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We show that, within the framework of SUð5Þ grand unified theories (GUTs), multiple vectorlike
families at the GUT scale which transform under a gauged Uð1Þ0 (under which the three chiral families are
neutral) can result in a single vectorlike family at low energies which can induce nonuniversal and flavorful
Z0 couplings, which can account for the B physics anomalies in RKð�Þ . In such theories, we show that the
same muon couplings which explain RKð�Þ also correct the Yukawa relation Ye ¼ YT

d in the muon sector
without the need for higher Higgs representations. To illustrate the mechanism, we construct a concrete
model based on SUð5Þ × A4 × Z3 × Z7 with two vectorlike families at the GUT scale, and two right-
handed neutrinos, leading to a successful fit to quark and lepton (including neutrino) masses, mixing
angles, and CP phases, where the constraints from lepton-flavor violation require Ye to be diagonal.
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I. INTRODUCTION

Most Z0 models [1] have universal couplings to the three
families of quarks and leptons. The reason for this is both
theoretical and phenomenological. First, many theoretical
models naturally predict universal Z0 couplings. Second,
from a phenomenological point of view, having universal
couplings avoids dangerous flavor changing neutral cur-
rents (FCNCs) mediated by tree-level Z0 exchange. The
most sensitive processes involve the first two families, such
as K0 − K̄0 mixing, μ − e conversion in muonic atoms, and
so on, leading to stringent bounds on the Z0 mass and
couplings [1].
Recently, the phenomenological motivation for consider-

ing nonuniversal Z0 models has increased due to mounting
evidence for semileptonic B decays which violate μ − e
universality at rates which exceed those predicted by the
Standard Model (SM) [2–4]. In particular, the LHCb
Collaboration and other experiments have reported a number
of anomalies in B → Kð�Þlþl− decays such as the RK [5] and
RK� [6] ratios of μþμ− to eþe− final states, which are
observed to be about 70% of their expected values with a 4σ
deviation from the SM, and the P0

5 angular variable, not to
mention the B → ϕμþμ− mass distribution in mμþμ− .

Following the recent measurement of RK� [6], a number
of phenomenological analyses of these data (see, e.g.,
[7–12]) favor a new physics operator of the CNP

9μ ¼ −CNP
10μ

form [13,14],

−
1

ð31.5 TeVÞ2 b̄Lγ
μsLμ̄LγμμL ð1Þ

or of the CNP
9μ form,

−
1

ð31.5 TeVÞ2 b̄Lγ
μsLμ̄γμμ ð2Þ

or some linear combination of these two operators. Other
solutions different than CNP

9μ ¼ −CNP
10μ allowing for a

successful explanation of the RK� anomalies are studied
in detail in Ref. [15]. However the solution CNP

9μ ¼ −CNP
10μ

can provide a simultaneous explanation of the RK� and RD�

anomalies [16].
In a flavorful Z0 model, the new physics operator in

Eq. (1) will arise from the tree-level Z0 exchange, where the
Z0 must dominantly couple to μμ over ee, and must also
have the quark flavor changing coupling bLsL which must
dominate over bRsR. The coefficient of the tree-level Z0
exchange operator is therefore of the form,

CbLsLCμLμL

M0
Z
2

≈ −
1

ð31.5 TeVÞ2 : ð3Þ

In realistic models, the product of the Z0 couplings
CbLsLCμLμL is much smaller than unity since the constraint
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from the Bs mass difference will imply that
jCbLsL

j
jCμLμL

j ≲ 1
50
,

so if CμLμL ≲ 1 then CbLsL ≲ 1=50 which implies that
M0

Z ≲ 5 TeV, making the Z0 possibly observable at the
LHC, depending on its coupling to light quarks. Studies of
lepton-flavor violating (LFV) B decays in generic Z0
models before the RK� measurement but compatible with
it are provided in Ref. [17]. In addition, two and three
Higgs doublet models with a nonuniversal Uð1Þ0 gauge
symmetry have been used as the first explanations for the
RK and RK� anomalies [18]. An alternative explanation of
the RK and RK� anomalies in the framework of a two Higgs
doublet model with two scalar singlets and nonuniversal
Uð1Þ0 gauge symmetry is provided in Ref. [19]. Another
explanation for the RK and RK� anomalies is an extended
inert doublet model having an extra nonuniversal Uð1Þ0
gauge symmetry, where the SM fermion mass hierarchy is
generated from sequential loop suppression [20,21].
Furthermore, the RK and RK� anomalies can be explained
in an aligned two Higgs doublet model with right-handed
Majorana neutrinos mediating linear and inverse scale
seesaw mechanisms to generate light active neutrino
masses [22]. Apart from these explanations, the RK and
RK� anomalies can also be explained in models with
extended SUð3ÞC × SUð3ÞL ×Uð1Þ0 symmetry, with non-
minimal particle content, as done in Ref. [23]. Finally, a
vector leptoquark in the Standard Model representation
ð3; 1Þ2=3 arising from a Pati-Salam-like theory has been
shown for the first time to provide a good fit to the RK�

anomalies [24].
In a recent paper, we showed how to obtain a flavorful Z0

suitable for explaining RK� by adding a fourth vectorlike
family with nonuniversal Uð1Þ0 charges [25]. The idea is
that the Z0 couples universally to the three chiral families,
which then mix with the nonuniversal fourth family to
induce effective nonuniversal couplings in the physical
light mixed quarks and leptons. Such a mechanism has
wide applicability; for example, it was recently discussed in
the context of F-theory models with nonuniversal gauginos
[26]. Two explicit examples were discussed in [25]: an
SOð10Þ → SUð5Þ × Uð1ÞX model, where we identified
Uð1Þ0 ≡Uð1ÞX, which, however, was subsequently shown
to be not consistent with both explaining RK� and respect-
ing the Bs mass difference [27], and a fermiophobic model
where the Uð1Þ0 charges are not carried by the three chiral
families, only by a fourth vectorlike family. The fermio-
phobic looks more promising, since, with suitable cou-
plings, it can overcome all the phenomenological flavor
changing and collider constraints, and can, in addition, also
provide an explanation for dark matter, as recently dis-
cussed [28].
On the other hand, the existing pattern of SM fermion

masses is extended over a range of 5 orders of magnitude in
the quark sector and a much wider range of about 12 orders
of magnitude, when neutrinos are included. Unlike in the
quark sector where the mixing angles are very small, two of

the three leptonic mixing angles, i.e., the atmospheric θ23
and the solar θ12, are large, while the reactor angle θ13 is
comparatively small. This suggests a different kind of
underlying physics for the neutrino sector than what should
be responsible for the observed hierarchy of quark masses
and mixing angles. That flavor puzzle of the SM indicates
that new physics has to be advocated to explain the observed
SM fermion mass and mixing pattern. That SM “flavor
puzzle” motivates us to build models with additional scalars
and fermions in their particle spectrum and with an extended
gauge group, supplemented by discrete flavor symmetries,
which are usually spontaneously broken, in order to generate
the observed pattern of SM fermion masses and mixing
angles. Recent reviews of discrete flavor groups can be
found in Refs. [29–33]. Several discrete groups such as S3
[34–62], A4 [63–105], S4 [106–125], D4 [126–134], Q6

[135–145], T7 [146–155], T13 [156–159], T 0 [160–168],
Δð27Þ [169–194], Δð54Þ [195], Δð96Þ [196–198], Δð6N2Þ
[199–201], and A5 [202–213] have been implemented in
extensions of the SM to provide a nice description of the
observed pattern of fermion masses and mixing angles.
In this paper we focus on an SUð5Þ × Uð1Þ0 model with a

vectorlike fourth family where the three chiral families do
not couple to the Uð1Þ0, but the fourth vectorlike family has
arbitrary Uð1Þ0 charges for the different multiplets, which
mix with the three families, thereby inducing effective
nonuniversal couplings for the light physical mixed quarks
and leptons. The particular scheme we consider involves
induced Z0 couplings to third family left-handed quark
doublets and second family left-handed lepton doublets,
similar to the model discussed recently in [28]. However, in
addition, we also allow induced Z0 couplings to the right-
handed muon, in order to provide nonuniversality for both
left-handed and right-handed muons, and hence give
corrections to the physical muon Yukawa coupling. We
show that such an SUð5Þ model with the vector sector can
account for the muon anomalies RKð�Þ and correct the
Yukawa relation Ye ≠ YT

d without the need for higher Higgs
representations. The same applies to flavored grand unified
theories (GUTs) such as SUð5Þ × A4 with a vector sector.
In addition, we study the implications of a A4 flavored
SUð5Þ × Uð1Þ0 GUT with five generations of fermions on
SM fermion masses and mixings. To successfully describe
the observed pattern of SM fermion masses and mixing
angles, we supplement the A4 family symmetry of that
model by the Z3 × Z7 discrete group and we extend the
particle content of our model by adding two right-handed
Majorana neutrinos and several SUð5Þ singlet scalar fields.
The discrete A4 × Z3 × Z7 discrete group is needed in order
to reproduce the specific patterns of mass matrices in the
quark and lepton sectors, consistent with the low energy
SM fermion flavor data. The two right-handed Majorana
neutrinos are required for the implementation of the type-I
seesaw mechanism at tree level to generate the masses for
the light active neutrinos as pointed out for the first time in
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Refs. [214,215]. In this framework, the active neutrinos
acquire small masses scaled by the inverse of the large type-
I seesaw mediators, thus providing a natural explanation for
the smallness of neutrino masses.
The layout of the remainder of the paper is as follows. In

Sec. II we describe a two Higgs doublet model with four
generations of fermions, several scalar singlets, and an
extra Uð1Þ0 gauge symmetry under which the SM fermions
are neutral and the fourth generation of fermions is charged.
In Sec. III we present the SUð5Þ ×Uð1Þ0 GUT theory with
five generations of fermions in the 5̄ and 10 irreps of SUð5Þ.
In Sec. IV we outline the A4 flavored SUð5Þ ×Uð1Þ0 GUT
theory with five generations of fermions and we discuss its
implications on SM fermion masses and mixings. Finally,
we conclude in Sec. V. Appendix A provides a brief
description of the A4 discrete group.

