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We analyze the structure of a recent nonlocal generalization of Einstein’s theory of gravitation by
Mashhoon et al. By means of a covariant technique, we derive an expanded version of the nonlocality
tensor which constitutes the theory. At the lowest orders of approximation, this leads to a simplification
which sheds light on the fundamental structure of the theory and may prove useful in the search for exact

solutions of nonlocal gravity.
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I. INTRODUCTION

In a series of works [1-29], eventually culminating in
the book [30], Mashhoon and collaborators proposed a
nonlocal extension to Einstein’s gravity termed nonlocal
gravity (NLcG).

In NLcG gravity is assumed to be history dependent, i.e.,
the gravitational interaction has an additional feature of
nonlocality in the sense of an influence (“memory”) from
the past that endures. The theory is built upon an ansatz for
the so-called nonlocality tensor N;j, leading to a set of
integro-differential field equations. The complexity of these
equations surpasses the complexity of the ones encountered
in Finstein’s theory of gravity by a great deal. This makes
the search for exact or even approximate solutions of NLcG
a daunting task, even if additional symmetry assumptions
are made. It is this complexity at a fundamental level, which
makes nonlocal gravity a theory for which no exact
solutions are known beyond the flat case, in other words,
no exact solution encompassing a gravitational field is
known. At the same time much work was put into the
linearized version of the theory [23], and in this context
some very promising properties of NLcG—for example
addressing the dark matter problem [13,16,19,22,29]—
have been worked out.

However, the fact that no exact solutions exist should of
course be remedied, for the theory is supposed to be the
successor of general relativity (GR), for which several
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solutions are known, which in turn play a key role in the
conceptual understanding of the theory. In the present work
we show, that the initial choice for the nonlocality is not the
“simplest expression” for N, contrary to what is stated in
[[30] (6.107)]. We hope that our simplification will pave the
way towards a more manageable version of the theory, yet
retaining its compelling overall structure.

The structure of the paper is as follows: In Sec. II
we summarize the main features of NLcG. This is followed
by a brief review of a covariant expansion technique in
Sec. III. This technique is then applied in Sec. IV to derive
an expanded and thereby simplified version of the non-
locality tensor. We conclude our paper in Sec. V with a
discussion and outlook. An overview of our notation can be
found in Table I in the Appendix.

II. NONLOCAL GRAVITY AS A TELEPARALLEL
GRAVITY THEORY

Originally Mashhoon tried to implement the generali-
zation of the locality principle directly for the field
equations of GR. This did not appear to be feasible, and
a successful starting point turned out to be a rather
particular translational gauge theory of gravity (TG),
namely the so-called teleparallel equivalent GR| of
Einstein’s GR, see [31-33].

For a TG, the translational gauge field potential is
represented by the coframe e;”, the translational gauge field
strength by its covariant “curl,” the torsion of spacetime:

T =2(0en” + Tp%e ). (1)
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Here coordinate indices are denoted by i, j, k, ... = 0,1,2,3,
and frame indices by a,,7,... =0, 1,2, 3, and I';,” is the
Lorentz connection of spacetime, see [34]. The curvature
tensor of the spacetime vanishes,

Ri;/(T) = 20,1/ + 2I',/'T,7 =0, (2)

that is, we have a teleparallelism, and we can pick a global
gauge—which is denoted by a star over the equality sign—
such that at each point in spacetime the Lorentz connection
I/ = —I"#* vanishes.

The inhomogeneous and the homogeneous gravitational
field equations of NLcG have a Maxwellian structure, see
[[30] (5.70) and (6.117)], and are given by

af,}:[ija - gai;Tai7 (3)
0T j1*=0. (4)

The gravitational excitation HY « 1n a Lagrange-Hamilton
picture, is the “momentum” conjugate to the “coordinate”
e;*, and the “velocity” T;": HY, = —20L, /0T ;*, where
L, is the gravitational Lagrangian density.

The nonlinear correction terms in (3) represent the
energy-momentum tensor density of the gravitational
gauge field,

gai = _%eia(Tjkﬁ,’\:{Jk/f) + Takﬁlf—/{ikﬂ' (5)
As source, we have on the right-hand side of the inhomo-
geneous field equation (3) the energy-momentum tensor
density of matter 7 ,'. It has to be assumed symmetric,
Tap = 0, cf. [32, page 52, Ist paragraph, Eqs. (4.42),
(4.43) and (4.36)].

