ðk1ÞϕM2ðk2Þ

× ϕM3ðk3ÞTHðk1; k2; k3; tÞ�; ð1Þ

where ki (i ¼ 1, 2, 3) are momenta of light quarks in the
mesons. Tr denotes the trace over Dirac and color indices.
CðtÞ is the Wilson coefficient which comes from the
radiative corrections at short distance. ϕM (m ¼ 2, 3) is
teh wave function which describes the nonperturbative
contribution during the hadronization of mesons, which
should be universal and channel independent. The hard part
TH is rather process dependent.

With the operator product expansion, the effective weak
Hamiltonian in bottom hadron decays is [50]

Heff ¼
GFffiffiffi
2

p
�
VubV�

us½C1ðμÞQu
1ðμÞ þ C2ðμÞQu

2ðμÞ�

− VtbV�
ts

�X10
i¼3

CiðμÞQiðμÞ
��

þ H:c:; ð2Þ

where GF is the Fermi constant, CiðμÞ (i ¼ 1;…; 10) are
the Wilson coefficients, and Vq1q2 (q1 and q2 represent
quarks) is the CKM matrix element. The operators Oi have
the following forms:

Ou
1 ¼ s̄αγμð1 − γ5Þuβūβγμð1 − γ5Þbα;

Ou
2 ¼ s̄γμð1 − γ5Þuūγμð1 − γ5Þb;

O3 ¼ s̄γμð1 − γ5Þb
X
q0
q̄0γμð1 − γ5Þq0;

O4 ¼ s̄αγμð1 − γ5Þbβ
X
q0
q̄0βγ

μð1 − γ5Þq0α;

O5 ¼ s̄γμð1 − γ5Þb
X
q0
q̄0γμð1þ γ5Þq0;

O6 ¼ s̄αγμð1 − γ5Þbβ
X
q0
q̄0βγ

μð1þ γ5Þq0α;

O7 ¼
3

2
s̄γμð1 − γ5Þb

X
q0
eq0 q̄0γμð1þ γ5Þq0;

O8 ¼
3

2
s̄αγμð1 − γ5Þbβ

X
q0
eq0 q̄0βγ

μð1þ γ5Þq0α;

O9 ¼
3

2
s̄γμð1 − γ5Þb

X
q0
eq0 q̄0γμð1 − γ5Þq0;

O10 ¼
3

2
s̄αγμð1 − γ5Þbβ

X
q0
eq0 q̄0βγ

μð1 − γ5Þq0α; ð3Þ

where α and β are color indices, the sum index q0 runs over
the “active” flavors quarks at the scale mb, and eq0 is the
electric charge of the quark q0 (q0 ¼ u, d, s, c or b quarks).
In Eq. (3) Ou

1 and Ou
2 are tree operators, O3–O6 are QCD

penguin operators, andO7–O10 are the operators associated
with electroweak penguin diagrams.
The Wilson coefficients, CiðμÞ, represent the power

contributions from scales higher than μ (which refer to
the long-distance contributions) [51]. Since the QCD has
the property of asymptotic freedom, they can be calculated
in perturbation theory. The Wilson coefficients include the
contributions of all heavy particles, such as the top quark,
theW� bosons, and so on. Usually, the scale μ is chosen to
be of order OðmbÞ for B meson decays. Since we work in
the leading order of perturbative QCD (OðαsÞ), it is
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consistent to use the leading order Wilson coefficients. So,
we use numerical values of CiðmbÞ as follows [19,21]:

C1 ¼ −0.2703; C2 ¼ 1.1188;

C3 ¼ 0.0126; C4 ¼ −0.0270;

C5 ¼ 0.0085; C6 ¼ −0.0326;

C7 ¼ 0.0011; C8 ¼ 0.0004;

C9 ¼ −0.0090; C10 ¼ 0.0022: ð4Þ

TheWilson coefficients a1–a10 are defined as usual [52–55]:

a1 ¼ C2 þ C1=3; a2 ¼ C1 þ C2=3;

a3 ¼ C3 þ C4=3; a4 ¼ C4 þ C3=3;

a5 ¼ C5 þ C6=3; a6 ¼ C6 þ C5=3;

a7 ¼ C7 þ C8=3; a8 ¼ C8 þ C7=3;

a9 ¼ C9 þ C10=3; a10 ¼ C10 þ C9=3: ð5Þ

For the decay channel of B̄0
s → M2M3, we denote the

emitted meson as M2 while the recoiling meson is M3.
The M2 (ρ or ω) and the final state M3 (ϕ) move along the
direction of nþ ¼ ð1; 0; 0TÞ and n− ¼ ð0; 1; 0TÞ in the
light-cone coordinates, respectively. We denote the ratios
rϕ ¼ Mϕ

MBs
, rρ ¼ Mρ

MBs
, and rω ¼ Mω

MBs
. In the limit Mϕ, Mρ,

Mω → 0, one can drop the terms of proportional to r2ϕ, r
2
ρ,

r2ω safely. The symbols PB, P2, and P3 refer to the B̄s
meson momentum, the ρðωÞ meson momentum, and the
final-state ϕ momentum, respectively. Under the above
approximation, the momenta can be written as

PB ¼ MBsffiffiffi
2

p ð1; 1; 0TÞ; P2 ¼
MBsffiffiffi
2

p ð1; 0; 0TÞ;

P3 ¼
MBsffiffiffi

2
p ð0; 1; 0TÞ: ð6Þ

One can denote the light (anti-)quark momenta k1, k2, and
k3 for the mesons Bs, ρðωÞ, and ϕ, respectively. We can
write

k1 ¼
�
x1

MBsffiffiffi
2

p ; 0;k1⊥
�
; k2 ¼

�
x2

MBsffiffiffi
2

p ; 0;k2⊥
�
;

k3 ¼
�
0; x3

MBsffiffiffi
2

p ;k3⊥
�
; ð7Þ

where x1, x2,and x3 are the momentum fraction. k1⊥, k2⊥,
and k3⊥ refer to the transverse momentum of the quark,
respectively. The longitudinal polarization vectors of the
ρðωÞ and ϕ are given as

