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Stochastic gravitational waves can be produced during the preheating when out-of-equilibrium particles
are produced with an anisotropic stress tensor. We discuss the case where these particles carry spin 3=2. We
compute the spectrum of the gravitational waves generated by the transverse and longitudinal components.
We find a different scaling of the spectrum near the peak and the longitudinal components lead to an
enhancement when compared to spin-1=2 fermions with Yukawa couplings. We note, as expected, that the
corresponding typical frequency is too high for the current observation and calls for ultrahigh frequency
gravitational wave detectors in the future.
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I. INTRODUCTION

The detection of gravitational waves from astrophysical
sources [1] is another successful test of general relativity
[2]. It gives rise to a growing interest in new possible
gravitational wave detectors with also the hope of discovery
of new sources that may be of cosmological nature, for
example [3]. While an apparatus like [4] can detect such
corresponding gravitational waves at low frequency, there
are cosmological sources that lead to signals at higher
frequencies. Examples are gravitational waves produced
during the preheating era [5]. New experiments need to be
designed to detect them (e.g., [6]).
Here, we are interested in systems of quantum gases

with large anisotropic stress tensor that produce stochastic
gravitational waves [7]. These are expected to be present
during preheating when particles are violently produced
far from thermal equilibrium [8]. Previous studies have
focused on bosonic sources including both scalars and
gauge bosons [9,10] as well as Dirac spin-1=2 fermions
[11]. In this work, we study the gravitational wave signals
coming from nonadiabatic spin-3=2 gases.
No fundamental spin-3=2 particles are known in nature,

but composite states are produced as hadrons. It is not easy

to write a consistent Lagrangian for fundamental spin 3=2
with minimal coupling to a gauge boson that would would
make them strongly interacting with known particles and
allow them to be detected easily. A major difficulty is the
Velo-Zwangizer problem: when minimally coupled to
electromagnetism, the longitudinal mode, i.e., helicity
� 1

2
-states, have nonhyperbolic equations of motion that

lead to noncausal propagation [12]. One is then led to either
consider nonminimal couplings or spin-3=2 states with
gravitational interactions. In the latter case, it is well known
that the longitudinal mode can be understood as due to a
super-Higgs mechanism. In a nonunitary gauge and in the
supersymmetric phase, the longitudinal mode is a well-
behaved fermion that has a causal behavior and therefore
the Velo-Zwanziger problem is not expected to show up in
supergravity and string theory, for example [13,14].
As our main candidate for a fundamental spin-3=2 particle

is the gravitino that has only gravitational interactions, it is
important to search for experiments and observations that
are sensitive to such interactions. Here, we investigate the
features: shape, amplitude, and peak frequency of gravita-
tional waves that are produced during prereheating. Our aim
is to compare them to other signals due to particles with
different spins in order to investigate if the signals can, in
principle, be distinguished if experiments become sensitive
to the expected frequencies and amplitudes in the future.
Looking for signatures of spin-3=2 fundamental particles in
the early Universe is another way to search for supersym-
metry signatures. The raised question is also the following: if
supersymmetry does not show up at collider experiments,
could it still be an important ingredient of early Universe
cosmology? Here we study one way it could affect the
production of gravitational waves.
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Section II reviews the basics facts about Rarita-
Schwinger description of spin-3=2 fields. Section III
presents the computation of the spectrum of energy density
of gravitational waves per frequency interval. It contains
the main results of this work: the master formula for the
estimate of produced gravitational waves from both the
transverse and longitudinal modes. We show an enhance-
ment of the latter compared to expected signal from spin-
1=2 fermions. A quantitative evaluation requires explicit
examples where wave functions of the produced spin-3=2
states can be computed. We illustrate our results in a simple
model in Sec. V. Our results are briefly summarized in the
conclusions.

