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We present details of a lattice QCD calculation of the Bs → D�
s axial form factor at zero recoil using the

highly improved staggered quark (HISQ) formalism on the second-generation MILC gluon ensembles that
include up, down, strange and charm quarks in the sea. Using the HISQ action for all valence quarks means
that the lattice axial vector current that couples to theW can be renormalized fully nonperturbatively, giving
a result free of the perturbative matching errors that previous lattice QCD calculations have had. We
calculate correlation functions at three values of the lattice spacing, and multiple b-quark masses, for
physical c and s. The functional dependence on the b-quark mass can be determined and compared to
heavy quark effective theory expectations, and a result for the form factor obtained at the physical value of
the b-quark mass. We find FBs→D�

s ð1Þ ¼ hsA1
ð1Þ ¼ 0.9020ð96Þstatð90Þsys. This is in agreement with earlier

lattice QCD results, which use NRQCD b quarks, with a total uncertainty reduced by more than a factor
of 2. We discuss implications of this result for the B → D� axial form factor at zero recoil and for
determinations of Vcb.

DOI: 10.1103/PhysRevD.99.114512

I. INTRODUCTION

The study of quark flavor-changing interactions is a key
component of the search for physics beyond the standard
model (SM). There are currently a number of related
tensions between experimental measurements and SM
predictions [1–19], along with discrepancies between
systematically independent determinations of Cabibbo-
Kobayashi-Maskawa (CKM) matrix elements [20–22].
A more precise understanding of these processes is needed
to resolve these issues.
The B̄0 → D�þl−ν̄ decay (and its charge conjugate,which

we simply abbreviate to B → D�lν from now on) supplies
one of the three methods used for precisely determining the
CKM element jVcbj [23–40]. Measurements of branching
fractions are extrapolated through q2 to the zero recoil point

to deduce F ð1ÞjVcbj, where F ð1Þ is the value of the only
form factor contributing at zero recoil. Then a determination
of F ð1Þ in the standard model (via lattice QCD [39,41]) can
be divided out to infer jVcbj.
jVcbj is an important quantity and needs to be determined

accurately. It constrains one side of the unitarity triangle via
the ratio jVubj=jVcbj. It is also a dominant uncertainty in the
determination of the CP-violation parameter ϵK (where
there is currently tension between the SM and experiment;
see e.g., [42]).
Previous determinations of jVcbj have shown systematic

discrepancies with each other. The two competing values
were those derived from exclusive decays (B → D�lν and
B → Dlν with B → D� giving the more accurate result),
and inclusive (B → Xclν, where Xc is any charmed
hadronic state). In 2016 the Heavy Flavor Averaging
Group (HFLAV) gave a value derived from exclusive
B → D� decays of jVcbjexcl¼ð39.05�0.47exp�0.58thÞ×
10−3 and from inclusive decays, using the kinetic scheme,
of jVcbjincl ¼ ð42.19� 0.78Þ × 10−3 [20]. It has since been
suggested, based on unfolded Belle data [38], that the
tension seen here arose (at least partly) from the use of a
very constrained parametrization in the extrapolation of the
experimental B → D� decay rates to zero recoil [43–45].
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Recent exclusive determinations of Vcb have then used a
less constrained parametrization to give a larger, and less
precise, result for Vcb that is no longer in tension with the
inclusive result. For example, the Particle Data Group quote
jVcbjexcl ¼ ð41.9� 2.0Þ × 10−3 [46]. However, an even
more recent Vcb determination from B → D�lν data by
the BABAR collaboration [47] used the less constrained
parametrization but still found a tension with the inclusive
result. This clearly points to the need for more work to
improve the accuracy of the exclusive result. On the theory
side a better understanding of the form factors for B → D�
from lattice QCD is required, both at zero recoil and away
from zero recoil.
Another motivation for studying B → D�lν is the

tension between SM and experimental determinations of
the ratio RDð�Þ ¼ BðB̄ → Dð�Þτν̄τÞ=BðB̄ → Dð�Þlν̄lÞ (l ¼ e
or μ). The latest HFLAV report gives the combined
statistical significance of the anomalies in RD and RD�

to be 3.8σ [20]. A preliminary new analysis from Belle
[48], however, gives results closer to the SM and pulls the
global average down to 3.1σ. More precise measurements
and predictions will either confirm or dismiss a new physics
explanation.
The weak decay process Bs → D�

slν is very similar to
B → D�lν and could also be used to determine jVcbj and
test the SM. It is feasible to study this decay at the LHC and
from the theoretical side it is a more attractive channel than
B → D�. The absence of valence light quarks means that
lattice QCD results have smaller statistical errors and are
less computationally expensive. Finite-volume effects and
the dependence on u=d quark masses (for quarks in the sea)
are also smaller. The D�

s has no Zweig-allowed strong
decay mode, unlike the D�, and is in fact a relatively long-
lived particle [49] that can be considered “gold plated” in
lattice QCD. This makes the Bs → D�

slν both a useful test
bed for lattice techniques (that may be later used to study
B → D�lν decays) and a key decay process for which to
make predictions ahead of experimental results.
Lattice QCD calculations have shown that several weak

decay form factors are relatively insensitive to whether the
spectator quark is a u=d or s quark [50–52]. A combination
of chiral perturbation theory and heavy quark symmetry
[53] backs up this expectation for B decays. We can
therefore expect the form factors to be very similar for
Bs → D�

s and B → D�. A recent lattice calculation [41]
found an insignificant Oð1%Þ difference at zero recoil:
FB→D� ð1Þ=FBs→D�

s ð1Þ ¼ 1.013ð14Þstatð17Þsys. Information
from the study of Bs → D�

s can then be applicable to
B → D�.
Lattice QCD calculations of the BðsÞ → D�

ðsÞ form factors
at zero recoil have so far been performed by two collab-
orations using different methods. The Fermilab Lattice and
MILC collaborations calculated FB→D� ð1Þ in [39,54] using
the Fermilab action for both b and c quarks [55] and asqtad
u=d quarks [56]. More recently the HPQCD collaboration

computed both FB→D� ð1Þ and FBs→D�
s ð1Þ [41] using

improved NRQCD b quarks [57,58] and highly improved
staggered (HISQ) c and u=d=s quarks [59]. The RBC/
UKQCD [60] and LANL-SWME [61] collaborations are
also working towards these form factors using variants
of the Fermilab action for heavy quarks and JLQCD
has a calculation in progress using Möbius domain-wall
quarks [62].
The formalism to use for the heavy quarks is a major

consideration in designing a lattice QCD calculation to
determine these form factors. Most of the calculations
discussed in the previous paragraph (apart from the JLQCD
calculation) use approaches that make use of the non-
relativistic nature of heavy quark bound states to tune the b
(and in some cases also c) quark masses. This avoids
potentially large discretization effects appearing in the
results in the form of a systematic error of size ðambÞn,
where n is an integer that depends on the level of
improvement in the action. The absence of these discre-
tization errors means that b quarks can be handled on
relatively coarse lattices where amb > 1. However the price
to be paid is that the current operator that couples to the W
boson is also implemented within a nonrelativistic frame-
work and must then be renormalized to match the appro-
priate operator in continuum QCD. This matching can be
done using perturbative lattice QCD but has only been done
through OðαsÞ for these actions [63,64]. This leaves a
substantial source of uncertainty from missing higher-order
terms in the perturbative matching that is not easily
reduced. This matching uncertainty contributes ∼80% of
the final error in the HPQCD calculation [41] and ∼30% in
the Fermilab/MILC calculation [39] because of the differ-
ing allowances for missing higher-order terms.
Here we report details and results of a calculation of the

