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In this work, the solution space in the Newman-Penrose formalism with a cosmological constant is
derived. The residual gauge transformation preserving the solution space is also worked out. By turning off
the cosmological constant, the solution space has a well-defined flat limit. The asymptotic symmetry group of
the resulting solution space consists of Diff(S?) transformations and supertranslations.
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I. INTRODUCTION

Up until the 1960s, the existence of gravitational waves
was still debatable. It was not clear if the radiation was just
an artifact of linearization. To understand the gravitational
radiation in full Einstein theory, Bondi ef al. established an
elegant framework of expansions for axisymmetric isolated
systems [1]. In a suitable coordinates system, the metric
fields are expanded in inverse powers of a radius coor-
dinate.! Then, one can solve the equations of motion order
by order with respect to proper boundary conditions that are
asymptotically approaching flatness. In this framework, the
radiation is characterized by a single function of two
variables, the so-called news functions; the mass of a
system always decreases when there is news. In the same
year, Sachs extended this framework to asymptotically flat
space-times [3]. Meanwhile, Newman and Penrose devel-
oped a new method to understand gravitational radiation by
means of a tetrad or spinor formalism [4]. The peeling
property of the Weyl tensors and the geometric meaning of
a certain gauge choice become transparent in the Newman-
Penrose (NP) formalism.

The success in the understanding of gravitational
radiation in full Einstein theory only refers to the case
without a cosmological constant, A = 0. In the presence
of a cosmological constant, the radiation field is essentially
origin dependent [5]. In particular, when A is positive,
the radiation vanishes along directions opposite to principal
null directions [6]. Hence, the absence of certain radiation
field cannot be used to distinguish nonradiative sources.
When A is negative, an extra requirement, the reflective
boundary condition, is imposed to make the evolution
well defined [7]. Consequently, there is no analogue of

"The problem of convergence of this expansion was fixed by
Friedrich 20 years later [2].
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the Bondi news functions [8]. Gravitational radiation
seems to be turned off by the appearance of a negative
cosmological constant. However, surprising results were
obtained in the case with a positive cosmological constant
recently [9—12]. A suitable framework which allows one
to apply the late-time and post-Newtonian approxi-
mations and finally to express the leading terms of
solutions in terms of the quadrupole moments of sources
is proposed (see also Refs. [13-37] for recent relevant
developments).

According to the experience of the case A = 0, a fully
controlled solution space is the most important ingredient
in the understanding of radiation and gravitationally
conserved quantities, in both the metric formalism and
NP formalism. Several works have been carried out in this
direction. The solution space of asymptotically de Sitter
(dS) space-times was recently derived in Ref. [9] using
geometric tools a la Penrose [5,38] with special emphasis
on the consequence of a conformally flat boundary
2-metric. In the metric formalism, the axisymmetric
solution space in Bondi gauge was obtained with a
cosmological constant in Refs. [13,37]. The solution
space of the NP formalism with a cosmological constant
was derived in Refs. [17,29] with a special choice of the
foliation of space-times geometry, which is a family of
null hypersurfaces given by constant values of the u
coordinate. In this paper, we work out the most general
solution space of the NP formalism with a cosmological
constant by removing the constant foliation condition in
Refs. [17,29]. The main reason to do so is to include the
anti-de Sitter (AdS) Robinson-Trautman solution [39],
which is an exact solution with spherical gravitational
waves but does not satisfy the constant foliation condition
in its simplest form. In contrast with the case A = 0, the
news functions are completely determined by the data on
the boundary 2-metric. Two functions from the boundary

© 2019 American Physical Society


https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.99.104024&domain=pdf&date_stamp=2019-05-13
https://doi.org/10.1103/PhysRevD.99.104024
https://doi.org/10.1103/PhysRevD.99.104024
https://doi.org/10.1103/PhysRevD.99.104024
https://doi.org/10.1103/PhysRevD.99.104024

PUJIAN MAO

PHYS. REV. D 99, 104024 (2019)

2-metric are left undefined. They represent the radiation
in this system. The residual gauge transformation that
preserves the form of the solution space is also derived.
The asymptotic symmetry group is the full diffeomor-
phism group of the boundary 2-surface. There is no
analogue of supertranslation in the case with a cosmo-
logical constant [8,9]. We show in details the conse-
quence of taking the flat limit, A = 0. The resulting
solution space includes the Newman-Unti solution space
[40] as a particular case, i.e., the boundary 2-metric to be
conformally flat. Its residual gauge symmetry consists of
Diff($?) transformations and supertranslations.

