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For a variety of ongoing and planned gravitational-wave (GW) experiments, we study expected
constraints on the fraction (fPBH) of primordial black holes (PBHs) in dark matter by evaluating the energy-
density spectra of two kinds of stochastic GW backgrounds. The first one is produced from an incoherent
superposition of GWs emitted from coalescences of all of the binary PBHs. The second one is induced
through nonlinear mode couplings of large primordial curvature perturbations inevitably associated with
the generation of PBHs in the early Universe. In this paper, we focus on PBHs with masses
10−8 M⊙ ≤ MPBH < 1 M⊙, since they are not expected to be of stellar origin. In almost all mass ranges,
we show that the experiments are sensitive enough to constrain the fraction for 10−5 ≲ fPBH ≲ 1 by
considering the GWs from coalescing events and 10−13 ≲ fPBH ≲ 1 by considering the GWs from
curvature perturbations. Exceptionally, the fraction cannot be constrained for fPBH ≲ 10−3 by these two
GW backgrounds only in the narrow mass range around MPBH ≃ 10−7 M⊙.
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I. INTRODUCTION

The first detection of gravitational waves (GWs) from a
binary black hole (BBH) merger by the first Advanced
LIGO (aLIGO) observing run [1] has revived extensive
interest in primordial black holes (PBHs) [2,3], which are
produced directly from the gravitational collapses of the
enhanced inhomogeneities in the primordial Universe. The
origin of these black holes (BHs) and the formation
mechanism of BBHs are still under debate. Besides an
astrophysical origin [4–6], the possibility that these BHs
are of a primordial origin has also been considered [7–20].
Recently, it has been proposed that the PBHs are capable of
accounting for the event rate of BBH mergers observed by
aLIGO [7,8], although the formation mechanisms of PBH
binaries bring about uncertainties of a couple orders of
magnitude (see, e.g., Ref. [20] and references therein).
PBHs could be a promising candidate for cold dark matter
(CDM) [11]. Currently, the nature of CDM is still uncertain
[21]. There is no definitive evidence for weakly interacting
massive particles (WIMPs), which are a prime candidate for
CDM [22–25]. Conventionally, one defines the abundance
of PBHs in CDM as a dimensionless fraction of the form
fPBH ¼ ΩPBH=ΩCDM, where ΩPBH and ΩCDM denote the
present energy-density fractions of PBHs and CDM,

respectively. This quantity has been constrained in a variety
of mass ranges by a variety of observations (see, e.g.,
Refs. [20,26] and references therein), such as the micro-
lensing events caused by massive astrophysical compact
halo objects [27–30], the gas accretion effect of PBHs on
the cosmic microwave background (CMB) [31–33], the
null detection of a third-order Shapiro time delay using a
pulsar-timing array [34], and the claimed event rate of BBH
mergers from aLIGO [7,8,35].
PBHs can be also a useful probe of the primordial cur-

vature perturbations [36], since the former are formed via the
direct gravitational collapse of the latter [2,3]. Contrary to
the astrophysical processes for which only BHs heavier than
Oð1Þ solar mass can be produced [37], small-mass BHs
could also be produced by the strong gravity inside the
highly compressed overdensities in the early Universe [38].
The PBH mass depends on the PBH formation redshift zf,
namely,M≃30M⊙½4×1011=ð1þzfÞ�2 [8], whereM⊙ is the
solar mass (¼ 2 × 1033 g). Since inflation models [39–45]
predict the properties of the primordial curvature perturba-
tions, which determine the mass and abundance of PBHs
(see, e.g., Refs. [20,26,46–48] and references therein), our
observational knowledge of PBHs is important to learn about
the physics of the inflationary Universe.
Recently, it has been proposed that the energy-density

fraction of PBHs can be constrained by measuring the
energy-density spectrum of the stochastic gravitational-
wave background (SGWB). First, the SGWB can be
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produced from an incoherent superposition of GWs emitted
from all of the coalescing PBH binaries. The null detection
of such a SGWB by the first aLIGO observing run [49] has
been used to independently constrain fPBH [50–53]. For
example, Ref. [50] obtained the tightest observational
constraint on fPBH in the mass range 1–102 M⊙, improving
the existing observational constraints by 1 order of magni-
tude. The possibility to detect the SGWB from PBHs (in
particular, from subsolar-mass PBHs) by upcoming aLIGO
observing runs was also predicted [50]. Second, the SGWB
is induced from the enhanced primordial curvature pertur-
bations [54–57].1 By making use of the semianalytic
calculation of the induced GW spectrum [76,77], the null
detection of such a SGWB by a variety of GW detectors has
been used to obtain constraints on the spectral amplitude of
primordial curvature perturbations [78–80]. The constraints
on the induced SGWB can be recast as the constraints on
the abundance of PBHs, and vice versa [69,81–84].
In this paper, we focus on small-mass PBHs with

