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Redshift-space distortions are a sensitive probe of the growth of large-scale structure. In the linear
regime, redshift-space distortions are fully described by the multipoles of the two-point correlation
function. In the nonlinear regime, however, higher-order statistics are needed to capture the full information
of the galaxy density field. In this paper, we show that the redshift-space line correlation function—which is
a measure of Fourier phase correlations—is sensitive to the nonlinear growth of the density and velocity
fields and to the nonlinear mapping between real and redshift space. We expand the line correlation
function in multipoles, and we show that almost all of the information is encoded in the monopole,
quadrupole, and hexadecapole. We argue that these multipoles are highly complementary to the multipoles
of the two-point correlation function: first, because they are directly sensitive to the difference between the
density and the velocity coupling kernels, which is a purely nonlinear quantity; and second, because the
multipoles are proportional to different combinations of f and og. Measured in conjunction with the two-
point correlation function and the bispectrum, the multipoles of the line correlation function could therefore

allow us to disentangle efficiently these two quantities and to test modified theories of gravity.
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I. INTRODUCTION

Cosmological galaxy redshift surveys, like the 6dF
Galaxy Redshift Survey [1], Sloan Digital Sky Survey
[2], WiggleZ survey [3], VIPERS survey [4], or BOSS
survey [5], map the distribution of galaxies in redshift space.
Since the redshift of galaxies is affected by their peculiar
velocity, the observed galaxy distribution is slightly dis-
torted with respect to the real-space galaxy distribution. In
the linear regime, these redshift-space distortions modify the
two-point correlation function and the power spectrum, by
adding a quadrupole and an hexadecapole modulation in the
signal [6,7]. Measuring these multipoles has been one of the
main goals of recent redshift galaxy surveys; see, e.g., [8].
These measurements have been very successful and have
provided constraints on modified theories of gravity [9].
Redshift-space distortions are indeed highly sensitive to the
growth rate of perturbation f, which is generally modified in
alternative theories of gravity.

In the nonlinear regime, the multipoles of the correlation
function do however not fully trace the information present
in galaxy surveys. The nonlinear gravitational evolution of
the density and peculiar velocity generates indeed a flow of
information into higher-order statistics. An obvious choice
to capture this flow of information is to look at the three-
point correlation function (or Fourier-space bispectrum);
see, e.g., [10—-12] and Refs. therein. However, this estimator
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is a three-dimensional function with significant redundan-
cies with itself and the two-point statistics, making its
computation and information analysis a complex task.

Various alternative observables have been constructed in
order to access information in the nonlinear regime; see, e.g.,
[13—16]. The goal of such observables is twofold: first, part
of the information present in the bispectrum has already
been measured in the power spectrum. One can then wonder
if it is possible to construct an observable which is less
redundant with the power spectrum. And second, since the
bispectrum is complicated in redshift space, it would be
interesting to construct an estimator which encodes the same
type of information, but which is simpler to model.

In this paper, we study one possible alternative: the line
correlation function. The line correlation function has been
introduced in [17] and analytically modeled in real space in
[18]. This observable is constructed from correlations
between the phases of the density field. Since the two-
point function is only sensitive to the amplitude of the
density field, it seems promising to use in conjunction an
observable which is targeted to measure the phases (see
[19-33] for other observables based on phase correlations).
Fisher forecasts in real space have shown that combining
the line correlation function with the two-point correlation
function does indeed improve parameter constraints on
ACDM cosmology by up to a factor of 2 [34,35]. The gain
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obtained from the line correlation function in the case of a
warm dark matter model or alternative theories of gravity,
like the symmetron and f(R) model is even stronger [36].

Here we derive an expression for the line correlation
function in redshift space. We show that the line correlation
function can be expanded in Legendre polynomials and that
almost all of the information is encoded in the first even
three multipoles, i.e., the monopole, quadrupole, and
hexadecapole, similarly to the two-point correlation func-
tion. These multipoles are sensitive to the nonlinear
coupling kernels of the density and of the peculiar velocity.
As such, the line correlation function provides a simple way
to probe the nonlinear evolution in redshift space and
consequently, to constrain alternative theories of gravity in
the nonlinear regime, for example, at the scales where
screening mechanisms start to act. Note that our approach
differs and complements the work of [37], which studies a
modified version of the line correlation function (using an
anisotropic window function) and is targeted to measure an
anisotropic signal in two-dimensional Zel’dovich mock
density fields.

Let us mention that throughout this paper we will use
second-order perturbation theory to model redshift-space
distortions. Studies of the bispectrum have shown that this
approach does not fully account for nonlinearities in
redshift space. Various models have been developed over
the years to provide a more accurate description of redshift-
space distortions, either by improving on perturbation
theory [10,38,39] or by building effective coupling kernels
based on numerical simulations [12]. In particular, these
models are able to describe the Fingers of God, which are
not accounted for at second order in perturbation theory.
Howeyver, since it is not clear which of these models is more
adapted to describe phase correlations, we start by using
only second-order perturbation theory. Our modeling
should therefore be regarded as a first step towards an
accurate description of phase correlations in redshift space.
In a future work, we will compare our modeling with
measurements of the line correlation function in numerical
simulations, in order to improve the description of redshift-
space distortions in the strongly nonlinear regime.

The remainder of the paper is organized as follows. In
Sec. II, we derive an expression for the line correlation
function in redshift space, at second order in perturbation
theory. In Sec. III, we expand the line correlation function
in Legendre polynomials. We derive a general expression
valid for any multipole n. In Sec. IV, we calculate numeri-
cally the first multipoles in a ACDM universe, and we show
that the multipoles larger than n =4 are negligible. We
conclude in Sec. V.

II. THE LINE CORRELATION FUNCTION OF THE
OBSERVED NUMBER COUNTS

Galaxy surveys measure the overdensity of galaxies in
redshift space,

An,z) = YD =N E) ]?V)(;)N @ (1)

where N(n, z) denotes the number of galaxies detected in a
pixel situated at redshift z and in direction n, and N(z) is
the average number of galaxies per pixel at a given redshift.
The Fourier transform of the galaxy overdensi‘[y,1 A(k, z),
is characterized by an amplitude |A(Kk, z)| and a phase

A(k,z)

ea(k,z) Em.

(2)

The line correlation function of A is then defined as

3 /,3\32
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where €, (s, z) is the inverse Fourier transform of e, (K, z).
As discussed in [17], the cutoff at high k has been
introduced to avoid the divergence of the line correlation
function due to an infinite number of phase factors at
arbitrarily small scales, which do not carry any information.

