PHYSICAL REVIEW D 99, 096009 (2019)

Minimal system including weak sphalerons for investigating the evolution of
matter asymmetries and hypermagnetic fields

S. Rostam Zadeh'" and S.S. Gousheh>'
'School of Particles and Accelerators, Institute for Research in Fundamental Sciences (IPM),
P.O. Box 19395-5531, Tehran, Iran
2Department of Physics, Shahid Beheshti University, G.C., Evin, Tehran 19839, Iran

® (Received 25 December 2018; published 10 May 2019)

We study simultaneous evolution of large scale hypermagnetic fields and the asymmetries of quarks,
leptons and Higgs boson, in the temperature range 100 GeV < T < 10 TeV. Above 10 TeV, we identify all
of the major fast interactions and use the associated conservation laws as constraints on the initial conditions
at 10 TeV. Below 10 TeV, we identify the major processes which fall out of equilibrium or emerge as non-
negligible processes and derive the relevant evolution equations. These include the Abelian anomalies which
violate fermion numbers, direct and inverse Higgs decays that change the chiralities of fermions, and weak
sphalerons which violate the left-handed fermion numbers. We also consider the contributions of all fermionic
chemical potentials to the Uy (1) Chern-Simons term which affects the evolution through the anomalous
magnetohydrodynamics (AMHD) equations. Thus, we present a minimal set of self-consistent initial
conditions and evolution equations, which respect all constraints coming from conservation laws, fast
processes, and charge neutrality of the plasma. We solve the coupled evolution equations and find that initial
large hypermagnetic field can produce matter asymmetries starting from zero initial value, and vice versa
provided an initial seed of hypermagnetic field is present and the rate of the electron Yukawa processes is
lower. We find that our model yields acceptable values for baryon asymmetry and magnetic field. However,
the scale of the magnetic field obtained is much smaller than the observational data, even when the turbulence

driven inverse cascade mechanism in the broken phase is taken into account.
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I. INTRODUCTION

The origin of the matter antimatter asymmetry of the
Universe is one of the great problems in cosmology. It is
believed that, as the temperature in the early Universe
decreased, nearly all of the particles and antiparticles
annihilated one another just before the hadronization phase,
and a small amount of matter remained to be the source for
the matter in the present day Universe [1]. Two independent
sources of information, namely the abundances of light
elements in the intergalactic medium (IGM) [2], and the
power spectrum of the temperature fluctuations in
the cosmic microwave background (CMB) [3] determine
the value of the baryon asymmetry as 75 ~ 6 x 10710, As
Sakharov suggested, three necessary conditions are needed
for the dynamical creation of this asymmetry from an initial
state which is matter antimatter symmetric. They are: the
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existence of baryon number violation processes, C and CP
violation [4,5], and deviation from thermal equilibrium [6].

Another great problem facing the cosmology is the origin
of the long-range magnetic fields detected in some galaxies
[7-9], galaxy clusters [10-12], and high redshift protoga-
lactic structures [ 13]. Itis widely believed that these magnetic
fields are generated from the amplification of some initial
seed fields [14], whose nature is largely unknown [15,16].
The extensive presence of the magnetic fields at high red-
shifts, as well as the presence of the coherent magnetic fields
in the intergalactic medium [17-22], strengthens the idea
of primordial magnetism [13]. Therefore, our universe in its
hot early stages might have contained some magnetic fields.

At high temperatures, the non-Abelian gauge fields
acquire a magnetic mass gap ~g¢>T [23], while the
Abelian one remains massless [24]. As a result, the
Abelian U(1) magnetic field is the only long-range mag-
netic field surviving in the plasma. In the symmetric phase,
the chiral coupling of the Uy(1) gauge fields to the
fermions leads to the fermion number violation. The
anomalous coupling of the hypercharge fields to fermion
number densities shows up both in the Abelian anomaly

equations of the form d,,j* ~ %Ey.By, and in the Uy(1)
Chern-Simons term. This term is induced in the effective
Lagrangian density of the Uy (1) gauge field and gives rise
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to an anomalous term in the magnetohydrodynamic (MHD)
equations [25-28].

The SU(2), gauge fields couple to the fermions chirally
as well. This leads to the emergence of the SU(2), Chern-
Simons term in the effective Lagrangian density of the
corresponding gauge fields [27-30], and the existence of
the anomaly equations related to the SU(2); gauge fields
(see Appendix B of Ref. [31]). The nonperturbative high-
temperature effects associated with this anomaly, known as
the weak sphalerons, are widely investigated in the liter-
ature [32]. They actively participate in most of the matter
asymmetry generation scenarios. Indeed, they change the
baryon and the lepton asymmetries (175 and #;) simulta-
neously via the violation of left-handed quark and lepton
numbers, while respecting the conservation of g — 1, [33].
It has been argued that in the early Universe and in the
absence of the hypermagnetic fields, the weak sphalerons
can wash out the baryon asymmetry of the Universe unless
it is encoded in a 7z — 5, asymmetry [34]. As mentioned
earlier, the weak sphalerons act only on the left-handed
fermions; therefore, the washout process is completed
when the Yukawa interactions and the weak interactions
are also in thermal equilibrium [35].

Right-handed electrons play a crucial role in some of the
suggested scenarios in cosmology [25-28,36—41]. Indeed,
for T > Tr; ~ 10 TeV, they are decoupled from the
thermal ensemble and their number density is conserved
[36]. This is due to the fact that, the Yukawa coupling of the
electrons with the Higgs bosons #, is tiny. Therefore, the
electron chirality flip processes' (e.g., direct and inverse
Higgs decays in reactions e; 2z <> ¢(©) and vheg < (),
and their conjugate reactions) whose rates ~h2T are much
lower than the Hubble expansion rate, are out of thermal
equilibrium in this range of temperatures [36].2

Using the above fact, the authors of [36] suggested the
possibility to encode the baryon asymmetry in a right-
handed electron asymmetry protected from the weak
sphalerons down to Ty L.3 They argued that, at temperatures
below Ty;, the electron chirality flip processes come into
equilibrium, while the weak sphalerons start to fall out of
equilibrium.4 Therefore, they may not be able to turn the
generated left-handed leptons into antiquarks to erase the
remnant baryon and lepton asymmetries. This would raise

'In addition to the direct and inverse Higgs decays, some
gauge and fermion scattering processes (such as exH <> L A,
where A =Y or W, and egL; <> L, f) contribute to the chiralty
flip rate of electrons as well (see the third paper of Ref. [36]).

For T > Tg;, the number density of right-handed electrons is
conserved even if the Abelian anomaly (d, Jer = %Ey.BY) is
taken into account. Indeed, as our studies show, the Abelian
anomalous effects are strong near the electroweak phase tran-
sition (EWPT).

Ty as computed in the first paper of Ref. [36] was ~1 TeV.

In recent years, T, at which the weak sphaleron processes
fall out of thermal equilibrium is computed as ~135 GeV [42].

the possibility to preserve an initial baryon asymmetry
when g — 1, = 0. However, the relevant studies showed
the failure of this scenario to preserve the asymmetries
against the weak sphalerons in the absence of the hyper-
magnetic fields [36].

