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Quantum gravity models as string theory, loop quantum gravity, and noncommutative field theories allow
for the violation of Lorentz symmetry in the Planck scale. In order to examine the implications of such
violation in planar models, we present here a CPT-even effective model, in the Standard Model extension
framework, for Maxwell-Chern-Simons quantum electrodynamics ðQED3Þ, with a Lorentz violation tensor
parameter coupled to the photon field. Themagnetoelectric effect induced by the space-time anisotropy in the
model is discussed. We then derive the exact classical photon propagator. The electrostatic interaction is
investigated and the long-range classical potential, corrected to second order in the Lorentz-violating tensor
parameter, is obtained aswell as its radiative correction in the isotropic violation scenario, derived at one-loop
approximation from the vacuum polarization tensor. Also, the contribution of the space-time anisotropy to
the magnetic moment of the fermion trough the vertex diagram is evaluated on shell and in the forward
scattering approximation, in the absence of the topological Chern-Simons term.
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I. INTRODUCTION

Lorentz invariance is an important premise of all
relativistic theoretical models, having absolute experimen-
tal support. However, quantum gravity models as string
theory, loop quantum gravity, and noncommutative space-
time, predict the violation of this important symmetry in
some high energy scale (towards Planck scale), increasing
the interest in the physics beyond the Standard Model in the
last three decades.
In order to investigate the phenomenological implication

of this predicted symmetry loss in the low-energy scale,
Colladay and Kostelecky proposed an effective extension to
the StandardModel [1–3]where theLorentz violation occurs
via a spontaneous symmetry breaking mechanism, similar to
the string field motivatedmodel [4,5], where Lorentz tensors
assume vacuum expectation values, establishing preferred
directions in space-time and breaking particle Lorentz trans-
formations that are not unitary in the vacuum [1]. These
tensors parametrize external fields that couple to the dynami-
cal particle and gauge fields of the Standard Model.
Our interest in the present work is to approach the

Lorentz violation in the photon sector of chiral reducible
QED3, highlighting its effect upon the electrostatic inter-
action of charged particles in the plane and on the magnetic
moment of the fermion.
The paper is organized as follows: in Sec. II, we present

the model and discuss the magnetoelectric effect induced

by the anisotropy in space-time. In Sec. III we determine
the exact classical photon propagator, reserving for the
Appendix the explicit expressions for its coefficients.
Section IV is devoted to the electrostatic potential, were
we develop its bare and radiative corrected terms, in one-
loop approximation and up to second order in the Lorentz
violation parameters, in the presence and in the absence of
the Chern-Simons interaction. In Sec. V, the leading
contribution to the magnetic moment of the fermion is
evaluated on shell and in the forward scattering approxi-
mation without taking into account the Chern-Simons term,
evidencing the contribution regarding Lorentz violation.
We conclude the present investigation with some remarks
on the main results and future perspectives.

II. THE MODEL

We studied the extended QED3 model in the reducible
chiral representation given by the following Lagrangian
density (with the flat metric gμν ¼ diagð1;−1;−1Þ):

LðxÞ¼ ψ̄ðxÞði∂−moτÞψðxÞ−eψ̄ðxÞ=AðxÞψðxÞ

þ 1

2ζ
ð∂μAμðxÞÞ2−1

4
FμνðxÞFμνðxÞ

þmcs

4
ϵαβλAαðxÞFβλðxÞ−1

4
RαβμνFαβðxÞFμνðxÞ; ð1Þ

where ψðxÞ is the four-component spinor in the reducible
representation of QED3, with the associated 4 × 4 gamma
matrices (μ ¼ 0, 1, 2) defined as in the four-dimensional
QED, the matrix τ ¼ iγ0γ1γ2 in the fermion mass term
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being associated with the Haldane term [6,7,8], the electro-
magnetic field strength FμνðxÞ ¼ ∂μAνðxÞ − ∂νAμðxÞ
defined by the tripotential AμðxÞ ¼ ðϕðxÞ; A⃗ðxÞÞ; ζ is the
gauge-fixing parameter, mcs is the mass parameter related
to the Chern-Simons term (which is CPT even in tridimen-
sional space-time), and Rαβμν is the constant tensor field
that couples to the photon field and parametrizes the
Lorentz symmetry breaking, introducing a preferred direc-
tion in space-time.
The algebraic relations underlying (1) are summarized by

fγμ; γνg ¼ 2gμν; ð2Þ
½τ; γμ� ¼ 0: ð3Þ

As its four-dimensional counterpart [2], the Lorentz-
violating term introduced in our planar model (1) preserves
CPT,

A1ðx0; x1; x2Þ→P − A1ðx0;−x1; x2Þ;
A0;2ðx0; x1; x2Þ→P A0;2ðx0;−x1; x2Þ
A0ðx0; x1; x2Þ→T A0ð−x0; x1; x2Þ;
A1;2ðx0; x1; x2Þ→T − A1;2ð−x0; x1; x2Þ
AμðxÞ→C − AμðxÞ; ð4Þ

and the tensor parameter Rαβμν exhibits the same properties
as the Riemann-Christoffel tensor [9]

Rαβμν ¼ −Rαβνμ ¼ −Rβαμν

Rαβμν ¼ Rμναβ

Rαβμν þ Rανβμ þ Rαμνβ ¼ 0

∂ηRαβμν þ ∂νRαβημ þ ∂μRαβνη ¼ 0: ð5Þ
Inview of (5), we chose a basis for the tensorRαβμν formed

by two linearly independent trivectors1 uμ and vμ as [9]

Rαλμη ¼
1

2
ðuαvμ þ uμvαÞgλη þ

1

2
ðuλvη þ uηvλÞgαμ

−
1

2
ðuαvη þ uηvαÞgλμ −

1

2
ðuλvμ þ uμvλÞgαη

−
5

8
u:vðgαμgλη − gαηgλμÞ: ð6Þ

The proposed planar model (1) comprises a rich phe-
nomenology already in the pure gauge case, as will be
briefly discussed next.

