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In the AdS;/CFT, correspondence, we find some conformal field theory (CFT) states that have no bulk
description by the Baflados geometry. We elaborate the constraints for a CFT state to be geometric, i.e.,
having a dual Bafiados metric, by comparing the order of central charge of the entanglement/Rényi entropy
obtained respectively from the holographic method and the replica trick in CFT. We find that the geometric
CFT states fulfill Bohr’s correspondence principle by reducing the quantum Korteweg-de Vries hierarchy
to its classical counterpart. We call the CFT states that satisfy the geometric constraints geometric states,
and otherwise, we call them nongeometric states. We give examples of both the geometric and
nongeometric states, with the latter case including the superposition states and descendant states.
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I. INTRODUCTION

The anti-de Sitter (AdS)/conformal field theory (CFT)
correspondence conjectures that the bulk quantum gravity
is equivalent to the boundary CFT [1]. In the semiclassical
limit of bulk theory, a CFT state is believed to be dual to a
bulk geometry if the quantum fluctuation can be mini-
mized. We call such a kind of CFT states the geometric
states. Thus, it is easy to see that the superposition of two
geometric states cannot be geometric because the super-
position principle should not hold for the bulk classical
gravity [2]. Despite there being many discussions on the
criterion for a CFT state to be geometric, e.g., Refs. [3,4]
and a review in Ref. [5], it still lacks a concise criterion that
one can adopt to check for more generic cases. For
example, in AdSs/CFT, correspondence, people know
that the vacuum state of SU(N) gauge theory admits only
planar correlators in the large N limit, which is then dual to
classical gravity in pure AdSs space. In this case, the
quantum fluctuation of nonplanar diagrams is suppressed,
and a bulk geometry is emerging as the holographic dual.
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However, there is no clear planar limit for arbitrary excited
states.

The situation becomes sharper in three-dimensional (3D)
AdS gravity, which is dual to a two-dimensional (2D) CFT
[6], and thus the bulk Bafiados geometries [7] are deter-
mined by the expectation value of the stress tensor of dual
2D CFT states in the large central charge ¢ limit. Due to the
topological nature of 3D AdS gravity, we can state that the
2D geometric states should be described by the Baiados
geometries. The primary states and canonical ensemble
states are known to be described by the Bafiados geometries
as can be verified by the match of entanglement entropy
and its holographic dual [8,9] in the Bafiados-Teitelboim-
Zanelli black hole [10] background. Here, ¢ plays a similar
role as N in the AdS;/CFT,; however, there is no analog of
the planar limit even for the vacuum state to define the
suppression of quantum fluctuation. Naively, one can
require the standard deviation/uncertainty of any local
operator to be small as the criterion for the suppression
of quantum fluctuation, and thus the geometric states.
However, the question is what the exact suppression order
of these standard deviations/uncertainties should be in the
large ¢ expansion. We need a concise criterion to check for
more generic (non)geometric states, at least in AdS; /CFT,.

In this work, we formulate such a criterion by comparing
the nonlocal observables such as entanglement entropy
and Rényi entropy with their holographic duals [8,9,11].
If the CFT state is geometric, then its entanglement/Rényi
entropy calculated d la the replica trick [12-15] should
agree with the corresponding holographic dual calculated
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from the dual Banados geometries. Otherwise, it is non-
geometric. Moreover, by short-interval expansion, we can
turn this criterion into the constraints on the standard
deviation of the stress tensors and its higher order cousins
in terms of Korteweg-de Vries (KdV) charges. This will
then tell precisely how much the quantum fluctuation
should be suppressed for a state to be geometric. With
such a concrete criterion, we indeed find some new non-
geometric states, which are descendant states.