II. STANDARD MODEL WITH
A VECTOR SECTOR

In this section we analyze the model defined in Table I.
The three chiral families and the Higgs doublets do not
carry any Uð1Þ0 charges. We allow the vectorlike family to
carry arbitrary Uð1Þ0 charges. The scalars ϕ couple the
vectorlike family to the three chiral families.

A. Higgs Yukawa couplings

The Higgs Yukawa couplings of the first three chiral
families ψ i are

LYuk ¼ yuijHuQ̄LiuRj þ ydijHdQ̄LidRj þ yeijHdL̄LieRj þH:c:

ð4Þ

where i; j ¼ 1;…; 3.

In addition we allow the possibility of the fourth
vectorlike family Higgs Yukawa couplings,

LYuk
4 ¼ yu4HuQ̄L4uR4 þ yd4HdQ̄L4dR4 þ ye4HdL̄L4eR4 þH:c:

ð5Þ

although the existence of these couplings will depend on
the choice of the Uð1Þ0 charges for the vectorlike family,
and some or all of these couplings could be zero.

B. Heavy masses

In this subsection we ignore the Higgs Yukawa couplings
(which give electroweak scale masses) and consider only
the heavy mass Lagrangian (which gives multi-TeV
masses).
The vectorlike family can mix with the three chiral

families via the ϕ scalars, and also can have explicit
masses, leading to the heavy Lagrangian,

Lheavy ¼ xQi ϕQQ̄LiQ̃R4 þ xui ϕu
¯̃uL4uRi þ xdi ϕd

¯̃dL4dRi

þ xLi ϕLL̄LiL̃R4 þ xeiϕe
¯̃eL4eRi þMQ

4 Q̄L4Q̃R4

þMu
4
¯̃uL4uR4 þMd

4
¯̃dL4dR4 þML

4 L̄L4L̃R4

þMe
4
¯̃eL4eR4 þ H:c: ð6Þ

After the singlet fields ϕ develop vacuum expectation
values (VEVs), the Uð1Þ0 gauge symmetry is broken and
yields a massive Z0 gauge boson whose mass is of order of
the largest VEV of the ϕ fields. Then we may define new
mass parametersMQ

i ¼ xQi hϕQi, and similarly for the other
mass parameters, give

Lheavy ¼ MQ
α Q̄LαQ̃R4 þMu

α
¯̃uL4uRα þMd

α
¯̃dL4dRα

þML
α L̄LαL̃R4 þMe

α
¯̃eL4eRα þ H:c: ð7Þ

where α ¼ 1;…; 4 in a compact notation.
All these mass terms are heavy, of order a few TeV, and

our first task is to identify the heavy mass states and
integrate them out. Actually only one linear combination of
the four “normal chirality” states will get heavy, while the
other three orthogonal linear combinations will remain
massless (ignoring the Higgs Yukawa couplings). We will
identify the three physical massless families with the
quarks and leptons of the Standard Model.

C. Diagonalizing the heavy masses

We now focus on Lheavy (ignoring the Higgs Yukawa
Lagrangian) and show how the heavy masses may be
diagonalized, denoting the fields in this basis by primes.
The goal is to identify the light states of the low energy
effective SM below the few TeV scale, after the heavy states
have been integrated out.

TABLE I. The general framework considered in this paper.

Field

Representation/Charge

SUð3Þc SUð2ÞL Uð1ÞY Uð1Þ0
QLi 3 2 1=6 0
uRi 3 1 2=3 0
dRi 3 1 −1=3 0
LLi 1 2 −1=2 0
eRi 1 1 −1 0
νRi 1 1 0 0
Hu 1 2 −1=2 0
Hd 1 2 1=2 0
QL4,Q̃R4 3 2 1=6 qQ4

uR4,ũL4 3 1 2=3 qu4
dR4,d̃L4 3 1 −1=3 qd4
LL4,L̃R4 1 2 −1=2 qL4

eR4,ẽL4 1 1 −1 qe4
ϕQ;u;d;L;e 1 1 0 qϕQ;u;d;L;e
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In the primed basis, the fourth family is massive (before
electroweak symmetry breaking),

Lmass ¼ M̃Q
4 Q̄

0
L4Q̃R4 þ M̃u

4
¯̃uL4u0R4 þ M̃d

4
¯̃dL4d0R4

þ M̃L
4 L̄

0
L4L̃R4 þ M̃e

4
¯̃eL4e0R4 þ H:c: ð8Þ

The first three families in the primed basis have zero
mass (before electroweak symmetry breaking), and are
identified as the quarks and leptons of the SM.
The fields in the primed basis and the original basis are

related by unitary 4 × 4 mixing matrices,

Q0
L ¼ VQL

QL; u0R ¼ VuRuR; d0R ¼ VdRdR;

L0
L ¼ VLL

LL; e0R ¼ VeReR: ð9Þ
In our scheme we will consider only the nonzero mixing

angles to be θQL
34 , in order to generate the Z

0 coupling to the
third family quark doublet including b0L, and also θLL

24 and
θeR24 to generate the Z0 coupling to the second family lepton
doublet including μ0L and also μ0R, in the primed basis. This
is very similar to the model in [28], where the nonzero
angles θQL

34 and θLL
24 were considered, and whose main focus

was on the phenomenological viability of the model
including dark matter. The model considered here includes,
in addition, the nonzero angle θeR24 which generates an
additional Z0 coupling to μ0R, which is important for the
main focus of the present paper, namely, the effect of the
model on the SUð5Þ Yukawa relations.
To summarize, in this paper we consider

VQL
¼ VQL

34 ¼

0
BBB@

1 0 0 0

0 1 0 0

0 0 cQL
34 sQL

34

0 0 −sQL
34 cQL

34

1
CCCA; ð10Þ

VLL
¼ VLL

24 ¼

0
BBB@

1 0 0 0

0 cLL
24 0 sLL

24

0 0 1 0

0 −sLL
24 0 cLL

24

1
CCCA; ð11Þ

VeR ¼ VeR
24 ¼

0
BBB@

1 0 0 0

0 ceR24 0 seR24
0 0 1 0

0 −seR24 0 ceR24

1
CCCA; ð12Þ

denoting c ¼ cos θ and s ¼ sin θ.

D. The Lagrangian in the primed basis

1. Yukawa couplings in the primed basis

In the original basis, the Yukawa couplings in Eq. (4)
may be written in terms of the three chiral families ψ i plus

the same chirality fourth family ψ4 in a 4 × 4 matrix
notation as

LYuk ¼ HuQ̄LỹuuR þHdQ̄LỹddR þHdL̄LỹeeR þ H:c:

ð13Þ

where ỹu, ỹd, ỹe are 4 × 4 matrices consisting of the
original 3 × 3 matrices, yu, yd, ye, but augmented by a
fourth row and column, as follows:

ỹe ¼

0
BBB@

ye11 ye12 ye13 ye14
ye21 ye22 ye23 ye24
ye31 ye32 ye33 ye34
ye41 ye42 ye43 ye44

1
CCCA: ð14Þ

In the primed basis in Eq. (9), where only the fourth
components of the fermions are very heavy, the Yukawa
couplings become

LYuk ¼ HuQ̄0
Lỹ0uu0R þHdQ̄0

Lỹ0dd0R þHdL̄0
Lỹ0ee0R þ H:c:

ð15Þ

where

ỹ0u ¼ VQL
ỹuV†

uR; ỹ0d ¼ VQL
ỹdV†

dR
; ỹ0e ¼ VLL

ỹeV†
eR :

ð16Þ

In the primed basis it is trivial to integrate out the heavy
family by simply removing the fourth rows and columns of
the primed Yukawa matrices in Eq. (16), to leave the upper
3 × 3 blocks, which describe the three massless families, in
the low energy effective theory involving the massless
fermions ψ 0

i,

LYuk
light ¼ y0uijHuQ̄0

Liu0Rj þ y0dijHdQ̄0
Lid0Rj

þ y0eijHdL̄0
Lie0Rj þ H:c: ð17Þ

where

y0uij ¼ ðVQL
ỹuV†

uRÞij; y0dij ¼ ðVQL
ỹdV†

dR
Þij;

y0eij ¼ ðVLL
ỹeV†

eRÞij ð18Þ

and i; j ¼ 1;…; 3. The physical three family quark and
lepton masses in the low energy effective theory should be
calculated using the 3 × 3 Yukawa matrices in Eq. (18).
For example, from Eqs. (11), (12), (14), and (16) we see

that, if y44 is large, then this mixing may enhance
significantly y0e22 compared to its original value ye22,
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ỹ0e ¼