10−8 M⊙ ≤ MPBH ≤ 1 M⊙. Correspondingly, we calculate
the energy-density fraction of the above two kinds of
SGWBs, and report the expected constraints on the energy-
density fraction of PBHs from the null detection of the
SGWBs by several ongoing and planned GW experiments
(see details in Ref. [85]), which include the Square
Kilometre Array (SKA) [86], Laser Interferometer Space
Antenna (LISA) [87,88], DECi-hertz Interferometer Gravi-
tational wave Observatory (DECIGO) [89] and B-DECIGO
[90], Big Bang Observer (BBO) [91], Einstein Telescope
(ET) [92], and aLIGO [93]. Although we focus on the mass
range 10−8 M⊙ ≤ MPBH ≤ 1 M⊙, the method of our analy-
sis is equally applicable to PBH masses outside of this
range. In this context, the authors of Refs. [94,95] studied
the SGWB induced by the curvature perturbations asso-
ciated with PBHs with masses around 10−12 M⊙ as it may
explain the whole abundance of the dark matter. The
authors of Ref. [79] obtained constraints on the primordial
curvature perturbations by studying the detectability of the
curvature-induced SGWB in a wide frequency range
corresponding to a wide PBH mass range.
First, following Ref. [50], we evaluate the energy-density

fraction of the SGWB from binary PBH coalescence, by
assuming a monochromatic mass distribution of PBHs.
This choice of the delta function is reasonable since the
mass distribution of PBHs is insensitive to the details of the
spectral shape of primordial curvature perturbations, espe-
cially after taking into account coarse graining within the

Hubble horizon and the effects of critical collapse [47]. In
addition, the inflation scenario does not favor a signifi-
cantly extended PBH mass distribution [11]. Second,
following Ref. [76], we evaluate the energy-density fraction
of the induced SGWB by assuming a delta function for the
power spectrum of primordial curvature perturbations. In
principle, the spectrum of the induced SGWB depends on
the details of the spectral shape of primordial curvature
perturbations. Recently, Ref. [79] found a spread of the
SGWB spectrum by studying a log-normal distribution for
the power spectrum of primordial curvature perturbations.
So the results obtained in our paper can be regarded as
conservative.2 See also Ref. [96] which discussed the
effects of a broad spectrum.
The rest of the paper is arranged as follows. In Sec. II, we

briefly review the formation of PBHs in the early Universe,
given the power spectrum of primordial curvature pertur-
bations. In Sec. III, we evaluate the energy-density fraction
of the SGWB from binary PBH coalescence, and use it to
obtain expected constraints on fPBH from a variety of
ongoing and planned GW detectors. In Sec. IV, we evaluate
the induced SGWB from the enhanced primordial curvature
perturbations, and obtain the expected constraints on the
energy-density fraction of PBHs from SKA and LISA. The
conclusions and discussions are given in Sec. V.

II. FORMATION OF PRIMORDIAL
BLACK HOLES

Given the power spectrum of primordial curvature
perturbations, we can evaluate the probability of PBH
production, the mass function of PBHs, and the PBH
abundance [20,26]. In this work we assume that PBHs are
formed in the early Universe which is radiation dominated
(RD). First of all, we need to estimate the wave-number
scale kwhich is related to a given mass scaleMH within the
Hubble horizon at the time of horizon reentry. According to
the Appendix A, it is represented by

k
k�

¼ 7.49 × 107
�
M⊙

MH

�
1=2

�
g�;ρðTðMHÞÞ

106.75

�
1=4

×

�
g�;sðTðMHÞÞ

106.75

�
−1=3

; ð1Þ

where k� ¼ 0.05 Mpc−1. Here we can numerically obtain
the temperature at formation TðMHÞ by using Eq. (A6).
The effective degrees of freedom of relativistic particles,
i.e., g�ρ and g�s, were precisely calculated for the Standard

1Based on the inflation model, primordial GWs [39,58] are
decoupled from primordial curvature perturbations at the first
order. However, the induced GWs can be generated from
primordial curvature perturbations at the second order. Whether
or not primordial GWs are detected in the future [59–68], the
induced GWs could be sizable and may even be larger than
primordial GWs if the primordial curvature perturbations are
significantly enhanced [54–56,69–75].

