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Stationary and biaxisymmetric four-soliton solution in five dimensions
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Using the inverse scattering method to solve the five-dimensional vacuum Einstein equations, we
construct an asymptotically flat four-soliton solution as a stationary and biaxisymmetric solution. We
impose certain boundary conditions on this solution so that it includes a rotating black hole whose horizon-
cross section is topologically a lens space of L(2, 1). The solution has nine parameters but three only are
physically independent due to the constraint equations. The remaining degrees of freedom correspond to
the mass and two independent angular momenta of the black hole. We analyze a few simple cases in detail,
in particular, the static case with two zero-angular momenta and the stationary case with a single nonzero

angular momentum.
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I. INTRODUCTION

The studies on higher-dimensional black hole solutions
to Einstein’s equations have played roles in the microscopic
derivation of Bekenstein-Hawking entropy [1], and the
realistic black hole production at an accelerator in the
scenario of large extra dimensions [2]. Despite two decades
of research and development in techniques of solution
generation, our understanding of higher dimensional black
holes is still not enough. The topology theorem for a
stationary black hole generalized to five dimensions [3-6]
states that the topology of the spatial cross section of the
event horizon must be either a sphere S°, a ring S' x §? or
lens spaces L(p,q) (p, g: coprime integers), if the
spacetime is asymptotically flat and admits two commuting
axial Killing vector fields which also commutes a sta-
tionary timelike Killing vector. As for the first two
topologies, the exact solutions to vacuum Einstein’s equa-
tions [7-10] have already been found. In contrast, a regular
vacuum black hole solution with the horizon of lens space
topology has been difficult to find in spite of a few trials,
since the resultant solutions always suffer from naked
singularities.
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The inverse scattering method (ISM) is known as one of
the most useful tools to obtain exact solutions of Einstein
equations with D —2 Killing isometries (D: spacetime
dimension). In this method, new solutions with the same
isometries can be systematically obtained by the soliton
transformation from a certain known simple solution, which
is often called seed. In general, the direct application of the
original method formulated by Belinski and Zakharov
[11-13] to higher dimensions yields singular solutions but
Pomeransky modified the ISM so that it can generate regular
solutions even in higher dimensions [14]. Remarkably,
combined with the rod structure [15] mentioned below, it
has achieved a great success so far, concerned with, in
particular, five-dimensional vacuum black hole solutions.
The first example of the generation of black hole solutions by
the modified ISM is the rederivation of the five-dimensional
Myers-Perry black hole solution [14]. Thereafter, the S2-
rotating black ring was rederived [16] by the ISM from the
Minkowski seed (this solution was first derived in
Refs. [17,18] independently), but it turned out that the
generation of the S' rotating black ring has a more delicate
problem on how to choose the seed, since a facile choice of
the seed always results in the generation of a singular
solution. The suitable seed to derive the black ring with
the S! rotation was first considered in [19,20]. Subsequently,
the regular black ring solution with both of S!' and S?
rotations was constructed by Pomerasnky and Sen’kov [10].

When one constructs a stationary and biaxisymmetric
vacuum solution in five dimensions, it is useful to combine
ISM with the rod structure, which was first introduced by
Harmark [15], based on the earlier work for static solutions
[21], since it was mathematically shown that asymptotically
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flat black hole solutions are uniquely characterized by their
mass, two angular momenta and rod structures [3]. The
metric possessing three mutually commuting Killing vector
fields admits a canonical form, in which the Einstein equation
reduces to a differential equation for a3 x 3 matrix living ina
three-dimensional flat space. In the three-dimensional flat
space where cylindrical coordinates (p, z, ¢) are introduced,
the sources for the metric consist of thin rods lying on the z
axis. Each rod has a direction, which is specified by the three-
dimensional rod vector lying in the space spanned by the
Killing vectors. The set of the intervals of the rods and their
directions is referred to as rod structure.

Using the ISM, a few authors attempted to construct
asymptotically flat black lens solutions to the five-
dimensional vacuum Einstein equations. First, Evslin
[22] attempted to construct a static black lens with the lens
space topology of L(n?+ 1,1) but found that curvature
singularities cannot be eliminated, whereas both conical and
orbifold singularities can be removed. Subsequently, Chen
and Teo [23] constructed a black lens solution with the
horizon topology of L(n,1) = S%/Z, by the ISM but
observed that it must have either conical singularities or
naked curvature singularities. Thus, the major obstacle in
constructing a black lens solution is always suffering from
naked singularities. However, the sudden breakthrough in
this line has come from supersymmetric solutions. Based on
the well-known framework of the construction for super-
symmetric solutions in the bosonic sector of five-dimen-
sional minimal supergravity developed by Gauntlett et al.
[24], Kundhuri and Lucietti [25] succeeded in the derivation
of the first regular exact solution of an asymptotically flat
black lens with the horizon topology of L(2,1) = $3/Z,.
This solution was subsequently generalized to the more
general supersymmetric black lens with the horizon topology
L(n,1) = 8?/Z,(n > 3) in the same theory [26].