0
BBB@

1 0 0 0

0 cLL
24 0 sLL

24

0 0 1 0

0 −sLL
24 0 cLL

24

1
CCCA

0
BBB@

ye11 ye12 ye13 ye14
ye21 ye22 ye23 ye24
ye31 ye32 ye33 ye34
ye41 ye42 ye43 ye44

1
CCCA

0
BBB@

1 0 0 0

0 ceR24 0 −seR24
0 0 1 0

0 seR24 0 ceR24

1
CCCA

¼

0
BBB@

ye11 ye12 ye13 y0e14
ye21 y0e22 ye23 y0e24
ye31 ye32 ye33 y0e34
y0e44 y0e44 y0e44 y0e44

1
CCCA ð19Þ

where the 22 element of the 3 × 3 light physical Yukawa matrix gets modified as follows:

y0e22 ¼ cLL
24 c

eR
24y

e
22 þ cLL

24 s
eR
24y

e
24 þ sLL

24 c
eR
24y

e
42 þ sLL

24 s
eR
24y

e
44 ≈ ye22 þ θeR24y

e
24 þ θLL

24 y
e
42 þ θLL

24 θ
eR
24y

e
44 ð20Þ

where the approximation is for small angles. This may
be a rather large correction if ye44 ≫ ye22 or ye24 ≫ ye22 or
ye42 ≫ ye22 even for small angle rotations. Such an enhance-
ment is not present for y0d22, due to the assumed zero angles
θQL
24 ¼ θdR24 ¼ 0. Therefore any relation between ye22 and y

d
22

will not be respected by the physical couplings y0e22 and
y0d22, after the mixing with the vectorlike family has been
taken into account.
By a similar argument, turning on the mixing angles θLL

14 ,
θeR14 would lead to

y0e11 ≈ ye11 þ θeR14y
e
14 þ θLL

14 y
e
41 þ θLL

14 θ
eR
14y

e
44; ð21Þ

where these mixing angles θLL
14 , θ

eR
14 could be much smaller

than θQL
24 , θ

dR
24 and still give a significant correction, since

the 11 element of the charged lepton matrix is more

sensitive to such corrections than the 22 element (since
the electron mass is much smaller than the muon mass).

2. Z0 gauge couplings in the primed basis

There is a Glashow-Iliopoulos-Maiani mechanism in the
electroweak sector leading to no FCNCs. However, in the
physics of Z0 gauge bosons, the Uð1Þ0 charges depend on
the family index α. This leads to nonuniversality and
possibly FCNCs due to the Z0 gauge boson exchange, as
we discuss. After Uð1Þ0 breaking, we have a massive Z0
gauge boson with diagonal gauge couplings to the four
families of quarks and leptons, in the original basis,

Lgauge
Z0 ¼ g0Z0

μðQ̄LDQγ
μQL þ ūRDuγ

μuR þ d̄RDdγ
μdR

þ L̄LDLγ
μLL þ ēRDeγ

μeRÞ ð22Þ

where only the fourth family has nonzero charges,

DQ ¼ diagð0; 0; 0; qQ4Þ; Du ¼ diagð0; 0; 0; qu4Þ; Dd ¼ diagð0; 0; 0; qd4Þ;
DL ¼ diagð0; 0; 0; qL4Þ; De ¼ diagð0; 0; 0; qe4Þ: ð23Þ

In the diagonal heavy mass (primed) basis, given by the unitary transformations in Eq. (9), the Z0 couplings to the four
families of quarks and leptons in Eq. (22) become

Lgauge
Z0 ¼ g0Z0

μðQ̄0
LD

0
Qγ

μQ0
L þ ū0RD

0
uγ

μu0R þ d̄0RD
0
dγ

μd0R þ L̄0
LD

0
Lγ

μL0
L þ ē0RD

0
eγ

μe0RÞ ð24Þ

where

D0
Q ¼ VQL

DQV
†
QL
; D0

u ¼ VuRDuV
†
uR; D0

d ¼ VdRDdV
†
dR
;

D0
L ¼ VLL

DLV
†
LL
; D0

e ¼ VeRDeV
†
eR : ð25Þ

In the low energy effective theory, after decoupling the fourth heavy family, Eq. (24) gives the Z0 couplings to the three
massless families of quarks and leptons,

Lgauge
Z0 ¼ g0Z0

μðQ̄0
LD̃

0
Qγ

μQ0
L þ ū0RD̃

0
uγ

μu0R þ d̄0RD̃
0
dγ

μd0R þ L̄0
LD̃

0
Lγ

μL0
L þ ē0RD̃

0
eγ

μe0RÞ ð26Þ
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where the 3 × 3 matrices D̃0 are given by

ðD̃0
QÞij ¼ ðVQL

DQV
†
QL
Þij; ðD̃0

uÞij ¼ ðVuRDuV
†
uRÞij; ðD̃0

dÞij ¼ ðVdRDdV
†
dR
Þij;

ðD̃0
LÞij ¼ ðVLL

DLV
†
LL
Þij; ðD̃0

eÞij ¼ ðVeRDeV
†
eRÞij; ð27Þ

where i; j ¼ 1;…; 3.
Without the fourth family, mixing all these Z0 couplings

would be zero, since the three original chiral families have
zero Uð1Þ0 charges. However, with Eqs. (10)–(12), this
mixing induces Z0 couplings to the third family left-handed
quarks and to the muons, as we discuss in the next
subsection.

E. Phenomenology

The example we consider is one in which the quarks and
leptons start out not coupling to the Z0 at all, as in
fermiophobic models. We show that such fermiophobic
Z0 models may be converted to flavorful Z0 models via
mixing with fourth and fifth vectorlike families with Z0
couplings. We consider both fourth and fifth vectorlike

families of charged fermions to account for the RK and
RK� anomalies and at the same time to allow embedding
the model in a SUð5Þ GUT theory in such a way that the
mixings between the heavy and light states will yield a
realistic SM quark mass spectrum at low energies without
adding a scalar field in the 45 irrep representation of
SUð5Þ as we will shown in detail in Sec. IV. Without the
inclusion of the fifth fermion family it will not be possible
to embed our model in a SUð5Þ GUT theory consistent
with the low energy SM fermion flavor data and at the
same time allowing for an explanation of the RK and RK�

anomalies, without invoking 45 irrep scalar of SUð5Þ. We
start by considering the following scenario where the
mixing matrices for the fermionic fields QL, LL, and
eR are

VQL
¼ VQL

35 ¼

0
BBBBB@

1 0 0 0 0

0 1 0 0 0

0 0 cQL
35 0 sQL

35

0 0 0 1 0

0 0 −sQL
35 0 cQL

35

1
CCCCCA
;

VLL
¼ VL

24V
L
14V

L
15 ¼

0
BBBBB@

cL14c
L
15 0 0 sL14 cL14s

L
15

−cL15sL14sL24 cL24 0 cL14s
L
24 −sL14sL15sL24

0 0 1 0 0

−cL15cL24sL14 −sL24 0 cL14c
L
24 −cL24sL14sL15

−sL15 0 0 0 cL15

1
CCCCCA
;

VeR ¼ VeR
24V

eR
14V

eR
15 ¼

0
BBBBBB@

ceR14c
eR
15 0 0 seR14 ceR14s

eR
15

−ceR15s
eR
14s

eR
24 ceR24 0 ceR14s

eR
24 −seR14s

eR
15s

eR
24

0 0 1 0 0

−ceR15c
eR
24s

eR
14 −seR24 0 ceR14c

eR
24 −ceR24s

eR
14s

eR
15

−seR15 0 0 0 ceR15

1
CCCCCCA
: ð28Þ

In addition we consider that only the fourth and fifth families have nonvanishing charges:

DQ ¼ diagð0; 0; 0; qQ4; qQ5Þ; DL ¼ diagð0; 0; 0; qL4; qL5Þ; De ¼ diagð0; 0; 0; qe4; qe5Þ: ð29Þ

Then, by replacing in Eq. (27) we find the following relations:
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D̃0
Q ¼ qQ5