2This is not that simple because the spectral index of the tails of
the SGWB is also relevant as well as the width around the peak,
and the spectral index depends on the shape of the curvature pertur-
bations. See the discussion around Eq. (58) of Ref. [77]. Anyway,
we focus on the delta function case for definiteness.
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Model in Ref. [97]. Here we interpolate the tabulated data
provided at the website3 associated with this reference.
The phenomena of critical collapse [11,98] could

describe the formation of PBHs with mass M in the early
Universe, depending on the horizon mass MH and the
amplitude of density fluctuations δ. We have the following
relation:

M ¼ KMHðδ − δcÞγ; ð2Þ

where K ¼ 3.3, γ ¼ 0.36, and δc ¼ 0.45 are numerical
constants.4 The above equation can be inverted to express δ
in terms of M=MH, namely, δ ¼ ðM=ðKMHÞÞ1=γ þ δc,
which is useful in the following calculations.
In the RD Universe, the coarse-grained density pertur-

bation is given by

σ2ðkÞ ¼
Z þ∞

−∞
d ln qw2ðq=kÞ

�
4

9

�
2
�
q
k

�
4

× T2ðq; τ ¼ 1=kÞPζðqÞ; ð3Þ

where wðq=kÞ ¼ expð−q2=ð2k2ÞÞ is a Gaussian window
function, and Tðq; τÞ ¼ 3ðsin y − y cos yÞ=y3 (y≡ qτ=

ffiffiffi
3

p
)

is a transfer function (see, e.g., Refs. [101,102] for details).
We consider the power spectrum of primordial curvature
perturbations PζðkÞ to be a delta function of ln k, i.e.,

PζðkÞ ¼ Aδðln k − ln k0Þ; ð4Þ

where k0 is a given constant wave number, and A is a
dimensionless amplitude. By substituting Eq. (4) into
Eq. (3), we obtain

σ2ðkÞ ¼ 16Ae−1=x
2

�
cos2

�
1ffiffiffi
3

p
x

�

þ x

�
3xsin2

�
1ffiffiffi
3

p
x

�
−

ffiffiffi
3

p
sin

�
2ffiffiffi
3

p
x

���
; ð5Þ

where x≡ k=k0 is a dimensionless quantity. We show
σ2ðkÞ=A versus k=k0 in Fig. 8 at the end of Appendix A.
To convert σðkÞ to the mass function of PBHs, by

making use of the Press-Schechter formalism [103] we
calculate the probability of PBH production, i.e.,

βMH
¼

Z
∞

δc

M
MH

PMH
ðδðMÞÞdδðMÞ

¼
Z

∞

−∞

M
MH

PMH
ðδðMÞÞ dδðMÞ

d lnM
d ln M

≡
Z

∞

−∞
β̃MH

ðMÞd ln M; ð6Þ

which accounts for the fraction of the Hubble volumes that
collapse into PBHs when the horizon mass isMH. β̃MH

ðMÞ
is the distribution of the (logarithmic) masses of PBHs
resulting after the critical collapse. Here PMH

ðδÞ denotes a
Gaussian probability distribution of primordial density
perturbations at the given horizon scale corresponding to
MH. It is represented by

PMH
ðδðMÞÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2πσ2ðkðMHÞÞ
p exp

�
−

δ2ðMÞ
2σ2ðkðMHÞÞ

�
;

ð7Þ

where σðkðMHÞÞ is computed by making use of Eq. (5),
and kðMHÞ is given by Eq. (1). The explicit form of
β̃MH

ðMÞ is [104]

β̃MH
ðMÞ ¼ Kffiffiffiffiffiffi

2π
p

γσðkðMHÞÞ

�
M

KMH

�
1þ1

γ

× exp

�
−

1

2σ2ðkðMHÞÞ
�
δc þ

�
M

KMH

�1
γ

�
2
�
:

ð8Þ

The mass function of PBHs is defined as fðMÞ ¼
1

ΩCDM

dΩPBH
d lnM , and the abundance of PBHs in CDM is given

by fPBH ¼ R
fðMÞd lnðM=M⊙Þ. We obtain the mass func-

tion of PBHs as follows (see, e.g., Ref. [47]):

fðMÞ ¼ Ωm

ΩCDM

Z
∞

−∞

�
g�;ρðTðMHÞÞ
g�;ρðTeqÞ

g�;sðTeqÞ
g�;sðTðMHÞÞ

TðMHÞ
Teq

�

× β̃MH
ðMÞd lnMH; ð9Þ

where Teq is the temperature of the Universe at the epoch of
matter-radiation equality. In Fig. 1, we depict several
examples (colored solid curves) for the mass function
fðMÞ which is originated from PζðkÞ in Eq. (4). To be
specific, we choose the horizon mass to be MH ¼
10−iM⊙ði ¼ 0; 1; 2;…; 8Þ, each of which determines the
value of its own k0 ¼ k0ðMHÞ. Here (102A) is 5.8898,
5.4658, 5.1116, 4.8011, 4.6799, 4.6490, 4.3002, 3.8740,
and 3.6813, respectively, so that fPBH equals the upper limit
on fðMÞ with the aforementioned values of MH. For
comparison, we plot the existing observational constraint
(red dashed curve) on the PBH mass function. The
constraint used here arises from the microlensing

3http://member.ipmu.jp/satoshi.shirai/EOS2018.
4Analytically, it is estimated to be δc ¼ 0.41 [99]. In fact,

however, they depend on the radial profile of the density
perturbations. [100]
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observations of Subaru/HSC [105], OGLE [106], EROS-2
[107], MACHO [108], and the caustic crossing [109].