The main purpose of this paper is to build a minimal
model to study the simultaneous evolution of the matter
asymmetries and the hypermagnetic fields in the temper-
ature range, Trw ~ 100 GeV < T < T ~ 10 TeV, which
takes into account the most important processes; and more
importantly, constitutes a minimal set of self-consistent
assumptions, initial conditions, and evolution equations
which respect all constraints coming from the equilibrium
conditions of fast processes, the conservation laws in the
Standard Model and the charge neutrality of the plasma.
To accomplish this task, we identify all of the major fast
processes and conservation laws above 10 TeV and use
them as constraints on the initial conditions at 7 = 10 TeV.
Then we identify the major processes that should be taken
into account for 7 < 10 TeV and derive the evolution
equations, respecting the remaining conservation laws. The
latter processes include the weak sphalerons which affect
the evolution equations strongly due to their high rate in the
symmetric phase [42]. We consider the quark and the lepton
asymmetries of all generations and include the contribu-
tions of their chemical potentials to the Uy(1) Chern-
Simons term. We assume nonzero Higgs asymmetry and
consider direct and inverse Higgs decay processes operat-
ing on the quarks and the leptons. The former is necessary
for maintaining constraints such as charge neutrality of
the plasma.5 For temperatures below Tg;, we reduce the
number of dynamical equations by using the conserva-
tion laws for the hypercharge, #5/3 —ny, ng/3 —no,
ng/3 — 113,6 and considering simplifications for the asym-
metries of the quarks and the tau lepton due to the fast
gauge and Yukawa processes acting on them. We also use
these simplifications for the coefficient of the Uy (1) Chern-
Simons term.

In this work, we focus on models with vanishing 5 — ;..
We assume the presence of the weak sphalerons and address
the question of whether the observed baryon asymmetry of
the Universe can arise entirely from the decaying magnetic
helicity of a primordial magnetic field (i.e., BAU-from-
PMF). We also address the question of whether it is possible
for a tiny seed of the hypermagnetic field to grow in the
presence of initial matter asymmetries and weak sphalerons
(i.e., PMF-from-BAU). We investigate both scenarios in the
interesting spots of the parameter space. Moreover, since the
electron asymmetries do play a key role, many previous
studies have focused on simply the electron asymmetries.

The assumption of zero Higgs asymmetry is an extra con-
straint which takes the place of one of the main constraints of
plasma such as the charge neutrality condition.

®These asymmetries are defined below Egs. (2.6).
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A few studies have included kinetic equations for all of the
Standard Model fermion species (see Ref. [43]). Here, we
also include the effects of all fermionic asymmetries and
Higgs asymmetry in our model. However, the main advan-
tage of our model is that we use the constraints coming from
the conservation laws and fast processes in the electroweak
plasma to significantly reduce the number of necessary and
consistent kinetic equations to three, then simply obtain all
other asymmeties in terms of them. Most importantly, we use
the constraints coming from the conservation laws and fast
processes to obtain a consistent set of initial values for all
asymmetries which can be calculated by fixing the right-
handed electron asymmetry. Indeed, only those initial matter
asymmetries are valid which satisfy all of the aforementioned
constraints. Mostof the previous studies have notemphasized
the necessity of consistency of the initial conditions with
these constraints, whose neglect can lead to the violation of
some conservation laws such as charge neutrality of the
plasma. We also include the chiral magnetic effect (CME) in
our model through the Abelian Chern-Simons term and
observe that the CME suppresses the growth of the baryon
asymmetry in both scenarios. Furthermore, in the PMF-from-
BAU scenario, this term is crucial for the growth of the
hypermagnetic field and in its absence no strengthening
happens for the magnetic field (see also Ref. [41]). We also
observe that in the absence of this term the results become
sensitive to the chirality flip rates. The CME is an important
effect that has not been taken into account in some previous
studies. We also use the Yukawa rates which are estimated in
Ref. [43]. Since, the rate of the electron Yukawa processes is
an important parameter with a key role and there is an
uncertainty in it, we investigate the effect of changing this rate
on the results in both of our scenarios via multiplying it with
an adjustable parameter.

The outline of our paper is the following. In Sec. II, we
present the equilibrium conditions and conservation laws
governing the system for temperatures above Tx;. In
Sec. III, we derive the evolution equations of the asymme-
tries and the hypermagnetic field. In Sec. III A, we categorize
all of the relevant processes according to their rates above
and below T'g; . In Sec. I1I B, we start with the general form of
the Uy (1) Chern-Simons term [28], then rewrite it in a new
form and simplify it. In Secs. III C and III D, we derive the
required dynamical equations for the asymmetries and the
hypermagnetic field, considering the Abelian anomaly,
the weak sphalerons, the chirality flip processes through
direct and inverse Higgs decays, and the simplified coef-
ficient of the hypermagnetic Chern-Simons term obtained in
Sec. III B. In Sec. IV, we numerically solve the set of coupled
differential equations for the asymmetries and the hyper-
magnetic field for some interesting ranges of initial con-
ditions and present the results. We use the conventions stated
in Appendix A and the anomaly equations summarized in
Appendix B of Ref. [31]. We also use the derivation method
of the kinetic equations for the lepton asymmetries given in

Appendix B of Ref. [38]. In Sec. V we summarize the main
results and state our conclusions.

II. EQUILIBRIUM CONDITIONS

In this section we consider the equilibrium conditions
established by the fast processes, i.e., the ones whose rates
are much higher than the Hubble expansion rate at temper-
atures above TRL.7

Since the non-Abelian gauge interactions are in thermal
equilibrium at all temperatures of concern, they force the
asymmetries of different components of any multiplet to be
equal [31]. So, let us denote the common chemical potential
of left-handed (right-handed) leptons by i (ug, ), the left-
handed quarks with different colors by (., and up (down)
right-handed quarks with different colors by u,, (44, )»
where “i” is the generation index.

There are also other fast processes operating on the
quarks, and the second and third generation leptons. They
are: up-type Yukawa in processes uhdi <> ¢ and
ity < ¢, down-type Yukawa in processes dhiii <>
#'7) and d{gai <~ 477“)), electron-type Yukawa in processes
eiit < p) and el <> $, and their conjugate reac-
tions [31].8 Assuming that these Yukawa interactions for
the aforementioned particles are in equilibrium, we obtain

Hup; — HQ;, = Ho> i=1,2,3,
Hag; — Ho, = —Ho> i,j=123,
HR, = ML, = —Ho =23, (2.1)

where p is the chemical potential of the Higgs field. As a
result of the flavor mixing in the quark sector, all up or
down quarks belonging to different generations with
distinct handedness have the same chemical potential,

L€, Mup, = Hug> Hay, = Hap» and o = pgp, where i =1,
2, 3.0 Then, we obtain’

Hug —Ho = Ho» My —Ho = —Ho-  (2.2)

"The results given in Sec. IV show that strong hypermagnetic
fields have the ability to make some of the reactions fall out of
chemical equilibrium, especially near the electroweak phase
transition (EWPT). However, for temperatures above Ty;, the
term corresponding to the hypermagnetic fields in the evolution
equations is negligible, and therefore the usual assumption of
chemical equilibrium for the fast reactions still remains valid, at
least for the values of the hypermagnetic field amplitude assumed
in this work.

8See Section 2.3.2 of Ref. [43] for a more complete list of
Yukawa reactions and also Appendix B of Ref. [44] for the values
of the corresponding Yukawa couplings.

%See Sec. 3 of the third paper of Ref. [36].

The strong sphaleron processes are also taken into account
which lead to the constraint u,, + u,, = 24 (See Table 1 of
Ref. [31]). However, this is not a new equation since it can be
obtained from Egs. (2.2).
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Furthermore, using the above relations, the whole baryonic
chemical potential simplifies as shown below

1 &
HB:N_Z[NCNWﬂQf+NC”uRi+NCludRi]:12”Q7 (23)
¢ i=1

where N, =3 and N,, =2 are the ranks of non-Abelian
gauge groups and ng = 3 is the number of generations.