Our paper is organized as follows. In Sec. II, we state
explicitly our criterion for the geometric CFT states. In
Sec. III, we derive the conditions for geometric CFT states
on the expectation values of quasiprimaries. In Sec. IV, we
demonstrate a correspondence principle for the KdV
charges for the geometric CFT states. We then give the
examples for the geometric CFT states and nongeometric
CFT states in Secs. V and VI, respectively. Finally, we
conclude our paper in Sec. VII with discussions on our
geometric state conditions and the connected correlation
functions characterizing the suppression of quantum fluc-
tuations. Besides, we elaborate technical details in various
Appendixes. In Appendix A, we give the more explicit
details of the conditions given in Sec. III for geometric CFT
states. In Appendix B, we elaborate the derivation of the
conditions in Sec. III and Appendix A. In Appendix C, we
give the detailed check for a coordinate-dependent example
of the geometric state discussed in Sec. V. In Appendix D,
we elaborate the check of nongeometric descendant states
discussed in Sec. VI

II. CRITERION FOR GEOMETRIC CFT STATES
IN BANADOS GEOMETRY

Due to the topological nature of 3D Einstein gravity, i.e.,
that there is no bulk propagating degree of freedom, the
bulk geometry is completely determined by the asymptotic
boundary constraints; this led Bafiados to conjecture that all
the vacuum asymptotically AdS; solutions of 3D Einstein
gravity are completely classified by the boundary con-
formal symmetries. Applying this conjecture to AdS/CFT
correspondence, it leads to the Bafiados geometries, which
are determined by the expectation value of the stress tensor
with respect to the dual CFT state. More precisely, the form
of the Bafiados geometry takes the form [7]

dv: L L 1 2 -
ds? = O + 2L dz + 20 + <?+y—Lpr> dzdz,

4
(1)

where we set the AdS radius to unity R = 1 so that the bulk
Newton constant Gy is related to the central charge c of the
dual CFT by ¢ = ﬁ [6].

We consider a holographic CFT on a cylinder with
complex coordinate w and spatial period L in a state with
density matrix p, and the cylinder can be mapped to a

complex plane with coordinate z by the conformal trans-
formation z = e’2". The functions L,(z) and L,(z) in the
Bafiados geometry are respectively holomorphic and anti-
holomorphic and are related to the expectation value of the
stress tensor on the plane with respect to the dual CFT state

c

@), = -1

L.  (T@),=-5LE. @

Given a Banados geometry which is dual to a CFT state
p, one can then evaluate the holographic entanglement/
Rényi entropy d la the prescriptions in Refs. [8,9,11]. Both
the holographic entanglement and Rényi entropies are
given by the area law formula. If we consider a CFT state,
for which (T'(z)), and (T'(z)), are of order c, then the

metric of the dual Bafiados geometry is of order c* in the
large ¢ expansion and should be independent of ¢ in
the large ¢ limit. Thereby, the area of minimal surface or
cosmic brane should be independent of ¢ so that the
holographic entanglement/Rényi entropies should be of
order ¢ due to the relation ¢ = ﬁ Based on the above

result, we now formulate our criterion for the geometric
CFT states. For a 2D CFT state of order ¢ stress tensor
expectation value to be holographic dual to a Bafiados
geometry, the entanglement/Rényi entropy obtained from
CFT calculations should be at most order c¢ in the large ¢
limit. Otherwise, we call the CFT state nongeometric.

III. CONSTRAINTS FOR GEOMETRIC
CFT STATES

Based on our proposed criterion for the geometric CFT
states, i.e., that the entanglement/Rényi entropy should be
at most of order c¢ in the large ¢ limit, we would like to
extract the necessary constraints by explicitly evaluating
the entanglement/Renyi entropy. The prescription of evalu-
ating entanglement/Rényi entropy is based on the replica
trick [16], which leads to an n-fold CFT that we call CFT”.
However, there is usually no closed form of entanglement/
Rényi entropy for generic excited states. Instead, we will
evaluate in the short-interval expansion, similar to what has
been done in Refs. [12-15]. By assuming dominance of the
vacuum conformal family in the operator product expan-
sion (OPE) of twist operators [17-20] in the large ¢ limit,
the entanglement/Rényi entropy takes the formal form in
terms of the series of expectation values of CFT”" quasipri-
mary fields @, that are constructed by operators in the
vacuum conformal family of the original one-fold CFT.
Since the contributions from the holomorphic and anti-
holomorphic sectors decouple and are similar, in this paper,
we only consider the contributions from the holomorphic
sector.

