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An SOð5Þ × Uð1Þ × SUð3Þ gauge-Higgs unification model inspired by SOð11Þ gauge-Higgs grand
unification is constructed in the Randall-Sundrum warped space. The 4D Higgs boson is identified with the
Aharonov-Bohm phase in the fifth dimension. Fermion multiplets are introduced in the bulk in the spinor,
vector and singlet representations of SOð5Þ such that they are implemented in the spinor and vector
representations of SOð11Þ. The mass spectrum of quarks and leptons in three generations is reproduced
except for the down-quark mass. The small neutrino masses are explained by the gauge-Higgs seesaw
mechanism which takes the same form as in the inverse seesaw mechanism in grand unified theories in four
dimensions.
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I. INTRODUCTION

The existence of the Higgs boson of a mass 125 GeV has
been firmly established at the LHC [1]. It supports the
unification scenario of electromagnetic and weak forces. So
far almost all of the experimental results and observations
have been consistent with the standard model (SM) based
on the gauge group GSM ¼ SUð3ÞC × SUð2ÞL ×Uð1ÞY .
Yet it is not clear whether or not the observed Higgs
boson is precisely what the SM assumes. All of the Higgs
couplings to other fields and to itself need to be determined
with better accuracy. Furthermore, the SM is afflicted with
the gauge hierarchy problem which becomes apparent
when the model is generalized to incorporate grand uni-
fication. The fundamental problem is the lack of a principle
which regulates the Higgs sector, quite in contrast to the
gauge sector which is controlled by the gauge principle.
There have been several attempts to overcome these

difficulties. Supersymmetric theory is one of them which
has been extensively investigated. An alternative approach
is gauge-Higgs unification in which the Higgs boson is
identified with the zero mode of the fifth-dimensional
component of the gauge potential. It appears as a fluc-
tuation mode of the Aharonov-Bohm (AB) phase θH in the

fifth dimension [2–7]. Already a realistic gauge-Higgs
unification (GHU) model has been constructed. It is the
SOð5Þ × Uð1ÞX gauge theory in the Randall-Sundrum (RS)
warped space with quark and lepton multiplets in the vector
representation of SOð5Þ [8–16]. It has been shown that the
SOð5Þ × Uð1ÞX GHU yields nearly the same phenomenol-
ogy at low energies as the SM. Deviations of the gauge
couplings of quarks and leptons from the SM values are
less than 10−3 for θH ∼ 0.1. Higgs couplings of quarks,
leptons, W, and Z are approximately the SM values times
cos θH, the deviation being about 1%. The Kaluza-Klein
(KK) mass scale is about mKK ∼ 8 TeV for θH ∼ 0.1.
Implications of GHU to dark matter and Majorana neutrino
masses are also under intensive study [17–21].
The model predicts Z0 bosons, which are the first KK

modes of γ, Z, and ZR [SUð2ÞR gauge boson], in the
7–9 TeV range for θH ¼ 0.1–0.07. They have broad widths
and can be produced at 14 TeV LHC [12,13]. The current
nonobservation of Z0 signals puts the limit θH < 0.11.
Right-handed quarks and charged leptons have rather large
couplings to Z0. It has been pointed out recently that the
interference effects of Z0 bosons can be clearly observed at
a 250 GeV eþe− linear collider (ILC)[14,16]. For instance,
in the process eþe− → μþμ− the deviation from the SM
amounts to −4% with the electron beam polarized in the
right-handed mode by 80% (Pe− ¼ 0.8) for θH ∼ 0.09,
whereas there appears negligible deviation with the
electron beam polarized in the left-handed mode by
80% (Pe− ¼ −0.8). In the forward-backward asymmetry
AFBðμþμ−Þ, the deviation from the SM becomes −2% for
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Pe− ¼ 0.8. These deviations can be seen at 250 GeV ILC
with 250 fb−1 data, namely in the early stage of the ILC
project [22–24].
At this point one may pause to ask a question. Is there an

alternative way of introducing quark-lepton multiplets in
the SOð5Þ ×Uð1ÞX × SUð3ÞC GHU? A different choice
may lead to different predictions for the Z0 couplings.
In this paper we present an alternativeway of introducing

fermions in the SOð5Þ ×Uð1ÞX × SUð3ÞC GHU based on
the compatibility with the grand unification of forces. Many
gauge-Higgs grand unification models have been proposed
[25–30]. Among them the SOð11Þ GHU generalizes the
gauge structure of the previous SOð5Þ ×Uð1ÞX × SUð3ÞC
model, yielding the 4D Higgs boson as an AB phase
[31–36]. Fermions are introduced in the spinor and vector
representations of SOð11Þ. The current SOð11Þ GHU
models in either 5D or 6D warped space are not completely
satisfactory, however. The models yield exotic light fer-
mions in addition to quarks and leptons at low energies.
In the framework of grand unification, the representation

in an SOð5Þ and Uð1ÞX charge are not independent. Only
certain combinations are allowed. For instance, fields with
quantum numbers of up-type quarks are contained in an
SOð11Þ spinor, but not in an SOð11Þ vector. This fact
immediately implies that the fermion content in the
previous SOð5Þ ×Uð1ÞX × SUð3ÞC model, in which all
quark multiplets are introduced in the vector representation
of SOð5Þ, needs to be modified to be consistent with the
SOð11Þ unification. The purpose of the present paper is to
formulate an SOð5Þ ×Uð1ÞX × SUð3ÞC GHU which is
compatible with the SOð11Þ GHU scheme. Models must
yield phenomenology of the SM at low energies. In
particular, the mass spectrum and gauge couplings of
quarks and leptons need to be reproduced within exper-
imental errors.
In Sec. II we review the general structure of the group

SOð11Þwhich is necessary to construct a model compatible
with gauge-Higgs grand unification. A new model of
SOð5Þ × Uð1ÞX × SUð3ÞC GHU is introduced in Sec. III.
In Sec. IV the mass spectrum of gauge fields is determined.
In Sec. V the mass spectra of various fermion fields are
determined. Brane interactions become important for
down-type quarks and neutral leptons. W couplings of
quarks and leptons are also evaluated. Section VI is devoted
to summary and discussions. Appendix A summarizes
generators of SOð5Þ. Basis mode functions in the RS
space are summarized in Appendix B. In Appendix B 3
mode functions for massive fermion fields are given. In
Appendix C notation for Majorana fermions is summa-
rized. In Appendix D the mass spectra and wave functions
of additional dark fermion fields are derived.

II. STRUCTURE OF SOð11Þ
We would like to formulate SOð5Þ ×Uð1ÞX × SUð3ÞC

GHU inspired from SOð11Þ GHU. For that purpose it is

useful to review branching rules of SOð11Þ to its sub-
groups. We check them for SOð11Þ singlet, vector, spinor,
and adjoint representations 1, 11, 32, 55. All the necessary
information is found in Ref. [37]. First we note

SOð11Þ ⊃ SOð6ÞC × SOð5ÞW ≃ SUð4ÞC ×USpð4ÞW
⊃ SUð3ÞC ×Uð1ÞX × SUð2ÞL × SUð2ÞR
⊃ SUð3ÞC × SUð2ÞL ×Uð1ÞY ×Uð1ÞZ: ð2:1Þ

Here Uð1ÞX represents Uð1Þ in SOð6ÞC ≃ SUð4ÞC ⊃
SUð3ÞC ×Uð1ÞX, whereas Uð1ÞZ represents Uð1Þ in
SOð10Þ ⊃ SUð5Þ ×Uð1ÞZ.
The branching rules of SOð11Þ ⊃ SOð6ÞC ×

SOð5ÞWð≃SUð4ÞC ×USpð4ÞWÞ are given by

1 ¼ ð1; 1Þ;
11 ¼ ð6; 1Þ ⊕ ð1; 5Þ;
32 ¼ ð4; 4Þ ⊕ ð4̄; 4Þ;
55 ¼ ð15; 1Þ ⊕ ð6; 5Þ ⊕ ð1; 10Þ: ð2:2Þ

The branching rules of SOð6ÞC≃SUð4ÞC⊃SUð3ÞC×Uð1ÞX
are given by

1 ¼ ð1Þ0;
4 ¼ ð3Þ1

6
⊕ ð1Þ−1

2
;

4̄ ¼ ð3̄Þ−1
6
⊕ ð1Þ1

2
;

6 ¼ ð3Þ−1
3
⊕ ð3̄Þ1

3
;

15 ¼ ð8Þ0 ⊕ ð3Þ2
3
⊕ ð3̄Þ−2

3
⊕ ð1Þ0: ð2:3Þ

Here the subscript represents the Uð1ÞX charge QX. For
later use, QX has been normalized such that the electric
charge QEM is given by QEM ¼ TL

3 þ TR
3 þQX, where TL

a

and TR
a (a ¼ 1, 2, 3) are generators of SUð2ÞL and SUð2ÞR.

From the branching rules (2.2) and (2.3), one obtains the
branching rules of SOð11Þ⊃SUð3ÞC×SOð5ÞW×Uð1ÞX as

1 ¼ ð1; 1Þ0;
11 ¼ ð3; 1Þ−1

3
⊕ ð3̄; 1Þ1

3
⊕ ð1; 5Þ0;

32 ¼ ð3; 4Þ1
6
⊕ ð1; 4Þ−1

2
⊕ ð3̄; 4Þ−1

6
⊕ ð1; 4Þ1

2
;

55 ¼ ð8; 1Þ0 ⊕ ð3; 1Þ2
3
⊕ ð3̄; 1Þ−2

3
⊕ ð1; 1Þ0 ⊕ ð3; 5Þ−1

3

⊕ ð3̄; 5Þ1
3
⊕ ð1; 10Þ0: ð2:4Þ

The branching rules of SOð5ÞW ≃USpð4Þ ⊃ SUð2ÞL ×
SUð2ÞR are given by
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1 ¼ ð1; 1Þ;
4 ¼ ð2; 1Þ ⊕ ð1; 2Þ;
5 ¼ ð2; 2Þ ⊕ ð1; 1Þ;

10 ¼ ð3; 1Þ ⊕ ð2; 2Þ ⊕ ð1; 3Þ: ð2:5Þ

(For more information, see Table 471 in Ref. [37].)
It has been shown [35,36] that in 6D SOð11Þ gauge-

Higgs grand unification in the hybrid warped space 4D SM
chiral fermions and other vectorlike fermions can be
extracted from 6D Weyl fermions without 6D and 4D
gauge anomalies. With appropriate boundary conditions
imposed, only ð3; 4Þ1

6
⊕ ð1; 4Þ−1

2
of SUð3ÞC × SOð5ÞW ×

Uð1ÞX have zero modes of 6D SOð11Þ 32 Weyl fermions.
Also, only either ð1; 5Þ0 or ð3; 1Þ−1

3
⊕ ð3̄; 1Þ1

3
have zero

modes of 6D SOð11Þ 11 Weyl fermions.
The gauge symmetry breaking takes place in three steps:

SUð3ÞC × SOð5ÞW ×Uð1ÞX
⟶
BCs

SUð3ÞC × SUð2ÞL × SUð2ÞR ×Uð1ÞX
⟶

hΦð1;4Þ1=2 i≠0
SUð3ÞC × SUð2ÞL ×Uð1ÞY ¼ GSM

⟶
θH≠0

SUð3ÞC ×Uð1ÞEM: ð2:6Þ

In the first step SOð5ÞW is broken to SOð4Þ ≃ SUð2ÞL ×
SUð2ÞR by orbifold boundary conditions. In the second
step SUð2ÞR ×Uð1ÞX is spontaneously broken to Uð1ÞY by
the nonvanishing vacuum expectation value (VEV) of a
brane scalar field Φð1;4Þ1=2 . In the third step SUð2ÞL ×
Uð1ÞY is broken to Uð1ÞEM by the Hosotani mechanism
θH ≠ 0. At the moment we need to introduce an elementary
brane scalar field Φð1;4Þ1=2 on the UV brane, which is not
completely in harmony with the philosophy of gauge-Higgs
unification. The Φð1;4Þ1=2 field not only reduces the gauge
symmetry to GSM in the second step in (2.6), but also plays
a crucial role in realizing the mass spectrum of quarks and
leptons through brane interactions. The origin of the brane
scalar field remains to be clarified.

III. SUð3ÞC × SOð5ÞW × Uð1ÞX GHU: NEW MODEL

A new model of SUð3ÞC × SOð5ÞW ×Uð1ÞX GHU is
defined in the Randall-Sundrum warped space. The con-
struction is guided by the SOð11Þ gauge-Higgs grand
unified model [31–36]. The metric gMN of the RS warped
space [38] is given by

ds2 ¼ gMNdxMdxN ¼ e−2σðyÞημνdxμdxν þ dy2; ð3:1Þ

where M, N ¼ 0, 1, 2, 3, 5; μ, ν ¼ 0, 1, 2, 3; y ¼ x5;
ημν ¼ diagð−1;þ1;þ1;þ1Þ; σðyÞ ¼ σðyþ 2LÞ ¼ σð−yÞ;
and σðyÞ ¼ ky for 0 ≤ y ≤ L. The topological structure of

the RS space is S1=Z2. In terms of the conformal coordinate
z ¼ eky (1 ≤ z ≤ zL ¼ ekL) in the region 0 ≤ y ≤ L,

ds2 ¼ 1

z2

�
ημνdxμdxν þ

dz2

k2

�
: ð3:2Þ

The bulk region 0 < y < L (1 < z < zL) is anti–de Sitter
(AdS) spacetime with a cosmological constant Λ ¼ −6k2,
which is sandwiched by the UV brane at y ¼ 0 (z ¼ 1) and
the IR brane at y ¼ L (z ¼ zL). The KK mass scale is
mKK ¼ πk=ðzL − 1Þ ≃ πkz−1L for zL ≫ 1.
Parity transformations around the two fixed points

ðy0; y1Þ ¼ ð0; LÞ are defined as ðxμ;yjþyÞ→ðxμ;yj−yÞ.
We choose orbifold boundary conditions (BCs) such that
they break SOð5ÞW to SOð4Þ ≃ SUð2ÞL × SUð2ÞR as
described below.

A. Gauge fields and orbifold boundary conditions

The structure of the gauge field part is the same as in
the previous SUð3ÞC × SOð5ÞW ×Uð1ÞX GHU model. We
have SUð3ÞC × SOð5ÞW ×Uð1ÞX ð8; 1Þ0, ð1; 10Þ0, and

ð1; 1Þ0 gauge bosons denoted by ASUð3ÞC
M , ASOð5ÞW

M , and

AUð1ÞX
M . The orbifold BCs are given by

�
Aμ

Ay

�
ðx; yj − yÞ ¼ Pj

�
Aμ

−Ay

�
ðx; yj þ yÞP−1

j ð3:3Þ

for each gauge field. In terms of

PSUð3Þ
3 ¼ I3;

PSOð5Þ
4 ¼ diagðI2;−I2Þ;

PSOð5Þ
5 ¼ diagðI4;−I1Þ; ð3:4Þ

P0 ¼ P1 ¼ PSUð3Þ
3 for ASUð3ÞC

M and P0 ¼ P1 ¼ 1 for AUð1ÞX
M .

P0 ¼ P1 ¼ PSOð5Þ
5 for ASOð5ÞW

M in the vector representation

and PSOð5Þ
4 in the spinor representation, respectively. PSOð5Þ

4

and PSOð5Þ
5 break SOð5ÞW to SOð4Þ. The parity assignments

of Aμ and Ay are summarized in Table I. Note that the 4D
Higgs field is contained in the ð1; 2; 2Þ0 part of Ay.