0
B@

0 0 0

0 0 0

0 0 ðsQ35Þ2

1
CA;

D̃0
L ¼

0
B@

qL4
ðsL14Þ2 þ qL5

ðsL15Þ2ðcL14Þ2 cL14s
L
14s

L
24½qL4

− qL5
ðsL15Þ2� 0

cL14s
L
14s

L
24½qL4

− qL5
ðsL15Þ2� qL4

ðsL24Þ2ðcL14Þ2 þ qL5
ðsL15Þ2ðsL14Þ2ðsL24Þ2 0

0 0 0

1
CA

D̃0
e ¼

0
B@

qe4ðse14Þ2 þ qe5ðse15Þ2ðce14Þ2 ce14s
e
14s

e
24½qe4 − qe5ðse15Þ2� 0

ce14s
e
14s

e
24½qe4 − qe5ðse15Þ2� qe4ðse24Þ2ðce14Þ2 þ qe5ðse15Þ2ðse14Þ2ðse24Þ2 0

0 0 0

1
CA ð30Þ

so that the Z0 couplings from Eq. (26) become

Lgauge
Z0 ¼ g0Z0

λfqQ5ðsQ35Þ2Q̄0
L3γ

λQ0
L3 þ ½qL4

ðsL14Þ2 þ qL5
ðsL15Þ2ðcL14Þ2�L̄0

L1γ
λL0

L1g
þ g0Z0

λ½qe4ðse14Þ2 þ qe5ðse15Þ2ðce14Þ2�ē0R1γλe0R1
þ g0Z0

λ½qL4
ðsL24Þ2ðcL14Þ2 þ qL5

ðsL15Þ2ðsL14Þ2ðsL24Þ2�L̄0
L2γ

λL0
L2

þ g0Z0
λ½qe4ðse24Þ2ðce14Þ2 þ qe5ðse15Þ2ðse14Þ2ðse24Þ2�ē0R2γλe0R2

þ g0Z0
λc

L
14s

L
14s

L
24½qL4

− qL5
ðsL15Þ2�ðL̄0

L1γ
λL0

L2 þ L̄0
L2γ

λL0
L1Þ

þ g0Z0
λc

e
14s

e
14s

e
24½qe4 − qe5ðse15Þ2�ðē0R1γλe0R2 þ ē0R2γ

λe01RÞ ð31Þ

where the Z0 couples only to the third family left-handed quark doubletsQ0
L3 ¼ ðt0L; b0LÞ and the muons L0

L2 ¼ ðν0μL; μ0LÞ and
e0R2 ¼ μ0R, where the primes indicate that these are the states before the Yukawa matrices are diagonalized.
Ignoring any charged lepton mixing amongst the three light families (to start with), this will lead the couplings,

Lgauge
Z0 ¼ Z0

λðCbLsL b̄Lγ
λsL þ CμLμL μ̄Lγ

λμL þ CμRμR μ̄Rγ
λμR þ CeLeL ēLγ

λeL

þ CeReR ēRγ
λeR þ CμLeLðμ̄LγλeL þ ēLγλμLÞ þ CμReRÞðμ̄RγλeR þ ēRγλμRÞ þ…Þ ð32Þ

with the different couplings of the Z0 gauge bosons with the charged leptonic fields appearing in Eq. (33) given by

CbLsL ≡ g0qQ5ðsQ35Þ2ðV 0†
dLÞ32; CμLμL ≡ g0½qL4

ðsL24Þ2ðcL14Þ2 þ qL5
ðsL15Þ2ðsL14Þ2ðsL24Þ2�

CμRμR ≡ g0½qe4ðse24Þ2ðce14Þ2 þ qe5ðse15Þ2ðse14Þ2ðse24Þ2�;
CeLeL ≡ g0½qL4

ðsL14Þ2 þ qL5
ðsL15Þ2ðcL14Þ2�; CeReR ≡ g0½qe4ðse14Þ2 þ qe5ðse15Þ2ðce14Þ2�

CμLeL ≡ g0fcL14sL14sL24½qL4
− qL5

ðsL15Þ2� þ ½qL4
ðsL24Þ2ðcL14Þ2 þ qL5

ðsL15Þ2ðsL14Þ2ðsL24Þ2�sL12g;
CμReR ≡ g0fce14se14se24½qe4 − qe5ðse15Þ2� þ ½qe4ðse24Þ2ðce14Þ2 þ qe5ðse15Þ2ðse14Þ2ðse24Þ2�se12g; ð33Þ

where the mixing parameters sL;e12 appear after expressing
the leptonic fields in the interaction basis in terms of the
leptonic fields in the mass eigenstates, considering, for the
sake of simplicity, only the mixing in the 1-2 plane. In
addition, we have expanded the quark primed fields in
terms of mass eigenstates as follows:

b0L ¼ ðV 0†
dLÞ31dL þ ðV 0†

dLÞ32sL þ ðV 0†
dLÞ33bL ð34Þ

and assumed from the hierarchy of the Cabibbo-Kobayashi-
Maskawa matrix that

jðV 0†
dLÞ31j2 ≪ jðV 0†

dLÞ32j2 ≪ ðV 0†
dLÞ233 ≈ 1: ð35Þ

Then the Z0 exchange generates the effective operators,
as in Eq. (1), where the operator corresponds to
CNP
9μ ¼ −CNP

10μ. For the sake of simplicity, we ignore the
contribution of the right-handed muon operator and we
neglect the contribution arising from the mixing between
the first and fourth generations of charged leptons, i.e.,

we set θðL;RÞ14 ¼ 0. Let us note that we are considering a
scenario where the fifth family of vectorlike fermions only
couples with the third generation of SM quarks as well as
with the first generation of charged leptons, whereas the
fourth family will only couple with the second generation
of SM charged leptons; thus, we are assuming that only
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θQL
35 , θ

LL
24 , θ

eR
24, θ

LL
15 , θ

eR
15 are nonzero with all other mixing

angles being zero (see Sec. IV for a justification of those
assumptions in terms of symmetries).
To explain the RK and RK� anomalies, we require the

coefficient to have the correct sign and magnitude, as
discussed in Eq. (3), leading to

jCbLsLCμLμLj ≈ 10−3
�

M0
Z

1 TeV

�
2

: ð36Þ

There are important flavor violating processes such as
Bs − B̄s mixing which can rule out models, due to the Z0
coupling to bs. As discussed for example in [27], this leads
to the constraint,

jCbLsL j2 ≲ 2 × 10−5
�

M0
Z

1 TeV

�
2

: ð37Þ

From Eqs. (36) and (37) we find the constraint,

jCbLsL j
jCμLμL j

≲ 1

50
: ð38Þ

From Eq. (33), this implies

jqQ5ðsQ35Þ2ðV 0†
dLÞ32j

jqL4ðsL24Þ2j
≲ 1

50
: ð39Þ

This is easily satisfied, since for example if ðV 0†
dLÞ32 ∼

Vts ∼ λ2 ∼ ð1=5Þ2 ∼ 1=25 then this by itself is almost
sufficient to satisfy the constraint.
For example, if we saturate the bound in Eq. (37), then

Eq. (36) implies

jCμLμL j ¼ g0qL4ðsL24Þ2 ≈ 0.22

�
M0

Z

1 TeV

�
: ð40Þ

This shows that the mixing angle θL24 cannot be too small.
Note that the LHC limits on the Z0 mass are very weak since
it does not couple to light quarks at leading order, and
its coupling to strange quarks is suppressed by a factor
of ðV 0†

dLÞ232.
For a more detailed discussion of the phenomenological

constraints on this particular model arising from both flavor
violating processes such as Bs − B̄s mixing and LHC limits
on the Z0 mass, see [28]. Furthermore, note that the model
has very small FCNC in the Z couplings as explained in
Ref. [25]. In addition, the loop effects of fermions charged
under both the SM and extra Uð1Þ0 groups will generate a
small Z − Z0 mixing of the order of

M2
T ðsQ35Þ2
16π2

, with MT being
the mass of the fifth family of quarks. Considering
MT ≈MZ0 , the Z − Z0 mixing angle will be of the order
of 6 × 10−3, thus leading to suppressed FCNC in the Z
couplings.

There are other important constraints due to LFV
processes such as μ → eee as recently discussed for
example in [27].1 However, as discussed there, violations
of lepton universality do not always lead to lepton-flavor
violation: it depends on the mixing angles θL;R12 arising from
the left-handed (L) and right-handed (R) rotations which
diagonalize the charged lepton Yukawa matrix. This leads
to a Z0μe flavor changing coupling suppressed by θL;R12 and
a Z0ee flavor conserving coupling to electrons suppressed
by ðθL;R12 Þ2. We may estimate the branching ratios for
μ → eee by taking the ratio of the Z0 exchange diagram
squared to the W exchange diagram squared,

BrðμL → eLeLeLÞ ≈ ðCμLμLÞ4ðθL12Þ6
�
MW

MZ0

�
4

ð41Þ

BrðμR → eReReRÞ ≈ ðCμRμRÞ4ðθR12Þ6
�
MW

MZ0

�
4

: ð42Þ

For typical charged lepton mixing angles such as
θL;R12 ∼ λ=3 ∼ 0.07, the coefficient in Eq. (40) will lead to
branching ratios such as

BrðμL → eLeLeLÞ ≈ ð0.22Þ4ð0.07Þ6ð0.08Þ4 ≈ 10−14 ð43Þ

below the current experimental limit of Brðμ → eeeÞ ≲
10−12 but within the range of future experiments.
Although the above constraints may be satisfied, our

current framework can lead to the LFV decay μ → eγ,
which is only induced by the θL;R14 mixing angles in the case
of a diagonal SM charged lepton mass matrix, as shown in
Appendix B. Thus, to avoid all LFV decays and at the same
time to generate the correct value of the electron mass, we
need to also suppress the θL;R14 mixing angles while at the
same time correcting the charged lepton masses. This can
be achieved by adding a fifth vectorlike family as discussed
in the next section.
Finally, we remark that the models discussed in this

paper will be supersymmetric (SUSY). It is well known that
SUSY must be broken in realistic models, leading to
additional sources of flavor violation coming from the
SUSY breaking sector via SUSY loop contributions. These
have been recently studied for a class of SUSY SUð5Þ × A4

models [104] which includes the type of model described in
Sec. IV. Interestingly, according to the model independent
analysis based on the region of SUSY parameter space
consistent with smuon assisted dark matter [104], the most
constraining SUSY loop induced flavor observables are
also μ → eee and μ → eγ, which are the same modes as
discussed above. Such lepton-flavor violating decays could

1We do not consider μ − e conversion since the Z0 does not
couple to light quarks at leading order.
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therefore be mediated by either SUSY loops or by a Z0
exchange in this model.