In a local and linear TG one assumes, as usual in a gauge
theory, that the gravitational Lagrangian is quadratic in the
field strength—here in the form of the torsion. Thus, the
constitutive law between excitation and field strength is
local and linear:

L1
HY, = 5)(” Tl (6)

General relativity is recovered, see [35], via

GR,

‘)(ijmkln (g) = ig'i]lgmn

—4si Plks) + 281 ISy (7)

where ¢"/ denotes the metric of spacetime, with signature
(+1,-1,—1,—1), and x is Einstein’s gravitational
constant.

A nonlocal generalization of a gravity theory is deter-
mined by an ansatz, which no longer necessarily can be
derived from a Lagrangian,

" 1
’HYIYZU2 — 5 &)’1)’2“3}’4)’5 T Vs

Us ™ Ya)s
) X1Xy | X4X 4
_/6}1)([0-}72)6260353](:()(’);))( 132, X4 5§6Tx4x5§6d x],

(8)

where the integration is performed over a 4-dimensional
volume; see [[30], (6.114)]. Here we use a condensed
notation (common to the theory of bitensors) in which the
point to which the index of a bitensor belongs can be
directly read from the index itself; e.g., y, denotes indices
at the spacetime point y. Moreover, in order to distinguish
the local frame indices, we use &, &,, ... and vy, v,, ... tO
designate objects with frame indices at the point x or y, in
complete analogy to the labels x;, x5, ... and yq, y,, ... used
in the holonomic case.
In the early works [13,14] it was suggested to use

){ijaklﬁ = Xijaklﬂ — GRW'jaklﬁ (9)

as an ansatz for the nonlocal theory. However, it was later
on [23] generalized to

){ijaklﬂ = GR‘yijaklﬁ’ (10)
Xijaklﬁ = ORyyi jaklﬁ | oddy i jakl/j’ (11)
so that
Ay li KTl ~ p(Tel, — Tle',), (12)

with a new parity-odd coupling parameter p, see also [[30]
(6.109)], that controls the contribution of the axial torsion
which is defined as

. 1 .
T, = gﬂijlejkl- (13)
Another possibility—which, however, was not followed

up—would be the additional term ¥ ¥ on the right-

hand side of Eq. (10).

Recently, a thorough analysis of the most general linear
local constitutive relations in the teleparallel gravity has
been performed in [36], focusing mainly on its irreducible
decomposition. One can prove that a general metric-
dependent parity-odd part of the constitutive tensor reads

odd, ij V7Y9rp i ij
Wyii M y(g) = Y [Bant M g + P’k el g
+ﬁ6(e[i(a’7j]klﬁ) - e[k((ll/[l]ijﬁ))}' (14)

Accordingly, Mashhoon’s constitutive tensor (11)—(12)
encompasses all 6 irreducible parts (principal, skewon
and axion, both even and odd parities), and the correspond-
ing coupling constants of this irreducible decomposition
read: fy=—-1, pp=—-4, p3=2, py=-p/6, ps=
—2p/3, P = p/3. For the complete notational and com-
putational details see [36]; note though that there is a

104013-2



CONSTITUTIVE LAW OF NONLOCAL GRAVITY

PHYS. REV. D 99, 104013 (2019)

conventional overall factor between our and Mashhoon’s
coupling constants, and a difference in the definition of the
torsion. It is particularly noteworthy that the constitutive
relation in general contains a nontrivial skewon part which
means that such a constitutive law is not reversible and
therefore cannot be derived from a variational principle.
For a general introduction to the underlying premetric
framework of electrodynamics and gravity see [37-39].
Defining the tensors

- |
XY= EXUkpqupqr’ (15)

.. 1 ..
Xy = Eﬂf”k’)qupqr, (16)

and by switching to holonomic coordinates, we can recast
(8) into

7‘_")11}'2)'3 :)(y'l)’2y3 + N}’l)’zyv (17)

Here we introduced
N)’])'2y3 = / GyIXI O-}'zxz 6}'3X3 }C('x’ y)XxleX3 d4x (18)

for the nonlocal part of (8), see also [[30], Eq. (6.107)]. In
the rest of this work we are going to focus on this
nonlocality tensor N712, .

III. COVARIANT EXPANSIONS

In the following we make use of a covariant expansion
technique based on a generalization of Synge’s “world
function” o(x, y) [40-42]. Since NLcG is a theory which is
based on a non-Riemannian spacetime, we first need to
introduce the properties of a world function based on
autoparallels in a Riemann-Cartan background. In contrast
to a Riemannian spacetime, a Riemann-Cartan spacetime is
endowed with an asymmetric connection I',;,¢, and there
will be differences when it comes to the basic properties of
a world function ¢ based on autoparallels.