A. Magnetoelectric effect

Taking the pure Maxwell part of (1), neglecting the
Chern-Simons term for simplicity, leads to the Lagrangian
density

LEMðxÞ ¼ −
1

4
FμνðxÞFμνðxÞ −

1

4
RαβμνFαβðxÞFμνðxÞ; ð7Þ

which can be written in terms of the electric and magnetic
field strengths, E⃗ðr⃗; tÞ and Bðr⃗; tÞ, and anisotropy trivec-
tors, uμ and vμ, through (6)

LEMðr⃗; tÞ ¼
1

2

�
5

4
u:v − 1

�
ðB2ðr⃗; tÞ − E⃗2ðr⃗; tÞÞ

þ u0v0E⃗2ðr⃗; tÞ − u0Bðr⃗; tÞv⃗ × E⃗ðr⃗; tÞ
− v0Bðr⃗; tÞu⃗ × E⃗ðr⃗; tÞ
− v⃗:E⃗ðr⃗; tÞu⃗:E⃗ðr⃗; tÞ þ B2ðr⃗; tÞu⃗:v⃗; ð8Þ

where we defined the “vector product” in the tridimensional
space-time as a⃗ × b⃗ ¼ ϵ0ijaibj, with the spatial indices
i; j ¼ 1, 2, resulting in a pseudoscalar.
From (8) follows the electric displacement bivector

D⃗ðr⃗; tÞ ¼ ∂LEM=∂E⃗ and the magnetic induction Hðr⃗; tÞ ¼
−∂LEM=∂B, which provide the electric polarization P⃗ðr⃗; tÞ
and magnetization Mðr⃗; tÞ of the anisotropic medium
through

D⃗ ¼ E⃗þ 4πP⃗ ð9Þ

and

H ¼ B − 4πM; ð10Þ
ending up with

Px ¼
1

4π

h
−
5

4
u:vEx þ 2u0v0Ex − vxu⃗:E⃗

− uxv⃗:E⃗þ u0vyBþ v0uyB
i
; ð11Þ

Py ¼
1

4π

�
−
5

4
u:vEy þ 2u0v0Ey − vyu⃗:E⃗

− uyv⃗:E⃗ − u0vxB − v0uxB

�
; ð12Þ

M¼−
1

4π

�
−
5

4
u:vB−2Bu⃗:v⃗þu0v⃗× E⃗þv0u⃗× E⃗

�
: ð13Þ

These expressions reveal that the anisotropy induced by
the Lorentz symmetry breakingmakes the vacuum behave as

1The tensor structure (6) involving uμ and vμ components is
not the most general, in that it contains five independent
parameters in contrast to the six allowed by Rαβμη in three
dimensions. Physically, this means that we consider 1 “frozen
degree of freedom” in the Lorentz-violating parameter space,
imposing a constraint among those components, which reflects
on the gauge propagator structure, baring a similarity with a
particular choice of a noncovariant gauge-fixing term in dealing
with the gauge sector of the Standard Model of particle physics.
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a polarizable medium and exhibit the magnetoelectric effect
[10,11]; i.e., an electric (magnetic) field generates a mag-
netization (electric polarization) of the medium, as shown in
(11)–(13). Therefore, in the condensed matter scenario, the
Lagrangian density (8) can provide an effective model for
describing anisotropic planar systems with magnetoelectric
capabilities, of interest in magnetic sensor devices.
Another feature of the pure gauge Lorentz-violating

model (8) that follows directly from the associated equa-
tions of motion is the transversality loss of plane waves,
producing transverse magnetic modes in the spatially
anisotropic vacuum [8]. In an isotropic vacuum, i.e., uμ ¼
ðu0; 0⃗Þ and vμ ¼ ðv0; 0⃗Þ, the transversality of the wave is
preserved and the electromagnetic field propagates in the
usual transverse electric-magnetic mode [8].

III. PHOTON PROPAGATOR

The photon propagator DμνðpÞ of the full model (1) is
derived, in momentum space, from the Green’s equation
associated with the vector field AμðpÞ,

½−gαηp2þ ζ̃pαpη− imcsϵαμηpμþ2Rαλμηpλpμ�DησðpÞ¼ δσα;

ð14Þ

where we introduced ζ̃ ≡ 1þ 1=ζ.
Exploring the tensor structure of our planar model, we

proposed the following ansatz for the propagator:

DησðpÞ ¼ C1gησ þ C2pηpσ þ iC3ϵ
ησλpλ þ C4uηvσ þ C5uσvη þ C6uηuσ þ C7vηvσ þ iC8ϵ

ησλuλ þ iC9ϵ
ησλvλ

þ iC10ðp × uÞηuσ þ iC11ðp × uÞσuη þ iC12ðv × uÞηuσ þ iC13ðv × uÞσuη þ iC14ðv × pÞσuη þ iC15ðv × pÞηuσ
þ iC16ðp × uÞηvσ þ iC17ðp × uÞσvη þ iC18ðv × uÞηvσ þ iC19ðv × uÞσvη þ iC20ðv × pÞσvη þ iC21ðv × pÞηvσ
þ C22pηuσ þ C23uηpσ þ C24pηvσ þ C25vηpσ þ iC26ðp × uÞηpσ þ iC27ðp × uÞσpη þ iC28ðp × vÞηpσ

þ iC29ðp × vÞσpη þ iC30ðu × vÞσpη þ iC31ðu × vÞηpσ þ iC32ðu × vÞηðu × vÞσ þ iC33ðu × pÞηðu × pÞσ
þ iC34ðv × pÞηðv × pÞσ þ iC35ðv × pÞηðu × pÞσ þ iC36ðu × pÞηðv × pÞσ þ iC37ðv × pÞηðu × vÞσ
þ iC38ðu × vÞηðv × pÞσ þ iC39ðu × vÞηðu × pÞσ þ iC40ðu × pÞηðu × vÞσ; ð15Þ

where the coefficients Ck ≡ CkðpÞ, with (k ¼ 1;…; 40),
are functions of the photon trimomentum pμ.
With (15), we solved the linear system provided by (14)

and obtained originally the exact photon propagator for the
Maxwell-Chern-Simons extended QED3. For brevity, we
listed the respective coefficients in the Appendix.
In view of the phenomenological smallness expected

for the Lorentz violation quantities uμ and vμ, with

bounds in four dimensions given in [12], we proceeded
with a perturbative expansion for the exact propagator
(15) in the anisotropy trivectors, in order to obtain
the leading contribution of the Lorentz violation for the
planar electrostatic potential. Consequently, up to
second order in the trivectors, the photon propagator
reduces to