TABLE I. Parity assignment P0 ¼ P1 of Aμ and Ay in
SUð3ÞC×SUð2ÞL×SUð2ÞR×Uð1ÞX. G3221≔SUð3ÞC×SUð2ÞL×
SUð2ÞR×Uð1ÞX.
G3221 Aμ Ay

ð8; 1; 1Þ0 ðþ;þÞ ð−;−Þ
ð1; 3; 1Þ0 ðþ;þÞ ð−;−Þ
ð1; 1; 3Þ0 ðþ;þÞ ð−;−Þ
ð1; 2; 2Þ0 ð−;−Þ ðþ;þÞ
ð1; 1; 1Þ0 ðþ;þÞ ð−;−Þ
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B. Matter fields and orbifold boundary conditions

Matter fields are introduced both in the 5D bulk and on
the UV brane. They are listed in Table II. Quark multiplets
ð3; 4Þ1

6
and ð3; 1Þ�−1

3

are introduced in the 5D bulk in

three generations. They are denoted as Ψα
ð3;4Þðx; yÞ and

Ψ�α
ð3;1Þðx; yÞ (α ¼ 1, 2, 3). All Ψα

ð3;4Þ and Ψ�α
ð3;1Þ intertwine

with each other. Lepton multiplets in the bulk are intro-
duced in ð1; 4Þ−1

2
, denoted as Ψα

ð1;4Þðx; yÞ. In addition, brane
fermions χαð1;1ÞðxÞ in the singlet ð1; 1Þ0 are introduced on

the UV brane, which satisfy the Majorana condition
χðxÞc ¼ χðxÞ. χαð1;1Þ and Ψα

ð1;4Þ intertwine with each other

to induce the seesaw mechanism for neutrino masses. Two
types of dark fermion multiplets, Ψα¼4

ð3;4Þðx; yÞ in ð3; 4Þ1
6
and

Ψ�β
ð1;5Þðx; yÞ (β ¼ 1;…; nF) in ð1; 5Þ�0 , are introduced in the

bulk, which is necessary to have desired electroweak (EW)
symmetry breaking with 0 < θH < 1

2
π. Ψα¼4

ð3;4Þ obeys orbi-

fold boundary conditions such that no zero modes arise.
Zero modes ofΨ�β

ð1;5Þ appear, butΨ
þβ
ð1;5Þ andΨ

−β
ð1;5Þ intertwine

to have large Dirac masses. The brane scalar field Φð1;4ÞðxÞ
is introduced in ð1; 4Þ1

2
on the UV brane. All of these fields

can be implemented in the representations 1, 11, and 32 of
SOð11Þ as seen from (2.4). SUð3ÞC × SOð5Þ ×Uð1ÞX
gauge symmetry is preserved on the UV brane, which
should be contrasted to the previous model in which only
SUð3ÞC × SOð4Þ ×Uð1ÞX symmetry is preserved on the
UV brane. ð3̄; 1Þ�þ1

3

fermion fields accompany ð3; 1Þ�−1
3

fermion fields when they are implemented in the 11
representation in SOð11Þ GHU. Zero modes of ð3̄; 1Þþþ1

3

and ð3̄; 1Þ−þ1
3

couple to have large Dirac masses so that they

may be ignored here. One can confirm that anomalies are
canceled in the present model.
Orbifold boundary conditions for bulk fermions are

specified in the following manner.

(i) Quark multiplets: Ψα
ð3;4Þ, Ψ

�α
ð3;1Þ

Ψα
ð3;4Þðx; yj − yÞ ¼ −PSOð5Þ

4 γ5Ψα
ð3;4Þðx; yj þ yÞ;

Ψ�α
ð3;1Þðx; yj − yÞ ¼ ∓γ5Ψ�α

ð3;1Þðx; yj þ yÞ: ð3:5Þ

Here 5D Dirac matrices γa (a ¼ 0, 1, 2, 3, 5)
satisfy fγa; γbg ¼ 2ηab ½ηab ¼ diagð−I1; I4Þ�, and γ5 ¼
diagð1; 1;−1;−1Þ.
(ii) Lepton multiplets: Ψα

ð1;4Þ

Ψα
ð1;4Þðx; yj − yÞ ¼ −PSOð5Þ

4 γ5Ψα
ð1;4Þðx; yj þ yÞ: ð3:6Þ

(iii) Dark fermions: Ψ�β
ð1;5Þ

Ψ�β
ð1;5Þðx; yj − yÞ ¼ �PSOð5Þ

5 γ5Ψ�β
ð1;5Þðx; yj þ yÞ: ð3:7Þ

Alternatively one may adopt the parity assignment

�ð−1ÞjPSOð5Þ
5 instead of �PSOð5Þ

5 in (3.7).
(iv) Dark fermion: Ψð3;4Þ ≡ ΨF

ΨFðx; yj − yÞ ¼ ð−1ÞjPSOð5Þ
4 γ5ΨFðx; yj þ yÞ: ð3:8Þ

The parity assignment of the 4D left- and right-handed
components of each fermion field is summarized in
Table III. Ψα

ð3;4Þ and Ψα
ð1;4Þ (α ¼ 1, 2, 3) has zero modes,

corresponding to one generation of quarks and leptons for
each α.

C. Action

The action consists of the 5D bulk action and 4D brane
action.

TABLE II. Matter fields. SUð3ÞC × SOð5Þ ×Uð1ÞX content is shown. For comparison the matter content in the
previous model is listed in the last column. In the previous model only SUð3ÞC × SOð4Þ × Uð1ÞX symmetry is
preserved on the UV brane so that the SUð2ÞL × SUð2ÞR content is shown for brane fields.

Present model Previous model
Type B Type A

Quark ð3; 4Þ1
6
ð3; 1Þþ−1

3

ð3; 1Þ−−1
3

ð3; 5Þ2
3
ð3; 5Þ−1

3

Lepton ð1; 4Þ−1
2

ð1; 5Þ0ð1; 5Þ−1
Dark fermion ð3; 4Þ1

6
ð1; 5Þþ0 ð1; 5Þ−0 ð1; 4Þ1

2

Brane fermion ð1; 1Þ0 ð3; ½2;1�Þ7
6
;1
6
;−5

6
ð1; ½2;1�Þ1

2
;−1

2
;−3

2

Brane scalar ð1; 4Þ1
2

ð1; ½1; 2�Þ1
2

Symmetry of brane interactions SUð3ÞC × SOð5Þ × Uð1ÞX SUð3ÞC × SOð4Þ × Uð1ÞX
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1. Bulk action

The bulk part of the action is given by

Sbulk ¼ Sgaugebulk þ Sfermion
bulk ; ð3:9Þ

where Sgaugebulk and Sfermion
bulk are bulk actions of gauge and

fermion fields, respectively. The action of each gauge field,

ASUð3ÞC
M , ASOð5ÞW

M , or AUð1ÞX
M , is given in the form

Sgaugebulk ¼
Z

d5x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−detG

p

×

�
−tr

�
1

4
FMNFMN þ 1

2ξ
ðfgfÞ2þLgh

��
; ð3:10Þ

where
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detG

p ¼ 1=kz5; z ¼ eky; M, N ¼ 0, 1, 2, 3, 5;
and tr is a trace over all group generators for each group.
Field strength FMN is defined by

FMN ≔ ∂MAN − ∂NAM − ig½AM; AN �; ð3:11Þ

with each 5D gauge coupling constant g. For the gauge
fixing and ghost terms we take

fgf ¼ z2
�
ημνDc

μA
q
ν þ ξk2zDc

z

�
1

z
Aq
z

��
;

Lgh ¼ c̄

�
ημνDc

μDν þ ξk2zDc
z
1

z
Dz

�
c; ð3:12Þ

where μ, ν ¼ 0, 1, 2, 3; ημν ¼ ημν ¼ diagð−1; 1; 1; 1Þ; and
AM ¼ Ac

M þ Aq
M. D

c
MB ¼ ∂MB − ig½Ac

M; B� and Dcþq
M B ¼

∂MB − ig½AM; B�, where B ¼ Aq
μ, Aq

z=z and c. In the

present paper only the Az component of ASOð5Þ
M has non-

vanishing classical background Ac
z .

Each fermion multiplet Ψðx; yÞ in the bulk has its own
bulk-mass parameter c. The covariant derivative is given by

DðcÞ¼ γAeAM
�
DMþ1

8
ωMBC½γB;γC�

�
−cσ0ðyÞ;

DM ¼ ∂M− igSA
SUð3Þ
M − igAA

SOð5Þ
M − igBQXA

Uð1Þ
M : ð3:13Þ

Here σ0ðyÞ ≔ dσðyÞ=dy and σ0ðyÞ ¼ k for 0 < y < L. gS,
gA, gB are SUð3ÞC, SOð5ÞW , Uð1ÞX gauge coupling
constants. Let ΨJ collectively denote all fermion fields
in the bulk. Then the action in the bulk becomes

Sfermion
bulk ¼

Z
d5x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detG

p �X
J

ΨJ DðcJÞΨJ

−
X
α

ðmα
DΨ̄

þα
ð3;1ÞΨ

−α
ð3;1Þ þ H:c:Þ

−
X
β

ðmβ
VΨ̄

þβ
ð1;5ÞΨ

−β
ð1;5Þ þ H:c:Þ

�
; ð3:14Þ

where Ψ̄ ¼ iΨ†γ0. mα
D and mβ

V are “pseudo-Dirac” bulk
mass terms.
In terms of Ψ̌ defined by

Ψ̌ ≔
1

z2
Ψ;

�
∂z −

2

z

�
Ψ ¼ z2∂zΨ̌; ð3:15Þ

the bulk part of the fermion action becomes

Sfermion
bulk ¼

Z
d4x

Z
zL

1

dz
k

�X
J

¯̌ΨJ

�
γμDμþk

�
γ5Dz−

cJ
z

��
Ψ̌J

−
X
α

�
mα

D

z
¯̌Ψþα
ð3;1ÞΨ̌

−α
ð3;1ÞþH:c:

�

−
X
β

�
mβ

V

z
¯̌Ψþβ
ð1;5ÞΨ̌

−β
ð1;5ÞþH:c:

��
: ð3:16Þ

2. Action for the brane scalar Φð1;4Þ
The action for the brane scalar field Φð1;4ÞðxÞ in ð1; 4Þ1

2
is

given by

SΦbrane ¼
Z

d5x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detG

p
δðyÞ

× f−ðDμΦð1;4ÞÞ†DμΦð1;4Þ

− λΦð1;4Þ ðΦ†
ð1;4ÞΦð1;4Þ − jwj2Þ2g; ð3:17Þ

where

TABLE III. Parity assignment ðP0; P1Þ of fermion fields in the
bulk. The corresponding names adopted in Ref. [33] are listed in
the last column for the first generation. Brane fermion and scalar
fields are listed at the bottom for convenience.

Field G3221 Left Right Name

Ψα
ð3;4Þ ð3; 2; 1Þ1

6
ðþ;þÞ ð−;−Þ uj

dj

ð3; 1; 2Þ1
6

ð−;−Þ ðþ;þÞ u0j
d0j

Ψ�α
ð3;1Þ ð3; 1; 1Þ−1

3
ð�;�Þ ð∓;∓Þ D�

j

Ψα
ð1;4Þ

ð1; 2; 1Þ−1
2

ðþ;þÞ ð−;−Þ νe
e

ð1; 1; 2Þ−1
2

ð−;−Þ ðþ;þÞ ν0e
e0

ΨF

ð3; 2; 1Þ1
6

ð−;þÞ ðþ;−Þ F1j
F2j

ð3; 1; 2Þ1
6

ðþ;−Þ ð−;þÞ F0
1j

F0
2j

Ψ�β
ð1;5Þ

ð1; 2; 2Þ0 ð�;�Þ ð∓;∓Þ N�
E�

Ê�
N̂�

ð1; 1; 1Þ0 ð∓;∓Þ ð�;�Þ S�
χα ð1; 1; 1Þ0 … … χ

Φð1;4Þ
ð1; 2; 1Þ1

2
… … Φ½2;1�

ð1; 1; 2Þ1
2

… … Φ½1;2�
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DμΦð1;4Þ ¼
�
∂μ − igA

X10
α¼1

Aα
μTα − igBQXBμ

�
Φð1;4Þ:

ð3:18Þ

Here SOð5ÞW generators fTαg consist of SUð2ÞL, SUð2ÞR
generators fTaL; TaRg (a ¼ 1, 2, 3) and SOð5Þ=SOð4Þ
generators fTp̂ ¼ Tp5=

ffiffiffi
2

p g (p ¼ 1–4). The corresponding
canonically normalized gauge fields are

AaL
M ¼ 1ffiffiffi

2
p

�
1

2
ϵabcAbc

M þ Aa4
M

�
;

AaR
M ¼ 1ffiffiffi

2
p

�
1

2
ϵabcAbc

M − Aa4
M

�
;

Ap̂
M ¼ Ap5

M : ð3:19Þ

BM represents the Uð1ÞX gauge field.
The brane scalar field Φð1;4Þ is decomposed as

Φð1;4Þ ¼
�Φ½2;1�
Φ½1;2�

�
; ð3:20Þ

where ½2; 1� and ½1; 2� represent SUð2ÞL × SUð2ÞR content.
Φð1;4Þ develops a nonvanishing VEV:

hΦð1;4Þi ¼
�
02

v2

�
; v2 ¼

�
0

w

�
: ð3:21Þ

The nonvanishing VEV breaks SUð3ÞC × SOð5Þ ×Uð1ÞX
to SUð3ÞC × SUð2ÞL ×Uð1ÞY . As shown in Appendix A,
one can define the conjugate scalar field Φ̃ð1;4Þ in
ð1; 4Þ−1

2
by

Φ̃ð1;4Þ ¼
� iσ2Φ�

½2;1�
−iσ2Φ�

½1;2�

�
: ð3:22Þ

Its VEV is given by

hΦ̃ð1;4Þi ¼
�
02

ṽ2

�
; ṽ2 ¼

�−w�

0

�
: ð3:23Þ

The combination of the nonvanishing VEV hΦð4;1Þð3Þion
the UV brane (at y ¼ 0) and the orbifold BCs Pj (j ¼ 0, 1)
reduces SUð3ÞC × SOð5Þ × Uð1ÞX to the SM gauge
group GSM ¼ SUð3ÞC × SUð2ÞL ×Uð1ÞY .