Bs → D�
s form factor at zero recoil using an approach free

of perturbative matching uncertainties. We perform our
calculation on the second-generation MILC ensembles
[65,66], including effects from 2þ 1þ 1 flavors in the
sea using the HISQ action. We also use the HISQ action for
all valence quarks. We obtain results at a number of differing
masses for the b (we refer to this generically as the heavy
quark h), and perform an extrapolation to mh ¼ mb. By
using onlyHISQ quarks, we can obtain the normalizations of
all required currents fully nonperturbatively. We refer to this
as the heavy-HISQ approach. By using many heavy masses
andmultiple values of the lattice spacing, including very fine
lattices,we canmodel both the form factor dependenceon the
heavy mass, and the discretization effects associated with
using large amh values.
The heavy-HISQ approach was developed by HPQCD to

compute B meson masses and decay constants [67,68] and
the b-quark mass [69,70]. It is also now being used by other
collaborations for these calculations [71,72]. A proof-of-
principle application of heavy HISQ to form factors was
given in [73,74] for Bc decays, showing that the full q2
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range of the decay could be covered. Here we extend the
approach to form factors for Bs decays but working only at
zero recoil, a straightforward extension of earlier work.
Using the heavy-HISQ approach also has the added benefit
of elucidating the dependence of form factors on heavy
quark masses, meaning that we can test expectations from
heavy quark effective theory (HQET).
This article is structured in the following way: Sec. II

defines the form factor and gives details of the lattice
calculation, including the nonperturbative normalization
and extrapolation in heavy quark mass; Sec. III presents our
results and compares to earlier calculations, and Sec. IV
gives our conclusions and outlook. In the Appendix, we
give details of a number of tests we performed on the
correlator fits and the continuum, chiral and heavy quark
extrapolations.

II. CALCULATION DETAILS

A. Form factors

The differential decay rate for the B̄0
s → D�þ

s l−ν̄l decay
is given in the SM by

dΓ
dw

ðB̄0
s → D�þ

s l−ν̄lÞ

¼ G2
FM

3
D�

s
jη̄EWVcbj2
4π3

× ðM2
Bs
−M2

D�
s
Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
χðwÞjFBs→D�

s ðwÞj2; ð1Þ

where w ¼ vBs
· vD�

s
, v ¼ p=M is the 4-velocity of each

meson, and χðwÞ is a known function of w with χð1Þ ¼ 1
(see, e.g., Appendix G of [41]). η̄EW accounts for electro-
weak corrections from diagrams where photons or Zs are
exchanged in addition to a W−, as well as the Coulomb
attraction of the final-state charged particles [75–77]. The
differential decay rate for the B0

s → D�−
s lþν̄l is identical.

The form factor FBs→D�
s ðwÞ is a linear combination of

hadronic form factors that parametrize the vector and axial-
vector matrix elements between initial and final-state

hadrons. A common choice of parametrization used in
the context of HQET is [78]

hD�
sðϵÞjVμjBsi ¼ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MBs

MD�
s

p
hsVðwÞϵμναβϵ�νvαD�

s
vβBs

; ð2Þ

hD�
sðϵÞjAμjBsi¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MBs

MD�
s

p ½hsA1
ðwÞðwþ1Þϵ�μ

−hsA2
ðwÞϵ� ·vBs

vBsμ−hsA3
ðwÞϵ� ·vBs

vD�
sμ�;
ð3Þ

where Vμ ¼ c̄γμb is the vector b → c current and Aμ ¼
c̄γμγ5b is the axial-vector current. ϵ is the polarization
4-vector of the D�

s final state.
At zero recoil (w ¼ 1), the vector matrix element

vanishes, the axial-vector element simplifies to

hD�
sðϵÞjAμjBsi ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MBs

MD�
s

p
hsA1

ð1Þϵ�μ; ð4Þ

and FBs→D�
s ðwÞ reduces to

FBs→D�
s ð1Þ ¼ hsA1

ð1Þ: ð5Þ

Our goal is to compute hsA1
ð1Þ.

All we need to do this is the matrix element
hD�

sðϵÞjAμjBsi with both the Bs and D�
s at rest, with the

D�
s polarization ϵ in the same direction as the (spatial) axial-

vector current.

B. Lattice calculation

The gluon field configurations that we use were gen-
erated by the MILC collaboration [65,66]. Table I gives the
relevant parameters for the specific ensembles that we use.
The gluon field is generated using a Symanzik-improved
gluon action with coefficients calculated through
Oðαsa2; nfαsa2Þ [79]. The configurations include the effect
of 2þ 1þ 1 flavors of dynamical quarks in the sea
(u; d; s; c, with mu ¼ md ≡ml), using the HISQ action
[59]. In three of the four ensembles (fine, superfine and
ultrafine), the bare light quark mass is set toml0=ms0 ¼ 0.2.

TABLE I. Parameters for the ensembles of gluon field configurations that we use [65,66]. a is the lattice spacing, determined from the
Wilson flow parameter, w0. Values for w0=a are from set 1, [80], sets 2 and 3, [70] and set 4 [81]. The physical value of w0 was
determined at 0.1715(9) fm from fπ [82]. Nx is the spatial extent and Nt the temporal extent of the lattice in lattice units; ncfg is the
number of gluon field configurations in the ensemble and nsrc the number of different time sources used per configuration. Light, strange
and charm quarks are included in the sea, their masses are given in columns 6–8, and the valence quark masses in columns 9–11. The s
and c valence quarks were tuned in [70]. We use a number of heavy quark masses to assist the extrapolation to the physical b mass.
Column 12 gives the temporal separations between source and sink, T, of the three-point correlation functions computed on each
ensemble.

Set Handle w0=a N3
x × Nt ncfg × nsrc aml0 ams0 amc0 amval

s0 amval
c0 amval

h0 T

1 Fine 1.9006(20) 323 × 96 938 × 8 0.0074 0.037 0.440 0.0376 0.45 0.5, 0.65, 0.8 14,17,20
2 Fine physical 1.9518(7) 643 × 96 284 × 4 0.0012 0.0363 0.432 0.036 0.433 0.5, 0.8 14,17,20
3 Superfine 2.896(6) 483 × 144 250 × 8 0.0048 0.024 0.286 0.0234 0.274 0.427, 0.525, 0.65, 0.8 22,25,28
4 Ultrafine 3.892(12) 643 × 192 249 × 4 0.00316 0.0158 0.188 0.0165 0.194 0.5, 0.65, 0.8 31,36,41
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The fact that the ml0 value is unphysically high is expected
to have only a small effect on hsA1

ð1Þ, because there are no
valence light quarks. The effect is quantified here by
including a fourth ensemble (fine physical) with (approx-
imately) physical ml0.
We use a number of different masses for the valence

heavy quark, h. This is in order to resolve the dependence
of hsA1

ð1Þ on the heavy mass, so that an extrapolation to
mh ¼ mb can be performed. By varying the heavy mass on
each ensemble and by using ensembles at varying small
lattice spacing, we can resolve both the discretization
effects that grow with heavy quark mass (amval

h0 ≲ 1) and
the physical dependence of the continuum form factor
on mh.
Staggered quarks have no spin degrees of freedom

(d.o.f.), so that a solution of the Dirac equation on each
gluon field is numerically fast. The remnant of the doubling
problem means that quark bilinears of specific spin parity
have multiple copies, called “tastes” [59]. They differ in the
amount of point splitting between the fields and the space-
time dependent phase needed to substitute for the appro-
priate γ matrix. In this calculation we can use only local
(nonpoint-split) bilinears, which is an advantage in terms of
statistical noise, since no gluon fields are included in the
current operator. In the standard staggered spin-taste
notation, the operators that we use are pseudoscalar,
ΓP ¼ ðγ5 ⊗ γ5Þ, vector, Γμ

V ¼ ðγμ ⊗ γμÞ and axial-vector,
Γμ
A ¼ ðγμγ5 ⊗ γμγ5Þ.
We compute several two-point correlation functions on

the ensembles detailed in Table I, combining HISQ
propagators from solving the Dirac equation for each
random wall time source. These correlation functions take
the form

CMðtÞ ¼
1

Ntaste
hΦMðtÞΦ†

Mð0Þi;

ΦMðtÞ ¼
X
x

q̄ðx; tÞΓq0ðx; tÞ; ð6Þ

where hi represents a functional integral, q, q0 are valence
quark fields of the flavors theM meson is charged under, Γ
is the spin-taste structure ofM and 1=Ntaste is the staggered
quark normalization for closed loops. The random-wall
source and the sum over x at the sink project onto zero
spatial momentum. We compute the correlation functions
for all t values, i.e., 0 ≤ t ≤ Nt.
The correlation function for the heavy-strange pseudo-

scalar meson, Hs, with valence quark content hs̄ and spin-
taste structure ΓP is constructed from HISQ propagators as