DησðpÞ ¼
�

1

m2
cs −p2

þ 2

p2

m2
cs þp2

ðm2
cs −p2Þ2p:vp:u−

5

4

m2
cs þp2

ðm2
cs −p2Þ2 u:v

�
gησ þ

�
1

ζ̃ − 1

1

ðp2Þ2 þ
1

p2

1

p2 −m2
cs
þ 5

4

u:v
ðp2 −m2

csÞ2
�
pηpσ

þ i

�
1

p2

mcs

m2
cs −p2

−
5

2

mcs

ðm2
cs −p2Þ2 u:vþ 4

1

p2

mcs

ðm2
cs −p2Þ2p:up:v

�
ϵησλpλ þ

p2

ðp2 −m2
csÞ2

ðuηvσ þ uσvηÞ

−
p:v

ðp2 −m2
csÞ2

ðpηuσ þpσuηÞ− p:u
ðp2 −m2

csÞ2
ðpηvσ þpσvηÞ− i

mcs

ðm2
cs −p2Þ2 ½ðv×pÞσuη − ðv×pÞηuσ�

− i
mcs

ðm2
cs −p2Þ2 ½ðu×pÞσvη − ðu×pÞηvσ� þ i

mcs

ðm2
cs −p2Þ2

p:v
p2

½ðp× uÞηpσ − ðp× uÞσpη�

þ i
mcs

ðm2
cs −p2Þ2

p:u
p2

½ðp× vÞηpσ − ðp× vÞσpη� þm2
cs

p2

1

ðp2 −m2
csÞ2

½ðv×pÞηðu×pÞσ þ ðu×pÞηðv×pÞσ�

þOðu3; v3Þ: ð16Þ
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IV. ELECTROSTATIC POTENTIAL

From the photon propagator we can obtain information
about the electrostatic interaction of charged particles. In
this section we will derive the potential produced by a static
fermion in the plane, discussing the role of the Chern-
Simons term, and the radiative corrections induced by the
vacuum fluctuations, identifying the contributions of the
anisotropy introduced by the Lorentz violation.

A. Classical Potential

In momentum space, the electrostatic potential produced
by a single charged fermion is given by [13]

A0
clðk⃗Þ ¼ −eD00

F ð0; k⃗Þ: ð17Þ

1. Case mcs ≠ 0

From the photon propagator (16) in the Landau gauge
ζ̃ ¼ ∞, the electrostatic potential (17) reads

A0
clðk⃗Þ ¼ −e

�
1

m2
cs þ k⃗2

−
2

k⃗2
m2

cs − k⃗2

ðm2
cs þ k⃗2Þ2

k⃗:v⃗ k⃗ :u⃗

−
5

4

m2
cs − k⃗2

ðm2
cs þ k⃗2Þ2

u:v −
2k⃗2

ðk⃗2 þm2
csÞ2

u0v0

−
2m2

cs

k⃗2ðk⃗2 þm2
csÞ2

jv⃗ × k⃗jju⃗ × k⃗j
�
: ð18Þ

Denoting the fixed angle between the bivectors u⃗ and v⃗
by β, the angle between the position vector r⃗ and the vector
u⃗ by α and the angle between the momentum vector k⃗ and
the vector u⃗ by θ, as depicted in Fig. 1, we performed the
Fourier transform of (18) to the position space,

A0
clðr⃗Þ ¼

Z
d2k⃗
ð2πÞ2 e

ik⃗:r⃗A0
clðk⃗Þ; ð19Þ

obtaining, with use of the software Mathematica,

A0
clðr⃗Þ ¼ −

e
2π

Z
∞

0

ρ

1þ ρ2
J0ðmcsρrÞdρþ

e
2π

u0v0

4

Z
∞

0

ρ

ð1þ ρ2Þ2 ð5þ 3ρ2ÞJ0ðmcsρrÞdρ

−
e

4ð2πÞ2 jv⃗jju⃗j
Z

∞

0

Z
2π

0

ρdρdϕeiρr cosðϕÞ
1

ðm2
cs þ ρ2Þ2

× ½ð5m2
cs − ρ2Þ cosðβÞ þ ð−8m2

cs þ 4ρ2Þ cosð2ðα − ϕÞ − βÞ�;
¼ −

e
2π

K0ðmcsrÞ þ
e
8π

u0v0½3K0ðmcsrÞ þmcsrK1ðmcsrÞ�

−
e
8π

cosðβÞjv⃗jju⃗j½3mcsrK1ðmcsrÞ − K0ðmcsrÞ�

−
e
2π

cosð2α − βÞjv⃗jju⃗j
�
−
3

2
mcsrK1ðmcsrÞ − 2K2ðmcsrÞ þ

4

m2
csr2

�
; ð20Þ

where JlðxÞ is the Bessel function of the first kind and order
l and KlðxÞ is the modified Bessel function of the second
kind and order l.
The first term in (20) is the well-known Bessel

modified potential of planar Maxwell-Chern-Simons
electrodynamics. The second one gives the signature
of an isotropic Lorentz symmetry breaking in the
electrostatic interaction being sketched in2 Fig. 2. The
remaining terms in (20), sketched in Figs. 3 and 4, carry
the influence of spatial anisotropy on the classical potential,
manifested as a circularly symmetric contribution and
an angular dependency, in the third and fourth terms,
respectively.

2. Case mcs = 0

In the absence of the topological mass, the photon
propagator (16) in the Landau gauge becomes

FIG. 1. Angular parametrization of the relevant planar vectors.

2In all graphs in this section, we are only interested in showing
the behavior of the long-range electrostatic potential. Therefore,
we sketched all related figures in terms of adimensional quan-
tities, avoiding to attribute values for the physical parameters.
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Dησðp;mcs ¼ 0Þ

¼ −
1

p2

�
gησ −

pηpσ

p2

�
−

1

p2

�
gησ −

pηpσ

p2

�
5

4
u:v

þ 2
p:up:v
ðp2Þ2 gησ þ 1

p2
ðuηvσ þ uσvηÞ

−
1

ðp2Þ2 ½p:vðp
ηuσ þ pσuηÞ þ p:uðpηvσ þ pσvηÞ�

þOðu3; v3Þ: ð21Þ

Therefore, the momentum-space potential (17) is

A0
clðk⃗Þ ¼ −e

�
1

k⃗2
− 2

u0v0

k⃗2
þ 5

4

u:v

k⃗2
þ 2

ðk⃗2Þ2
k⃗:u⃗ k⃗ :v⃗

�
ð22Þ

and, performing the Fourier transform, follows the
position-space classical electrostatic potential

A0
clðr⃗Þ ¼ −

e
2π

�
1 −

3

4
u0v0

�Z
∞

0

ρ

ρ2 þm2
ir
J0ðρrÞdρþ

e
8π

ju⃗jjv⃗j cosðβÞ
Z

∞

0

ρ

ρ2 þm2
ir
J0ðρrÞdρ

−
e

ð2πÞ2 ju⃗jjv⃗j
Z

∞

0

Z
2π

0

ρdρdϕeiρr cosðϕÞ
1

ρ2 þm2
ir
cos½β − 2ðα − ϕÞ�

¼ −
e
2π

�
1 −

3

4
u0v0

�
½−γeuler þ lnð2Þ − lnðrÞ − lnðmirÞ�

þ e
8π

ju⃗jjv⃗j cosðβÞ½−γeuler þ lnð2Þ − lnðrÞ − lnðmirÞ� þ
e
4π

ju⃗jjv⃗j cosðβ − 2αÞ; ð23Þ

1 2 3 4 5

1

2

3

4

FIG. 2. Contribution to the electrostatic potential
A0
cl

ðe=8πÞu0v0 vs
mcsr, in the isotropic case with mcs ≠ 0.