3. Action for the brane fermion χ α

The action for the gauge-singlet brane fermion χαðxÞ is

Sχbrane ¼
Z

d5x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detG

p
δðyÞ

�
1

2
χ̄αγμ∂μχ

α −
1

2
Mαβχ̄αχβ

�
:

ð3:24Þ

χαðxÞ satisfies the Majorana condition χc ¼ χ:

χ ¼
�
ξ

η

�
; χc ¼

�þηc

−ξc

�
¼ eiδC

�þσ2η�

−σ2ξ�

�
: ð3:25Þ

4. Brane interactions and mass terms for fermions

On theUVbrane there can be SUð3ÞC × SOð5Þ × Uð1ÞX-
invariant brane interactions among the bulk fermion, brane
fermion, and brane scalar fields. We consider

Sintbrane ¼
Z

d5x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detG

p
δðyÞðL1 þ L2 þ L3Þ;

L1 ¼ −fκαβΨ̄ α
ð3;4ÞΦð1;4Þ ·Ψ

þβ
ð3;1Þ þ H:c:g;

L2 ¼ −fκ̃0αβΨ̄ α
ð1;4ÞΓ

aΦ̃ð1;4Þ · ðΨ−β
ð1;5ÞÞa þ H:c:g;

L3 ¼ −fκ̃αβ1 χ̄βΦ̃†
ð1;4ÞΨ

α
ð1;4Þ þ H:c:g; ð3:26Þ

where κ’s are coupling constants.
hΦð1;4Þi ≠ 0 generates mass terms on the UV brane from

the interaction in (3.26). Together with the inherent
Majorana masses in (3.24) brane fermion masses are
given by

Sfermion
brane mass ¼

Z
d5x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−detG

p
δðyÞðLm

1 þLm
2 þLm

3 þLm
χ Þ;

Lm
1 ¼ 2μαβ1

¯̌d 0α
R Ď

þβ
L þH:c:;

Lm
2 ¼−μ̃αβ2 fi2ðěαLĚ−β

R þ ν̌αLŇ
−β
R Þþ

ffiffiffi
2

p
ν̌0αR Š

−β
L gþH:c:;

Lm
3 ¼−

mαβ
Bffiffiffi
k

p ðχ̄βν̌0αR þ ¯̌ν 0α
R χ

βÞ;

Lm
χ1 ¼−

1

2
Mαβχ̄αχβ: ð3:27Þ

Here 2μαβ1 ¼ ffiffiffi
2

p
καβw, 2μ̃αβ2 ¼ ffiffiffi

2
p

κ̃0αβw, andmαβ
B ¼ κ̃αβ1 w

ffiffiffi
k

p
.

μαβ1 and μ̃αβ2 are dimensionless, whereasmαβ
B andMαβ have a

dimension of mass.

5. Brane mass terms for gauge bosons

hΦð1;4Þi ≠ 0 also yields additional brane mass terms for
the 4D components of the SOð5Þ ×Uð1ÞX gauge fields. It
follows from (3.17) that
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Sgaugebrane ¼
Z

d5x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detG

p
δðyÞ

×

�
−
g2Ajwj2

4
ðA1R

μ A1Rμ þ A2R
μ A2RμÞ

−
ðg2A þ g2BÞjwj2

4
A
30R
μ A30Rμ

�
; ð3:28Þ

where

�
A
30R
M

BY
M

�
¼

�
cϕ −sϕ
sϕ cϕ

��
A3R
M

BM

�
;

cϕ ¼ cosϕ ¼ gAffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2A þ g2B

p ;

sϕ ¼ sinϕ ¼ gBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2A þ g2B

p : ð3:29Þ

The 5D gauge coupling g5DY of Uð1ÞY is given by

g5DY ¼ gAgBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2A þ g2B

p ¼ gAsϕ: ð3:30Þ

A1R
μ , A2R

μ , and A
30R
μ obtain large brane masses, which

effectively change the BCs on the UV brane for the
corresponding fields.
Note that the 4D SUð2ÞL gauge coupling constant is

related to gA by

gw ¼ gAffiffiffiffi
L

p : ð3:31Þ

The three 4D SM gauge coupling constants gs, gw, gY of
SUð3ÞC, SUð2ÞL, Uð1ÞY at the mZ scale are αs ¼ g2s=4π ¼
0.1184� 0.0007, αw ¼ g2s=4π ¼ αEM= sin2 θW , and αY ¼
g2Y=4π ¼ αEM= cos2 θW , where α−1EM ¼ 127.916� 0.015
and sin2 θW ¼ 0.23116� 0.00013 [39]. In the SUð3ÞC ×
SOð5Þ × Uð1ÞX GHU, the SUð2ÞR gauge coupling con-
stants are the same as the SM SUð2ÞL gauge coupling
constants. With the relation (3.30) one finds that

4πL
g2A

¼ α−1w ≃ 29.56;

4πL
g2B

¼ α−1Y − α−1w ≃ 68.78; ð3:32Þ

at the mZ scale.

D. Higgs boson and the twisted gauge

A 4D Higgs boson is contained in the ð1; 2; 2Þ compo-

nent of ASOð5Þ
y as tabulated in Table I. In the z coordinate

Az ¼ ðkzÞ−1Ay (1 ≤ z ≤ zL) and

Aðj5Þ
z ðx; zÞ ¼ 1ffiffiffi

k
p ϕjðxÞuHðzÞ þ � � � ;

uHðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi

2

z2L − 1

s
z;

ΦðxÞ ¼ 1ffiffiffi
2

p
�
ϕ2 þ iϕ1

ϕ4 − iϕ3

�
: ð3:33Þ

ΦðxÞ corresponds to the doublet Higgs field in the SM.
At the quantum level, Φ develops a nonvanishing

expectation value. Without loss of generality we assume
hϕ1i, hϕ2i, hϕ3i ¼ 0 and hϕ4i ≠ 0, which is related to the
AB phase θH in the fifth dimension. Eigenvalues of

Ŵ ¼ P exp

�
igA

Z
L

−L
dyAy

�
· P1P0 ð3:34Þ

are gauge invariant. For Ay ¼ ð2kÞ−1=2ϕ4ðxÞvHðyÞTð45Þ,
where vHðyÞ ¼ kekyuHðzÞ for 0 ≤ y ≤ L and vHð−yÞ ¼
vHðyÞ ¼ vHðyþ 2LÞ, one finds

Ŵ ¼ expfiθ̂HðxÞ · 2Tð45Þg;

θ̂HðxÞ ¼
gA
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
z2L − 1

k

r
ϕ4ðxÞ: ð3:35Þ

The eigenvalues of 2Tð45Þ in the spinor representation are
�1, and θ̂HðxÞ is the AB phase. We denote hθ̂Hi ¼ θH. The
4D neutral Higgs field HðxÞ is the fluctuation mode of
ϕ4ðxÞ around hϕ4i. Hence one finds

Að45Þ
z ðx; zÞ ¼ 1ffiffiffi

k
p fθHfH þHðxÞguHðzÞ þ � � � ;

fH ¼ 2

gA

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k

z2L − 1

s
¼ 2

gw

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

Lðz2L − 1Þ

s
: ð3:36Þ

Under an SOð5Þ gauge transformation

Ωðy; αÞ ¼ exp

�
−i

gAαffiffiffiffiffi
2k

p
Z

L

y
dyvHðyÞTð45Þ

�
; ð3:37Þ

orbifold boundary conditions fP0; P1g are changed to

P0
0 ¼ Ωð0; 2αÞP0 ¼ exp

�
−i

α

fH
· 2Tð45Þ

�
· P0;

P0
1 ¼ P1; ð3:38Þ

and θ̂HðxÞ is transformed to θ̂0HðxÞ ¼ θ̂HðxÞ þ ðα=fHÞ. For
α=fH ¼ 2πn (where n is an integer), the boundary con-
ditions remain unchanged, whereas θH changes to
θ0H ¼ θH þ 2πn. This property reflects the gauge-invariant
nature of the AB phase eiθH .
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Now we go to a new gauge by adopting α ¼ −θHfH so
that hθ̂0Hi ¼ θ0H ¼ 0, which is called the twisted gauge. It is
most convenient to evaluate various physical quantities in
this gauge. The twisted gauge was originally introduced in
Refs. [40,41] and has been extensively employed in the
analysis of GHU. (See, e.g., Refs. [10,33].) Note that the
gauge transformation in (3.37) becomes, for 0 ≤ y ≤ L,

ΩðzÞ ¼ Ωðy;−θHfHÞ ¼ expfiθðzÞTð45Þg;

θðzÞ ¼ θH
z2L − z2

z2L − 1
: ð3:39Þ

Quantities in the twisted gauge are denoted with tildes
below. In the twisted gauge, the background field vanishes
(θ̃H ¼ 0), whereas the boundary conditions change as
(3.38). For the SOð5Þ vector representation 5, the boundary
condition matrices P̃vec

j (j ¼ 0, 1) are

P̃SOð5Þ
0 ¼ Ωð0Þ2PSOð5Þ

0 ¼ e2iθHT
ð45Þ
PSOð5Þ
0 ;

P̃SOð5Þ
1 ¼ PSOð5Þ

1 : ð3:40Þ

For the SOð5Þ vector representation 5, the boundary
condition matrices P̃vec

j (j ¼ 0, 1) become

P̃vec
0 ¼

0
BB@

I3
cos 2θH − sin 2θH
− sin 2θH − cos 2θH

1
CCA;

P̃vec
1 ¼

�
I4

−1
�
; ð3:41Þ

and for the SOð5Þ spinor representation 4,

P̃sp
0 ¼ σ0 ⊗

�
cos θH −i sin θH
i sin θH − cos θH

�
;

P̃sp
1 ¼

�
I2

−I2
�
: ð3:42Þ

Here Tð45Þ
sp ¼ 1

2
σ0 ⊗ σ1 has been used.

IV. SPECTRUM OF GAUGE FIELDS

The spectrum of gauge fields in the present model
(type B) is the same as the spectrum in the previous model
(type A). We here quote the result for completeness. The
bilinear part of the action of gauge fields in (3.10) takes the
form

S0 ¼
Z

d4x
dz
kz

X
j<k

�
1

2
AðjkÞ
μ fημνð□þ k2P4Þ

− ð1 − ξ−1Þ∂μ∂νgAðjkÞ
ν þ 1

2
k2AðjkÞ

z ð□þ ξk2PzÞAðjkÞ
z

þ c̄ðjkÞð□þ ξk2P4ÞcðjkÞ
�
;

□ ¼ ημν∂μ∂ν; P4 ¼ z
∂
∂z

1

z
∂
∂z ; Pz ¼

∂
∂z z

∂
∂z

1

z
:

ð4:1Þ

Additional brane mass terms in (3.28) arise for the Aμ

components of ðSUð2ÞR × Uð1ÞXÞ=Uð1ÞY .
Boundary conditions in the original gauge are given, in

the absence of brane interactions, by

�
N∶ ∂

∂z Aμ ¼ 0 for parityþ
D∶ Aμ ¼ 0 for parity−�
N∶ ∂

∂z ð1z AzÞ ¼ 0 for parityþ
D∶ Az ¼ 0 for parity−

ð4:2Þ

at z ¼ 1 (y ¼ 0) and z ¼ zL (y ¼ L). The parity of each
field is summarized in Table I. Because of the brane

interaction (3.28), boundary conditions of A
1R;2R;30R
μ at

z ¼ 1 become

DeffðωÞ∶
� ∂
∂z−ω

�
A1R;2R
μ ¼ 0; ω¼ g2Aw

2

4k
;

Deffðω0Þ∶
� ∂
∂z−ω0

�
A
30R
μ ¼ 0; ω0 ¼ ðg2Aþg2BÞw2

4k
: ð4:3Þ

For sufficiently large w, boundary conditions of A
1R;2R;30R
μ at

z ¼ 1 are modified from the Neumann condition to the
Dirichlet condition for low-lying modes in their KK towers.
Boundary conditions of gauge fields are summarized in
Table IV.
In the twisted gauge, all fields obey free equations in the

bulk 1 < z < zL, whereas boundary conditions at z ¼ 1
become θH dependent and nontrivial. SOð5Þ gauge fields in

TABLE IV. The boundary conditions for the gauge fields at
z ¼ 1, zL are summarized. N and D stand for Neumann and
Dirichlet conditions, respectively. Deff stands for the effective
Dirichlet condition specified in (4.3).

Number of
generators Aμ Az

(1) SUð3ÞC 8 ðN;NÞ ðD;DÞ
(2) SUð2ÞL 3 ðN;NÞ ðD;DÞ
(3) Uð1ÞY 1 ðN;NÞ ðD;DÞ
(4) ðSUð2ÞR ∪ Uð1ÞXÞ=Uð1ÞY 3 ðDeff ; NÞ ðD;DÞ
(5) SOð5ÞW=ðSUð2ÞL ∪ SUð2ÞRÞ 4 ðD;DÞ ðN;NÞ
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the twisted gauge are given by ÃM ¼ ΩðzÞAMΩðzÞ−1 þ
ði=gAÞΩðzÞ∂MΩðzÞ−1, where ΩðzÞ is given by (3.39). In
particular one finds that

Aa4
M ¼ cos θðzÞÃa4

M − sin θðzÞÃa5
M ; ða ¼ 1; 2; 3Þ;

Aa5
M ¼ sin θðzÞÃa4

M þ cos θðzÞÃa5
M ;

A45
z ¼ Ã45

z −
ffiffiffi
2

p

gA
θ0ðzÞ ¼ Ã45

z þ 2
ffiffiffi
2

p

gA
θH

z
z2L − 1

; ð4:4Þ

while the other components are unchanged.
At z ¼ zL, θðzLÞ ¼ 0, and ÃM satisfies the same boun-

dary condition as AM at z ¼ zL. Consequently, wave
functions for Ãμ and Ãz are given by the functions tabulated
in Table V. The basis functions Cðz; λÞ and Sðz; λÞ there are
defined in, e.g., Refs. [10,33], and they are listed in
Appendix B.

A. Aμ components

The mass spectra of Aμ components are the following.
(i) ðÃaL

μ ; ÃaR
μ ; Ãâ

μÞ (a ¼ 1, 2): W and WR towers
The boundary conditions at z ¼ 1 are

∂
∂z A

aL
μ ¼ 0;

� ∂
∂z − ω

�
AaR
μ ¼ 0; Aâ

μ ¼ 0: ð4:5Þ

∂AaR
μ =∂z is evaluated at z ¼ 1þ. These conditions with

(4.4) lead to the equation which determines the mass
spectrum fmn ¼ kλng:

2C0ðSC0 þ λsin2θHÞ − ωCð2SC0 þ λsin2θHÞ ¼ 0: ð4:6Þ

Here C ¼ Cð1; λÞ, S ¼ Sð1; λÞ, C0 ¼ C0ð1; λÞ, and
S0 ¼ S0ð1; λÞ.
For sufficiently large ω, the second term in Eq. (4.6)

approximately determines the spectra of low-lying KK
modes. This approximation is justified for w ≫ mKK. In
this approximation, the spectra of W and WR towers are
determined by

W tower : 2Sð1; λÞC0ð1; λÞ þ λsin2θH ¼ 0;

WR tower : Cð1; λÞ ¼ 0: ð4:7Þ

It follows that the mass of the W boson mW ¼ mWð0Þ is
given by

mW ≃
ffiffiffiffi
k
L

r
z−1L sin θH ≃

sin θH
π

ffiffiffiffiffiffi
kL

p mKK; ð4:8Þ

where mKK ¼ πk=ðzL − 1Þ ≃ πkz−1L .
(ii) ðÃ3L

μ ; Ã
30R
μ ; Ã3̂

μ; BY
μ Þ: γ, Z, and ZR towers

The boundary conditions at z ¼ 1 are

∂
∂z A

3L
μ ¼ 0;

� ∂
∂z − ω0

�
A
30R
μ ¼ 0;

A3̂
μ ¼ 0;

∂
∂zB

Y
μ ¼ 0: ð4:9Þ

The spectrum is determined by

C0½2C0ðSC0 þ λsin2θHÞ
− ω0Cf2SC0 þ ð1þ s2ϕÞλsin2θHg� ¼ 0: ð4:10Þ

For sufficiently large ω0, the spectrum of low-lying KK
modes is approximately determined by the second term.
One finds that

γ tower : C0ð1; λÞ ¼ 0;

Z tower : 2Sð1; λÞC0ð1; λÞ þ ð1þ s2ϕÞλsin2θH ¼ 0;

ZR tower : Cð1; λÞ ¼ 0: ð4:11Þ

The mass of the Z boson mZ ¼ mZð0Þ is given by

mZ ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ s2ϕ

q ffiffiffiffi
k
L

r
z−1L sin θH

≃
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ s2ϕ

q sin θH
π

ffiffiffiffiffiffi
kL

p mKK: ð4:12Þ

We recall the relation [12]

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ s2ϕ

q ≃ cos θW; sin θW ≃
g0Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g2A þ 2g02B
p : ð4:13Þ

It follows from (4.8) and (4.12) that

mZ ≃
mW

cos θW
; ð4:14Þ

which coincides with the relation in the SM.
(iii) Ã4̂

μ: A4̂ tower
A4̂
μ obeys the ðD;DÞ boundary condition and there is no

zero mode. Its spectrum is determined by

Â4 tower : Sð1; λÞ ¼ 0: ð4:15Þ

(iv) SUð3ÞC gluons
The boundary condition is ðN;NÞ so that

gluon tower : C0ð1; λÞ ¼ 0: ð4:16Þ

TABLE V. Wave functions of the gauge fields in the twisted
gauge. N and D stand for Neumann and Dirichlet conditions at
z ¼ zL. The basis functions Cðz; λÞ and Sðz; λÞ are given in
Appendix B.