II. THE RARITA-SCHWINGER FIELDS

In order to describe a spin-3=2 field, one starts with a ψμ

in the spinor-vector representation of the Lorentz group
that obeys a Dirac equation. Using representations of
SUð2ÞL × SUð2ÞR for Weyl spinors, this is obtained from
the tensor product of spin representations as

�
1

2
;
1

2

�
⊗
�
1

2
;0

�
¼1

2
⊕
�
1⊗

1

2

�
¼1

2
⊕
1

2
⊕
3

2
; ð2:1Þ

and two constraints have to be imposed in order to project
out the two additional spin-1=2 representations. In flat
space time, the spin-3=2 field ψμ obeys then the equations

ði=∂ −m3=2Þψμ ¼ 0; ð2:2Þ

γμψμ ¼ 0; ð2:3Þ

∂μψμ ¼ 0 : ð2:4Þ

These can be obtained from the Rarita-Schwinger
Lagrangian,

L ¼ −
1

2
ϵμνρσψ̄μγ5γν∂ρψσ −

1

4
m3=2ψ̄μ½γμ; γν�ψν: ð2:5Þ

In the momentum space, the solution ψ̃μ to the above
equations of motion reads

ψ̃μ
p;λ ¼

X
s¼�1;l¼�1;0

�
1;
1

2
; l;

s
2

���� 32 ; λ
�
up;s

2
ϵμp;l; ð2:6Þ

where h1; 1
2
; l; s

2
j 3
2
; λi are the Clebsch-Gordan coefficients

in the decomposition (2.1) in the standard notation. The ϵμp;l
and up;s

2
are normalized solutions of massive spin-1 and

spin-1=2 fields equations. Explicit expressions of the
decomposition can be found in [15–17]. Using the identity

ϵμνρσγ5γσ ¼ −iγ½μνρ�; ð2:7Þ

the Lagrangian (2.5) can be written as

L ¼ 1

2
ψ̄μði=∂ −m3=2Þψμ −

i
2
ψ̄μðγμ∂ν þ γν∂μÞψν

þ i
2
ψ̄μγ

μ=∂γνψν þ
1

2
m3=2ψ̄μγ

μγνψν: ð2:8Þ

The symmetric stress tensor can be derived as

Tαβ ¼
ecα
2e

δðeLÞ
δeβc

þ ðα ↔ βÞ

¼ i
4
ψ̄μγðα∂βÞψμ −

i
4
ψ̄μγðα∂μψβÞ þ H:c:; ð2:9Þ

where in the last step we used the equations of motion and
constraints (2.2)–(2.4) to eliminate irrelevant terms. The
Majorana spin-3=2 fields are quantized,

ψμðx;tÞ¼
X

λ¼�3
2
;�1

2

Z
dp

ð2πÞ3e
−ip·x

n
âp;λψ̃

μ
p;λðtÞþâ†−p;λψ̃

μC
p;λðtÞ

o
;

ð2:10Þ

where the annihilation and creation operators are time
independent and satisfy

n
âp;λ; â

†
p0;λ0

o
¼ ð2πÞ3δλ;λ0δð3Þðp − p0Þ: ð2:11Þ

III. GRAVITATIONAL WAVE PRODUCTION

Here, we compute the spectrum of energy density of
gravitational waves produced by a gas of spin-3=2 states.
We consider wavelengths in the subhorizon limit; the
effects of curvature and torsion can be neglected.
The gravitational waves can be described as linear tensor

perturbations, here in the transverse-traceless (TT) gauge,
of the Friedman-Robertson-Walker (FRW) metric,

ds2 ¼ a2ðτÞ½−dτ2 þ ðδij þ hijÞdxidxj�; ð3:1Þ

where τ is the conformal time. The linear perturbation
part of Einstein equations leads to the gravitational wave
equations of motion,

ḧij þ 2H _hij −∇hij ¼ 16πGΠTT
ij ; ð3:2Þ

where the dot (·) stands for the derivative with respect to the
conformal time τ,H ¼ _a

a is then the comoving Hubble rate,
and ΠTT

ij is the TT part of the anisotropic stress tensor.
In order to avoid manipulating the nonlocal projection
operator in configuration space, we perform a Fourier
transform of the stress tensor Tμν in terms of comoving
wave number k. Then −∇ gives k2 ¼ jkj2 and we can write
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ΠTT
ij ðk; tÞ ¼ Λij;lmðk̂ÞðTlmðk; tÞ − PglmÞ; ð3:3Þ