Since the weak sphaleron processes are in equilibrium,
they impose a further condition on the chemical potentials
of left-handed quarks and leptons of all gen«-‘:rations,11

cg =% +ur, +pr, +u, =0. (2.4)

Using the relations between the chemical potentials given
by Eqgs. (2.1), (2.2), the equation for the charge neutrality of
the electroweak plasma reduces to

O = 6pg — pg, = pr, = 2ur, = 241, + 139 = 0. (2.5)

In addition to Egs. (2.4) and (2.5) which include six
unknown parameters, there are also four additional con-
straints on the chemical potentials so that the system has a
unique solution. These conditions are expressed via the
following conservation laws'>

B o
?—’11 =,
Np .
?—712 = Cp,
B _
?—’73 = (3,
NR, = CR,> (2.6)

where 1z = 1257y is the whole baryon asymmetry, n; =
2ny, + ng, is the lepton asymmetry of the ith-generation,
and the constants ¢y, ¢;, ¢3, and cg, are the primordial
values. Thus, the initial conditions are uniquely determined
by specifying the values of ¢y, ¢,, ¢3, and c,. The relation
between the matter asymmetry # and the chemical potential
uis [34]

n—n uT*c u\3 15¢ u w\3
= ~ ol (£) ) = Frol(2) ),
=y e ((T) ) g C\\T

(2.7)

where ¢ is 1 for the fermions and 2 for the bosons, s =

% g*T? is the entropy density of the Universe, and
g° = 106.75 is the effective number of relativistic degrees
of freedom. In this paper, we assume that there is no
primordial asymmetry for 5z/3 —#;, namely ¢, = ¢, =
c3 = 0. However, there might be a primordial asymmetry

''See Table 1 of Ref. [31].

*We are working within the context of the Standard Model
where the neutrinos are considered massless. The tiny masses of
neutrinos in the broken phase point to a corresponding small
mixing in the lepton sector which can be taken into account.

for right-handed electrons reflected in a nonzero value for
cg,- We solve the six mentioned equations with the above
assumptions to obtain the initial values of the asymmetries
at T =Tg,.

III. DYNAMICAL PHASE

In Sec. II, we discussed the equilibrium conditions in the
electroweak plasma when the temperature is above T'g; .
In this section, we investigate the dynamical phase in the
temperature range Tgw < T < Tg;. Taking into account
the relevant conservation laws and assuming that the
processes operating on the quarks and the tau lepton13
are still nearly in equilibrium, we obtain the minimum
number of required dynamical equations and simplify
them. We then study the evolution of matter asymmetries
and long-range hypermagnetic fields by solving these
evolution equations numerically.

A. Categorization of the relevant processes

Let us now investigate the effects of the most important
processes in the temperature range Tgw < T < Tgy.. To do
this, we find it useful to label each of the processes
according to its rate as either “fast,” dynamical,” or “slow.”
Fast processes are the ones that are nearly in equilibrium in
the whole temperature range under consideration. There are
usually constant or conserved quantities associated with
these processes. Slow processes have rates much smaller
than the Hubble expansion rate and are not only out of
equilibrium, but also are almost inactive or frozen in the
temperature range under consideration. Dynamical proc-
esses have intermediate rates in the temperature range
under consideration and their dynamics is interesting for us.
Now we can divide these processes into three categories
according to their rate for T > Tk, and for T < Ty, and
tabulate them according to these categories in Table 1.
The first category is denoted by “fast-fast” indicating the
processes that are fast both for T > Ty, and for T < Tg;.
The second category is denoted by “fast-dynamical”
indicating the processes that are fast for 7 > Tp; and
dynamical for T < Tg;."* The third category is denoted by
“slow-dynamical” indicating the processes that are slow for
T > Tg; and dynamical for T < TRL.15

BThe processes for the muon are marginally fast. Hence, we
include the evolution equation for the muon.

“The weak sphaleron processes can be categorized as fast
processes (with ¢y = 0) for T < Tg;. However, we categorize
them as dynamical in order to investigate the dynamics of them as
an interesting representative of fast processes. Therefore, we do
not force cy to stay at zero and let it evolve according to the
evolution of its constituents.

The Abelian anomalous effects appearing in the Abelian
anomaly and Uy (1) Chern-Simons terms are weak for 7' > Tp;
and gradually become strong for 7' < T, . Therefore, they are
also categorized as slow-dynamical.

096009-4
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TABLE 1. Major processes categorized according to their
behavior for 7> Ty; and T < Tp;, respectively.

Fast-Fast Gauge Interactions, quark

Chirality flip, = Chirality flip

Fast-Dynamical Weak Sphalerons, u Chirality flip

Slow-Dynamical Abelian anomaly, Uy (1)

Chern-Simons, e Chirality flip

In this table the “chirality flip” processes refer to the
ones which are driven by the Higgs.l() The fast processes
for T > Ty, are used to impose constraints on the initial
conditions at 7 = Tg;, and for T < Tg; to impose
constraints for reducing the number of dynamical equa-
tions. We now qualitatively discuss these processes, and a
detailed quantitative analysis starts in the next subsection.
As the temperature decreases, passing through T, and
moving towards Tgy, the Uy (1) Chern-Simons term and
the Abelian anomaly term in the evolution equations
gradually gain strength. These terms are connected with
the strength of the hypermagnetic field and, as we shall
show, they generically increase the amplitude of this
field."” Subsequently, strong hypermagnetic field becomes
able to make some of the fast processes, i.e., the ones that
are in competition with it in the evolution equations, fall
out of chemical equilibrium. These processes include the
Higgs driven chirality flip and the weak sphaleron
processes. This is in spite of the fact that, as the temper-
ature decreases, generically both the Higgs driven chirality
flip processes and the weak sphaleron processes gain
strength as compared to the Hubble expansion rate.
Obviously, the larger the rates of these processes, the
less they go out of equilibrium.18 As a result, the
equilibrium conditions for the quarks and the tau lepton
given by Egs. (2.1), (2.2) still remain valid to a good
approximation, at least for the range of the hypermagnetic
field amplitudes that we consider in this paper. However,
that of the muon, as given by Eq. (2.1), does not remain
valid in the whole interval under consideration especially
near the EWPT (see Figs. 2 and 5). The equilibrium
condition for the weak sphaleron processes given by
Eq. (2.4) remains valid to a good approximation as well.
However, as mentioned in footnote 14, we assume that the
constraint imposed by the weak sphaleron processes is no
longer valid, in order to be able to investigate the

"Fast strong sphaleron processes that change the chiralities of
the quarks are also considered. However, as mentioned in
Footnote 10, they do not lead to any new constraint.

"In this study, either the hypermagnetic field is strong from
the beginning or it becomes strong due to the initial matter
asymmetries.

"8t can be seen in Fig. 2 that the electron chirality flip
reactions which have low rates, fall out of chemical equilibrium
more, as compared to the muon chirality flip processes and the
weak sphalerons whose rates are much higher.

dynamics of these fast processes.19 Using Egs. (2.1),
(2.2) for the chemical potentials of the quarks and the
tau lepton, the equation for the charge neutrality of the
electroweak plasma reduces to

O =06pg—Hr, =P, —Hr, —Hr, =24, +12u9=0. (3.1)

There are also four conservation laws given by Egs. (2.6)
for T > Tg;. The first three of these equations are always
valid in the Standard Model, but the fourth one which is the
conservation of the right-handed electron asymmetry is not
valid any more, since the electron chirality flip processes
become active below Tk, (see Table I). Therefore, we have
four constraints given by Eq. (3.1) and the first three of
Egs. (2.6) which include seven unknown parameters. So,
we need three evolution equations for three of the asym-
metries in addition to these four constraints to obtain the
values of all asymmetries as a function of time. We derive
the dynamical equations for the asymmetries of right-
handed electron, left-handed electron and right-handed
muon in Sec. III D. The other asymmetries are obtained
in terms of these three asymmetries by solving four
constraint equations with the mentioned assumption of
¢y = ¢y = c3 =0, in the following form

MR 2up MR, T 2up, — R,
Ho = 74 ) KL, = —2 )

_ Abup, +24ug, + pg, _Aug, +2up 4 3pg,
Hi, = 68 > Ho= 68 .