ϵ2ðLÞ ¼
P2

MρðωÞ
−

MρðωÞ
P2 · n−

n−; ϵ3ðLÞ ¼
P3

Mϕ
−

Mϕ

P3 · nþ
nþ;

ð8Þ

which satisfy the orthogonality relationship of ϵ2ðLÞ · P2 ¼
ϵ3ðLÞ · P3 ¼ 0, and the normalization of ϵ22ðLÞ¼ ϵ23ðLÞ¼
−1. The transverse polarization vectors can be adopted
directly as

ϵ2ðTÞ ¼ ð0; 0; 1TÞ; ϵ3ðTÞ ¼ ð0; 0; 1TÞ: ð9Þ
The wave function of the Bs meson can be expressed as

ϕBs
¼ iffiffiffi

6
p ð=PBs

þMBs
Þγ5ϕBs

ðk1Þ; ð10Þ

where the distribution amplitude ϕBs
is shown in

Refs. [56–58]:

ϕBs
ðx; bÞ ¼ NBs

x2ð1 − xÞ2 exp
�
−
M2

Bs
x2

2ω2
b

−
1

2
ðωbbÞ2

�
:

ð11Þ

The shape parameter ωb is a free parameter. Based on
lattice QCD and the light-cone sum rule [59], we take
ωb ¼ 0.50 GeV for the Bs meson. The normalization factor
NBs

depends on the values of ωb and the decay constant
fBs

, which is defined through the normalization rela-

tion
R
1
0 dxϕBs

ðx; 0Þ ¼ fBs
=ð2 ffiffiffi

6
p Þ.

The distribution amplitudes of the vector meson (V ¼ ρ,
ω or ϕ), ϕV , ϕT

V , ϕ
t
V , ϕ

s
V , ϕ

v
V , and ϕa

V , are calculated using
the light-cone QCD sum rule [60,61]:

ϕρðxÞ ¼
3fρffiffiffi
6

p xð1 − xÞ½1þ 0.15C3=2
2 ðtÞ�; ð12Þ

ϕωðxÞ ¼
3fωffiffiffi
6

p xð1 − xÞ½1þ 0.15C3=2
2 ðtÞ�; ð13Þ

ϕϕðxÞ ¼
3fϕffiffiffi
6

p xð1 − xÞ½1þ 0.18C3=2
2 ðtÞ�; ð14Þ

ϕT
VðxÞ ¼

3fTVffiffiffi
6

p xð1 − xÞ½1þ 0.14C3=2
2 ðtÞ�; ð15Þ

ϕt
VðxÞ ¼

3fTV
2

ffiffiffi
6

p t2; ð16Þ

ϕs
VðxÞ ¼

3fTV
2

ffiffiffi
6

p ð−tÞ; ð17Þ

ϕv
VðxÞ ¼

3fV
8

ffiffiffi
6

p ð1þ t2Þ; ð18Þ

ϕa
VðxÞ ¼

3fV
4

ffiffiffi
6

p ð−tÞ; ð19Þ
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where t ¼ 2x − 1. Here fV is the decay constant of
the vector meson with longitudinal polarization. The
Gegenbauer polynomials Cν

nðtÞ can be found easily in
Refs. [62,63].

III. CP VIOLATION IN B̄0
s → ρðωÞϕ → π +π −ϕ

DECAY PROCESS

A. Formalism

The hadronic decay rate for the process of B̄0
s → ρðωÞϕ

is written as

Γ ¼ Pc

8πM2
Bs

X
σ¼L;T

AðσÞ†AðσÞ; ð20Þ

where Pc ¼ jP2zj ¼ jP3zj is the momentum of the vector
meson. The superscript σ denotes the helicity states of the
two vector mesons with the longitudinal (transverse)
components L (T). The amplitude AðσÞ is decomposed
into [63–65]

AðσÞ ¼ M2
Bs
AL þM2

Bs
ANϵ

�
2ðσ ¼ TÞ · ϵ�3ðσ ¼ TÞ

þ iATϵ
αβγρϵ�2αðσÞϵ�3βðσÞP2γP3ρ; ð21Þ

with the convention ϵ0123 ¼ 1. The amplitude Ai [i refer to
the three kind of polarizations, longitudinal (L), normal
(N), and transverse (T)] can be written as

M2
Bs
AL ¼ aϵ�2ðLÞ · ϵ�3ðLÞ þ

b
M2M3

ϵ�2ðLÞ · P3ϵ
�
3ðLÞ · P2;

M2
Bs
AN ¼ a;

AT ¼ c
M2M3

; ð22Þ

where a, b, and c are the Lorentz-invariant amplitudes.
M2, M3 refer to the masses of the vector mesons ρðωÞ
and ϕ, respectively.
The longitudinal H0, transverse H� of helicity ampli-

tudes can be expressed

H0 ¼ M2
Bs
AL;

H� ¼ M2
Bs
AN ∓ M2M3

ffiffiffiffiffiffiffiffiffiffiffiffi
κ2 − 1

p
AT; ð23Þ

where H0, Hþ, and H− are the tree-level and penguin-level
helicity amplitudes of the decay process B̄0

s → ρðωÞϕ →
πþπ−ϕ from the three kind of polarizations, respectively.
The helicity summation satisfy the relation,

X
σ¼L;R

AðσÞ†AðσÞ ¼ jH0j2 þ jHþj2 þ jH−j2: ð24Þ

In the vector meson dominance model [66,67], the
vacuum polarization of the photons are assumed to be

coupled through the vector meson (ρ meson). Based on the
same mechanism, ρ-ω mixing was proposed and later
gradually applied to B meson physics. The formalism
for the CP violation in B hadronic decays can be gener-
alized to Bs in a straightforward manner [25,27,43].
According to the effective Hamiltonian, the amplitude A
(Ā) for the decay process of B̄0

s → πþπ−ϕ (B0
s → πþπ−ϕ̄)

can be written as [43]

