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We investigate large-scale inhomogeneity of dark energy in the bubble nucleation scenario of the
universe. In this scenario, the present universe was created by a bubble nucleation due to quantum tunneling
from a metastable ancestor vacuum, followed by a primordial inflationary era. During the bubble
nucleation, supercurvature modes of some kind of a scalar field are produced, and remain until present
without decaying; thus they can play a role of the dark energy, if the mass of the scalar field is sufficiently
light in the present universe. The supercurvature modes fluctuate at a very large spatial scale, much longer
than the Hubble length in the present universe. Thus they create large-scale inhomogeneities of the dark
energy, and generate large-scale anisotropies in the cosmic microwave background (CMB) fluctuations.
This is a notable feature of this scenario, where quantum fluctuations of a scalar field are responsible for the
dark energy. In this paper, we calculate imprints of the scenario on the CMB anisotropies through the
integrated Sachs-Wolfe (ISW) effect, and give observational constraints on the curvature parameter Q and
on an additional parameter € describing some properties of the ancestor vacuum.
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I. INTRODUCTION

The standard cosmological model, the ACDM model,
describes the history of our universe which is composed of
radiation, baryonic matter, cold dark matter (CDM) and
dark energy represented by the cosmological constant A.
Observations of the large-scale structures have played
important roles in determining the fraction of each com-
ponent to the total energy density: approximately 30% for
the matter components and 70% for the dark energy.
Another possible ingredient, the spatial curvature of the
universe Qg, is known to be very close to zero, and our
universe is almost spatially flat [1-4]. The ACDM model,
together with the assumption of the primordial inflation,
has successfully explained various cosmological observa-
tions: e.g., the cosmic microwave background (CMB)
anisotropies, the abundance of light elements in the early
universe, the baryonic acoustic oscillation (BAO) peaks,
and the formation of the cosmological structures.

Dark energy is the most dominant component of the
present universe, and accelerates the expansion of the
universe [5]. But its nature is unknown and the origin of
the dark energy is the most intriguing riddle in the universe.
The simplest hypothesis for dark energy is the cosmologi-
cal constant A, which has survived various observational
tests, by e.g., the Planck satellite, the Baryon Oscillation
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Spectroscopic Survey (BOSS) in the Sloan Digital Sky
Survey (SDSS) project, and the Dark Energy Survey
(DES). On the other hand, it is recently argued that the
cosmological constant cannot be compatible with string
theory predictions [6-9]. Indeed, many dynamical scenar-
ios for the dark energy predict different equations of state
(EoS), w # —1, which can be tested or falsified by obser-
vations [10-12]. An example is the quintessence model
based on a classically rolling scalar field [13]. Other
examples are based on quantum fluctuations of ultralight
scalar fields (e.g., [14-20]). In this context, a connection
with the string axiverse scenario is interesting [21-23].
In the present paper, we investigate one of such dynami-
cal scenarios of the dark energy [24,25]. It is based on a
bubble nucleation of our universe from a metastable
ancestor vacuum in de Sitter spacetime. The universe is
assumed to be created by quantum tunneling of a scalar
field, which is semiclassically described by the Coleman-
De Luccia (CDL) instanton [26]. We note that bubble-
nucleation transitions could be a characteristic feature of
the string landscape scenario [27-30]. Following the
scenario, the present universe is then described by an open
Friedmann-Lemaitre-Robertson-Walker (FLRW) universe
with negative spatial curvature. In addition, we introduce
a scalar field ¢, which is different from the CDL tunnel-
ing field. Then the tunneling from the ancestor vacuum
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generates very long wavelength modes of the ¢ field; the
supercurvature modes. These modes remain out of the
horizon until present and can play a role of the dark energy
in the present epoch.

The supercurvature modes are the so-called discrete
modes and have an imaginary wave number on the
three-dimensional sphere S5 in the Euclidean CDL geom-
etry. Because of this, the modes are non-normalizable on
the hyperbolic H;, when they are analytically continued
from the Euclidean CDL geometry to the Lorentzian region
to describe a bubble nucleation in de Sitter spacetime
[31-33]. As long as the mass of the scalar field is
sufficiently light, the supercurvature modes decay slowly
at large distances, and give rise to long-range fluctuations
of the field in the open universe. The length scale of the
fluctuations, which is called the supercurvature scale L, is
much larger than the present spatial curvature scale L. of
the Universe and the Hubble length Hj' at present;
Ly > L. 2 10H;". Thus, the supercurvature-mode energy
density takes an almost constant value within the horizon
scale of the observable universe; it behaves as the dark
energy, and we call it the supercurvature-mode dark energy.
Possible observable signatures of the scenario in the EoS
have been investigated in Ref. [25] with an expectation of
being verified in the galaxy surveys by Square Kilometre
Array (SKA) and Euclid mission in the forthcoming decade
[34]. In the present paper, we further investigate another
verifiable property of the supercurvature-mode dark energy.
A novel feature of the supercurvature-mode dark energy is
that the mode is not exactly homogeneous and may induce
tiny anisotropies and inhomogeneities of the dark energy
even on the scale of the observable universe (cf. [35]). The
anisotropies are transformed into the anisotropic patterns of
the CMB spectrum through the late-time integrated Sachs-
Wolfe (ISW) effect, which can distinguish the model from
the simplest ACDM model.