CHs
ðtÞ ¼ 1

4

X
x;y

Tr½ghðx; yÞg†sðx; yÞ�: ð7Þ

Here gqðx; yÞ is a HISQ propagator for flavor q, the trace is
over color and 1=4 is the staggered quark normalization.

x0 ¼ 0 and y0 ¼ t and the sum is over spatial sites x, y. We
also compute correlators for a charm-strange vector meson
D�

s , with structure Γi
V , using

CD�
s
ðtÞ ¼ 1

4

X
x;y

ð−1ÞxiþyiTr½gcðx; yÞg†sðx; yÞ�: ð8Þ

We average over polarizations, i ¼ 1, 2, 3.
We also compute correlation functions for two tastes of

pseudoscalar heavy-charm mesons denoted Hc and Ĥc

respectively. Hc has spin-taste structure ΓP, and Ĥc has
structure Γ0

A. Hc correlators are computed using Eq. (7)
(with gs replaced with gc), while Ĥc correlators are
given by

CĤc
ðtÞ ¼ 1

4

X
x;y

ð−1Þx̄0þȳ0Tr½ghðx; yÞg†cðx; yÞ�; ð9Þ

where we use the notation z̄μ ¼
P

ν≠μzν. These correlators
are used to normalize the axial vector bc̄ current as
discussed in Sec. II D.
A useful physical proxy (that does not run) for the quark

mass is that of the pseudoscalar meson made from that
flavor of quark. It is therefore also useful, for our heavy
quark mass extrapolation, to calculate correlation functions
for heavy-heavy pseudoscalars, denoted ηh, with spin-taste
structure ΓP using Eq. (7). Likewise, to test the impact of
any mistuning of the charm and strange quark masses, we
also determine ηc and ηs correlators analogously. We can
tune the c and b masses using the experimental values for
the ηc and ηb masses, allowing for slight shifts frommissing
QED effects and the fact that we do not allow these mesons
to annihilate to gluons [69]. The mass of the ηs meson
(which is not a physical state) can be fixed in lattice QCD
from the K and π meson masses [82,83].
We then generate the three-point correlation functions

that contain the Hs to D�
s transition.

C3ptðt; TÞ ¼
1

Ntaste

X
y

hΦD�
s
ðTÞAiðy; tÞΦHs

ð0Þi;

Aμðy; tÞ ¼ c̄ðy; tÞγ5γμhðy; tÞ: ð10Þ

Our Hs source is given spin taste ΓP, the D�
s sink, Γi

V , and
the current insertion Γi

A. This gives the required cancella-
tion of tastes within the three-point function [84]. In terms
of HISQ propagators

C3ptðt;TÞ¼
1

4

X
x;y;z

ð−1Þȳiþz̄iTr½ghðx;yÞgcðy;zÞg†sðz;xÞ�; ð11Þ

where we fix x0 ¼ 0, y0 ¼ t and z0 ¼ T. We compute the
three-point correlation functions for all t values within
0 ≤ t ≤ T, and 3T values that vary between ensembles and
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are given in Table I. We average over the three directions
for i for increased statistical precision.

C. Analysis of correlation functions

We use simultaneous Bayesian fits [85,86] to extract the
axial-vector matrix element and meson masses from the
two- and three-point correlation functions. This allows us to
include the covariance between results at different heavy
quark masses on a given ensemble into our subsequent fits
in Sec. II E.
We fit the two-point correlation functions using the

functional form

CMðtÞjfit ¼
XNexp

n

ðjaMn j2fðEM
n ; tÞ

− ð−1ÞtjaM;o
n j2fðEM;o

n ; tÞÞ; ð12Þ

fðE; tÞ ¼ ðe−Et þ e−EðNt−tÞÞ;

where Nt is the temporal extent of the lattice, and EM;ðoÞ
n ,

aM;ðoÞ
n are fit parameters, with the excited-state energy

parameters implemented as energy differences to the state
below [85]. The second term accounts for the presence of
opposite-parity states that contribute an oscillating term to
the correlation function when using staggered quarks [59].
These terms do not appear whenM is a pseudoscalar with a
quark and antiquark of the same mass, so in theM ¼ ηh; ηc,
and ηs cases the second term is not required. For all
correlator fits we set Nexp ¼ 5; this allows the impact of
systematic effects from excited states to be included in the
ground-state parameters that we are interested in.
The three-point correlation functions have the fit form

C3ptðt; TÞjfit

¼
XNexp;Nexp

k;j¼0

ðaHs
j Jnnjk a

D�
s

k fðEHs; tÞfðED�
s

n ; T − tÞ

þ aHs;o
j Jonjk a

D�
s

k ð−1ÞtfðEHs;o
n ; tÞfðED�

s ; T − tÞ
þ aHs

j Jnojk a
D�

s ;o
k ð−1ÞT−tfðEHs; tÞfðED�

s ;o
n ; T − tÞ

þ aHs;o
j Joojk a

D�
s ;o

k ð−1ÞTfðEHs;o
n ; tÞfðED�

s ;o; T − tÞÞ: ð13Þ

This includes fit parameters common to the fits of the Hs
and D�

s two-point correlators, along with new fit param-
eters Jjk.
We perform a single simultaneous fit containing each

correlator computed (Hs;D�
s ; ηh; ηc; ηs; Hc; Ĥc, and three-

point) for each ensemble. We set Gaussian priors for the
parameters Jjk, and log-normal priors for all other param-
eters. Using log-normal distributions forbids energy
differences EM

nþ1 − EM
n and amplitudes aMn (which can be

taken to be positive here) from moving too close to 0 or
changing sign, improving stability of the fit.
Ground-state energies EM

0 are given priors of ðamq0þ
amq00 þ aΛQCDÞ � 2aΛQCD, where mq0 and mq00 are the
masses of the appropriate quarks, and ΛQCD is the confine-
ment scale, which we set to 0.5 GeV. For q ¼ h or c, this
corresponds to the leading order HQET expression for a
heavy meson mass. Ground-state energies of oscillating
states, EM;o

0 , are given priors of ðamq0þamq00þ2aΛQCDÞ�
2aΛQCD. Excited-state energy differences, EM

iþ1−EM
i , i > 0

are given prior values 2aΛQCD � aΛQCD. Priors for ground-
state amplitudes aM0 are set from plots of effective ampli-
tudes. The resulting priors always have a variance at least
ten times that of the final result for the ground state. We use
log (amplitude) priors of −1.20ð67Þ for nonoscillating
excited states and −3.0ð2.0Þ for oscillating excited states.
The ground-state nonoscillating to nonoscillating three-
point parameter, Jnn00 , is given a prior of 1� 0.6, and the rest
of the three-point parameters Jnnjk are given 0� 1.
EM
0 ¼ aMM is the mass of the ground-state meson M in

lattice units. The masses MHs
and Mηh can both be used as

proxies for mh in the extrapolation to mh ¼ mb. The
annihilation amplitude for an M meson is given (in lattice
units) by

h0jΦMjMijlat ¼
ffiffiffiffiffiffiffiffiffiffiffi
2MM

p
aM0 : ð14Þ

The (as yet un-normalized) matrix element that we need to
obtain hsA1

ð1Þ is given by

hD�
sðk̂ÞjAkjHsijlat ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MHs

MD�
s

p
Jnn00 : ð15Þ

To ensure that truncating the sum over states at Nexp
accounts for the full systematic error from excited states,
we cut out some data very close to the sources and sinks,
where even higher excited states might have some effect. To
do this we only include data with t ≥ tcut and t ≤ Nt − tcut
in the two-point case and t ≤ T − tcut in the three-point
case. We can in principle use a different tcut for every
correlation function included in our fit, but we do not use a
big range of tcut values. They range from 1 to 3 for the
three-point functions and up to 8 for the two-point
functions.
The determination and minimization of the χ2 function in

our fit procedure requires the inversion of the covariance
matrix that captures correlations between the different
pieces of data (correlation functions) in our fit. The low
eigenmodes of the correlation matrix are not well deter-
mined with the statistics that we have and so we implement
a singular value decomposition (SVD) cut in the inversion
of the correlation matrix to avoid underestimating the
uncertainty in the parameters of the fit [86]. This replaces
correlation matrix eigenvalues below λmin, equal to svdcut
times the largest eigenvalue, with λmin. λmin is estimated
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using the diagnosis tools in the Corrfitter package [86] and
corresponds typically to an svdcut of 10−3 here.
Figure 1 summarizes stability tests of our fits, focusing

on the key parameter Jnn00 that is converted to the ground-
state to ground-state transition amplitude using Eq. (15).
The fit parameters determined by our fits that we use to

calculate the physical value for hsA1
ð1Þ are given in Table II.