III. SUð5Þ WITH A VECTOR SECTOR

We now suppose that the SM with a vector sector
considered in the previous subsection descends from a
supersymmetric SUð5Þ GUT. The three chiral families
result from three families of Fi transforming as 5̄, and
Ti transforming as 10, which all carry zero Uð1Þ0 charges.
The Higgs Hu and Hd arise from 5 and 5̄ representations,
after doublet-triplet splitting (which we do not address).
This results in the SUð5Þ Yukawa relation, Ye ¼ YT

d in the
usual way.
Now we consider adding the previous vector sector to the

SUð5ÞGUT. In order to violate the SUð5Þ relation Ye ¼ YT
d

we will suppose that the fourth vectorlike family at low
energies results from multiple 5̄þ 5 and 10þ 10 at the
GUT scale, where each pair has equal and opposite Uð1Þ0
charges, but which differ each from another pair. Similar
arguments apply for the origin of the fifth family. At low
energies below the GUT scale, only the matter content
of two vectorlike families survives with various Uð1Þ0
charges, similarly as in Table I, with the remaining
components of the multiple 5̄þ 5 and 10þ 10 states
having GUT scale masses. Below the GUT scale, the
model in Table II leads to the SM plus vector sector in
Table I. Thus, the SUð5Þ plus vector sector can explain the
muon anomalies exactly like we discussed in the previous
section (see in particular Sec. II E).
We now focus on the SUð5Þ Yukawa relation, Yd ¼ YT

e
and show that it is violated by the SUð5Þ plus mixing with
the vector sector. At the GUT scale, we identify Ye ¼ yeij
and Yd ¼ ydij in Eq. (4).
The Yukawa terms in SUð5Þ may be written as

yuijH5TiTj þ yνijH5Fiν
c
j þ ydijH5̄TiFj: ð44Þ

These give SM Yukawa terms,

yuijHuQiucj þ yνijHuLiν
c
j þ ydijðHdQidcj þHdeci LjÞ: ð45Þ

From this equation we identify the charged lepton Yukawa
matrix as

Ye ¼ YT
d ; ð46Þ

at the GUT scale. This means that after RG effects are
considered we have at low energy,

Ye ≈
1

3
YT
d ; ð47Þ

where QCD corrections lead to an overall scaling factor of
about 3 for the quark Yukawa couplings as compared to
those of the leptons. This implies that

yτ ¼
1

3
yb; yμ ¼

1

3
ys; ye ¼

1

3
yd: ð48Þ

Though successful for the third family, this fails for the first
and second families.
Georgi and Jarlskog [216] proposed that the (2,2) matrix

entry of the Yukawa matrices may be given by

yd22H45T2F2; ð49Þ

involving a Higgs field H45, where Hd is the light linear
combination of the electroweak doublets contained in H5̄
and H45. This term reduces to

yd22ðHdQ2dc2 − 3Hdec2L2Þ; ð50Þ

where the factor of −3 is a Clebsch-Gordan coefficient.
Assuming a zero Yukawa element (texture) in the (1,1)
position, and symmetric and hierarchical Yukawa matrices,
this leads to the relations at low energy,

yτ ¼
1

3
yb; yμ ¼ ys; ye ¼

1

9
yd; ð51Þ

which are approximately consistent with the low energy
masses.
In our approach we do not wish to consider such large

Higgs representations to modify the Yukawa matrices at the
GUT scale. Instead we note that these are not the physical
Yukawa matrices due to mixing with the fourth family. By
following our discussion given in Sec. II D 1 we find that
the mixing with the fourth family may enhance y0e22
compared to its original value ye22,

y0e22 ¼ ye22 cos θ
LL
24 cos θ

eR
24 þ ye24 cos θ

LL
24 sin θ

eR
24

þ ye42 sin θ
LL
24 cos θ

eR
24 þ ye44 sin θ

LL
24 sin θ

eR
24 ≡ fye22;

ð52Þ

TABLE II. The SUð5Þ model considered in this paper. The
indices i ¼ 1, 2, 3 while a ¼ 4; 5;….

Field

Representation/Charge

SUð5Þ Uð1Þ0
Fi 5̄ 0
Ti 10 0
Hu 5 0
Hd 5̄ 0
Fa 5̄ qFa
F̄a 5 −qFa
Ta 10 qTa
T̄a 10 −qTa
ϕFa 1 qFa
ϕTa 1 qTa
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which may be a rather large correction if ye41 ≫ ye22,
even for small angle rotations. We can easily achieve an
enhancement by a factor of 3, or indeed any other factor f.
Such an enhancement is not present in y0d22 due to our
choice of zero mixing angles θQL

24 ¼ θdR24 ¼ 0.
Assuming as before, a zero Yukawa element (texture) in

the (1,1) position, and symmetric and hierarchical Yukawa
matrices, Eq. (52) leads to the relations at low energy,

yτ ¼
1

3
yb; yμ ¼

f
3
ys; ye ¼

1

3f
yd: ð53Þ

These relations are approximately consistent with the low
energy masses for f ≈ 2–3.
It is worth noting that the requirement for enhancing y0e22

but not y0d22 relies on the assumption that θLL
24 ≠ 0 or θeR24 ≠ 0

but θQL
24 θ

dR
24 ¼ 0. If we had assumed that the vectorlike

family originated from a single 5̄þ 5 and 10þ 1̄0 repre-
sentation, denoted as F4 þ F̄4 and T4 þ T̄4, then this would
constrain the choice of charges for the vectorlike fourth
family to be �qF4 for the states LL4 and dR4, together with
�qT4 for the states QL4, uR4, and eR4, and their vector
partners. In particular, the vectorlike family in Table I
would have constrained charges qL4

¼ −qd4 and also
qQ4

¼ −qu4 ¼ −qe4. This would eventually have led to
the constraint on the fourth family mixing that VLL

¼ V†
dR
.

Similarly it would have implied that VQL
¼ V†

uR ¼ V†
eR .

These relations would imply from Eq. (16) that the SUð5Þ
relation at low energy would be preserved, Y 0

e ≈ 1
3
Y 0T

d .

Furthermore, for enhancing y0e11, we require θLL
15 ≠ 0 or

θeR15 ≠ 0 but θQL
15 θ

dR
15 ¼ 0.

In summary, we need θLL
24 ≠ 0 or θeR24 ≠ 0 and θLL

15 ≠ 0 or
θeR15 ≠ 0 but θQL

24 θ
dR
24 ¼ 0 and θQL

15 θ
dR
15 ¼ 0. This can be done

if the fourth and fifth vectorlike families at low energies
result from multiple 5̄þ 5 and 10þ 10 at the GUT scale,
where each pair has equal and opposite Uð1Þ0 charges, but
which differ each from another pair, as assumed in Table II.
Assuming this, then we have shown that the SUð5Þ theory
can account for the muon anomalies RKð�Þ and obtain Ye ≠
1
3
YT
d without the need for higher Higgs representations.
The above discussion assumes that there is a zero

Yukawa element (texture) in the (1,1) position, with a
symmetric and hierarchical charged lepton Yukawa matrix.
If, on the other hand, we would assume that the charged
lepton Yukawa matrix is diagonal, then we would need to
assume corrections as in both Eqs. (20) and (21) in order to
account for the correct low energy mass relations in
Eq. (51). We will see an example of such a model in the
next section.

IV. SUð5Þ × A4 WITH A VECTOR SECTOR

In this section we will extend the particle content
of our supersymmetric model by adding fourth and fifth

generations of fermions in the 5̄ and 10 irreps of SUð5Þ, two
right-handed Majorana neutrinos, i.e., ν1R, ν2R and several
SUð5Þ singlet scalar fields. In addition, we will implement
the A4 family symmetry, which will be supplemented by the
Z3 × Z7 discrete group. These modifications in our sim-
plified version of our model are done in order to get viable
and predictive textures for the fermion sector, which will
allow us to successfully describe the current pattern of SM
fermion masses and mixing angles, as we will show later in
this section.
The particle content of the model and the field assign-

ments under the SUð5Þ ×Uð1Þ0 × A4 × Z3 × Z7 group are
shown in Table III. Let us note, that we use the A4 family
symmetry, since A4 is the smallest discrete group having a
three-dimensional irreducible representation and three dif-
ferent one-dimensional irreducible representations, which

TABLE III. The SUð5Þ × A4 model considered in this paper.