where P is the background pressure and Λij;lm is the TT
projection tensor,

Λij;lmðk̂Þ≡ Pilðk̂ÞPjmðk̂Þ −
1

2
Pijðk̂ÞPlmðk̂Þ;

Pijðk̂Þ ¼ δij − k̂ik̂j: ð3:4Þ

We assume the stochastic gravitational background to be
isotropic, stationary, and Gaussian, therefore completely
specified by its power spectrum. For the subhorizon modes
k ≫ H, the spectrum of energy density per logarithmic
frequency interval can be written as [10]

dρGW
d log k

ðk; tÞ ¼ 2Gk3

πa4ðtÞ
Z

t

tI

dt0
Z

t

tI

dt00aðt0Þaðt00Þ

× cos½kðt0 − t00Þ�Π2ðk; t0; t00Þ; ð3:5Þ

where Π2ðk; t0; t00Þ is the unequal-time correlator of ΠTT
ij

defined as

hΠTT
ij ðk; tÞΠTTijðk0; t0Þi≡ ð2πÞ3Π2ðk; t; t0Þδð3Þðk − k0Þ;

ð3:6Þ

and h…i denotes ensemble average.
To make Eq. (3.5) from massive particles nonzero, we

expect the time dependence of the wave function to vary
nonadiabatically with frequencies which we discuss in the
next section. We restrict to a situation where m3=2 ≫ H in
which case we can use flat limit quantization. We choose
to parametrize the time dependence by writing the spinor
wave functions as functions of time while keeping the
vector polarizations ϵμp;l constant,

ψ̃μ
p;λðtÞ ¼

X
s¼�1;l¼�1;0

�
1;
1

2
; l;

s
2

���� 32 ; λ
�
ϵμp;lu

ðjλjÞ
p;s

2
ðtÞ; ð3:7Þ

where we defined

uðjλjÞT
p;s

2
ðtÞ ¼

�
uðjλjÞp;þ ðtÞχTs ðpÞ; suðjλjÞp;− ðtÞχTs ðpÞ

�
; ð3:8Þ

expressed in terms of the (scalar) wave function uðjλjÞp;� ðtÞ and
the two-component normalized eigenvectors χsðpÞ of the
helicity operator.
We first consider the Hamiltonian of the fields, which

is the space integral of the T00 component of the stress
tensor (2.9),

HðtÞ ¼
Z

dxT00ðx; tÞ

¼
Z

dx
i
4
ψ̄μðx; tÞγ0∂tψ

μðx; tÞ þ H:c:

¼
Z

dx
i
4
ψ̄ ð1

2
Þðx; tÞγ0∂tψ

ð1
2
Þðx; tÞ

þ i
4
ψ̄ ð3

2
Þðx; tÞγ0∂tψ

ð3
2
Þðx; tÞ þ H:c:; ð3:9Þ

where in the second line the second term of Eq. (2.9)
vanishes since we can do the integral by part leading to the
constraint Eq. (2.4). In the last line, we used the property
ϵμp;lϵ

�
μp;l0 ¼ δl;l0 and χ

†
sðpÞχs0 ðpÞ ¼ δs;s0 . The two spinors are

defined as

ψ ðjλjÞðx; tÞ

¼
X
s¼�1

Z
dp

ð2πÞ3 e
−ip·x

n
âp;λu

ðjλjÞ
p;s

2
ðtÞ þ â†−p;λv

ðjλjÞ
p;s

2
ðtÞ

o
:

ð3:10Þ
Substituting Eq. (3.10) into Eq. (3.9) does not give a
diagonal form in terms of annihilation and creation oper-
ators. Thus we need to do the Bogoliubov transformation

ˆ̃ap;λðtÞ ¼ αðjλjÞp ðtÞâp;λ þ βðjλjÞp ðtÞâ†−p;λ;
to make the Hamiltonian (3.9) diagonal,