A ¼ hπþπ−ϕjHT jB̄0
si þ hπþπ−ϕjHPjB̄0

si; ð25Þ

Ā ¼ hπþπ−ϕ̄jHT jB0
si þ hπþπ−ϕ̄jHPjB0

si; ð26Þ

where HT and HP are the Hamiltonian for the tree and
penguin operators, respectively.
The relative magnitude and phases between the tree and

penguin operator contribution are defined as follows:

A ¼ hπþπ−ϕjHT jB̄0
si½1þ reiðδþϕÞ�; ð27Þ

Ā ¼ hπþπ−ϕ̄jHT jB0
si½1þ reiðδ−ϕÞ�; ð28Þ

where δ and ϕ are strong and weak phases, respectively.
The weak phase difference ϕ can be expressed as a
combination of the CKM matrix elements, and it is
ϕ ¼ arg½ðVtbV�

tsÞ=ðVubV�
usÞ� for the b → s transition.

The parameter r is the absolute value of the ratio of tree
and penguin amplitudes:

r≡
				 hπ

þπ−ϕjHPjB̄0
si

hπþπ−ϕjHT jB̄0
si
				: ð29Þ

The parameter of CP violating asymmetry, ACP, can be
written as

ACP ¼ jAj2 − jĀj2
jAj2 þ jĀj2

¼ −2ðT2
0r0 sin δ0 þ T2þrþ sin δþ þ T2

−r− sin δ−Þ sinϕP
i¼0þ−T

2
i ð1þ r2i þ 2ri cos δi cosϕÞ

;

ð30Þ

where Tiði ¼ 0;þ;−Þ are the tree-level helicity ampli-
tudes of the decay process B̄0

s → πþπ−ϕ fromH0,Hþ, and
H− of Eq. (23), respectively. rjðj ¼ 0;þ;−Þ refer to the
absolute value of the ratio of the tree and penguin
amplitudes for the three kind of polarizations, respec-
tively. δkðk ¼ 0;þ;−Þ represent the relative strong phases
between the tree and penguin operator contributions from
three kinds of helicity amplitudes. We can see explicitly
from Eq. (30) that both weak and strong phase differences
are responsible for CP violation. In order to obtain a
large signal for direct CP violation, we need some
mechanism to change either sin δ or r. With this mecha-
nism, working at the first order of isospin violation, we
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have the following results when the invariant mass of
πþπ− is near the ω resonance mass [26,43]:

hπþπ−ϕjHT jB̄0
si ¼

gρ
sρsω

Π̃ρωtiω þ gρ
sρ

tiρ; ð31Þ

hπþπ−ϕjHPjB̄0
si ¼

gρ
sρsω

Π̃ρωpi
ω þ gρ

sρ
pi
ρ; ð32Þ

where tiρðpi
ρÞ and tiωðpi

ωÞ are the tree (penguin)-level
helicity amplitudes for B̄s → ρ0ϕ and B̄s → ωϕ, respec-
tively. The amplitudes tiρ, pi

ρ, tiω, and pi
ω can be found in

Sec. III B. gρ is the coupling for ρ0 → πþπ−. Π̃ρω is the
effective ρ-ω mixing amplitude which also effectively
includes the direct coupling ω → πþπ− [39]. sV , mV , and
ΓV (V ¼ ρ or ω) is the inverse propagator, mass, and decay
rate of the vector meson V, respectively. sV can be
expressed as

sV ¼ s −m2
V þ imVΓV; ð33Þ

with
ffiffiffi
s

p
being the invariant masses of the πþπ− pairs.

The numerical values for the ρ-ω mixing parameter
Π̃ρωðsÞ ¼ ReΠ̃ρωðm2

ωÞ þ ImΠ̃ρωðm2
ωÞ are [68]

ReΠ̃ρωðm2
ωÞ ¼ −4760� 440 MeV2;

ImΠ̃ρωðm2
ωÞ ¼ −6180� 3300 MeV2: ð34Þ

From Eqs. (25), (27), (31), and (32) one has

reiδieiϕ ¼ Π̃ρωpi
ω þ sωpi

ρ

Π̃ρωtiω þ sωtiρ
: ð35Þ

Defining [25,69]

pi
ω

tiρ
≡ r0eiðδiqþϕÞ;

tiω
tiρ

≡ αeiδ
i
α ;

pi
ρ

pi
ω
≡ βeiδ

i
β ; ð36Þ

where δiα, δiβ, and δ
i
q are strong phases form the three kinds

of polarizations, respectively. One finds the following
expression from Eqs. (35) and (36):

reiδi ¼ r0eiδiq
Π̃ρω þ βeiδ

i
βsω

Π̃ρωαeiδ
i
α þ sω

: ð37Þ

αeiδ
i
α , βeiδ

i
β , and r0eiδiq will be calculated later. In order to

obtain the CP violating asymmetry in Eq. (30), Acp, sinϕ
and cosϕ are needed, where ϕ is determined by the CKM
matrix elements. In the Wolfenstein parametrization [70],
the weak phase ϕ comes from ½VtbV�

ts=VubV�
us�. One has

sinϕ ¼ −
ηffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ρ2 þ η2
p ;

cosϕ ¼ −
ρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ρ2 þ η2
p ; ð38Þ

where the same result has been used for the b → s
transition from Ref. [44].