The curvature and the torsion are defined with respect to
the general connection I',;,¢ as follows:

Rabcd = Za[arb]cd + 2F[a|ndrh]cn’ (19)

Tabc = 2F[ab]c' (20)

The symmetric Levi-Civita connection I’ ji , as well as all
other Riemannian quantities, are denoted by an additional
overline. For a general tensor A of rank (n, /) the commu-
tator of the covariant derivative thus takes the form:

(Vo iV, =V )V Ay g = =T, VAT %y g,

(1)

In addition to the torsion, we define the contortion K ji
with the following properties

Kkji = fkji - iji, (22)
1
Kyji = ) (Tyji + Tixj + Tiji)s (23)

For a world function ¢ based on autoparallels, we have
the following basic relations in the case of spacetimes with
asymmetric connections:

oo, = 0’0, = 20, (25)
zeo-XZXI = o“xl y (26)
Oxixy — Oxyx; — Txlxzx3ax30‘ (27)

We denote higher-order covariant derivatives of the world
function by ¢*, ,, =V, ..V .. ().

For the covariant expansions we need the limiting
behavior of a bitensor B (x,y) when x approaches the
reference point y. This so-called coincidence limit of a
bitensor B_ (x,y) is a tensor

[B._ ] =1limB_(x,y), (28)

x—y

at y and will be denoted by square brackets. In particular,
for a bitensor B with arbitrary indices at different points
(here just denoted by dots), we have the rule [41]

[B...];y = {B...;y] + [B...;x]- (29)

We collect the following useful identities for the world
function o:

0] = [o] = [0y] =0, (30)
[020] = [0y,3,] = 913, (31)
[02,0,] = [6y,0.] = =Gy, (32)
[02,x05] + [0x,0,5] = 0. (33)
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Note that up to the second covariant derivative the
coincidence limits of the world function match those in
spacetimes with symmetric connections. However, at the
next (third) order the presence of the torsion leads to

1
[lexm] = B} (Tyl.vsyz + Ty, + Tylym) =Ky, yy;0 (34)

where in the last equality we made use of the contortion K.
With the help of (29), we can obtain the other combinations
with three indices:

[6}’])(2)(3] = = K

_[6)’1.V2X3] = [6}’1y2y3] Yayiy3© (35)

At the fourth order we have

K, Ky + K, Ky +K,0 K

1y, iy yayya Y1y yayya
+ [O-x4x1xZX3] + [O-x3xlx2x4] + [6x2x1x3x4] =0, (36)
and in particular

1

[UXIM)'.%M] == gv)"l (KY.%)'A,Vz +K

YZ.V4)’3)
1 1
+ 5 v)’z Kyly4y2 + g V,VzK_Vl)’A_Vz

+V, K
1
Tyivaysvs = 3 Ky, (Kyypy + Kyyiy)
- KY1y3y(K)’4YZ)' + Kyym)
- Ky, (K}'s.\’z}' + KYY2Y3)
- 3Kyzy1yKy3y4y + KysylyK
T Ky Kyyoyy + Ryyyivay,

+ RY1Y4}’2Y3]' (38)

yy2 ~ yivaysyae (37)

Yy2Ya

Explicit results for the other index combinations can be
found in [[43], Egs. (19)—(23)].

Finally, let us collect the basic properties of the so-called
parallel propagator ¢”, := e”,e,% defined in terms of a
parallely propagated tetrad e”,, which in turn allows
for the transport of objects, i.e., V¥ =g’ V¥, VI =
P, &7y, V2, ete., along an autoparallel:

F'gy, =0, gNGF, =01, (39)
o'Vighy, =0'Vygt, =0,

vaxgylxl = Gyvygy]x] =0, (40)

Ox = _gyxaw 0y = _gxyGX' (41)

Note, in particular, the coincidence limits of its derivatives

[gxoyl] = 5y0y1’ (42)

[gxoyl;xz] = [gxoyl;yz] =0, (43)

[gxoh;xzx}] = _[gxoy1§x2)’3] = [gX()Msz)%]
L,

= =g 9m,] = ER}O)’I}'ZM‘ (44)
In the next section we will derive an expanded approxi-
mate version of the nonlocality tensor. We make use of the
covariant expansion technique [41,44] on the basis of the
autoparallel world function. For a general bitensor B__ with
a given index structure, we have the following general

expansion, up to the third order (in powers of ¢”):