(3.2)

In other words, obtaining the evolution of the asymmetries of
left-handed electron, and right-handed electron and muon,
one can use the above equations to obtain the evolution of the
asymmetries of Higgs boson, and left-handed quarks, muon,
and tau lepton. Then, using Egs. (2.1), (2.2) one obtains the
evolution of the asymmetries of right-handed up and down
quarks and tau lepton as well.?

“In the temperature region under consideration, i.e.,
Tew < T < Tgy, there are subregions where the weak sphaleron
processes and the muon Yukawa reactions are in equilibrium. No
inconsistency occurs when we discard the two equilibrium
conditions and the ensuing constraints in the whole region, since
we let cp =9ug +pp, +pp, +pp, and ¢, =pg, —pp, + po
evolve freely in accordance to the evolution of their constituents,
when we solve the dynamical equations with various initial
conditions. Then in the aforementioned subregions cp and c,
attain constant values as a result of their evolution equations.

*We could as well have chosen to write the kinetic equation
for the asymmetry of the left-handed muon instead of the right-
handed one and to obtain other asymmetries in terms of the
asymmetries of right-handed and left-handed electron and left-
handed muon. The special role of right-handed and left-handed
muons is their participation in the muon Yukawa prosess which is
the most dynamical Yukawa process after the electron one.
Ignoring this dynamics and considering the muon Yukawa
process in equlibrium can change the values of all asymmetries
and hypermagnetic field amplitude slightly.
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B. Static Uy (1) Chern-Simons term

In the presence of fermionic chemical potentials and
the hypermagnetic field, the Uy(1) Chern-Simons term
appears in the effective action of the Uy(1) gauge field.
In the static limit, one can derive the effective action for the
soft gauge fields by implementing the method of dimen-
sional reduction [45,46]. The Chern-Simons term in the
Minkowskian effective Lagrangian density is —cnpg,
where n/.¢ and ¢}, have the following forms [27,28]

S (2Y.By),

2 8 1
[—2/4& FHL = SHdy = SHu k0, |- (33)

In the above expressions, ns; denotes the number of
generations, ¢ is the Uy(1) gauge coupling, Y is its
corresponding vector potential, and By =V x Y is the
hypermagnetic field. We can rewrite ¢} in the following
form which enables us to simplify it

ng
g = —ZZ{ /ld,” —Ho

nG
+ (g, — pr, + ﬂo)} = " Bug, + u1,)-
i=1

o) + 4y, — po, — Ho)]

(3.4)

Using the equilibrium expressions for the quarks and the
tau lepton as given by Egs. (2.1), (2.2), Eq. (3.4) reduces to

= =2[(ug, = pr, + o) + (g, = pr, + Ho)]

= Oug + ur, + e, +HLy)-

In the above equation, the first, the second and the third
parentheses correspond to the electron Yukawa reactions,
the muon Yukawa reactions and the weak sphaleron
processes, respectively. The parentheses vanish when their
corresponding reactions are in chemical equilibrium. We let
the parentheses evolve freely according to the evolution of
their constituents when the evolution equations are solved
numerically.

(3.5)

C. The evolution equation of the hypermagnetic field

The generalized diffusion equation of the hypermagnetic
field and the generalized Ohm’s law, derived from the
AMHD equations are the following [28],

OB 1
Y = —szY + ayv X BY? (36)

ot c

V xB
EY:—VXBy+ x Y—ayBY
g/2
where ay(T) = —c/; 5. (3.7)
8o

In the above equations, o ~ 1007 [47] is the hypercon-
ductivity of the plasma, and ¢} is given by Eq. (3.5).

We choose the following simple nontrivial configuration
for the hypermagnetic field

Y, =Y(t)sinkoz, Y,=Y(t)coskpz, Y,=Y,=0, (3.8)

which yields the hypermagnetic field amplitude By(t) =
koY (). Substituting these into Eq. (3.6), we obtain the
evolution equation of By(7) in the form

dBy(t)
dt

k(Z) kog/z ,
27 ().
o) 8200 V)

= By(1) |- (3.9)

It can be seen that the evolution of the hypermagnetic field
is coupled to those of the chemical potentials (matter
asymmetries) through c;(7) as given by Eq. (3.5). Let us
now obtain the expression corresponding to the Abelian
anomaly (~Ey.By) which appears in the evolution
equations of the asymmetries in the next subsection.

Using Eq. (3.7) and the simple configuration of the
hypermagnetic field given by Eq. (3.8), we obtain

k
Ey.By = ;°B2Y — ayB2. (3.10)

Substituting the expression for ay given by Eq. (3.7) into
the above equation, and using ¢ = 1007 leads to

k g/2
Ey.BY 100 |: 0 + 2TC/E .

(3.11)

D. The evolution equations of the
lepton and baryon asymmetries

As explained in Sec. IIT A, it is sufficient to solve the
evolution equations only for the asymmetries of right-
handed and left-handed electrons, and right-handed muons,
to obtain all of the matter and Higgs asymmetries. We derive
the dynamical equations for these three leptonic asymmetries
taking into account the Abelian anomaly, the Uy (1) Chern-
Simons term, the chirality flip through Yukawa reactions,
and the weak sphaleron processes. The violation of the
lepton numbers via the Abelian anomaly is given by [31],

g2 72
Mo M
a/4JR2 *8;4]1%1 __(YR)16 YﬂVY W(EY'BY)’
1 12 2
Dufl =+ (Yz)l‘(é SY,, P = dﬂz (Ey.By). (3.12)
where, Y, Y# = —4Ey.By and the relevant hypercharges are
Yp=-2, Y, =-1 (3.13)

Using Eq. (2.7), the system of dynamical equations for the
leptonic asymmetries takes the form,”!

ISee Eq. (2.6) in Sec. 2.1 of Ref. [43] for the general form of
the equations.
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ditg, g2 Mo
e +4]z—2S(EY-BY) =i\ g, =, +5
dny ' I

L _ Ey.By) +— (e —

d 16n2s( v-By) + 5 \ /TR~ +
dn q? n
dfz = +4ﬂ—2s(EY-BY) =g, — 1, +

In the above equations, the terms containing Ev.By originate
from the Abelian anomaly equations (3.12). The rate associated
with the direct and inverse Higgs decay processes via Yukawa
interactions for the ith-generation leptons, as estimated in
Eq. (2.26) of Ref. [43] is [; ~ 1072h?T /87 = I/ tgw /X,
where £; is the relevant Yukawa coupling constant. For ; =
2.8 x 107 and h, = 5.8 x 107 as given in Appendix B of
Ref. [44], we obtain T9~11.1, and T9=~4.8x 10°.
Moreover, the variable x = t/tgyw = (Tgw/T)* due to the
Friedmann law, tgy = M /2Ty and My = Mp/1.66+/g".
The factor 1/2 multiplying the rates I'; and I'gy, in the second
line is due to the equivalent rates of reaction branches for
|