B. Calculation details

We can decompose the decay amplitude for the decay
process B̄0

s → ρ0ðωÞϕ in terms of tree-level and penguin-
level contributions depending on the CKMmatrix elements
of VubV�

us and VtbV�
ts. From Eqs. (30), (35), and (36), in

order to obtain the formulas of the CP violation, we need
calculate the amplitudes tρ, tω, pρ, and pω in the perturba-
tive QCD approach. The F andM functions can be found in
the Appendix from the perturbative QCD approach.
There are four types of Feynman diagrams contributing to

the B̄0
s → ρ0ðωÞϕ emission decay mode. The leading order

diagrams in the pQCD approach are shown in Fig. 1. The
first two diagrams in Fig. 1 [(a),(b)] are called factorizable
diagrams and the last two diagrams in Fig. 1 [(c),(d)] are
called nonfactorizable diagrams [71,72]. The relevant decay
amplitudes can be easily obtained by these hard gluon
exchange diagrams and the Lorenz structures of the mesons
wave functions. Through calculating these diagrams, the
formulas of B̄0

s → ρϕ or B̄0
s → ωϕ are similar to those

of B → ϕK� and Bs → K�−K�þ [72,73]. We just need to
replace some corresponding wave functions, Wilson coef-
ficients, and corresponding parameters.
With the Hamiltonian equation (2), depending on the

CKM matrix elements of VubV�
us and VtbV�

ts, the electro-
weak penguin dominant decay amplitudes AðiÞ for B̄0

s →
ρ0ϕ in pQCD can be written as

ffiffiffi
2

p
AðiÞðB̄0

s → ρ0ϕÞ ¼ VubV�
usTi

ρ − VtbV�
tsPi

ρ; ð39Þ

(a) (b)

(c) (d)

FIG. 1. Leading order Feynman diagrams for B̄0
s → ρðωÞϕ. (a),

(b): Factorizable diagrams; (c),(d): nonfactorizable diagrams.
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where the superscript i denotes different helicity amplitudes
L, N, and T. The longitudinal t0ρðωÞ, transverse t

�
ρðωÞ of the

helicity amplitudes satisfy the relationship of t0ρðωÞ ¼ tLρðωÞ
and t�ρðωÞ ¼ ðtNρðωÞ ∓ tTρðωÞÞ=ð

ffiffiffi
2

p Þ. The amplitudes from tree

and penguin diagrams can be written as Ti
ρ ¼ tiρ=VubV�

us

and Pi
ρ ¼ pi

ρ=VtbV�
ts, respectively. The formula for the tree-

level amplitude is

Ti
ρ ¼

GFffiffiffi
2

p ffρFLL;i
Bs→ϕ½a2� þMLL;i

Bs→ϕ½C2�g; ð40Þ

where fρ refers to the decay constant of the ρ meson. The
penguin-level amplitudes are expressed in the following

Pi
ρ ¼

GFffiffiffi
2

p
�
fρF

LL;i
Bs→ϕ

�
3

2
ða9 þ a7Þ

�
þMLL;i

Bs→ϕ

�
3

2
C10

�

−MSP;i
Bs→ϕ

�
3

2
C8

��
: ð41Þ

The QCD penguin dominant decay amplitude for B̄0
s → ωϕ

can be written as

ffiffiffi
2

p
AiðB̄0

s → ωϕÞ ¼ VubV�
usTi

ω − VtbV�
tsPi

ω; ð42Þ

where Ti
ω ¼ tiω=VubV�

us and Pi
ω ¼ pi

ω=VtbV�
ts, which refer

to the tree and penguin amplitude, respectively. We can
give the tree-level contribution in the following:

Ti
ω ¼ GFffiffiffi

2
p ffωFLL;i

Bs→ϕ½a2� þMLL;i
Bs→ϕ½C2�g; ð43Þ

where fω refers to the decay constant of the ω meson. The
penguin-level contributions are given as the following

Pi
ω ¼ GFffiffiffi

2
p

�
fωF

LL;i
Bs→ϕ

�
2a3 þ 2a5 þ

1

2
a7 þ

1

2
a9

�

þMLL;i
Bs→ϕ

�
2C4 þ

1

2
C10

�
−MSP;i

Bs→ϕ

�
2C6 þ

1

2
C8

��
:

ð44Þ

Based on the definition of Eq. (36), we can get

αeiδ
i
α ¼ tiω

tiρ
; ð45Þ

βeiδ
i
β ¼ pi

ρ

pi
ω
; ð46Þ

r0eiδiq ¼ Pi
ω

Ti
ρ
×

				 VtbV�
ts

VubV�
us

				; ð47Þ

where

				 VtbV�
ts

VubV�
us

				 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ η2

p
λ2ðρ2 þ η2Þ : ð48Þ

From the above equations, the new strong phases δiα, δiβ,
and δiq are obtained from tree and penguin diagram
contributions by the ρ-ω interference. The total strong
phase δi is obtained by Eqs. (36) and (37) in the framework
of pQCD.

IV. INPUT PARAMETERS

The CKM matrix, whose elements are determined from
experiments, can be expressed in terms of the Wolfenstein
parameters A, ρ, λ, and η [70,74]:

0
BB@

1 − 1
2
λ2 λ Aλ3ðρ − iηÞ

−λ 1 − 1
2
λ2 Aλ2

Aλ3ð1 − ρ − iηÞ −Aλ2 1

1
CCA; ð49Þ

whereOðλ4Þ corrections are neglected. The latest values for
the parameters in the CKM matrix are [74]

λ ¼ 0.22453� 0.00044; A ¼ 0.836� 0.015;

ρ̄ ¼ 0.122þ0.018
−0.017 ; η̄ ¼ 0.355þ0.012

−0.011 : ð50Þ

where

ρ̄ ¼ ρ

�
1 −

λ2

2

�
; η̄ ¼ η

�
1 −

λ2

2

�
: ð51Þ

From Eqs. (50) and (51) we have

0.108 < ρ < 0.144; 0.353 < η < 0.377: ð52Þ

The other parameters and the corresponding references are
listed in Table I.