The supersymmetric solutions provide us various useful
information on the corresponding vacuum solutions when
we do not yet know them. In particular, the discovery of the
supersymmetric black lens solutions [25,26] gives us a nice
guideline for understanding the rod structure of unfound
regular vacuum black lens solutions. From now, for
simplicity, we consider the vacuum solution with the
horizon of the special lens space topology L(2,1).
Figure 1 shows the rod diagram of the Kunduri-
Lucietti’s supersymmetric black lens in [25], where the
horizon rod is drawn as a point because the supersymmetric
black hole has a degenerate horizon. On the contrary, Chen
and Teo in [23] considered the black lens with the rod
structure displayed in Fig. 2, though this solution has
conical singularities on z € [z3,z4)." The main difference

'More precisely, this has two branches: one has conical
singularities only on the axis, whereas the other has curvature
singularities on the surface surrounding the point z = z4. Here we
consider the former case.
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FIG. 1. The rod diagram of the Kunduri-Lucietti’s supersym-

metric black lens with the horizon topology of L(2, 1) = §3/7Z,.
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FIG. 2. The rod diagram of the Chen-Teo’s solution with the
horizon topology of L(2,1) = §3/Z,.

between these rod diagrams except the shapes of the
horizon rods lines in the signatures of the third component
of the rod vectors (0,2,+1) on [z3, z4). In this paper, we
consider to construct the vacuum solution of a black lens
with the combined rod diagram displayed in Fig. 3 where
the rod vector on [z3,74] in Fig. 2 is replaced with one
in Fig. 1.

To this end, using the Pomeransky’s ISM for the five-
dimensional vacuum Einstein equation, we construct a
four-soliton solution by regarding the singular solution
with a diagonal metric as a seed (see Fig. 4 on the rod
diagram), which is the same as one used for the con-
struction of the black ring solution. In order to obtain a
black lens solution of physical interest, we impose suitable
boundary conditions at infinity, on the horizon, on a
symmetry of axis as follows: (i) Infinity must be such that
the spacetime is asymptotically flat. (ii) The horizon
corresponds to a smooth null surface, whose spatial cross
section has a topology of the lens space L(2,1) = §%/Z,.
(iii) On the axis, there appear no curvature singularities, no
conical singularities, no Dirac-Misner strings, and besides,
orbifold singularities at isolated points must be eliminated.
There indeed exist the parameter regions where all these
boundary conditions are satisfied, however, it seems to be
considerably hard to deal with the four-soliton itself owing
to the rather complex metric and five constraints on the
parameters. For this reason, when we study the physical
properties of the solution, we restrict ourselves to a few
simple cases, a case with a single angular momentum and a
static case. As shown later, as for the black lens with a
single angular momentum, there exist unavoidable naked
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FIG. 3. The rod diagram of the obtained four-soliton solution.
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FIG. 4. The rod diagram of the seed solution.

closed timelike curves (CTCs) surrounding the nut z = z,4
outside the horizon, even if all of the (conical, curvature,
and orbifold) singularities and Dirac-Misner strings can be
removed at these boundaries. For the static case, there are
two branches, though there necessarily exist conical sin-
gularities on [z3, z4] only. One has the CTCs region around
the point z = z4, but the other does not.

We organize the present paper as follows. In Sec. II, by
using the Pomeransky’s ISM, we present the four-soliton
solution in five dimensions which admits three commuting
Killing vectors, stationary and biaxially symmetric Killing
vectors. The solution contains many parameters. In the
general choice of these parameters, the solution cannot be
necessarily asymptotically flat and regular, and the lens
space topology of the horizon is not guaranteed. Therefore,
in Sec. III, we impose on the parameters the boundary
conditions under which the spacetime is asymptotically
flat, neither (curvature, conical, and orbifold) singularities
nor Dirac-Misner strings exist, at least, on the axis and
horizon. It is shown that the boundary conditions finally
reduce the number of the independent parameters to three.
In Sec. IV, we analyze a few simple cases, the case with a
single angular momentum and a static case. In particular,
for the former case, we will discuss the phase diagram and
the existence of CTCs. In Sec. V, we devote ourselves to the
summary and discussion on our results.

II. BLACK LENS SOLUTIONS

First, let us start from the construction of the seed
solution. We consider a five-dimensional, stationary and
biaxisymmetric spacetime which has three commuting
Killing vectors, a stationary Killing vector 9/0t, and

two axisymmetric Killing vectors 0/d¢,, 0/0¢,. The
diagonal metric of the five-dimensional vacuum solution
whose rod diagram is given by Fig. 4 can be written as

2
ds? = —Flgp  F2HA g2 | PHS o
H3 M1 Holta

R, {R»R+;R 4R
42 M3y R R3304 4 1Ky (dpz—i—dzz),
HoptgR12R 3R 4Ry 3 R34

where u; and R;;(i,j=1,...
tively, by

2 2 Hiltj
=P+ (z2—2z)"—(z2—2), Rij=——"—
Hi P ( l) ( l) ij ,02+ﬂi/"j

z; are constants, and we assume z7; < 7o < 73 < Z4. As seen
later, k is the integration constant which is determined from
the requirements of the absence from conical singularities
at infinity. Note that this metric is exactly the same as that
of the seed solution used for the derivation of the rotating
black ring by the ISM. As shown later, although there exist
naked curvature singularities on the rod p = 0, z € [z1, 2,
which has a negative density, they have disappeared
under some appropriate boundary conditions after the
four-soliton transformation. Now, we briefly explain how
we have obtained the four-soliton solution, following the
Pomeransky’s procedure:

(i) First, let us remove trivial solitons from the four
points z = z;, 2, 73, and z4 with the BZ vectors
(0,1,0), (0,0,1), (1,0,0) and (0,0,1), respectively.
After the solitons are removed, the obtained metric is
written as

,4) are defined, respec-

2

4 4
—an(L L)
HiH3 Hifofe Pafi3pg

where fi; = —p?/u; = —\/p* + (2 — 2,)* — (2 — 2).
Performing the formal replacement of f; —
ji—Ali=1,...,4), p> > p* — 2z — J* in the matrix
Jo (4 is a so-called spectrum parameter), we can
obtain the generating matrix W[4, p, z| corresponding

to go:

L p? =270 — A?
WolA, p, z] = diag <(/71—/1)(/73—/1)
(p* =224 = 2%)?
(i1 = A)(fiy = ) (fig = 2)
(P 2u -2y
e n) @
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(i) Next, let us add back the nontrivial solitons at

Z =21, 2, 23 and z4 with the BZ vectors m&) =

(C1.1,0), m{) = (0.C,.1), m) = (1,0,C;) and

a
m(()t) = (0, Cy4, 1), respectively, where the constants

C,, C,, C5 and C, are often called BZ parameters.

Then, using the BZ vectors and the inverse matrix
of the generating matrix whose spectrum parameter
A is substituted into yu;, we can construct the three-

dimensional vectors m,®,

m =m0 (g 92 2) 4)

Thus, we obtain the metric of the four-soliton
solution as

4 k) (-1 ()
- (gO)acmC< (T uma(90) pa
Yab = (g )a - ’
b 0Jab ,(2,::1 Hiki
(5)
ma(k) Jo)apm ()
Fkl _ 2( 0) bt ) (6)
P7 At i

Note that in the original BZ’s procedure, g,;, does
not satisfy the normalization condition det(g,;,) =
—p? (in the final step one must normalize g,,),
whereas in the Pomeransky’s procedure, g,
automatically satisfies the condition without such
a normalization process. The two-dimensional
conformal factor f := g,,(= g..) for the new sol-
ution is obtained from the factor f, for the
seed as

detI’

fzfom’ (7)

where the matrix 'y = ([;) is obtained by putting
C, =01in Eq. (6).

III. BOUNDARY CONDITIONS

The four-soliton solution that we have obtained in
the previous section has nine parameters (z;, C;, k) but
the general choice of these parameters cannot guarantee the
horizon topology of a lens space, regularity and even
asymptotic flatness. In order that the four-soliton solution
describes a physically interesting solution, we need to
impose suitable boundary conditions at infinity, on the
horizon, and on a symmetry of axis: (i) The spacetime is
asymptotically flat at infinity. (ii)) The spacetime has a
smooth horizon whose spatial topology is the lens space
L(2,1) = $3/7,. (iii) The spacetime has no curvature
singularities, no conical singularities, no Dirac-Misner
strings, and besides, no orbifold singularities at isolated
points on the axis. In what follows, using the rod structure
[15], we show that there indeed exist the parameter regions
where all these boundary conditions are satisfied.

A. Rod diagram

To ensure that the spacetime is asymptotically flat, the
two semi-infinite rods (—oo, z;] and [z4, c0) must have the
rod vectors (0,0,1) and (0,1,0), respectively. At a glance,
this seems not to be satisfied for the obtained metric, but we
can confirm that it is automatically satisfied under the
global rotation g — AT gA, where A is a 3 x 3 matrix that
satisfies the condition detA = 1 and is written as

C_l C3(=Cr212234=Ca214223) 2C12123(C=Cu)z13
C1C321(Crz34+Caz23) 23204 C1C321(Crz34+Cyz03)+23204
o _ C1CC3Cyz1204+23(Caz01 +Caz14)
A=¢ 0 ! C1C321(Caz34+Cy223) +23224 ’ (8)
0 _G C3C3C421204+23(Caz01 +Cy214) 1

C1C321(Crz34+Caz23)+23204

where z; =2 = 2 and ¢, which is determined from detA = 1, can be written as

{ = —[C1C321(Cazaz + Cuz3) + 23240)
x [23(Caz21 — Cuz41 — 242) — C1C321(C2Cuz4p + Cozy3 + C4Z32)]_%

1

X [23(Caza1 — Cuzg1 + 242) — C1C321(C2Cuzap — Crzyz — Cuz3)| 2. 9)

(i) The semi-infinite rod z € (—oo, z;] has the rod vector

22123231C1(C2 - C4)

vV = .
l (21C1C3 (232C4 + 243C3) + 23242

~21242C1C2C3Cy 4 23(221C — 241 Cy) 1)
21C1C5(232C + 243C2) + 23242
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After the global rotation, v} = A~'v; becomes proportional to (0,0,1). Moreover, the condition for conical
singularities not to exist on the rod is given by