—0>’ for pgp, < ¢ and  pgi; < P

), for exp, < ¢ and ez, < P¥

l—‘sph
_> - 2 NE,

for ege; < 0

(3.14)

left-handed electron and neutrino. The effect of the weak
sphaleron processes on the evolution is investigated by
substituting their corresponding term (I, /2)n7 in the
dynamical equation of left-handed electron asymmetry [43,48].
9o +nr, + 11, +nr,, and the
rate of the weak sphalerons is [y, ~ 250, T = Iy, /tew /X,
where ay ~3.17 x 1072 and Fsph = 2.85 x 10° [31,38].
Defining y = 10*u/T, the fermion and the boson asym-
metries can be written as # = 107*yT3¢/6s. Then, using
Eq. (3.11), Egs. (3.14) can be rewritten in terms of the
dimensionless chemical potentials y in the form,

In this term, #; = gs Cgp =

dyg 1 By(x)\2, IY
e [Box> = Agyr] <W . _T(le i, + o).
d)’L, 1 1 By(x) 2 gph
dx —T[B()XZ—AO_VT] <1020 G 2\/_(le L, +y0)_2\/}yE7
dyg I By(x)\2: TI¥
dxz = [Box? = Agyr] <1020 G X2 _W(YRZ Y, + o) (3.15)
|
where, ve = 3(yg, +2y1,)- (3.18)

YE=90 +yr, + ¥, + i,

1
yr = g, =Y, +Y0) + (Y&, = Y1, + Vo) +EYE- (3.16)
In Egs. (3.15), By =25. 6(10-77 ) and Ay =77.6 are
chosen to normalize the hypermagnetic field amplitude
at 10%° G. Let us now rewrite Egs. (3.2) in terms of the

dimensionless chemical potentials y,

YR, T2y1, YR, F2V1, =Y,
Yo= 4 e
_46yL1+24yR1+sz _4yR|+2yLl+3sz
Yy, = 68 » Vo= 68 .

(3.17)

Using Eq. (2.3) (or equivalently yz = 12y,) and the
expression given for y, in Egs. (3.17), we can also obtain
the baryonic dimensionless chemical potential as

Substituting yp, y.,, and y;, from Egs. (3.17) into the
expression for yg as given by Eq. (3.16), we obtain

lele + 488yL1
68

- 33yR2

YE = (3.19)

Using Egs. (3.17) and (3.19), we simplify the expression
for yr as given by Eq. (3.16) and obtain

295yg, + 224y, + 183yg,

i (3.20)

Yr =

Rewriting Eq. (3.9) in terms of x and y; as given above
leads to

s
(3.21)
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We substitute y, and y;, given by Egs. (3.17), and y; and
yr given by Egs. (3.19) and (3.20), into the set of dynamical
equations as given by Egs. (3.15) and (3.21) with the
equilibrium initial conditions as described in Sec. II to
obtain a minimal set of self-consistent evolution equations
for the matter asymmetries and the hypermagnetic field.

IV. RESULTS

In Sec. II, we discussed the equilibrium conditions in the
electroweak plasma. There, we obtained a set of consis-
tency relationships between the chemical potentials includ-
ing six relations between ug, pg,, {1, fr,» Hr, and pg [see
Egs. (2.4), (2.5), and (2.6)]. As stated in the paragraph
below Egs. (2.6), in this study we choose ¢, ¢,, and c;3
appearing in Eqgs. (2.6) to be zero. When we want to solve
the evolution equations starting with nonzero matter
asymmetries, it is then sufficient to choose a nonzero value
for the right-handed electron asymmetry, np; = cp;. We
then solve the consistent set of equations to get the initial
values for all other chemical potentials in terms of cg, . To
do this, we first solve the six equations to obtain the initial
values for the aforementioned six chemical potentials, then
obtain the initial values of other chemical potentials
through their relationship with the known ones [see
Egs. (2.1), (2.2), and (2.3)]. Since, the above arguments
remain true for the normalized chemical potentials (y) as
well, we use variable y instead of u in what follows and
replace cg, by yg?
normalized chemical potential of the right-handed electron.

Therefore, in the following subsections, choosing ygg) =0

leads to the condition of zero initial normalized chemical
potentials (or equivalently matter asymmetries), while
choosing nonzero yfROIJ results in nonzero initial values

for the normalized chemical potentials (or equivalently

matter asymmetries) in terms of yfRO]).

In this section we solve our four coupled evolution
equations, with initial conditions respecting the conditions
stated above. We divide the initial conditions into two main
categories. First we assume the presence of large initial
matter asymmetries and a tiny seed of hypermagnetic field
and explore this problem with particular emphasis on the
possibility of generating large hypermagnetic fields. Then
we do the opposite, that is we start with a large hyper-
magnetic field and assume zero initial matter asymmetries
and explore this problem with particular emphasis on the
possibility of generating large matter asymmetries.

which is the initial value for the

A. Hypermagnetic field growth via matter asymmetries

In this subsection, we assume c¢; = ¢, = ¢z = 0 but
choose nonzero initial values for right-handed electron

asymmetry yg)]) leading to nonzero initial matter asymme-
tries which can be obtained in terms of yﬁff as explained

earlier. Here, we want to investigate whether these matter
asymmetries are able to grow a tiny seed of the hyper-
magnetic field in the presence of the weak sphalerons.
Since the hypermagnetic field is not strong, it cannot make
the Yukawa processes fall out of equilibrium to prevent the
washout of the asymmetries by the weak sphalerons, as
proposed in the Introduction. Therefore, the weak sphaler-
ons wash out the asymmetries very quickly and no
asymmetry remains to strengthen the hypermagnetic field
at later times, especially in the time region 107! < x < 1
close to the EWPT. In fact, below Ty, , the electron chirality
flip rate is high and the right-handed electrons transform
into left-handed ones quickly, then the weak sphalerons
transform them into antiquarks to be annihilated by the
quarks. If the rate of the electron chirality flip processes
was smaller, the rate of washout would be lower in the
critical time region 10~ < x < 107!, and therefore part of
the asymmetries could be saved till near the EWPT to grow
the hypermagnetic field.

The first calculation of the electron chirality flip rate was
performed by the authors of the first paper of Ref. [36]
(CDEO), where the 2 — 1 inverse Higgs decay was taken
into account. Then, the authors of the third paper of
Ref. [36] numerically calculated the rate and compared
it with the approximate calculation of CDEO for some
values of my /T (see Table 2 of this reference). Recently,
the authors of Ref. [49] numerically calculated the rate of
1 < 2 (inverse) Higgs decays, by taking into account the
thermal fermion masses as well as the final state distribu-
tion function, which were neglected by CDEO (see dot-
dashed green curve in Fig. 5 of Ref. [49]). It can be seen
that the rate is about (2 — 6) x 107 A2T, in the temperature
range | TeV < T < 10 TeV. There are a number of
assumptions implicit in these approximations of the rate,
and it is not clear that they remain valid especially around
the EWPT. The rate has a complicated dependence on the
left-handed and right-handed electron masses as well as
the Higgs mass. The growth of the Higgs condensate during
the electroweak crossover can affect these masses (see
Appendix B of Ref. [43]). Therefore, there is ambiguity in
the value of this rate, especially in the time region
107! < x < 1.%? In this work, we use the rates as estimated
in Ref. [43]. Since, the rate of the electron Yukawa
processes is an important parameter with a key role and
there is an uncertainty in it, we multiply the rate by a