We start by calculating the three-point correlation
function of the phase of A(k,z). For this, we need a
description of the galaxy number count valid at second
order in perturbation theory. At first order in perturbation
theory, we have the standard Kaiser expression,

1

AD(n,z) = b5V — —
(n,z) 1 H

o, m). (@)

where H = (da/dn)/a is the Hubble parameter in con-
formal time 7, b, is the linear bias, ¢ is the matter density
field, v is the peculiar velocity of galaxy, and 0, denotes
radial derivative (y being the conformal distance). The
second term in Eq. (4) represents the contribution from
redshift-space distortions. Note that A contains various
other contributions, namely relativistic effects and lensing
effects [40-42], but we neglect these terms here since we
are mainly interested in small scales and low redshifts,
where they are expected to be subdominant.

At second order in perturbation theory, we can identify
two types of contributions: first, the contribution coming
from the nonlinear gravitational evolution of the density
and peculiar velocity field. We call this contribution the

intrinsic contribution, Ai(fg, because it is due to the fact that

'We use the Fourier convention f(x) = [d*ke™*f(k) and
e
£ = [ 43 e £ ().
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the density, velocity, and bias are intrinsically nonlinear
quantities,

AZ)(n.2) =51 2 3, (v) n)
P2y (e + B - () )

where s denotes the tidal tensor [43].

In addition, at second order, we have contributions
coming from the fact that the mapping between real
space and redshift space is itself nonlinear. We call these
contributions Afﬁgp. A detailed derivation is given in
Appendix A, following [44]. The result is

b b
At (n.2) = =22509, (v -m) =22 9,60 (v - m)
1
+Wal[ax(v<1> -n)(v() -m)]. (6)

Note that besides these dominant contributions, many other
terms contribute to A, at second order, due to lensing and
relativistic effects [45—47]. But again we neglect them here
since they are expected to become relevant on larger scales
and higher redshifts.

Since A is expressed in terms of the observed coordi-
nates Xg,, = y(z)n, where y is the comoving distance
evaluated at the observed redshift z, we can consistently
Fourier transform it,

Alk,z) =

1 .
(277)3/d3x0bs€_lk.X0bsA<X0bs’ Z)' (7)

At first order in perturbation theory, we obtain

1.
AD(Kk,z) = b6V (k. z) — 7 (K -n)2VI(K, 2),

= (b1 + fu*)5V (k. 2), (8)

where V is related to the Fourier transform of v by

A

v(k,z) = —i%V(k, 2) )

and u = k - n. In the second line of (8), we have used the
continuity equation at linear order to relate the velocity to
the density, and we define the growth rate as

B dlnDl

/= dina ’

(10)

where D; is the linear growth function.
At second order in perturbation theory, the density field
5@ and the velocity field V® take the form,

5(2)(1(,2) :/d3‘h/d3(h50(k—(h -q)
X Fy(q1.42)8" (q;.2)6V (2. 2),  (11)
VA (k,z) = —H(Z)f(Z)/d3q1/d3q250(k—q1 -q)

X Gz(‘llv‘I2)5(1)(Q1,Z)5(1)(‘I2,Z)a (12)

where the nonlinear kernels are given by [48,49]

l+er ki -k, [k, Kk
Fz(kl,kz): 2F+ 12 2<k_;+k_f>

1l—€r ~ &
"’TF(kl ky)?, (13)
k, -k, [k, k
Gy(ki. Ky) = e + 12 2<k—;+k—?>
+ (1= GG)(Rl '122)2, (14)

with ep~(3/7)Q,,(z)""/' and eg=€p+(3/2)(er—3/7).
The kernels depend therefore very mildly on z through ef
and eg.

With this, the intrinsic part becomes at second order

Ai(ft)(k,Z)—/d3q1/d3q25D(k—q1—qz)

by by
X [ble((h,(h) +?2+752(Q1,Q2)

+fu202<q1,q2>}5<'><q1,z>5<'><q2,z>, (15)

where y =k -n and S5(q;,42) = (G; - G2)* — 1/3.
Finally, the mapping part at second order can be written as

An(K, 2) =/d3q1/d3q250(k—q1 -qy)

k
x f—g [ﬂ (by + f13) + 2 (by + 1)
q1 q2

X 5(1)(qlvz)5(1)(q2’ Z)? (16)

where y; = q; -n, i = 1, 2. Note that the mapping term is
often computed in a different way. Instead of writing A as a
function of the observed coordinate X, as we did here and
then Fourier transform it, one can express A in terms of the
unperturbed coordinate x and then expand the exponential in
the Fourier transform around x (see Appendix A for more
detail). This procedure gives rise to the same expression for

Agglp(k, z). Note that this term is sometimes defined as part
of the Finger of God contribution, since it arises from the
exponential in the Fourier transform. We reserve however
this name for the damping due to the random motion of
galaxies at small scales (see, e.g., [10,50]), which we do not
include in our derivation, since it is not captured by second-
order perturbation theory.
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We now compute the three-point correlation function of
the phase of A(Kk, z), which enters in Eq. (3). We have

(ea(ky)es (k)ea (Ks)) = / (dOTP{Olea (K, Jea (ka)ea (Ks),
(17)

PA] = Ny exp <_;/d3kA(k)A(‘k>>{1+l

Po(k) 3!

where N is a normalization factor. Here, P,(k) and
BA(p, q, k) are the power spectrum and bispectrum of A
defined through

(A(k)A(K)) = Ps(k)op(k +K'), (19)

(A(p)A(q)A(k)) = BA(p.q)dp(p +q + k). (20)

where P[0] is the probability distribution function of the
field O(k) defined through e, (k) = ¢”*). Note that here
we have dropped the dependence in redshift z in the
argument of €, to ease the notation. Following [18,30],
we start by expressing the probability distribution function
for A(k, z) using the Edgeworth expansion [51-53], which
is valid for mildly non-Gaussian fields,

/ d3pd3qBA (P.q.—p — q)A(—p)A(—q)A(p + q)}’ (18)

PA(P)Pa(q)Pa(p +q)

Note that since redshift-space distortions break statistical
isotropy, P, (k) depends not only on the modulus of k but
also on its orientation with respect to the direction of
observation n. Similarly, the bispectrum depends not only
on the shape of the triangle but also on its orientation.