By, = Ay Ly, T A, 00
1
+ EAyl "'yn+1yn+20-y”+l O—)’,,+z + 0(63)’ (45)
Ay, .y, =By, ) (46)
Ayl"-Yn+l = [Byl~"yn;yn+l] - A)’1~~yn§Yn+| ’ (47)
Ay = By, i) = Ayiyiol0, ]

—-A —2A

Y1 YniYn+1Ynt2

Vi Yu O 13¥ns2) (48)
With the help of (45) we are able to iteratively expand any
bitensor to any order, provided the coincidence limits
entering the expansion coefficients can be calculated. We
note in passing, that this expansion technique has also been
applied extensively in the context of the equations of
motion of extended test bodies [45-51] and in the gravi-
tational self-force problem [44,52]. The expansion for
bitensors with mixed index structure can be obtained from
transporting the indices in (45) by means of the parallel
propagator.

IV. CONSTITUTIVE LAW

As was demonstrated in Sec. II, nonlocal gravity is based
on an ansatz for the so-called nonlocality tensor N”1723,
which involves a scalar kernel K(x, y) and a tensor X*1%2%.
Albeit the form of N”1723 given in (18), was declared the
“simplest expression” for the nonlocality tensor in [30], we
observe here that a further simplification can be achieved
by performing a covariant expansion of the derivatives of
the world function entering (18).

Utilizing the general expansion technique from (45)—(48)
we have for the derivative of the world function around an
arbitrary reference world line Y.

' 1
O-YIXZ = _gy1X2 + gxz)/ [G)’1XY3]O-y3 + E (gxzy[o-ywy,wﬂ]
- gxzyzghy{ghx;y;y‘;] - 2gx2y [6)’1X(Y3]§y4)
= 95, [0y,0y,][07 3, ]) 07 6% + O(c). (49)

With the results for the coincidence limits worked out in the
previous Sec. III, we end up with the following explicit
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expansion of the world function derivative up to the second
order:

—— y V3
Gwaz g)’lxz + gxz KY3yy16

1. 1
+§0}36)4gx2y |:§V(y3K‘y|y4) v K

(V3471

3
- V M wi T Ky, K(ym)y5 - ”}’(y4y3)y1] +O(0”),
(50)
with
! K,,'K K,, K

Ty(yaya)yr — g[ Yo Byyvy T Byt By
- Ky’ K(ym) 3K (valyl KV3 vy’

+ K(ysb' Ky + RyGayom ) (51)

Inserting (51) into (50) we end up with

NYleY3 = /{QY1xng2ngY3x3 -

— — y Y3
YiXx2 g)’wfz +gX2 K}'3,V,V16

1 i ¥
_80y30}4gx2)[R (v3ya)n +K ¥(¥3y4) yl] +O( ) (52)

where we collected all contortion terms in the auxiliary
variable

o

Ky(ayam = K" Ky = Ky }Y/K\y’\m)yl
- Kyyly/K(ym) + K,y Ky’|y4)v1
— 3K, \yly/KVz)ylv 3K (y,y,) Ky’yyl
+ViKoyan = VoK
+ 3V, Ky, )y, - (53)

A. Riemann-Cartan spacetime

Plugging in the expansion from (52) into the ansatz for
the nonlocality (18) we end up with:

/
-y y
o [gylxngzngM K)/YY3 + gnyZg)’3x3gxl Ky/))l + g)’lxlg)’3x3gx2 Ky/)’h]

1
+ 6 oo’ [gxlyg}'zngm)% (R)’()’SYG))’l + K)’()’s)’s))’l) + gxzygmxlg)’sfﬁ (R,V(}'s)’s)}‘z + KY()’S)’&)Yz)

+ QX3ygy1X1 yrx (R,V()S,Vs)}'s

+ KY()’s,\’s)}'s) + 6g)’1xlgxzy gxsy K

.y/ y//
sy EKye)yys T 09v,0,9%" 9us™ Kiyslyry, Kye)yys

+ 6g}’3x3gx1ylgxzy”KO’S‘)’lyl| ¥6)y' yz] + O( )}K(x, y)Xx'x2x3d4x' (54)

Different orders in this version of the nonlocality (18)
correspond to different orders of the approximation in powers
of the world function. The expansion (54) clearly exhibits the
complicated geometrical structure of the original ansatz (18).
The torsion of spacetime, here in the form of the contortion,
already enters the picture at the first order. This in turn leads to
very complicated field equations of NLcG.