“The electron chirality flip rate Io(1 —x)/2y/x or 2 x
1073127 (1 — (*2+)2) approximately calculated by CDEO and
used in Refs. [28,38], has much smaller value than F(f /2+/x or
1072h2T /87 as estimated in Ref. [43], in the time region 10~ <
x < 1 especially when x — 1. However, for the critical time
region 107* < x < 1071, the latter is much more favorable, since
the parameter I') = 11 is one order of magnitude smaller than
I'y = 121. Furthermore, the order of magnitude of the latter rate is
closer to that of the recently calculated rate of Ref. [49] in this
time region.
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varying adjustable parameter cr, in order to investigate the
dependence of the aforementioned scenario to the electron
chirality flip rate, especially in the critical time
region 107* < x < 107",

In this subsection, we explore whether it is possible to
grow a very weak seed of the hypermagnetic field with an
initial amplitude of B\ = 1072 G, ie., at T = Tp, or

xX; = ;R—\fv = (;ETVL“)z = 107%, to a final amplitude, i.e., at T =

Tgw orx; = 1, as large as By(1) ~ 10%° G by assuming the
presence of large initial matter asymmetries, and at the
same time, obtain the final baryonic asymmetry of
ng(1) =6 x 107'°, namely the BAU (baryonic asymmetry
of the Universe), at T = Tgy. 3

We explore the sensitivity of our results to the electron
chirality flip rate I';, by multiplying it with an adjustable
* We also define k = T 7T
ized wave number of the hypermagnetlc field. First, for

as the normal-

parameter cr-,.

“For simplicity, we are assuming these values do not change
substantially at lower temperatures. Usually BAU is referred to as
its value at T = Taqronizaiion = 200 MeV. To get to this temper-
ature, the Universe has to go through the electroweak phase
trans1t10n as well (see Ref. [50]).

Although we use the roughly estimated rates of Ref. [43] for
the aforementioned processes, our investigations show that the
main results are insensitive to these rates. Nevertheless, the
electron Yukawa reaction, singled out as described above, plays a
more dominant role due to its very small Yukawa coupling. We
have also found that the mentioned insensitivity is due to the
presence of the Uy (1) Chern-Simons term and in its absence, the
results become sensitive to the rates.

BY) =102 G, k = 0.02, and cp, = 0.02, we change the

initial matter asymmetries by changing the value of yg)l) as

explained in Sec. II, then solve the evolution equations and
obtain the final values of baryonic asymmetry 7 (1) and the
hypermagnetic field amplitude By(1), and present the
results in Table II and Figure 1. It can be seen that, for

log(yg)l)) < 3.35, (1) increases and By (1) grows almost

exponentially. However, for 10g(y§eol)) exceeding 3.35,

ng(1) decreases severely then saturates; while, By(1)
increases with a very much smaller rate. More importantly,

just after the sudden change, i.e., at log(yg)l)) = 3.45,

n(1) 26.5x 1071 and By(1) ~10%* G are obtained.
The time plots corresponding to log(yR ) =3.45 are
shown in Figs. 2 and 3. The plots show a great instability
for 0.75 < x < 0.85. In this time interval, the asymmetries
decrease but the hypermagnetic field amplitude increases,
then both saturate as shown in Fig. 3. Moreover, Fig. 2
shows that the amount of falling out of chemical equilib-
rium is very small for the muon chirality flip reactions
(Wukawa = YR, — Y1, +Y0) and extremely small for the
weak sphalerons (yz) as compared to that of the electron
chirality flip processes (Y{yawa = Y&, — Yr, + Yo) in the
whole interval. As an example, Yy ,...(1) ~7.71 x 107
and yg(1)=~5.45x 10713, which are negligible as com-
pared to y$,.wa(1) = 0.0066. The value of the fermion
chiral asymmetry at 7 = Tgw which is the onset of the
electroweak phase transition, can now be estimated

as  follows: > ,vr (1) =yp, (1) 2> g, (1) =y, (1)~
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TABLEIL. B} =102 G, k = 0.02 and ¢, = 0.02.

account. This chiral asymmetry is important since its
evolution is strongly coupled to that of the Maxwellian

log(yg, ng(1) By(1) magnetic fields in the broken phase [51].

2.85 5.42 % 10-5 458 x 10* G As mentioned above, for £k = 0.02 and cr, = 0.02, the
2.95 6.82 x 107> 243 x10° G minimum value of log(ysg)) which gives the BAU at
3.05 8.58 x 107 3.61 x 108 G . 0

315 1,08 x 10~ Losxiot g T =Tews is log(ygel))min ~3.45. We repeat the same
3.25 136 x 104 5.40 x 10" G investigation with different values of cr, then obtain the
24312 6156§ >><< 11(()):‘0 Hg i ig; g corresponding 1og(y§§’l))mm and present the results in
355 6.5 x 10-10 161 %1020 G  Table IIL It can be seen that log(yg)l))min depends on the
3.65 6.53 x 10710 228 x10°° G chirality flip rate of the electrons and decreases, as the rate

-10 20
;;2 ggi i 18—10 4314]12 i 1820 g is decreased. However, the values of log(y\)), . ~5.80

Y uawa (1) = 30(1) 2 0.0066 — 3(0.0002) ~ 6 x 1073, 1t
should be noted that the contribution of up-type quarks
to this asymmetry cancels that of the down-type quarks;
therefore, only the contribution of the leptons is taken into

R,
and 4.05 appearing in the first and second rows of Table 2,
are unacceptable, since log(y;) < 4 or equivalently ”Tf <1
. . . (0)
in our model. Interestingly, we find that as log(yg, )
exceeds log(yf,eol) Jmin In each case, np(1) saturates

to ~6.54 x 10710,
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We also repeat the above investigations with different
values of k and observe almost the same behavior.
However, the important and interesting point is that the
saturated amount of 75(1) depends solely on the value of k
as presented in Table I'V. Indeed, the value of k which can
lead to the BAU at T = Tgy is k~0.02.

TABLE I B\ =102 G and k = 0.02.

IOg(ySeOl))min Ty ’73(1) BY(I)
5.80 1 6.24 x 10710 1.77 x 10%° G
4.05 0.1 6.44 x 10710 1.10 x 10 G
3.70 0.05 6.48 x 10710 1.08 x 10 G
3.45 0.02 6.50 x 10710 1.13 x 10 G
3.35 0.01 6.51 x 10710 1.12x 102 G
3.25 0 6.59 x 10710 1.13x 102 G
TABLE IV. B} =102 G.

k nB(l)sat

1 3.27 x 1078

0.2 6.54 x 10~

0.1 3.27 x 107

0.02 6.54 x 10710

0.01 3.27 x 10710

B. Production of matter asymmetries
by hypermagnetic fields

As stated earlier, in all parts of this study we have the
assumption of ¢; = ¢, = ¢3 = 0. In this subsection we
have the extra assumption of zero initial value for the right-
handed electron asymmetry which leads to zero initial
matter asymmetries. Here, we want to investigate whether
strong hypermagnetic fields are able to produce and grow
matter asymmetries in the presence of the weak sphalerons
which try to wash out the asymmetries. As stated in Sec. II
and Sec. IIT A, the initial conditions and evolutions of
all of the matter asymmetries are interconnected by the
constraints on the system. In particular, the initial hyper-
magnetic field produces the asymmetries of all of the
species simultaneously, including that of the muons. As
stated in the Introduction, the weak sphalerons act only on
the left-handed fermions; therefore, the washout process is
completed when the Yukawa interactions are also in
thermal equilibrium [35]. Indeed, the Yukawa processes
are in equlibrium in these high temperatures in the absence
of the hypermagnetic fields; however, they can fall out of
equilibrium in the presence of the strong hypermagnetic
fields. Therefore, there is a possibility for the hyper-
magnetic fields to produce and grow the matter asymme-
tries on one hand, and on the other hand protect them from
washout by making the Yukawa processes fall out of
equilibrium. We have hypothesized that the amount of
falling out of equilibrium is tiny for fast processes and
decided to study the behavior of the system by considering
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one extra dynamical Yukawa process other than the
electron one to check our hypothesis. Among the
Yukawa processes the muon one which is the slowest
one after the electron Yukawa process was chosen.