2
. p°f
my = lim AT 1, (10)
p=0\| gi;(v}) (v})/
which determine k as
2= — B33
73(Crza1 — Caza1 — 242) — C1C321(CaCyzap + Crzaz + Caz3z)
1
X . (11)
Z3(C2221 — Cyzyqy + Z42) - C1C321(C2C4Z42 = Crzg3 — C4Z32)
(i) The semi-infinite rod [z4, o0) has the rod vector
vy = < C3(Crzp1243 + Cyza1232) 1 —C,C,C3Cyz1240 + 23(Crzp) — C4Z41)> (12)
C1C321(Cozuz + Cuzzp) + 23240~ C1C321(Cazaz + Cuzzp) + 23240

After the global rotation, v, = A~'v, becomes proportional to (0,1,0). The condition (11) automatically guarantees
the absence from the conical singularities on the axis rod. In what follows, we define (¢}, p5) by 0/0¢) = v},
and 0/0¢), = v.

(iii) The finite rod [z;, z,] has the rod vector

V= ( 223(Cy = Ca)zn1231241 C2221(2C12123231 = C3C4z41242) — 2C1C421 23231201 1) (13)
C3221241 (C2243 + C4Z32) +2C1z123231242 ' C3221241 (C2243 + C4Z32) +2C1z123231242 ’

To eliminate the naked curvature singularities on [z, z,] which indeed exists for the seed solution, we require that the
finite rod [z, z,] should be parallel to the semi-infinite rod (—o0,z;]. It can be easily shown that this can be

accomplished if we impose the condition
221241
Ci==%,/—5 14
! 22%231 ( )

It turns out that after the global rotation, v, = A~'v;, becomes proportional to (0,0,1).
(iv) The timelike finite rod [z,, z3] has the following rod vector:

o (1 —2C12123231 (232 + C2Cyz41) + C3C4232240241 2C1Ca2123231240 + C3241232(C2Cyzp1 — Z43)> (15)
’ 7 —213231241<C2C4221 + 232) ' —223231141(C2C4221 —+ Z32)

After the global rotation, v5; = A~'v,; becomes proportional to (1,9Q;,€,), where Q, and Q, are the angular
velocities along d,, - and d,,/, respectively, and are given by

Q
Q =—, 16
=5 (16)
Q,
Q, =—, 17
=g (17)

where
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Q = —4C 212375240 + C3C322123025, (Caz3a + Cazas)
+ 2C1C3C42123231241 [Ca (230 — 221) 243 + Cazan(—221 + 230 + 24)]
+ 2C323231201[—Caza1 243 + Ca(23, + 235 — 253 + 21242 + 22221 — 23241)) (18)

Q, = —4C1z1z§z§1242[—C§C4z21z41 + Caz41232 + Cz(CﬁZﬂ + 21232 + 22243 — Z4Z42)]

+ 2C3Z§Z31Z41 [C3C423 241243 + C2Caz1230(—C32%) — 221243 + 232241) — 232{25h2a3 + Ciza (221230 — 25) }
- C%ZZI{_Z43(Z2IZ32 + 2Z4212) - C3Z41 (121232 — 241243 — Ziz)}]

— G121 22[Cizhzai zas — C3Caz01 241233 — CoCazazn{ =223 + Ci(2n1230 + 23}

+ Cznzus{ziz — Ci(zaiza + 23p)}

— 2C] C%Z]Z3Z3]Z41Z42[—C224] (Z%z + C%Zz]ZB) + 2C4(Z%2 - C%221Z32)Z43

- Czci{—C%Zz1Z4lZ43 + 230242(2a1 + 243)} + Co243(2230243 — 6%121243)]’ (19)

{Dy = {Ds(z4r(C3201 + 232)) ™"
= —2C1C§C42‘21231Z41232(C4Z41232 + Cy221243)
+ 2C§C4Z3Z31241 [—C4Z41Z%2 + C2Z21(C421Z41242 + Z%z - Ziz)] - 4Z%Z%]Z41(—C£Z41 + C2C4Z21 + Z42)

—4C1C321232% [Crzanzas — Cazarzar + Cazarzan — C2Ciza1 (=221 + 242)] (20)

(v) The finite rod [z3,z4] has the rod vector

by = ( —C3241243(C2Cy221 + 232) _ Ci1G321234(CaCazar + 230) + CazaZaiZa 1) 1)
Cz(Cl C321242243 — C4Z3Zzll41) + 23241243 ’ Cz(C1C321242143 - C413121241) + 23241243 ’

After the global rotation, the rod vector v, = A~™!v3, is proportional to (0,2, —1) if the constants (C;,z;) satisfy

2 2 2
_ C1Cy21 (223231 + Ciz3p2a3) + C3C323201200 + C323230200

C, = . (22)
Cizy (C3Z%2 + C%C%ZZ]Z42 — ZZ%ZN)
and
2240 (—Ciza1 + 243)(C1C2C3z2y + 23)(C1C2C324321 + 24123)
- C%C§Z%Zs4{C%C4(le43 —22p Tt Z3224) - C2223(C421214 + Z34> - C4Z%3}
+ C1C32120423(C3212 + 203)(C3214 + 234) + 21423{—C5Cy21, + Co212(Ci214 + 234)
+ C4(21243 — 22242 + 23224) = 0. (23)