HðtÞ ¼
Z

dp
ð2πÞ3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

3=2 þ p2
q X

λ¼�1
2
;�3

2

ˆ̃a†p;λðtÞ ˆ̃ap;λðtÞ; ð3:11Þ

where p ¼ jpj and αðjλjÞp ðtÞ, βðjλjÞp ðtÞ are complex numbers

satisfying jαðjλjÞp ðtÞj2 þ jβðjλjÞp ðtÞj2 ¼ 1. In the Heisenberg
picture, the expectation value is defined by projecting the
time-dependent operator on the initial vacuum j0i that

corresponds to vanishing number density. Using nðλÞp ðtÞ ¼
ˆ̃a†p;λðtÞ ˆ̃ap;λðtÞ leads to the occupation number

h0jnðλÞp ðtÞj0i ¼ jβðjλjÞp ðtÞj2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

3=2 þ p2
q

− pRe
�
uðjλjÞ�p;þ ðtÞuðjλjÞp;− ðtÞ

�
−m3=2

�
1−

���uðjλjÞp;þ ðtÞ
���2�

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

3=2 þ p2
q : ð3:12Þ
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We also get a time-dependent physical vacuum satisfying

ˆ̃ap;λðtÞj0ti ¼ 0: ð3:13Þ

We next consider the sources of the gravitational waves. Plugging the mode decomposition (2.10) into Eq. (3.3) leads to

ΠTT
ij ðk; tÞ ¼

1

4
Λij;lm

Z
dp

ð2πÞ3 fΠ̂
lmðp; tÞ þ H:c:g; ð3:14Þ

where k is the momentum mode of the gravitational wave and

Π̂lmðp; tÞ ¼
h
â−p;λ ¯̃ψ

μC
p;λ þ â†p;λ ¯̃ψ

μ
p;λ

i
γðl∂mÞ

h
âpþk;λ0 ψ̃μpþk;λ0 þ â†−p−k;λ0 ψ̃

C
μpþk;λ0

i

−
h
â−p;λ ¯̃ψ

μC
p;λ þ â†p;λ ¯̃ψ

μ
p;λ

i
γððl∂μ

h
âpþk;λ0 ψ̃

mÞ
pþk;λ0 þ â†−p−k;λ0 ψ̃

mÞC
pþk;λ0

i
: ð3:15Þ

Notice that (3.4) implies that Λij;lmkl ¼ Λij;lmkm ¼ 0,
which removes the linear k dependence from ∂m in the first
line of Eq. (3.15), similar to the case of scalars or spin-1=2
fermions [11]. However, in the second line of Eq. (3.15), ∂μ

leads to nonvanishing kμ contracting with ϵμp;m, which is an
important property of spin-3=2 gases.
The annihilation and creation operators lead to 24 ¼ 16

combinations among which only one contributes to non-
trivial results,

h0jâ−p;λâkþp;κâ
†
q;λ0 â

†
k0−q;κ0 j0i

¼ ð2πÞ6δð3Þðk − k0Þfδð3Þðkþ p − qÞδλ;κ0δκ;λ0
− δð3Þðpþ qÞδλ;λ0δκ;κ0g: ð3:16Þ

The two terms inside the brackets in (3.16) come from the
Majorana nature, assumed for the spin-3=2 fields, and lead
to the same results.
It is convenient to define

p0 ¼ pþ k: ð3:17Þ

We now turn to the unequal-time correlator and write it
in terms of 4-spinors,

Π2ðk; t; t0Þ ¼ 2

Z
dp

ð2πÞ3
h
v̄ðjλjÞp;s

2
ðtÞΔλs;λ0s0

ij ðtÞuðjλ0jÞ
p0;s0

2

ðtÞ
i

×
h
ūðjλ0jÞ
p0;r0

2

ðt0ÞΔλr;λ0r0
ij ðt0Þ�vðjλjÞp;r

2
ðt0Þ

i
; ð3:18Þ

where vðjλjÞp;r
2
¼ iγ0γ2ūjλjT

p;r
2
and

Δλs;λ0s0
ij ðtÞ ¼ 1

4
Λij;lm

�
1;
1

2
; r;

s
2

���� 32 ; λ
��

1;
1

2
; r0;

s0

2

���� 32 ; λ0
�

×
n
2ϵμp;rϵ

μ
p0;r0p

ðlγmÞ − ϵμp;rp0μϵðlp0;r0γ
mÞ

− ϵμp0;r0pμϵðlp;rγmÞ
o
: ð3:19Þ

We separate the calculation into two parts, λ; λ0 ¼ � 3
2

and λ; λ0 ¼ � 1
2
, since the gravitational waves considered

are produced mainly by relativistic states and the different
helicity states in general are produced differently (see, e.g.,
for gravitinos [18,19]).
We first consider the case of λ; λ0 ¼ � 3