III. STOCHASTIC GRAVITATIONAL-WAVE
BACKGROUND DUE TO BINARY PRIMORDIAL

BLACK HOLE MERGERS

Two different mechanisms have been proposed to form
binaries from PBHs. One scenario assumes that two PBHs
could form a binary due to the energy loss via gravitational
radiation when they pass by each other accidentally in the
late Universe [7,9]. The other one assumes that two nearby
PBHs form a binary due to the tidal force from a third
neighboring PBH in the early Universe [8,110,111]. Both
scenarios are capable of explaining the merger rates of
BBHs reported by aLIGO. However, the first one requires
the PBHs to contribute most of the CDM, which is
disfavored by various observational constraints in the
relevant mass range. On the other hand, the second one
is still allowed. In this work, we thus adopt the formation
scenario5 of PBH binaries proposed in Ref. [110] and
revisited by Refs. [8,10,35,111–118]. In Appendix B we
give a brief summary of the formalism for such a scenario.
We calculate the SGWB spectrum produced from the

coalescing PBH binaries. In general, the dimensionless
energy-density spectrum of the SGWB is defined as
ΩGW ¼ ρ−1c dρGW=d ln ν, where ρGW is the GW energy

density and ν is the GW frequency [119]. Knowing the
merger rate of PBH binaries in Eq. (B2), according to
Ref. [50], we can compute the SGWB energy-density
spectrum within the frequency interval (ν, νþ dν). It is
given by

ΩGWðνÞ ¼
ν

ρc

Z νcut
ν −1

0

RPBHðzÞ
ð1þ zÞHðzÞ

dEGW

dνs
ðνsÞdz; ð10Þ

where dEGW
dνs

ðνsÞ is the GW energy spectrum of a BBH
coalescence (see details in Refs. [120,121], or a brief
summary in Appendix C), νs is the frequency in the source
frame and is related to the observed frequency ν through
νs ¼ ð1þ zÞν, and νcut is the cutoff frequency for a given
BBH system.
For PBH binaries with component masses 10−iM⊙ði¼0;

1;2;…;8Þ, which correspond to the examples of the PBH
mass function in Fig. 1, we plot the corresponding energy-
density fractions of the SGWB due to binary PBH
coalescence at the existing observational constraints on
the PBH abundance in Fig. 2. The color coding is the same
as that in Fig. 1. For comparison, we depict the sensitivity
curves6 of several GW experiments (colored dashed/dotted
curves), which include a pulsar-timing array (SKA [86]),
space-based GW interferometers (LISA [88], DECIGO
[89] and B-DECIGO [90], BBO [91]), a third-generation

FIG. 2. Energy-density spectrum (colored solid curves) of the
SGWB due to binary PBH coalescence which is just allowed by
the existing observational constraints on the PBH abundance. The
SGWB spectra with the cutoff frequencies from right to left
correspond to the peaks from left to right in Fig. 1 (same colors).
The sensitivity curves (colored dashed/dotted) of the GW
detectors are also plotted for comparison.

FIG. 1. Mass functions fðMÞ originated from the delta function
power spectrum PζðkÞ (colored solid curves). From right to left,
based on Eq. (1), the value of k0 is chosen so that the cor-
responding MH is log10ðMH=M⊙Þ ¼ 0;−1;−2;−3;−4;−5;
−6;−7;−8. The normalization A is chosen so that fPBH is equal
to the upper bound on fðMÞ with the aforementioned values of
MH. To be specific, we take 102A as 5.8898, 5.4658, 5.1116,
4.8011, 4.6799, 4.6490, 4.3002, 3.8740, and 3.6813, respec-
tively. The existing observational constraints [HSC [105] (green
dotted), OGLE [106] (blue dotted), EROS/MACHO [107,108]
(cyan dotted), caustic crossing [109] (purple dotted), and their
combination (red dashed)] are plotted for comparison.

5In this section, we use the revised formalism in Ref. [20],
instead of the original one in Ref. [8].

6Sometimes, only the amplitude spectral density SnðfÞ is
shown for a given gravitational-wave detector. We haveffiffiffiffiffiffiffiffiffiffiffiffi

SnðfÞ
p ¼ hnðfÞf−1=2, which has units of Hz−1=2, and hn is
the noise amplitude. The sensitivity to the SGWB energy density
is related to SnðfÞ by ΩGW;nðfÞ ¼ 3.132 × 1035h−2ðf=HzÞ3 ×
ð ffiffiffiffiffiffiffiffiffiffiffiffi

SnðfÞ
p

=Hz−1=2Þ2 [122,123]. The reduced Hubble constant is
h ¼ 0.678 in this paper.
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ground-based GW interferometer (ET [92]), and a second-
generation ground-based GW interferometer (aLIGO [93]).
If the spectrum predicted in a model intersects the sensitivity
curve of a given experiment, the expected signal-to-noise
ratio is equal to or greater than unity, which implies a
possible detection of such a spectrum by this experiment.
Null detection of the SGWB by a given future or ongoing