,u itions, v5, = (v4,,, V%, ., —1) 1s wri
In fact, under these conditions, v%, S Vs —1) is written as

vhy, = [-2C1C2C52123123(Co — Cy) — C12i{C5(C3Cuza1240 + Cazzozas + Caz3,) — 223231 (C — Cy) }
+ C323(C323, — C2Cyz01241 — 232202))C[(C1C2C321 4 23){—C1C321(Cazas + Cazan) — 23242} (24)

=0, (25)

and
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Viggy = [C1C321234{ C3Ca(21243 — 22242 + 23224) — C2232(Clza1 + 243) — Cuz3, )
+ C1C3212423(Ch201 + 232) (Cizan + 243)
+ z20123{—C5C423, + C2201(Ciza1 + 243) + Cy(z1243 — 22240 + 23224) }]
X [242(=Clza1 + 243) (C1 C2 G321 + 23)(C1 C2C3243271 + 24123)] 7
—2. (26)

Moreover, the conical singularities are free on z € [z3, z4] if the constants satisfy

2
M3y = lim P f

S ——" (27)
=0\ gi;(v34)' (v34)’

which gives

255(Ciza1 — 243)*(C1CyCazy + 23)*(C1CoCazazzy + 24123)°

m2, =
Tz [23(Caza1 — Cyzay — 242) — C1C321(CaCuzag + Crzyz + Cyz3o))?
1
X
[13(C2221 = Cyz41 + Z42) - C1C321(C2C4Z42 —Crzgz — C4232)]2
= 1. (28)

B. Summary

The physical requirements of asymptotic flatness, regularity on the rods and horizon topology of the lens space L(2, 1)
impose the conditions (11), (14), (22), (23) and (28) on the parameters. In combination with the gauge degree of freedom
7 — 7 + a, these reduce the independent parameters from nine to three. These correspond to physical degree of freedom,
mass and two angular momenta. The Arnowitt-Deser-Misner (ADM) mass and two ADM angular momenta are given by,
respectively,

3zm o

M= Sty 29
8D """ 4D (29)
J, = 72C3(23 + C3221) (223231 + C3230243) 24223080 (30)
4 —C323, + 223231 — C3C3201200 ’
where
m = 2231242[C3201{223231 + C3(Cizmzan — 233)} + C3C323,201 + 223125 (242 — Ciza)], (31)

J1 = 224[2C5C5Ca201 23124123 (235 + 235 — 2C32m1242) + C3Caz30241{ C3Ci22a1 + 223125(=C3(2a2 + 232) + 235)}
+ C2C%C421241243 + ZC%CSZ%1Z311§{2C421241242 —243(za + 243) } — 2C2C32212311%{—C§(Z§2 + Zaztz) + Z%2143}
+ C5C3Ca201 230241 243(Ciz3n + 243) + C3C323,233(Chzan + 243)]
+ 2C 240 [-4C32123201 23 (C2Cuzay — 2C5241 + 2an + 2a3) — 4C2Cy212325, (C323) + 221230 — 2a1243)
— 22123231{ C3 323241 + 223231 (—Ciza1 (242 + 232)) + 232} — 2C3C5Caz21 23201231 { Ci2a125, + 243(230201 — 232) }
+ ZC%C§Z123121231{—C421Z41(Z§2 + 133) + 24213} + 2C2C§C42123Z31Z32{—Z43(224212 — 21243 + 22241 — 23221 + 24232)
— Clz41 (2% + zaza3) }], (32)

D = Cizp1za{(Cazas + C323)* = C3C3zn} = 223123 (Cazay + Cazan)* — 25}
- 4C1C3231Z42{C2C4(—C2121 + C4Z41) —Cyzn — C2243}~ (33)

104053-7
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IV. LIMITS TO SIMPLE SOLUTION

A. A black lens with a single angular momentum

For simplicity, we analyze a rotating black lens with only
a single angular momentum, where note that “a single
angular momentum” does not mean “a single angular
velocity.” In fact, the solution with a single angular
momentum has two nonvanishing angular velocities.
One such solution can be obtained by taking the three-
soliton limit of C3 = 0, and one finds that the conditions
(22), (23) and (28) reduce, respectively, to

C4 = C27 (34)
2105 4 2241 C5 + 23,C; = 2243 = 0, (35)

j o8| (2416% - Z43)2
(1= C%)2243Z4212

=1. (36)

It should be noted that this solution is different from the
Chen-Teo’s solution with a single angular momentum in
Ref. [23], since how to add back nontrivial solitons differs
in what follows. They removed a trivial soliton with (0,0,1)
from z =z, and then added the nontrivial soliton with
(C5,0,1) at z = z,, whereas after we remove the trivial
soliton with (0,0,1) from z = z,, we add back the nontrivial
soliton with (0, C,, 1) at z = z,.