2
. Such a restric-

tion can be thought as working in the massless limit for the
spin-3=2 state. For a gravitino, this is the high energy limit
before the spontaneous breaking of supersymmetry. The
mode decomposition (3.7) reads

ψ̃μ
p;�3

2

ðtÞ ¼ ϵμp;�1u
ð3=2Þ
p;�1

2

ðtÞ: ð3:20Þ

We calculate the corresponding unequal-time correlator
(3.18),

Π2
3
2

ðk; t; t0Þ

¼ 1

32π2

Z
dpdθKð3

2
Þðp; k; θ; m3=2ÞWð3

2
Þ

k;pðtÞWð3
2
Þ�

k;p ðt0Þ;

ð3:21Þ

where θðθ0Þ is the angle between k and pðp0Þ and

Kð3
2
Þðp;k;θ;m3=2Þ ¼ p2k2f5sin3θsin2θ0 þ sin2ðθ− θ0Þ sinθg

þ 4p4sin4θ sinθ0: ð3:22Þ

There is no final dependence on p0 and θ0 as these are
expressed before integration as functions of p, k, and θ,

p0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ k2 þ 2kp cos θ

q
;

θ0 ¼ arccos

�
p cos θ þ kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ k2 þ 2kp cos θ
p

�
: ð3:23Þ

We also defined
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WðjλjÞ
k;p ðtÞ ¼ uðjλjÞp;þ ðtÞuðjλjÞp0;þðtÞ − uðjλjÞp;− ðtÞuðjλjÞp0;−ðtÞ ð3:24Þ

to isolate kinematical factors from parts containing the
wave functions.
An important step before extracting a quantitative result

is to remove the ultraviolet divergence in the momentum
integral of the unequal-time correlator (3.21). The regu-
larized operator is built from the nonregularized one by
subtracting the zero point fluctuations. Since at each time t
the physical vacuum is different, we should use the time-
dependent vacuum defined in Eq. (3.13),

hOðtÞireg ≡ h0jOðtÞj0i − h0tjOðtÞj0ti
¼ h0jOðtÞ − ÕðtÞj0i: ð3:25Þ

In the second line, we introduced an operator ÕðtÞ in which
all the fields are defined after Bogoliubov transformations.
We follow [11] where it was proposed, for an operator
formed by products of several bilinear spinor fields, that the
regularized operator can be written by simply dressing the
wave functions by the occupation number,

ũðjλjÞp;� ¼
ffiffiffi
2

p ���βðjλjÞp

���uðjλjÞp;� : ð3:26Þ

Through the use of the regularized wave functions,

W̃ðjλjÞ
k;p ðtÞ ¼ 2

���βðjλjÞp ðtÞ
������βðjλjÞp0 ðtÞ

���nuðjλjÞp;þ ðtÞuðjλjÞp0;þðtÞ

− uðjλjÞp;− ðtÞuðjλjÞp0;−ðtÞ
o
; ð3:27Þ

we get an effective ultraviolet cutoff as particles are not
excited when occupation numbers vanish.
For λ ¼ � 1

2
, the mode decomposition (3.7) is more

involved,

ψ̃μ
p;�1

2

ðtÞ ¼
ffiffiffi
2

3

r
ϵμp;0u

ð1
2
Þ

p;�1
2

ðtÞ þ
ffiffiffi
1

3

r
ϵμp;�1u

ð1
2
Þ

p;∓1
2

ðtÞ: ð3:28Þ

Since both ϵμp;0 and ϵμp;�1 appear, we have 2
4 ¼ 16 helicity

combinations in the four-point correlation functions. In the
relativistic limit p ≫ m3=2, one could expand ϵμp;0,