B. Riemannian spacetime

Albeit the latest version of nonlocal gravity described in
[30] uses a Riemann-Cartan spacetime as the geometrical
setting, our general method also allows for a direct
specialization of (18) to a Riemannian background, i.e.,

1 '
NY])‘ZYz = / |:g)’1xlg}‘2ng)’3xz +8(g,\’1xlg}’2ngx3yR 3(0Y")y
+gy2XZQY3X3gx1yR 1Y)y
+ gy|x|QY3xsgxzyR 2 () U)y)ay 6} + O( )

X KC(x, y)X* 1720 dx, (55)

|
Here R denotes the Riemannian curvature tensor built from
the Levi-Civita connection I'. In contrast to the Riemann-
Cartan case—in which the torsion entered at the first
order—the expansion (55) shows that the specialization
to a Riemannian background leads to a mild simplification,
in the sense that the geometric terms (i.e., the Riemannian
curvature) now enter the nonlocality ansatz only at the
second order.

V. DISCUSSION AND CONCLUSIONS

We have worked out an approximate version of the
nonlocality ansatz of NLcG by means of a covariant
expansion technique. Our results in the Riemann-
Cartan (54), as well as in the Riemannian context
(55), pave the way for a refined version of the theory
postulated in [30]. A natural improvement can be
achieved by using just the lowest order in the expansion
(54) as a new basic ansatz for the nonlocality tensor
Ny, y,y,- Namely, we propose that the original ansatz (18)
should be replaced by
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Nylyz)'s = /g)’1xlgyzngY3x3]C(x’y>XXIXZX3d4x' (56)

This choice provides an essential development of the
NLcG theory since it avoids some of the overwhelming
geometrical complexity of the original ansatz. At the
same time, it is perfectly consistent with all the previous
results of NLcG, in particular, it is important that the new
ansatz (56) is totally compatible with the linearized
solutions which have been found so far in the context
of NLcG.

Furthermore, it is worthwhile to note that the new
nonlocal constitutive law (56) appears to be much more
natural from the viewpoint of relativistic multipolar
schemes [49,51] as compared to the original ansatz (18),
since it avoids the emergence of derivatives of the
world function, which do not have a straightforward
interpretation—in contrast to the appearance of the parallel
propagator in the new ansatz (56).

With an account of these advantageous properties,
one can expect that our new constitutive law would
eventually lead to an exact solution of NLcG, although
even with the simplified ansatz for the nonlocality, the
solution of the full NLcG field equations still appears to be
a daunting task.
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APPENDIX NOTATIONS AND CONVENTIONS

Table I contains a brief overview of the symbols used
throughout the work.

TABLE I. Directory of symbols.

Symbol Explanation
Geometrical quantities
Gab Metric
e;* Coframe, tetrad
op Kronecker symbol
x4, y¢ Coordinates
Nabed Totally antisymm. Levi-Civita tensor
| Lorentz connection

b’ Riemann-Cartan connection
I,° Levi-Civita connection
Rup? Curvature

b Torsion
T, Axial torsion

ab’ Contortion
o(x,y) World function
P Parallel propagator
Miscellaneous
L, Gravitational Lagrangian
7:{’7(, Gravitational excitation
x Gravitational coupling constant
o Gauge field energy-momentum
T, Matter energy-momentum
N ape Nonlocality tensor
K(x,y) Causal kernel
204 Constitutive tensor
Ay oy, Expansion coefficient
P, Bis -5 Pe Coupling parameters
Ty vavsyas Kyiyavava Auxiliary quantities
Operators
0, ) Partial derivative
V,, «” Covariant derivative

“l...]”

“__»

Coincidence limit
Riemannian object

[1] B. Mashhoon, Nonlocal theory of accelerated observers,
Phys. Lett. 47A, 4498 (1993).

[2] C. Chicone and B. Mashhoon, Acceleration-induced non-
locality: Kinetic memory versus dynamic memory, Ann.
Phys. (Berlin) 11, 309 (2002).

[3] C. Chicone and B. Mashhoon, Acceleration-induced non-
locality: Uniqueness of the kernel, Phys. Lett. A 298, 229
(2002).

[4] B. Mashhoon, Vacuum electrodynamics of accelerated sys-
tems: Nonlocal Maxwell’s equations, Ann. Phys. (Berlin) 12,

586 (2003).

[5] B. Mashhoon, Nonlocal electrodynamics of linearly
accelerated systems, Phys. Rev. A 70, 062103
(2004).