V. THE NUMERICAL RESULTS OF CP
VIOLATION IN B̄0

s → ρ0ðωÞϕ → π +π −ϕ
We have investigated the CP violating asymmetry,

ACP, for the B̄0
s → ρ0ðωÞϕ → πþπ−ϕ decay process. The

numerical results of the CP violating asymmetry are shown
for the decay process in Fig. 2. It is found that the CP
violation can be enhanced via ρ-ω mixing for the decay
channel B̄0

s → ρ0ðωÞϕ → πþπ−ϕ when the invariant mass
of πþπ− is in the vicinity of the ω resonance within the
perturbative QCD scheme.
The CP violation depends on the weak phase difference

from CKM matrix elements and the strong phase differ-
ence. The CKMmatrix elements, which relate to ρ, η, and λ,
are given in Eq. (50). The uncertainties due to the CKM
matrix elements are mostly from ρ and η since λ is well
determined. Hence we take the central value of λ ¼ 0.224

SHENG-TAO LI and GANG LÜ PHYS. REV. D 99, 116009 (2019)

116009-6



in Eq. (52). In our numerical calculations, we let ρ, η, and
λ ¼ 0.224 vary among the limiting values. The numerical
results are shown from Figs. 2–4 with the different
parameter values of CKM matrix elements. The dash line,
dot line, and solid line correspond to the maximum, middle,
and minimum CKM matrix element for the decay channel
of B̄0

s → ρ0ðωÞϕ → πþπ−ϕ, respectively. We find the CP
violation is not sensitive to the CKM matrix elements for
the different values of ρ and η. In Fig. 2, we give the plot of
CP violating asymmetry as a function of

ffiffiffi
s

p
. From Fig. 2,

one can see that the CP violation parameter is dependent onffiffiffi
s

p
and changes rapidly due to ρ-ω mixing when the

invariant mass of πþπ− is in the vicinity of the ω resonance.
From the numerical results, it is found that the maximum
CP violating parameter reaches 5.98% for the decay
channel of B̄0

s → πþπ−ϕ in the case of (ρmax, ηmax).
From Eq. (30), one can see that the CP violating

parameter is related to sin δ and r. The plots of sin δ0
(sin δþ and sin δ−) and r0 (rþ and r−) as a function of

ffiffiffi
s

p
are shown in Figs. 3 and 4. We can see that the ρ-ωmixing
mechanism produces a large sin δ0 (sin δþ and sin δ−) at
the ω resonance. As can be seen from Fig. 3, the plots vary

sharply in the cases of sin δ0, sin δþ, and sin δ−.
Meanwhile, sin δ0 and sin δ− change weakly compared
with the sin δþ. It can be seen from Fig. 4 that rþ change
more rapidly than r0 and r− when the πþπ− pairs in the
vicinity of the ω resonance.
The Large Hadron Collider (LHC) is a proton-proton

collider which has currently started at the European
Organization for Nuclear Research (CERN). In order to
achieve the required energy and luminosity, the technology
and equipment has been upgraded many times. The LHC
run I first data-taking period lasted from 2010 to 2013 [77].
In the next few years, there were two major detector
(ATLAS and CMS) upgrades happening after run II and
run III. With a series of upgrades and modifications, the
LHC provides a TeV-level high energy frontier and an
opportunity to further improve conformance testing of the
CKM matrix. The production rates for heavy quark flavors
will be high at the LHC, and the bb̄ production cross
section will be of the order of 0.5 mb, providing about 1012

bottom quark events per year [77,78]. The heavy flavor
physics experiment is one of the main projects of LHC
experiments. Especially, LHCb is a specialized B-physics

0.60 0.65 0.70 0.75 0.80 0.85 0.90

0.02
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0.04

0.06

s GeV

A
cp

FIG. 2. The CP violating asymmetry, Acp, as a function of
ffiffiffi
s

p
for different CKM matrix elements. The dash line, dot line, and
solid line correspond to the maximum, middle, and minimum
CKM matrix elements for the decay channel of B̄0

s → ρ0ðωÞϕ →
πþπ−ϕ, respectively.

0.60 0.65 0.70 0.75 0.80 0.85 0.90

1.0
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0.0

0.5

1.0
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FIG. 3. sin δ as a function of
ffiffiffi
s

p
corresponding to the central

parameter values of CKM matrix elements for B̄0
s → ρ0ðωÞϕ →

πþπ−ϕ. The dash line, dot line, and solid line correspond to
sin δ0, sin δþ, and sin δ−, respectively.

TABLE I. Input parameters.

Parameters Input data References

Fermi constant (in GeV−2) GF ¼ 1.16638 × 10−5. [74]
mB0

s
¼ 5366.89; τB0

s
¼ 1.509 × 10−12s,

mρ0ð770Þ ¼ 775.26;Γρ0ð770Þ ¼ 149.1,

Masses and decay widths (in MeV) mωð782Þ ¼ 782.65;Γωð782Þ ¼ 8.49, [74]
mπ ¼ 139.57; mϕ ¼ 1019.461.
fρ ¼ 215.6� 5.9; fTρ ¼ 165� 9,

Decay constants (in MeV) fω ¼ 196.5� 4.8; fTω ¼ 145� 10, [75,76]
fϕ ¼ 231� 4; fTϕ ¼ 200� 10.
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experiment, designed primarily to precisely measure the
parameters of new physics in CP violation and rare decays
in the interactions of beauty and charm hadrons systems.
Such studies can help to explain the matter-antimatter
asymmetry of the Universe. Recently, the LHCb
Collaboration found clear evidence for direct CP violation
in some three-body decay channels in charmless decays of
the B meson. Meanwhile, large CP violation is obtained
in B� → π�πþπ− in the region 0.6 GeV2 < m2

πþπ−low <
0.8 GeV2 and m2

πþπ−high > 14 GeV2 [8,79]. A zoom of the

πþπ− invariant mass from the B� → π�πþπ− decay proc-
ess shows the region 0.6 GeV2 < m2

πþπ−low < 0.8 GeV2

zone in Fig. 8 of Ref. [79]. In addition, the branching
fractions are probed in the πþπ− invariant mass range
400 < mðπþπ−Þ < 1600 MeV=c2 for B̄0

s → πþπ−ϕ [80].
In the next years, we expect the LHCb Collaboration to

focus our prediction of CP violation from the B̄0
s →

ρ0ðωÞϕ → πþπ−ϕ decay process when the invariant mass
of πþπ− is in the vicinity of the ρ resonance [80].
Theoretically, the LHC achieves the current experiments
on b-hadrons, which can only provide about 107 BB̄ pairs
[81]. Therefore, it is very convenient to observe the CP
violation for B̄0

s → ρ0ðωÞϕ → πþπ−ϕ when the invariant
masses of πþπ− pairs are in the vicinity of the ω resonance
at the LHC experiments.