Following the derivation in [18], we first discretize the
field A(k) — Ay for a finite survey volume, and then we
integrate over the amplitude |Ay| to obtain the probability
distribution function of the phase,

ed 1/ym\?
PHo}) J] dox =1+ 3 > ba(p.p)cos(20, —0s,) + 3\ > [ba(p.q) cos(B, + 0q — Oy q)
keuhs peuhs p#q€<uhs
dby
+ bA(pv —Q) COS(QP - 9q + 9p—q>] 2— ’ (21)
keuhs 4
where we have defined
2r)3 BA(p.q
balpy= 2L Dolpd) 22)
V/Pa(P)Pa(q)P, (k)
Inserting Eq. (21) into (17), we obtain in the continuous limit,
27) (V73
fealkeatieati)) = 5 (57 balki ko kol -+ + ko) 23)
At second order in perturbation theory, we have
(2z)° Pp(ky,z)P(ka, 2)
ba(ki, ko k3) =2 Wy (ky, ky, ks,n +cye|, 24
a(ky ko k) v 2(ky. ko, ks,m) P,(ks.2) Yy (24)
where P; denotes the linear power spectrum of & at redshift z and
Wik, Ky, k3, m) = W (ky, Ky, kg, m) + W3™ (ki Ky, k3, m). (25)
The intrinsic and mapping kernels read
i‘“—;x b F>(k k)+b +ES(k K,) + 131G, (k. k») (26)
2 bl +//l%f 142 1,82 2 2 1,182 3 2 1,182 )
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fﬂak%[ (bl + fu3) +”2 (by + fu?)]
2(b, +ﬂ3f) ’

with,u,»:lA(,»-n fori=1, 2, 3.

We see that the phase correlation of the observed number
count A is sensitive to the nonlinear coupling kernel of the
density field F,, to the nonlinear coupling kernel of the
|

Wy = (27)

£(r, z //d3kde—k ~ky, ki, Ky,
( ) 8\/_27r 1 2 2( 1 2, 1, B2 )

ey |.lp |,
ky+ko|<27/r

x [eik

Here, we have used the Dirac Delta function to rewrite the
three permutations in (24) with the same kernel W, multi-
plied by three different exponentials. In this way, the kernel
W, depends on the direction of observation n only through its
scalar product with k,. We will see that this property is useful
to solve analytically some of the integrals in (28).

Since redshift-space distortions break isotropy, the line
correlation function depends not only on the modulus of the
separation r = |r|, but also on the orientation of the vector r
with respect to the line-of-sight: cos @ = 1 - n, as depicted
in Fig. 1. In the rest of this paper, we will study the
dependence of the line correlation function on a. Note that
in the case where f =0, Eq. (28) is equivalent to the
expression derived in [18].

III. MULTIPOLE EXPANSION OF THE LINE
CORRELATION FUNCTION

In redshift space, the two-point correlation function of A
can be written as the sum of a monopole, quadrupole, and

jI n
Observer

FIG. 1. Representation of the coordinate system used to express
the line correlation function: r = |r| denotes the separation
between galaxies, and cosa = t - n is the orientation of the line
with respect to the direction of observation n. We work in the
distant-observer approximation, in which n is the same for all
galaxies.

velocity field G,, and to the growth rate f. Since redshift-
space distortions are not isotropic, the phase correlations
depend on the direction of observation n. Note that here we
work in the distant-observer approximation, where n is the
same for all galaxies.

The line correlation function is obtained by inserting (24)
and (23) into (3). We get

Pr(k; + Kyl 2)Pp (k. 2)
PL(k2’Z)

—kz)-r+ei(k|+2kz)»r+e—i(2k|+k2)-r]. (28)

|
hexadecapole in the angle a. At linear order in perturbation
theory and using the distant-observer approximation, one
can show that these three multipoles encode all the infor-
mation present in the two-point correlation function [7].

Contrary to the two-point correlation function, the line
correlation function cannot be simply expressed as a sum of
the first three even Legendre polynomials only. However, we
will see that the contribution from the multipoles larger than
n = 4 is actually negligible so that most of the information
about redshift-space distortions is indeed encoded in the
monopole, quadrupole, and hexadecapole of 7.

Since the Legendre polynomials form a basis, we can
expand the line correlation function as

£(r,a,z) = i 0,(r,z)L,(cosa), (29)

n=0

where cosa =t -n and L, denotes the Legendre poly-
nomial of order n. The multipole of order n can be
measured by weighting the line correlation function by
the appropriate Legendre polynomial,

2n+1

0,(r.2) = / dut (r. . D)Lo(u),  (30)

where y = cosa.

To calculate explicitly Q,, we insert Eq. (28) into (29)
and we expand the exponentials in (28) and the Legendre
polynomial in (29) in terms of spherical harmonics,

zkr 471'2 Z i’ .]n kl" Y;Flm lE)Y}'tm(f‘)’ (31)

n=0 m=-n

2n—|—1 Z Y (m

m=—n

L, (u) )Y (). (32)

We obtain
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Q(r.2) =

sﬂzzz [ i)

) [ [ ki,

[k [k,
kg +ko|<27/r

8\/_ 27‘[ m==nn'=0m'=—n'
P k k s P k k)
XWZ(_kl_k2,k1,k2,n)\/ L] 1‘; (lezzi)L( 1,2)
L 9
where
Kk =k — K, 34
K, =k +2k,, (35)
Ky = —2k1 - k2' (36)

P12(2n + 1

Qn(r’z) 8\/_ 2”)3

[kl Ika ),
k) +k| <27/ r

X [jn(Kl r)Ln(kl ll) + jn(KZF)Ln(kZ

Equation (37) contains a six-dimensional integral. We now
show how to reduce it to a three-dimensional integral that
we can compute numerically.

A. Multipoles due to the intrinsic contribution

We start by calculating the multipoles generated by the
intrinsic kernel (26). Let us denote by (6, ¢;) and (65, ¢,)
the angular coordinates of k; and k,. Since we have fixed
the direction of observation n on the Z axis, we have

Kk, -n = cos#,. We first do a change of variables from
{01,¢1,0:. 02} = {r,9.0,.¢,}, where cosy =Kk, -k,
and ¢ is the azimuthal angle of k; around k,; see
Fig. 2. The Jacobian of this transformation is 1, since it
is a rotation. In Eq. (37), the only quantities that depend on
@ and ¢, are the Legendre polynomials. We have

—k; sinysin@, cos (¢ —¢,) + (k; cosy —k,) cos B,

IAC]'n: 5 5 s
V&3 + k3 =2k kycosy

P —k sinysin, cos (¢ — ¢, ) + (ky cosy +2k,) cos 6,

’ VK3 +4k3 + 4k, ky cosy ’

& on 2k, sinysinf,cos (¢ — ) — (2k1cosy+k2)cost92

3 0=

4k} + k3 + 4k ky cosy

For any value of n, the integral over ¢, and ¢ can be done
analytically, since the Legendre polynomials can always be

i (y 7)Y (Ry) 4 i (ko) Yy (R2) + o (k37) Y5 (R3]

(33)

|
Since in the distant-observer approximation, the direction
of observation n is fixed for all galaxies, we can choose n
on the 7 axis without loss of generality. The integral over u
in Eq. (33) becomes then an integral over the direction of r,
which can be performed and gives rise to 0,0, -
Combining the remaining spherical harmonics into Legen-
dre polynomials, we obtain

P;(|k k,|, 2) P (ky,
// Pk, Pk, W, (—k —kz,kl,kz,n)\/ L(ki + k|, 2)Pr (k1 2)

PL(k2vZ)

n) + j(k3r) Ly (Rs - m)]. (37)

[
expressed as a series of cosines. For odd n’s, we find that
the integrals vanish, as expected due to the symmetry of the
line correlation function. We present here the derivation and
explicit expression for the monopole n = 0, the quadrupole
n =2 and the hexadecapole n = 4. In Appendix B, we
derive a general expression valid for any n.