Notice that we included the field Hð3Þ
d with the same quantum

numbers of Hð2Þ
d in order to fulfill the anomaly cancellation

condition without introducing extra mixing terms between the
light and heavy vectorlike fermions.

Field

Representation/Charge

SUð5Þ Uð1Þ0 A4 Z3 Z7

F 5̄ 0 3 0 0
T1 10 0 1 2 3
T2 10 0 1 1 2
T3 10 0 1 0 0
F4 5̄ qF4

1 −1 −2
F̄4 5 −qF4

1 1 2
F5 5̄ qF5

1 −2 −3
F̄5 5 −qF5

1 2 3
T4 10 qT4

1 1 2
T5 10 qT4

1 0 0
T̄4 10 −qT4

1 −1 −2
T̄5 10 −qT5

1 0 0
ν1R 1 0 1 0 −3
ν2R 1 0 1 0 0

Hð1Þ
u

5 0 1 2 0

Hð2Þ
u

5 0 1 1 0

Hð3Þ
u

5 0 1 0 0

Hð1Þ
d

5̄ 0 1 0 0

Hð2Þ
d

5̄ −qF4
1 0 5

Hð3Þ
d

5̄ −qF4
1 0 5

ϕF4
1 qF4

3 −1 −2
ϕF5

1 qF5
3 −2 −3

ϕT 1 qT5
1 0 0

σ 1 0 1 0 −1
ξe 1 0 3 −2 −3
ξμ 1 0 3 −1 −2
ξτ 1 0 3 0 0
η1 1 0 3 0 3
η2 1 0 3 0 0
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allows us to naturally accommodate the three fermion
families. Specifically, we grouped the three generations of
SM fermionic 5̄i ≈ Fi (i ¼ 1, 2, 3) irreps of SUð5Þ in an A4

triplet, whereas the three generations of SM fermionic
10i ∼ Ti (i ¼ 1, 2, 3) irreps of SUð5Þ are assigned into A4

trivial singlets. The exotic fermionic fields are also assigned
into A4 trivial singlets. As a consequence of the afore-
mentioned fermion assignments under the A4 × Z3 × Z7

discrete group, three A4 triplets, SUð5Þ scalar singlets are
needed to provide the masses for the SM down type quarks
and charged leptons. In addition, we need two extra A4

scalar triplets to generate a viable and predictive light active
neutrino mass matrix as well as three A4 triplets, and SUð5Þ
scalar quintuplets, with different Z3 charges, are required to
generate the SM up type quark masses and quark mixing
parameters. Thus, in view of the above, the SUð5Þ singlet
scalar fields neutral under Uð1Þ0 are accommodated into
five A4 triplets, i.e., ξe, ξμ, ξτ, η1, η2, and one A4 trivial
singlet, i.e., σ. Out of the A4 scalar triplets, only η1 and η2
will participate in the neutrino Yukawa interactions,
whereas the remaining A4 triplets will appear in the charged

lepton and down type quark Yukawa terms. That separation
of the A4 scalar triplets, resulting from the Z3 × Z7 discrete
symmetry, allows us to treat the neutrino and the charged
fermion sectors independently.
In addition, the Z3 symmetry allows us to have a SM

charged lepton mass matrix diagonal, which is crucial to
completely suppress the lepton-flavor violating decays. The
Z7 symmetry give rises to the hierarchical structure of the
charged fermion mass matrices that yields the observed
pattern of charged fermion masses and quark mixing
angles. Furthermore, we introduce two right-handed
Majorana neutrinos, i.e., ν1R, ν2R, in order to implement
a realistic type-I seesaw mechanism at tree level for the
generation of the light active neutrino masses. Having only
one right-handed Majorana neutrino would lead to two
massless active neutrinos, which is obviously in contra-
diction with the experimental data on neutrino oscillations.
On the other hand, in order to get predictive SM fermion
mass matrices consistent with low energy fermion flavor
data, we assume the following VEV pattern for the A4

triplet SUð5Þ singlet scalars:

hξei ¼ vðeÞξ ð1; 0; 0Þ; hξμi ¼ vðμÞξ ð0; 1; 0Þ; hξτi ¼ vðτÞξ ð0; 0; 1Þ;
hη1i ¼ vη1ð0; 1; 1Þ; hη2i ¼ vη2e

iϕν
2 ð1; 3; 1Þ; hϕF4

i ¼ vϕF4
ð0; 1; 0Þ;

hϕF5
i ¼ vϕF5

ð1; 0; 0Þ; ð54Þ

where the complex phases ϕν are introduced in the VEV pattern of the A4 triplet scalar η2 in order to successfully reproduce
the experimental values of the leptonic mixing angles. Since the breaking of the A4 × Z3 × Z7 discrete group generates the
hierarchy among charged fermion masses and quark mixing angles and in order to relate the quark masses with the quark
mixing parameters, we set the VEVs of the SUð5Þ singlet scalars σ, ξe, ξμ, ξτ, ηs (s ¼ 1, 2), ϕF4

, and ϕF5
with respect to the

Wolfenstein parameter λ ¼ 0.225 and the model cutoff Λ, as follows:

vϕF4
∼ vϕF5

≪ vðeÞξ ∼ λ7Λ ≪ vðμÞξ ∼ λ5Λ ≪ vðτÞξ ∼ λ3Λ < vσ ∼ vηs ∼ λΛ; ð55Þ

where s ¼ 1, 2. The aforementioned VEV patterns are consistent with the scalar potential minimization equations for a
large region parameter space. In particular, the VEV pattern of the A4 scalar triplets η1 and η2 that participate in the neutrino
Yukawa interactions have been derived for the first time in Ref. [74] in the framework of an A4 flavor model. Assuming that
the scale of breaking of the discrete symmetries is of the order of the GUT scale ΛGUT ≈ 1016 GeV, from Eq. (55) we find
for the model cutoff the estimate Λ ≈ 4.4 × 1016 GeV.
With the above particle content, the following Yukawa terms invariant under the group SUð5Þ ×Uð1Þ0 × A4 × Z3 × Z7

arise:

−LY ¼ yðuÞ11 T1T1H
ð1Þ
u

σ6

Λ6
þ yðuÞ12 T1T2H

ð3Þ
u

σ5

Λ5
þ yðuÞ22 T2T2H

ð2Þ
u

σ4

Λ4
þ yðuÞ13 T1T3H

ð2Þ
u

σ3

Λ3
þ yðuÞ23 T2T3H

ð1Þ
u

σ2

Λ2
þ yðuÞ33 T3T3H

ð3Þ
u

þ yðdÞ11 T1FH
ð1Þ
d

ξe
Λ
þ yðdÞ22 T2FH

ð1Þ
d

ξμ
Λ
þ yðdÞ33 T3FH

ð1Þ
d

ξτ
Λ
þ yðFÞ24 T2F4H

ð2Þ
d

σ5

Λ5
þ zðFÞ24 T2F4H

ð3Þ
d

σ5

Λ5
þ xðFÞ24 F̄4FϕF4

þ xðFÞ15 F̄5FϕF5
þ xðTÞ35 T̄5T3ϕ

�
T þ

X5
a¼4

MFa
F̄aFa þ

X5
a¼4

MTa
T̄aTa þ xðFÞ45 F̄4F5

σ2ϕF4
ϕ�
F5

Λ3
þ xðFÞ54 F̄5F4

σ2ϕF5
ϕ�
F4

Λ3

þ
X2
s¼1

yðνÞs FHð3Þ
u νsR

ηs
Λ
þ xðνÞ1 ν1Rν

C
1Rσ þMðνÞν2RνC2R; ð56Þ

MUON ANOMALIES AND THE SUð5Þ YUKAWA RELATIONS PHYS. REV. D 99, 095003 (2019)

095003-11



where the Yukawa couplings are Oð1Þ dimensionless
parameters, assumed to be real for the sake of simplicity,
whereas MFa

, MTa
(a ¼ 4, 5) and MðνÞ are dimensionful

parameters.
On the other hand, it is worth mentioning that the lightest

of the physical neutral scalar states ofHð1Þ
u ,Hð2Þ

u ,Hð3Þ
u ,Hð1Þ

d ,

Hð2Þ
d , and Hð3Þ

d is the SM-like 125 GeV Higgs discovered at
the LHC. As clearly seen from Eq. (56), the top quark mass

mainly arises from Hð3Þ
u . Consequently, the dominant

contribution to the SM-like 125 GeV Higgs mainly arises
from the CP even neutral state of the SUð2Þ doublet part of
Hð3Þ

u . In addition, let us note that the scalar potential of our
model has many free parameters, which allows us freedom
to assume that the remaining scalars are heavy and outside
the LHC reach. In addition, the loop effects of the heavy
scalars contributing to precision observables can be sup-
pressed by making an appropriate choice of the free
parameters in the scalar potential. These adjustments do
not affect the physical observables in the quark and lepton
sectors, which are determined mainly by the Yukawa
couplings.
From the Yukawa interactions given above, it follows

that the SM mass matrices for quarks and charged leptons
are given by

MU ¼

0
BBB@

aðuÞ11 λ
6 aðuÞ12 λ

5 aðuÞ13 λ
3

aðuÞ12 λ
5 aðuÞ22 λ

4 aðuÞ23 λ
2

aðuÞ13 λ
3 aðuÞ23 λ

2 aðuÞ33

1
CCCA

vffiffiffi
2

p ;