Notice that the statistical errors on the results grow with the

heavy quark mass. This is a well-understood problem in
lattice heavy-light meson physics (see, e.g., [87]). Our
method here has the advantage of including information
from lighter-than-b heavy quarks with improved statistical
precision.

D. Normalization of the axial current

The partially conserved axial-vector current for the
HISQ action is a complicated linear combination of one-
link and three-link lattice currents. In this study we use only
local axial-vector currents. This simplifies the lattice QCD
calculation but creates the need for our resulting current
matrix element to be multiplied by a matching factor ZA to
produce the appropriate continuum current. We determine
ZA via a fully nonperturbative method [84].
We use the fact that the staggered local pseudoscalar

current of spin taste (γ5 ⊗ γ5), multiplied by the sum of its
valence quark masses, is absolutely normalized via the
PCAC relation. From the two-point Hc and Ĥc correlator
fits we can extract the decay amplitudes h0jc̄ðγ5 ⊗
γ5ÞhjHci≡ h0jPjHci and h0jc̄ðγ0γ5 ⊗ γ0γ5ÞhjĤci ¼
h0jA0jĤci as in Eq. (14). Then, the normalization for the
local A0 current (common to that of the local spatial axial-
vector current Ak up to discretization effects), ZA, is fixed
by demanding that

ðmval
h0 þmval

c0 Þh0jPjHcijlat ¼ MĤc
ZAh0jA0jĤcijlat: ð16Þ

The ZA values found on each ensemble and amval
h0 are given

in Table III.
There is an ambiguity in what mass to use on the right-

hand side of Eq. (16). We use the non-Goldstone mass
MĤc

, but one could just as well replace this withMHc
since

the difference is a discretization effect. The meson mass
difference is very small for heavy mesons [59], and so we

FIG. 1. Tests of the stability of correlator fits for Jnn00 from fitting
the two- and three-point correlators at heavy mass amval

h0 ¼ 0.5 on
the fine ensemble. Ntest ¼ 1 gives our final result. Ntest ¼ 2 gives
the results when all priors are broadened by 50%. Ntest ¼ 3 and 4
give the results of setting Nexp ¼ 4 and 6, respectively. Ntest ¼ 5,
6 give the result of setting tcut ¼ 2; 4 respectively for all
correlators. Ntest ¼ 7 gives the result without marginalizing out
the n ¼ 5 excited state. Ntest ¼ 8 gives the result of changing the
SVD cut from 10−3 to 10−2. Ntest ¼ 9 gives the result from a fit
containing only amval

h0 ¼ 0.5 correlators and hence with a smaller
covariance matrix. This allows us, as a test, to use a reduced SVD
cut of 10−5.

TABLE II. Values extracted from correlation function fits for hsA1
ð1Þ, along with quantities required in our fits to determine a value at

the physical point. Results are given on each gluon field ensemble for each valence heavy quark mass used. Results come from our
simultaneous fits to two-point and three-point correlation functions: hsA1

ð1Þ values are determined using Eq. (19) and the ground-state
meson masses in columns 4, 5, 6, 8, 9 and 10 from Eq. (12). fHc

is the Hc meson decay constant determined from Eq. (A1).

Set amval
h0 hsA1

ð1Þ aMHs
aMD�

s
aMHc

afHc
aMηh aMηc aMηs

1 0.5 0.9255(20) 0.95972(12) 0.96616(44) 1.419515(41) 0.186299(70) 1.471675(38) 1.367014(40) 0.313886(75)
0.65 0.9321(22) 1.12511(16) 1.573302(40) 0.197220(77) 1.775155(34)
0.8 0.9434(24) 1.28128(21) 1.721226(39) 0.207068(78) 2.064153(30)

2 0.5 0.9231(21) 0.95462(12) 0.93976(42) 1.400034(28) 0.183472(62) 1.470095(25) 1.329291(27) 0.304826(52)
0.8 0.9402(27) 1.27577(22) 1.702456(23) 0.203407(45) 2.062957(19)

3 0.427 0.9107(46) 0.77453(24) 0.63589(49) 1.067224(46) 0.126564(70) 1.233585(41) 0.896806(48) 0.207073(96)
0.525 0.9165(49) 0.88487(31) 1.172556(46) 0.130182(72) 1.439515(37)
0.65 0.9246(65) 1.02008(39) 1.303144(46) 0.133684(75) 1.693895(33)
0.8 0.9394(66) 1.17487(54) 1.454205(46) 0.137277(79) 1.987540(30)

4 0.5 0.9143(51) 0.80245(24) 0.47164(39) 1.011660(32) 0.098970(52) 1.342639(65) 0.666586(89) 0.15412(17)
0.65 0.9273(62) 0.96386(33) 1.169761(34) 0.100531(60) 1.650180(56)
0.8 0.9422(72) 1.11787(43) 1.321647(37) 0.101714(70) 1.945698(48)
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find the effect of changing the taste of meson mass used
never exceeds 0.15% of ZA throughout the range of
ensembles and heavy masses that we use and has no
impact on the continuum result.
We also remove tree-level mass-dependent discretization

effects coming from the wave function renormalization [59]
by multiplying by a factor Zdisc. This is derived in [64] as

Zdisc ¼
ffiffiffiffiffiffiffiffiffiffiffi
C̃hC̃c

q
;

C̃q ¼ coshamq;tree

�
1 −

1þ ϵq;Naik
2

sinh2amq;tree

�
: ð17Þ

See also [71].mq;tree is the tree-level pole mass in the HISQ
action. It has an expansion in terms of the bare mass [59]

amq;tree ¼ amq0

�
1−

3

80
am4

q0 þ
23

2240
am6

q0

þ 1783

537600
am8

q0 −
76943

23654400
am10

q0 þOðam12
q0Þ

�
;

ð18Þ

ϵq;Naik fixes the Naik parameter [88] (N ¼ 1þ ϵ is the
coefficient of the tree-level improvement term for the
derivative) in the HISQ action when it is being used for
heavy quarks [59]. ϵq;Naik is set to its tree-level value,
removing the leading tree-level errors from the dispersion
relation. As an expansion in amq;tree it begins at
Oðamq;treeÞ2 [59]. To determine ϵq;Naik we use the closed
form expression for it given in [64] and this can also be
used along with Eq. (18) to evaluate Zdisc. The pole
condition can be used to show that the expansion of C̃q

begins at am4
q0 as 1–3am

4
q0=80þ � � �. The effect of Zdisc is

then very small, never exceeding 0.2%. Zdisc values on each
ensemble for each amval

h0 are given in Table III.

Combining these normalizations with the lattice current
from the three-point fits, we find a value for the form factor
at a given heavy mass and lattice spacing,

hsA1
ð1Þ ¼ 1

3

X3
k¼1

ZAZdischD�
sðk̂ÞjAkjHsijlat

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MHs

MD�
s

p : ð19Þ

E. Obtaining a result at the physical point

We now discuss how we fit our results for the zero recoil
form factor, hsA1

ð1Þ, as a function of valence heavy quark
mass, sea light quark mass and lattice spacing to obtain a
result at the physical point where the heavy quark mass is
that of the b, the sea quark masses are physical and the
lattice spacing is 0.
In summary, we fit our results for hsA1

ð1Þ to the following
form:

hsA1
ð1Þða;ml; mhÞ ¼ 1 −

�
εc
2

�
2

lV þ εcεh
lA
2
−
�
εh
2

�
2

lP

þN disc þN mistuning: ð20Þ

The terms in the first line allow for dependence on the
valence heavy quark and charm quark masses (with
εq ≡ 1=mq) using input from HQET, to be discussed below.
N disc and N mistuning account for discretization and mass
mistuning effects, also discussed below. The physical result
is then hsA1

ð1Þð0; ml;phys; mbÞ.