The rest of this paper is organized as follows. In Sec. II,
we will review the Newman-Penrose formalism. Section III
will present the main result of this paper, the solution space
of the NP formalism with a cosmological constant. In Sec.
IV, we compute the residual transformation preserving the
solution space. Section V will show the details of the flat
limit. The last section is devoted to several open issues,
some of which we hope to study elsewhere. There are also
three Appendixes in which useful information for the main
text is presented.

k=I5 = I'm'V,1,, =Ty =-I'm'V,yn,,
=13, =n'm'V,1,, v= Ty =-n"m"V,n,,
o =T33 =m"m'V,1, p = —Ty3 =—-m*m"V,n,,
p =T34 =m"m'V,, A= Ty =-m"m"Vn,,
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II. REVIEW OF NEWMAN-PENROSE
FORMALISM

Newman and Penrose [4] established a special tetrad
formalism with four null basis vectors e; =1, e, = n,
e; = m, and e, = m. The basis vectors [/ and n are real,
while m and /m are complex conjugates of each other. The
null basis vectors have the orthogonality conditions

I m=1l-m=n-m=n-m=0 (1)
and are normalized as
l-n=1, m-im=—1. (2)

The space-times metric is obtained from

— myin,. (3)
The connection coefficients are now called spin coeffi-
cients, labeled by several greek symbols (we will follow the
convention of Ref. [41]):

G = nyly + Ln, —m,m,

1 1

E(qu —Ty) = 5 (I'niV 1, = PN m,,),
1
2

(F213 - l—‘433) =

n'n"V, 1, — n*m*V,m,),
ﬂ p—

(m*n#V, 1, — m*m"V, m,),

a =

N = N =~

1
2
1
2

(F214 — F434) = (ﬁl"nﬂvylﬂ - ﬁl”nﬁ"vymﬂ).

Ten independent components of the Weyl tensors are represented by five complex scalars,

LPO = _C1313’ lI"1 = _C1213’

LPZ = _C1342,

Ricci tensors are defined in terms of four real and three complex scalars,

1 1 1
(I)()O:_ERH’ ©22:_§R22’ CD02:_§R337
Dy = 1R D, = 1R A= 1R—

01 — 2 135> 12 — 2 23> _24 -

where A is the cosmological constant.
In the NP formalism, by local Lorentz transformations, it
is always possible to impose

(5)

According to (A1) in Appendix A, such a gauge choice
means that / is tangent to a null geodesic with an

r=k=¢€¢=0, p=0p, T=a+p.

W3 = —Ciop, Wy = —Chys.
1 1
<I>20=—§R44, Dy :_Z(R12+R34),
1 1 1
E(RIZ — Ryy), D)y = _ER”’ D, = —§R24,

[
affine parameter. Moreover, the congruence of the null
geodesic is hypersurface orthogonal; namely, / is propor-
tional to the gradient of a scalar field. It is of convenience
to choose this scalar field as coordinate u = x! and take
the affine parameter as coordinate r = x*>. Then, to
satisfy the orthogonality conditions and normalization
conditions, the tetrad and the cotetrad must have the
forms
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0 a0

“ar "% oxA’
n=[-U-X"&Ls+ wLy)du+dr+ (oL, + ®L,)dx",
l=du, m=-X"Lydu+ Lydx", (6)

where L,L4 =0, L,L* = —1. Considered as direc-
tional derivatives, the basis vectors are designated by
special symbols:
D =1t0,, A =n"0,, 6 =m'o,. (7)
The full vacuum Newman-Penrose equations with a
cosmological constant are listed in Appendix B.