1 2 3 4 5

1.5

1.0

0.5

0.5

1.0

1.5

FIG. 3. Circularly symmetric contribution to the electrostatic

potential
A0
cl

ðe=8πÞju⃗jjv⃗j vs mcsr, in the anisotropic collinear case with

mcs ≠ 0.

0

2

4
0

2

4

6

0.5

0.0

0.5

(a)

0

2

4
0

2

4

6

0.5

0.0

0.5

(b)

FIG. 4. Contribution to the electrostatic potential
A0
cl

ðe=2πÞju⃗jjv⃗j (z axis) vs mcsr (x axis) vs α (y axis), in the anisotropic case with mcs ≠ 0.
(a) Collinear u⃗ and v⃗; (b) perpendicular u⃗ and v⃗.
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where γeuler ¼ 0.577 is the Euler-Mascheroni constant and
mir is an infrared regulator.3

The first and second terms in (23) recover the typical
logarithmic potential of planar Maxwell electrodynamics,
corrected by the space-time anisotropy introduced by the
trivectors uμ and vμ. In the third term, as occurs in (20),
the spatial anisotropy adds an angular dependence to the
potential (23), breaking its circular symmetry, as depicted
in Fig. 5.

B. Planar Uehling potential with
isotropic Lorentz violation

The quantum fluctuations of the electromagnetic vacuum
modify the photon propagator and contribute to the
electrostatic interaction of charged particles. In one-loop
approximation, the propagator dressed by quantum correc-
tions is

iD0
FμνðkÞ ¼ iDFμνðkÞ þ iDFμαðkÞiΠαβðkÞiDFβνðkÞ; ð24Þ

where the first term is the classical propagator (16) and the
second encompasses the vacuum polarization contribution.
The vacuum polarization tensor, at one-loop, writes

iΠμνðkÞ ¼ −e2
Z

d3p
ð2πÞ3 Tr½γμS0ðpÞγνS0ðp − kÞ�; ð25Þ

with the fermion propagator of our chiral model [8]

S0ðpÞ ¼
pþmoτ

p2 −m2
o þ iϵ

: ð26Þ

Decomposing (25) in its symmetric and antisymmetric
parts, gives

iΠSYM
μν ðkÞ ¼ −4e2½2Jð3Þμν ðkÞ − kνJ

ð2Þ
μ ðkÞ

− kμJ
ð2Þ
ν ðkÞ þ gμνkαJ

ð2Þ
α ðkÞ

þm2
ogμνJð1ÞðkÞ − gμνgαβJ

ð3Þ
αβ ðkÞ�; ð27Þ

iΠASYM
μν ðkÞ ¼ −4ie2mokαϵαμνJð1ÞðkÞ; ð28Þ

written in terms of the auxiliary integrals

Jð1ÞðkÞ ¼
Z

d3p
ð2πÞ3

1

p2 −m2
o

1

ðp − kÞ2 −m2
o
; ð29Þ

Jð2Þα ðkÞ ¼
Z

d3p
ð2πÞ3

1

p2 −m2
o

pα

ðp − kÞ2 −m2
o
; ð30Þ

Jð3Þαβ ðkÞ ¼
Z

d3p
ð2πÞ3

1

p2 −m2
o

pαpβ

ðp − kÞ2 −m2
o
: ð31Þ

In the low-energy (long-range) limit, defined by
k2 ≪ m2

o, the integrals (29)–(31) result in [8]

Jð1ÞðkÞ ¼ i

8π
ffiffiffiffiffi
k2

p ln

�
2mo þ

ffiffiffiffiffi
k2

p

2mo −
ffiffiffiffiffi
k2

p
�
; ð32Þ

Jð2Þα ðkÞ ¼ i

16π
ffiffiffiffiffi
k2

p ln

�
2mo þ

ffiffiffiffiffi
k2

p

2mo −
ffiffiffiffiffi
k2

p
�
kα; ð33Þ

Jð3Þαβ ðkÞ¼
i

16π

�
moþ

1

4
ffiffiffiffiffi
k2

p ð4m2
o−k2Þln

�
2jmojþ

ffiffiffiffiffi
k2

p

2jmoj−
ffiffiffiffiffi
k2

p
��

gαβ

þ i
16πk2

�
mo−

1

4
ffiffiffiffiffi
k2

p ð4m2
o−3k2Þln

�
2moþ

ffiffiffiffiffi
k2

p

2mo−
ffiffiffiffiffi
k2

p
��

×kαkβ; ð34Þ

which define completely the polarization tensor (27), (28).
From the low-energy polarization tensor we can extract

the quantum correction to the long-range electrostatic
potential through the dressed propagator [13],

A0
qðk⃗Þ ¼ −eD0μð0; k⃗ÞiΠμνðk⃗ÞiDν0ð0; k⃗Þ; ð35Þ

providing a Lorentz-violating planar version of the Uehling
potential of QED4 [13,14]. Here we highlight the isotropic
violation scenario, uμ ¼ ðu0; 0⃗Þ and vμ ¼ ðv0; 0⃗Þ, reserving
the issue of spatial anisotropy for a future communication.
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4

6 0

2

4

6

1.0

0.5
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–0.5

–1.0

FIG. 5. Contribution to the electrostatic potential
A0
cl

ðe=4πÞju⃗jjv⃗j
(z axis) vs β (x axis) vs α (y axis), in the anisotropic
case with mcs ¼ 0.