We consider the short interval A = [w,w + £] with
¢ < L, and from the OPE of twist operators, we get the
short-interval expansion of the Rényi entropy,
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The summation of K is over all the CFT" holomorphic
quasiprimary operators @y, with conformal weight /h,
which are constructed from the holomorphic quasiprimary
operators in the original one-fold CFT. The forms of @ to
level 8, which are constructed from 7 at level 2; A at level
4; B and D at level 6; and &, H, and Z at level 8 as well as
their corresponding OPE coefficients d, can be found in
Ref. [21]. There is the coefficient ay = Cj, ., ,/C5, ;.

Requiring that the Rényi entropy of A in state p is of at
most order ¢, we get the constraints for the one-point
functions up to level 6,

(1), = catw) + 900 + " 1 0.
(A), = Ca(w)? + cd(w) + e(w) + O @ ,

(B), = 2l (w2 = galw)a’ ()] + 0(c).

(D), = a(w)* + 3ca(w)[5(w) — a(w)B(w)] + O(c).
(4)
with a(w), f(w), y(w), §(w), and e(w) being arbitrary order

O(c®) holomorphic functions.
We write the conditions (4) as the suggestive forms

iy o ®

Recall that A = (TT) — 30T with (---) denoting the

normal ordering; /(A), — <T>% plays the role of standard

deviation of 7' with respect to the geometric state p, and
thus (5) tells that it should be smaller than order ¢ in the
large ¢ limit. Similarly, D = (T(TT)) + O(T?); thus,
Eq. (6) suggests that the uncertainty of cubic quantum
fluctuation of 7 should be also not larger than order c.
There are more constraints at higher orders of 7. See
Appendixes A and B for more details.

Note that these constraints are in analogy to the planar
limit of the large N expansion in four-dimensional Yang-
Mills theory for the vacuum state. However, we are
considering the excited state of large ¢ 2D CFTs, and
there is no known planar limit for this case. Instead, our
simple criterion serves as a guide for the analogy quantum
suppression and yields the precise constraints for the

geometric states. Next, we will justify the semiclassical
nature of the geometric states for the physical observables
in the sense of Bohr’s correspondence principle.

IV. QUANTUM TO CLASSICAL KDV EQUATION
AND CHARGES FOR GEOMETRIC
CFT STATES

The geometric state constraints relate the expectation
values of operators in the vacuum family quasiprimaries.
We will show that these constraints in fact reduce the
quantum KdV equation and charges to their classical
counterparts.

For demonstration, we write down the quantum KdV
currents up to level 6 [22-24],

c+2
12

5L,=T, J,=(TT), J¢=(T(TT))—- (T'T),

(7)

with the parentheses denoting the normal ordering oper-
ators. In terms of the quasiprimary operators and their
derivatives, we obtain

3
— T — _T//
252c+7)(7c + 68)
Jo=D—
108(70¢ + 29)
2c-23  c—14
— - T®),
108 A 280 ®)

These currents form the mutually commuting KdV charges

L dw

; ffzk(W% )

Q-1 =
which constitute the integrability hierarchy of the quantum
KdV equation

. 1-—
T:—EETW—3UTY:

2
_CE 20 34 (10)

Using the leading order geometric state constraints (4), we
set a(w) = U(w)/6 and get the classical KdV equation

U=U"+6UU". (11)

Note that 9,, which we denote by a dot, has been rescaled
from the quantum KdV equation to its classical counterpart.

In the large c¢ limit, a natural definition of the classical
counterpart of quantum KdV currents with respect to state
p is

k
P 00) = lim % (72, (), (12)
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Using the leading order of (4), we can then turn J%, into the
standard classical form
FoUt r=Ui-iur (13)
4 ’ 6 2 .

Their associated KdV charges constitute the integrability
hierarchy of the classical KdV equation (11). This reflects
Bohr’s correspondence principle for these geometric states
by reducing these KdV conserved currents into their
classical counterparts.

In the textbook [25], the quantum to classical reduction
for the KdV equation is obtained by simply replacing the
KdV current operator with its classical counterpart without
referring to the associated state. This does not work if

the associated CFT state is nongeometric, as we discuss in
this paper.