1. Dependence on the heavy valence quark mass

Our fit of the mh dependence is guided by HQET, which
considers both the c quark and the heavy quark of mass mh

to be heavy here. In particular, for the parameter hðsÞA1
ð1Þ,

HQET forbids terms of Oð1=mQÞ where mQ can be mc or
mb [89]. The HQET expression for hA1

ð1Þ is then given by
[90,91]

hA1
ð1Þ ¼ ηA

�
1 −

lV
ð2mcÞ2

þ lA
2mcmh

−
lP

ð2mhÞ2
�

þO
�

1

mn
cmm

h
; nþm ≥ 3

�
; ð21Þ

where lV , lA and lP are OðΛ2
QCDÞ (with possible mild

dependence on whether the spectator quark is s or u=d). ηA
accounts for ultraviolet matching between HQET and
QCD, and has been computed to two loops in perturbative
QCD [92]. It has mild dependence on mh through loga-
rithms of mc=mh; at one-loop ηA has explicit form [93]

ηA ¼ 1 −
αs
π

�
1þmc=mh

1 −mc=mh
ln
mc

mh
þ 8

3

�
: ð22Þ

TABLE III. Normalization constants applied to the lattice axial
vector current in (19). ZA is found from (16) and Zdisc from (17).

Set amval
h0 ZA Zdisc

1 0.5 1.03178(57) 0.99819
0.65 1.03740(58) 0.99635
0.8 1.04368(56) 0.99305

2 0.5 1.03184(47) 0.99829
0.8 1.04390(39) 0.99315

3 0.427 1.0141(12) 0.99931
0.525 1.0172(12) 0.99859
0.65 1.0214(12) 0.99697
0.8 1.0275(12) 0.99367

4 0.5 1.00896(44) 0.99889
0.65 1.01363(49) 0.99704
0.8 1.01968(55) 0.99375
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The coefficient of αs=π then varies from −0.66 to −0.29
across the range of mh from mh ¼ mc to mh ¼ mb, taking
mb=mc ¼ 4.577ð8Þ [94]. The two-loop correction is small
[92]. ηA is then close to 1 and differs by a few percent across
our range of mh.
Our calculation has results at multiple values of mh, and

could therefore in principle provide information on the
coefficients lA and lP of the mh-dependent terms in the
HQET expansion. The charm quark mass is fixed to its
physical value and so we cannot access the value of lV
independent of a choice of ηA at mh ¼ mc. The terms in
round brackets in Eq. (21), multiplying ηA, are all very
small because of the suppression by heavy quark masses.
To constrain them tightly requires very precise data and, as
we see, we are not able to determine lA, lP or lV accurately
with our results. It therefore does not make sense to attempt
to compare them accurately to HQET expectations. To do
so would require using an appropriate quark mass defi-
nition [since different definitions will move quark mass
dependence between the lA term and the others in Eq. (21)]
and the two-loop expression for ηA with appropriate value
for αs (since logarithmic mh dependence of ηA can be
misinterpreted as part of a polynomial in 1=mh).
Instead we simply take a HQET-inspired form for themh

dependence and set ηA to 1, resulting in the first line of our
fit form, Eq. (20). This is sufficient to test, through the
results we obtain for lA, lV and lP using this expression, that
the HQET expectation for the approximate size of these
coefficients is fulfilled. We take priors on lA;V;P in our fit
of 0� 1 GeV2.
We have several different proxies, derived from heavy

meson masses, that we can take for the heavy quark mass
that appears in εh in Eq. (20). We do not expect our physical
result for hsA1

to vary significantly depending on which
meson mass we use, but the results for lA, lV and lP vary
because of different subleading terms in the relationship
between meson and quark mass. The most obvious sub-
stitutions to use for the heavy quark mass are the mass of
the pseudoscalar heavy-strange meson, MHs

, and half the
mass of the pseudoscalar heavyonium meson,Mηh . We also
tested using the quark mass in the minimal renormalon
subtracted (MRS) scheme suggested in [95]. This takes

mh ¼ MHs
− Λ̄MRS −

μ2MRS

MHs
− Λ̄MRS

þO
�

1

m2
h

�
; ð23Þ

where μ2MRS ¼ μ2π;MRS − dHð�Þμ2G;MRS with dHð�Þ ¼ 1 for
pseudoscalar mesons and −1=3 for vectors. For this case
we use parameters determined in [94] for the MRS scheme:
Λ̄MRS ¼ 0.552ð30Þ GeV, μ2π;MRS ¼ 0.06ð22Þ GeV2 and
μ2G;MRS ¼ 0.38ð1Þ GeV2. We take mh from Eq. (23) using
our results for the mass of the pseudoscalar heavy-strange
meson and mc from our results for the mass of the
D�

s meson.

We take our central fit, for simplicity, from the result of
using half the pseudoscalar heavyonium mass for mh and
half the pseudoscalar charmonium mass for mc, i.e., taking

εq ≡ 2

Mηq

: ð24Þ

We test the stability of the fit results under the different
choices discussed above in Sec. III B.

2. Mistuning of other quark masses

Our calculation has results for multiple different heavy
quark masses on each gluon field configuration. The
valence charm and strange quark masses, however, are
tuned to their physical values. This is done by fixing the ηc
and ηs meson masses to their physical values in a pure QCD
world allowing, for example, for ηc annihilation as dis-
cussed in [70]. Any possible mistuning of the charm quark
mass is accounted for in our fit function by the dependence
on the charm quark mass that is included in the first line of
Eq. (20). When the fit function is evaluated at the physical
point we set εc from the physical ηc mass.
The strange (valence and sea) and light (sea) mass

mistunings are accounted for using the tuning in [70].
For the strange quark, we define δs ¼ ms −mtuned

s , where
mtuned

s is given by

mtuned
s ¼ ms0

�
Mphysical

ηs

Mηs

�2

: ð25Þ

Mphysical
ηs is determined in lattice simulations from the

masses of the pion and kaon [82]. The ratio δs=mtuned
s then

gives the fractional mistuning. The valence strange quark
masses are very well tuned, but the sea strange quark
masses less so.
We similarly account for mistuning of the masses of the

(sea) light quarks by defining δl ¼ ml0 −mtuned
l . We find

mtuned
l frommtuned

s , leveraging the fact that the ratio of quark
masses is regularization independent, and the ratio was
calculated in [71],

ms

ml

����
phys

¼ 27.18ð10Þ: ð26Þ

We set mtuned
l to mtuned

s divided by this ratio.
The full term we include to account for mistuning is then

given by

N mistuning ¼
cvals δvals þ csδs þ 2clδl

10mtuned
s

; ð27Þ

where cl, cs and cvals are fit parameters with prior distri-
butions 0� 1. We neglect δ2s;l contributions since these are
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an order of magnitude smaller and are not resolved in the
results of our lattice calculation.
The gluon field configurations that we use have mu ¼

md ≡ml in the sea. In the real world this is not true. We test
the impact of possible isospin breaking on our fits by testing
for sensitivity to the sea light quark masses. We do this by
changing themtuned

l value up and down by the expected value
for md −mu [46]. We find the effect to be completely
negligible in comparison to the other sources of error.

3. Discretization effects

Discretization effects in our lattice QCD results are
accounted for following the methodology of [68]. We take

N disc ¼
X2;2;2

i¼0;jþk≠0
dijk

�
2ΛQCD

Mηh

�
i
�
amval

h0

π

�
2j�amval

c0

π

�
2k

:

ð28Þ
The leading terms, with i ¼ 0, allow for discretization
effects that are set by the heavy quark mass and also
discretization effects that are set by the charm quark mass
(or indeed any other lighter scale that is independent of
heavy quark mass). The i > 0 terms allow for discretization
effects to vary as the heavy quark mass is varied, with Mηh
being used here as a proxy for the heavy quark mass. dijk
are fit parameters with prior distributions 0� 1.0. All
discretization effects are of even order by construction of
the HISQ action [59].
We tested the impact on the fit of including extra

discretization effects set by the scale ΛQCD but this made
no difference (since such effects are much smaller than
those already included by the amval

c0 terms). We also tested
the effects of increasing the number of terms in each sum,
but the final result remained unchanged.