III. SOLUTION SPACE

The main condition that all components of the Weyl
0
tensor (¥ s) approach zero at infinity is ¥y = % +o(r ).

However, a slightly stronger condition that ¥, = \f—sg + ‘%‘]’ +
O(r7") is usually adopted [40] to apply a 1r series expan-
sion. The asymptotically flat solution space of NP equa-
tions was derived by Newman and Unti [40] more than half
century ago. The appearance of the cosmological constant
has a significant consequence for the solution space. In
Ref. [17], the NP equations are solved in (6, ¢) coordinates
with a special choice of the foliation of space-times
geometry and a third class of tetrad rotation to set the
order-1 piece of the spin coefficient y to be zero (y° = 0).
Indeed, it is always possible to set y° = 0 in the A = 0 case
by residual gauge transformations; see, for instance,
Refs. [42,43] for the precise coordinates transformations.
However, as shown in the next section, such a type of gauge
transformations will involve logarithm terms in the nonzero
A case. Since only % expansions are assumed in Ref. [17],
the y° = 0 condition will eliminate the possible situation
that represents gravitational radiation, for instance, the (A)
dS Robinson-Trautman solutions [39] (see also its appli-
cation in AdS/CFT therein). We will further comment on
this point in Sec. V. In addition, stereographic coordinates
(z,Z) are more convenient for certain issues, for instance,
the recent attempts at flat-space holography [44,45] and the
triangle equivalence [46]. In this section, we will work out
the most general solution space of NP equations with a
cosmological constant in stereographic coordinates.

The derivation of the solution space is explained in
Appendix C in details. We summarize as follows: the
process of solving the radial equations (B1)-(B17) is
exactly the same as in Ref. [40]. The cosmological constant
will just modify the asymptotic behaviors of the spin
coefficients as

TABLE I. Spin weights.

0 9, ¥ 0 W 0 20 W W W W W P oQ
s1 0 0 -1 0 2 -2 -2-10 1 2 11

A=A3"+ 007",  u=Ar+o@™),
y = —=Ar+ 0(1°), (8)

which agree with the results in Ref. [17].2 However, the
constraints from nonradial equations on the integration
constants of the radial equations are much stronger than in
the A =0 case. In particular, 6° and y° are completely
determined by (B25) as

_ QauP B PauQ

AGO _ _ u 0 __ QauQ - Paup
2(PP-QQ)

wr-0o) ¥
where Q(u, z,7) and P(u, z, 7) are the integration constants
in L7 and L*. P and Q are the only variables of which the
time evolutions are not determined. They represent gravi-
tational radiation in this system. This is quite consistent
with that of Refs. [9,17].

Before showing the full solutions, it is very useful to
introduce the 0 operator that is defined as

0 _
6;7(5) = Lé W’ll(x) + 2sao;7(s)’
2 (s) 74 O :
67’]0) = Lé TxA ;,](v) — 2sa0;7(3)’ (10)

where L is the integration constant in L and s is the spin
weight of the field 5. The spin weights of relevant fields are
listed in Table I.

The full solutions of NP equations with a cosmological
constant in asymptotic expansions are given by

PO oyl

Wy =345+ 0(r7), (11)
PO Fpo

P, = r_41_70+ o(r=°), (12)

P AGOW0 — Y0
0 1y

v, = ' 0(r9), (13)
0 2AGOP0 — 5P

Wy =+ T EE ot (14)
r r
PO 3AG0W0 _ GO

W= 44 02T 00, (15)
r 14

To compare to the result in Ref. [17], one needs to do the
following replacement: 7 — —7/, ¢ > =y, v > =K/, u - —p/,
p——d, A= =0, A= 2 Ws - s
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=4 —*°= - o(r %), 17
¢ r? r 3 +0(7) (17)
a® 5 6°6%°
= — 0] —4 s
“ r r? + & +00™)
\PO
T = —2—’é+0(r_4), (18)
2 %2 6%%° + 1o
p=-" 007, (19)
0 010 0
u o2 +¥
H = Ar + 7 - TQ
06960 + 1390 + LA (5090 4 6O
+ﬂ 2 1 r; ( 0 ()) + 0(7"_4),
(20)

