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In a recent paper [C.Dappiaggi andH. C. R. Ferreira, Phys. Rev.D 94, 125016 (2016)], the authors argued
that the singularities of the two-point functions on the Poincaré domain of the n-dimensional anti–de Sitter
spacetime (PAdSn) have the Hadamard form, regardless of which (Robin) boundary condition is chosen at
the conformal boundary. However, the argument used to prove this statement was based on an incorrect
expression for the two-point function Gþðx; x0Þ, which was obtained by demanding AdS invariance for the
vacuum state. In this comment I show that their argument works only for Dirichlet and Neumann boundary
conditions and that the full AdS symmetry cannot be respected by nontrivial Robin conditions (i.e., those
which are neither Dirichlet nor Neumann). By studying the conformal scalar field on PAdS2, I find the
correct expression forGþðx; x0Þ and show that, notwithstanding this problem, it still has the Hadamard form.
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In a seminal paper [1], Allen and Jacobson presented a
method of finding two-point functions in maximally
symmetric spacetimes. Their method was based on the
assumption that the state jψi is maximally symmetric.
Within this assumption, the two-point functions Gðx; x0Þ
constructed using jψi depend on x and x0 only upon the
geodesic distance σðx; x0Þ. The wave equation ð□ −m2 −
ξRÞφðxÞ ¼ 0 then implies that GðσÞ satisfies the differ-
ential equation (my notation agrees with that of Ref. [2])

uð1−uÞd
2GðσÞ
du2

þ½c− ðaþbþ 1Þu�dGðσÞ
du

−abGðσÞ ¼ 0;

ð1Þ

where u is related to the geodesic distance σ by

u ¼ cosh2ð
ffiffiffiffi
2σ

p
2
Þ [for anti–de Sitter (AdS) spacetime] and

a ¼ n − 1

2
− ν;

b ¼ n − 1

2
þ ν;

c ¼ n=2: ð2Þ

In Eq. (2), n is the spacetime dimension and
ν ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m̃2

p
, with m̃2 ≡m2 þ ðξ − n−2

4ðn−1ÞÞR, where m

represents the mass parameter and ξ is the scalar-curvature
coupling constant. A convenient pair of linear independent
solutions of Eq. (1) is given by

ð1=uÞa2F1ða; a − cþ 1; a − bþ 1; 1=uÞ;
ð1=uÞb2F1ðb; b − cþ 1; b − aþ 1; 1=uÞ; ð3Þ

with 2F1 being the Gauss’ hypergeometric function.
Clearly, any linear combination of the solutions in
Eq. (3) will be AdS invariant. In Ref. [2], it was argued
that the Green’s function Gþðx; x0Þ ¼ h0jφðxÞφðx0Þj0i,
constructed from a field φ satisfying a general Robin
boundary condition, can be represented by such a linear
combination. My claim in this comment is that this
assumption is in general incorrect, being true only for
Dirichlet and Neumann boundary conditions. In this way,
except for these two particular boundary conditions,
Gðx; x0Þ will not be maximally symmetric.
To illustrate my previous observations, let me focus on

conformal fields on the Poincaré domain of the n-dimen-
sional anti–de Sitter spacetime (PAdS2), since a closed
form for the two-point function can be easily derived in this
case. The metric on PAdS2 has the form

ds2 ¼ −dt2 þ dz2

z2
; z > 0; ð4Þ

with the conformal boundary located at z ¼ 0. The geo-
desic distance satisfies the relation u ¼ 1þ σM

2zz0, where

σM ¼ 1

2
½−ðt − t0Þ2 þ ðz − z0Þ2�: ð5Þ

For conformal fields in two dimensions we must have
m̃2 ¼ 0, so that the general solution for Gðx; x0Þ is given by

Gðx; x0Þ ¼ A2F1ð0; 0; 0; 1=uÞ
þ Bð1=uÞ2F1ð1; 1; 2; 1=uÞ: ð6Þ
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At the conformal boundary we have u → ∞. Therefore, in
this limit we have

Gðx; x0Þ ∼ Aþ Bð1=uÞ

¼ Aþ 4Bzz0

−ðt − t0Þ2 þ ðzþ z0Þ2 : ð7Þ

Notice that if A ¼ 0, then Gðx; x0Þ satisfies the Dirichlet
boundary condition

Gðt; z ¼ 0; t0; z0Þ ¼ Gðt; z; t0; z0 ¼ 0Þ ¼ 0; ð8Þ
while if B ¼ 0, Gðx; x0Þ satisfies the Neumann boundary
condition

∂Gðt; z ¼ 0; t0; z0Þ
∂z ¼ ∂Gðt; z; t0; z0 ¼ 0Þ

∂z0 ¼ 0: ð9Þ

If we try to impose thatGðx; x0Þ satisfy the Robin boundary
condition at the conformal boundary, i.e., that

Gðt; z ¼ 0; t0zÞ − β
∂Gðt; z ¼ 0; t0; z0Þ

∂z ¼ 0;

Gðt; z; t0; z0 ¼ 0Þ − β
∂Gðt; z; t0; z0 ¼ 0Þ

∂z ¼ 0; ð10Þ

then A and B would satisfy

A −
Bβz0

−ðt − t0Þ2 þ z02
¼ A −

Bβz
−ðt − t0Þ2 þ z2

¼ 0: ð11Þ

This does not make sense since they are constant. We hence
conclude that for the general Robin boundary condition
(β ≠ 0), the two-point function G does not satisfy Eq. (1).
Therefore the vacuum j0i cannot be maximally symmetric.
Notice that a length scale is introduced in the semiclassical
theorywhen β is finite and nonzero. This extra length scale is

responsible for the break of AdS invariance. Clearly, this is
not the case forDirichlet andNeumannboundary conditions.
In Ref. [2], it was correctly proved that Gðx; x0Þ has the