[6] B. Mashhoon, Nonlocality of accelerated systems, Int. J.
Mod. Phys. D 14, 171 (2005).

[7] B. Mashhoon, Nonlocal electrodynamics of rotating sys-
tems, Phys. Rev. A 72, 052105 (2005).

[8] B. Mashhoon, Toward a nonlocal theory of gravitation, Ann.
Phys. (Berlin) 16, 57 (2007).

[9] B. Mashhoon, Nonlocal Dirac equation for accelerated
observers, Phys. Rev. A 75, 042112 (2007).

104013-6


https://doi.org/10.1103/PhysRevA.47.4498
https://doi.org/10.1002/1521-3889(200204)11:4%3C309::AID-ANDP309%3E3.0.CO;2-A
https://doi.org/10.1002/1521-3889(200204)11:4%3C309::AID-ANDP309%3E3.0.CO;2-A
https://doi.org/10.1016/S0375-9601(02)00439-5
https://doi.org/10.1016/S0375-9601(02)00439-5
https://doi.org/10.1002/andp.200310028
https://doi.org/10.1002/andp.200310028
https://doi.org/10.1103/PhysRevA.70.062103
https://doi.org/10.1103/PhysRevA.70.062103
https://doi.org/10.1142/S0218271805005864
https://doi.org/10.1142/S0218271805005864
https://doi.org/10.1103/PhysRevA.72.052105
https://doi.org/10.1002/andp.200610221
https://doi.org/10.1002/andp.200610221
https://doi.org/10.1103/PhysRevA.75.042112

CONSTITUTIVE LAW OF NONLOCAL GRAVITY

PHYS. REV. D 99, 104013 (2019)

[10] B. Mashhoon, Nonlocal electrodynamics of accelerated
systems, Phys. Lett. A 366, 545 (2007).

[11] C. Chicone and B. Mashhoon, Nonlocal Lagrangians
for accelerated systems, Ann. Phys. (Berlin) 16, 811
(2007).

[12] B. Mashhoon, Nonlocal special relativity, Ann. Phys.
(Berlin) 17, 705 (2008).

[13] F. W. Hehl and B. Mashhoon, Nonlocal gravity simulates
dark matter, Phys. Lett. B 673, 279 (2009).

[14] F. W. Hehl and B. Mashhoon, A formal framework for a
nonlocal generalization of Einstein’s theory of gravitation,
Phys. Rev. D 79, 064028 (2009).

[15] B. Mashhoon, Nonlocal transformations for accelerated
observers, Ann. Phys. (Berlin) 18, 640 (2009).

[16] H.-J. Blome, C. Chicone, F. W. Hehl, and B. Mashhoon,
Nonlocal modification of Newtonian gravity, Phys. Rev. D
81, 065020 (2010).

[17] B. Mashhoon, Necessity of acceleration-induced nonlocal-
ity, Ann. Phys. (Berlin) 523, 226 (2011).

[18] B. Mashhoon, Nonlocal gravity, in Cosmology and Gravi-
tation, edited by M. Novello and S.E. Perez Begliaffa
(Cambridge Scientific Publishers, Cambridge, England,
2011), p. 1.

[19] C. Chicone and B. Mashhoon, Nonlocal gravity: Modified
Poisson’s equation, J. Math. Phys. (N.Y.) 53, 042501
(2012).

[20] B. Mashhoon, Observers in spacetime and nonlocality, Ann.
Phys. (Berlin) 525, 235 (2013).

[21] B. Mashhoon, Nonlocal gravity: Damping of linearized
gravitational waves, Classical Quantum Gravity 30, 155008
(2013).

[22] S. Rahvar and B. Mashhoon, Observational tests of nonlocal
gravity: Galaxy rotation curves and clusters of galaxies,
Phys. Rev. D 89, 104011 (2014).

[23] B. Mashhoon, Nonlocal gravity: The general linear approxi-
mation, Phys. Rev. D 90, 124031 (2014).

[24] B. Mashhoon, Nonlocal general relativity, Galaxies 3, 1
(2015).

[25] C. Chicone and B. Mashhoon, Nonlocal gravity in
the solar system, Classical Quantum Gravity 33, 075005
(2016).

[26] C. Chicone and B. Mashhoon, Nonlocal Newtonian cos-
mology, J. Math. Phys. (N.Y.) 57, 072501 (2016).

[27] B. Mashhoon, Virial theorem in nonlocal Newtonian grav-
ity, Universe 2, 9 (2016).