VI. SUMMARY AND CONCLUSION

In this paper, we study the CP violation for the decay
process of B̄0

s → ρ0ðωÞϕ → πþπ−ϕ due to the interference
of ρ-ω mixing in perturbative QCD. It has been found that
the CP violation can be enhanced at the area of ρ-ω
resonance. There is the resonance effect via ρ-ω mixing
which can produce large strong phase in this decay process.
As a result, one can find that the maximum CP violation
can reach 5.98% when the invariant mass of the πþπ− pair
is in the vicinity of the ω resonance.
In the calculation, we need the renormalization scheme

independent Wilson coefficients for the tree and penguin
operators at the scale mb. The major uncertainties is from
the input parameters. In particular, these include the CKM
matrix element parameters, the perturbative QCD
approach, and the hadronic parameters (the shape param-
eters, decay constants, the wave function, etc.). We expect
that our predictions will provide useful guidance for future
investigations in Bs decays.
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APPENDIX: RELATED FUNCTIONS DEFINED IN THE TEXT

In this Appendix we present explicit expressions of the factorizable and nonfactorizable amplitudes in Perturbative QCD
[19–21,56]. The factorizable amplitudes FLL;i

Bs→ϕðaiÞ (i ¼ L, N, T) are written as

fM2
FLL;L
Bs→ϕðaiÞ ¼ 8πCFM4

Bs
fM2

Z
1

0

dx1dx3

Z
∞

0

b1db1b3db3ϕBs
ðx1; b1ÞfaiðtaÞEeðtaÞ

× ½ð1þ x3Þϕ3ðx3Þ þ r3ð1 − 2x3Þðϕs
3ðx3Þ þ ϕt

3ðx3ÞÞ�heðx1; x3; b1; b3Þ
þ 2r3ϕs

3ðx3Þaiðt0aÞEeðt0aÞheðx3; x1; b3; b1Þg; ðA1Þ

fM2
FLL;N
Bs→ϕðaiÞ ¼ 8πCFM4

Bs
fM2

r2

Z
1

0

dx1dx3

Z
∞

0

b1db1b3db3ϕBs
ðx1; b1Þfheðx1; x3; b1; b3Þ

× EeðtaÞaiðtaÞ½ϕT
3 ðx3Þ þ 2r3ϕv

3ðx3Þ þ r3x3ðϕv
3ðx3Þ − ϕa

3ðx3ÞÞ�
þ r3½ϕv

3ðx3Þ þ ϕa
3ðx3Þ�Eeðt0aÞaiðt0aÞheðx3; x1; b3; b1Þg; ðA2Þ
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FIG. 4. Plot of r as a function of
ffiffiffi
s

p
corresponding to the

central parameter values of CKM matrix elements for B̄0
s →

ρ0ðωÞϕ → πþπ−ϕ. The dash line, dot line, and solid line
correspond to r0, rþ, and r−, respectively.
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fM2
FLL;T
Bs→ϕðaiÞ ¼ 16πCFM4

Bs
fM2

r2

Z
1

0

dx1dx3

Z
∞

0

b1db1b3db3ϕBs
ðx1; b1Þfheðx1; x3; b1; b3Þ

× ½ϕT
3 ðx3Þ þ 2r3ϕv

3ðx3Þ − r3x3ðϕv
3ðx3Þ − ϕa

3ðx3ÞÞ�EeðtaÞaiðtaÞ
þ r3½ϕv

3ðx3Þ þ ϕa
3ðx3Þ�Eeðt0aÞaiðt0aÞheðx3; x1; b3; b1Þg; ðA3Þ

with the color factor CF ¼ 3=4, fM2
, fBs

referring to the decay constant ofM2 (ρ or ωÞ and B̄s mesons and ai represents the
corresponding Wilson coefficients for emission decay channels. In the above functions, r2ðr3Þ ¼ mV2

ðmV3
Þ=mBs

and
ϕ2ðϕ3Þ ¼ ϕρ=ωðϕϕÞ, with mBs

and mV2
ðmV3

Þ being the masses of the initial and final states.
The nonfactorizable amplitudes MLL;i

Bs→ϕðaiÞ, and MSP;i
Bs→ϕðaiÞ (i ¼ L, N, T) are written as

MLL;L
Bs→ϕðaiÞ ¼ 32πCFM4

Bs
=

ffiffiffi
6

p Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBs
ðx1; b1Þϕ2ðx2Þ

× f½ð1 − x2Þϕ3ðx3Þ − r3x3ðϕs
3ðx3Þ − ϕt

3ðx3ÞÞ�aiðtbÞE0
eðtbÞ

× hnðx1; 1 − x2; x3; b1; b2Þ þ hnðx1; x2; x3; b1; b2Þ
× ½−ðx2 þ x3Þϕ3ðx3Þ þ r3x3ðϕs