1. The monopole of the intrinsic contribution

For the monopole, the integral over ¢, and ¢ in Eq. (37)
trivially gives 4z° since the Legendre polynomials are
constant. The integral over 6, can then be performed
analytically

ko

02

I

FIG. 2. Definition of the angles #,, y, and ¢ used in the
calculation of the multipoles Q,,.
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U b Fy+by/24b2S,/2+ 13 fG, [ < b, bs >arctan B
d =21G,+ -Gy +— S | ————1, 38
/_1 . by +13f ’ > T2b, " 20,) %)
where p, = cos 8, and
f
=, 39
p=1 (39)

The monopole then simply becomes

9/2 2z/r 2z/r )P (k Z)
nt(y 7 dka/ dka/ AN {F -k, -k,.k
( ) 871’\/2 0 1%*1 0 2 PL k2 Z) 2( 1 2 1)

b b
+ (217214—21‘;15 (- kl—kz,kl)>%+@ﬂz—(}2>(_kl_kakl)(arCt\a/rlf )}ZJO k7). (40)

where
Vew = min{ 1, max{~1, [(27/r)* — ki = k5]/[2kk,]} }

enforces the condition |k; + k| < 2z/r. Here, the kernel F, and G,, and the k; defined in Egs. (34)—(36) can be expressed

as functions of k;, k, and v = cosy = k, - k, only. Equation (40) contains three integrals that can be computed
numerically.

2. The quadrupole of the intrinsic contribution

To calculate the quadrupole, we first need to integrate the terms in the square bracket in Eq. (37) over ¢, and ¢. As an
example, let us look at the first term. We have

n n 2 _UZ
Az dqbzAz dpLy(®, 1) = (27)? [1 %%}Lz(msez). (41)

1

As for the monopole, the integral over 8, can then be performed analytically

U by Fy+by/24boSy/2+ )2 fG by b\ .
/dﬂ 2 2/1) 2/2415/Ga Ly(uy) = <F2—G2+—2 + ) B33+ (B+3)arctan/B].  (42)
-1 1+ f 2b;  2b,

Similar expressions can be found for the second and third terms in the square bracket of (37). Putting everything together,
we then obtain for the quadrupole,

12 o)y 2/r PL(Kk; + Ky, 2)Pp(ky,2) & 3p
it i kz/ Jk k2/ JALLS 2 (k1,2 K, ( 1>
2(r2) = 87v/2 Jo R g Py (ky, 2) Z 2{or) 21

i=1

by by
<F2_G2+ﬁ+2bl S2>(_kl _kZ’kl 2ﬂ3/2 3\/’+ ﬁ+3 arCtan\/— (43)
where
pr=pi=ki(1-1?) and p3=4p3. (44)

Equation (43) contains again three integrals that can be computed numerically.

3. The hexadecapole of the intrinsic contribution

The hexadecapole can be calculated in a very similar way as the quadrupole. The only difference is that the integral over
¢, and ¢ in Eq. (41) contains Legendre polynomial of degree four instead of two. The resulting integral over y, can again
been done analytically, and we find
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P12 foa)r 2n/r ,2)Py (k z) b, by
int dk, k2 dkok> L -G -k, —k,.k
o =g ﬂ/o / ? / \/ Py (ka.2) 2oy, Ty, 52 TR TR K

8ﬁ95/2 [(3ﬁ2+30ﬁ+35 )arctan \/ff — <3ﬂ+35> ] 214 K;r (1 _5Pi +385,0;> (45)

4. General expression for the multipole Q, of the intrinsic contribution

Following the same steps as for the monopole, quadrupole, and hexadecapole, one can derive a general expression for the
multipole of order n. The detail of the derivation is presented in Appendix B. Here, we only give the final expression,

int (., 7) = ro? 2”/rdk % /2” dkzkz/ \/PL |k, + K|, 2)Pp(ky,2)
2n\">» -

8”\/§ PL k27 )
4n+1
X 2n£2n Z]Zn Kir W2n< > (46)
Here,
L (1)—22"Zn:<2n><"+m_%>1 (47)
2n - ot m wm 2m»
with
2 by by 13
12m22m+] Gy(—k; =k, k) + Fz—G2+2b1 2b1S2 (=k; =k, k), F, 16+m5+m;—ﬂ ., (48)

where ,F, denotes the Gauss hypergeometric function and

)=, F (Y (49)
— —n,n > 5l — )
l//2n Ki 271 2 Ki

with the p; defined in Eq. (44).

B. Multipoles due to the mapping contribution

map

We now calculate the multipoles generated by the mapping kernel W, in Eq. (27). We perform the same change of
variables as in Sec. IILA: {0y, ¢,0,,¢,} = {r,9,0,,$,}, and we integrate analytically over ¢, 6, and ¢,. All the
contributions in Eq. (27) can be written as a sum of the following integrals:

Tt = / " 46, sin 6, /  ds / 7 dp HTH En/z L,@® -n). (50)
2(27)* Jo 0 0 1+ pu;

These integrals can be performed analytically. Their expression is given in Appendix C. The multipoles contain then three
remaining integrals over ki, k,, and v that can be performed numerically. As an example, here we write the expression for
the monopole, but similar expressions can be derived for any multipole,

9/2 2r/r 2z/r cut P |k +k | Z P k
map r dk kg/ dk kz/ L 1 2 L 1,<
Q ( r, ) 8ﬂ'\/§ 2 PL k27 Z

=1

f(k Kk f K Bf k3 B K
X{z k? k%; Ton — 2k%21002+__21022+——21013 , (51)

where kj, = [k + k.

103530-8



PROBING REDSHIFT-SPACE DISTORTIONS WITH PHASE ...