BC at z ¼ zL N D

Ãμ Cðz; λÞ Sðz; λÞ
Ãz S0ðz; λÞ C0ðz; λÞ
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B. Az components

The mass spectra of Az components are the following.
Except for the zero modes, masses are given by
fmn ¼ ξkλng.
(i) Aab

z ð1 ≤ a < b ≤ 3Þ; Bz
These components satisfy boundary conditions ðD;DÞ

so that

C0ð1; λÞ ¼ 0: ð4:17Þ
(ii) Aa4

z , Aa5
z (a ¼ 1, 2, 3)

The boundary conditions at z ¼ 1 are

Aa4
z ¼ 0;

∂
∂z

�
1

z
Aa5
z

�
¼ 0: ð4:18Þ

The spectrum is determined by

Sð1; λÞC0ð1; λÞ þ λsin2θH ¼ 0: ð4:19Þ
(iii) A45

z : Higgs tower
The boundary conditions of A45

z are ðN;NÞ and the
spectrum is determined by

Higgs tower : Sð1; λÞ ¼ 0: ð4:20Þ
There is a zero mode, which will acquire a mass at the one-
loop level.
(iv) SUð3ÞC Az
There are no zero modes. Their components satisfy boun-

dary conditions ðD;DÞ. The mass spectrum is determined by

C0ð1; λÞ ¼ 0: ð4:21Þ

V. SPECTRUM OF FERMION FIELDS

We determine the mass spectra of fermion fields. It will be
seen that the mass spectrum of quarks and leptons in three
generations is reproduced except for the down-quark mass
which turns out smaller than the up-quark mass (md < mu).
To evaluate the effective potential VeffðθHÞ for the AB phase
θH, one needs to know the mass spectra of the dark fermion
fields in (3.7) and (3.8) as well. We summarize the result for
dark fermions in Appendix D for completeness.
In the original gauge, the background gauge field in

SOð5Þ is

gAcl
z ¼ gAffiffiffi

2
p Að45Þ

z T45 ¼ −θ0ðzÞT45; ð5:1Þ

where θðzÞ is defined in (3.39). We introduce the following
derivatives:

D�ðcÞ ¼ � ∂
∂zþ

c
z
;

D̂�ðcÞ ¼ D�ðcÞ � iθ0ðzÞT45: ð5:2Þ
To simplify the notation, the bulk mass parameters of
various fields are denoted as

cQ ¼ cΨα
ð3;4Þ

; cL ¼ cΨα
ð1;4Þ

;

cD� ¼ cΨ�α
ð3;1Þ

; cV� ¼ cΨ�β
ð1;5Þ

: ð5:3Þ

We have suppressed generation indices α, β. In this paper
we consider the cases cDþ ¼ �cD− and cVþ ¼ �cV− , for
which exact solutions are available.
The components of SOð5Þ spinor fermions Ψð3;4Þ and

Ψð1;4Þ in the original and twisted gauges are related to each
other by

χ ¼
�

cos 1
2
θðzÞ −i sin 1

2
θðzÞ

−i sin 1
2
θðzÞ cos 1

2
θðzÞ

�
χ̃; ð5:4Þ

where χ is given by

χ ¼
�

u

u0

�
;

�
d

d0

�
;

�
e

e0

�
;

�
ν

ν0

�
: ð5:5Þ

T45 ¼ 1
2
σ1 for these χ’s.

A. Up-type quarks

QEM ¼ þ 2
3
: u, u0 ðΨð3;4ÞÞ

There are no brane mass terms. The boundary conditions
are given by DþǔL ¼ 0, ǔR ¼ 0, ǔ0L ¼ 0, and D−ǔ0R ¼ 0 at
z ¼ 1, zL. The equations of motion in the twisted gauge are

−iδ
�
u†L
u0†L

�
∶ −kD−ðcQÞ

� ˜̌uR
˜̌u 0
R

�
þσμ∂μ

� ˜̌uL
˜̌u 0
L

�
¼ 0;

iδ

�
u†R
u0†R

�
∶−kDþðcQÞ

� ˜̌uL
˜̌u 0
L

�
þ σ̄μ∂μ

� ˜̌uR
˜̌u 0
R

�
¼ 0: ð5:6Þ

ð ˜̌u; ˜̌u0Þ satisfy the same boundary conditions at z ¼ zL as
ðǔ; ǔ0Þ so that one can write, in terms of basis functions
summarized in Appendix B,� ˜̌uR
˜̌u 0
R

�
¼
�
αuS

Q
R

α0uC
Q
R

�
fRðxÞ;

� ˜̌uL
˜̌u 0
L

�
¼
�
αuC

Q
L

α0uS
Q
L

�
fLðxÞ;

ð5:7Þ
where CQ

L=R ¼ CL=Rðz; λ; cQÞ; SQL=R ¼ SL=Rðz; λ; cQÞ;
σ̄∂fRðxÞ ¼ kλfLðxÞ; and σ∂fLðxÞ ¼ kλfRðxÞ. Both right-
and left-handed modes have the same coefficients αu and αu0
as a consequence of Eqs. (5.6).
By making use of (5.4), the boundary conditions at z ¼ 1

for the right-handed components ǔR ¼ 0 and D−ǔ0R ¼ 0
become

Ku

�
αu

αu0

�
¼
�

cos 1
2
θHS

Q
R −i sin 1

2
θHC

Q
R

−i sin 1
2
θHC

Q
L cos 1

2
θHS

Q
L

��
αu

αu0

�
¼ 0:

ð5:8Þ
Here SQL=R ¼ SL=Rð1; λ; cQÞ, etc. detKu ¼ 0 leads to the
equation determining the spectrum:
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SQLS
Q
R þ sin2

θH
2

¼ 0: ð5:9Þ

The mass of the lowest mode (up-type quark) m ¼ kλ is
given by

mu ¼

8>><
>>:

π−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 4c2Q

q
sin 1

2
θHmKK for jcQj< 1

2
;

π−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4c2Q − 1

q
z
−jcQjþ0.5
L sin 1

2
θHmKK for jcQj> 1

2
:

ð5:10Þ

Note that SLðz; λ;−cÞ ¼ −SRðz; λ; cÞ and CLðz; λ;−cÞ ¼
CRðz; λ; cÞ. With a given mu, there are two solutions to
(5.9): cQ > 0 and cQ < 0.

B. Down-type quarks

QEM ¼ − 1
3
: d, d0, D� ðΨð3;4Þ;Ψ�

ð3;1ÞÞ
As seen from Table III, parity even modes at y ¼ 0 with

ðP0; P1Þ ¼ ðþ;þÞ are dL, d0R,Dþ
L , andD

−
R. From the action

(3.16) and the Lm
1 term in (3.27), the equations of motion in

the original gauge are given by

ðaÞ
ðbÞ∶ − iδ

�
d†L
d0†L

�
∶ − kD̂−ðcQÞ

�
ďR
ď0R

�
þ σμ∂μ

�
ďL
ď0L

�
¼ 0;

ðcÞ
ðdÞ∶ iδ

�
d†R
d0†R

�
∶ σ̄μ∂μ

�
ďR
ď0R

�
− kD̂þðcQÞ

�
ďL
ď0L

�
¼ 2μ1δðyÞ

�
0

Ďþ
L

�
;

ðeÞ∶ − iδDþ†
L ∶ − kD̂−ðcDþÞĎþ

R þ σμ∂μĎ
þ
L −

m�
D

z
Ď−

R ¼ 2μ�1δðyÞď0R;

ðfÞ∶ iδDþ†
R ∶ σ̄μ∂μĎ

þ
R − kD̂þðcDþÞĎþ

L −
mD

z
Ď−

L ¼ 0;

ðgÞ∶ − iδD−†
L ∶ − kD̂−ðcD−ÞĎ−

R þ σμ∂μĎ
−
L −

m�
D

z
Ďþ

R ¼ 0;

ðhÞ∶ iδD−†
R ∶ σ̄μ∂μĎ

−
R − kD̂þðcD−ÞĎ−

L −
mD

z
Ďþ

L ¼ 0: ð5:11Þ

Note that the mass dimension of each coupling constant
and field is, e.g., ½ďR=L� ¼ 2, ½k� ¼ ½mD� ¼ 1, and ½μ1� ¼ 0.
The following arguments are parallel to those in

Ref. [33]. Under the parity transformation around y ¼ 0,
Ψþ ¼ dL, d0R, Dþ

L , and D−
R are parity even, whereas

Ψ− ¼ dR, d0L, Dþ
R , and D−

L are parity odd. Note that
Ψ−ðyÞjþϵ

−ϵ ¼ 2Ψ−ðþϵÞ and

D�ðcÞ ¼
e−σðyÞ

k

�
� ∂
∂yþ cσ0ðyÞ

�
ð5:12Þ

in the y coordinate. We integrate the equations for parity
odd fields, (a), (d), (e), and (h) in (5.11), from y ¼ −ϵ to
þϵ to find

ðaÞ ⇒ ďRðϵÞ ¼ 0;

ðdÞ ⇒ −2ď0LðϵÞ − 2μ1Ď
þ
L ð0Þ ¼ 0;

ðeÞ ⇒ 2Ďþ
R ðϵÞ − 2μ�1ď

0
Rð0Þ ¼ 0;

ðhÞ ⇒ Ď−
LðϵÞ ¼ 0: ð5:13Þ

For parity-even fields, we evaluate the equations at y ¼ þϵ
by using the relations (5.13):

ðcÞ ⇒ D̂þðcQÞďL ¼ 0;

ðbÞ ⇒ μ1½D̂−ðcDþÞĎþ
R þ m̃�

DĎ
−
R� þ D̂−ðcQÞď0R ¼ 0;

ðfÞ ⇒ μ�1D̂þðcQÞď0L − D̂þðcDþÞĎþ
L ¼ 0;

ðgÞ ⇒ D̂−ðcD−ÞĎ−
R þ m̃�

Dμ
�
1ď

0
R ¼ 0; ð5:14Þ

where the equations of motion (e) and (d) at y ¼ þϵ have
been made use of. Relations (5.13) and (5.14) specify the
boundary conditions at z ¼ 1þ. We examine the spectrum
in two cases, cDþ ¼ cD− and cDþ ¼ −cD− below.

1. Case I: cD+ = cD− = cD
The BCs at z ¼ zL are given by

8>>>>><
>>>>>:

dR ¼ 0;

DþðcQÞdL ¼ 0;

D−ðcQÞd0R ¼ 0;

d0L ¼ 0;

8>>>>><
>>>>>:

Dþ
R ¼ 0;

DþðcDÞDþ
L ¼ 0;

D−ðcDÞD−
R ¼ 0;

D−
L ¼ 0.

ð5:15Þ

In the twisted gauge, the BCs in (5.15) are satisfied
by mode functions in (B6) and (B23) so that one can
write as
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0
BBBBB@

˜̌dR
˜̌d0R
˜̌Dþ
R

˜̌D−
R

1
CCCCCA¼

0
BBB@

αdSRðz;λ;cQÞ
αd0CRðz;λ;cQÞ

adSR2ðz;λ;cD;m̃DÞþbdSR1ðz;λ;cD;m̃DÞ
adCR1ðz;λ;cD;m̃DÞþbdCR2ðz;λ;cD;m̃DÞ

1
CCCA;

0
BBBBB@

˜̌dL
˜̌d0L
˜̌Dþ
L

˜̌D−
L

1
CCCCCA¼

0
BBB@

αdCLðz;λ;cQÞ
αd0SLðz;λ;cQÞ

adCL2ðz;λ;cD;m̃DÞþbdCL1ðz;λ;cD;m̃DÞ
adSL1ðz;λ;cD;m̃DÞþbdSL2ðz;λ;cD;m̃DÞ

1
CCCA;

ð5:16Þ

where αd, αd0 , ad, and bd are parameters.
Boundary conditions at z ¼ 1þ for the left-handed fields

ďL, ď
0
L, Ď

þ
L , and Ď−

L are found from Eqs. (5.13) and (5.14)
to be

ðcÞ∶ λ
�
cos

θH
2
αdS

Q
R − isin

θH
2
αd0C

Q
R

�
¼ 0;

ðdÞ∶ − isin
θ

2
αdC

Q
L þ cos

θ

2
αd0S

Q
L þμ1ðadCDL2þbdCDL1Þ ¼ 0;

ðfÞ∶ λμ�1
�
−isin

θH
2
αdS

Q
R þ cos

θH
2
αd0C

Q
R

�
− λðadSD

R2þbdSD
R1Þþ m̃DðadSD

L1þbdSD
L2Þ ¼ 0;

ðhÞ∶ adSD
L1þbdSD

L2 ¼ 0; ð5:17Þ

where SQL=R ≔ SL=Rðz ¼ 1; λ; cQÞ; SD
L=Rj ≔ SL=Rjðz ¼ 1;

λ; cD; m̃DÞ; etc. Conditions in (5.17) are summarized
as

MD
LV

D ¼

0
BBBBB@

cos θH
2
SQR −i sin θH

2
CQ
R 0 0

−i sin θH
2
CQ
L cos θH

2
SQL μ1CDL2 μ1CDL1

−iμ�1 sin
θH
2
SQR μ�1 cos

θH
2
CQ
R −SD

R2 −SD
R1

0 0 SD
L1 SD

L2

1
CCCCCA

×

0
BBB@

αd

αd0

ad
bd

1
CCCA ¼ 0: ð5:18Þ

The mass spectrum is determined by

detMD
L ¼

�
SQLS

Q
R þ sin2

θH
2

�
ðSD

L1S
D
R1 − SD

L2S
D
R2Þ

þ jμ1j2CQ
RS

Q
R ðSD

L1C
D
L1 − SD

L2C
D
L2Þ ¼ 0: ð5:19Þ

Note the relations (B21).
To lift the degeneracy between the up-type and down-

type quark masses, the μ1 term in (5.19) is necessary. Its
coefficient contains the factor CQ

R ¼ CRð1; λ; cQÞ. For the
first and second generations, jcQj ¼ jcuj; jccj > 1

2
. For

λzL≪1, CRð1;λ;cÞ∼z−cL ≪1 for c > 1
2
and CRð1;λ;cÞ≫1

for c < − 1
2
. The detailed study shows that with c > 1

2
,

Eq. (5.19) necessarily yields the first KK mode with a mass
much less than mKK, which contradicts observation. One
needs to take cu, cc < 0. For the third generation, jctj < 1