4. Finite-volume effects

The finite volume effects in our lattice results are
expected to be negligible, because we are working with
heavy mesons that have no valence light quarks and no
Zweig-allowed strong decay modes. Coupling to chiral
loops or decay channels with pions that could produce
significant finite-volume effects [96] is therefore absent and
we can safely ignore finite-volume effects here.
In Sec. III B we detail the results of several tests of the

stability of our final result under changes to the details of
the fit.

5. Topological charge effects

It has been observed that the finest MILC ensembles
(a ≃ 0.45 fm and finer) suffer from slow variation in the
topological charge [97] with Monte Carlo time. The
question then arises if physical observables obtained by
averaging over the ensemble could be biased by being
measured in only a small range of topological charge

sectors. This issue is addressed in [97] through a calculation
of the “topological adjustment” needed for meson masses
and decay constants on the ultrafine lattices used here (with
ml=ms ¼ 0.2). The adjustment found for the Ds decay
constant is 0.002%. We might expect the impact of a frozen
topological charge on hsA1

ð1Þ to be of a similar size to this,
given that it involves a transition between heavy-strange
mesons. Allowing for this systematic uncertainty (or even
ten times it) has a negligible effect on our final result.

III. RESULTS AND DISCUSSION

A. Result for hsA1
ð1Þ

The results of our correlation function fits (discussed in
Sec. II C) are given in Table II. We tabulate values for
hsA1

ð1Þ at each heavy quark mass that we have used on each
gluon field ensemble from Table I. We also tabulate the
meson masses needed to allow determination of hsA1

ð1Þ at
the physical point, using the fit form of Eq. (20).
The fit function of Eq. (20) is readily applied, giving a

χ2=½dof� of 0.21 for 12 d.o.f. Figure 2 shows our results for
hsA1

ð1Þ along with the fit function at zero lattice spacing and
physical u=d, s and c quark masses as the grey band.
Evaluating the fit function at the physical b mass, as
determined by Mηb, gives our final result

FBs→D�
s ð1Þ ¼ hsA1

ð1Þ ¼ 0.9020ð96Þstatð90Þsys: ð29Þ

Adding the statistical and systematic errors in quadrature,
we find a total fractional error of 1.5%. The error budget for

FIG. 2. hsA1
ð1Þ against Mηh (a proxy for the heavy quark mass).

The grey band shows the result of the extrapolation to a ¼ 0 at
physical l; s and c masses; the black star shows our result at the
physical b-quark mass. Gluon field ensembles listed in the legend
follow the order of sets in Table I. Solid lines simply join the
points on a given ensemble for added clarity. The red inverted
triangle gives the determination of the same quantity from a
previous study using the NRQCD action for the b quark [41].
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this result is given in Table IV. Note that we allow for an
additional �10 MeV uncertainty in the physical value of
the ηb mass beyond the experimental uncertainty, since our
lattice QCD results do not include the effect of ηb
annihilation and QED [68]. This has no effect, however,
since the heavy quark mass dependence is so mild.
Our total uncertainty is dominated by the statistical

errors in our lattice results. The systematic error is
dominated by that from the continuum extrapolation.
We include in Fig. 2 the value from the only other lattice

determination of hsA1
ð1Þ [41]. This calculation also used

MILC nf ¼ 2þ 1þ 1 gluon field ensembles, but with the
bulk of the ensembles used having coarser lattice spacing.
This was made possible by the use of the NRQCD action
for the b quark [58]. The HISQ action was used for
all the other quarks. The result of this calculation was
hsA1

ð1Þ ¼ 0.883ð12Þstatð28Þsys. Our result is in agreement
with this, but with substantially smaller errors. The NRQCD
uncertainty of 3.4% is dominated by the systematic error
from the OðαsÞ matching factor used to normalize the
NRQCD-HISQ current and this error is absent from our
calculation.
In addition to a value for hsA1

ð1Þ our calculation is able to
give information on the physical dependence on the heavy
quark mass of FHs→D�

s ð1Þ. We see from Fig. 2 that this
dependence is very mild to the point of being absent.We can
determine the ratio of FHs→D�

s ð1Þ for mh ¼ mb to mh ¼ mc
(albeit that this latter point corresponds to an unphysical
Ds → D�

s decay) and find the value 0.998(23). Each of the
terms (including ηA) in theHQETexpectation of Eq. (21) can
give effects of the order of a few percent to this ratio. The fact
that we find no heavy quark mass dependence at the level of
2% shows that these effects must tend to cancel out.
The fit of our lattice results to Eq. (20) gives fit

parameters lV;A;P which, as discussed in Sec. II E 1, provide
a test of HQET. We find

lsV ¼ 0.71ð28Þ GeV2;

lsA ¼ −0.34ð32Þ GeV2;

lsP ¼ −0.53ð34Þ GeV2; ð30Þ

from our baseline fit. These results are compatible with
values of OðΛ2

QCDÞ as expected by HQET. As discussed in
Sec. II E 1 these fit parameters change depending on the
proxy that we use for the quark mass as well as our
treatment of ηA. However, as we show in the tests
performed in the next section (see Fig. 5) this has little
impact on our value for hsA1

ð1Þ.

B. Further tests of our fit

Because we tune our b and c valence quark masses using
the pseudoscalar heavyonium meson mass, we can inde-
pendently test our results by comparing both our heavy-
strange and D�

s meson masses against experiment. These
results are shown in Figs. 3 and 4. In each case we subtract
half the corresponding pseudoscalar heavyonium mass to
reduce lattice spacing uncertainties in the comparison to
experiment [87].
Figure 3 shows that our D�

s meson mass agrees with
experiment on all our ensembles at the level of our 5 MeV
uncertainties. Systematic effects from missing QED and ηc
annihilation are expected to be of size a few MeV [87].
Figure 4 shows our results for the heavy-strange pseu-

doscalar meson mass as a function of the pseudoscalar
heavyonium mass. We show the difference Δh ¼ MHs

−
Mηh=2 to remove the leading mh dependence and also to
reduce uncertainties from the value of the lattice spacing.
We fit Δh to a simple function of εh [Eq. (24)],

Δhða;ml; mhÞ ¼
�Xi¼1

i¼−1
ciεih

�
ð1þN disc þN mistuningÞ:

ð31Þ
The leading, linear, term in εh allows for the fact that the
heavyonium (ηh) binding energy grows linearly with mh in

TABLE IV. Error budget for hsA1
ð1Þ. Errors are given as a

percentage of the final answer. The mass mistuning error includes
that from valence strange and sea light and strange quarks; we
find that taking a �10 MeV uncertainty in the physical value of
the ηb mass has a negligible effect.

Source % Fractional error

Statistics þZA 1.06
a → 0 0.73
mh → mb 0.69
Mass mistuning 0.20

Total 1.45

FIG. 3. TheD�
s meson mass obtained on each of our gluon field

ensembles, given as a difference from one half the ηc meson
mass. Errors include statistical and lattice spacing uncertainties.
The grey band gives the experimental result [46].
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a 1=r potential. We take priors on the ci of c−1∶0.05ð5Þ;
c0∶0.5ð5Þ; c1∶0ð1Þ. N disc takes the same form as in
Eq. (28) with aΛQCD (where ΛQCD is taken as 0.5 GeV)
replacing amval

c0 , which is not relevant here. N mistuning takes
the same form as in Eq. (27).
Our result for the difference MHs

−Mηh=2 in the
continuum at mh ¼ mc is 0.4755(37) GeV and at mh ¼
mb is 0.6588(61) GeV. These agree well with the earlier
HPQCD results on nf ¼ 2þ 1 gluon field configurations
of 0.4753(22) GeV [87] and 0.658(11) GeV [67]. They also
agree well with the experimental values of 0.4764(3) GeV
and 0.6674(12) GeV [46], allowing for the ∼3–5 MeV
effect from missing QED and ηb and ηc annihilation
processes in the lattice QCD results.
We also performed a number of tests of our continuum/

heavy-quark mass dependence fit to our results for hsA1
ð1Þ.