ϵμp;0 ¼
1

m3=2

�
p;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

3=2

q
p̂
�

¼ pμ

m3=2
þm3=2

2p
ð−1; p̂Þ þO

�
m2

3=2

p2

�
: ð3:29Þ

Thus, in the relativistic regime, we expect the leading order
result to be obtained by replacing ϵμp;0 →

pμ

m3=2
. However,

correlators with the four ϵμp;0 inside Eq. (3.18) replaced by
pμ

m3=2
vanish. The dominant contribution comes then from

terms in Eq. (3.18) where two of the four ϵμp;r are ϵ
μ
p;0. There

are ð4
2
Þ ¼ 6 such helicity combinations in all, which lead to

Π2
1
2

ðk; t; t0Þ ≃ 1

2π2

Z
p;p0≫m3=2

dpdθKð1
2
Þðp; k; θ; m3=2Þ

× W̃
ð1
2
Þ

k;pðtÞW̃ð1
2
Þ�

k;p ðt0Þ: ð3:30Þ

Here, we defined

Kð1
2
Þðp; k; θ; m3=2Þ ¼

1

36m2
3=2

p4p02 sin θfðcos θ − cos θ0Þ2

þ 4sin4
�
θ − θ0

2

�
ð1þ sin θ sin θ0Þ

þ 8sin2
�
θ − θ0

2

�
sin2θsin2θ0g þ � � � ;

ð3:31Þ

where we omit the terms subleading and proportional to
m3=2 in � � �.
Note that the factors p2=m2

3=2 are those expected for
longitudinal modes following the equivalence theorem.
The integral in Eq. (3.30) has only contributions from
the relativistic regime where the equivalence theorem for
spin-3=2 massive states shows that the couplings of their
helicity-1=2 components are enhanced with respect to the
helicity-3=2 ones [20–22] by factors of p=m3=2. We expect
the helicity-1=2 components to produce stronger gravita-
tional wave signals. One can compare Kð1

2
Þ (3.31) to Kð3

2
Þ

(3.22) and the dependence for spin-1=2 fermions. The latter
was found in [11] to scale like p4 sin3 θ.
It may be easier to understand the equivalence theorem

when the spin-3=2, here the gravitino, acquires a mass
through a super-Higgs mechanism. Imposing cancellation
of the vacuum energy allows one to identify the scale of

supersymmetry breaking as
ffiffiffiffi
F

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

p
m3=2MPl

q
. The

power law behavior is then valid for momenta in the range

m3=2 ≪ p ≪
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

p
m3=2MPl

q
. Discussion of the necessity of

this UV cutoff using a bottom-up approach for massive
Rarita-Schwinger fields minimally coupled to gravity
can also be found for example in[14]. Therefore, in our
computation the maximum energy scale for p and p0,
which corresponds to the vanishing occupation number
through the regularization process Eq. (3.27), is required to
be below this cutoff. Indeed, in the example of the next
section, we would see that the nonadiabatic production of
fermions forms a Fermi sphere whose radius kF is related to
the mass of the scalar field source, and thus to the symmetry
breaking scale.
Finally, we plug (3.30) into the subhorizon spectrum

(3.5). Taking into account the background evolution, we get
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dρGW
d log k

ðk; tÞ ≃ Gk3

π3a4ðtÞ
Z

dpdθKð1
2
Þðp; k; θ; m3=2Þ

× fjIcðk; p; θ; tÞj2 þ jIsðk; p; θ; tÞj2g;
ð3:32Þ

where

Icðk; p; θ; tÞ ¼
Z

t

ti

dt0

aðt0Þ cosðkt
0ÞW̃ð1

2
Þ

k;pðt0Þ;

Isðk; p; θ; tÞ ¼
Z

t

ti

dt0

aðt0Þ sinðkt
0ÞW̃ð1

2
Þ

k;pðt0Þ ð3:33Þ

parametrize the spectrum of helicity-1=2 component.
Then, (3.32) is the master equation for gravitational waves
produced from nonadiabatic spin-3=2 gases.