2
,

and this problem does not show up.
Consider case I, cDþ ¼ cD− ¼ cD > 0, with m̃D > 1=2

and cD − m̃D > 1=2. The up-type quark mass mu for
jcQj > 1

2
is approximately given by

mu ¼ λuzL ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4c2Q − 1

q
z
−jcQjþ1

2

L sin
θH
2

ð5:20Þ

from Eq. (5.9). Substituting

SQLS
Q
R þ sin2

θH
2

≃ −
λ2z

2jcQjþ1

L

4c2Q − 1
þ sin2

θH
2

≃ −
ðλ2 − λ2uÞz2jcQjþ1

L

4c2Q − 1
;

SQ
L1S

Q
R1 − SQ

L2S
Q
R2 ≃ z2m̃D

L − λ2z2cDþ1
L

�
1

4c2D − ð2m̃D þ 1Þ2 þ
1

4c2D − ð2m̃D − 1Þ2
�
;

CQ
RS

Q
R ≃

8<
:

λ
2cQ−1

for cQ > 0;

λz
2jcQ jþ1

L
2jcQjþ1

for cQ < 0;

SQ
L1C

Q
L1 − SQ

L2C
Q
L2 ≃ −2λz2cDþ1

L

�
1

2ðcD þ m̃DÞ þ 1
þ 1

2ðcD − m̃DÞ þ 1

�
ð5:21Þ
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into MD
L in Eq. (5.19), we find

detMD
L ¼−

ðλ2−λ2uÞz2jcQjþ1

L

4c2Q−1
ðz2m̃D

L −λ2z2cDþ1
L AÞ

þjμ1j2
8<
:

1
2cQ−1

z
2jcQ jþ1

L
2jcQjþ1

9=
;ð−2λ2z2cDþ1

L ÞB¼0 for

�
cQ>0

cQ<0
;

ð5:22Þ

where

A¼ 1

4c2D − ð2m̃D þ 1Þ2 þ
1

4c2D − ð2m̃D − 1Þ2 > 0; ð5:23Þ

B ¼ 1

2ðcD þ m̃DÞ þ 1
þ 1

2ðcD − m̃DÞ þ 1
> 0: ð5:24Þ

Both A and B are Oð1Þ. If z2m̃D
L ≫ λ2z2cDþ1

L , then it follows
from (5.22) that

λ2 ≃

8<
:

λ2u

1þ2jμ1j2ð2cQþ1Þz−2cQþ2cD−2m̃D
L B

< λ2u for cQ > 1
2
;

λ2u
1þ2jμ1j2ð2jcQj−1Þz2cD−2m̃Dþ1

L B
< λ2u for cQ < − 1

2
:

ð5:25Þ

In other words, the spectrum for the second generation
ms < mc can be reproduced with appropriate μ1, cQ,
and m̃D.
Indeed, one can show that the smallest value of λ2

determined from Eq. (5.19) necessarily becomes smaller
than λ2u with general μ1 ≠ 0, cQ, and m̃D. For λzL ≪ 1,
Eq. (5.19) reduces to the form ðλ2 − λ2uÞðλ2 − aÞ−
bjμ1j2λ2 ¼ 0, where a ≫ λ2u and b > 0. Consequently
the two roots λ2 ¼ λ2� satisfy λ2− < λ2u and λ2þ > a. This
implies that the spectrummd > mu cannot be realized at the
tree level in the current scheme. It is left for future
investigation to find a solution to this problem.
Typical values of the parameters reproducing the quark

mass spectrum (except for md) are tabulated in Table VI.
detMD

L in Eq. (5.19) for the second generation is plotted as
a function of λ for m̃D ¼ 1.0 and various values of μ1
in Fig. 1.

2. Case II: cD+ = − cD− = cD
The BCs at z ¼ zL are given by

8>>><
>>>:

dR ¼ 0;

DþðcQÞdL ¼ 0;

D−ðcQÞd0R ¼ 0;

d0L ¼ 0;

8>>><
>>>:

Dþ
R ¼ 0;

DþðcDÞDþ
L ¼ 0;

DþðcDÞD−
R ¼ 0;

D−
L ¼ 0.

ð5:26Þ

In the twisted gauge, the BCs in Eq. (5.26) are satisfied
by mode functions in (B6) and (B46) so that one can
write

0
BBBBB@

˜̌dR
˜̌d0R
˜̌Dþ
R

˜̌D−
R

1
CCCCCA¼

0
BBBBB@

αdSRðz;λ;cQÞ
αd0CRðz;λ;cQÞ

adŜR2ðz;λ;cD;m̃DÞþbdŜR1ðz;λ;cD;m̃DÞ
adĈL1ðz;λ;cD;m̃DÞþbdĈL2ðz;λ;cD;m̃DÞ

1
CCCCCA;

0
BBBBB@

˜̌dL
˜̌d0L
˜̌Dþ
L

˜̌D−
L

1
CCCCCA¼

0
BBBBB@

αdCLðz;λ;cQÞ
αd0SLðz;λ;cQÞ

adĈL2ðz;λ;cD;m̃DÞþbdĈL1ðz;λ;cD;m̃DÞ
−adŜR1ðz;λ;cD;m̃DÞ−bdŜR2ðz;λ;cD;m̃DÞ

1
CCCCCA;

ð5:27Þ

where αd, αd0 , ad, and bd are parameters.
From Eqs. (5.13) and (5.14), we find the boundary

conditions at z ¼ 1 for the left-handed fields. The manipu-
lation is similar to that in case I. The difference appears
only for terms involving D−

L=R. It is straightforward to see

MD
LV

D ¼

0
BBBBB@

cos θH
2
SQR −i sin θH

2
CQ
R 0 0

−i sin θH
2
CQ
L cos θH

2
SQL μ1Ĉ

D
L2 μ1Ĉ

D
L1

−iμ�1 sin
θH
2
SQR μ�1 cos

θH
2
CQ
R −ŜD

R2 −ŜD
R1

0 0 ŜD
R1 ŜD

R2

1
CCCCCA

×

0
BBB@

αd

αd0

ad
bd

1
CCCA¼ 0; ð5:28Þ

TABLE VI. Parameters which reproduce the spectrum of
quarks for θH ¼ 0.15, zL ¼ 1010. mKK ¼ 8.062 TeV. The
masses of the first KK modes of up-type and down-type quarks
are also shown. cu, cc < 0 for the reason described below
Eq. (5.19). The values mu ¼ 1.27 MeV, ms ¼ 55 MeV,
mc ¼ 619 MeV, mb ¼ 2.89 GeV, and mt ¼ 171.17 GeV have
been used. md ¼ 0.9mu has been used for the first generation.

mdð1Þ muð1Þ

Quarks cQ μ1 cD m̃D (TeV) (TeV)

ðu; dÞ −1.044 0.01 0.6194 1.0 4.59 8.23
0.1 0.4612 1.0 4.80

ðc; sÞ −0.7546 0.1 0.6808 1.0 5.40 7.16
10. 0.0949 1.0 5.22

ðt; bÞ þ0.2287 0.1 0.5838 0.1 2.84 7.20
10. 0.3791 0.1 2.84

−0.2287 0.1 1.044 1.0 5.06
10. 0.8352 1.0 5.06
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where SQL=R ≔ SL=Rðz ¼ 1; λ; cQÞ; ŜD
L=Rj ¼ ŜL=Rjðz ¼ 1;

λ; cD; m̃DÞ; etc. The spectrum is determined by

detMD
L ¼

�
SQLS

Q
R þ sin2

θH
2

�
fðŜD

R1Þ2 − ðŜD
R2Þ2g

þ jμ1j2CQ
RS

Q
R ðŜD

R1Ĉ
D
L1 − ŜD

R2Ĉ
D
L2Þ ¼ 0: ð5:29Þ

Note the relation (B35).
For jcQj; ĉ > 1

2
, cD > 0, and λzL ≪ 1, we have

SQLS
Q
R þ sin2

θH
2

≃ −
ðλ2 − λ2uÞz2jcQjþ1

L

4c2Q − 1
;

ðŜD
R1Þ2 − ðŜD

L2Þ2 ∼ −α2þz2ĉL ;

ŜD
R1CDL1 − ŜD

R2CDL2 ∼ ð1þ α2þÞ
λz2ĉL
2ĉ − 1

; ð5:30Þ

so that

detMD
L ≃ −

ðλ2 − λ2uÞz2jcQjþ1

L

4c2Q − 1
· ð−α2þz2ĉL Þ

þ jμ1j2
8<
:

1
2cQ−1

z
2jcQ jþ1

L
2jcQjþ1

9=
;ð1þ α2þÞ

λ2z2ĉL
2ĉþ 1

¼ 0

for

�
cQ > 1

2

cQ < − 1
2

: ð5:31Þ

Thus we find

λ2
�
1þ jμ1j2

2ĉ − 1

� ð2cQ þ 1Þz−2jcQj−1L

2jcQj − 1

�
1þ α2þ
α2þ

�
¼ λ2u for

�
cQ > 1

2

cQ < − 1
2

: ð5:32Þ

We observe that λ2 < λ2u so that md > mu cannot be
realized with this parametrization, as in case I.

C. Charged lepton

QEM ¼ −1: e, e0 (Ψð1;4Þ)
In general, Ψð1;4Þ may couple with Ψ�

ð1;5Þ through the
brane interaction Lm

2 in (3.27). We suppose that μ̃2 there is
sufficiently small so that the effect of Lm

2 can be ignored. In
this case the equations and boundary conditions for e, e0
take the same form as those for u, u0. Mode functions and
boundary conditions are summarized as

� ˜̌eR
˜̌e 0
R

�
¼

�
αeSRðz; λ; cLÞ
αe0CRðz; λ; cLÞ

�
;

� ˜̌eL
˜̌e0L

�
¼

�
αeCLðz; λ; cLÞ
αe0SLðz; λ; cLÞ

�
;

�
cos 1

2
θHSLR −i sin 1

2
θHCL

R

−i sin 1
2
θHCL

L cos 1
2
θHSLL

��
αe

αe0

�
¼ 0; ð5:33Þ

where SLL=R ¼ SL=Rð1; λ; cLÞ, etc., in the last equation. The
mass spectrum is determined by

SLLS
L
R þ sin2

θH
2

¼ 0: ð5:34Þ

The mass of the lowest mode (charged lepton) m ¼ kλ is
given by

me ¼ π−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4c2L − 1

q
z−jcLjþ0.5
L sin

1

2
θHmKK: ð5:35Þ

Note jcLj > 1
2
.

D. Neutrino

QEM ¼ 0: ν; ν0; χðΨð1;4Þð−3Þ; χÞ
As mentioned above, we assume that Lm

2 can be ignored.
The brane interaction L3 in (3.26) yields the coupling
between ν0 and χ, Lm

3 in (3.27). It leads to the gauge-Higgs
seesaw mechanism [35]. In the present paper we treat the
case in which all brane interactions are diagonal in
generations. In particular we set Mαβ ¼ −Mαδ

αβ in (3.27).

FIG. 1. Spectrum of strange quark tower. detMD
L in Eq. (5.19)

is plotted as a function of m ¼ kλ for m̃D ¼ 1.0 and various
values of μ1. The mass spectrum fmn ¼ kλng is determined by
roots of detMD

L ¼ 0. mKK ¼ 8062 GeV.
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Equations of motion are given by

ðaÞ
ðbÞ ∶ − iδ

�
ν†L

ν0†L

�
∶ − kD̂−ðcLÞ

�
ν̌R

ν̌0R

�
þ σμ∂μ

�
ν̌L

ν̌0L

�
¼ 0;

ðcÞ
ðdÞ ∶ iδ

�
ν†R

ν0†R

�
∶ σ̄μ∂μ

�
ν̌R

ν̌0R

�
− kD̂þðcLÞ

�
ν̌L

ν̌0L

�

¼ 2mBffiffiffi
k

p δðyÞ
�
0

η

�
;

ðeÞ∶ iδη†∶
�
σμ∂μη −

mBffiffiffi
k

p ν0R þMηc
�
δðyÞ ¼ 0: ð5:36Þ

νR and ν0L are parity-odd at y ¼ 0, whereas νL and ν0R are
parity-even. We integrate the equations (a) and (d) in the
vicinity of y ¼ 0 and evaluate the equations (b) and (c) at
y ¼ þϵ to find boundary conditions at y ¼ þϵ as

ðaÞ ⇒ ν̌Rðx; ϵÞ ¼ 0;

ðdÞ ⇒ −ν̌0Lðx; ϵÞ ¼ þmBffiffiffi
k

p ηðxÞ;

ðbÞ ⇒ −D̂−ðcLÞν̌0R −
m2

B

k2
ν̌0R þmBM

k3=2
ηc ¼ 0;

ðcÞ ⇒ D̂þðcLÞν̌L ¼ 0: ð5:37Þ
Boundary conditions at z ¼ zL are given by DþðcLÞν̌L ¼
ν̌R ¼ 0 and ν̌0L ¼ D−ðcLÞν̌0R ¼ 0.
Mode functions of these fields in the twisted gauge can

be written as

0
B@

˜̌νR
˜̌ν0R
ηc

1
CA ¼

0
B@

ανSLR
iαν0CL

R

∓ iα�η=
ffiffiffi
k

p

1
CAf�RðxÞ;

0
B@

˜̌νL
˜̌ν0L
η

1
CA ¼

0
B@

ανCL
L

iαν0SLL

iαη=
ffiffiffi
k

p

1
CAf�LðxÞ;

σ̄μ∂μf�RðxÞ ¼ kλf�LðxÞ; σμ∂μf�LðxÞ ¼ kλf�RðxÞ;
f�LðxÞc ¼ eiδCσ2f�LðxÞ� ¼ �f�RðxÞ; ð5:38Þ

where SLL=R ¼ SL=Rðz; λ; cLÞ and CL
L=R ¼ CL=Rðz; λ; cLÞ,

and δC is defined in Eq. (3.25). Explicit forms of f�L=R

are given in Appendix C. One can take αν, αν0 , αη to be real.
In this case σμ∂μη ¼∓ kληc is satisfied so that the equation
(e) in Eq. (5.36) implies that

mBffiffiffi
k

p ν̌0R

				
y¼0

− ðM ∓ kλÞηc ¼ 0: ð5:39Þ

With this identity, the third relation in Eq. (5.37) can be
rewritten as

D̂−ðcLÞν̌0R ∓ mBλffiffiffi
k

p ηc ¼ 0: ð5:40Þ

Substituting (5.38) into (5.37), one finds

Kν

0
B@

αν

αν0

αη

1
CA ¼

0
B@

cos θH
2
SLR sin θH

2
CL
R 0

− sin θH
2
CL
L cos θH

2
SLL

mB
k

mB sin
θH
2
SLR −mB cos

θH
2
CL
R kλ ∓ M

1
CA

×

0
B@

αν

αν0

αη

1
CA ¼ 0; ð5:41Þ

where SLL=R ¼ SL=Rð1; λ; cLÞ, etc. From detKν ¼ 0, we find
the mass spectrum formula for the neutrino sector1:

detKν ¼ ðkλ�MÞ
�
SLLS

L
R þ sin2

θH
2

�
þm2

B

k
SLRC

L
R ¼ 0:

ð5:42Þ

One of the solutions with fþR=LðxÞ or f−R=LðxÞ allows a
small mass eigenvalue mν ¼ kλν > 0. For M > 0, the
neutrino mode is obtained with fþR=LðxÞ. Noting
that λzL ≪ 1 and kλ ≪ M, one finds the neutrino mass
given by

mν ≃

8<
:

m2
eMz2cLþ1

L
ð2cLþ1Þm2

B
for cL > 1

2
;

m2
eM

ð2jcLj−1Þm2
B

for cL < − 1
2
:

ð5:43Þ

The gauge-Higgs seesaw mechanism [35,42,43] is charac-
terized by a 3 × 3 mass matrix

i
2
ðνc†0L;ν0†0R;ηc†Þ

0
B@

0 me 0

me 0 m̃B

0 m̃B M

1
CA
0
B@
ν0L

ν0c0R
η

1
CAþH:c:; ð5:44Þ

where me is its corresponding charged lepton mass. The
structure takes the same form as the inverse seesaw
mechanism in Ref. [43] and yields very light neutrino mass
mν ∼m2

eM=m̃2
B. TheMajorana massM may take a moderate

value. In particular, for cL < − 1
2
, mν ∼ 1 meV is obtained

with mB ∼ 1 TeV and M ∼ 50 GeV. For cL > 1
2
, mB has to

take a rather large value, larger than the Planck mass.
Typical parameters in the lepton sector are summarized

in Table VII. jcLj and með1Þ are fixed by me. The value ofM
can be varied. The spectrum does not depend on M very
much. As is seen in the table, a very light neutrino excited

1There was an error of a factor 2 in the right side of equation
(d) in (5.36) in the previous papers [35,36]. The formulas (5.42)
and (5.43) reflect this correction.
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mode νs appears for positive cL. This does not necessarily
mean inconsistency with the observation. The νs mode may
become a candidate for warm dark matter [44], though

more detailed investigation of gauge couplings is necessary
to see the feasibility. For negative cL, a very light neutrino
excited mode appears only when M becomes very small.
The spectrum of the neutrino towers are shown in Fig. 2 for
cL > 0 and in Fig. 3 for cL < 0.