[28] D. Bini and B. Mashhoon, Nonlocal gravity: Conformally
flat spacetimes, Int. J. Geom. Methods Mod. Phys. 13,
1650081 (2016).

[29] M. Roshan and S. Rahvar, Evolution of spiral galaxies in
nonlocal gravity, Astrophys. J. 872, 6 (2019).

[30] B. Mashhoon, Nonlocal Gravity (Oxford University Press,
Oxford, 2017).

[31] F. W. Hehl, J. Nitsch, and P.v.d. Heyde, Gravitation and
Poincaré gauge field theory with quadratic Lagrangian, in
General Relativity and Gravitation. One Hundred Years
After the Birth of Albert Einstein, edited by A. Held (Plenum
Press, New York, 1980), Vol. 1, p. 329.

[32] F. W. Hehl, Four lectures on Poincaré gauge field theory,
Proceedings of the 6th Course of the International School of
Cosmology and Gravitation on Spin, Torsion, Rotation, and

Supergravity, edited by P. G. Bergmann and V. DeSabbata
(Plenum Press, New York, 1980), p. 5.

[33] R. Aldrovandi and J. G. Pereira, Teleparallel Gravity: An
Introduction (Springer, Dordrecht, 2013), http://doi.org/10
.1007/978-94-007-5143-9.

[34] Gauge Theories of Gravitation. A Reader with Commen-
taries, edited by M. Blagojevi¢ and F. W. Hehl (Imperial
College Press, London, 2013), http://doi.org/10.1142/p781.

[35] Y. M. Cho, Einstein Lagrangian as the translational Yang-
Mills Lagrangian, Phys. Rev. D 14, 2521 (1976).

[36] Y. Itin, Yu. N. Obukhov, J. Boos, and F. W. Hehl, Premetric
teleparallel theory of gravity and its local and linear
constitutive law, Eur. Phys. J. C 78, 907 (2018).

[37] F. W. Hehl and Yu. N. Obukhov, How does the electromag-
netic field couple to gravity, in particular to metric, non-
metricity, torsion, and curvature? in Gyros, Clocks,
Interferometers ...: Testing Relativistic Gravity in Space,
edited by C. Lammerzahl et al., Lecture Notes in Physics,
Vol. 562 (Springer, Berlin, 2001), p. 479, http://doi.org/10
.1007/3-540-40988-2.

[38] U. Muench, E. W. Hehl, and B. Mashhoon, Acceleration
induced nonlocal electrodynamics in Minkowski spacetime,
Phys. Lett. A 271, 8 (2000).

[39] FE. W. Hehl and Yu. N. Obukhov, Foundations of Classical
Electrodynamics (Birkhiduser, Boston, 2003), http://doi.org/
10.1007/978-1-4612-0051-2.

[40] H.S. Ruse, Some theorems in the tensor calculus, Proc.
London Math. Soc. s2-31, 225 (1930).

[41] J. L. Synge, Relativity: The General Theory (North-Holland,
Amsterdam, 1960).

[42] B.S. DeWitt and R. W. Brehme, Radiation damping in a
gravitational field, Ann. Phys. (N.Y.) 9, 220 (1960).

[43] D. Puetzfeld and Yu.N. Obukhov, Deviation equation in
Riemann-Cartan spacetime, Phys. Rev. D 97, 104069
(2018).

[44] E. Poisson, A. Pound, and 1. Vega, The motion of point
particles in curved spacetime, Living Rev. Relativity 14, 7
(2011).

[45] W. G. Dixon, A covariant multipole formalism for extended
test bodies in General Relativity, Nuovo Cimento 34, 317
(1964).

[46] W.G. Dixon, Dynamics of extended bodies in General
Relativity. III. Equations of motion, Phil. Trans. R. Soc. A
277, 59 (1974).

[47] W.G. Dixon, Extended Bodies in General Relativity: Their
Description and Motion, edited by J. Ehlers (North Holland,
Amsterdam, 1979), p. 156.

[48] W.G. Dixon, Mathisson’s new mechanics: Its aims
and realisation, Acta Phys. Pol. B Proc. Suppl. 1, 27
(2008).

[49] D. Puetzfeld and Yu. N. Obukhov, Equations of motion in
metric-affine gravity: A covariant unified framework, Phys.
Rev. D 90, 084034 (2014).

[50] W.G. Dixon, The New Mechanics of Myron Mathisson
and its subsequent development, Equations of Motion in
Relativistic Gravity, Fundamental theories of Physics,
Vol. 179, edited by D. Puetzfeld et al. (Springer, New York,
2015), p. 1, http://doi.org/10.1007/978-3-319-18335-0_1.