V. EXAMPLES OF GEOMETRIC CFT STATES

In Refs. [26-29], it has been shown that the Rényi
entropy in the primary excited state

P = £|¢><¢| (14)

is of order c if the conformal weight &, is at most of order c,
so the expectation values of quasiprimaries should satisfy
all the geometric state constraints (4). This is also consistent
with the calculation [13,14] from the OPE of twist
operators to order #%.

Even without an explicit check as is done for the primary
states, we can argue that some particular states should
satisfy the geometric state constraints. For example, the
thermal states which are dual to Bafiados-Teitelboim-
Zanelli black holes thus should also be geometric.
Similarly, the states which are conformally related to the
vacuum state on the plane, denoted by |0), should also be
geometric. In the bulk, these states are dual to the Bafiados
geometries, which can be transformed to pure AdS; by the
coordinate transformation dual to the boundary conformal
map. These states include the thermal state and the conical
defect state.

In quantum mechanics, the wave packet state behaves
like a classical particle. This motivates us now to check if a
wave packet state can also have the bulk description.
Explicitly, the state considered has the density matrix

1 [L W — 2h
_ {—sinﬂ(wo wo)

} * $o00) 0} {0lp ()

Ppwy) = @ T L
— 7.7, 20y
_ ! (ﬂ)  $(20)[0) 0 (1/7,). (15)
ay 20

Note that w, is a position on the cylinder and z;, is a
27iwy

position on the plane with the relation z; = e~ . Since

#(20)|0) = e?L-1|g), the above state can be understood as a
coherent sum of the primary state |¢) and its global
descendants. We check that the one-point functions in
the state py,,) satisfy the constraints (4). See Appendix C
for details. This is consistent with the fact that on the
cylinder the locally excited state is dual to a moving particle
in AdS; [26,30], i.e., that there exists a bulk geometric
description.

VI. EXAMPLES OF NONGEOMETRIC
CFT STATES

From our discussions, we see that there is an infinite
tower of constraints for a state to be geometric. Then, it
seems that it should be quite easy to have nongeometric
states by violating one of the infinite number of constraints.
The reason why we did not know any example of non-
geometric states is partly due to lack of principle of check
as proposed in this work and partly due to the technical
involvement of evaluating the geometric state constraints.
In the following, we will consider some examples of
nongeometric states, for which we know how to evaluate
the associated one-point functions of the vacuum family
quasiprimary operators to check (4).

As discussed in the Introduction, one expects the super-
position of primary states will not be geometric because the
bulk gravity is classical, so the superposition principle does
not work. Now, we would like to check this explicitly.

Let us choose |¢;) and |¢,) as two primary states with
conformal weights h,, =ce; +0(c°), hy,=cey,+0(c°),
and €, # €,4,. We consider the superposition state

cos(0)|¢p1) + e sin(0)[bs). (16)

The constraints (4) are satisfied separately for the states
|p1) and |¢,); however, they are violated for the super-
position state (16). This means that the superposition of two
primary states is nongeometric, as we expect. It is straight-
forward to generalize the above result to superposition
states > ; ¢;|¢h;) with |¢;)’s being different primary states.

Other examples that do not satisfy the constraints (4) are
some descendant states

d")  with  hy +m~ O(c),

¢

|¢) with hy~ O(c),

™Y with h, +m~ O(c),

P ¢

|T(’")> with  m ~ O(c),

AM)Y - with  m~ 0(c), (17)
where ¢ is a primary operator and (Z is a quasiprimary

operator with the definition ¢ = (T¢) —mqﬁ” . Note

that we have not yet normalized these descendant states
properly. By hy 4 m ~ O(c), we mean that either / or m
can be of order O(c°) or O(c), but the sum hy, + m is of
order O(c). See more details in Appendix D.
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Among the examples of nongeometric states, the super-
position states can be understood intuitively. On the other
hand, we have no immediate understanding as to why the
descendant states lack the bulk classical geometric descrip-
tions. In Ref. [31], the descendant states are understood as
the dressings of gravitons on the particle’s worldline. It is
hard to see why some of the dressings cannot be back-
reacted geometrically, especially for the case with m being
O(c"). We may then ask if these states will turn to be
geometric if quantum gravity effects are taken into account.
In the context of perturbative quantum gravity by including
higher derivative curvature terms, the answer is no because
these terms are of higher orders in Gy ~ 1/c, so they can
only yield subleading order 1/c¢ corrections to the Bafiados
geometry, and the holographic entanglement/Rényi entro-
pies remain order c. Therefore, we are forced to accept the
existence of these nongeometric states, or the quantum
gravity correction should be nonperturbative.