3Naturally, the constant terms in the potentials (23) and (39)
have no physical meaning and can be absorbed in the infrared
regulator by the redefinition mir ¼ m̃ir2e−γeuler .
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1. Case mcs ≠ 0

From (16), in the isotropic case, and the one-loop polarization tensor, the long-range potential (35) in the momentum
space up to second order in jk⃗j=mo can be expressed as

A0
qðk⃗Þ ¼ −

e3

6π

mcs

mo
ðmcs þ 6moÞ

1

ðm2
cs þ k⃗2Þ2

þ e3

12π

mcs þ 2mo

m2
o

k⃗2

ðm2
cs þ k⃗2Þ2

þ 5e3

4π

m3
cs

ðm2
cs þ k⃗2Þ3

u0v0

−
e3

48π

1

m2
o
ð5m3

cs þ 28m2
csmo − 12mcsm2

oÞ
k⃗2

ðm2
cs þ k⃗2Þ3

u0v0

−
e3

48π

mcs þ 12mo

m2
o

ðk⃗2Þ2
ðm2

cs þ k⃗2Þ3
u0v0 þOðjk⃗j3=m3

oÞ: ð36Þ

Performing the Fourier transform to the position space, we arrive at the corrected potential

A0
qðr⃗Þ ¼ −

e3

12π2
mcs þ 6mo

momcs

Z
∞

0

ρ

ð1þ ρ2Þ2 J0ðmcsρrÞdρþ
e3

24π2
mcs þ 2mo

m2
o

Z
∞

0

ρ3

ð1þ ρ2Þ2 J0ðmcsρrÞdρ

þ 5e3

8π2
1

mcs

Z
∞

0

ρ

ð1þ ρ2Þ3 J0ðmcsρrÞdρu0v0

−
e3

96π2
1

m2
om2

cs
ð5m3

cs þ 28m2
csmo − 12mcsm2

oÞ
Z

∞

0

ρ3

ð1þ ρ2Þ3 J0ðmcsρrÞdρu0v0

−
e3

96π2
mcs þ 12mo

m2
o

Z
∞

0

ρ5

ð1þ ρ2Þ3 J0ðmcsρrÞdρu0v0

¼ −
e3

48π2
1

m2
o
½−2ðmcs þ 2moÞK0ðmcsrÞ þ ðm2

cs þ 4mcsmo þ 12m2
oÞrK1ðmcsrÞ�

þ
�
−

e3

96π2
5m3

cs þ 28m2
csmo − 12mcsm2

o

m2
om2

cs

�
1

2
mcsrK1ðmcsrÞ −

1

8
m2

csr2K2ðmcsrÞ
�

−
e3

96π2
mcs þ 12mo

m2
o

�
K0ðmcsrÞ −mcsrK1ðmcsrÞ þ

1

8
m2

csr2K2ðmcsrÞ
�
þ 5e3

64π2
mcsr2K2ðmcsrÞ

�
u0v0: ð37Þ

The first term in brackets in (37), illustrated
in Fig. 6, recovers the quantum potential of the
chiral model of QED3 with Chern-Simons and Haldane
terms [8].

The second term in (37), depicted in Fig. 7, singles out
the contribution that stems from the isotropic Lorentz
violation, which naturally preserves the circular symmetry
of the electrostatic potential.
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FIG. 6. Quantum correction to the electrostatic potential
A0
q

e3=ð48π2moÞ vs mcsr, with mcs=mo ¼ 0.001.
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FIG. 7. Quantum correction to the electrostatic potential A0
q

e3=ð32π2Þ
vs mcsr, with mcs=mo ¼ 0.001, in the isotropic case.
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2. Case mcs = 0

In the absence of the topological photon mass, the
momentum-space radiative correction to the long-range
electrostatic potential follows from (21) and (35)

A0
qðk⃗Þ ¼

e3

6π

1

mo

�
1 −

11

2
u0v0

�
1

k⃗2
þOðjk⃗j3=m3

oÞ: ð38Þ

Turning to the position space, we find the vacuum
polarization contribution

A0
qðr⃗Þ ¼

e3

12π2
1

mo

�
1 −

3

2
u0v0

�Z
∞

0

ρ

ρ2 þm2
ir
J0ðρrÞdρ

¼ e3

12π2
1

mo

�
1 −

3

2
u0v0

�
½−γeuler þ lnð2Þ

− lnðrÞ − lnðmirÞ�: ð39Þ

As expected in the isotropic scenario, the circular
symmetry of the electrostatic interaction is preserved. Its
interesting to note that the long-range radiative correction
(39) exhibits the same logarithmic behavior of the classical
planar potential of Maxwell electrodynamics.

V. MAGNETIC MOMENT

The electromagnetic vertex introduces the interaction
between the photon and the fermion fields trough the
gauge principle. This coupling also receives corrections
due to fluctuations of the fermion and photon fields
as well as from the Lorentz-violating background field
dressing the photon propagator, leading, for instance,
to a modification in the magnetic moment of the fermion
field. Our purpose in this section is to analyze the space-
time anisotropy contribution, in one-loop and on-shell
approximation and up to second order in the trivectors
uμ and vμ.
At one-loop order, the electromagnetic vertex correction

reads

− ieΓμðp0; pÞ

¼ −ie3
Z

d3k
ð2πÞ3 iD

ναðkÞγνiS0ðp0 − kÞγμiS0ðp − kÞγα:

ð40Þ

In the on-shell limit, defined by

pψ rðpÞ ¼ moτψ rðpÞ ð41Þ

ψ̄ sðp0Þp0 ¼ ψ̄ sðp0Þmoτ; ð42Þ

and up to second order in the Lorentz violation parameters,
in the absence of the Chern-Simons term (i.e.,mcs ¼ 0), the
vertex (40) can be written as

−ieψ̄ sðp0ÞΓμðp0; pÞψ rðpÞ ¼ −ieψ̄ sðp0ÞΓð0Þ
μ ðp0; pÞψ rðpÞ

− ieψ̄ sðp0ÞΓðuvÞ
μ ðp0; pÞψ rðpÞ;

ð43Þ

with

−ieψ̄ sðp0ÞΓð0Þ
μ ðp0; pÞψ rðpÞ ¼ −e3

�
1þ 5

4
u:v

�
Ĭð0Þμ ðp0; pÞ;

ð44Þ

−ieψ̄sðp0ÞΓðuvÞ
μ ðp0;pÞψ rðpÞ¼−e3ĬðqÞAμ ðp0;pÞ−e3ĬðqÞBμ ðp0;pÞ

−e3ĬðqÞCμ ðp0;pÞ; ð45Þ

where

Ĭð0Þμðp0; pÞ ¼ −
Z

d3k
ð2πÞ3

1

k2

�
gαν −

kαkν

k2

�
ψ̄ sðp0Þ

× γν
p 0 −=kþmoτ

ðp0 − kÞ2 −m2
o
γμ

p−=kþmoτ

ðp− kÞ2 −m2
o
γαψ rðpÞ;

ð46Þ

ĬðqÞAμ ðp0; pÞ ¼ 2

Z
d3k
ð2πÞ3

k:uk:v
ðk2Þ2 ψ̄ sðp0Þγν

p0 − =kþmoτ

ðp0 − kÞ2 −m2
o

× γμ
p − =kþmoτ

ðp − kÞ2 −m2
o
γνψ rðpÞ; ð47Þ

ĬðqÞBμ ðp0; pÞ ¼
Z

d3k
ð2πÞ3

1

k2
ðuαvν þ uνvαÞψ̄ sðp0Þ

× γν
p0 − =kþmoτ

ðp0 − kÞ2 −m2
o
γμ

p− =kþmoτ

ðp− kÞ2 −m2
o
γαψ rðpÞ;

ð48Þ

ĬðqÞCμ ðp0; pÞ ¼ −
Z

d3k
ð2πÞ3

1

ðk2Þ2
× ½k:vðkαuν þ kνuαÞ þ k:uðkαvν þ kνvαÞ�

× ψ̄ sðp0Þγν
p0 − =kþmoτ

ðp0 − kÞ2 −m2
o
γμ

p − =kþmoτ

ðp − kÞ2 −m2
o

× γαψ rðpÞ: ð49Þ
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The vertex contribution to the magnetic dipole inter-
action comes from [8,13,14] a term proportional to4

ð1=2Þσματqα, with σμα ¼ ði=2Þ½γμ; γα� and qα ¼ p0
α − pα.