[51] Yu.N. Obukhov and D. Puetzfeld, Multipolar test body
equations of motion in generalized gravity theories, in

104013-7


https://doi.org/10.1016/j.physleta.2007.02.071
https://doi.org/10.1002/andp.200710268
https://doi.org/10.1002/andp.200710268
https://doi.org/10.1002/andp.200810308
https://doi.org/10.1002/andp.200810308
https://doi.org/10.1016/j.physletb.2009.02.033
https://doi.org/10.1103/PhysRevD.79.064028
https://doi.org/10.1002/andp.200910363
https://doi.org/10.1103/PhysRevD.81.065020
https://doi.org/10.1103/PhysRevD.81.065020
https://doi.org/10.1002/andp.201010464
https://doi.org/10.1063/1.3702449
https://doi.org/10.1063/1.3702449
https://doi.org/10.1002/andp.201200208
https://doi.org/10.1002/andp.201200208
https://doi.org/10.1088/0264-9381/30/15/155008
https://doi.org/10.1088/0264-9381/30/15/155008
https://doi.org/10.1103/PhysRevD.89.104011
https://doi.org/10.1103/PhysRevD.90.124031
https://doi.org/10.3390/galaxies3010001
https://doi.org/10.3390/galaxies3010001
https://doi.org/10.1088/0264-9381/33/7/075005
https://doi.org/10.1088/0264-9381/33/7/075005
https://doi.org/10.1063/1.4958902
https://doi.org/10.3390/universe2020009
https://doi.org/10.1142/S021988781650081X
https://doi.org/10.1142/S021988781650081X
https://doi.org/10.3847/1538-4357/aafc2a
http://doi.org/10.1007/978-94-007-5143-9
http://doi.org/10.1007/978-94-007-5143-9
http://doi.org/10.1007/978-94-007-5143-9
http://doi.org/10.1142/p781
http://doi.org/10.1142/p781
http://doi.org/10.1142/p781
https://doi.org/10.1103/PhysRevD.14.2521
https://doi.org/10.1140/epjc/s10052-018-6344-5
http://doi.org/10.1007/3-540-40988-2
http://doi.org/10.1007/3-540-40988-2
http://doi.org/10.1007/3-540-40988-2
https://doi.org/10.1016/S0375-9601(00)00316-9
http://doi.org/10.1007/978-1-4612-0051-2
http://doi.org/10.1007/978-1-4612-0051-2
http://doi.org/10.1007/978-1-4612-0051-2
http://doi.org/10.1007/978-1-4612-0051-2
https://doi.org/10.1112/plms/s2-31.1.225
https://doi.org/10.1112/plms/s2-31.1.225
https://doi.org/10.1016/0003-4916(60)90030-0
https://doi.org/10.1103/PhysRevD.97.104069
https://doi.org/10.1103/PhysRevD.97.104069
https://doi.org/10.12942/lrr-2011-7
https://doi.org/10.12942/lrr-2011-7
https://doi.org/10.1007/BF02734579
https://doi.org/10.1007/BF02734579
https://doi.org/10.1098/rsta.1974.0046
https://doi.org/10.1098/rsta.1974.0046
https://doi.org/10.1103/PhysRevD.90.084034
https://doi.org/10.1103/PhysRevD.90.084034
http://doi.org/10.1007/978-3-319-18335-0_1
http://doi.org/10.1007/978-3-319-18335-0_1
http://doi.org/10.1007/978-3-319-18335-0_1

PUETZFELD, OBUKHOV, and HEHL

PHYS. REV. D 99, 104013 (2019)

Equations of Motion in Relativistic Gravity, Fundamental
theories of Physics, Vol. 179, edited by D. Puetzfeld et al.
(Springer, New York, 2015), p. 67, http://doi.org/10.1007/

978-3-319-18335-0_2.

104013-8

[52] A.C. Ottewill and B. Wardell, Transport equation
approach to calculations of Hadamard Green functions

and non-coincident DeWitt coefficients, Phys. Rev. D 84,
104039 (2011).


http://doi.org/10.1007/978-3-319-18335-0_2
http://doi.org/10.1007/978-3-319-18335-0_2
http://doi.org/10.1007/978-3-319-18335-0_2
http://doi.org/10.1007/978-3-319-18335-0_2
https://doi.org/10.1103/PhysRevD.84.104039
https://doi.org/10.1103/PhysRevD.84.104039