20 5% 296%° + 15999 + LA
/IZA5°+7— r’; + 2r3 260 L 00,

(21)

P 209 + ") — aOPY — 2A5°W)

=—A 0__2
r Tty 2r2+ 673
+0(r™), (22)
IAP0 99 3599 — AGPY — 5A5°9Y
v=0 421 34 2 g e Lio(r?),
r 6r
(23)
PYY + 09
Xi=—1t—>1 +3Q L+ o), (24)
6r
550 69950 4+ Lo
0="2-27 3700, (25
r T
PO 4+ P9
U:Arz—r(y0+70)+U0—72;; 2
APV + WY — AcPY — AGOWY
+ O = AT = AT o o). (26)
6r
Q0 Ps® Q0%° 13(‘1‘8—60'0250) s
Li==-""
P + 3 + o +0(r™),
(27)
. P 06" P%° Q(¥)-66"%5")
LP=——=_ o(r™),
i +——+ = +0(r™)
(28)

L —Pr_Jr an__i Q‘Pg_
ST PP—0Q0 PP-Q0 6~ PP-0Q0
1 Pa"W0 — QW)
123 PP-Q0

+0(r ), (29)

Or Po’ 1 PYY
L= ———— 4 — 0
° PP-Q0 PP-QQ0 6r’PP-Q0
1 Q3% - P¥}

127 PP-00 o™, (30)
where
ahgaﬂwmm_mmqy (31)
Ac® = %LOAZ?MLA, (32)
P = 5 Load I, (33
10 = —8a° — 3a° — 2A6%5°, (34)
2=0,8"+ (3" -7°)5°, (35)
0 =03(y° +7°) — 2A35°, (36)
U = 1% — A6%3°, (37)
@’ = 3o, (38)

W) — W) = 2%" — 2%° + 8%6° - %", (39)
P9 = 3u° — 2% + A3G° — AW, (40)
P) =30 — 9,4° — 47020 — 4AU°5° + A2, (41)
and the time evolutions of the Weyl tensors
DY)+ (77 + 57°)¥) = 0¥ + 36°99 + AW,
0P +2(° + 27°) 99 = 0W) + 26°W) — ADYPY,
0,99+ 3(7° + 7°)¥9 = 0¥ + o] — AdYY + A250%),
0,99 + 2270 + 70 W) = dW) — AdYY + 2A%5°%), (42)
as well as the identities
Ou® = 03(y° +7°) = 2(° + 7°)u’ = A(8°5° + 8%6")
—2A(196° + 2°69),
0,a" = AdG° + 2Aa°5° — 2y°a° — 87°. (43)
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The commutator of the d operator is?

[8,0]n) = 25(da’ + da°)n'). (44)

The solution space in metric form can be easily obtained
by inserting the tetrad solution (24)—(30) into (3). The
gauge choice in (6) is the so-called Newman-Unti gauge
[40]. To compare to the results in Bondi gauge in
Refs. [13,37], one just needs to apply a transformation
in the radial direction [47]. A conformally flat boundary
2-metric explored in Ref. [9] corresponds to W) = P9 =
Im(¥9) = 0 in the NP formalism. Those conditions will
eventually yield Q = 0, P = 0 in the above solution space.
There is a very interesting exact solution with gravitational
waves in truncated forms, i.e., the (A)dS Robinson-
Trautman solution [39] (see also earlier references therein).
It is a generalization of the Robinson-Trautman waves [48]
to the nonzero A case. Adapted to our convention, the
metric of the solution is*

\PO
ds2:2< —Ar?2 =70, InP + P290In P + >du

2

+ 2dudr -2 % dzdz, (45)

where P is a real function of (u,z,Z) and W9 is a real
constant. The time evolution equation of the conformal
factor is