1. C-metric representation
For the present purpose, it is more convenient to use
so-called C-metric coordinates (x, y) rather than the canoni-

cal coordinates (p, z). The relation between these coordi-
nates is given by

IR

R CRTC ) SR,

(x—y)?

where

_2%Cie(e—p)(1+y)

G(&) = (1-8)(1 + ué), (39)
and u and k are constants, which satisfy the inequalities

0<pu<l, k> 0. (40)
To fix the gauge freedom z — z + a, let the turning points
(21,22, 23, 24) be

2 2

7] =CK°,  Zp = —UK”, =ukt, =K% (41)

Then, we can write (u,, u3, y4) in the simple forms without
the square root as

2 (1= x)(1 +y)(1 + py)

Mo = — (x_y>2 ’ (42)
M3:_21<2(1—x)(1+y2)(1+,ux)’ (43)
(x=y)
221 =y (1 +px)
o (x =) “

Before performing the global rotation mentioned previously,
the metric of the rotating black lens with the horizon
topology of L(2, 1) takes the following form:

ds? = —ZE; i; [dt + w,dp, + wrhs)?

e e e L

+ Z%d(ﬁldqﬁz

e (6w d) @
where

[~C3(1—¢)(c+pu)(1 +x)?

T T HGy)
+ CH{=2(1=p)(2 = ) = Px(y(1 = x) + 1+ x) + p(22* + xy + x — y)
+e(5=du—px*(1+y) + (1= p)x(3=y) +y)} +4(1 = p),

0, = _2K2C1C2C(C —u)(1+y)

H(x,y)

[C3{pP(xy + D)(1 = x) + p(x> —xy +5x +y—2) + 4

Fe((1=2u+py)® + (1 =p)y =3u—Dx =y +p—4)} =2(1 —p) (u(x* +2x = 1) + 2)],
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and the functions H(x,y), F(x,y), and J(x,y) are written, respectively, as

H(x,y) = Cy[=c*(x + 1)*(1 +y) = *(x + 1)*(L + y)(u(1 +y) = 1)
—cu(x + 12 (1+y)((r = Dy = 1) + 4> (x + 1)%y(1 + y)]
+ Gl +y){du+x(p((x=1)y +x+3) +y=3) -y =5}
+o{=13u+ (u = Dux*(1+y)* + 2x(u(p + y(2p + 3uy =y +2) = 1) +2)
+u(Su+ y(u(y +2) +3y = 2)) + 8y + 12}
— i {(x(x +3) +4)y* + 2x(x + 5)y + (x = 1)x — 4y + 8}
—w(x =1y =1 —du(x +2y =3) = 8] —de(u = 1)*(1 +y) +4(u = 1)*(u(y = 1) +2),

F(x,y)

K2

= =2C3[(1 = ¢)(1 +x)*(c + p)(c + px) (1 = y*) (1 + py)]
+ (=5 +x(=3+y) =y)(1 +y) + (1 +y) (4 +xB +x+ (x = 1)y))u}
+c{4B+x+2y) + (=13 =2x(y = 1) =2y + 39> = x*(1 + y)*)u
+ 52+ (1 )2 +x2+4y +6y2))?) — (x = 1)(y = D2 + (=8 — (x — 1)x + 4y
—2x(5+x)y — (4 +x(3+x))y*)u* —4(=3 + x + 2y)u — 8]
F8(=1+y*)(1 = p) (2= c(1 +x) + (x = Du)(1 + yp), (46)

T2 2C3m1 4 )1+ 0= 0)(1 ) A+ 124 -1 43) =Sy = £ x(=5 + )

H{-1+y+ 22 (=1 +y)y —x(=1+4y + ¥ ) J’] +4Co(x = y)(1 = ) [2(c(1 +x)(1 +y) = 2(x + y))
—{244x =2y + 4y +c(1+x)(1+x(=3+y) =3y)(1 +y) +2x(=1+ 5y) }u

+{=1=2y+3y* +x(-2+ 4y = 6y?) = x}(=3+ 6y + y*) + c(1 + x)(1 + y)(1 =y + x(=1 + 3y)) }u?

— (I =x)(=1+x(=1+y) =y)(1 —y)u’]. (47)

From Eq. (35), z; can be written in terms of the other parameters as

_ ZzC% + 2146% + Z32C2 - 2Z43

48
“ a3 +2C2 (48)

’

so that the substitution into Eq. (36) gives

C3—273,C, +2
() — 23200 +2 43 _ 1 (49)
743(Cy +2)

It can be shown that Egs. (48) and (49) have three different roots for (C,, z;), which can be expressed in terms of only
(. x) as

71 = Ku, (50)
C, =1, (51)
and
K2p(=9 + Tu +2+/9 — 8u?)
_ , 52
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Zap + Sz43 = \/Z% + Z% + 347,23 + 36249243
2z3;

73—2/,tj:\/9—8/12 (53)
= 5 .

C2:

Because of our assumption z; < z, = —k*u, we must take

K2u(=9 + Tu — 24/9 — 8u?) (54)

e o1 —p)

C = VO =8 (55)

3-2u-—
2u

2. Asymptotic charges

The mass and two angular momenta are given, respec-
tively, by

3 , 1-C3
M:—nz31, 7, :_ﬂ\/221231241( 2), J, =0.
4 2

(56)

The dimensionless angular momenta and horizon area are
given by

21z Ji 2z (1= C3)
7=\ (o 2,

2T J2
iy 1= —_— 3 = O7 57
J2 =) 30 (GM)} (57)

ar = 27 Ah . 2\/§|Z21C% + Z32|w/Z32Z41 (58)
h *— 3 — .
16’7 (GM): z1z2V/ (1= G3)

3. Phase diagram

From Fig. 5, we see that the dimensionless angular
momentum j is a monotonically increasing function of
and j—)ﬁ at u— 0, and j— 1 at y — 1. Figure 6

i

1.0
0.8
0.6
0.4
0.2}
O.‘2 0.‘4 O.‘6 O.‘8 1.‘0 H
FIG. 5. Relation between u and ;.