3ðx3Þ þ ϕt
3ðx3ÞÞ�aiðt0bÞE0

eðt0bÞg; ðA4Þ

MLL;N
Bs→ϕðaiÞ ¼ 32πCFM4

Bs
r2=

ffiffiffi
6

p Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBs
ðx1; b1Þ

× f½x2ðϕv
2ðx2Þ þ ϕa

2ðx2ÞÞϕT
3 ðx3Þ − 2r3ðx2 þ x3Þðϕv

2ðx2Þϕv
3ðx3Þ þ ϕa

2ðx2Þϕa
3ðx3ÞÞ�

× hnðx1; x2; x3; b1; b2ÞE0
eðt0bÞaiðt0bÞ

þ ð1 − x2Þðϕv
2ðx2Þ þ ϕa

2ðx2ÞÞϕT
3 ðx3ÞE0

eðtbÞaiðtbÞhnðx1; 1 − x2; x3; b1; b2Þg; ðA5Þ

MLL;T
Bs→ϕðaiÞ ¼ 64πCFM4

Bs
r2=

ffiffiffi
6

p Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBs
ðx1; b1ÞfE0

eðt0bÞaiðt0bÞ

× ½x2ðϕv
2ðx2Þ þ ϕa

2ðx2ÞÞϕT
3 ðx3Þ − 2r3ðx2 þ x3Þðϕv

2ðx2Þϕa
3ðx3Þ

þ ϕa
2ðx2Þϕv

3ðx3ÞÞ�hnðx1; x2; x3; b1; b2Þ
þ ð1 − x2Þ½ϕv

2ðx2Þ þ ϕa
2ðx2Þ�ϕT

3 ðx3ÞE0
eðtbÞaiðtbÞhnðx1; 1 − x2; x3; b1; b2Þg; ðA6Þ

MSP;L
Bs→ϕðaiÞ ¼ 32πCFM4

Bs
=

ffiffiffi
6

p Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBs
ðx1; b1Þϕ2ðx2Þ

× f½ðx2 − x3 − 1Þϕ3ðx3Þ þ r3x3ðϕs
3ðx3Þ þ ϕt

3ðx3ÞÞ�
× aiðtbÞE0

eðtbÞhnðx1; 1 − x2; x3; b1; b2Þ þ aiðt0bÞE0
eðt0bÞ

× ½x2ϕ3ðx3Þ þ r3x3ðϕt
3ðx3Þ − ϕs

3ðx3ÞÞ�hnðx1; x2; x3; b1; b2Þg: ðA7Þ

MSP;N
Bs→ϕðaiÞ ¼ 32πCFM4

Bs
=

ffiffiffi
6

p Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBs
ðx1; b1Þr2

× fx2ðϕv
2ðx2Þ − ϕa

2ðx2ÞÞϕT
3 ðx3ÞE0

eðt0bÞaiðt0bÞhnðx1; x2; x3; b1; b2Þ
þ hnðx1; 1 − x2; x3; b1; b2Þ½ð1 − x2Þðϕv

2ðx2Þ − ϕa
2ðx2ÞÞϕT

3 ðx3Þ
− 2r3ð1 − x2 þ x3Þðϕv

2ðx2Þϕv
3ðx3Þ − ϕa

2ðx2Þϕa
3ðx3ÞÞ�E0

eðtbÞaiðtbÞg; ðA8Þ
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MSP;T
Bs→ϕðaiÞ ¼ 64πCFM4

Bs
=

ffiffiffi
6

p Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBs
ðx1; b1Þr2

× fx2ðϕv
2ðx2Þ − ϕa

2ðx2ÞÞϕT
3 ðx3ÞE0

eðt0bÞaiðt0bÞhnðx1; x2; x3; b1; b2Þ
þ hnðx1; 1 − x2; x3; b1; b2Þ½ð1 − x2Þðϕv

2ðx2Þ − ϕa
2ðx2ÞÞϕT

3 ðx3Þ
− 2r3ð1 − x2 þ x3Þðϕv

2ðx2Þϕa
3ðx3Þ − ϕa

2ðx2Þϕv
3ðx3ÞÞ�E0

eðtbÞaiðtbÞg: ðA9Þ

The hard scale t is chosen as the maximum of the virtuality of the internal momentum transition in the hard amplitudes,
including 1=bi:

ta ¼ maxf ffiffiffiffiffi
x3

p
MBs

; 1=b1; 1=b3g; ðA10Þ

t0a ¼ maxf ffiffiffiffiffi
x1

p
MBs

; 1=b1; 1=b3g; ðA11Þ

tb ¼ maxf ffiffiffiffiffiffiffiffiffi
x1x3

p
MBs

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j1 − x1 − x2jx3

p
MBs

; 1=b1; 1=b2g; ðA12Þ

t0b ¼ maxf ffiffiffiffiffiffiffiffiffi
x1x3

p
MBs

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jx1 − x2jx3

p
MBs

; 1=b1; 1=b2g; ðA13Þ

tc ¼ maxf
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x3

p
MBs

; 1=b2; 1=b3g; ðA14Þ

t0c ¼ maxf ffiffiffiffiffi
x2

p
MBs

; 1=b2; 1=b3g; ðA15Þ

td ¼ maxf
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1 − x3Þ

p
MBs

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 − x1 − x2Þx3

p
MBs

; 1=b1; 1=b2g; ðA16Þ

t0d ¼ maxf
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1 − x3Þ

p
MBs

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jx1 − x2jð1 − x3Þ

p
MBs

; 1=b1; 1=b2g: ðA17Þ

The function h, coming from the Fourier transform of the hard part H, are written as [82]

heðx1; x3; b1; b3Þ ¼ ½θðb1 − b3ÞI0ð
ffiffiffi
x

p
3MBs

b3ÞK0ð
ffiffiffi
x

p
3MBs

b1Þ
þ θðb3 − b1ÞI0ð

ffiffiffi
x

p
3MBs

b1ÞK0ð
ffiffiffi
x

p
3MBs

b3Þ�K0ð ffiffiffiffiffiffiffiffiffi
x1x3

p
MBs

b1ÞStðx3Þ; ðA18Þ

hnðx1; x2; x3; b1; b2Þ ¼ ½θðb2 − b1ÞK0ð ffiffiffiffiffiffiffiffiffi
x1x3

p
MBs

b2ÞI0ð ffiffiffiffiffiffiffiffiffi
x1x3

p
MBs

b1Þ

þ θðb1 − b2ÞK0ð
ffiffiffiffiffiffiffiffiffi
x1x3

p
MBs

b1ÞI0ð
ffiffiffiffiffiffiffiffiffi
x1x3

p
MBs

b2Þ� ×
� iπ

2
Hð1Þ

0 ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx2 − x1Þx3
p

MBs
b2Þ; x1 − x2 < 0

K0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx1 − x2Þx3

p
MBs

b2Þ; x1 − x2 > 0
;