3W99,P + P30*PO*P — P*0*9*P = 0. (46)
In the NP formalism, the solution is given by

¥
Y, = - W is areal constant,
r
POy’ —9(P209,InP) P*00u°
‘P3: 5 > lP4: - ) )
r r r
4’ =—P290InP
1 oP oP R 2
P=0 2r’ p 2 HENTTTE
1 P) Pou°
y=—Ar-29,InP——2. y=—Pd),InP~ ey
r r
P9 . P
U=ArP+0,InPr+u°——2, L*=0, Li=—. (47)
r r

One should use the identity dL§ = dL{.

*We use the (+, —, —, —) signature. 9 and 9 denote 0, and 0,
respectively. We fol]ow the convention of Ref. [41], in Wthh
Einstein’s equations with a cosmological constant in the metric
formalism are R,, —1g,,R + 6Ag,, = 0. To compare with the
metric in Ref. [39], one needs to do the following replacement:
P—)e‘%A—)%,‘I’g—)—

IV. RESIDUAL GAUGE TRANSFORMATION

In this section, we will work out the residual gauge
transformation preserving the solution space derived in the
previous section. We follow closely the process of
Ref. [49], in which the residual gauge transformation
preserving the forms of the Newman-Unti solution space
[40] was studied in detail (see also earlier references
therein). A gauge transformation of the first-order formal-
ism of Einstein gravity is a combination of a change of
coordinates and a local Lorentz transformation. In the NP
formalism, the local Lorentz transformation is described in
the standard three classes of rotation [41]. A combined
rotation I/lololll of the tetrad basis is given by5

I = (14 AB)(1 + AB)exl + BBe Frn
+ B(1 +AB)e'rm + B(1 + AB)e~"Eim,
= AAeErl + e Ern + Ae'Eim + Ae i,
i = A(1 + AB)eExl + Be Ern
+ (1 4+ AB)e'Erm + ABe~Ern. (48)
The change of coordinates is in the form

U= u(l/t/, r/a Z/v ZI)’ r= r(l/t/, r/’Z/’ZI)’

A =xA, .7, 7). (49)
The gauge condition / = -2 implies
ox* -
= 50
or (50)
Hence,
Ou
= BB _ER
or
0z _ - o o
5y =X BBe™t + LB(1+AB)e™™ + L*B(1 + AB)e™™,
g— =(1+AB)(1+AB)eEr + UBBe Er

+®B(1+AB)e' +@B(1+AB)e "1, (51)

which is Eq. (6.41) in Ref. [49]. This will fix the unprimed
coordinates up to four integration constants of 7. To
implement the gauge condition k = 7 = ¢ = 0, one has
to go back to the original definition in (4). The transformed
spin coefficients are

/) _Ju ~ = _ _ vz ~ /) Jus 7
K ==I'"I"V,m,, 7 =-I"m"V,i, =1V,

(52)

To connect with the notation in Ref. [41], one just needs to set
A< a, Bob efr oA E <0
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Inserting (48) into the transformed spin coefficients and
applying the relation in Appendix A, the gauge conditions
K =7’ = ¢ = 0 eventually lead to
DB=¢f[BBe Frt+B(14+AB)eFio+B(1+AB)e i),
DA=A%eE[BBe Erz+B(1+AB)efioc+B(1+AB)e 'E1p)
—e E[BBe Eru+ B(1+AB)eEiu+B(1+AB)e 1)),
DE=-2Aef[BBe Frt+B(1+AB)etio
+B(1+AB)e E1p] —2[BBe Ery+ B(1+AB)e't1p
+B(1+AB)e Eq], (53)

where D :7”(‘9”. In the primed coordinates, D' = a%
because of the gauge condition on /. Thus, Eq. (53) is
precisely Eq. (6.44) in Ref. [49]. In the flat case, the
following asymptotic behavior is assumed:

r=efror +0(1),

A=0(1), E=0(), B=o("). (54)