The paper is organized as follows. In Sec. II, we will
review the setup of the supercurvature-mode dark energy
scenario and calculate the spatial correlation of the dark
energy density contrast. In Sec. III, we calculate the two-
point correlation function of the CMB fluctuations. The
inhomogeneity of the supercurvature-mode dark energy is
imprinted in the large-angle correlation of the CMB
anisotropies. Comparison with the observational data put
upper bounds on the curvature parameter Qy and the
parameter ¢ that describes some properties of the ancestor
vacuum. Finally, in Sec. IV, we will summarize the results.
Details of calculations are given in Appendices.

II. SPATIAL CORRELATION OF THE
SUPERCURVATURE-MODE DARK ENERGY

In this section, we first briefly review the supercurvature-
mode dark energy scenario following [24,25]. In this
model, the dark energy behaves nearly identical to the
cosmological constant except for spatial inhomogeneities

on very large scales. Then, we calculate spatial variations of
the dark energy, which motivates the investigations of
detectability through the CMB anisotropies in the next
section. Suppose that our universe is an open universe
created by a bubble nucleation due to the CDL quantum
tunneling of a scalar field [26]. After the bubble nucleation,
the primordial inflation occurred first and then the big bang
universe with negative spatial curvature has started. We also
introduce another scalar field ¢ whose supercurvature
mode is generated through the bubble nucleation process.
The mode will become the dark energy, which we call the
supercurvature-mode dark energy. Before the tunneling, in
the metastable de Sitter (ancestor) vacuum, Hubble param-
eter and mass of ¢ are denoted by H4 and m,, respectively.
Ordinary inflation follows the bubble nucleation in the
hyperbolic spatial geometry. The Hubble parameter of the
inflation is denoted by H;. We note that the Hubble
parameters before and after the CDL quantum tunneling
satisfy the relation H, > H; [24]. The mass of the scalar
field ¢ after the tunneling is set mg, which could be
different from my.

In the free field approximation, we can solve the
equation of motion for the scalar field ¢ on the CDL
background in Euclidean space; expanding solutions in
terms of the eigenfunctions on the 3-dimensional sphere
slice S* with eigenvalues —(k? + 1), the equation of motion
becomes a Schrodinger-like equation with a finite potential.
The eigenfunctions on S* are classified into two types of
modes. One type is a continuous mode with a real wave
number k while the other is a discrete mode with an
imaginary wave number k = i(1 — ¢). The discrete mode is
called the supercurvature mode. Here € is determined by the
properties of the ancestor vacuum and given by

€= ce(Z—i)z, (1)

where ¢, is an order O(1) quantity that depends on the
critical size of the bubble created in the ancestor vacuum.
The mass m, of the scalar field and the Hubble parameter
H 4 in the ancestor vacuum are assumed to obey the condi-
tion m, < H,; thus € < 1 follows. Analytically continued
to the Lorentzian region in de Sitter space, the super-
curvature mode becomes non-normalizable on the spatial
slicing H* of the open universe and generate large-scale
fluctuations. Unlike the continuous modes that decay as e™
in the conformal time 7, the discrete supercurvature mode
behaves e~ and decay remarkably slowly compared with
the continuous modes. The scalar field is assumed to have
ultralight mass mq < Hy~ 10733 eV, and the supercurvature
mode plays arole of the dark energy in the present universe.
A candidate of such ultralight fields may appear as an
axionlike particle (ALP) in string theory [21,22].

In the following, we focus on the supercurvature modes
and investigate its properties as the dark energy in the
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present universe. The supercurvature mode contributes to
the correlation function of the scalar field ¢(x) in the open
universe within the bubble as [24]

sinh(1 — €)R

(P, x)p(n' . x")) = qo(n)rp(n’)m,

(2)

where 7 is the conformal time, ¢(n) is the frozen
expectation value of field ¢. The explicit form of ¢ is
given in Eq. (A3). R is the (dimensionless) geodesic
distance on the three-dimensional hyperbolic space H?,
normalized in terms of the curvature scale L, = 1/v/—K,
and is given by

cosh R = cosh R cosh R, — sinh R, sinh R, cosy.  (3)

R| and R, are the radial coordinates of the two points, x and
x', and y is the included angle between them in the three-
dimensional space (see Fig. 1). In the next section, we also
use y to denote the comoving radial coordinate distance
with dimension of the length; R = vV-K . Thus the
curvature radius is given by R, = vV—KL, = 1.