In this subsection, we investigate the possibility to
generate and grow matter asymmetries by initial hyper-
magnetic fields, and especially to obtain not only the final
baryonic asymmetry as large as the BAU ~ 6 x 10710, but
also a final hypermagnetic field amplitude of the order of
~10% G at the onset of the EWPT.

We solve the evolution equations with zero initial matter
asymmetries, k = 0.02, ¢y, =1, and the initial hyper-
magnetic field amplitude in the range 107 G <

B\ < 10%* G, then obtain the final values of baryonic
asymmetry 75(1) and the hypermagnetic field amplitude
By (1), and present the results in Fig. 4 and Table V. It can

be seen that, for B\ < 10195 G, the growth of 7,(1) with

respect to Bg/o) is quadratic but it saturates to ~6.54 x 10710

for B\ > 10%! G. Although By(1)/B\") ~ 1 in the whole

(0)

range, it increases with a very small rate as B, increases,

then exceeds 1 at B\ ~102' G and saturates to

~1.0000047 for greater values of Bg,o). Indeed, the mini-

mum value of Bgn which results in the maximum absolute

values for the matter asymmetries at 7 = Tgy is,

1sx10ok e
1.x10°F ;
S 3
S :
& 5x107f ; ]
0 1
N,
\\
-5.x10710} %

Bg,o) ~ 10! G. The final values of nz(1)=~6.5x 1071°

and By(1)~10?! G are obtained for B\ ~10*' G and
the aforementioned initial conditions, as shown in Table V.

The time plots corresponding to Bg,o =10*' G are
shown in Fig. 5. The bottom plots show the evolution
of the hypermagnetic field amplitude and some of the
asymmetries. It can be seen that the system goes out
of equilibrium for x 2 0.01. The top and middle plots
show that, as expected, the amount of falling out of
chemical equilibrium is very small for the muon chirality
flip reactions and extremely small for the weak sphalerons,
as compared to that of the electron -chirality flip
processes. As an example, Y5 ,...(1)~1.57 x 1077 and
ye(1) = 1.31 x 107!, which are negligible as compared to
YSukawa (1) = 0.0066. It is interesting to note that not only
Y ukawa (1) Dut also yo(1) are the same as the ones obtained
for the specific case of log(yg)l)) = 3.45 discussed in
Sec. IV A. Therefore, the same initial value for the fermion
chiral asymmetry in the broken phase, )y, (1) —
ny, (1) =6 x 1073 is obtained as well.

As mentioned above, for k =0.02 and cp, =1, the
minimum value of Bgf)) which gives the BAU at T = Tgy,
is BY”) .~ 10! G. We repeat the same investigation with
different values of cr , then obtain the corresponding

q0-10
101l
& 1012}
10713

10141

17 18 19 20 21 22 23 24
log B(e)

By

21 22 23 24

log B@)

FIG. 4. Top left: The final asymmetries of right-handed electrons 7, (dotted line), baryons 575 (solid line), and left-handed electrons

11, (dashed line) at the EWPT time gy . Top right: Log-Log plot for the final asymmetry of baryons 775, versus Bg,o). Bottom: The final
amplitude of hypermagnetic field By at the EWPT time fgy. It is assumed that all initial asymmetries are zero, k = 0.02

(ko =2 x 10°Tgw), cr, = 1, and B(YO) varies from 10'7 G to 10?* G. The maximum relative error for these graphs is of the order

of 10716,
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FIG. 5. The time plots for (top left): 3 uwa = Y&, — Y1, T+ Yo, (top right): Woakawa = YR, — Y1, + Yo, and (middle): y, representing
the amounts of falling out of chemical equilibrium for the electron Yukawa reactions, the muon Yukawa reactions and the weak
sphaleron processes, respectively. The time plots for (bottom left): the asymmetries of right-handed electrons 7y, (dotted line), baryons
np (thin line), Higgs bosons 7, (thick line), right-handed muons 7g, (dotdashed line), left-handed electrons 7, (dashed line), and
(bottom right): the hypermagnetic field amplitude By. The relevant parameters and initial conditions are: k = 0.02 (ko = 2 x 10™°Tgw),

(0)

CFI = 1, BY
Bg,o)min and present the results in Table VI. It can be seen

that B@mm depends on the chirality flip rate of the electrons
and decreases, as the rate is decreased. However, the most

important and interesting point is that, as B(YO> exceeds

B(YO>mirl in each case, 7p(1) and BY(I)/B@ saturate to
~6.54 x 1071° and ~1.0000047, respectively. It seems that
these values are independent of cr, and depend solely on
the value of k. Therefore, we repeat the above investiga-

tions with different values of k and present the saturated
amounts of 77z(1) and (By(l)/Bg,O)) — 1 for each value of k
in Table VII. Interestingly, the second column of Table VII
matches exactly that of Table IV and again, the value of k
which can lead to the BAU at T = Ty is k ~0.02. More
. 0
importantly, (1), and (By(1)/B}")
tional to k and k2, respectively.

s — 1 are propor-

TABLE V. yy =0, k=0.02 and ¢, = L.

= 10%! G, and zero initial matter asymmetries. The maximum relative error for these graphs is of the order of 107!7.

By’ (1) By(1)/B
108 G 3.95 x 10713 0.9999067
10'85 G 3.93 x 10712 0.9999069
10" G 3.75 x 107! 0.9999091
10193 G 2.53 x 10710 0.9999253
102 G 5.69 x 10710 0.9999677
1025 G 6.44 x 10710 0.9999946
10%' G 6.53 x 10710 1.0000024
10215 G 6.54 x 10710 1.0000042
102 G 6.54 x 10710 1.0000046
10225 G 6.54 x 10710 1.0000047
102 G 6.54 x 10710 1.0000047
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TABLE VL. yg) =0 and k = 0.02.

Bgnmin cr, np(1) By(l)/Bg,O)
10219 G 100 6.54 x 10~10 1.0000019
10214 G 10 6.54 x 10~10 1.0000019
10 G 1 6.54 x 10710 1.0000024
10205 G 0.1 6.54 x 10710 1.0000008
10203 G 0.01 6.54 x 10710 0.9999994
TABLE VIL y{ =0.

k 15(1) (By(1)/B\), — 1
1 3.27 x 1078 1.17 x 1072
0.2 6.54 x 107° 4.67 x 10
0.1 3.27 x 107 1.16 x 107*
0.02 6.54 x 10710 4.67 x107°
0.01 3.27 x 10710 1.16 x 107°

V. SUMMARY AND DISCUSSION

In this paper we have studied a minimal model for
investigating the simultaneous evolution of the matter
asymmetries and the hypermagnetic field in the temper-
ature range Tgw < T < Tp;. We have categorized the
major reactions as either “fast,” “dynamical,” or “slow”
in the temperature range under study and for 7' > T;. We
have used the fast processes for 7 > Tx; to put constraints
on the initial conditions at 7 = Tp;, and used those for
Tegw <T < Tg; to reduce the number of dynamical
equations. We have included the chemical potentials of
all matter fields, including the Higgs field, in our evolution
equations. We have shown that in our minimal model all of
the conservation laws and constraints are built in and are
maintained.