The three classes of rotation will be fixed up to six
integration constants of /. However, the appearance of
the cosmological constant will involve logarithms of r in
the third equation of (53) because y = —Ar + O(r°). Then,
logarithmic terms will show up in the transformed solution
space, which violates the assumption that the solution is
given in 1 expansion and should be ruled out.® Therefore,

we have to set B = O(r~2). When using the first equation
of (53), B = 0. Consequently, all the subleadings of A, E,
u, r, and x4 are zero. This gives

E ! /.*‘/ -
rF—e R (U2 Z>r’—|—r0(u',z’,z'),

= uo(u/’ Z/,Z/),

(55)

To proceed, we check the asymptotic behavior of the
transformed tetrad. From n’, we get

n' = e Erod,uy + O(r 1),

n'" = e 2o Art 4+ 0(r),

n'? = e o,z + 0(r ). (56)

This implies

Ego=0, up=u+uy(zz), zp=Y(z2). (57)

6Expansion involving logarithms is called polyhomogeneous
expansion [50-52]. It is of interest to explore such solution space,
but we leave it for future investigation.

We continue to check m’,

m'" = e1(POuly + Q0uy) + O(r72),

m'” = Ay +0(r ),

m'? = 0(r ). (58)
This leads to

Ap=0, wuy=u+c, wherecisarealconstant.  (59)
The condition that the terms of r% in p’ is absent yields
ro = 0. Since we did not require the boundary 2-metric to
be conformally flat, there is no more constraint on Y and Y.
The full residual gauge transformation is a Diff(5?) and a
third class of rotation m’ = e¢'Elom as well as a translation in
the time direction. All the residual transformations are
performed on the boundary 2-surface. The action on the
boundary 2-surface is very simple:

Q' = ety P’ = ¢'t1gy. (60)

V. FLAT LIMIT AND CONSTANT FOLIATION

A flat limit of the solution space in Sec. III can be taken
directly by setting A = 0. However, from (17), P and Q
will have the following constraint:

00,P = P9, 0. (61)

This leads to Q = PQ, and Q is a function of (z,%).
Newman and Unti [40] have set the boundary 2-metric to be
conformally flat, namely, O = 0. Removing the condition
on the boundary 2-metric, the solution space of NP
equations can be even larger.” Via a Weyl transformation,
one can reorganize the flat solution space in the present
work, such that both P and Q are u independent, i.e.,
choosing a constant foliation. The residual gauge trans-
formation of this case is supertranslation ) Diff($?) since
the boundary 2-metric is not conformally flat. This is the
phase space discussed in Refs. [53-55], and it has impor-
tant applications in the study of the equivalence between
asymptotic symmetries and soft graviton theorems [56].
With a cosmological constant, as we have shown in the
previous section, the residual gauge transformation only
consists of a Diff(S?) and a third class of rotation (some-
how half of Weyl transformation).® Accordingly, it is not

"To be more precise, the boundary 2-metric was set to be
conformally flat before solving the nonradial equations in Ref. [40].
Hence, the flat limit of the solution space in Sec. IIT is larger than that
in Ref. [40] in the sense that a” and y° are more general.

Here, we only deal with transformations in the NP formalism.
In the conformal frame [38], there is considerable freedom in the
choice of the conformal factor. It is of interest to study the effect
of the residual conformal freedom in the NP formalism else-
where.
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possible to reorganize the solution space to have both P and
Q ben u independent (hence, y° = 0) by residual gauge
transformation. One can only set Im(y°) = 0 via a third
class of rotation. This is another reason to remove the
constant foliation condition y* =0 in Refs. [17,29].
Though any boundary 2-metric is connected by Diff(S?),
most elements of the Diff(S?) transformations are singular
and will arise (new) topological degree of freedom. If we
just focus on the issues of gravitational radiation in (A)dS
space-times, it is better to restrict ourselves to the Lorentz
transformations.