In order to put in evidence the leading contribution, we
examine the on-shell vertex (43)–(45) in the forward
scattering approximation, defined by qα → 0.
Therefore, using the Gordon identity [8]

ψ̄ sðp0Þγμψ rðpÞ

¼ 1

2mo
ψ̄ sðp0Þ½ðp0

μ þ pμÞτ þ iσματðp0α − pαÞ�ψ rðpÞ;

ð50Þ
reminiscent of the Dirac equation associated with our three-
dimensional model, as well as the following identities valid
on shell:

ψ̄ sðp0Þ½p0:vuμ þ p0:uvμ�ψ rðp0Þ
¼ moψ̄ sðp0Þ½=vuμ þ =uvμ�τψ rðp0Þ; ð51Þ

ψ̄ sðp0Þ½p0:u=vþ p0:v=u�p0μψ rðp0Þ
¼ ψ̄ sðp0Þ½2p0:up0:vγμ�ψ rðp0Þ; ð52Þ

comes the relevant contribution from the vertex terms
(46)–(49) to the magnetic dipole moment

Γμ
MAGðq → 0Þ ¼ ΓMAGðq → 0Þ i

2mo
σματqα; ð53Þ

with the form factor Γμ
MAGðq → 0Þ defined by [8]

ΓMAGðq → 0Þ ¼ −ie2f½−4m2
oXðq → 0Þ þ 4m2

oXp0 ðq → 0Þ þ 2Xgðq → 0Þ þ 4m2
oYgðq → 0Þ þ 4m4

oYp0p0 ðq → 0Þ�

þ ½−5m2
oXðq → 0Þ þ 5m2

oXp0 ðq → 0Þ þ 5

2
Xgðq → 0Þ þ 2m2

oXp0p0 ðq → 0Þ þ 13m2
oYgðq → 0Þ

þ 5m4
oYp0p0 ðq → 0Þ − 4Yggðq → 0Þ�u:vg; ð54Þ

in terms of the auxiliary integrals5

Xðq→ 0Þ¼−
i

16π

Z
1

0

dz1

Z
z1

0

dz2
1

½m2
oz21−m2

irz1þm2
ir�3=2

;

ð55Þ

Xp0 ðq→0Þ¼−
i

16π

Z
1

0

dz1

Z
z1

0

dz2
z1

½m2
oz21−m2

irz1þm2
ir�3=2

;

ð56Þ

Xgðq→ 0Þ ¼ i
16π

Z
1

0

dz1

Z
z1

0

dz2
1

½m2
oz21 −m2

irz1 þm2
ir�1=2

;

ð57Þ

Xp0p0 ðq → 0Þ ¼ −
i

16π

Z
1

0

dz1

Z
z1

0

dz2

×
z21

½m2
oz21 −m2

irz1 þm2
ir�3=2

; ð58Þ

Ygðq → 0Þ ¼ −
i

32π

Z
1

0

dz1

Z
z1

0

dz2

Z
z2

0

dz3

×
1

½m2
oz22 −m2

irz2 þm2
ir�3=2

; ð59Þ

Yp0p0 ðq → 0Þ ¼ 3i
32π

Z
1

0

dz1

Z
z1

0

dz2

Z
z2

0

dz3

×
z22

½m2
oz22 −m2

irz2 þm2
ir�5=2

; ð60Þ

Yggðq → 0Þ ¼ i
32π

Z
1

0

dz1

Z
z1

0

dz2

Z
z2

0

dz3

×
1

½m2
oz22 −m2

irz2 þm2
ir�1=2

: ð61Þ

Employing the software Mathematica to solve the
integral expression for the form factor (54), we find

4The interaction energy between an external static electro-
magnetic field and the fermion field current density, dressed by
the one-loop vertex correction, is expressed by [13,14]

W ¼
Z

∞

−∞
d2xψ̄ sðp0Þ½eγμ þ eΓμðp0; pÞ�ψrðpÞAμ

ext:

Using the Gordon identity (50) and considering the external field
to be magnetic, the dipole interaction can be written as [8]

W ¼ −gμB
Z

∞

−∞
d2x⃗ψ̄sðp0Þ 1

2
σ12τψsðpÞB:

From the last expression, we can identify the analogous of the
magnetic moment, in our (2þ 1)-dimensional model,

hμMAGi ¼ gμB

Z
∞

−∞
d2x⃗ψ̄sðp0Þ 1

2
σ12τψsðpÞ;

with μB ¼ e=ð2moÞ being the analogous Bohr magneton,
and g playing the role of the gyromagnetic ratio.

5Planar QED is known to be infrared divergent [15–19].
Therefore, expression (54) is expected to manifest this singular
behavior.
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ΓMAGðq→ 0Þ¼ e2

8π

1

mo

�
4þ4 ln

�
mir

2mo

�
þ3

mo

mir

�

þ e2

32π

1

mo

�
10þ12 ln

�
mir

2mo

�
þ7

mo

mir

�
u:v:

ð62Þ

In the desired approximation, the corrected gyromag-
netic ratio reads [13,14]

g ¼ 2ð1þ ΓMAGðq → 0ÞÞ: ð63Þ

Therefore, defining the fine structure constant
αe ¼ e2=mo, we recognize the usual QED correction
αe=π in the first term of (62), due to the vertex diagram
with the bare internal photon. The new feature comes from
the second term in the form factor (62) regarding the
contribution of the space-time anisotropy from the dressed
photon propagator, thus giving a correction of ð5αe=8πÞu:v
for the gyromagnetic ratio.
As anticipated, the infrared regulator is present in the

form factor (62) as a consequence of the divergence of the
model in that limit [15–19], demanding a renormalization
procedure involving bremsstrahlung insertions in scatter-
ing processes.