E. W couplings of quarks and leptons

As has been shown above, the quark and lepton mass
spectrum can be reproduced except that the down-quark
mass turns out lighter than the up-quark mass. At this stage,
one might worry about the W couplings of quarks and
leptons in the current scheme. In the gauge-Higgs uni-
fication, the W boson at θH ≠ 0 necessarily contains the
original SUð2ÞR component as seen in Sec. IVA. If quarks
and leptons originated from only spinor representation
multiplets in SOð5Þ, right-handed components of quarks
and leptons also would have had nonvanishing couplings to
W, which contradicts the observation.
The left-handed quark and lepton doublets are mainly in

the spinor representation of SOð5Þ, which have nominalW

TABLE VII. Parameters which reproduce the spectrum of
leptons for θH ¼ 0.15, zL ¼ 1010. mKK ¼ 8.062 TeV. The
masses of the first KK mode leptons are also shown in
units of TeV. For cL > 0, there appear light neutrino excitation
modes, νs. The values me ¼ 0.511 MeV, mμ ¼ 105.7 MeV,
mτ ¼ 1.776 GeV, and mν ¼ 1 meV have been used.

Leptons cL M mB mνð1Þ með1Þ

(GeV) (GeV) mνs (TeV) (TeV)

ðνe; eÞ 1.086 103 6.6 × 1019 6.8 MeV 8.38 8.38
1 2.1 × 1018 6.8 MeV 8.38 8.38

−1.086 103 1.5 × 104 … 8.38 8.38
1 4.7 × 102 … 0.51 8.38

ðνμ; μÞ 0.839 103 5.0 × 1019 1.4 GeV 7.47 7.47
−0.839 103 1.2 × 107 … 7.47 7.47

ðντ; τÞ 0.703 103 3.9 × 1019 24. GeV 6.96 6.96
−0.703 103 8.8 × 108 … 6.96 6.96

(a) (b)

(c)

FIG. 2. Spectrum of electron neutrino tower for ce > 0. detKν in (5.42) is plotted as a function of m ¼ kλ in various mass ranges for
θH ¼ 0.15, zL ¼ 1010, mKK ¼ 8.062 TeV, and M ¼ 1 TeV. The mass spectrum fmn ¼ kλng is determined by roots of detKν ¼ 0.
νeð�Þ indicates the case of f�L=RðxÞ in (5.38). Only νeðþÞ has a solution corresponding to νe with mνe ¼ 1 meV. In (b) and (c), the
curves for νeðþÞ and νeð−Þ almost overlap with each other at this scale.
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couplings. The mechanism in the current model for making
right-handed quarks and leptons having almost vanishing
W couplings is the following. The up-type quarks are
contained solely in the spinor multiplets. The down-type
quarks are contained in both the spinor and singlet
representations of SOð5Þ. Left-handed down-type quarks
are mostly in the spinor representation multiplets, whereas
right-handed down-type quarks are mostly in the singlet
representation multiplets so that right-handed up-type
quarks have almost vanishingW couplings to right-handed
down-type quarks.
The mechanism in the lepton sector is different. With the

presence of brane fermions χ, the gauge-Higgs seesaw

mechanism functions in the neutrino sector. Right-handed
neutrinos become heavy, acquiring OðmKKÞ masses, and
decouple from right-handed charged leptons.
Indeed, one can evaluate the W couplings of quarks and

leptons by determining wave functions of quarks and
leptons from the mass-determining matrices explained
above and inserting them into the original action. The
result is shown in Table VIII. It is seen that the μ-e
universality in the charged current interactions holds to
high accuracy, provided the same sign of cL is adopted. It is
also confirmed that theW couplings of right-handed quarks
and leptons are strongly suppressed. A more detailed study
of gauge couplings, including Z and Z0 couplings, will be
given separately.

VI. SUMMARY AND DISCUSSIONS

In this paper we have presented a new model of the
SOð5Þ × Uð1Þ × SUð3Þ gauge-Higgs unification in which
quark and lepton multiplets are introduced in the spinor,
vector, and singlet representations of SOð5Þ such that they
can be implemented in the SOð11Þ gauge-Higgs grand
unification scheme. This should be contrasted to the
previous model in which all quark and lepton multiplets
are introduced in the vector representation of SOð5Þ. The
up-type quarks are contained solely in the spinor repre-
sentation. The right-handed down-type quarks are mainly
contained in the singlet representation of SOð5Þ. SOð5Þ ×
Uð1Þ × SUð3Þ singlet brane Majorana fermions are intro-
duced on the UV brane. The coupling of these brane
fermions to bulk fermion multiplets induces the gauge-
Higgs seesaw mechanism in the neutrino sector, which
takes the same form as the inverse seesaw mechanism in
four-dimensional GUT theories.
With SOð5Þ ×Uð1Þ × SUð3Þ gauge-invariant brane

interactions taken into account, the quark-lepton mass

(a) (b)

FIG. 3. Spectrum of neutrino towers for cL < 0. As in Fig. 2, detKν in (5.42) is plotted as a function ofm ¼ kλ in two mass ranges for
θH ¼ 0.15, zL ¼ 1010, mKK ¼ 8.062 TeV, and M ¼ 1 TeV. The mass spectrum fmn ¼ kλng is determined by roots of detKν ¼ 0.
(a) Only νeðþÞ has a solution corresponding to νe with mνe ¼ 1 meV. (b) The spectra of νe, νμ, ντ towers are shown. νðþÞ and νð−Þ
towers almost overlap in this figure. For the νe tower, the masses of the third and fourth KKmodes are 16.46 and 16.67 TeV, respectively.

TABLE VIII. W couplings of quarks and leptons for θH ¼ 0.15,
zL ¼ 1010. mKK ¼ 8.062 TeV. The couplings are defined by
L ¼ WμðgWL ūLγμdL þ gWR ūRγ

μdRÞ for the ðu; dÞ doublet. In the

SM, gWL ¼ gw=
ffiffiffi
2

p
and gWR ¼ 0. For the ðu; dÞ doublet, we set

md ¼ 0.9mu.

Leptons cL M
gWL

gw=
ffiffi
2

p − 1
gWR

gw=
ffiffi
2

p

ðνe; eÞ 1.086 1 TeV −2.64 × 10−3 Oð10−11Þ
−1.086 1 TeV −5.24 × 10−3 Oð10−23Þ

ðνμ; μÞ 0.839 1 TeV −2.64 × 10−3 Oð10−14Þ
−0.839 1 TeV −5.25 × 10−3 Oð10−21Þ

ðντ; τÞ 0.703 1 TeV −2.64 × 10−3 Oð10−15Þ
−0.703 1 TeV −5.25 × 10−3 Oð10−19Þ

Quarks cQ μ1 m̃D

gWL
gw=

ffiffi
2

p − 1
gWR

gw=
ffiffi
2

p

ðu; dÞ −1.044 0.1 1.0 −5.24 × 10−3 Oð10−14Þ
ðc; sÞ −0.7546 0.1 1.0 −5.25 × 10−3 Oð10−9Þ
ðt; bÞ 0.2287 0.1 0.1 −3.43 × 10−3 Oð10−4Þ

−0.2287 0.1 1.0 −4.41 × 10−3 Oð10−5Þ

GUT INSPIRED SOð5Þ ×Uð1Þ × SUð3Þ GAUGE-HIGGS UNIFICATION PHYS. REV. D 99, 095010 (2019)

095010-17



spectrum has been reproduced with the exception that the
down-quark mass (md) becomes lighter than the up-quark
mass (mu). A solution to this problem has yet to be found.
The compatibility with grand unification severely restricts
matter content and interactions in the gauge-Higgs uni-
fication. Nevertheless it is very encouraging that the model
yields almost the same W couplings of quarks and leptons.
The present model serves as a viable alternative to the

standard model. If it is the case, phenomenological con-
sequences of the model need to be clarified. As in the
previous model, Z0 bosons (the first KK modes of γ, Z, and
ZR) are predicted around the 7 to 10 TeV range. We have
seen in Sec. V that the bulk mass parameters (cu, cc) of
quark multiplets Ψð3;4Þ in the first and second generations
must be negative to avoid exotic light excitation modes of
down-quark type. The bulk mass parameters cL of lepton
multiplets can be either positive or negative. The sign of the
bulk mass parameters is critically important to determine
the behavior of wave functions. For c > þ 1

2
(c < − 1

2
), left-

handed quarks/leptons are localized near the UV (IR)
brane, whereas right-handed ones are localized near the
IR (UV) brane. As Z0 bosons are localized near the IR
brane, right-handed (left-handed) quarks/leptons have
larger couplings to Z0 bosons for c > þ 1

2
(c < − 1

2
). The

effect of the large parity violation can be seen in the
eþe− collisions through interference terms. In particular,
cross sections of various fermion-pair production
processes should reveal distinct dependence on the e−

polarization. [14]
With the mass spectra of all fields having been deter-

mined, one can investigate the effective potential VeffðθHÞ
to show that EW symmetry is dynamically broken. The
flavor mixing in the quark and lepton sectors and the dark
matter are also among the problems to be solved in the
gauge-Higgs unification scenario. We shall come back to
these issues in the near future.
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APPENDIX A: SOð5Þ
The generators of SOð5Þ, Tjk ¼ −Tkj ¼ T†

jk (j, k ¼ 1, 2,
3, 4, 5), satisfy the algebra

½Tij; Tkl� ¼ iðδikTjl − δilTjk þ δjlTik − δjkTilÞ: ðA1Þ

In the adjoint representation,

ðTijÞpq ¼ −iðδipδjq − δiqδjpÞ;
trðTjkTlmÞ ¼ 2ðδjlδkm − δjmδklÞ; trðTjkÞ2 ¼ 2: ðA2Þ

We take the following basis of SOð5Þ Clifford algebra:

fΓj;Γkg ¼ 2δjkI4;

Γa ¼ σa ⊗ σ1 ða ¼ 1; 2; 3Þ;
Γ4 ¼ σ0 ⊗ σ2;

Γ5 ¼ σ0 ⊗ σ3 ¼ −Γ1Γ2Γ3Γ4; ðA3Þ

where σ0 ¼ I2 and fσag are Pauli matrices. In terms of Γj,
the SOð5Þ generators in the spinor representation are
given by

Tjk ¼ −
i
4
½Γj;Γk�

�
¼ −

i
2
ΓjΓk for j ≠ k

�
;

ðTjkÞ2 ¼
1

4
I4; trðTjkÞ2 ¼ 1: ðA4Þ

The orbifold boundary conditions P0, P1 in Eqs. (3.4)
break SOð5Þ to SOð4Þ ≃ SUð2ÞL × SUð2ÞR. The genera-
tors of the corresponding SOð4Þ ≃ SUð2ÞL × SUð2ÞR in the
spinor representation are given by

T⃗L ¼ 1

2

0
B@

T23 þ T14

T31 þ T24

T12 þ T34

1
CA ¼ 1

2
σ⃗ ⊗

�
1 0

0 0

�
;

T⃗R ¼ 1

2

0
B@

T23 − T14

T31 − T24

T12 − T34

1
CA ¼ 1

2
σ⃗ ⊗

�
0 0

0 1

�
: ðA5Þ

These generators become block-diagonal so that an SOð5Þ
spinor representation 4 can be decomposed into ð2; 1Þ ⊕
ð1; 2Þ of SOð4Þ ≃ SUð2ÞL × SUð2ÞR:

Ψ4 ¼
�Ψð2;1Þ
Ψð1;2Þ

�
: ðA6Þ

In the representation (A3) one finds that

Γ�
j ¼ ð−1Þjþ1Γj;

R ≔ −iΓ2Γ4 ¼ R† ¼ R−1 ¼ σ2 ⊗ σ3;

RΓjR ¼ ð−1Þjþ1Γj; RΓ�
jR ¼ Γj;

RT�
jkR ¼ −Tjk: ðA7Þ

It follows that for an SOð5Þ spinor Ψ4, the R-transformed
one also transforms as 4:

SHUICHIRO FUNATSU et al. PHYS. REV. D 99, 095010 (2019)

095010-18



Ψ̃4 ≔ iRΨ�
4;

Ψ 0
4 ¼

�
1þ i

2
ϵjkTjk

�
Ψ4

⇒ Ψ̃ 0
4 ¼

�
1þ i

2
ϵjkTjk

�
Ψ̃4: ðA8Þ

Its SOð5Þ content is given by

Ψ̃4 ¼
� Ψ̃ð2;1Þ

Ψ̃ð1;2Þ

�
¼

� iσ2Ψ�
ð2;1Þ

−iσ2Ψ�
ð1;2Þ

�
: ðA9Þ

APPENDIX B: BASIS FUNCTIONS

We summarize basis functions in the RS space.