VI. DISCUSSIONS

In this work, we have derived the solution space of the
Newman-Penrose formalism with a cosmological constant.
The residual gauge transformation that preserves the
solution space has also been worked out. The solution
space has a well-defined flat limit. The residual gauge
transformation of the resulting solution space consists of
supertranslation ) Diff(5?), and this phase space should
have certain relevance to soft graviton theorems according
to recently discovered equivalence between soft theorems
and asymptotic symmetries [57].

There are several interesting questions about the solution
space with a cosmological constant that need to be
addressed in the future:

(1) In the case A =0, a solution of NP equations is
determined by spesifying the news function ¢° and
conformal factor P at any time u; P9, ¥9 + P9, and
Y, (the entire series) at the initial time u,, a full
solution of NP equations is completely determined.
According to (42), the time evolution equations of
Weyl tensors are mixed due to the appearance of the
cosmological constant. Hence, the initial data that
determine a solution are not yet fully understood.

(i) Newman-Penrose conserved quantities: In Ref. [58],
an infinite number of gravitationally conserved
quantities was discovered from the Newman-Unti
solution space. Once the characteristic initial value
problem is solved in the case with a cosmological
constant, gravitationally conserved quantities should
be constructed as well.

(iii) Bondi mass and mass loss: The analogue of the
Bondi mass aspect and the mass-loss formula with
respect to the solution space need to be stressed
elsewhere. A second relevant (generalized) problem
is to study the full current algebra of the asymptotic
symmetries group [59].

(iv) Polyhomogeneous series: Expansion with loga-
rithms can be applied to derive a larger solution
space. Correspondingly, one should apply the

. . g0
asymptotic behavior Wy = -2+ o(r=>) rather than

w0 .
Yo=3+ O(r™®) in the present treatment.
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APPENDIX A: USEFUL RELATIONS IN
NEWMAN-PENROSE FORMALISM

From the orthogonality conditions and normalization
conditions of the basis vectors, one can obtain the following
relations:

IV, l, = (e +€)l, — xm, — km,,
nVl, = (y +7)l, —wm, —tm,,
m*'V,l, = (p +a)l, —om, — pm,,
m'V,l, = (a+ p)l, — pin, — m,, (Al)
’Vyn, = —(e +€)n, + am, + zm,,
n*Vyn, = —(y +7)n, + vim, +vm,,
m*V,n, = —(f + a)n, + Am, + um,,
m*Vn, = —(a+ p)n, + fm, + im,, (A2)
'V, m, = (e —€)m, —kn, + 7l,,
n*'V,m, = (y —y)m, —tn, +0l,,
m'N,m, = (p —a)m, —on, + 2,
m*V,m, = (a—B)m, — pn, + jil, (A3)
APPENDIX B: NP EQUATIONS
1. Radial equations
Dp = p? + 05, (B1)
Do =2po + ¥, (B2)
Dr=1p+70+ ¥, (B3)
Da = pa + pa, (B4)
Df=ac+pp+ Y. (B5)
Dy =ta+7f+ ¥, — A, (B6)
DA = pA+ o, (B7)
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Dy = pu+ oA+ P, + 2A, (B8)
Dv = 7u + tA + Vs, (B9)
DU =7w+t0— (y+7), (B10)
DX* = 7LA + LA, (B11)
Do = pw + od — 7, (B12)
DL = pL* + 6L, (B13)
DY, — 6%, = 4p¥, — 4a¥,, (B14)
DY, — 6%, = 3p¥, — 2a¥, — 1¥,, (B15)
D¥; — 6%, = 2p¥; — 219, (B16)
DY, — 6¥; = p¥, + 2a¥; — 31Y,. (B17)