VI. CONCLUDING REMARKS

In this work we presented a Standard Model extension
based effective model for chiral Maxwell-Chern-Simons
QED3 in the reduced representation, with CPT-even
Lorentz symmetry violation in the photon sector (1). It
was shown that the anisotropy introduced by the Lorentz-
breaking parameters supports the magnetoelectric effect in
the plane (11)–(13), similarly to the feature investigated in
[11] in four dimensions, and the exact bare photon
propagator was computed in the employed parametrization
)15 ). From this propagator, the classical electrostatic

potential was determined, up to second order in the

Lorentz violation parameters, both in the presence and
the absence of the topological photon mass, (20) and (23).
In the isotropic violation scenario, the long-range correc-
tion, due to the vacuum fluctuations, to the potential was
obtained in one-loop approximation, taking into account
the Chern-Simons term and omitting its contribution as
well, (37) and (39).
The correction to the gyromagnetic ratio (63) due to the

anisotropy introduced by the trivectors uμ and vμ was
calculated from the vertex form factor, (53) and (54), on
shell, at one-loop and in the forward scattering approxi-
mation, up to first order in the scalar product u:v (62), in the
absence of the Chern-Simons interaction.
As future perspectives, the complete analysis of the one-

loop radiative corrections, i.e., self-energy and vertex
corrections of the model, is in progress [8]. Concerning
to the magnetic moment of the fermion, it is desirable to
investigate the case where the topological Chern-Simons
interaction is also included, employing the photon propa-
gator (16) to determine the modified form factor. In
addition, the quantum corrections for the electrostatic
potential in the spatially anisotropic scenario are also of
phenomenological interest in an interface with condensed
matter physics, to be reported. A general parametrization
for the Lorentz-violating tensor Rαβμν, taking into account
all its degrees of freedom and having (6) as a particular
case, may also unveil a broader scenario and will be a
subject of investigation in a near future.
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APPENDIX: EXACT PHOTON
PROPAGATOR COEFFICIENTS

The coefficients CkðpÞ that compose the photon propa-
gator (15) are listed here. For brevity, we introduced the
quantities

denoðC4Þ ¼ f½16m2
csp2 − ðp2ð4 − 5u:vÞ þ 8p:up:vÞ2�

× ½256m4
csp2 − 32m2

csðp2ðp2ð−4þ u:vÞð−4þ 5u:vÞ − 8ðp:ðu × vÞÞ2Þ
þ 4p2ð12 − 7u:vÞu:pv:pþ 32ðp:uÞ2ðp:vÞ2Þ þ ðp2ð4 − 5u:vÞ þ 8p:up:vÞ2
×ð16ðp:uÞ2v2 þ p2ðð−4þ u:vÞ2 − 16u2v2Þ − 8ð−4þ u:vÞp:up:vþ 16u2ðp:vÞ2Þ�g−1 ðA1Þ

and
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denoðC5Þ ¼
��

m2
csp2 −

1

16
ðp2ð4 − 5u:vÞ þ 8u:pv:pÞ2

�

×

�
−m4

csðp2Þ2 þ 1

8
m2

csp2ðp2ðp2ð−4þ u:vÞð−4þ 5u:vÞ − 8ðp:ðu × vÞÞ2Þ

þ 4p2ð12 − 7u:vÞu:pv:pþ 32ðu:pÞ2ðv:pÞ2Þ − 1

256
p2ðp2ð4 − 5u:vÞ þ 8u:pv:pÞ2

× ð16ðu:pÞ2v2 þ p2ðð−4þ u:vÞ2 − 16u2v2Þ − 8ð−4þ u:vÞu:pv:pþ 16u2ðv:pÞ2Þ
��

−1
: ðA2Þ

Therefore, the non-null coefficients are

C1ðpÞ ¼ 4
p2ð−4þ 5u:vÞ − 8p:up:v

−16m2
csp2 þ ½p2ð−4þ 5u:vÞ − 8p:up:v�2 ; ðA3Þ

C2ðpÞ ¼
1

ðp2Þ2
�

1

ζ̃ − 1
− 4½p2ð−4þ 5u:vÞ − 8p:up:v�

× ð256m4
csðp2Þ2 þ ½p2ð4 − 5u:vÞ þ 8p:up:v�2½ðp2Þ2ðð−4þ u:vÞ2 − 16u2v2Þ

− 16p2ð−4þ u:vÞp:up:vþ 64ðp:uÞ2ðp:vÞ2� − 32m2
csp2½ðp2Þ2ð−4þ u:vÞð−4þ 5u:vÞ

þ 64ðp:uÞ2ðp:vÞ2 − 8p2ððp:ðu × vÞÞ2 − 8p:up:vþ 6u:vp:up:vÞ�Þ
× ð½−16m2

csp2 þ ðp2ð−4þ 5u:vÞ − 8p:up:vÞ2�
× ½256m4

csp2 − 32m2
csðp2ðp2ð−4þ u:vÞð−4þ 5u:vÞ − 8ðp:ðu × vÞ2Þ

þ 4p2ð12 − 7u:vÞp:up:vþ 32ðp:uÞ2ðp:vÞ2ÞÞ
þ ðp2ð4 − 5u:vÞ þ 8p:up:vÞ2ð16ðp:uÞ2v2 þ p2ðð−4þ u:vÞ2 − 16u2v2Þ

− 8ð−4þ u:vÞp:up:vþ 16u2ðp:vÞ2Þ�Þ−1
�
; ðA4Þ

C3ðpÞ ¼
16mcs

16m2
csp2 − ½p2ð4 − 5u:vÞ þ 8p:up:v�2 ; ðA5Þ

C4ðpÞ ¼ −16½p2ð−4þ 5u:vÞ − 8p:up:v�2½−16m2
csp2 þ 16imcsp2p:ðu × vÞ

þ ðp2ð−4þ 5u:vÞ − 8p:up:vÞðp2ð−4þ u:vÞ − 4p:up:vÞ�denoðC4Þ; ðA6Þ

C5ðpÞ ¼ p2

�
p2

�
−1þ 5

4
u:v

�
− 2p:up:v

�
2

½−mcsp2ðmcs þ ip:ðu × vÞÞ

þ 1

16
ðp2ð−4þ 5u:vÞ − 8p:up:vÞðp2ð−4þ u:vÞ − 4p:up:vÞ�denoðC5Þ ðA7Þ

C6ðpÞ ¼ −p2

�
p2

�
−1þ 5

4
u:v

�
− 2p:up:v

�
3

½−p2v2 þ ðp:vÞ2�denoðC5Þ; ðA8Þ

C7ðpÞ ¼ −64½p2ð4 − 5u:vÞ þ 8u:pv:p�3½ðp:uÞ2 − p2u2�denoðC4Þ; ðA9Þ

C10ðpÞ ¼ −256mcs½p2ð−4þ 5u:vÞ − 8u:pv:p�2½p2v2 − ðp:vÞ2�denoðC4Þ; ðA10Þ

C11ðpÞ ¼ 256mcs½p2ð−4þ 5u:vÞ − 8u:pv:p�2½p2v2 − ðp:vÞ2�denoðC4Þ; ðA11Þ

C14ðpÞ ¼ 64mcs½p2ð−4þ 5u:vÞ − 8u:pv:p�½16m2
csp2 − 16imcsp2p:ðu × vÞ

− ðp2ð−4þ 5u:vÞ − 8u:pv:pÞðp2ð−4þ u:vÞ − 4u:pv:pÞ�denoðC4Þ; ðA12Þ
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C15ðpÞ ¼ −mcsp2