Moreover, in the context of quantum thermalization and
canonical typicality [32,33] the nongeometric states are
obviously the atypical states because their entanglement/
Rényi entropies are quite different from the ones of thermal
states. Using the result in Ref. [34], it can be shown that
there are more descendant states than the primary ones at
high levels in the large ¢ limit [35]. If most of these
descendant states are nongeometric, one would then expect
the canonical typicality to fail for 2D large ¢ CFTs.

>/) -

)
(22)) = (T(21)T (22
) T(Z3

)=
(z3)) = (T(21)T(22)T(23)

We could also generalize to operator 0™ T, for examples,

U5(0T (z1), 0T (22)) = (9T (21)0T (z2)),,
= (0T (21)) (9T (z2)),,
Uﬁ((’)zT(zl), T(Zz)) = <82T(Z1)T(Z2)>p

— (T (21)),(T(z2)),-  (20)

We derive the geometric conditions on the cylinder
with coordinate w and spatial period L, but now it is
convenient to work on the complex plane with coordinate z.
We would like to show that the geometric conditions are
invariant under a conformal map z = f(w). After perform-
ing a conformal map z = f(w) on the relation SXf/))(w)N
log(e,,(w)&,(w,)),», we then have

S (2) ~108(0,(21)8 (22)) r + hy log(f (w1 ) (),
(21)

| )
—(T(23)),(T(21)T(22)), + 2

VII. CONCLUSIONS

In this work, based on (holographic) entanglement
entropy, we have formulated a criterion to check if a 2D
CFT state can have a bulk geometric description or not.
Moreover, we derive the explicit constraints for an explicit
check and find that all the primary states are geometric
along with the discovery of some nongeometric states.

In this concluding section, we elaborate the relation
between our geometric state conditions and the connected
correlation functions, which characterize the suppression of
the quantum fluctuations.

In statistical mechanics, the connected correlation func-
tion or Ursell function of multivariate random variables is
defined by

g 0 0
U X 7X ""aX = ... 1 Ziéix’. —0>
W (X1, X2 n) 9, 08, " DE. og(e Me—o
(18)
where (---) means taking the expectation value of the

variables. For our purpose, we take X; to be the stress
energy tensor 7T(z;) at point z; and the expectation value to
be (...),. We denote the connected correlation functions of

T by Un(T(z1),T(z5), ..., T(z,)), and the first few of them
are given by

p = (T(22)),(T(21)T(23)),
T( )> < (Zz)> (T(z3)),- (19)

—~

|
where £, =57(n—1/n). Therefore,
Sf,‘"/),( )~ O(c ) is equivalent to SE*»/))( ) ~ O(c). We further
use the OPE of twist operators on the plane with the
coordinate z and get exactly the same conditions for the
one-point functions of quasiprimary operators with @ (w)
replaced by ®(z). By a conformal map z = e>*"/L, the
cylinder is mapped to the complex plane. If the conditions
on the plane are justified, it leads to the justification of the
conditions on the cylinder.

On the complex plane, one may rewrite the first geo-
metric state condition (B5) as

the requirement

1 d T T
R 21 lim Uz( (11)2, (Zz))
27l <1 — 22 \¢7® c

> =0. (22)

Similarly, for the condition (B11), we have
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(D), = 3(A),(T), +2(T);

= ((T(TT))), — 3((TT)),(T),
+2(T)> + 1% (((o*TT1)),
- <82T>p<T>p) + 0(‘)

and the condition

1 dz 1 dz, . 1
! 2 Iim -
%2 —23¢7%C

2rmi [, 71 — 23 2mi

10
=0. (24)

x {U’;(T(zl),nm,nm) + 2 (T (22). T(2s))

For the condition (B10), it is given by

1 dZ] . 1
— lim — |U5(9T(z,), 0T
2ri <1 — 22 cglc;lo C2 |: 2( (Z]) <ZZ))

—iug(aZT(z,),T(zZ))] =0. (25)

5

Higher order conditions (B12), (B13), and (B14) can also
be rewritten as the connected correlation functions. We will
not show them here.