MD ¼

0
BB@

aðdÞ11 λ
7 0 0

0 aðdÞ22 λ
5 0

0 0 aðdÞ33 λ
3

1
CCA vffiffiffi

2
p ;

Ml ¼

0
BB@

aðlÞ11λ
7 0 0

0 aðlÞ22λ
5 0

0 0 aðlÞ33λ
3

1
CCA vffiffiffi

2
p ;

aðlÞij ≈
κ

3
½1þ δi2δj2ðf2 − 1Þ þ δi1δj1ðf1 − 1Þ�aðdÞji ; ð57Þ

where v ¼ 246 GeV is the electroweak symmetry breaking
scale, the factor of 3 includes the QCD corrections, the κ
parameter is introduced to account for the threshold
corrections to the down type quarks and charged lepton
mass matrices [217], and the factors f1 and f2 consider the
effects of the mixings with the fourth and fifth families,
respectively, of charged leptons as in Eqs. (20) and (21). Let
us note that we have assumed, as follows from an extension
of our discussion given in Sec. II D 1, with appropriate
modifications of Eqs. (21) and (20), that the factors f1 and
f2 are given by

f1 ≈ cos θL15; tan θL15 ≈ −
xðFÞ15 vϕF5

MF5

; ð58Þ

f2 ≈ cos θL24 þ yðFÞ24

ffiffiffi
2

p
v
Hð2Þ

d

v
sin θL24; tan θL24 ≈ −

xðFÞ24 vϕF4

MF4

:

ð59Þ

Then, considering MF4
∼MF5

∼ vϕF4
∼ vϕF5

∼Oð1Þ TeV
and xðFÞ15 ∼ xðFÞ24 ∼Oð1Þ, we find that factors f1 and f2
will be of order unity, which is crucial to generate the
right values of the electron and muon masses without
spoiling our predictions for the SM down type quark mass
spectrum.
The mechanism described above works because the fifth

generation of vectorlike leptons only mixes with the first
family of charged leptons. Thus, as a result of this mixing,
the 11 entry of the charged lepton mass matrix will receive
a correction proportional to sin θLL

15 sin θ
eR
15 instead of the

quantity θLL
14 θ

eR
14 shown in Eq. (21), thus yielding the right

value of the electron mass (without spoiling the predictions
of the down quark mass) and at the same time preventing
the μ → eγ decay. Thus, the present flavor model has the
features θL;R14 ¼ θL;R25 ¼ 0, θR15 ≈ 0, θR24 ≈ 0 and θL15 ≠ 0, and
θL24 ≠ 0. In this model, due to the discrete symmetry
assignments, the mass matrices for SM down type quarks
and charged leptons are diagonal and the right values of the
electron and muon masses arise from the θL15 and θL24
mixing angles, respectively, and the mixing between the
fourth and fifth generation of vectorlike leptons is very tiny,
thus allowing us to have a realistic SM fermion mass
spectrum and strongly suppressing the μ → eγ rate.
Additionally, as seen from the Yukawa terms given in

Eq. (56), considering vϕF4
≈ vϕF5

≈Oð1Þ TeV and assum-
ing that the scale of breaking of the discrete symmetries is
of the order of the GUT scale ΛGUT ≈ 1016 GeV, we find
that for dimensionless coupling of order unity, the mass
mixing term between the fourth and the fifth generations of
charged fermions is of the order of 10−10 GeV. Considering
fourth and the fifth generations of charged leptons con-
tained in the 5, 5̄ SUð5Þ representations have masses
around Oð1Þ TeV, we find a mixing angle between
these fermions to be θ45 ≈ 10−13, which implies that
branching fractions for the charged lepton-flavor violating
decays induced by this mixing will be very tiny and
well below their corresponding experimentally upper
bound. Furthermore, as seen from Eq. (57) and Yukawa

terms xðFÞ24 F̄4FϕF4
, xðFÞ15 F̄5FϕF5

, yðFÞ24 T2F4H
ð2Þ
d

σ5

Λ5, and

zðFÞ24 T2F4H
ð3Þ
d

σ5

Λ5 shown in Eq. (56), the SM charged lepton
mass matrix is diagonal and θL24 ≠ 0, θL15 ≠ 0, respectively,
whereas θL;R14 ¼ θL;R25 ¼ 0, θR15 ≈ 0, θR24 ≈ 0, thus preventing
contributions to the μ → eγ decay rate arising from these
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mixing angles, as follows from Appendix B. Besides that, it
is worth mentioning that we are considering incomplete
SUð5Þ multiplets for the fourth and fifth generations of
fermions, which can be justified by assuming that the
exotic down type quark fields contained in the 5 and 5̄

irreps of SUð5Þ, F4, F5, F̄4, F̄5 as well as the charged
exotic leptons and down type quarks included in the 10, 10
irreps of SUð5ÞT4, T5, T̄4, T̄5, have masses much larger
than the TeV scale, whereas the remaining fermions inside
these representations do acquire TeV scale masses. That
assumption will guarantee that θQ24 ¼ θd24 ¼ θQ15 ¼ θd15 ¼
θd35 ¼ θe35 ¼ 0, θe15 ≈ 0, θe24 ≈ 0 despite the fact that
θL24 ≠ 0, θL15 ≠ 0, and θu35 ≠ 0.
Since we assume that the dimensionless Yukawa cou-

plings appearing in Eq. (56) are roughly of the same order
of magnitude and we consider the VEVs v

Hð1Þ
u
, v

Hð2Þ
u
, v

Hð3Þ
u
,

v
Hð1Þ

d
, and v

Hð2Þ
d

of the order of the electroweak scale

v ≃ 246 GeV, the hierarchy of charged fermion masses
and quark mixing matrix elements arises from the breaking
of the A4 × Z3 × Z7 symmetry. Let us note that despite the
fact that the running of Yukawa couplings from the GUT
scale up to the electroweak scale is not explicitly included
in our calculations, our effective Yukawa couplings can
accommodate for the renormalization groups effects, since
these effective Yukawa couplings depend not only on the
Yukawa couplings but also on the VEVs of the scalar fields
participating in the Yukawa interactions and those VEVs
can be adjusted to account for these effects. This freedom in
adjusting the VEVs of the scalars fields participating in the

Yukawa interactions is due to the large number of param-
eters in the scalar potential. Furthermore, we recall that we
adjust the corresponding effective Yukawa couplings
instead of the Yukawa couplings to fit the physical
observables in the quark and lepton sector to their exper-
imental values at the MZ scale.
The charged lepton and quark masses [218,219], the

quark mixing angles, and the Jarskog invariant [220] can be
well reproduced in terms of natural parameters of order
one, as shown in Table IV, starting from the following
benchmark point:

aðuÞ11 ≃ 1.884þ 0.387i; aðuÞ12 ≃ −1.933 − 0.211i; aðuÞ22 ≃ 1.974 − 0.023i;

aðuÞ33 ≃ 0.989; aðuÞ13 ≃ 0.691þ 0.277i; aðuÞ23 ≃ −0.788þ 0.014i;

aðlÞ11 ≃ 0.095; aðlÞ22 ≃ 1.016; aðlÞ33 ≃ 0.879;

κ ≃ 1.862; f1 ≃ −0.729; f2 ≃ 1.871: ð60Þ

In Table V we show the model and experimental
values for the physical observables of the quark sector.
We use the MZ-scale experimental values of the quark
masses given by Ref. [218] (which are similar to those
in [219]). The experimental values of the CKM param-
eters are taken from Ref. [220]. As indicated by
Table IV, the obtained quark masses, quark mixing
angles, and CP violating phase are consistent with
the low energy quark flavor data. As shown from
Table IV, the obtained values for the SM down type
quark masses are inside the 1σ experimentally allowed
range. In addition, our obtained values for the SM up
type quark masses are inside the 1σ experimentally
allowed range, as indicated in Table IV.

On the other hand, from the neutrino Yukawa inter-
actions, we find that the Dirac and Majorna neutrino mass
matrices are given by

mνD ¼

0
B@

0 b

a 3b

a b

1
CA; MR ¼

�
Matm 0

0 Msol

�
;

b ¼ jbjeiϕν2 : ð61Þ

Since the right-handed Majorana neutrinos ν1R and ν2R
acquire very large masses, the light active neutrino masses
are generated via the tree-level type-I seesaw mechanism
and thus the light neutrino mass matrix takes the following
form:

TABLE IV. Model and experimental values of the charged
fermion masses and CKM parameters.