GWexperiment can place an upper bound on the magnitude
of the energy-density fraction of the SGWB in a given
frequency band, and can be further recast to constrain the
maximum PBH abundance. From Fig. 2, we see that all of
the GW experiments could potentially contribute to the
improvement of existing observational constraints on the
PBH abundance, since their sensitivity curves intersect

some spectra. Therefore, by regarding the sensitivity curves
of all of these experiments as upper bounds on the SGWB
spectrum, we evaluate the expected upper limits on the
PBH abundance from these experiments. We depict our
results in Fig. 3.
Our results are as follows. SKA, LISA, and aLIGO will

give us relatively weak constraints in the future. It is
notable that this expected limit from aLIGO is surely
stronger than the current one, which was reported recently
in Ref. [35]. Both ET and B-DECIGO also have similar
constraints on the abundance. All four of the above
experiments are expected to improve the existing obser-
vational constraints on the subsolar-mass PBHs. However,
both DECIGO and BBO are expected to significantly
improve the existing constraints over the mass range
Oð10−6Þ ≤ M=M⊙ ≤ Oð100Þ.

IV. STOCHASTIC GRAVITATIONAL-WAVE
BACKGROUND INDUCED BY PRIMORDIAL

CURVATURE PERTURBATIONS

The SGWB can be also induced by enhanced pri-
mordial curvature perturbations via the scalar-tensor mode
coupling in the second-order perturbation theory [55]. In
Appendix D, we give a brief summary of the evaluation of
the induced SGWB spectrum. For details, see Ref. [76]
and references therein. In the following, we will use the
formulas summarized in Appendix D to calculate the
energy-density spectrum of the induced SGWB, given
the form of PζðkÞ in Eq. (4). We consider the minimal
case in which the statistics of the curvature perturbations is
Gaussian7 and neglect the time evolution of the mass
function of PBHs due to accretion, but generalizations
can be found in Ref. [127].
According to Eqs. (D1)–(D3), we obtain the dimension-

less energy-density spectrum of the induced SGWB as

ΩIGW

�
ν ¼ k

2π

�
¼ Ωr;0

�
g�ðTðkÞÞ
g�ðTeqÞ

��
g�;sðTðkÞÞ
g�;sðTeqÞ

�
−4=3

×
3A2

64

�
4 − k̃2

4

�
2

k̃2ð3k̃2 − 2Þ2

×

�
π2ð3k̃2 − 2Þ2Θð2 −

ffiffiffi
3

p
k̃Þ þ

�
4þ ð3k̃2 − 2Þ ln

����1 − 4

3k̃2

����
�

2
�
Θð2 − k̃Þ; ð11Þ

where ν ¼ k=2π denotes the frequency of GWs, and the
dimensionless wave number k̃ ¼ k=k0 is introduced for

simplicity. Based on Appendix A, the cosmic temperature
T can be numerically related to MH and k, and then to ν.
Here, ΘðxÞ denotes the Heaviside theta function with
variable x.
Similarly to Fig. 2, we plot the energy-density frac-

tions of the induced SGWB due to the enhanced
primordial curvature perturbations in Fig. 4. Both A
and k0 are chosen as those in Sec. II. The same color
coding is used as in Fig. 1. The double-peak structures

FIG. 3. Expected constraints on the PBH abundance from the
null detection of the SGWB by LISA (orange solid), B-DECIGO
(green dashed), DECIGO (green solid), BBO (blue solid), ET
(cyan solid), and aLIGO (purple dashed). The present existing
constraint (red dashed) is plotted for comparison.

7The statistical properties of curvature perturbations can
modify the relation between the amount of induced SGWB
and the PBH abundance. Even if the curvature perturbations are
completely Gaussian, the density contrasts are non-Gaussian due
to the nonlinear nature of gravity, as shown recently in
Refs. [48,124–126].
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arise from the fact that PζðkÞ is assumed to be a delta
function [Eq. (4)]. For a broader distribution for PζðkÞ
(e.g., the log-normal distribution in Ref. [79]), one could
find the spread of the SGWB spectrum. Therefore, our
discussions in the next two paragraphs could be regarded
as conservative.
In Fig. 5, besides the energy-density spectra of the

induced SGWB (colored solid curves, same as in
Fig. 4), we depict the sensitivity curves of SKA [86]
(red dashed) and LISA [88] (orange dashed) for

comparison. For a given spectrum of the induced
SGWB, we conservatively drop the right-handed peak
since such a spiky structure exists only for source spectra
with tiny widths. Similarly to the discussions in the last
section, if a model-predicting spectrum intersects the
sensitivity curve of a given experiment, it is possible to
measure such a spectrum with this experiment. In such a
case, both SKA and LISA are expected to exclude most
of the parameter space, or equivalently improve the
existing observational constraints on the PBH abundance
significantly.
Assuming the null detection of the induced SGWB from