0.0 0.5 10 15 2.0’

FIG. 6. The curves a;, vs j for the five-dimensional Myers-
Perry black hole, the Emparan-Reall black ring and the rotating
black lens. The black curve and blue curve correspond to the MP
black hole and the ER black ring, respectively and the red curve
corresponds to the black lens.

illustrates the relation between j and the dimensionless
horizon area aj;, where the black and blue curves corre-
spond to the Myers-Perry (MP) black hole with a single
angular momentum and the Emparan-Reall (ER) black
ring, respectively, and the red curve corresponds to the
black lens with a single augular momentum. The ER (thin)
black ring has no upper bound for j, whereas the black lens
has the upper bound j =1 (at 4 = 1). The MP black hole
has a zero lower bound for the angular momentum j,
whereas the black lens has the nonzero lower bound j =
1/2v/2 (at u = 0) as the MP black hole does. It turns out
from these graphs that the dimensionless horizon area of
the black lens is always larger than that of the MP black
hole (within the range of 1/2v/2 < j < 1) and a,, vanishes
at j — 1 (u— 1), which corresponds to the limit to the
singular extreme MP black hole, and take the finite value
23 at j — 1/2v/2 (u — 0), which is a singular solution
without a horizon. Moreover, it can be seen that there
indeed exists the parameter region such that a,, of the black
lens can exceed to those of the other three solutions, the
black hole and thin/fat black rings.

4. CTCs and curvature singularities

We wish to require absence of CTCs in the domain of
outer communication. The necessary and sufficient con-
ditions to ensure that CTCs do not exist in the domain of
outer communication is such that the following two-
dimensional matrix always becomes nonnegative in the

region:
( 914,
92 =
94,4,

namely, CTCs do not exist if and only if

9014, ) (59)

9,

detg, >0, Trg, > 0. (60)
We have numerically studied the positivity for various
values of y and the normalized « (as k = 1) in the (p, z)
plane. In Fig. 7, the point (p, z) = (0, 1) and the interval on
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3 T T T T T

_25

)

FIG. 7.

_25 1

) e

In each part, the white region represents the CTC region for u = n/10(n = 1,4,7,9). There exist curvature singularities on the

red curve (spherical surface) which is the boundary of the CTC region. The point (p,z) = (0, 1) and the interval (p = 0,—n/10 <

7z < n/10) represent the nut and the Killing horizon, respectively.

the z axis {(p,z)|p = 0,—n/10 < z < n/10} represent the
turning point ((p,z) = (0,z4)) and the Killing horizon,
respectively, for u = n/10(n = 1,4,7,9). In each figure,
the white region represents the CTC region, which always
appears around the turning point (p,z) = (0, z4). We have
confirmed that regardless of the values of yu, the white
region which surrounds the point (p,z) = (0,z4) exists
outside the horizon. As a consequence, it can be seen that
the existence of CTCs outside the horizon seems to be
unavoidable.

Next, let us see if curvature singularities exist inside or
outside the horizon. For this purpose, we consider where
one of the scalar invariants, for instance, Kretschmann
invariant R,,,,R***?, diverges in the (p, z) plane. One can
find from a direct computation that it diverges at the points

(x,y) satisfying H(y,x) = 0, which is denoted by the red
curve in each part of Fig. 7. It can be seen from these
figures that H(y(p,z),x(p,z)) =0 holds just on the
spherical boundary of the CTC region around the point
(p,z) = (0,z4). Therefore, it can be concluded that the
black lens with a single angular momentum unavoidably
has curvature singularities outside the horizon and on the
spherical boundary of the CTC region.

B. Static solution

Finally, we consider the static limit of the four-soliton
solution z; — z,, C3 — 0, in which case it follows from
Eq. (14) that C; — 0 holds. In terms of the C-metric, the
metric takes the following simple form:

104053-11
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L+ py

ds? = dr* +

_l—l-/tx

262 (1 + ux)[C5(1 = x2) (1 4 py)? 4 (1 = p)*(y* = 1)]
(x =) [(1 = p)* = C5(1 + px) (1 + py)]
263 (14 px)[C3(7* = 1)(1 + px)? = (1 — p)*(1 = x?)]