The geometric state conditions are in analogy to the
planar limit of the correlation function of large N expansion
in four-dimensional Yang-Mills theory in a vacuum state.
However, there is no solid argument to justify this analog.
If one requires a stronger condition than the connected
correlation functions of the scaled operator T'/c,

Un(0™T(z1)/c.,0™T(z)/c.....0"T(z,)/c)~O(1 /"),
(26)

for any integer n and my, ..., m,. It is just

Un(0™T(z1),0™T(z,),...,0™T(z,)) ~ O(c). (27)
The conditions (22), (24), and (25) will be satisfied. One
could check the higher order conditions; they all should
be satisfied. Note that the conditions we find are a criterion
for generic excited states, not just for vacuum. We have
checked that (27) is right for a primary state and thermal
state up to n = 3. It begs a quantum gravity interpretation
of these conditions.
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APPENDIX A: CONDITIONS FOR GEOMETRIC
CFT STATES

The conditions for geometric CFT states are expressed
as one-point functions of quasiprimary operators in the
vacuum family. We would like to summarize the definitions
of these quasiprimary operators up to level 8; more details
can be found in Refs. [15,20]. At level 2, we have the
quasiprimary operator 7. At level 4, we have

A= (TT) —13—082T. (A1)

We use (X)) to denote normal ordering of & and )/, and on
the complex plane, it is defined as

1 dw
(XV)(z) = - ja{ — X(W)V(2). (A2)
zwi J,w—z
At level 6, we have two quasiprimary operators:
B = (0TdT) — 4 (O*TT) — ia‘*T
B 5 4277
9 1 93
D= (T(TT)) ——(°TT) - =T +-—"—B. (A
(T(TT) 10(8 ) 2884 +7OC+29B (A3)

At level 8, we have three quasiprimary operators,

E=(0THT) —%(a%an +£(84TT) —L36T,

324
H = (0T (dTT)) —g(azT(TT)) +%(63T8T) —%(84TT)
9(140c + 83) e
50(105¢+11)
I=(T(T(TT))) —%(BZT(TT)) +1%(83T8T)
81(35¢—51) 12(465¢ —127)
100(105¢ +11)  5¢(210¢ +661)—251""
(A4)

APPENDIX B: DERIVATION OF GEOMETRIC
CONDITIONS

By requiring the Rényi entropy [Eq. (3) in the main text]
to be O(c), we may get the following conditions, i.e., the
conditions for geometric states. With some calculations, we
get Rényi entropy up to O(£%),
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C(I’l + 1) lxﬁ Cz C3 C C2 C - C2C3 fS + ZC% - 3C§ - 6CQC4 + 6C6 f6

Sko =Tz 0 g_ﬂ—n'fhr1—1/3+2(1—n;f4 I—n 6(1—n)
LG C§C31—_CZC4 ~CCs | 4Cs — 4C,Co — 4CiCs 456_2 :) 40K, +4ACC2-C ) (B1)
with
C=by(D),, G ="Tom),
Co = balA), + brr{TV2 + 55 brd®(T),
Cs = 35 brOP (T}, + 3 ba0A), + 5 brrdl T,
Cs = bi(B), + bo{D), + bralT), (A, + brrr(T)3 + bk, + 1 brd* (), + o bt A)y + o brr* (T2
Cr = 155 b1 (T), 5 A (A), + by (T)2)]
+ % [b50(B), + bpd(D),, + bra0((T),(A),) + brrrO((T);) + b 0K, .
Cy = be(€), + bu(H), + br(T), + brs(T),(B), + brp(T) (D), + baa(A); + brra(T);(A), + brm< p
+ bm( ), Ky +boO, + bpP, +boQ, + brR, + 8640bTa6< ), + 157@1%84@0 +— 1584 brr0*(T)>
+ g3 b6 (B), + bp0P(D), + bradP(T),(A),) + brrrdP(T)} + bk, (B2)
The expectation values (X), = (X(w)),, X =T, A,B,D, -, are functions of the coordinate w. The coefficients by are

defined in Ref. [20] from the OPE coefficients dy of the twist operators and are constants depending on n and c. There are

also definitions

0, = T),0A), ~ (1), 0%(A), - S (1), {A),,
Py = (OP(T),)2 = G OT),00(T), + 3 (T),04(T),.