IV. SPIN-3=2 STATE PRODUCED DURING
PREHEATIG AND GRAVITATIONAL

WAVE SPECTRUM

The knowledge of the wave functions uðjλjÞp;� is necessary
in order to extract quantitative results for the expected
gravitational waves spectrum. We consider here the
production of gravitinos during preheating in order to
illustrate our results through a simple but explicit toy
model example.
Processes that produce gravitinos in the early Universe

can be separated in two classes: thermal and nonthermal.
Unless they are more massive than the reheat temperature,
gravitinos can always be thermally produced in scattering
of the particles in the thermal bath [23]. A nonthermal case
is provided for example when gravitinos are produced
during preheating by the conversion of the energy stored in
the coherently oscillating scalar field. As this process is
nonadiabatic, it provides a possible framework for pro-
duction of gravitational waves. For our purpose, we
consider the case where supersymmetry breaking by the
F terms always dominates the one from the inflaton (i.e.,
the curvature). This ensures that H ≪ m3=2, which allows
one to neglect curvature when discussing the production of
gravitational waves as we have assumed in the previous
section.
We consider the case of generation of gravitational

waves by longitudinal modes of gravitinos. In a FRW
background, the corresponding equations of motion can be
written in the form [18,19]

½iγ0∂0 − am3=2 þ ðAþ iBγ0Þp · γ�
�
uþ
u−

�
¼ 0; ð4:1Þ

where we have omitted the label 1
2
and a is the conformal

factor in (3.1). The functions A and B satisfy A2 þ B2 ¼ 1.

As the initial condition, uðjλjÞp;� satisfies the vanishing
occupation number condition in Eq. (3.12). Since the wave
function is isotropic, without losing generality, we take the
momentum p to lie along the z direction. Following [19],
we define

Aþ iB ¼ exp

�
2i
Z

θðtÞdt
�
; and

fðtÞ� ¼ exp

�
∓ i

Z
θðtÞdt

�
u�; ð4:2Þ

and the equation of motion (4.1) becomes

f̈� þ ½p2 þ ðθ þm3=2aÞ2 � ið_θ þ _m3=2aÞ�f� ¼ 0: ð4:3Þ

A simple example for the production of longitudinal
modes from the oscillation of a scalar field is the Polonyi
model studied in [24]. The corresponding Kähler potential
and superpotential were chosen to be

K ¼ jzj2 − jzj4
Λ2

; ð4:4Þ

W ¼ μ2zþW0; ð4:5Þ

where z is the Polonyi field. An estimate of the mass order
near the minimum is

m3=2 ≃
μ2ffiffiffi
3

p
M2

Pl

≃
W0

M2
Pl

; mz ≃ 2
ffiffiffi
3

p m3=2MPl

Λ
: ð4:6Þ

Here ≃ means, in particular, that we neglect the higher
order terms suppressed by MPl and tune the cosmological
constant to almost 0. Requiring Λ ≪ MPl leads to
mz ≫ m3=2. It is also assumed that the F term of z does
not contribute to the Hubble expansion but is large enough
to lead to a gravitino mass that satisfies

H ≪ m3=2 ≪ mz; ð4:7Þ

in agreement with previous section assumptions; in par-
ticular, the background curvature can be neglected and
we can use the flat space quantization. It was shown
in [24], even in this limit, that the Polonyi model contains a
nontrivial source term θðtÞ in Eq. (4.3) to produce helicity-
1=2 gravitino,

θðtÞ ¼ −
am2

zδz

2
ffiffiffi
3

p
m3=2MPl

¼ −
am2

zδz
2F

; ð4:8Þ

where δz ¼ z − z0 is the displacement of z from its value z0
at the minimum of the scalar potential and F ¼ ffiffiffi

3
p

m3=2MPl

is the supersymmetry breaking scale.
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In order to estimate the production of longitudinal modes
of the gravitino, we need their couplings to δz. This is
contained in the corresponding equation of motion (4.3),

f̈� þ


k2 þ

�
am3=2 −

am2
zδz

2F

�
2 ∓ i

am2
z
_δz

2F

�
f� ¼ 0:

ð4:9Þ
We can see that (4.9) for helicity-1=2 gravitino resembles
the form of that of spin-1=2 fermions produced non-
adiabatically from Yukawa coupling with a coherently
oscillating scalar in the quadratic potential. Thus one
expects the spectrum of helicity-1=2 gravitino and
Eq. (3.33) in this model to be similar to the spin-1=2
fermion cases considered in [11]. The effective Yukawa
coupling ỹ, required to be smaller than 1 by unitarity, reads