Now we calculate the spatial variation of the super-
curvature mode dark energy. In this model, the dark energy
density at late times in the matter-dominated era (i.e., in the
period (ii) in Sec. V C of Ref. [24]) is dominantly given by
the mass term in the energy-momentum tensor of the
supercurvature mode’',

2

poi1.x) 2= ¢7(n.). (4)

Then defining contrast of the dark

energy by

the density

_ poe(n.x) = {pop(n.%)) ¢ (n.x) = (#*(n.x))
A R

(5)

two point function of the density contrast can be
calculated as

(@ (n.x)¢*(n.)) — (¢*(n.%)) (& (n.¥))
(@ (n.x))? ’
(6)

(6(n,x)d(n,y)) =

'At earlier times (i.e., in the period (i) in Sec. V C of Ref. [24]),
the spatial-derivative term dominates over the mass term and the
EoS parameter w approaches —1/3. Possible observational
signatures of the time-dependent EoS are investigated in Ref. [25].
However, for the analyses of the large-scale inhomogeneity that
will be studied in the present paper, this effect only gives higher
order corrections, and we will ignore it. See Appendix B.

----- Last scattering surface

FIG. 1. Schematic of the choice of {R, R, R,} triplets along
different line-of-sight for the two-point correlation function.

where we used (¢*(17,x)) = (¢*(n,y)). Furthermore, in the
free field approximation, we can decompose the four-point
function of ¢ into a product of two-point functions by using
the Wick theorem:

(@2 (n.%)¢* (n.)) = (& (n.%))(#* (n.5))
+2(p(nx)p(n.y)>. (7)

Then, using Eq. (2), we have

E(R) = (8(n.x)8(n.y)) = 2<¢<<sz;¢,§;7>; i

fsey:

where R = +/—K|x —y|. The correlation function &(R)
changes its behavior around the curvature scale R, = 1 as

1 R«x1

fw=2x{ L, )

R>1’

and diminishes at distances over the supercurvature scale
R,. = 1/e. In physical length, R, corresponds to L, =
L./e, which is much larger than the curvature radius L.
The behavior of \/&(R) for R > R, is depicted in Fig. 2.
This indicates that the supercurvature-mode dark energy
density varies considerably beyond the supercurvature
scale R.. In Fig. 3, we show a schematic picture of the
spatial variation of the supercurvature-mode dark energy.
At the horizon scale Hy' (< L,), we take R = /—=KHj' =
V/Qx, where we used the relation Qg = —K/H3. For Q,
€ < 1, we have
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FIG.2. ¢"2(R) as a function of R, where we adopted ¢ = 0.01.
The horizon scale at the present epoch is R~ +/—K/H,=
Qg < 1, the curvature scale is R = 1, and the supercurvature
scaleis R=1/e> 1.

\ (6%(0)) = /(8(0)8(1/ Ho))

:ﬁ—ﬁfﬂxﬁﬁguﬁgﬁ(m

which is extremely tiny (xeQg). However, as we will see in
the next section, it may give rise to an observable effect in
the CMB anisotropies on the large scales.

The above results show that the density contrast of the
supercurvature-mode dark energy has an inhomogeneity of
the order one over the scales of the supercurvature
R Z Ry > 1. This large-scale variation of the dark energy
density is the characteristic feature of the dark energy
model based on quantum fluctuations. For the large scales

FIG. 3. Schematic for supercurvature-mode dark energy den-
sity contrast, where the brightness of the color denotes the relative
amplitude of the density contrast. We assume that the super-
curvature scale Ly = 1/ev/=K(=L./€e) is far beyond the
curvature scale L, = 1/y/=K. The curvature scale L, is beyond
the comoving horizon scale so that the observable universe
appears flat. The horizon scale at the present epoch is 1/H,.
Thus, we assume 1/Hy < L, < L.