At O(£°), we have

n?—1

58503 1302 = V@A), = 2(T),0(T),) +8n20%(T) | + O(1 /).

CS - C2C3 —
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This leads to the condition,

8<A>/) - 2<T>pa<T>p
C2

lim =0.

This is nothing but the derivative of (B5). At O(¢%), we have

203 — 32 — 6C,C4 + 6C;
n? -1

= 604801°

= S[0P(AY, - 2(D(T), )2 = 2T), (1), ) + (5K, — S(O(T),)? + 40(T),6%(T) )’

{35(<D>p = 3(A),(T), +2(T)}) +35((B), = K, = 2((D),, = 3(A)(T),, + 2(T);)

+35 [(<B>p = K,) = (D), = 3(A),(T), + 2(T);) = 5(*(A), = 2((T),)* = 2(T),04(T),) - 37—634<T>,, n*

—7(5K, = 5((T),)* + 48<T>,,82<T>,,)n5} +0(1/c).

By using the constraint (B5), we obtain

62<A>p - 2(8<T>/1)2 - 2<T>pa2<T>/7

lim =0.
c—00 c

Therefore, we will have the following conditions at this order:

lim ———-=0,

c—00 C

(D), = 3(A),(T), +2(T);

. —0.

lim
Cc—00 C

The expression of O(£?) is too lengthy, so we just list the results at this order,

lim — ((T), - 4(D),(T)

c—0 C

- 3(A),2 4+ 12(A) (T)2 + 6(T)5] = 0,

P

c—0 C

—450(A),0(T),, +90(T),[0(T), )]
lim — [(€), — [0%(T) > = 10/63((T),0"(T), — 70°(T),(T),)] = 0.

Without loss of generality, we assume the one-point functions ('), have the following forms,

lim iz [45(H), — 65(B),(T), + 10(T),0*(A) ,36(A) ,0*(T) , — 72(T)30*(T),,
=0,

(B8)

(B9)

(B10)

(B11)

(B12)

(B13)

(B14)

(B15)

+o0 too I
(Tw)), = Y ulw),  (AW), = D cFaw),  (BWw), = > c*bw),  (Dw), =Y cdi(w),
k=-1 k==2 k=—
+00 oo I
Ew), = ckerw),  (HW), = > cFip(w),  (Tw), = cFig(w),
f—) =3 ——4
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where 1, (), ay (). by (w). dy(w). ey (w). and iy () ax

are arbitrary functions of order O(c?). The above geometric conditions

give some relations among one-point functions (X The result is

(T), = ca(w) + p(w) +

rold)

1
o
(B), = el (w)? = S a(w)a ()] + cE(w) +
= cGa(w)? + 3c2a(w)[5(w)

(A), = cta(w)* + cb(w) + e(w) + O

(), = Catw) [0 = 2] + [ o
8 " e 4,
+5alw)a (w)Bw) + ol ()8 (w) = S (w)o(w) -

(T), = cta(w)* + 2c%a(w)?[36(w) — 4a(w)p(w)] +
= Ra(w)p(w)s(w) + 35(w)* - 6a(w)?e(w)

with a(w), p(w), y(w), 8(w), e(w), {(w), and n(w) being
arbitrary order O(c”) holomorphic functions.