Hadamard form for Dirichlet and Neumann boundary
conditions. The argument was then extended to generic
Robin boundary conditions by simply taking the linear
combination of the fundamental solutions above, as can be
seen in Eq. (4.17) in [2]. However, this is not correct as I
showed above.1

The only thing left to do in the conformal case is to find the
correct expression for Gðx; x0Þ in the case β ≠ 0. In order to
do so, I use the mode sum method, which is correct with or
without additional symmetries.2 It can be easily checked that

the complete set of solutions fuðβÞω ðxÞg of the wave equation

□φðxÞ ¼ −
∂2φðxÞ
∂t2 þ ∂2φðxÞ

∂z2 ¼ 0; ð12Þ

which satisfies Robin boundary conditions, and orthogonal in
the Klein-Gordon inner product, is given by

uðβÞω ðt; zÞ ¼ 1ffiffiffiffiffiffi
πω

p sinωzþ βω cosωzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2ω2

p e−iωt: ð13Þ

As in Ref. [2], I choose to work with the Green’s function
Gþðx; x0Þ. As a sum of modes, it is given by

Gþðx; x0Þ ¼ h0jϕðxÞϕðx0Þj0i

¼
Z

∞

0

dω
πω

ðsinωzþ βω cosωzÞðsinωz0 þ βω cosωz0Þ
1þ β2ω2

× e−iωðt−t0Þ−ϵω: ð14Þ
Notice that the Robin boundary condition for z and z0 is
trivially satisfied in this case.
The integral (14) can be exactly calculated, and is found

to be

GðþÞðx; x0Þ ¼
�

1

2π
e
−Δtþzþz0þiϵ

β E1

�
−
ð1 − iωβÞðΔt − z − z0 − iϵÞ

β

�
þ 1

2π
e
Δtþzþz0−iϵ

β E1

�
ið−iþ ωβÞðΔtþ zþ z0 − iϵÞ

β

�

þ 1

4π
½−E1ð−iωð−Δtþ zþ z0 þ iϵÞÞ þ E1ðiωðΔtþ z − z0 − iϵÞÞ

þ E1ðiωðΔt − zþ z0 − iϵÞÞ − E1ðiωðΔtþ zþ z0 − iϵÞ�
�

∞

0

: ð15Þ

1Although the two-dimensional casewas not considered in [2], I emphasize that Eq. (4.17) in that reference represents the more general
AdS invariant solution regardless the spacetime dimension.Moreover, by generalizingmy previous argument, it can be easily seen that it is
also impossible to fulfil the nontrivial Robin boundary conditionwith such an invariant expression even for n ≥ 3. The reason for choosing
the simplest case n ¼ 2 is that a closed expression for the Green’s function can be found, which makes my analysis clearer.

2The construction of the Green’s function in terms of modes is correct in Ref. [2]. This microlocal analysis is sufficient to ensure that
the vacuum state is of the Hadamard form [3]. However, in [2], it was assumed that such construction leads to an AdS invariant two-point
function, with closed form given by Eq. (4.17). As I have shown, this is not the case. Nevertheless, I will show precisely how the
Hadamard form is preserved even with the breaking of AdS invariance.
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In the above expression, E1ðzÞ is the exponential integral
defined by

E1ðzÞ ¼
Z

∞

z

e−t

t
dt: ð16Þ

By using the asymptotic expansions for E1 given by [4],

E1ðzÞ ∼ −γ − log z; jzj ≪ 1

E1ðzÞ ∼
e−z

z
; jzj → ∞; ð17Þ

we arrive at

GðþÞðx; x0Þ ¼ 1

2π
e
Δtþzþz0−iϵ

β E1

�
Δtþ zþ z0 − iϵ

β

�
þ 1

2π
e
−Δtþzþz0þiϵ

β E1

�
−
Δt − z − z0 − iϵ

β

�

þ 1

4π
½logðΔt − z − z0 − iϵÞ − logðΔtþ z − z0 − iϵÞ − logðΔt − zþ z0 − iϵÞ þ logðΔtþ zþ z0 − iϵÞ�: ð18Þ

Notice that the first two terms in Eq. (18) are regular in
the limit Δt → 0 and z0 → z. Moreover, the last term
satisfies the wave equation and the Dirichlet boundary
condition. Let us concentrate on the second term: a simple
calculation shows that

GðþÞ
Dirichlet ¼

1

4π
log

�
1 −

1

cosh2ð
ffiffiffiffi
2σ

p
2
Þ

�
; ð19Þ

so that in the limit σ → 0 we have

GðþÞ
Dirichlet ∼

1

2π
ðlog σ − log 2Þ; ð20Þ

which has the expected Hadamard form.
In summary: although the AdS spacetime is maximally

symmetric, thevacuum state does not respect its symmetries,
except for fields satisfying Dirichlet or Neumann boundary
conditions. In spite of that, the two-point function Gþðx; xÞ
thus has the expected Hadamard form for all Robin
boundary conditions. In the above example, this happened

because the Green’s function could be separated into one
term respecting the Dirichlet boundary condition and one
term depending on the boundary condition parameter βwith
the last term being completely regular in the coincidence
limit. For more general situations—possibly nonconformal
fields on PAdSn—we could, in principle, expand the mode
sum in terms of powers of the boundary condition parameter
β. The zeroth order contribution will satisfy the Dirichlet
boundary condition and respectAdS symmetries. Therefore,
it will certainly have the required Hadamard form. We then
expect that the remaining terms are regular when σ → 0.
This is the subject of work in progress [5].
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