�
p2

�
−1þ 5

4
u:v

�
− 2u:pv:p

�
½−mcsp2ðmcs þ ip:ðu × vÞÞ

þ 1

16
ðp2ð−4þ 5u:vÞ − 8u:pv:pÞðp2ð−4þ u:vÞ − 4u:pv:pÞ�denoðC5Þ; ðA13Þ

C16ðpÞ ¼ C14ðpÞ; ðA14Þ

C17ðpÞ ¼ 64mcs½p2ð−4þ 5u:vÞ − 8u:pv:p�½−16m2
csp2 − 16imcsp2p:ðu × vÞ

þ ðp2ð−4þ 5u:vÞ − 8u:pv:pÞðp2ð−4þ u:vÞ − 4u:pv:pÞ�denoðC4Þ; ðA15Þ

C20ðpÞ ¼ 256mcs½p2ð4 − 5u:vÞ þ 8u:pv:p�2½ðp:uÞ2 − p2u2�denoðC4Þ; ðA16Þ

C21ðpÞ ¼ −C20ðpÞ; ðA17Þ

C22ðpÞ ¼
16

p2
½p2ð−4þ 5u:vÞ − 8u:pv:p�2

× ½64ðu:pÞ2ðv:pÞ3 þ ðp2Þ2ð−4þ 5u:vÞð4u:pv2 þ ð−4þ u:vÞv:pÞ
− 16p2v:pðm2

cs þ imcsp:ðu × vÞ þ u:pð2u:pv2 − 4v:pþ 3u:vp:vÞÞ�denoðC4Þ; ðA18Þ

C23ðpÞ ¼
16

p2
½p2ð−4þ 5u:vÞ − 8u:pv:p�2½64ðu:pÞ2ðv:pÞ3

þ ðp2Þ2ð−4þ 5u:vÞð4u:pv2 þ ð−4þ u:vÞv:pÞ
− 16p2v:pðm2

cs − imcsp:ðu × vÞ þ u:pð2u:pv2 − 4v:pþ 3u:vp:vÞÞ�denoðC4Þ; ðA19Þ

C24ðpÞ ¼
16

p2
½p2ð−4þ 5u:vÞ − 8u:pv:p�2½−16m2

csp2u:pþ 16imcsp2u:pp:ðu × vÞ

þ ðp2ð−4þ 5u:vÞ − 8u:pv:pÞðp2ð−4þ u:vÞu:p − 8ðu:pÞ2v:pþ 4p2u2v:pÞ�denoðC4Þ; ðA20Þ

C25ðpÞ ¼
16

p2
½p2ð−4þ 5u:vÞ − 8u:pv:p�2½−16m2

csp2u:p − 16imcsp2u:pp:ðu × vÞ

þ ðp2ð−4þ 5u:vÞ − 8u:pv:pÞðp2ð−4þ u:vÞu:p − 8ðu:pÞ2v:pþ 4p2u2v:pÞ�denoðC4Þ; ðA21Þ

C26ðpÞ ¼
64mcs

p2
½p2ð−4þ 5u:vÞ − 8u:pv:p�½64ðu:pÞ2ðv:pÞ3 þ ðp2Þ2ð−4þ 5u:vÞð4u:vv2 þ ð−4þ u:vÞv:pÞ

− 16p2v:pðm2
cs − imcsp:ðu × vÞ þ u:pð2u:pv2 − 4v:pþ 3u:vp:vÞÞ�denoðC4Þ; ðA22Þ

C27ðpÞ ¼
64mcs

p2
½p2ð−4þ 5u:vÞ − 8u:pv:p�½64ðu:pÞ2ðv:pÞ3 þ ðp2Þ2ð−4þ 5u:vÞð4u:vv2 þ ð−4þ u:vÞv:pÞ

− 16p2v:pðm2
cs þ imcsp:ðu × vÞ þ u:pð2u:pv2 − 4v:pþ 3u:vp:vÞÞ�denoðC4Þ; ðA23Þ

C28ðpÞ ¼ −
64mcs

p2
½p2ð−4þ 5u:vÞ − 8u:pv:p�½16m2

csp2u:pþ 16imcsp2u:pp:ðu × vÞ

− ðp2ð−4þ 5u:vÞ − 8u:pv:pÞðp2ð−4þ u:vÞu:p − 8ðu:pÞ2v:pþ 4p2u2v:pÞ�denoðC4Þ; ðA24Þ

C29ðpÞ ¼
64mcs

p2
½p2ð−4þ 5u:vÞ − 8u:pv:p�½16m2

csp2u:p − 16imcsp2u:pp:ðu × vÞ

− ðp2ð−4þ 5u:vÞ − 8u:pv:pÞðp2ð−4þ u:vÞu:p − 8ðu:pÞ2v:pþ 4p2u2v:pÞ�denoðC4Þ; ðA25Þ

C33ðpÞ ¼ 1024im2
cs½p2ð−4þ 5u:vÞ − 8u:pv:p�½p2v2 − ðp:vÞ2�denoðC4Þ; ðA26Þ
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C34ðpÞ ¼ 1024im2
cs½p2ð−4þ 5u:vÞ − 8u:pv:p�½p2u2 − ðp:uÞ2�denoðC4Þ; ðA27Þ

C35ðpÞ ¼ −256im2
cs½16m2

csp2 þ 16imcsp2p:ðu × vÞ
− ðp2ð−4þ 5u:vÞ − 8u:pv:pÞðp2ð−4þ u:vÞ − 4u:pv:pÞ�denoðC4Þ; ðA28Þ

C36ðpÞ ¼ −256im2
cs½16m2

csp2 − 16imcsp2p:ðu × vÞ
− ðp2ð−4þ 5u:vÞ − 8u:pv:pÞðp2ð−4þ u:vÞ − 4u:pv:pÞ�denoðC4Þ: ðA29Þ
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