APPENDIX C: COORDINATE-DEPENDENT
EXAMPLE

Let us consider a state constructed by superposition
of the primary state and its global descendants (on the
complex plane),

=N enl0md), (C1)

where A is the normalization constant. For c,, = %, we
could write |¥,.) as the “coherent” state, i.e.,

|P.) = Ned-1]g), with N = (1-z2)"  (C2)

where hy is the conformal dimension of ¢. It is obvious
|¥.) is a local state O(z)|0). We are interested in the

expectation value of @ (z) in |¥.). Generally, we have
(| @ (x)|e) = N2> 2, (0P| Dk (x)[0').  (C3)
5.1
For s > t, we have
PP Wg) = ertst 3 Gt
m>s—t
X C%+hmk—1ciﬁf—h%+x—m—1v (C4)

while for s < ¢,

o(cY),
— a(w)B(w)] + cn(w) 4+ 0(c°),

la(w)a® (w) - 7a'<w>a(3><w>1} L o(0).

)?B(w) = 2a(w)d (w)B'(w) + ga(W)zﬂ”(W)

a(w)d"(w) +

@IN

S atmim)| + o)

w)2B(w)? + da(w)’y (w)
n(w)] + 0(c),

—~

A12a

+ da(w

~—

(B16)

t
s—1=hg, £) o) t—s+m
X ks Ct—s+m+h¢K—l

m2t—s

(0" | Pk (x)|0'p) =

m —m
X Cm+h®K—1 C2h¢—h®K tt—m—1"

(C5)

From (C4) and (C5) into (C3), we get a simple result

PRk = Coo, (=g ) (€6)

Using (C3)—(C5), we could calculate any state like the form
(CI) as long as we know the coefficients c,. One could
check that the one-point functions in the state |¥.) do
satisfy all the geometric conditions. For example, the
condition (B13) is

45(H), — 65(B) ,(T), + 10(T) ,0*(A),, + 36(A) ,0*(T),

— 72<T>§82(T>/, —450(A),0(T), + 90(T),[0(T)
_ 18ce,(1845ce, — 385¢ +28)(zz" — 1)®
© 35(105¢ 4+ 11)(x — 2)3(xz" = 1)8

p{ p]z

~0(c),

(C7)

where we define €y = h,/c. But if we slightly change the
coefficients c,, = %, it is very likely the corresponding
state will violate the constraints. At least in this example,
we can see the geometric conditions we find are highly
nontrivial.
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APPENDIX D: NONGEOMETRIC DESCENDANT
STATES

In the main text, we show that the primary states would
satisfy all the geometric conditions. Like the primary state,
descendant states can be viewed as descendant operators
acting on the vacuum. There are infinite descendant states
in a Verma module V(#, ¢). In this paper, we only focus on
|

m*[c —24(m + cey)]
6L '

ﬂ'4

180L*(cey + 1)(2ce, + 1)

(T)gg =

<A>am(p =

+ (480(30m? + 18m?* + 3m — 1)e; — (240m — 22))c + 480m(6m* — 1)],

some special examples that are calculable, e.g., the state
lwi) = 0"¢(0)|0) and [y) = 9"2¢(0)|0), where ¢ :=
(T$) — 37259 is the quasiprimary operator with con-
formal dimension A, + 2.

We could calculate the one-point function (7')ym, and
(A)gng by using the results in Ref. [35],

[10(1 = 24¢,)egc* 4 €,(480(90m* + 28m + 3)ej, — 6(120m +29)e,, + 5)c?

(D1)

where we define the order ¢ constant e = h,/c. For the states with heavy descendant that is m = c, where /i ~ O(c?),

we have h¢ +m ~ ¢ and

lim

(Adgng = (T)ng _ 8inn* (i + €) (Sih + 8ey)

c—00 c2

e, #0. (D2)

Even for m ~ O(c?), the condition (B12) is not satisfied, that is,

1

lim — ((Z)gng = HD)omg(T)amg + 12(A) g (T) 3 (AN g — 6T g) =

c—oo C

for m # 0. For the state |y,) with m ~ O(c®), we have

lim () g = 4D) 0 (T + 120050 (T30 (A3

c— CZ

~ 7687°[8(m? = 3m + 10)e,” + 16¢,, + 1]

614478m(m + 1)e,
_ o5

#£0,  (D3)

4
amJ) - 6<T>dma))

L8

# 0.

We will not give the explicit results for state |0"T) and |0™A).
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