1. Gauge fields

We define

Fα;βðu; vÞ≡ JαðuÞYβðvÞ − YαðuÞJβðvÞ; ðB1Þ

where JαðxÞ and YαðxÞ are Bessel functions of the first and
second kind, respectively. For gauge bosons, C ¼ Cðz; λÞ
and S ¼ Sðz; λÞ are defined as solutions of

−P4

�
C

S

�
¼

�
−

d2

dz2
þ 1

z
d
dz

��
C

S

�
¼ λ2

�
C

S

�
; ðB2Þ

with boundary conditions C ¼ zL, S ¼ 0, C0 ¼ 0, and S0 ¼
λ at z ¼ zL. They are given by

Cðz; λÞ ¼ þ π

2
λzzLF1;0ðλz; λzLÞ;

C0ðz; λÞ ¼ þ π

2
λ2zzLF0;0ðλz; λzLÞ;

Sðz; λÞ ¼ −
π

2
λzF1;1ðλz; λzLÞ;

S0ðz; λÞ ¼ −
π

2
λ2zF0;1ðλz; λzLÞ: ðB3Þ

We note that

−Pz

�
C0

S0

�
¼ λ2

�
C0

S0

�
;

CS0 − SC0 ¼ λz: ðB4Þ

2. Massless fermion fields

For massless fermions in five dimensions, we define

�
CL

SL

�
ðz; λ; cÞ ¼ � π

2
λ

ffiffiffiffiffiffiffi
zzL

p
Fcþ1

2
;c∓1

2
ðλz; λzLÞ;�

CR

SR

�
ðz; λ; cÞ ¼∓ π

2
λ

ffiffiffiffiffiffiffi
zzL

p
Fc−1

2
;c�1

2
ðλz; λzLÞ; ðB5Þ

which satisfy

Dþ

�
CL

SL

�
¼ λ

�
SR
CR

�
; D−

�
CR

SR

�
¼ λ

�
SL
CL

�
;

CLCR − SLSR ¼ 1;

CR ¼ CL ¼ 1; SR ¼ SL ¼ 0; at z¼ zL: ðB6Þ

They also satisfy

CLðz; λ;−cÞ ¼ CRðz; λ; cÞ;
SLðz; λ;−cÞ ¼ −SRðz; λ; cÞ: ðB7Þ

3. Massive fermion fields

As seen in (3.16), Ψ̌ �α
ð3;1Þ and Ψ̌ �β

ð1;5Þ have additional
pseudo-Dirac bulk mass terms in the action. To find basis
functions for these massive fermions, we consider the
action for N� fields given by

Z
d4x

Z
zL

1

dz
k

�
¯̌N þD0ðcþÞŇþ þ ¯̌N −D0ðc−ÞŇ−

−
km̃
z

ð ¯̌N þŇ− þ ¯̌N −ŇþÞ
�
;

where D0ðcÞ ¼
�−kD−ðcÞ σμ∂μ

σ̄μ∂μ −kDþðcÞ
�
: ðB8Þ

m̃ is dimensionless, and km̃ corresponds to mα
D and mβ

V
in (3.16).
To find eigenmodes with four-dimensional mass

kλ, we write Ň �
R ðx; zÞ ¼ N�RðzÞfRðxÞ and Ň �

L ðx; zÞ ¼
N�LðzÞfLðxÞ as described below Eq. (5.7). Then N�RðzÞ
and N�LðzÞ must satisfy

D−ðc�ÞN�R − λN�L þ m̃
z
N∓R ¼ 0;

Dþðc�ÞN�L − λN�R þ m̃
z
N∓L ¼ 0: ðB9Þ

Note that
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D�ðcÞD∓ðcÞ ¼ −
d2

dz2
þ cðc ∓ 1Þ

z2
: ðB10Þ

We consider two cases: cþ ¼ c− and cþ ¼ −c−.

a. Case I. c+ = c− = c

It follows immediately from (B9) that

D−ðc� m̃ÞðNþR � N−RÞ ¼ λðNþL � N−LÞ;
Dþðc� m̃ÞðNþL � N−LÞ ¼ λðNþR � N−RÞ: ðB11Þ

General solutions are given by

�
N�R

N�L

�
¼ a

�
Ccþm̃
R

Scþm̃
L

�
þ b

�
Scþm̃
R

Ccþm̃
L

�

� a0
�
Cc−m̃
R

Sc−m̃L

�
� b0

�
Sc−m̃R

Cc−m̃
L

�
: ðB12Þ

Here Cc�m̃
L=R ¼CL=Rðz;λ;c�m̃Þ and Sc�m̃

L=R ¼SL=Rðz;λ;c�m̃Þ.
At this stage we define basis functions by

CR1ðz;λ;c;m̃Þ¼CRðz;λ;cþ m̃ÞþCRðz;λ;c− m̃Þ;
CR2ðz;λ;c;m̃Þ¼ SRðz;λ;cþ m̃Þ−SRðz;λ;c− m̃Þ;
SL1ðz;λ;c;m̃Þ¼ SLðz;λ;cþ m̃ÞþSLðz;λ;c− m̃Þ;
SL2ðz;λ;c;m̃Þ¼CLðz;λ;cþ m̃Þ−CLðz;λ;c− m̃Þ;
CL1ðz;λ;c;m̃Þ¼CLðz;λ;cþ m̃ÞþCLðz;λ;c− m̃Þ;
CL2ðz;λ;c;m̃Þ¼ SLðz;λ;cþ m̃Þ−SLðz;λ;c− m̃Þ;
SR1ðz;λ;c;m̃Þ¼ SRðz;λ;cþ m̃ÞþSRðz;λ;c− m̃Þ;
SR2ðz;λ;c;m̃Þ¼CRðz;λ;cþ m̃Þ−CRðz;λ;c− m̃Þ; ðB13Þ

which satisfy the equations and boundary conditions

D−ðcÞ
�
CR1
CR2

�
¼ λ

�
SL1

SL2

�
−
m̃
z

�
SR2

SR1

�
;

D−ðcÞ
�
SR1

SR2

�
¼ λ

�
CL1
CL2

�
−
m̃
z

�
CR2
CR1

�
;

DþðcÞ
�
CL1
CL2

�
¼ λ

�
SR1

SR2

�
−
m̃
z

�
SL2

SL1

�
;

DþðcÞ
�
SL1

SL2

�
¼ λ

�
CR1
CR2

�
−
m̃
z

�
CL2
CL1

�
;

SRj ¼ SLj ¼ D−ðcÞCRj ¼ DþðcÞCLj ¼ 0

at z ¼ zL: ðB14Þ

Note also

CRjðz; λ;−c; m̃Þ ¼ CLjðz; λ; c; m̃Þ;
SRjðz; λ;−c; m̃Þ ¼ −SLjðz; λ; c; m̃Þ;

CR=Ljðz; λ; c;−m̃Þ ¼ ð−1Þj−1CR=Ljðz; λ; c; m̃Þ;
SR=Ljðz; λ; c;−m̃Þ ¼ ð−1Þj−1SR=Ljðz; λ; c; m̃Þ: ðB15Þ

In the m̃ → 0 limit,

CR1→ 2CR; SR1→ 2SR; CL1→ 2CL; SL1→ 2SL;

CR2; SR2; CL2; SL2→ 0: ðB16Þ

Two types of boundary conditions appear at z ¼ zL.
Type A: ðNþR; N−R; NþL; N−LÞ ¼ ðþ;−;−;þÞ
When parity assignment at y ¼ L for ðNþR; N−R;

NþL; N−LÞ is ðþ;−;−;þÞ, boundary conditions at z ¼
zL become

D−ðcÞNþR ¼ 0; NþL ¼ 0;

N−R ¼ 0; DþðcÞN−L ¼ 0: ðB17Þ

In this case a ¼ a0 and b ¼ −b0 in (B12) and solutions can
be written as

0
BBB@

NþR

NþL

N−R

N−L

1
CCCA ¼ a

0
BBB@

CR1ðz; λ; c; m̃Þ
SL1ðz; λ; c; m̃Þ
SR2ðz; λ; c; m̃Þ
CL2ðz; λ; c; m̃Þ

1
CCCAþ b

0
BBB@

CR2ðz; λ; c; m̃Þ
SL2ðz; λ; c; m̃Þ
SR1ðz; λ; c; m̃Þ
CL1ðz; λ; c; m̃Þ

1
CCCA;

ðB18Þ

where a, b are arbitrary constants.
If N ’s have the same parity assignment at y ¼ 0 as that at

y ¼ L, then (B17) must be satisfied at z ¼ 1 as well.
Substituting (B18) into (B17) and evaluating the conditions
at z ¼ 1, one finds

�
SL1 SL2

SR2 SR1

��
a

b

�
¼ 0; ðB19Þ

where SL1 ¼ SL1ð1; λ; c; m̃Þ, etc. The mass spectrum is
determined by

SL1SR1 − SL2SR2 ¼ 0: ðB20Þ

Note that
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SL1SR1 − SL2SR2 þ 2 ¼ CL1CR1 − CL2CR2 − 2

¼ Scþm̃
L Sc−m̃R þ Sc−m̃L Scþm̃

R

þ Ccþm̃
L Cc−m̃

R þ Cc−m̃
L Ccþm̃

R ;

SL1CL1 − SL2CL2 ¼ 2ðScþm̃
L Cc−m̃

L þ Sc−m̃L Ccþm̃
L Þ:

ðB21Þ

Type B: ðNþR; N−R; NþL; N−LÞ ¼ ð−;þ;þ;−Þ
When parity assignment at y ¼ L for ðNþR; N−R;

NþL; N−LÞ is ð−;þ;þ;−Þ, boundary conditions at z ¼
zL become

NþR ¼ 0; DþðcÞNþL ¼ 0;

D−ðcÞN−R ¼ 0; N−L ¼ 0: ðB22Þ

In this case a ¼ −a0 and b ¼ b0 in (B12) and solutions can
be written as

0
BBB@

NþR

NþL

N−R

N−L

1
CCCA ¼ a

0
BBB@

SR2ðz; λ; c; m̃Þ
CL2ðz; λ; c; m̃Þ
CR1ðz; λ; c; m̃Þ
SL1ðz; λ; c; m̃Þ

1
CCCAþ b

0
BBB@

SR1ðz; λ; c; m̃Þ
CL1ðz; λ; c; m̃Þ
CR2ðz; λ; c; m̃Þ
SL2ðz; λ; c; m̃Þ

1
CCCA;

ðB23Þ

where a and b are arbitrary constants.
If N ’s have the same parity assignment at y ¼ 0 as that at

y ¼ L, then (B22) must be satisfied at z ¼ 1 as well.
Substituting (B23) into (B22) and evaluating the conditions
at z ¼ 1, one finds

�
SR2 SR1

SL1 SL2

��
a

b

�
¼ 0: ðB24Þ

The mass spectrum is determined by

SL1SR1 − SL2SR2 ¼ 0: ðB25Þ

b. Case II. c + = − c − = c

The special case cþ ¼ −c− ¼ c naturally emerges in the
context of six-dimensional gauge-Higgs grand unification
[35]. The bulk (vector) mass parameter c appears there as a
coefficient in the vector component γ6, which becomes the
bulk mass parameter in the RS space, �c, for 6D Weyl
(γ7 ¼ �) components. In this case, Eq. (B9) becomes

D−ðcÞNþR − λNþL þ m̃
z
N−R ¼ 0;

DþðcÞNþL − λNþR þ m̃
z
N−L ¼ 0;

−DþðcÞN−R − λN−L þ m̃
z
NþR ¼ 0;

−D−ðcÞN−L − λN−R þ m̃
z
NþL ¼ 0: ðB26Þ

To find solutions to Eqs. (B26), we note that

�
−

d2

dz2
þ cðc ∓ 1Þ

z2
þ m̃2

z2
− λ2

�
N�R −

m̃
z2
N∓R ¼ 0:

ðB27Þ

We seek solutions in the form NþR ¼ fðzÞ and
N−R ¼ αfðzÞ. Solutions exist provided −c − αm̃ ¼
c − m̃=α is satisfied, or α ¼ α�, where

α�¼ 1

m̃
ð−c� ĉÞ; αþα−¼−1; ĉ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2þm̃2

p
: ðB28Þ

With α ¼ α�, fðzÞ satisfies

fD�ðĉÞD∓ðĉÞ − λ2gfðzÞ ¼ 0: ðB29Þ

Hence general solutions are given by

�
NþR

N−R

�
¼ a

�
Cĉ
R

αþCĉ
R

�
þ b

�
SĉR

αþSĉR

�

þ a0
�

Cĉ
L

α−Cĉ
L

�
þ b0

�
SĉL

α−SĉL

�
; ðB30Þ

where Cĉ
L=R ¼ CL=Rðz; λ; ĉÞ and SĉL=R ¼ SL=Rðz; λ; ĉÞ.

To find the corresponding solutions for N�L, we make
use of the identities

D−ðcÞ ¼ þD−ðĉÞ −
m̃αþ
z

¼ −DþðĉÞ −
m̃α−
z

;

DþðcÞ ¼ þDþðĉÞ −
m̃αþ
z

¼ −D−ðĉÞ −
m̃α−
z

ðB31Þ

to find

�
NþL

N−L

�
¼ a

�
SĉL

αþSĉL

�
þ b

�
Cĉ
L

αþCĉ
L

�

− a0
�

SĉR
α−SĉR

�
− b0

�
Cĉ
R

α−Cĉ
R

�
: ðB32Þ
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Basis functions for case II are defined as follows:

ĈR1ðz; λ; c; m̃Þ ¼ CRðz; λ; ĉÞ þ α2þCLðz; λ; ĉÞ;
ĈR2ðz; λ; c; m̃Þ ¼ αþfSLðz; λ; ĉÞ þ SRðz; λ; ĉÞg;
ŜL1ðz; λ; c; m̃Þ ¼ SLðz; λ; ĉÞ − α2þSRðz; λ; ĉÞ;
ŜL2ðz; λ; c; m̃Þ ¼ αþfCLðz; λ; ĉÞ − CRðz; λ; ĉÞg;
ĈL1ðz; λ; c; m̃Þ ¼ CLðz; λ; ĉÞ þ α2þCRðz; λ; ĉÞ;
ĈL2ðz; λ; c; m̃Þ ¼ αþfSRðz; λ; ĉÞ þ SLðz; λ; ĉÞg;
ŜR1ðz; λ; c; m̃Þ ¼ SRðz; λ; ĉÞ − α2þSLðz; λ; ĉÞ;
ŜR2ðz; λ; c; m̃Þ ¼ αþfCRðz; λ; ĉÞ − CLðz; λ; ĉÞg: ðB33Þ

We note that ĈL2ðz; λ; c; m̃Þ ¼ ĈR2ðz; λ; c; m̃Þ and ŜL2ðz;
λ; c; m̃Þ ¼ −ŜR2ðz; λ; c; m̃Þ. With the aid of (B28) and
(B31), one finds

D−ðcÞ
�
ĈR1

ĈR2

�
¼ λ

�
ŜL1

ŜL2

�
þ m̃

z

�
ŜL2

ŜL1

�
;

DþðcÞ
�
ŜL1

ŜL2

�
¼ λ

�
ĈR1

ĈR2

�
−
m̃
z

�
ĈR2

ĈR1

�
;

D−ðcÞ
�
ŜR1

ŜR2

�
¼ λ

�
ĈL1

ĈL2

�
−
m̃
z

�
ĈL2

ĈL1

�
;

DþðcÞ
�
ĈL1

ĈL2

�
¼ λ

�
ŜR1

ŜR2

�
þ m̃

z

�
ŜR2

ŜR1

�
;

ŜRj ¼ ŜLj ¼ D−ðcÞĈRj ¼ DþðcÞĈLj ¼ 0 at z ¼ zL:

ðB34Þ

Note that

ŜR1ĈL1 − ŜR2ĈL2 ¼ ð1þ α2þÞðSĉRCĉ
L − α2þSĉLC

ĉ
RÞ: ðB35Þ

As c → −c, α� → −α∓ so that

ĈRjðz; λ;−c; m̃Þ ¼ α2−ĈLjðz; λ; c; m̃Þ;
ĈLjðz; λ;−c; m̃Þ ¼ α2−ĈRjðz; λ; c; m̃Þ;
ŜRjðz; λ;−c; m̃Þ ¼ −α2−ŜLjðz; λ; c; m̃Þ;
ŜLjðz; λ;−c; m̃Þ ¼ −α2−ŜRjðz; λ; c; m̃Þ: ðB36Þ