R > R, the dark energy density largely fluctuates and
can be treated as a classical Gaussian random variable
with the properties of (¢,.) =0 and (p%) = @*(n) [See
Appendix A for the explicit expression of ¢(57)]. On the
other hand, the dark energy density is nearly constant
within the horizon Hy'(<L,). The explicit form of the
probability distribution function of the dark energy density
is shown in Appendix C. The result demonstrates a wide
distribution of probability of ppg and the dark energy
density parameter €, at scales larger than the super-
curvature scale R, even when we fix the parameter

(pelx)) = ymEg(0) = 3430, /826 (11)
with Q4 = 0.7. Thus the dark energy density has a large
spatial variation on the large scales R > R .. We also note
that even within the horizon scale, H| ! there exists the
spatial variation, though it is tiny as Eq. (10). In the next
section, we will study the CMB anisotropies caused by it,
and give observational constraints on the model parameters
of the scenario.

III. CMB ANISOTROPIES FROM THE
SUPERCURVATURE-MODE

To study observable effects from the spatial variations of
the supercurvature-mode dark energy, we investigate pos-
sible imprints from the supercurvature-mode dark energy
on the CMB anisotropies through the late-time ISW effect.
We adopt the line element under the conformal Newtonian
gauge as

ds® = a®(n)[=(1 +2%)dn* + (1 +2®)y;;dxidx/],  (12)

where W and @ are the gravitational potential and the
curvature potential, respectively, and y;; is the three-
dimensional metric in an open universe,

sinh /—Ky

yijdxidxl = dy* + ( s

2
> (dO* + sin’0dgp?).

(13)

The evolution of the distribution function of CMB
photons is described by the Boltzmann equation with the
perturbed Planck distribution:

1
exp[p/(T(n)(1 +O(n,x,7))] = 1"

where ©(1,x,y) denotes the temperature fluctuation of
photons. ¥ is the line-of-sight direction identical to the unit
vector of the observed photon momentum p, while p is its
magnitude. Note that the temperature fluctuation ©(n, x,y)
depends on the photon’s trajectory scattered from the past.
It can be shown that the CMB anisotropy ©(#, x, y) satisfies
the equation [36]

f(n.x.p) = (14)
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d _ M¥(n.x) 09(n.x)

Bl P —
dn ©+%) on on

+Cepn  (15)

where C,, denotes the collision term for the Compton
scattering, but it can be omitted in our investigation.
Then, the integration yields the ISW contribution to the
CMB anisotropies,

AT

T (r) = ©(no, x0,7) + ¥(n9,%0)

B /’Iod (a‘P(n,;(,y) ad’(n,)(,y))
g ]’[ -
0. on on

X=MNo—1

(16)

Here, on the right-hand side, the spatial position x is
represented by its radial coordinate and the angle as
x = (y,7). The direction of the photon, 7, is fixed in this
expression and the radial coordinate y = 7, — n denotes the
position of the photon at the conformal time #. 7, stands for
the conformal time of the CMB last scattering surface.
Hereafter, we use dot to denote a differentiation with
respect to the conformal time 7, " = 9/9dn. In the following,
we calculate the right-hand-side of Eq. (16) by using the
perturbed Einstein equation.

Using an overbar to represent the background quantity,
we have the Oth order Einstein equation [36],

1 - - -
GOO = —3—2<H2 + K) = 877GT00 = Sﬂ'G(TO()(m) + T00(¢)>,
a
(17)
where (m) and (¢)) denotes the matter component and the
dark energy component, respectively, and we defined
H=a/a=a,/a. A definition of the overbar will be

shown momentarily. The Ist order perturbation of the
Einstein equation is given by

1 .
5G°) = 2? [BH?Y — 3H® + (V7 + 3K)D]
= 82GST%) = 8aG (6T m) + 6T%4)).  (18)

where V7, is the Laplacian defined with respect to y; ; as
V0 =7170Q);; (See e.g., Ref. [36]).

On the other hand, the energy-momentum tensor for the
scalar field ¢ is given by

1 . .
TOO((/;) = _2_(12((1 -2¥)¢* + (1 - 20)y7V,pV

+ mia’g?). (19)

Its spatial average surrounding our horizon is defined as

_ 1 . .
o) = ~37 (1 =2¥)¢* + (1 = 2@)y"1V,pV ;¢p
+ mia*§?)|say—o- (20)

where “SA” denotes “spatially average around” surround-
ing the present Hubble scale of our Universe. We then
consider the fluctuation of 7% around 7%y,

ST%p) = T0) = T0t9)- (21)

Since we are interested in the supercurvature-mode dark
energy which is almost constant within the Hubble scale,
we approximate the spatially averaged value by the
quantity at the observer y = 0. For example, we have

&2 7)sag—0 = d(1.0 = 0,7). (22)

Of course, ¢(n, y = 0,7) does not depend on the direction y
and we can simply write it as ¢(n,y =0). As we are
interested in the dark energy component that fluctuates
mildly both in space and time, the mass term in the
energy-momentum tensor (19) dominantly contributes:
T%4) =~ —3m§¢*. Then the background and the spatial

fluctuation of 7%, are given by

- 1
o) = - 3 mi? |say—o»
1
5T00(¢) ) m%(‘f’z - ¢2|SA;(:O)’ (23)

respectively.