PHYS. REV. D 99, 103530 (2019)
0500 ——— ————— 1 - , , , ,
~~~~~~~~~~~~~ 1 \\
~ .. \
~~~~~~~~~~~~~ \\
~~~~~~~~~~~~~~~ 0.010¢ \ ]
oq00F 0 Tmeee . e
R T oI 0.005k /'\ e ]
- . -~ - — Vo e
= o0s0F [ e . 1 = RAVAY s
o r z S N ™ O \ N
o ~ - < Vg . \
== 01 N ~. Vg \ Y
AN N Vi \ N
05 MU 0.001F : \ N ]
0.010F 10 SRR i \ Y .
F ANERY 5.x104f i Ve \Y AN o]
E _ ] o TN . \._ .
0.005F | === 20 1 i VoS ™, (] Moo S
[ N ¥ V) \ i RSN
L L . L i [ ) by il . . AN
1 5 10 50 100 1 5 10 50 100
r [Mpc/h] r [Mpc/h]
N . . . . ~ . . . .
0.005} s, 1 S
N R MU
A 1073 el - A
e as,
A e N S -
ST S S "
_0.001f \ Wi, 5 N
= A Lo X = 1074t '~.\‘s Q 4
S s.x10% VoS AN 3 N
. [ 1 - S 3 \.\ v
l‘l l/ \\ % \\\\
V! NN \\\\
v N 5 W,
1 | 1075} O E
1 Ky ~,
-4 IH “\ % A
1.x107%F :" \ % ’Gr’-\w-;=.-:\ .\‘ \\‘ /;,/
u \ B Y
5.x1075 L L L \ £ L 106 L L L ity
1 5 10 50 100 1 5 10 50 100
r [Mpc/h] r [Mpc/h)

FIG. 3.

Multipoles of the line correlation function, plotted as a function of separation r, for redshift z = 0.1 to z = 2. The monopole is

positive at all separations. The quadrupole, hexadecapole, and tetrahexadecapole change sign.

IV. RESULTS

We now calculate explicitly the multipoles of the
line correlation function in a ACDM universe with para-
meters [54]: Q,, = 0.3089, Q,h%> = 0.0223, h = 0.6774,
n, = 0.9667, 63 = 0.8159. We choose as the fiducial value
for the bias b; = 1, b, =0, and b,» = 0, except for Fig. 5,
where we show explicitly the impact of nonlinear bias on
the multipoles. In Fig. 3, we show the monopole, quadru-
pole, hexadecapole, and tetrahexadecapole (n = 6) at
different redshifts. These multipoles are the sum of the
intrinsic contribution and the mapping contribution. The
monopole decreases with redshift, whereas the quadrupole,
hexadecapole, and tetrahexadecapole have a more compli-
cated behavior. The redshift dependence is governed by the
coupling kernels F, and G,, by the linear power spectrum,
and by the growth rate f, which enters in a different way in
the different multipoles.

We see that the monopole dominates over the other
multipoles by at least one order of magnitude. Note that the
monopole is always positive, whereas the quadrupole,
hexadecapole, and tetrahexadecapole change sign. The r
dependence of the multipole 7 is governed by the sum of the
spherical Bessel functions j, (k;r), weighted by different -
and v-dependent prefactors. It is therefore not surprising
that the multipoles can change sign. This behavior is not
specific to the line correlation function: the monopole of the

two-point correlation function in redshift space does indeed
also change sign at large separation; see, e.g., [55]. Note that,
as mentioned before, our results are obtained using second-
order perturbation theory. At small scales, Fingers of God
are expected to generate non-negligible corrections to the
line correlation function and to change, consequently, its
behavior.

In Fig. 4, we show the relative contribution due to
redshift-space distortions

0, - O™

QSO rsd ’

AQ, = (52)

for n =0, 2, 4, 6, and 8. Note that Qf° d js equivalent
to Eq. (30) for £(r,z) in [18]. We see that redshift-
space distortions generate a correction of up to 20% in
the monopole, at small separation and high redshift. The
quadrupole is roughly 5% of the monopole and the
hexadecapole 1%. The tetrahexadecapole is always less
than 0.5% of the monopole, apart at high redshift and very
small separation where it reaches 2%. Most of the infor-
mation about redshift-space distortions is therefore cap-
tured by the first three even multipoles.

In Fig. 5, we compare the different contributions to the
multipoles at z = 1. We choose the value b; = 2.1 for the
linear bias, as measured in [56], and we split the intrinsic
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AQy (1) %

005 §

0.10
0.05

r [Mpc/h]

FIG. 4. Relative contribution due to redshift-space distortions
(52) plotted as a function of separation r, at z = 0.1 (top panel)
and z=1 (bottom panel). The blue solid line shows the
monopole contribution, the red dotted line the quadrupole
contribution, the black dashed line the hexadecapole contribu-
tion, and the green dot-dashed line the tetrahexadecapole
contribution.

contribution into: the redshift-space distortion part gener-
ated by the F, and G, kernels (blue line), the nonlinear bias
contribution with b, = 0.9 (green line) [56], and the
nonlocal bias contribution with b = —-4/7(b; — 1) =
—0.63 (yellow line) [43]. The mapping contribution is
shown in red, and for the monopole, we also show
separately the density contribution (purple line). As
expected, the main contribution to the monopole is due
to the density contribution F,, which is intrinsically
isotropic. The nonlocal bias contribution has a shape very
similar to the density contribution, whereas the nonlinear
bias contribution is more relevant at large separation. This
is consistent with the results presented in Fig. 1 of [34] for
the monopole. Comparing the intrinsic redshift-space dis-
tortion contribution (blue line) with the mapping contri-
bution (red line), we see that the former dominates at large
scales, whereas the latter is more important at small scales.
This behavior is even more pronounced for the higher
multipoles (n = 2, 4, and 6), where we see that the mapping
contribution is important mainly below 5 Mpc/h. For these
higher multipoles, contrary to the monopole, the nonlocal
bias contribution is strongly subdominant. This indicates
that this contribution is mainly isotropic. The nonlinear
bias contribution, on the other hand, contributes to all

multipoles, in a very similar way as the intrinsic redshift-
space distortion contribution.

Comparing the amplitude of the density contribution in
the monopole (purple line) with the intrinsic redshift-space
distortions contribution in all multipoles (blue line), we see
that the latter is significantly suppressed with respect to the
former one. This can be understood by looking at the form
of Egs. (40), (43), and (45), where we see that the intrinsic
redshift-space distortions contribution is always propor-
tional to the difference between the density kernel F, and
the velocity kernel G,. This follows from the fact that the
correlation between phases in Eq. (23) is proportional to the
weighted bispectrum b, o Bp/+/PAPAPA. This weighted
bispectrum probes the difference between the linear relation
between V and 6 and the nonlinear relation. If these
relations are the same, then F, = G, and the function
Wint defined in Eq. (26) reduces simply to F, (when
b, = by = 0). We recover then the expression for the line
correlation function in real space. Hence by measuring the