ỹ ¼ m2
z

2F
: ð4:10Þ

According to [25], the fermion production in this case is
expected to fill up a Fermi sphere with comoving radius,

kF ∼ ða=aIÞ1=4q1=4mz; q≡ ỹ2z2I
m2

z
; ð4:11Þ

where q is the resonance parameter and zI is the initial
vacuum expectation value (i.e., where inflation ends) of the
Polonyi field. Outside the Fermi sphere, the occupation
number decreases exponentially. Thus one can expect that
the peak of the gravitational wave spectrum corresponds to
the radius of Fermi sphere kp ∼ kF, which in the present
leads to the characteristic frequency,

fp ≃ 6 × 1010ỹ
1
2 Hz: ð4:12Þ

One can see from above and Eq. (4.10) that the validity of
the effective field theory requires the frequency to be below
1010 Hz. The amplitude at the peak of the gravitational
wave spectrum can also be estimated by taking the result of
a spin 1=2 field and multiplying it by the enhancement
factor ð kF

m3=2
Þ2,

h2ΩGWðfpÞ ≃ 2.5 × 10−12
�

m2
z

zIMPl

�
2
�
a�
aI

�1
2

q
3
2

�
kF
m3=2

�
2

¼ 3 × 10−11ỹ6
�
zI
mz

�
2
�
a�
aI

�

≃ 3 × 10−10
�

fp
6 × 1010 Hz

�
12
�
zI
mz

�
2

; ð4:13Þ

where aI and a� are the scale factor at initial time and the
end of gravitational wave production. We assumed an order
10 increase for scale factor in the last line. The relation
between the amplitude and the peak frequency is shown in
Fig. 1. If we take zI ¼ 10−3MPl; mz ¼ 1010 GeV, we get

that the amplitude at peak frequency 3 × 109 Hz is
7.3 × 10−16. For a peak appearing at lower frequency,
the amplitude is too small to be observed due to the power
12 in Eq. (4.13). For very large value of zI

mz
, one can

consider that the low frequency tail gets enhanced enough
to become observable at lower frequency detector.
Near the peak, the dominant part of Kð1

2
Þ (3.31) scales as

p4 k2

m2
3=2
, which makes the spectrum (3.32) go as k5. In the

lower frequency, the spectrum becomes k3, thus scaling
again like the spin 1=2. These two different scaling
behaviors are a feature of gravitational wave spectrum
produced from spin-3=2 particles, which is quite model
independent due to the presence of a filled-up Fermi sphere.

V. CONCLUSION

The gravitational wave signals from spin-3=2 fermions
are especially interesting since the latter are the only
missing piece in the nature with spin between 0 and 2.
Moreover, their presence can be a smoking gun for
supersymmetry playing a role in the early Universe. The
nonadiabatic production of helicity-1=2 gravitino takes the
similar form as spin-1=2 fermions nonadiabatically pro-
duced from coherently oscillating scalars with quadratic
potential. Thus it fills up a Fermi sphere in the occupation
number. The corresponding comoving radius governs the
position of the peak frequency of the gravitational waves.
Their spectrum has two main differences compared to the
one from spin-1=2 fermions. First is that the order of

the amplitude gets enhanced by a factor of k2F
m2

3=2
. Second, the

stress tensor of spin-3=2 state contains a term proportional
to the gravitational wave mode k, while for scalars and
spin-1=2 fermions, the k dependence is projected out by
the projector Λij;lmðkÞ on traceless-transverse modes. Thus
one could expect a k5 dependence for the gravitational
wave spectrum near the peak. The observed window for the
gravitational wave, like most preheating scenarios, lies at
very high frequency, around 109 Hz in our simple example,

1 × 108 5 × 108 1 × 109 5 × 109 1 × 1010
fp (Hz)10�29

10�24

10�19

10�14

10�9

h Ω2
GW

zI
mz

1014

1011

108

105

102

FIG. 1. The peak amplitude of gravitational wave according to
Eq. (4.13).
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which calls for the design of new experiments like [6].
We leave for future work investigating further examples.
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