Now let us calculate the temperature fluctuation induced
by the autocorrelation of the supercurvature-mode dark
energy. Since we are interested in the perturbations on the
supercurvature scales, see Fig. 3, the metric perturbation in
the late-time universe can be approximated as ¥ + ® = 0
and the term (V% + 3K)® is negligibly small. This allows
us to approximate Eq. (18) as

1 .

6G% =2 [BH*Y + 3HY] = 82G (6T ) + 6T om))-
a

(24)

The perturbed energy momentum tensor of the matter

component is 5T00(m) = —0mPm»> Where &, is the density

contrast of the matter component, which follows (e.g., [36])

S+ kV,, +30 =0, (25)

.a

Vi +— Vi — k¥ = 0. (26)
a

Here we follow the notation of Ref. [36] for the Fourier
expansion in an open universe. Therefore, it should be
understood that k> = —K(2¢ — ¢*) for the supercurvature
mode. These equations yield

(aby) + K2a¥ + 3(a®) = 0, (27)

where we may omit the term of the gravitational potential
k2a¥P, in the limit of the large scales, as we consider the
supercurvature mode. Then, we have
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Sm(n) +3@(n) =0, (28)

where we assumed §,(0) = ®(0) =0 for the super-
curvature mode perturbations. With ¥ + @ = 0, Eq. (24)
reduces to

H. H? .
63+ (675 +24nGp,, |¥ = 82GoT ). (29)

Using Egs. (23) and (29), we can write down the solution
for ¥ as

Y(n.x.7) = 8T g (m1.2-7)

1 (7 8zGF(y
)/ dn, (m)
n

W § B(m)
L [n 4zGF(n)
B

xmE(p(n.x.7)* — d(n1.0)%), (30)

AT AT o o 0 1 n
=) =4 d dn, | ——— d
< )= (7)> /) mA 1 {8:71 F(m)% 3

X <(¢(’739Z37 7)2

47rGF(;73)m2 0 1 1
B(rs) ] [&hF(nz)/) s

— ¢, 0)2)(¢(’74,)(4, 7’)2

where the approximation 7, /5 < 1, hence 77, ~ 0 was used,
and we defined

F(n) = F.exp {Andn’ggzg}, (31)

2
A(p) = 61 +247Gp,,,

ik

B(n) =6 (32)
with a constant F'.. We note that the result of Eq. (30) does
not depend on the constant F.. Under the condition
o + ¥ =0, Eq. (16) becomes

=2 [y ()

Thus using Eq. (30), the two-point correlation function of
temperature fluctuations from the last scattering surface of
the CMB is given by

(33)

X=MNo—"N

Bin)
- ¢<1’14, 0)2>> |)(3:710—171,)(4=170—172‘ (34)

The expectation value in (34) can be decomposed into products of two-point functions by using the Wick-theorem in Eq. (7)
and calculated by using the two-point correlation function in Eq. (2). The details of the calculation are given in Appendix D,

and we obtain

(TG )= [ da [ a7 [ do

4zGm3F (as) / 4zGm3F (ay)
3a3H?(a3) 8a2F(a2 0 3 H (ag) 3a,H?(ay)

x (—4)(P2(’13)¢2(ﬂ4)€[—§R1R2 cosy — 125 R2R2< cos w——)} (35)

where Ry = v/=K (g — 1) and R, = =K (9 — 1), and
n; are functions of a; as n; =n(a;) with i =1, 2, 3, 4
respectively, whose explicit form is given in Appendix E,
while H(a) is the Hubble parameter.

In the rest of the paper, we will compare the result of
Eq. (35) with the CMB observations and constraint on the
model parameters in the present scenario. The multipole
expansion of the angular two-point function of the CMB
temperature fluctuation is expressed as

(F 07 0)) =g e s nepieos). (39

where cosy =y -y’. Then, by comparing Egs. (35) and
(36), it is explicit to find

3 8
_Cl = S%gé‘

yp ~ O(eQ), (37)

5 ) 8 2
EC =53 15€~(’)(€Q ), (38)

where we define the coefficients S, by

5= [ datv=Kon (a2

< 8”GPDE 6)6;7(“/)> . (39)

Fla) Jo 3dHA(d)

where we used ppg(a) = m3p?/2. The approximate
expression in the above formulas are obtained by v —K#n ~

V—K/Hy~ +/Qg. We evaluate higher multipoles in a
similar manner, which are approximately given by

Cp~ O(eQ). (40)
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These higher multipoles with £ >3 do not put tighter
constraints compared with the dipole and the quadrupole
as long as Qg < 1. Thus, the dipole and the quadrupole
are the most important, which is reflected by the property
that the typical scales of the spatial variation are given
by the supercurvature scale. Using the results for S, in
Appendix E, numerical calculations of S, give the follow-
ing results

Si~1.1x107'QY?, (41)
S, ~0.9 x 1071Qy. (42)

where we assumed Q,, = 0.3 and Qy < 1.