line correlation function in redshift space, we probe the fact
that the relation between the density 6 and the peculiar
velocity V is different at linear and at second order in
perturbation theory. In other words, we probe the difference
between the continuity and Euler equation at linear and
second order in perturbation theory.

As such, the line correlation function is complementary
to the two-point correlation function in redshift space. The
two-point correlation function probes indeed the linear
relation between density and velocity by measuring the
growth rate f. The line correlation function adds informa-
tion since it probes the nonlinear relation between the
density and velocity by measuring the difference F, — G,.
This clearly shows that phase correlations encode a differ-
ent type of information than the two-point correlation
function. Modified theories of gravity generically modify
both the growth rate f [57-59] and the coupling kernels F,
and G, [49]. Hence, the line correlation function in redshift
space is expected to be useful to constrain modifications of
gravity.

In Fig. 6, we compare the contribution to the monopole
(40) generated by the kernel F, only, by the kernel G,, and
by the difference F, — G,. We see that the difference is
significantly smaller than the individual contributions from
F, and G,. This explains the suppression of the redshift-
space distortion signal, with respect to the signal in real
space. Note that here we are using second-order perturba-
tion theory, which does not account for the effect of Fingers
of God at small scales. As shown in [11,12,38,39], those
have a strong impact on the bispectrum in the nonlinear
regime. In a future work, we will study the line correlation
function beyond perturbation theory, accounting for the
Fingers of God, to see if they enhance the multipoles.

In Fig. 7, we plot the prefactors for the intrinsic
monopole, quadrupole, and hexadecapole, which depend
on the growth rate = f/b,
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Different contributions to the multipoles of the line correlation function at redshift z = 1.0. We plotted the density contribution
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contribution (green dotted line) with b, = 0.9, the nonlocal bias contribution (yellow solid line) with b = —4/7(b; — 1) = —0.63, the
mapping contribution (red dashed line) and the total (black solid line).
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We see that these prefactors evolve slowly with redshift,
showing that the line correlation function is less sensitive
than the two-point correlation function to variations in the
growth rate. We also see that these prefactors are smaller

0.4

08F e

0.2

0.1f

Coefficient

0.0

=01

r [Mpc/h]

FIG. 6. Monopole of the line correlation function (40), at
redshift z = 1, generated by the kernel F, (blue solid line), G,
(black dashed line), and the difference F, — G, (red dotted line).
The contributions from F, and G, are negative, while the
difference is positive at small separations and negative at large
separations.

-0.2

0.0 0.5 1.0 1.5 2.0

FIG.7. Coefficients proportional to the growth rate f = f/b, in
front of the monopole (53) (blue dotted line), quadrupole (54)
(black dashed line), and hexadecapole (55) (red solid line) plotted
as a function of redshift.
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Relative contribution from redshift-space distortion (56) plotted as a function of separation r for fixed values of the orientation

a (left panels) and as a function of the orientation « for fixed separation r (right panels). The plots are at redshift z = 1. The top panels
show the intrinsic contribution, whereas the bottom panels show the mapping contribution.

than 1 at all redshift, which also explains why the redshift-
space correction is significantly smaller than the density
contribution.

Note that the different dependence of the multipoles in
the growth rate is very interesting, since it provides a way of
disentangling it from the parameter og. The two-point
correlation function measures indeed the combination
fog (see, e.g., [8]). The monopole of the bispectrum has
been shown to measure a different combination, f%*ey,
which in combination with the two-point function allows us
to disentangle f and og [56]. Here, we see from Egs. (40),
(43), and (45) that the multipoles of the line correlation
function are sensitive to yet three other combinations of f
and og. Combining these measurements has therefore the
potential to tighten the individual constraints on f and og.
In a future work, we will do a detail forecast on the
constraints we expect from the line correlation function on
f, og, and the coupling kernels F, and G,.

Finally, in Fig. 8, we show the relative contribution from
redshift-space distortion as a function of the orientation” of
the line a and the separation r,

*Since the multipoles larger than n = 6 are negligible, we can
write the line correlation function as Z(r,a,z)=Qq(r.z)+
0(r,2) Lo (cosa) +Q4(r,z) Ly(cosa) + Qg (r.2) Lg(cosa).

£(r,a,z) — " ™(r, z)

Af(rv a, Z) = f"o rsd(r Z)

(56)

We plot separately the intrinsic contribution (top panels,
with by =1, b, =0, and b =0) and the mapping
contribution (bottom panels). We see that the intrinsic
contribution has the largest impact at small separation and
when the three points are aligned with respect to the
direction of observation (@ = 0). In this case, the contri-
bution from redshift-space distortions can reach 17%. This
reflects the fact that redshift-space distortions modify the
apparent radial distance between galaxies but not their
apparent angular separation. As a consequence, it is the
largest when the galaxies are at different radial distances
but in the same direction.

One would then naively expect that in the other extreme,
i.e., when @ = /2, the intrinsic contribution Afim(r, a,z)
would vanish. This corresponds indeed to the case where
the three points are at the same redshift, but in different
directions. From the cyan dashed line in the top left panel of
Fig. 8, we see however that AZ™(r, z/2,z) # 0. This can
be understood in the following way: suppose that the three
pixels, which are at the same redshift, are all situated in an
overdense region. As a consequence, the galaxies inside
each pixel are falling toward the center of the pixel. The
pixels in redshift space look therefore denser than they are
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in real space. Now since the three pixels are situated in the
same overdense region, this effect induces a correlation
between the three pixels. This in turns generates an addi-