2. Nonradial equations
Al =0ov—(u+p)A— By —7)A+2aw—-¥,, (BI18)
Ap=6t—pli—cl—=2ar+ (y +7)p—"¥, —2A, (B19)
Aa=6y+pv—(t+p)A+ (F—y—p)a—-";, (B20)
Ap=8v—p* == (y+7)u+2pv, (B21)
AB =08y —ut+ov+py—7v—u) —ai, (B22)
Ac =6t —ou—pl—2pt+ (3y—7)o, (B23)
Aw=8U+0—-Ad+(y—7—po, (B24)
ALA = 6XA =LA + (y —7 — p)LA, (B25)
8p — 60 =pr—o(3a—p) -V, (B26)
Sa—06f=up—Jic+aa+pp—2ap—¥,+A,  (B27)
84— o = i + Ala — 3p8) — s, (B28)
6@ — 6w =p—j—(a—Po+ (a-pa, (B29)
SLA —6LA = (a—B)LA — (a— p)LA,  (B30)

AW, — 8%, = (47 — u)¥, — (47 + 28)¥, + 306%,, (B31)

A‘Pl —_ 5‘{}2 = I/LPO + (27/ —_ 2/1)‘111 —_ 3‘[\1‘2 + 20'1113, (B32)

AIPQ bl 5‘1’3 = 21/‘}‘1 - 3/111’2 + (2ﬂ - 2’[)11!3 + O'\P4, (B33)

Aq“:; - 5‘1’4 = 3l/q]2 - (2}’ + 4/l>lp3 + (4ﬂ - T)\P4. (B34)

APPENDIX C: DETAILS IN SOLVING NP
EQUATIONS

The method of solving NP equations was originally
schemed in Ref. [4], later implemented by Newman and
Unti in detail [40]. We follow exactly the derivation of
Newman and Unti. The radial equations are solved in
different groups. The first group is (B1) and (B2). Those
equations are not affected by A. Once the whole series of
W, is given as initial data by (11), p and ¢ are solved out as
(16) and (17). Inserting the solutions of p and ¢ into (B13),
one gets LA as (27) and (28), then L, by the condition
L,LA =0, L,L* = —1. The second group of radial equa-
tions consists of (B4), (B5), (B12), and (B14). Those
equations are not modified by A either. One can work out a,
p, w, and ¥, as (18), (19), (25), and (12), respectively, then
7 from gauge condition 7 = @& + f. Inserting 7 and L* into
(B11), X4 is obtained as (24). Until now, the cosmological
constant has not appeared yet. We are just repeating the
result of Ref. [40]. We continue with the third group of
radial equations that include (B7), (B8), and (B15). One
can see the cosmological constant appears for the first time
in (B8). But one can just apply the same method as the first
two groups to solve out u, 4, and ¥,, which are (20), (21),
and (13). Then, y is derived from (B6) as (22), U is derived
from (B10) as (26), W5 is derived from (B16) as (14), v is
derived from (B9) as (23), and finally ¥, is derived from
(B17) as (15).

The solutions to the radial equations are less affected
by cosmological constant. Now, we will check the con-
straints from nonradial equations on the integration con-
stants of the radial equations. By inserting the solutions of
the radial equations into the nonradial equations, the
leading term of the Bianchi identities (B31)—(B34) will
lead to the time evolution equations (42). The Weyl tensors
are more entangled because of A. More constraints are
obtained from the leading term of the rest of the nonradial
equations:

(1) (B30) yields (31).

(i) (B26) yields (38)

(iii) (B28) yields (40).
(iv) (B27) yields (34).
(v) (B29) yields the magnetic part of ‘Pg as (39).
(vi) (B25) yields (32) and (33).
(vii) (B19) yields (37).
(viii) (B23) yields (35).
(ix) (B18) yields (41).

(x) (B24) yields (36).

(xi) (B21) and (B20) yield two identities (43).
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The last one (B22) just yields the complex conjugate of the second identity in (43). Though it is not completely clear that
if there is new information coming from higher powers of %,9 we computed the next-to-leading order of (B19), (B23),
(B25)-(B27), (B29), and (B30) and found no more information. Because of the tediousness of the computation, we did not
continue with other equations and higher orders. Some arguments from the structure of NP equations should be made to

justify that all higher orders have no more information.

There is no new information coming from higher powers of % in the A = 0 case [40].
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