The observed values of the dipole and the quadrupole in
the CMB anisotropies are found in the literature. The dipole
of the CMB is approximately expressed as

oT ipole
9 diple _ Y 050, (43)
T c

where v is the peculiar velocity of the observer and cos @ is
the parameter related to the line-of-sight. The raw obser-
vational result gives v~ 370 km/s [37,38]. From this
observation, we adopt the value of the dipole moment,

C9% ~ 6.3 x 107°, (44)

where we used 3C,/4r = (v/c)?. Comparing this with
(37) and (41), we have the constraint from the dipole

Qg <49 x 1073, (45)

The measurement of C, from the Planck Legacy Archive
obtained with Planck satellite [39] with 1o error is

2x3 10%uK?
C =226 x ————. 46
2z 2 —132 7 (2,725 K)? (46)
If we adopt the upper bound of the above observed value,
taking the effect of the observational error, we have

2x3
%Cgbs <1.0x 10710, (47)
T

Then, Eq. (47) with (38) and (42) leads to
eQ < 1.0x 1078, (48)

The constraints given by Eqs. (45) and (48) contain the
parameter ¢ describing some properties of the ancestor
vacuum Eq. (1) along with the curvature parameter Q. The
two parameters Qx and e are coupled to each other in
Egs. (45) and (48), which are natural outcomes because this
scenario connects the spatial curvature with the super-
curvature-mode dark energy through the CDL tunneling
inflation. Consequently, the constraint on the ancestor

vacuum parameter ¢ is linked with the value of the spatial
curvature Q. The upper bound of the spatial curvature is
given by |Qg| < 1072-1073 [4], and if we take the possible
value with BAO for Qg ~ 1073, the other parameter is
constrained to satisfy the relation € < 1072,

IV. CONCLUSIONS

We have studied a model of the dark energy in the
universe created by a bubble nucleation due to quantum
tunneling from an ancestor vacuum. The supercurvature
mode of an ultralight scalar field ¢ in the bubble of the
present universe plays a role of the dark energy, which we
call the supercurvature-mode dark energy. In such a
universe, the present universe is open and has a negative
spatial curvature in the bubble and fluctuations of the
supercurvature modes are frozen on the superhorizon
scales. This is the reason that the mode behaves as the
dark energy in the present epoch.

In the present paper, we have particularly investigated
large-scale inhomogeneity of the supercurvature-mode
dark energy density. We show that the density contrast
of the dark energy becomes of the order of one on the
supercurvature scale L., which is much longer than the
Hubble length Hj !'in the present universe; Ly, > H 0 I and
the spatial variation might be extremely tiny within Hy'.
Nevertheless, our calculations indicate that the large-scale
inhomogeneity of the dark energy density can be detected
in the anisotropies of the CMB spectrum via the late-time
ISW effect. The detectable signatures are imprinted at low
angular momentum components of the two-point correla-
tion function of the CMB temperature fluctuation, espe-
cially the dipole and the quadrupole. Comparing with the
current observations of the CMB multipoles, we obtained
upper bounds of the curvature parameter Qg and the
ancestor vacuum parameter ¢, given in Eqs. (45) and
(48), respectively. For example, if we assume that the
spatial curvature is given by the current upper limit from
observations, Qg ~ 1073, the other parameter is given by
€ <1072, For a smaller value of Qg, e can be larger.
Further investigations of the supercurvature-mode dark
energy scenario will be interesting in view of the large-
scale CMB anomaly (e.g., [40-44]).

String theory predicts axionlike particles(ALPs) [21,22]
which are ultralight. In an open inflation scenario created
by a bubble nucleation of the true vacuum due to quantum
tunneling from the false ancestor vacuum, the supercurva-
ture-modes of these ultralight scalar fields provide a
candidate for the dark energy.