enhanced primordial curvature perturbations, similarly to
Fig. 3, we plot the expected constraints on the PBH
abundance from SKA (red shaded) and LISA (orange
shaded) in Fig. 6. The shaded regions represent the parts
of the parameter space that are excluded by these experi-
ments. In fact, here we first obtain the constraints on A from
the induced SGWB, and then recast them as the upper
limits on fPBH according to the formulas in Sec. II.
Finally, we can combine the results in Fig. 3 with Fig. 6

to obtain Fig. 7. Generally speaking, the slopes of the upper
bounds (i.e., boundaries of shaded regions) from the
induced SGWB are significantly sharper than those (i.e.,
colored curves) from the SGWB due to coalescing PBH
binaries. This property can be easily understood as follows.
On the one hand, we directly constrained the magnitude of
fPBH by calculating the SGWB from coalescing PBH
binaries. The detection of such a SGWB requires a
significant amount of PBH binaries in the Universe. This
implies that the GW detectors can probe enhanced pri-
mordial curvature perturbations only if A ∼Oð0.1Þ. When
A ≪ Oð0.1Þ, there would be so few PBHs in the Universe
that the thresholds of GW detectors would not be triggered.

FIG. 5. Similarly to Fig. 4, we plot the energy-density spectrum
of the induced SGWB (colored solid curves), but the right-handed
peak is conservatively dropped. We depict the sensitivity curves
of SKA (red dashed) and LISA (orange dashed) for comparison.

FIG. 6. Expected constraints on the PBH abundance versus the
PBH mass from the null detection of the induced SGWB by SKA
(red shaded) and LISA (orange shaded). The existing observa-
tional constraint (red dashed) is also plotted for comparison.

FIG. 4. Energy-density spectrum of the SGWB nonlinearly
induced by primordial curvature perturbations. The SGWB
spectra (colored solid curves) with peaks from right to left
correspond to the mass functions with peaks from left to right
in Fig. 1 (same colors).
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On the other hand, by detecting the induced SGWB, we
directly obtained the constraints on A, which were recast as
the indirect constraints on fPBH. In fact, by detecting the
induced SGWB, the GW detectors can probe the primordial
curvature perturbations of arbitrary amplitudes within their
sensitivities. Since the induced SGWB spectrum is propor-
tional to A2 while fPBH is exponentially sensitive to A, we
obtained sharper slopes for the upper bounds from the
induced SGWB than those from the SGWB due to
coalescing PBH binaries in Fig. 7. Thus, the constraints
on fPBH from the SGWB induced by curvature perturba-
tions are stronger than those from the SGWB whose origin
is merger events, except for a narrow gap around 10−7 M⊙
corresponding to the relatively weak observational sensi-
tivity around about 10−6 Hz. Nevertheless, both types of
SGWB are complementary and useful as a consistency
check of the PBH hypothesis since these two types of
SGWB have their own individual features in the spectra and
are probed by different observations which are supposed to
measure GWs at different frequency bands.

V. CONCLUSIONS

It has been known that PBHs can form binaries in the
early Universe, and a PBH binary can merge into a new
heavier BH due to the energy loss via gravitational
radiation. Based on Ref. [8], the merger rate of PBH
binaries depends on the abundance and mass of PBHs.
Given the existing constraints on the mass function of
PBHs, following Ref. [50], we have evaluated the
energy-density spectra of SGWBs which arise from
coalescences of PBH binaries with component masses
10−i M⊙ði ¼ 0; 1; 2;…; 8Þ. From Fig. 2, we found that
some of them intersect the sensitivity curves of several
future GW experiments. This means that the existing
limits can be improved by these experiments in the future
if these experiments do not detect the SGWB. By making

use of these sensitivity curves as upper limits on the SGWB
energy-density fraction, we have evaluated the expected
upper limits on the abundance of PBHs, and shown our
results in Fig. 3. In particular, both DECIGO and BBO are
expected to significantly improve the existing limits over
the mass range 10−6 M⊙–10

0 M⊙.
The generation of PBHs in the early Universe requires

large amplitudes of the primordial curvature perturbations,
which can always induce the SGWB. By taking into
account the existing constraints on the mass function of
PBHs and making use of the semianalytic formula in
Ref. [76], we have calculated the energy-density spectrum
of the induced SGWB, and shown our results in Fig. 4. We
found several intersections between the induced SGWB
spectra and the sensitivity curves of SKA and LISA in
Fig. 5. This implies that these experiments can improve the
existing upper limits on the mass function of PBHs in
the future if they claim a null detection of the induced
SGWB energy-density fraction. In this case, the shaded
regions in Fig. 6 will be excluded by SKA and LISA,
respectively.
Finally, by combining Fig. 3 with Fig. 6 to obtain Fig. 7,

we found stronger constraints on fPBH from the SGWB
induced by curvature perturbations than those from the
SGWB due to coalescing events, except for a narrow gap
around 10−7 M⊙. However, both types of SGWB are
complementary and useful as a consistency check of the
PBH hypothesis.
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APPENDIX A: RELATION BETWEEN k AND MH
IN THE RADIATION DOMINATED UNIVERSE