tional correlation between the phases of A;,. This effect is
independent of the orientation of r with respect to n. It
simply comes from the fact that correlated density fields
generate correlated velocity fields. Hence, even though at
a=r/2 there is no change in the apparent distance
between the pixels, there is still an effect due to the fact
that the size of each pixel changes in a correlated way. Note
that this effect is not specific to the line correlation function,
but it also exists in the two-point correlation function of
galaxies: the redshift-space two-point correlation function
at @ = /2 is not the same as the real-space two-point
correlation function &(r,a = m/2) # & ™4(r).

Finally, from the bottom panels of Fig. 8, we see that the
mapping contribution quickly decreases with separation,
for all orientations. For a fix separation, the dependance in
a is nontrivial, going from a negative contribution when the
three points are aligned with n, to a positive contribution
when the three points are perpendicular to n.

V. CONCLUSIONS

In this paper, we have derived an expression for the line
correlation function in redshift space, which is valid at
second order in perturbation theory. We have expanded the
line correlation function in Legendre polynomials, and we
have derived a generic expression for the multipoles Q,,.
We have calculated explicitly the first multipoles in a
ACDM universe, and we have found that the monopole,
quadrupole, and hexadecapole encode almost all of the
information in redshift space.

We have shown that the multipoles are sensitive to the
difference F, — G,, i.e., to the difference between the
nonlinear evolution of the density field and the nonlinear
evolution of the velocity field. As such, the line correlation
function is highly complementary to the two-point corre-
lation function, which is sensitive to the linear growth rate
of the density and velocity fields. This shows that corre-
lations between phases encode different information than
the two-point correlation function. Our expressions for the
multipoles further show that each of them is sensitive to a
different combination of the growth rate f and of og.
Combining this with a measurement of the two-point
correlation function, which is sensitive to the product
fog, can therefore break the degeneracy between these
two parameters. In a future work, we will forecast how well
this can be achieved with current and future surveys.

Our derivation relies on second-order perturbation
theory. It is however well-known that redshift-space dis-
tortions are not fully described by the second-order
coupling kernel G, even on mildly nonlinear scales [10—
12,38,39]. In a future work, we will investigate how the
multipoles change if we introduce nonlinear effects, like
Fingers of God. We expect such effects to enhance the

redshift-space distortion signal, since they will increase the
difference F, — G,.

Finally, let us note that the line correlation function targets
a very particular choice of phase correlations, namely those
that appear along a line, i.e., along filaments. It may be
interesting to investigate other configurations, where the
redshift-space distortions signal may be enhanced with
respect to the real-space signal.
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APPENDIX A: DERIVATION OF A AT
SECOND ORDER

The overdensity of galaxies is given by

where N(n, z) denotes the number of galaxies detected in a
pixel of volume V(m,z), situated at redshift z, and in
direction m, and p,(n, z) is the energy density of galaxies in
that pixel. Quantities with a bar refer to the average over
directions, at a given redshift. At second order in pertur-
bation theory, we obtain

5V (n,
A(z)( )_5()( )+ (n,z)
V(z
V) (n
LD )
V(z
Here, 5;2) and §V?) are expressed in term of the observed

redshift z. To calculate these quantities, we start from their
expression written as a function of conformal time #, and
we use that a fix 5 is directly related to a fix background
redshiftz = % — 1, where a, denotes the scale factor today.
We have

V(n,n) =V (n,z)=V(z)+6V(n,z) + 6V (n,z)
_ v 10*V o6V
2V(Z)—8—5 +58—Z2(5z)2 B2 5z+6V%)

(A3)

where to obtain the second line we have used that7 = z — 6z
and we have Taylor expanded ) around z up to second
order. We are interested in the dominant contributions to
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A® je., those with the maximum number of radial
derivatives. We can therefore neglect the second and third
term in the second line of (A3). For the fourth term, we
rewrite the derivative with respect to z as a derivative with

respect to the comoving distance coordinate y = 5, — 7, and
we obtain at second order,
0z
sV = 5V (n, Lo s
(m.2) =3, %V
= 5V<2)(H,Z) _ﬂaxa]j(])(v(l) .n)’ (A4)

where we have used that the dominant contribution to the
redshift perturbation is due to the Doppler effect. The
dominant contribution to the volume perturbation is due
to redshift-space distortions. It reads

v__1, <i)
Vo H*\u+z)

Doing a similar expansion for 5,0;2)

Eq. (A2), we obtain

(A5)

and inserting this into

@ (n, z) —5 Ha (v® . m)
—%59)3}(@(” )—ﬁaxa (v . )
+%81[81(v(1)-n)(v(') n)] (A6)

We call the first line the intrinsic contribution, since it
is due to the intrinsic nonlinear evolution of the galaxy
density and peculiar velocity, and the second and third line
the mapping contribution, since it is generated by the
nonlinear mapping between real space and redshift space.
Since A is expressed in terms of the observed redshift z and
the direction of the incoming photon n, we can directly
Fourier transform this expression with respect to the
observed coordinate X, = y(z)n to obtain Eq. (16).

An alternative way of deriving A(k) which is often
presented in the literature [10] is to do a change of variable
directly in the Fourier transform. We have

Ak) =

(2”)3 / d3xobsA(Xobs)e_ik.X°bs- (A7)

Since the number of galaxies in a given pixel is conserved by
redshift-space distortions, we can write (14A (X gps ) ) d* X op=
(146,(x))d’x. Using that d*Xops/d*x = 9,(v-m)/H, we
obtain
1
Al X = (3,0 = 30,0 m) |Px. (A9

Inserting this into (A7) and using that X, =X+ (v-n)n/H,
we obtain

e~ KXo — e—ik-x—i(v»n)(kn)/H

kX (1 - % (v-n)(k ~n)>

V) (k)

(A9)
(A10)
and

(k) =55

_i(k.n)/(;lj:;e—ik‘x <5§1>—%(v“>-n)>

x (vl . m). (A11)

(1)~ (k-n)?

The first line is the intrinsic contribution. For the second line,
we Fourier transform 6" and v(!) and we integrate over x.
We obtain then the mapping contribution in Fourier space,
Eq. (16). We see that the two approaches give the same result
in Fourier space.

APPENDIX B: CALCULATION OF THE
INTRINSIC MULTIPOLES Qirt