The supercurvature-mode dark energy scenario predicts
a deviation of the equation of state from the cosmological
constant [24] as well as the spatial variation presented in
the present paper. The universe also predicts negative
spatial curvature. Hence the model could be potentially
verified/falsified by future observations.
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APPENDIX A: CORRELATION FUNCTION OF
THE SUPERCURVATURE MODE

First, we recall the correlation function of the scalar
field ¢ in the CDL geometry, analytically continued to
Lorentzian. For more details, see Ref. [24]. Taking only
the contributions from the supercurvature modes with
k =1i(l —¢), it is given in Eq. (4.5) in [24] as

/ (sem) —27i
(P(n, R)p(n',0)) 872a(n)a(n)

-Res(i(1 — e))e<1_€)(’7+'7/+2'71)
1 sinh(1—¢)R
sinh R

sin ez ' (A1)
where a(n) is the scale factor, and Res(i(1 — ¢)) denotes
the residue of the reflection coefficient R (k) at the pole
k = i(1 — €), whose explicit form is given in [24]. R is the
radial coordinate parametrizing the spatial slice H3. #; is a
phase shift introduced for connecting the CDL and FLRW
geometries smoothly, and can be expressed as

(A2)

where X, is related to the size of the bubble (X; — —o0
corresponds to a small bubble limit). For small €, Eq. (A1)
reduces to Eq. (2) with

H2 [(H,\¢
_ pHy (8
@(n) = cs - <HA> @.(n),

(A3)
where ¢, is an O(1) constant (Eq. (5.33) in [24]). ¢.(n)
represents the time evolution in the FLRW universe, and,
for instance, in the periods (ii) and (iii) in Sec. V C of
Ref. [24], it is given by

sin mgt

(”*(")‘Toz’

(A4)
where ¢ is the proper time in the FLRW universe. When
mgy < H is satisfied, myt < 1, and we have ¢, () ~ 1; the
supercurvature mode is almost frozen.

With the frozen supercurvature modes, we can set e.g.,
n = 0. Then in the flat limit Qg < 1, the supercurvature
modes behave as the dark energy with the density

87er ~87er(2)(p2(0)
3 P32

In the massless limit, ¢ — 0, and using a small bubble
approximation X, — —oo, the well-known result for the
coincident-point correlation function [45]

3 Hj
872 m?

(%) = 92(0) = (A6)

is reproduced.

APPENDIX B: EQUATION OF STATE
OF DARK ENERGY

In the previous paper Ref. [25], the authors investigated
the dynamical property of the supercurvature-mode dark
energy and showed that the EoS is modified from w = —1.
In this Appendix, we show that this modification gives a
higher order correction to the large-scale spatial inhomo-
geneity and can be neglected in the present investigation,
which justifies our approximation using w = —1.

As was pointed out in Eq. (3) in Ref. [25] and Eq. (5.59)
in Ref. [24], the contributions from the time-derivative
terms to the pressure p and the energy density p can be
ignored in comparison with the spatial-derivative terms and
mass terms as long as the conditions my < Hy and € < 1
are satisfied. Then, the evolution of EoS w of the super-
curvature-mode dark energy yields

1+2e(1+2)7
1+28(1+z2)%

28(1 4 z)?
1+28(1+2)*°
(B1)

_P_
W(Z)—p

where z is the cosmological redshift and € is defined as

€

1

(mo/ HoP? eQx = O(eQ), (B2)
with Qg = 1/(H3R?). In the above approximate equality,
we assumed m, < Hy; e.g., 107'Hy < my < H,. Then,
under the condition of Eq. (45), € < 1 follows. If we define
the present EoS and its derivative by wy = w(z = 0) and
wy = —afl—ma:, in the Chevallier-Polarski-Linder (CPL)
parametrization [46,47], Eq. (B1) gives the deviation of
EoS wy from —1 as

TS

W0+l:

1R

1 z, (B3)

_I_
[\®)
mr

and its derivative as
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¢ 8
_ 3¢ % _ o 1.
T 282 T3 (wo + 1)

wloo

(B4)

Equations (B3) and (B4) confirm that the deviation of dark
energy EoS from w = —1 at late times before and at present
epoch is small as long as € < 1 holds. The deviation from
w = —1 gives a higher order correction to the investigation
of large-scale inhomogeneity and can be neglected in the
leading order calculations of the C;’s.

APPENDIX C: ONE-POINT PROBABILITY
FUNCTION OF DARK ENERGY

In this Appendix, we demonstrate the explicit form
of the probability functions of the dark energy density
and the density parameter. For a normalized probability
variable of the field, the distribution function is given by

~ 1 1-
P(d(x)) = —exp |—=¢*(x)]. Cl
B = e |3 F ). (e
We note that (¢?(x)) = 1. Using ¢(x), we may write the
scalar field as ¢(7,x) = ¢(17)$(x), where ¢(0) is defined in
Appendix A. We find the probability density function of the
supercurvature-mode dark energy density, given by

o) = 3 M3 10,) % 3 M3 O)F(). (C2)
On the large scales R > R, the spatial variation is signifi-
cant, however, as long as we consider a region of the present
Hubble horizon, which is much smaller than the scale R,
ppE(x) can be regarded as a probability variable through ¢
by Eq. (C2). Following the conservation of the probability,

dr?)(x)P(q?J(x)) = dppgf(PpE)

we define the probability density function of ppg(x)

(C3)

Floos) = [ dp)d(one = poce) PH)). (€4
It can be analytically calculated as

1 exp (—ppr/m§ep*(0)) (C5)
Varmip?(0)  \/ppp/m3e*(0)

which is plotted in Fig. 4. This figure demonstrates a wide
distribution of probability of ppg at scales larger than the
supercurvature scale R, even when we fix the parameter
as Eq. (11).