(x = )2 [(1 = p)* = C3(1 + px) (1 + py)]

d;

K2Cy (1 — p)(1 + px)[x 4+ y + u(1 + xy)]

W G =7 = G0+ (1 + )

dgd,

21+ ux)[(1 = o) = G0+ o) (1 + )] (dxz oy

(1=-CHA = p)(x—y)?

where it should be noted that C, automatically disappears.
In the limit, the condition (22) is automatically satisfied,
and two equations (23) and (28) are simplified, respec-
tively, as

2/1 C4

=2, (62)
(1=p) = Ci(1 +n)
1—u—-C31 2
(1-C*(1—p)
From Eq. (62), u can be written as
—C?
H= @74, (64)
4 + C4 - 2
and then Eq. (63) becomes
C
4 1, (65)

2C2+5C,+2

which gives C, = —1. This result contradicts with Eq. (63).
Therefore, this implies that when Eq. (62) holds, Eq. (63)
cannot be satisfied. We can interpret physically that the
static black lens needs conical singularities on the rod
[z3, 24 to support the horizon against gravitational attrac-
tion. It may be of interest to investigate such a static black
lens even though it has conical singularities. From Eq. (62),
C, can be solved as

—p £ /4 =37
Cy=Cpy=——. (66)

2(1 4 p)

Hence, the static black lens solution has two branches
according to the choice of Cy. It can be shown numerically
that for C4 = C4,, CTCs do not exist, whereas for
C, = C4_, there always exists the CTC region which
surrounds the point (p, z) = (0,z4). It can be shown that
after performing the global rotation, this solution coincides
with the static limit of the Chen-Teo’s solution [23] in
which the parameters a, ¢, n and the angular coordinates
(w, ¢) are replaced, respectively, with C4, p, —2, and
(_d)/ ’ _¢/2)

G(x)

&) D

V. SUMMARY

Using the ISM for the five-dimensional vacuum Einstein
equations and starting from the same seed as for the black
ring construction, we have obtained the four-soliton sol-
ution, which includes an asymptotically flat, stationary
and biaxisymmetric black hole with the horizon topology
of L(2,1) = S%/Z,. The solution has nine parameters
(C;, zi, k) which obey to five constraint equations imposed
from the physical requirements. Therefore, except for the
gauge freedom z — z + a, the remaining degrees of free-
dom reduce to 3, which physically correspond to the mass
and two angular momenta. The rod diagram of the obtained
solution is the same as that of the Kunduri-Lucietti’s
supersymmetric black lens except for the horizon rod
rather than that of Chen-Teo’s solution. We wish to
emphasize that the rod diagram is different from that
of Chen-Teo’s solution in whether the orientation of the
finite rod between the horizon and the nut is (0,2,1) or
(0,2,—1), where Chen and Teo considered the former,
whereas we have chosen the latter. We have also shown that
there is the parameter region such that on the axes of
symmetry there exist no curvature singularities, no conical
singularities, and no orbifold singularities.

Since the metric of the four-soliton solution takes a
considerably complicated form even in the C-metric
representation, we have analyzed, in particular, the static
case and the case of a single angular momentum, which
corresponds to a two-soliton solution and a three-soliton
solution, respectively. We have discussed the phase dia-
gram of the black lens with a single angular momentum in
comparison with those of the MP black hole with a single
angular momentum and the ER black ring. In contrast to the
ER (thin) black ring, the angular momentum for the black
lens has the upper bound, and in contrast to the MP black
hole with a single angular momentum, it has a certain
nonzero lower bound. We have shown that there exists the
parameter region such that the four different solutions, the
black hole, thin/fat black ring and the black lens, exist for
the same asymptotic charges (mass and an angular momen-
tum). Unfortunately, we have found that for the case of
single angular momentum, the existence of CTCs and
curvature singularities around the nut cannot be avoidable.
The static black lens solution whose horizon topology is
L(2,1) = §%/7Z, can be obtained by simply setting z; = z,
and C3; = 0. We have shown that the solution always has
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conical singularities between the horizon and the nut, but
there are two possibilities for this static solution. One has
an unavoidable CTC region which includes the nut, while
the other does not admit any CTCs in the domain of outer
communication.

The four-soliton solution with C3 # 0, which we have
obtained in Sec. II, has much more complicated metric than
the three-soliton solution with C3 = 0 even if we use the
C-metric representation. This makes it difficult that we even
numerically check the existence of CTCs and regularity for
the far region from the rods and horizon through the whole
parameter region. We have numerically found that for the
four-soliton solution, there also exist the parameter region
where there are neither conical singularities nor curvature
singularities on the axis and horizon, but it seems that CTCs
inevitably appear around the nut for several special sets of
the parameters. To see if there are CTCs for the whole
parameter region is our remaining future study.

From our results in this paper, we cannot conclude
immediately that a supersymmetry plays an essential role in
the existence of a regular black lens without naked CTCs

simply because such a black lens has been found only
within a class of supersymmetric solutions so far. As for the
supersymmetric solutions [25,26], the existence of mag-
netic fluxes rather than an electric charge seems to be
essential to support the horizon of the black lens. Therefore,
it may be also possible that a non-BPS black lens with a
magnetic flux exists in five-dimensional minimal super-
gravity. Moreover, it may be an interesting issue whether a
vacuum solution of the more general horizon topology
L(p,q) (p, q: coprime integers) exists under the same
symmetry assumptions, since it was shown in Ref. [27] that
such a general black lens cannot exist, at least, within a
class of asymptotically flat, stationary and biaxisymmetric
supersymmetric solutions in five-dimensional minimal
supergravity. These issues deserve further study.
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