These are tabulated graphically in Fig. 5.
One of the tests, denoted ratio with fHc

in Fig. 5, is
described in more detail in Appendix A. It involves fitting
the ratio of hsA1

ð1Þ to theHc decay constant, as a function of
heavy quark mass and, after determining the continuum
result at mh ¼ mb, multiplying by the value for the Bc
decay constant determined from lattice QCD to obtain
hsA1

ð1Þ. The reason for doing this is because this ratio has
smaller discretization effects than hsA1

ð1Þ alone, as is clear
from Fig. 8 in Appendix A. It has stronger dependence on
mh, however, coming from the Hc decay constant, along
with sizeable uncertainties introduced from the uncertainty
in the lattice spacing. Another disadvantage is that the
physical result forHc decay constant must also be obtained.
We find that this method gives results in agreement with our

standard fit but with significantly larger uncertainties.
It provides a good test, however, because it has very
different mh dependence.

C. Implications for B → D�

As discussed in Sec. I, hsA1
ð1Þ is expected to be close

in value to the equivalent B → D� form factor, since they
only differ in the mass of the light spectator quark and in
effects arising from the strong decay of the D� to Dπ.
In [41] the ratio of the two form factors was found to be

FIG. 4. The Hs meson mass obtained on each of our gluon field
ensembles, given as a difference to one half of the ηh meson mass.
Errors include statistical and lattice spacing uncertainties. The
grey band gives a fit to the heavy-quark mass dependence as
discussed in the text, with black stars giving our results at mh ¼
mc and mh ¼ mb. The inverted red triangles give the correspond-
ing experimental values [46].

FIG. 5. Results of testing the fit to hsA1
ð1Þ results. The top black

point gives our baseline fit result in the continuum and at physical
b-quark mass. The top three blue points show the corresponding
value if results from the fine, superfine or ultrafine ensembles are
dropped from the fit. The fourth and fifth blue points show the
result if instead results at the highest/lowest amval

h0 value on each
ensemble are removed. Nnuisance ¼ 3 shows the result of truncat-
ing each sum inN disc (28) at 3 rather than 2.þ 1=m3

b results from
adding an extra term to (20) of the form p=M3

ηh where p is a fit
parameter with the same prior as lsV;A;P. In this case the Bayes
factor falls by a factor of 7, suggesting that the results do not
contain a cubic dependence on the heavy mass. The next two
points show the results of including specific implementations of
ηA described in Sec. II E (rather than the value 1). In the upper
variant parameter ρ is given prior 0� 1. The lower variant shows
the result of using the one-loop expression for ηA [Eq. (22)], with
mc=mh replaced with Mηc=Mηh . Aþ 1=mbmc þ 1=m2

b is the
result of replacing 1þ lV=m2

c in the fit with a fit parameter A
with prior distribution 1� 1. The fact that this does not affect the
fit shows that mistuning of the charm quark mass is a negligible
effect here. The points with labels beginning εh ¼ show the result
of replacing the heavy mass proxyMηh=2 withMHs

and the MRS
quark mass [Eq. (23)], respectively. The bottom point labeled
ratio with fHc

is the result of an alternative extrapolation
described in Appendix A.
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hA1
ð1Þ=hsA1

ð1Þ ¼ 1.013ð14Þstatð17Þsys. Note that systematic
effects from the perturbative matching of the NRQCD-
HISQ current largely cancel in this ratio.
Multiplying this by our result for hsA1

ð1Þ, we can
determine hA1

ð1Þ as

FB→D� ð1Þ ¼ hA1
ð1Þ ¼ 0.914ð24Þ; ð32Þ

adding all the uncertainties in quadrature.
In Figs. 6 and 7, we compare current lattice results for

hA1
ð1Þ and hsA1

ð1Þ. Figure 6 compares final results for
hsA1

ð1Þ from the HPQCD calculation using NRQCD b
quarks and HISQ lighter quarks [41] with our full HISQ
result given here [Eq. (29)]. It also compares final results
for hA1

ð1Þ from using the Fermilab approch [39] for b and c
quarks and asqtad light quarks, NRQCD b quarks and
HISQ lighter quarks [41] and our result from Eq. (32) using
the strange to light ratio from [41]. Good agreement
between all results is seen, well within the uncertainties
quoted.
In Fig. 7, we show more detail of the comparison by

plotting the lattice results from the previous Fermilab/
MILC [39] and NRQCD b [41] calculations as a function of
the valence spectator light quark mass (given by the square
of the pion mass). Note that, for the results for hA1

ð1Þ to
the left of the plot, the valence light and sea masses are the
same. For the hsA1

ð1Þ points from [41] to the right of the
plot, the sea light (along with s and c) quark masses take
their physical values. Although agreement for hA1

ð1Þ is
seen at physical light quark mass in the continuum limit
from all approaches, the NRQCD-HISQ results show
systematic light quark mass dependence away from this
point that is not visible in the Fermilab/MILC results.

The two sets of results move apart as the spectator quark
mass increases, and it is therefore not clear how well they
would agree for spectator s quarks.
Our results, shown in Fig. 7 with black stars, agree with

the NRQCD-HISQ results for hsA1
ð1Þ. The smaller uncer-

tainties from using a fully nonperturbative current normali-
zation here show that the perturbative matching uncertainty
allowed for in [41] was conservative. Using the s=l ratio
from this calculation, where the perturbative matching
uncertainty cancels, allows us to obtain an hA1

ð1Þ result
that agrees well with both earlier values. Our uncertainty on
hA1

ð1Þ is similar to that from [41] once we have combined
the uncertainty from the ratio with that from our value for
hsA1

ð1Þ. However we have removed the perturbative match-
ing uncertainty that dominates the NRQCD-HISQ error.

IV. CONCLUSIONS

We have calculated the form factor at zero recoil,
FBs→D�

s ð1Þ or hsA1
ð1Þ, using the relativistic HISQ formalism

in full lattice QCD. This allows us to normalize the b → c
current fully nonperturbatively for the first time and to
determine how the form factor depends on the heavy quark
mass (at physical charm quark mass). Our results show that
dependence on the heavy quark mass is very mild
(see Fig. 2).
Our result

FBs→D�
s ð1Þ ¼ hsA1

ð1Þ ¼ 0.9020ð96Þstatð90Þsys ð33Þ

FIG. 6. Comparison of lattice QCD results for hsA1
ð1Þ and

hA1
ð1Þ. Our results for hðsÞA1

ð1Þ are marked (HISQ, HPQCD) and
for hA1

ð1Þ are marked (HPQCD). Those marked (NRQCD,
HPQCD) are from [41] and the value marked (Fermilab,
Fermilab/MILC) is from [39].

FIG. 7. More detailed comparison of lattice QCD results for
hA1

ð1Þ (left side) and hsA1
ð1Þ (right side). Raw results for hA1

ð1Þ
are from [41] and [39] and are plotted as a function of valence
(¼ sea) light quark mass, given by the square ofMπ . On the right
are points for hsA1

ð1Þ from [41] plotted at the appropriate valence
mass for the s quark, but obtained at physical sea light quark
masses. The final result for hA1

ð1Þ from [39], with its full error
bar, is given by the inverted blue triangle. The inverted red
triangles give the final results for hA1

ð1Þ and hsA1
ð1Þ from [41].