We also discuss the probability density function of the
dark energy density parameter defined by

f(poE) =

Qu(x) = PpE(¥) Q\¢* (x)

B =16 103 C6
pDE(x> +pm 1 - Q'/\ + QA¢2(x) ’ ( )

0 . . n X
0 0.5 1 1.5 2

FIG. 4. Probability density function f(ppg) as a function of
ppe- The horizontal axis is X = ppg/m3¢?(0), and the vertical

axis is Y = V4zm}¢p*(0)f (ppE)-

where p,, is the dark matter energy density. In a similar way
to the case for the dark energy density, we can find the
probability density function of Q, as

Q) = / 4P5(Qy - Q\(0)P(B()).  (CT)

It can be analytically calculated as

B 1 Q\(1-Q,)
V270, (1 - Q) | QA1 = Q4)

f(Qn)

(C8)

Figure 5 plots the function f(Q,) assuming Q, = 0.7 in
Eq. (C8). f(Q,) has a peak at a point of Q, slightly larger
than Q, = 0.7, but this figure demonstrates a wide dis-
tribution of probability of Q, at scales larger than the
supercurvature scale Ri..

f(QA)
1.0}
08}
0.6}
041

0.2+

0

0 02 0.4 0.6 0.8 1.0

FIG. 5. Probability density function f(Q,) of Q, with its
expectation value fixed as Q, = 0.7.
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APPENDIX D: DERIVATION OF EQ. (35)

The expectation value in (34) can be decomposed into products of two-point functions by using the Wick-theorem in
Eq. (7):

((¢*(X) = ¢2(0))(¢*(X) = ¢%(0))) = 2((p(X)$(X"))? = ((X)$(0))* = (¢(0)(X"))> + ($(0)p(0))?).  (D1)

Here, X, X’,0,0" denote (n,x.7), (7', x'.7), (1.0,y), and (5/,0,7'), respectively. Then, using the two-point correlation
function given in Eq. (2), Eq. (D1) can be evaluated as

(00 = PONPE) - PO = 220 o - el o 1)

= —4¢*(7)@*(7')(RcothR — R, coth R; — R, cothR, + 1)e + O(€?)

= =g )02 (50 - R = ) 35 (-R* + REA R + O Jer (02)

where R; = v/—Ky; fori = 1, 2. The schematic relation of R, R, and R, is presented in Fig. 1. In the expansion of coth(R;),

we used R, = vV—-Ky; < 1l and R, = V/—-Ky, < 1.
Using the relation of Eq. (3), we have

1 1 2 2 2 3 1
2 2 3 1
z—gRle COSI//—ER%R% <2COSZI//—2). (D3)
Substituting Eqs. (D2) and (D3) into Eq. (34), we obtain Eq. (35).
APPENDIX E: ESTIMATIONS OF S,
The conformal time # and scale factor a are related by
1 da

where the evolution of the Hubble parameter obeys the Friedmann equation. When the dark energy is approximated by the
cosmological constant, we may express

872G K Q, Q
#20) =5+ pon) ~ 2y = (o + 2K (1-2, - 0. (B2)

Q

We assume a nearly flat FLRW universe by adopting Q,, ~ 0.3, Q, ~ 0.7, and Qg = 0, and we approximate S, defined by
Eq. (39) as

S, = /)lda(\/j(ﬂo_”(a)))f(%<gEZ;>’ .
where
e /871'G,0 (a’)F(a/)i a /(I—Qm)a/ZF(a/
Gla) = A da 3;,22(“/) = A ot (=)™ (E4)

ra=reew [0 (e | = Vo fm/_ o (ES)
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From Eq. (E1), the conformal time is written as

(@) /a da’ -1
a) = —_— =
1 o al’*H(ad") 0

a da'
. E6
A a?(1=Q,, + Q,d=3)/? (E6)

An approximate expression for S, is given by substituting (E4), (ES) and (E6) into (E3). We evaluate numerically the

integrations over a, and obtain Egs. (41) and (42).
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