In Sec. 111, we have performed a multipole expansion for
the line correlation function. All the information of our
statistical measure #(r, z) can be encoded in a (infinite)
sum of multipoles Q,(r,z) given by (37). Here we show
how three of the six integrals in this expression can be
solved analytically for any order of multipole Q,, namely
the angular integrals 6,, ¢,, and ¢. The multipole Q,
contains an intrinsic and a mapping contribution; here we
present the calculation for the intrinsic contribution Q™.

Since only the kernel Wi and the Legendre polynomial
L, are functions of these angles, the challenge is to solve
the following expression:

M’;li = / sin92d92Wi2m(—k] — kz,kl,kz,n)
0

2 27
x/ d¢2/ doL,(k; -n).
0 0

The kernel Wi is provided by (27) and the vectors k; are
defined in (34) (36). The angles &; - n can be written as

(B1)

__pisind;cos (¢ —¢,) +;cos6,

K;-n=cosf, = , (B2)
Ki
where
p1 = —kysiny, 01 = kycosy —ka,
p2 = —ksiny, 02 = ky cosy + 2k,,
pP3 = 2k] sin Y, Q3 = —2](] COoSy — kz, (B3)

with constraint K‘iz = ,0,2 + Qiz.
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In order to solve the integrals, we express the Legendre
polynomials as

n n n+m—1
L,& -n)=2" E ( ) < 2 >cos’”9,q.
m

m=0 n

(B4)

Because of the binomial coefficients, the only terms
that contribute to the sum will be those with the same
parity as n. Using the binomial expansion, cos? 6, can be
rewritten as

cos" O, =
(B5)

Therefore, the integrals over the axial angles ¢, and ¢ can
be trivially solved, and it yields

/ 2ﬂd¢z / 2ﬂdcacos (¢ — ¢2)

(=1)" (u— 1)/2)
=—— (27)2 . B6
e (M) (86
The integral over 6, takes the form®
7 bFy 4+ by/2 +bp2S,/2 2(6
/ 46, sin 0, 22 +by/2 + by 522/ + cos*(62) /G,
0 b+ cos*(0,)f
X cos™"(6,) sin“(6,). (B7)

These two expressions above reveal an important feature
about the parity of LCF. First, Eq. (C7) tells us that only
even values of u contribute to the sum (C5). Second, due to
the orthogonality of the trigonometric functions, Eq. (B7)
will not vanish if and only if m — u is even, which implies
that m must also be even. Thus, we conclude that in the
multipole expansion (37), only even multipoles contribute
to the sum. This reflects the fact that the line correlation
function is symmetric under the exchange of the three
galaxies on the line.

Thereby, without loss of generality, one can consider a
relabeling: n — 2n, m — 2m, and u — 2u. We can then use

that 02" ™) = (k2 = p?)"~", so that

1

—2m 2(m=u) 2y — —u w i 2utw)
= -1 . (B8
o "= ( >( ) (K> (B8)

w=0 w !

In the interval 0, € [0, ], the sine function can be written

as sin@, = /1 — cos*(6,), and consequently,

To simplify the notation, we drop the argument in F,, S; and
G, which are both functions of (—=k; — k,. k).

u

sin2(0,) — Z(Z)(—l)”cosz"(@z).

v=0

(B9)

We are now able to solve the integral over 0,, which is of
the form,

L bFy 4 by/2 4+ b2Sy/2 + 151Gy o
dy, 3 Hy
-1 b+usf

2 by, by
+1{G2+< G2+2b1 2b1S2>

1 3
zf1< +],2+];—ﬁ>},

where in our case j = m + v — u. Here, ,, denotes the
Gauss hypergeometric function defined by

(B10)

0

(a)
F abcz:E " ,
(¢) !

n=0

(B11)

where (a), =I'(a + n)/I'(a) is the Pochhammer symbol.
Finally, collecting all these results, M’ can be written as

M5, =2(2x) 222"22m:zz< ) <"+m 2)

m=0 u=0 w=0 v=0

G0 e @

1

— 1 Go(-k; =k, .k
X2(m—|—v—u)—|—1{ (ki —ko k)

b, by
o -k, -k, k
+[ Gz+2b1+2b152}( 1 — ko k)

1 3
X, F <1,§+m+v—u,§+m+v—u;—ﬂ> }
(B12)

This expression can be further simplified through a long
algebraic manipulation and indices relabeling, and we
obtain

My, = Pl (2). 13)
where
" (2n\ (n+m—1}
Lo, (1) = 2% Lo B14
W =223 (N (" ),
with
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2
Iy, T am 1 {GZ(_kl -k, k)
by b
F, — s -k, -k, k
+-{ P Gz*-Zbl 2b1S4< 2. ky)
l 3
x,Fi(1 5 Hm+m ;=P (B15)
and
. 1 0\ 2
L) =,F, | -n, — ;& . B16
wzn(’ﬂ') g 1( " n—|-2 (Ki) ) ( )

This shows that the multipoles can be calculated from an
expression (46).

APPENDIX C: CALCULATION OF THE
MAPPING MULTIPOLES Q,"*

The calculation for the mapping contribution Q" is

similar to what was done for the intrinsic contribution.
Here, the expression is

ki _/ sin 6,d0, W,** (k| — kp, ky, ky, n)

2r 2r
< [T [ dot & w)
0 0

with the kernel W5 given by (26). For this case, it is better
to express M, as a linear combination of integrals of the
type

1 fia 2r 2r
Lomm = ——— in 6,d0 d d
nmm' 2(2ﬂ,’)2 A s 2/0 ¢2 A %

pry
X 122 n(i' )1
1 + pus

(C1)

(C2)

since the kernel is a sum of powers of y; and y, with the
denominator 1+ fu3. From (26), it is easy to see the
relation between M’ and Z,,,,,,»

L(lobby, LBy,
2 \k; k%z " Zk%z "
ﬂf k3 Bf &
_In22 + 5 Inl'% <C3)
2 k%z 2 klk%z

with kj, = |k + k;|. To calculate the terms Z,,,,,,,,, One can
use the same tricks already used previously, namely express
the Legendre polynomials as

n) = 2" Z(Z) (%_]>cosb9,q, (C4)

h—0 n

Ln(ki :

such that

b
b
costK,_ = Ki_b Z( ) Qi 00592)b_c(/),- sin6,)¢

£ c
(C5)
Meanwhile due the change of variables performed in

Sec. IIT A, one obtains the relation y; =cos@; =cosycosf,—
sinysind,cos(¢p—¢,). Consequently,

m m
u' = Z( )(—1)“cosm‘“ysin“y

a0 \ &

X €08 40,sin"6,cos” (¢ — ).

(Co)

In this way, the integration over the angles ¢, and ¢ gives

277
/ / dpcos™™ (¢ — ¢,)
a+c

S e (UF)).

implying that a 4+ ¢ must be even; otherwise, those
integrals vanish. That result allows us to rewrite the sin
function as

(€7)

atce

2 atc
sin®*< 6, = (1 —43)%" = Z( p >( Déu3?,
d=0

(C8)

since 8, € [0, z], i.e., sin @, € [0, 1]. So the integration over
0, can be fully written in term of u,, and it has the form

! Mz
du,
/—1 1+ﬁ2
_1—|—(—1) 1+X 3+X
= x5 (1 3 T2 ‘ﬂ> (C9)

m n

Thereby, the terms Z,,,,, can be generally written as
b
Tomt =23 > Z

s (6T
AR
xcosm—a},sinay< > ( )

L+ (=1)¥ 1+X 3+X
(),

5 (C10)

withX =m + m’ — a+ b — ¢ + 2d. For sake of simplicity,
we present below only the terms that contribute to the
monopole and the quadrupole,
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IOOO - Ho,
H,

Top = —2,
002 3

H
Ton = ?ZCOS 7,

5H, - 3H, .

2 sin?
30 4

H
1022 = —4005 Y +

5

H
1-013 = ?4005 Y,

3 (pi\*| H,—Hy
Togy = |1 == (Z) | —/——=2,
200 T2 (’Q) | >
I 3 Pi 2] 9H4—5H2
Top = |1 == (H) | ———=
202 72 <Ki> | 30 ,
7T _ _1 3 Pi 27 9H4_5H2COS +piQ,’3H4—5stin
M2\ T30 AT d
- 3 Di 27 15H6—7H4 3 D 2 _H6+2H4—H2 15H6_42H4+35H2 .
A = [1=Z(Z 2 1= (& 2
N ) <K[>_ 70 STH 2 \k; 8 + 840 i
:0; 15Hg —21H
+ p’;?, % cosysiny,
[ 3 (pi\2115Hs—TH, p;0il15Hs—21H, .
Ton=|1-2(H) | —2 =247
213 3 <Ki> 70 + p 70 siny,

where Hy = ,F,(1, (1 + X)/2, (3 + X)/2; —p). For higher multipoles, the expressions are more complicated but they can

be straightforwardly obtained by Eq. (C10).
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