Our results here are given by the black stars.
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agrees with an earlier lattice QCD result [41], but with half
the uncertainty because of the nonperturbative normaliza-
tion of the current. Using the strange to light quark ratio
from the earlier paper we are able to obtain a result for
FB→D� ð1Þ,

FB→D� ð1Þ ¼ hA1
ð1Þ ¼ 0.914ð24Þ; ð34Þ

which is also free of perturbative matching uncertainties.
hsA1

ð1Þ will be a useful value to compare to experimental
results in future to determine Vcb. It has some advantages
from a lattice QCD perspective over hA1

as discussed in
Sec. I. However, hA1

ð1Þ can be combined with existing
experimental results to obtain a value for the CKM element
Vcb. The method of combination has been questioned
recently when it was realized that the HQET constraints
on the extrapolation of the exclusive experimental data to
the zero recoil point were having a significant effect.
Loosening these constraints gives a higher, but less precise,
value for the combination jη̄EWVcbjhA1

ð1Þ (see, for exam-
ple, the Vub=Vcb minireview in [46]). Combining this
experimental value with lattice QCD results for hA1

ð1Þ
then gives a result for Vcb from the B → D�lν exclusive
decay that agrees with, but is less accurate than, that from
inclusive b → c decays. We do not convert our hA1

result
into a value for Vcb here since it is clear from Fig. 6 that we
agree with existing results (such as that in [41]) and, on its
own, our new result does not have sufficient accuracy to
reduce uncertainties in Vcb.
In future lattice QCD form factor calculations for both

Bs → D�
s and B → D� need to work away from zero recoil

to improve overlap with experimental results without the
need for extrapolation.1 Our results here demonstrate the
efficacy of HPQCD’s heavy-HISQ approach for form
factors at zero recoil. Away from zero recoil we expect
it to be even more useful because it is possible to map out
the full q2 range of the decay [73], where nonrelativistic
approaches must stay close to zero recoil because of
systematic errors that grow with the magnitude of the
daughter meson momentum. Heavy HISQ calculations are
underway for the form factors for BðsÞ → D�

ðsÞ, Bc → J=ψ

decay, and the related Bs → Ds decay over the full q2

range, using the techniques developed for c → s decays to
normalize the currents nonperturbatively [51,84]. Initial
results [74,99] look very promising.
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APPENDIX: RATIO METHOD FOR
DETERMINING hsA1

ð1Þ
It turns out that the significant discretization effects

visible in our results for hsA1
ð1Þ (Fig. 2) are largely canceled

when we divide them by lattice QCD results for the decay
constant of the heavy-charm pseudoscalar meson, fHc

. This
was also observed in [74] for vector form factors involving
a bc̄ current. fHc

is determined from the matrix element
between the vacuum and the Hc meson of the temporal
axial-vector bc̄ current, whereas hsA1

ð1Þ is the matrix
element between the Hs and D�

s mesons of the spatial
axial vector bc̄ current. They behave very differently as a
function of heavy quark mass but in practice have similar
discretization errors (compare Figs. 2 and 9). We can make

FIG. 8. The ratio hsA1
ð1Þ=ðfHc

ffiffiffiffiffiffiffiffiffi
MHc

p Þ plotted against Mηh
(a proxy for the heavy quark mass). Gluon field ensembles
listed in the legend follow the order of sets in Table I. The grey
band shows the result of the fit described in the text, evaluated at
a ¼ 0 and physical l, s and c quark masses to give the physical
heavy quark mass dependence of the ratio. Atmh ¼ mb we obtain
the result given by the black star. For comparison with our
previous fit for hsA1

ð1Þ the inverted red triangle shows our result
from Eq. (33) converted to a ratio using the value for fBc

from
Fig. 9 and MBc

from experiment [46].

1Preliminary results using the Fermilab formalism for b and c
quarks and asqtad light quarks have already appeared [98], as
have results using Möbius domain-wall quarks with a range ofmh
values up to 2.44mc [62].
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use of this in fitting the heavy quark mass dependence of
their ratio with reduced discretization effects. We also then
need to fit the Hc decay constant on its own in order to
determine a physical value for the Bc that we can use to
determine hsA1

ð1Þ at the physical point.
fHc

is found using the PCAC relation for HISQ quarks

fHc
¼ mh0 þmc0

M2
Hc

h0jPjHcijlat; ðA1Þ

where h0jPjHci is determined in the fit to theHc two-point
correlation functions via (14). We use a pseudoscalar
operator, P, with spin-taste γ5 ⊗ γ5 so fHc

is absolutely
normalized. Results for fHc

for each ensemble are given in
Table II and plotted in Fig. 9.
On each ensemble, at each heavy quark mass, we form

the ratio hsA1
ð1Þ=ðfHc

ffiffiffiffiffiffiffiffiffi
MHc

p Þ, plotted in Fig. 8. Although
discretization effects largely cancel, the ratio varies
strongly with changing heavy quark mass. This makes
fitting this ratio as a function of heavy quark mass and
lattice spacing very different to that of hsA1

ð1Þ, with
different systematic effects.

We use a fit function of the same form for both
hsA1

ð1Þ=ðfHc

ffiffiffiffiffiffiffiffiffi
MHc

p Þ and fHc
. Denoting the quantity being

fit by F, we write (following [68])

Fða;mh;mlÞ¼A

�
αsðMηh=2Þ
αsðMηc=2Þ

�
p

Mn=2
ηh

×
X2;2;2
i;j;k¼0

dijk

�
2GeV
Mηh

�
i
�
amval

h0

π

�
2j�amval

c0

π

�
2k

×

�
1þNmistuningþcc

Mηc −Mphysical
ηc

Mphysical
ηc

�
:

ðA2Þ

αsðMÞ is the QCD coupling constant evaluated at scale M
and the ratio of αs factors resums leading logarithms in
HQET in the decay constant [100]. We take αs in the MS
scheme from lattice QCD [70]. The power p is then −6=25
(for nf ¼ 4) for the fHc

fit andþ6=25 for the fit to the ratio
hsA1

ð1Þ=ðfHc

ffiffiffiffiffiffiffiffiffi
MHc

p Þ. The leading power of Mηh , n, is −1
for the fit to fHc

based on HQET expectations, but 0 for
the fit to the ratio because we have used fHc

ffiffiffiffiffiffiffiffiffi
MHc

p
in the

denominator to remove half-integer powers of εh from the
fit. The remainder of the fit function allows for inverse
powers of mh and discretization effects. N mistuning is the
same as that defined earlier for our hsA1

fit and is given in
Eq. (27). The final term allows for c quark mistuning with
prior on cc of 0� 1. We take a prior on the overall constant
A of 0� 4 ðGeV3=2Þ in the fHc

fit and 0� 2 ðGeV−3=2Þ in
the ratio fit. Priors on the dijk are taken as 0� 2 except for
d000 which is defined to have value 1.0.
The fit to the ratio is shown in Fig. 8 and the fit to fHc

in
Fig. 9. For the ratio fit χ2=dof is 0.27 for 12 d.o.f. and for
the fHc

fit, 0.53 for 16. Our final result for fHc
at mh ¼ mb

agrees with a previous HPQCD heavy-HISQ determination
on gluon field configurations including nf ¼ 2þ 1 flavors
of sea quarks [68] (shown as the red triangle in Fig. 9). Our
final result for the ratio hsA1

ð1Þ=ðfHc

ffiffiffiffiffiffiffiffiffi
MHc

p Þ at mh ¼ mb

can then be multiplied by our value for fBc
and the square

root of the mass of the Bc meson from the particle data
tables [46], to give hsA1

ð1Þ. This value is shown as the
bottom point in Fig. 5. Figure 8 compares the result from
the ratio fit given by the grey band to the value (shown by
inverted red triangle) obtained by taking our baseline fit
result for hsA1

ð1Þ from Eq. (33) and calculating from it the
value of the ratio hsA1

ð1Þ=ðfHc

ffiffiffiffiffiffiffiffiffi
MHc

p Þ using our value for
fBc

and the experimental MBc
. The agreement is good,

showing the consistency of the two different approaches.

FIG. 9. The heavy-charm pseudoscalar meson decay constant,
fHc

, plotted against Mηh (a proxy for the heavy quark mass).
Gluon field ensembles listed in the legend follow the order of sets
in Table I. The grey band shows the result of the fit described in
the text, evaluated at a ¼ 0 and physical l; s and c quark masses
to give the physical heavy quark mass dependence of the decay
constant. Atmh ¼ mb we obtain the result given by the black star.
The red triangle shows the result from a previous heavy-HISQ
determination of fBc

on nf ¼ 2þ 1 gluon field ensembles [68].
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