During the RD era of the Universe, the relation between
the wave number k and the horizon massMH is obtained as
follows. By definition, we have

k ¼ aðMHÞHðMHÞ: ðA1Þ

The value of the scale factor aðMHÞ, when the mode
corresponding to MH reenters the Hubble horizon, is
obtained by using entropy conservation,

aðMHÞ
a0ð¼ 1Þ ¼

�
g�;sðT0Þ

g�;sðTðMHÞÞ
�

1=3 T0

TðMHÞ
; ðA2Þ

where T0 ¼ 2.725 K denotes the present temperature of
the CMB, and the temperature TðMHÞ is given by the
Friedmann equation, i.e.,

FIG. 7. Expected constraints on the PBH abundance versus the
PBH mass from the null detection of the two kinds of SGWBs.
The existing observational constraint (red dashed) is plotted for
comparison.
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3H2ðMHÞM2
G ¼ ρ ≈ ρrad ¼

π2g�;ρðTðMHÞÞ
30

T4ðMHÞ;
ðA3Þ

where MG ¼ MP=
ffiffiffiffiffiffi
8π

p
is the reduced Planck mass. The

relation between the horizon mass MH and the Hubble
radius H−1 is given by

MH ¼ 4π

3
ðHðMHÞÞ−3ρ: ðA4Þ

Combining Eq. (A4) with the left equality of Eq. (A3), we
have the following formula between H and MH:

HðMHÞ ¼ 4π
M2

G

MH
: ðA5Þ

By combining Eq. (A5) with the right equality of Eq. (A3),
we thus obtain a relation between MH and T, i.e.,

MH ¼ 12

�
10

g�;ρðTÞ
�

1=2 M3
G

T2
: ðA6Þ

Combining Eqs. (A1), (A2), (A5), and (A6), we obtain

k
k�

¼ 7.49 × 107
�
M⊙

MH

�
1=2

�
g�;ρðTðMHÞÞ

106.75

�
1=4

×
�
g�;sðTðMHÞÞ

106.75

�
−1=3

; ðA7Þ

where M⊙ denotes the solar mass and k� ¼ 0.05 Mpc−1.
In Fig. 8 we show σ2ðkÞ=A versus k=k0. In wave-number

space, the peak of the coarse-grained perturbations shifts
from the original peak k0. Numerically, the shifted peak is
obtained as k ¼ 0.730715k0,

kðpeak of PBHsÞ
kðpeak of primordial curvature perturbationsÞ

¼ 0.730715: ðA8Þ

In our example, by assuming that PζðkÞ is a delta function,
the wave number in the denominator is nothing but k0.
When a PBH forms, the shorter scales have already
experienced the radiation pressure and have been smooth-
ened. Therefore, the PBH mass scale corresponds to the
coarse-grained perturbation scale. In other words, k in
Eqs. (1) and (A7) should be the one appearing in the
numerator of the left-hand side of Eq. (A8).

APPENDIX B: FORMALISM FOR THE MERGER
RATE OF PBH BINARIES

Given the fraction of PBHs in CDM (namely, fPBH
8) for

a fixed PBH mass M, the probability that a PBH binary
coalesces within the cosmic time interval (t, tþ dt) is given
by (see, e.g., Refs. [8,20] for details)

dPt ¼
8<
:

3
58
½−ð tt0Þ

3
8 þ ð tt0Þ

3
37� dtt for t < tc;

3
58
ð tt0Þ

3
8½−1þ ð ttcÞ−

29
56ð4π

3
fPBHÞ−29

8 � dtt for t ≥ tc;

ðB1Þ

where we define t0 ¼ ð3=170Þfx̄4=½ðGMÞ3ð4πfPBH=3Þ4�g
and tc ¼ t0ð4πfPBH=3Þ37=3, and x̄ ¼ ½3M=ð4πρPBH;eqÞ�1=3
is the physical mean separation of PBHs at the epoch of
matter-radiation equality. Here, ρPBH;eq is the energy
density of PBHs at the epoch of matter-radiation equality.
Multiplying dPt=dt by the present average number density
of PBHs, one can obtain the merger rate of PBH binaries as

RPBHðzÞ ¼
�
fPBHΩCDMρc

M

�
dPt

dt
: ðB2Þ

The redshift z is related to the cosmic time t through t ¼R
∞
z dz0=½ð1þ z0ÞHðz0Þ�, where HðzÞ ¼ H0½Ωr;0ð1þ zÞ4 þ
Ωm;0ð1þ zÞ3 þΩΛ�1=2 is the Hubble parameter at red-
shift z. The quantities Ωr;0 and Ωm;0 denote the present
energy-density fractions of radiation and nonrelativistic
matter, respectively. The present energy-density fraction
of dark energy is derived as ΩΛ ¼ 1 −Ωr;0 − Ωm;0. Here,
ρc ¼ 3H2

0M
2
G is the critical energy density of the Universe.