Further, as m̃ → −m̃, α� → −α� and

ĈR=Ljðz; λ; c;−m̃Þ ¼ ð−1Þj−1ĈR=Ljðz; λ; c; m̃Þ;
ŜR=Ljðz; λ; c;−m̃Þ ¼ ð−1Þj−1ŜR=Ljðz; λ; c; m̃Þ: ðB37Þ

In the m̃ → 0 limit

ĈR=L1ðz; λ; c; 0Þ ¼ CR=L1ðz; λ; cÞ;
ŜR=L1ðz; λ; c; 0Þ ¼ SR=L1ðz; λ; cÞ;
ĈR=L2ðz; λ; c; 0Þ ¼ ŜR=L2ðz; λ; c; 0Þ ¼ 0: ðB38Þ

Two types of boundary conditions appear at z ¼ zL.
Type A: ðNþR; N−R; NþL; N−LÞ ¼ ðþ;−;−;þÞ
When parity assignment at y ¼ L for ðNþR; N−R; NþL;

N−LÞ is ðþ;−;−;þÞ, boundary conditions at z ¼ zL
become

D−ðcÞNþR ¼ 0; NþL ¼ 0;

N−R ¼ 0; D−ðcÞN−L ¼ 0; ðB39Þ

which leads to the conditions for the parameters in (B30)
and (B32):

�
aαþ þ a0α− ¼ 0;

b − b0 ¼ 0.
ðB40Þ

It follows that solutions can be written as

0
BBB@
NþR

NþL

N−R

N−L

1
CCCA¼ ã

0
BBB@

ĈR1ðz;λ;c;m̃Þ
ŜL1ðz;λ;c;m̃Þ
−ŜL2ðz;λ;c;m̃Þ
ĈR2ðz;λ;c;m̃Þ

1
CCCAþ b̃

0
BBB@

ĈR2ðz;λ;c;m̃Þ
ŜL2ðz;λ;c;m̃Þ
−ŜL1ðz;λ;c;m̃Þ
ĈR1ðz;λ;c;m̃Þ

1
CCCA;

ðB41Þ

where ã ¼ a and b̃ ¼ b=αþ are arbitrary constants.
If N ’s have the same parity assignment at y ¼ 0 as that at

y ¼ L, then (B39) must be satisfied at z ¼ 1 as well.
Substituting (B41) into (B39) and evaluating the conditions
at z ¼ 1, one finds

�
ŜL1 ŜL2

ŜL2 ŜL1

��
ã

b̃

�
¼ 0; ðB42Þ

where ŜL1 ¼ ŜL1ð1; λ; c; m̃Þ, etc. The mass spectrum is
determined by

Ŝ 2
L1 − Ŝ 2

L2 ¼ 0: ðB43Þ

Type B: ðNþR; N−R; NþL; N−LÞ ¼ ð−;þ;þ;−Þ
When parity assignment at y ¼ L for ðNþR; N−R;

NþL; N−LÞ is ð−;þ;þ;−Þ, boundary conditions at z ¼
zL become
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NþR ¼ 0; DþðcÞNþL ¼ 0;

DþðcÞN−R ¼ 0; N−L ¼ 0: ðB44Þ

This leads to �
aþ a0 ¼ 0;

bαþ − b0α− ¼ 0.
ðB45Þ

It follows that solutions can be written as

0
BBB@
NþR

NþL

N−R

N−L

1
CCCA¼ ã

0
BBB@

ŜR2ðz;λ;c;m̃Þ
ĈL2ðz;λ;c;m̃Þ
ĈL1ðz;λ;c;m̃Þ
−ŜR1ðz;λ;c;m̃Þ

1
CCCAþ b̃

0
BBB@

ŜR1ðz;λ;c;m̃Þ
ĈL1ðz;λ;c;m̃Þ
ĈL2ðz;λ;c;m̃Þ
−ŜR2ðz;λ;c;m̃Þ

1
CCCA;

ðB46Þ

where ã ¼ a=αþ and b̃ ¼ b are arbitrary constants.
If N ’s have the same parity assignment at y ¼ 0 as that at

y ¼ L, then (B44) must be satisfied at z ¼ 1 as well.
Substituting (B46) into (B44) and evaluating the conditions
at z ¼ 1, one finds

�
ŜR2 ŜR1

ŜR1 ŜR2

��
ã

b̃

�
¼ 0: ðB47Þ

The mass spectrum is determined by

Ŝ 2
R1 − Ŝ 2

R2 ¼ 0: ðB48Þ

APPENDIX C: MAJORANA FERMIONS

We summarize the notation adopted in the present paper
concerning Majorana fermions in four dimensions. Dirac
matrices are

fγμ; γνg ¼ 2ημν; ημν ¼ diagð−1; 1; 1; 1Þ;

γμ ¼
�

σμ

σ̄μ

�
;

�
σμ

σ̄μ

�
¼ ð�I2; σ⃗Þ;

γ5 ¼
�
I2

−I2
�
: ðC1Þ

We define ψ̄ ¼ iψ†γ0. Charge conjugation is given by
ψC ¼ UCðψ̄Þt,whereUCγ

μtU†
C ¼ −γμ. In our representation

UC ¼ ieiδc
�
σ2

σ2

�
;

ψ ¼
�
ξ

η

�
→ ψC ¼

�
ηc

−ξc

�
¼ eiδc

�
σ2η�

−σ2ξ�

�
: ðC2Þ

Note that ðψCÞC ¼ ψ , whereas ðηcÞc ¼ −η and ðξcÞc ¼ −ξ.
It follows that

ψ1ψ2 ¼ −iη†1ξ2 þ iξ†1η2 ¼ ψC
2 ψ

C
1 ;

ψ1γ
μ∂μψ2 ¼ −iη†1σμ∂μη2 þ iξ†1σ̄

μ∂μξ2;

−iη†1σμ∂μη2 ¼ −i∂μη
c
2
†σ̄μηc1 ∼ iηc†2 σ̄μ∂μη

c
1; ðC3Þ

and so on.
In (5.38) we have introduced wave functions of mass

eigenstates satisfying

σ̄μ∂μf�RðxÞ ¼ mf�LðxÞ; σμ∂μf�LðxÞ ¼ mf�RðxÞ;
f�LðxÞc ¼ eiδCσ2f�LðxÞ� ¼ �f�RðxÞ: ðC4Þ

Explicit forms of f�L=RðxÞ are given, for modes propagat-
ing in the x3-direction with p⃗ ¼ ð0; 0; pÞ, by

fð1ÞþL ¼ 1ffiffiffiffiffiffi
2E

p
� ffiffiffiffiffiffiffiffiffiffiffiffi

Eþ p
p

e−iEtþipx3

eiδc
ffiffiffiffiffiffiffiffiffiffiffiffi
E − p

p
eiEt−ipx3

�
;

fð1ÞþR ¼ 1ffiffiffiffiffiffi
2E

p
�

−i
ffiffiffiffiffiffiffiffiffiffiffiffi
E − p

p
e−iEtþipx3

ieiδc
ffiffiffiffiffiffiffiffiffiffiffiffi
Eþ p

p
eiEt−ipx3

�
;

fð2ÞþL ¼ 1ffiffiffiffiffiffi
2E

p
� ffiffiffiffiffiffiffiffiffiffiffiffi

Eþ p
p

eiEt−ipx3

−eiδc
ffiffiffiffiffiffiffiffiffiffiffiffi
E − p

p
e−iEtþipx3

�
;

fð2ÞþR ¼ 1ffiffiffiffiffiffi
2E

p
�

i
ffiffiffiffiffiffiffiffiffiffiffiffi
E − p

p
eiEt−ipx3

ieiδc
ffiffiffiffiffiffiffiffiffiffiffiffi
Eþ p

p
e−iEtþipx3

�
;

fð1Þ−L ¼ 1ffiffiffiffiffiffi
2E

p
� ffiffiffiffiffiffiffiffiffiffiffiffi

Eþ p
p

e−iEtþipx3

−eiδc
ffiffiffiffiffiffiffiffiffiffiffiffi
E − p

p
eiEt−ipx3

�
;

fð1Þ−R ¼ 1ffiffiffiffiffiffi
2E

p
�

−i
ffiffiffiffiffiffiffiffiffiffiffiffi
E − p

p
e−iEtþipx3

−ieiδc
ffiffiffiffiffiffiffiffiffiffiffiffi
Eþ p

p
eiEt−ipx3

�
;

fð2Þ−L ¼ 1ffiffiffiffiffiffi
2E

p
� ffiffiffiffiffiffiffiffiffiffiffiffi

Eþ p
p

eiEt−ipx3

eiδc
ffiffiffiffiffiffiffiffiffiffiffiffi
E − p

p
e−iEtþipx3

�
;

fð2Þ−R ¼ 1ffiffiffiffiffiffi
2E

p
�

i
ffiffiffiffiffiffiffiffiffiffiffiffi
E − p

p
eiEt−ipx3

−ieiδc
ffiffiffiffiffiffiffiffiffiffiffiffi
Eþ p

p
e−iEtþipx3

�
: ðC5Þ

Here E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
.

APPENDIX D: DARK FERMIONS

In addition to the quark and lepton multiplets, we
introduce dark fermion multiplets in the bulk, which give
relevant contributions to the effective potential VeffðθHÞ to
induce the electroweak symmetry breaking by the Hosotani
mechanism. They naturally appear from grand unified
theory.
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1. QEM = 2
3 ;− 1

3: (Ψð3;4Þ ≡ΨF)

The bulk mass parameter of this multiplet, cF, is
assumed to satisfy jcFj < 1

2
. ΨF satisfies boundary con-

dition (3.8). There are no zero modes. The spectrum is
vectorlike. ðF1; F0

1Þ in Table III forms a pair analogous to
the ðu; u0Þ pair, whereas ðF2; F0

2Þ is analogous to the ðd; d0Þ
pair. Both pairs satisfy, in the twisted gauge, the equations
similar to Eq. (5.6) with cQ replaced by cF.
With the boundary conditions at y ¼ L taken into

account, mode functions can be written as

� ˜̌F1R

˜̌F 0
1R

�
¼

�
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�
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˜̌F 0
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�
¼

�
αFCLðz; λ; cFÞ
αF0SLðz; λ; cFÞ

�
fLðxÞ: ðD1Þ

The boundary conditions at z ¼ 1 are flipped, however, and
we have D−F̌1R ¼ 0 and F̌0

1R ¼ 0 there to find

KF

�
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�
¼
�
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L −isin1
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−isin1
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�
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ðD2Þ

Here SFL=R ¼ SL=Rð1; λ; cFÞ, etc. detKF ¼ 0 leads to the
equation determining the spectrum:

SFLS
F
R þ cos2

θH
2

¼ 0: ðD3Þ

There are no light modes for jcFj < 1
2
and small θH. The

spectrum of the ðF2; F0
2Þ pair is also given by (D3).

2. QEM = � 1: E�, Ê� (Ψ�
ð1;5Þ)

In general Ψþ
ð1;5Þ and Ψ

−
ð1;5Þ may have different bulk mass

parameters cVþ and cV− . For charged particles E�, equa-
tions of motion are given by
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z
Ě −
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−kD−ðcV−ÞĚ −
R þ σμ∂μĚ −
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V

z
Ě þ

R ¼ 0;

σ̄μ∂μĚ −
R − kDþðcV−ÞĚ −

L −
mV

z
Ě þ

L ¼ 0: ðD4Þ

Eþ and E− couple with each other through the mass mV .
Boundary conditions are given by Ě þ

R ¼ DþðcVþÞĚ þ
L ¼ 0

and D−ðcV−ÞĚ −
R ¼ Ě −

L ¼ 0 at z ¼ 1, zL.

Mode functions can easily be found for cVþ ¼ �cV−.
They are summarized in Appendix B 3. We quote the results
there. We note that the same result is obtained for Ê� as
for E�.

a. Case I: cV + = cV − = cV
We denote m̃V ¼ mV=k. The boundary condition is type

B. Mode functions are given by (B23):
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ðD5Þ
where a and b are arbitrary constants. The expression is
valid both in the original gauge and in the twisted gauge, as
these fields do not couple to θH at the tree level. The
spectrum is determined by (B25):

SV
L1S

V
R1 − SV

L2S
V
R2 ¼ 0; ðD6Þ

where SV
L1 ¼ SL1ð1; λ; cV; m̃VÞ, etc.

b. Case II: cV + = − cV − = cV
In this case, mode functions are given by (B46):
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ŜR2ðz; λ; cV; m̃VÞ
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where a and b are arbitrary constants. The spectrum is
determined by (B48):

ðŜ V
R1Þ2 − ðŜ V

R2Þ2 ¼ 0; ðD8Þ

where Ŝ V
R1 ¼ ŜR1ð1; λ; cV; m̃VÞ, etc.

3. QEM = 0: N�, N̂�, S� (Ψ�
ð1;5Þ)

N�, N̂�, and S� couple with each other through θH.
Equations of motion in the original gauges are
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Š �
R

1
CCAþ σμ∂μ

0
BB@

ˇ̂N �
L
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Note that D̂�ðcÞ is given by (5.2).
The relation between the original and twisted gauges is

given by Ψ�
ð1;5Þ ¼ ΩðzÞΨ̃�

ð1;5Þ, where ΩðzÞ ¼ eiθðzÞT45 , so
that
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and therefore
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Š �

1
CCA ¼ Ω̄ðzÞ

0
BB@

˜̂̌
N �
˜̌N �
˜̌S �

1
CCA;

Ω̄ðzÞ ¼ V

0
BB@

1 0 0

0 cos θðzÞ sin θðzÞ
0 − sin θðzÞ cos θðzÞ

1
CCAV−1;

V ¼ V−1 ¼

0
BB@

1ffiffi
2

p 1ffiffi
2

p 0

1ffiffi
2

p − 1ffiffi
2

p 0

0 0 1

1
CCA: ðD11Þ

It follows that
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and so on. Boundary conditions in the original gauge are
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at both z ¼ 1 and z ¼ zL.

a. Case I: cV + = cV − = cV
The boundary conditions in the twisted gauge at

z ¼ zL are obtained from (D13) by replacing D̂�ðcÞ
by D�ðcÞ. Mode functions of the N and N̂ fields are
given by (B23), whereas those of the S field are given by
(B18):
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where m̃V ¼ mV=k and aN̂ , bN̂ , aN , bN , aS, and bS are
arbitrary parameters.
We insert (D14) into the boundary conditions

(D13) at z ¼ 1. With the aid of (D11) and (D12), one
finds that
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where cH¼cosθH, sH¼sinθH, and SV
L1¼SL1ð1;λ;cV;m̃VÞ, etc. The spectrum is determined by detKN ¼ 0:
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b. Case II: cV + = − cV − = cV
The boundary conditions (D13) become
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R ¼ D̂þðcVÞ ˇ̂N þ

L ¼ D̂þðcVÞ ˇ̂N −
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at both z ¼ 1 and z ¼ zL. Mode functions of the N and N̂ fields are given by (B46), whereas those of the S field are given
by (B41):
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ĈL1ðz; λ; cV; m̃VÞ
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where aN̂ , bN̂ , aN , bN , aS, and bS are arbitrary parameters.
We insert (D18) into the boundary conditions (D17) at z ¼ 1. This time we have, instead of (D15),
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R1 sHĈ V
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Ĉ ¼

0
B@
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where Ŝ V
L1 ¼ ŜL1ð1; λ; cV; m̃VÞ, etc. The spectrum is determined by
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