An important part of our study has been to check whether
it is possible for the hypermagnetic field to protect the
baryonic asymmetry from being washed out by the weak
sphalerons. Since the weak sphalerons act only on the left-
handed fermions, the washout process can be completed
only when the Yukawa interactions are also in equilibrium
[35]. However, the strong hypermagnetic field, either
present from the beginning or produced by the large initial
matter asymmetries, plays an important role in this regard.
Indeed, it makes the system fall out of chemical equilib-
rium, especially near the EWPT. As a result, it does not
allow the washout process be completed and prevents the
erasure of the asymmetries by keeping the processes out of
equilibrium. Albeit, the amount of falling out of equilib-
rium for each process depends on its rate; that is, the
smaller the rate, the larger the aforementioned amount.
Therefore, the amount of falling out of equilibrium for the
electron Yukawa reaction is extremely larger than that of

the other processes since its rate is very small due to the tiny
Yukawa coupling of the electrons.

The competition between the hypermagnetic field
and the weak sphalerons, as described above, has been
investigated in detail for two different cases; namely,
hypermagnetic field growth via matter asymmetries, and
matter asymmetry generation by hypermagnetic fields, in
Secs. IVA and IV B. Table VI shows that the hyper-
magnetic field is victorious over the weak sphalerons when
its initial amplitude is B\ ~ 102! G and the rate of the
electron Yukawa reaction is the one estimated in Ref. [43]
(cr, = 1). In this case, the initial strong hypermagnetic
field not only produces and grows the matter asymmetries
but also preserves them from washout by the weak
sphalerons. The same is true when the estimated rate
becomes 10 or 100 times larger (cr, = 10 or 100); albeit,
the initial hypermagnetic field should become stronger
as well. Table III shows that, even for the rate of the
electron Yukawa reaction 50 times smaller than the value
estimated in Ref. [43] (cp, = 0.02), large initial matter

asymmetries (log(ygg))min = 3.45) are needed in order to

produce the strong hypermagnetic field which can protect
the matter asymmetries from washout by the weak spha-
lerons. When the aforementioned rate becomes larger
(cr, = 0.05), the hypermagnetic field will overcome the
weak sphalerons if the initial matter asymmetries become
larger (log(yf,eol))min =3.7) as well.

Another important result is that, in both cases studied in
Secs. IVA and IV B, the final baryon asymmetry 7z(1) ~
6.5 x 1071° and the final amplitude of the hypermagnetc
field By (1) ~ 10?°2! G at the EWPT can be obtained by
choosing k ~ 0.02 (kg = 2 x 10™°Tgy) in this model. As
mentioned in Section I, the amount of BAU as extracted
from the observations of CMB or from the abundances of
light elements in the IGM is 75 ~ 6 x 10710, Let us also
briefly state some features of the present day magnetic
fields obtained from the observations of CMB and gamma
rays from blazars. We then check the compatibility of our
main results with these observational data.

The observations of the CMB temperature anisotropy put
an upper bound on the strength B, of the present magnetic
fields, By < 10™° G on the CMB scales 4, = 1 Mpc [52].
Furthermore, the observations of the gamma rays from
blazars not only provide both lower and upper bounds on
the strength B, but also indicate the existence of the large
scale magnetic fields with the scales as large as 4q ~ 1 Mpc
[21,22,53]. The strength B, of the present intergalactic
magnetic fields (IGMFs) reported in [21] is By ~ 1071 G.
Two different cases are also investigated in Ref. [22].
In the first case, where blazars are assumed to produce
both gamma rays and cosmic rays, they find 1 x 1077 G <
By <3 x 10~ G. However, in the second case where the
cosmic ray component is excluded, they report that the
1077 G lower limit remains valid but the upper limit
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depends on the spectral properties of the source.
Reference [53] estimates the strength of the IGMFs to
be in the range By~ 10"17-10"15 G, which is consistent
with the above mentioned results of [21,22]. Moreover, a
nonvanishing helicity of the present large scale magnetic
fields is also inferred with the strength By ~ 5.5 x 10~'* G
in Ref. [54].

The time evolution of the cosmic magnetic fields can be
influenced by various effects, such as the cosmic expansion,
the interaction with turbulent fluid (the inverse cascade
mechanism), the viscous diffusion, and the Abelian anoma-
lous effects. In the trivial adiabatic evolution of the cosmic
magnetic fields due to the cosmic expansion, the strength
B(t) x a=*(t) and the scale A(t) « a(t), where a(t) is the
scale factor. It is believed that the plasma becomes neutral
after the recombination and therefore, to a good approxi-
mation, the magnetic fields evolve trivially [43].

Various studies for a maximally helical magnetic field
evolving in a turbulent plasma show the approximate
conservation of magnetic helicity but the transfer of power
from small scales to larger ones [55] due to an inverse
cascade mechanism. In this mechanism, which needs large
amounts of magnetic helicity to operate correctly [38], A(¢)
grows faster than a(¢) [44] and the spectrum develops with
a characteristic scaling law [56]. Using the scaling relation,
the spectrum of the primordial magnetic fields can be
expressed in terms of 4y and B, of present magnetic fields
in the following form (see Ref. [44] and Appendix C of
Ref. [43])

T \3/ B
B(T) = (1 x 10 G)<100 GeV) (10—191 G)QB(T)’

T \SB3( 2
A(T) ~ (2 x 1072 Mpc) <100 Gev) ( . I°)0> 9,(T)

(5.1)

where g3(T) and g;(T) are O(1) factors depending on the
number of relativistic species. Moreover, assuming that the
present magnetic fields have experienced the inverse
cascade process, one obtains

Ao By
~aq
lpc 107“ G’

(5.2)

where the constant of proportionality a is model-dependent
[57,58]. Now, we check the compatibility of our results
with the observations. To do that, we use the above
equations to estimate the present scale and amplitude of
the magnetic fields resulted from the evolution of the
hypermagnetic fields of our model after the EWPT.

We estimate the scale of the hypermagnetic field used in
our investigations by using the relation 1 = k~!, and obtain
MTew) = (2x 10 Tgy) ™' =3.225 x 10726 pc. Assuming
that the time evolution of the magnetic fields from 7' =
Tew till now (Ty~2 K~ 17.2 x 107* GeV) is trivial, we
use A(t) x a(t) & T~! and obtain the present scale of the
magnetic fields as A(T) ~ 1.875 x 107! pc. Since, the
acceptable scales of present magnetic fields are much
higher than this value, we should rely on an inverse cascade
mechanism. We assume that the only nontrivial process is
the inverse cascade process starting immediately after
T = Tgw. We then use Eqgs. (5.1), and roughly estimate
Ao and By for A(Tgy) =~ 3.225 x 10726 pc and B(Tgw) =~
10?° G to obtain Ay =~ 1.6125 x 1073 pc and By ~ 10~'* G.
Therefore, in this model which includes the weak sphaler-
ons, the values of the baryonic asymmetry and the
amplitude of the magnetic fields are consistent with the
current data; however, the scale of the magnetic fields is
still much lower than the estimated scales of the magnetic
fields in the intergalactic medium. In fact, to the best of our
knowledge, there has been no model so far that yields
acceptable values for the amplitude and the very large scale
of the present magnetic fields at the same time. Since, the
evolution of the magnetic fields is affected by so many
effects in the history of the Universe, other mechanisms
should also be considered to explain this large scale of the
magnetic fields. More complex models such as those
considering the turbulence driven and anomaly driven
inverse cascade mechanisms can also be taken into account
both in the symmetric phase and broken phase to enhance
the scale of the magnetic fields in future studies (see
Refs. [51,59-62]).
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