Throughout this paper, we adopt the ΛCDM model
with cosmological parameters measured by the Planck
satellite [128].

FIG. 8. Coarse-grained density function calculated by assum-
ing that PζðkÞ is a delta function of ln k.

8As was discussed in the Introduction, here we use a mono-
chromatic mass distribution of PBHs as a reasonable approxi-
mation. Therefore, we use the PBH abundance fPBH instead of
the PBH mass function fðMÞ.
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APPENDIX C: ENERGY SPECTRUM OF
GRAVITATIONAL WAVES

In the nonspinning limit, the inspiral-merger-ringdown
energy spectrum for a BBH coalescence takes the following
form [120,121]:

dEGW

dνs
ðνsÞ ¼

ðGπÞ2=3M5=3
c

3

×

8>>>>><
>>>>>:

ν−1=3s for νs < ν1;

w1ν
2=3
s for ν1 ≤ νs < ν2;

w2
σ4ν2s

ðσ2þ4ðνs−ν2Þ2Þ2 for ν2 ≤ νs ≤ ν3;

0 for ν3 < νs;

ðC1Þ
where νs is the GW frequency in the source frame, and w1

and w2 are two normalization constants that make the
spectrum continuous. The parameters νi (i ¼ 1, 2, 3) and σ
can be expressed in terms of Mt and η as follows:

πMtν1 ¼ ð1 − 4.455þ 3.521Þ þ 0.6437η

− 0.05822η2 − 7.092η3; ðC2Þ
πMtν2 ¼ ð1 − 0.63Þ=2þ 0.1469η − 0.0249η2 þ 2.325η3;

ðC3Þ
πMtσ ¼ ð1 − 0.63Þ=4 − 0.4098ηþ 1.829η2 − 2.87η3;

ðC4Þ
πMtν3 ¼ 0.3236 − 0.1331η − 0.2714η2 þ 4.922η3; ðC5Þ

which can be found in Table I of Ref. [121]. Here,Mc is the
chirp mass, i.e., M5=3

c ¼ m1m2ðm1 þm2Þ−1=3, and Mt ¼
m1 þm2 is the total mass. The symmetric mass ratio is
defined by η ¼ m1m2ðm1 þm2Þ−2, which gives 0.25 in this
work, since we assume a monochromatic mass for PBHs.
The cutoff frequency is νcut ¼ ν3.

APPENDIX D: CURVATURE-INDUCED
GRAVITATIONAL WAVES IN A NUTSHELL

We briefly summarize the semianalytic calculation of
the SGWB spectrum induced in the RD era from the

nonlinear (tensor-scalar-scalar) mode coupling. The details
are described in Ref. [76] and references therein. The
energy-density fraction of the induced SGWB is given by

ΩGWðkÞjtoday ¼
Ωr;0

24

�
g�;ρðTÞ
g�;ρðTeqÞ

��
g�;sðTÞ
g�;sðTeqÞ

�
−4=3

×

�
k
aH

�
2

Phðτ; kÞ; ðD1Þ

where the cosmic temperature T ¼ TðMHðkÞÞ, the horizon
mass MHðkÞ, aH, and the conformal time τ are to be
evaluated at (a time somewhat after) the horizon entry of
the relevant mode (when ΩGW has reached a temporary
asymptotic value). In fact, TðMHðkÞÞ can be numerically
evaluated by combining Eq. (A6) with Eq. (A7). The last
two factors in the above formula are given by

�
k
aH

�
2

Phðτ; kÞ ¼ 4

Z
∞

0

dv

×
Z

1þv

−j1−vj
du

�
4v2 − ð1þ v2 − u2Þ2

4uv

�
2

× ðkτÞ2I2ðv; u; kτ ≫ 1ÞPζðkvÞPζðkuÞ:
ðD2Þ

In the above equation, we have

ðkτÞ2I2ðv; u; kτ ≫ 1Þ

¼ 1

2

�
3ðu2 þ v2 − 3Þ

4u3v3

�
2
��

−4uvþ ðu2 þ v2 − 3Þ

× ln

���� 3 − ðuþ vÞ2
3 − ðu − vÞ2

����
�

2

þ π2ðu2 þ v2 − 3Þ2

× Θðvþ u −
ffiffiffi
3

p
Þ
�
: ðD3Þ

Then, we combine the above three equations to compute
the energy-density spectrum of the induced SGWB in this
work. In the case of a delta-function source [Eq. (4)], the
integral is easily calculated to obtain Eq. (11).
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