ðA19Þ

haðx2; x3; b2; b3Þ ¼
�
iπ
2

�
2

Stðx3Þ½θðb2 − b3ÞHð1Þ
0 ð ffiffiffiffiffi

x3
p

MBs
b2ÞJ0ð

ffiffiffiffiffi
x3

p
MBs

b3Þ

þ θðb3 − b2ÞHð1Þ
0 ð ffiffiffiffiffi

x3
p

MBs
b3ÞJ0ð ffiffiffiffiffi

x3
p

MBs
b2Þ�Hð1Þ

0 ð ffiffiffiffiffiffiffiffiffi
x2x3

p
MBs

b2Þ; ðA20Þ

hnaðx1; x2; x3; b1; b2Þ ¼
iπ
2
½θðb1 − b2ÞHð1Þ

0 ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1 − x3Þ

p
MBs

b1ÞJ0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1 − x3Þ

p
MBs

b2Þ

þ θðb2 − b1ÞHð1Þ
0 ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1 − x3Þ

p
MBs

b2ÞJ0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1 − x3Þ

p
MBs

b1Þ�
× K0ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 − x1 − x2Þx3

p
MBs

b1Þ; ðA21Þ
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h0naðx1; x2; x3; b1; b2Þ ¼
iπ
2
½θðb1 − b2ÞHð1Þ

0 ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1 − x3Þ

p
MBs

b1ÞJ0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1 − x3Þ

p
MBs

b2Þ

þ θðb2 − b1ÞHð1Þ
0 ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1 − x3Þ

p
MBs

b2ÞJ0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1 − x3Þ

p
MBs

b1Þ�

×

� iπ
2
Hð1Þ

0 ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx2 − x1Þð1 − x3Þ
p

MBs
b1Þ; x1 − x2 < 0

K0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx1 − x2Þð1 − x3Þ

p
MBs

b1Þ; x1 − x2 > 0
; ðA22Þ

where J0 and Y0 are the Bessel function with Hð1Þ
0 ðzÞ ¼ J0ðzÞ þ iY0ðzÞ.

The threshold resums factor St follows the parameterized [83]

StðxÞ ¼
21þ2cΓð3=2þ cÞffiffiffi

π
p

Γð1þ cÞ ½xð1 − xÞ�c; ðA23Þ

where the parameter c ¼ 0.4. In the nonfactorizable contributions, StðxÞ gives a very small numerical effect to the amplitude
[84]. Therefore, we drop StðxÞ in hn and hna.

The evolution factors Eð0Þ
e and Eð0Þ

a entering in the expressions for the matrix elements are given by

EeðtÞ ¼ αsðtÞ exp½−SBðtÞ − S3ðtÞ�; E0
eðtÞ ¼ αsðtÞ exp½−SBðtÞ − S2ðtÞ − S3ðtÞ�jb1¼b3 ; ðA24Þ

EaðtÞ ¼ αsðtÞ exp½−S2ðtÞ − S3ðtÞ�; E0
aðtÞ ¼ αsðtÞ exp½−SBðtÞ − S2ðtÞ − S3ðtÞ�jb2¼b3 ; ðA25Þ

in which the Sudakov exponents are defined as

SBðtÞ ¼ s

�
x1

MBsffiffiffi
2

p ; b1

�
þ 5

3

Z
t

1=b1

dμ̄
μ̄
γqðαsðμ̄ÞÞ; ðA26Þ

S2ðtÞ ¼ s

�
x2

MBsffiffiffi
2

p ; b2

�
þ s

�
ð1 − x2Þ

MBsffiffiffi
2

p ; b2

�
þ 2

Z
t

1=b2

dμ̄
μ̄
γqðαsðμ̄ÞÞ; ðA27Þ

where γq ¼ −αs=π is the anomalous dimension of the quark. The explicit form for the function sðQ; bÞ is

sðQ; bÞ ¼ Að1Þ

2β1
q̂ ln

�
q̂

b̂

�
−
Að1Þ

2β1
ðq̂ − b̂Þ þ Að2Þ

4β21

�
q̂

b̂
− 1

�
−
�
Að2Þ

4β21
−
Að1Þ

4β1
ln

�
e2γE−1

2

��
ln

�
q̂

b̂

�

þ Að1Þβ2
4β31

q̂

�
lnð2q̂Þ þ 1

q̂
−
lnð2b̂Þ þ 1

b̂

�
þ Að1Þβ2

8β31
½ln2ð2q̂Þ − ln2ð2b̂Þ�; ðA28Þ

where the variables are defined by

q̂≡ ln½Q=ð
ffiffiffi
2

p
ΛÞ�; b̂≡ ln½1=ðbΛÞ�; ðA29Þ

and the coefficients AðiÞ and βi are

β1 ¼
33 − 2nf

12
; β2 ¼

153 − 19nf
24

;

Að1Þ ¼ 4

3
; Að2Þ ¼ 67

9
−
π2

3
−
10

27
nf þ

8

3
β1 ln

�
1

2
eγE

�
; ðA30Þ

where nf is the number of the quark flavors and γE is the Euler constant. We will use the one-loop expression of the running
coupling constant.
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