Observable Model value Experimental value

meðMeVÞ 0.487 0.487
mμðMeVÞ 102.8 102.8� 0.0003
mτðGeVÞ 1.75 1.75� 0.0003
muðMeVÞ 1.45 1.45þ0.56

−0.45
mcðMeVÞ 635 635� 86
mtðGeVÞ 172.1 172.1� 0.6� 0.9
mdðMeVÞ 2.9 2.9þ0.5

−0.4
msðMeVÞ 57.7 57.7þ16.8

−15.7
mbðGeVÞ 2.82 2.82þ0.09

−0.04

sin θðqÞ12
0.225 0.225

sin θðqÞ23
0.0414 0.0414

sin θðqÞ13
0.00355 0.00357

J 2.99 × 10−5 2.96þ0.20
−0.16 × 10−5
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mν ¼ mνDM−1
R mT

νD ¼ mνa

0
B@

0 0 0

0 1 1

0 1 1

1
CA

þmνbeiϕν

0
B@

1 3 1

3 9 3

1 3 1

1
CA; ð62Þ

where mνa and mνb are given by

mνa ¼
a2

Matm
; mνb ¼

b2

Msol
: ð63Þ

The neutrino mass squared splittings, light active neutrino
masses, leptonic mixing angles, and CP violating phase
for the scenario of the normal neutrino mass hierarchy can
be very well reproduced, as shown in Table V, for the
following benchmark point:

mνa ≃ 26.57 meV; mνb ≃ 2.684 meV; ϕν ¼ 120°:

ð64Þ

In addition, we find that the light active neutrino masses are

m1 ¼ 0; m2 ¼ 8.59 meV m3 ¼ 49.81 meV:

ð65Þ

From Table V, it follows that the neutrino mass squared
splittings, i.e., Δm2

21 and Δm2
31, the leptonic mixing angles

θðlÞ12 , θ
ðlÞ
23 , θ

ðlÞ
13 , and the Dirac leptonic CP violating phase are

consistent with neutrino oscillation experimental data for
the scenario of normal neutrino mass hierarchy. Let us note
that, for the inverted neutrino mass hierarchy, the obtained
leptonic mixing parameters are very much outside the 3σ
experimentally allowed range. Consequently, our model is
only viable for the scenario of the normal neutrino mass
hierarchy.

TABLE V. Model and experimental values of the light active neutrino masses, leptonic mixing angles and CP violating phase for the
scenario of normal neutrino mass hierarchy. The difference α3 − α2 between the Majorana phases predicted by the model is also shown.
The experimental values are taken from Refs. [221,222].

Observable Model bpf � 1σ [221] bpf � 1σ [222] 3σ Range [221] 3σ Range [222]

Δm2
21 [10−5 eV2] 7.38 7.55þ0.20−0.16 7.40þ0.21−0.20 7.05–8.14 6.80–80.2

Δm2
31 [10−3 eV2] 2.48 2.50� 0.03 2.494þ0.033−0.031 2.41–2.60 2.399–2.593

θðlÞ12 ð°Þ 34.32 34.5þ1.2−1.0 36.62þ0.78−0.76 31.5–38.0 31.42–36.05

θðlÞ13 ð°Þ 8.67 8.45þ0.16−0.14 8.54� 0.15 8.0–8.9 8.09–8.98

θðlÞ23 ð°Þ 45.77 47.9þ1.0−1.7 47.2þ1.9−3.9 41.8–50.7 40.3–51.5

δðlÞCPð°Þ −86.67 −142þ38−27 −108þ43−31 157–349 144–374
ðα3 − α2Þð°Þ −71.90 … … … …

FIG. 1. Effective Majorana neutrino mass parameters as functions of the mνa, ϕν parameters and leptonic Dirac CP violating
phase δCP.
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Another important observable, worth determining in this
model, is the effective Majorana neutrino mass parameter
of the neutrinoless double beta decay, which gives us
information on the Majorana nature of neutrinos. The
amplitude for this process is directly proportional to the
effective Majorana mass parameter, which is defined as

mee ¼
����
X
j

U2
ekmνk

���� ¼ jmν1c
2
12c

2
13 þmν2s

2
12c

2
13e

iα21

þmν3s
2
13e

iðα31−2δðlÞCPÞj; ð66Þ

where Uej and mνk are the Pontecorvo-Maki-Nakagawa
leptonic mixing matrix elements and the neutrino Majorana

masses, respectively. Furthermore, sij ¼ sin θðlÞij , cij ¼
cos θðlÞij , αij ¼ αi − αj, being αi the Majorana phases, with
i ≠ j and i, j ¼ 1, 2, 3. Note that since mν1 ¼ 0 in
our model, then mee only depends on the relative phase

α32 − 2δðlÞCP where α32 ¼ α3 − α2.
Figure 1 shows the effective Majorana neutrino mass

parameter as functions of the mνa, ϕν and δCP parameters
(here δCP is the leptonic Dirac CP violating phase). To
obtain the plots of Fig. 1, the parameters mνa, ϕν, and δCP
were randomly generated in a range of values where the
neutrino mass squared splittings and leptonic mixing
parameters are inside the 3σ experimentally allowed range.
As indicated by Fig. 1, our model predicts teh effective
Majorana neutrino mass parameter in the range
2.5 meV≲mee ≲ 2.8 meV, for the scenario of the normal
neutrino mass hierarchy.
Our obtained range of values for the effective Majorana

neutrino mass parameter is beyond the reach of the present
and forthcoming 0νββ-decay experiments. The current
most stringent experimental upper limit on the effective
Majorana neutrino mass parameter mee ≤ 160 meV is set
by T0νββ

1=2 ð136XeÞ ≥ 1.1 × 1026 yr at 90% C.L. from the
KamLAND-Zen experiment [223].

V. CONCLUSION

In this paper we have shown that SUð5Þ GUTs with
multiple vectorlike families at the GUT scale which trans-
form under a gauged Uð1Þ0 (under which the three chiral
families are neutral) can result from two vectorlike families
at low energies which can induce nonuniversal and fla-
vorful Z0 couplings, which can account for the B physics
anomalies in RKð�Þ . In such theories, we have shown that the
same physics which explains RKð�Þ also corrects the Yukawa
relation Ye ¼ YT

d in the muon sector without the need for
higher Higgs representations.
To illustrate the mechanism, we have constructed a

concrete model based on SUð5Þ × A4 × Z3 × Z7 with
two vectorlike families at the GUT scale, and two right-
handed neutrinos, leading to successful fit to quark and

lepton (including neutrino) masses, mixing angles, and CP
phases, where the constraints from lepton-flavor violation
require Ye to be diagonal. This particular model predicts
normal neutrino mass ordering with the inverted ordering
disfavored by our fit, and an effective Majorana neutrino
mass parameter in the range 2.5 meV≲mee ≲ 2.8 meV,
for the scenario of the normal neutrino mass hierarchy.
In conclusion, we have shown that the idea of a flavorful

Z0 arising from mixing with vectorlike families can be
extended to SUð5Þ GUTs. In such theories, we have shown
that the physics responsible for explaining the B physics
anomalies in RKð�Þ as a result of modified couplings in the
muon sector can also lead to violation of the SUð5ÞYukawa
relations Ye ¼ YT

d in the muon sector without the need for
higher Higgs representations.
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APPENDIX A: THE PRODUCT RULES FOR A4

The A4 group, which is the group of even permutations
of four elements, is the smallest discrete group having one
three-dimensional representation, i.e., 3 as well as three
inequivalent one-dimensional representations, i.e., 1, 10 and
100, satisfying the following product rules:

3⊗ 3 ¼ 3s ⊕ 3a ⊕ 1 ⊕ 10 ⊕ 100;

1⊗ 1 ¼ 1; 10 ⊗ 100 ¼ 1; 10 ⊗ 10 ¼ 100; 100 ⊗ 100 ¼ 10:

ðA1Þ

Considering ðx1; y1; z1Þ and ðx2; y2; z2Þ as the basis vectors
for two A4 triplets 3, the following relations are fulfilled:

ð3⊗ 3Þ1 ¼ x1y1þ x2y2þ x3y3;

ð3⊗ 3Þ10 ¼ x1y1þωx2y2þω2x3y3;

ð3⊗ 3Þ100 ¼ x1y1þω2x2y2þωx3y3

ð3⊗ 3Þ3s ¼ ðx2y3þ x3y2; x3y1þ x1y3; x1y2þ x2y1Þ;
ð3⊗ 3Þ3a ¼ ðx2y3 − x3y2;x3y1− x1y3;x1y2− x2y1Þ; ðA2Þ
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where ω ¼ ei
2π
3 . The representation 1 is trivial, while the

nontrivial 10 and 100 are complex conjugate to each other.
Some reviews of discrete symmetries in particle physics are
found in Refs. [29–33].

APPENDIX B: BRANCHING RATIO OF μ → eγ

The branching ratio of the μ → eγ decay in our model,
for the scenario where the charged lepton masses are much
smaller than the Z0 mass, is given by [224–226]

Brðμ → eγÞ ¼ m3
μ

2304π4ΓμM4
Z0
½j3CeRER

CμLEL
mE þ CeRμRð3CμLμL − CμRμRÞmμj2

þ j3CeLEL
CμRER

mE þ CeLμLð3CμRμR − CμLμLÞmμj2� ðB1Þ

where

CμLEL
¼ g0qL4 sin θL24; CμRER

¼ g0qe4 sin θR24
CeLEL

¼ sin θL12CμLEL
¼ g0qL4 sin θL12 sin θ

L
24;

CeRER
¼ sin θR12CμRER

¼ g0qe4 sin θR12 sin θ
R
24;

CeLμL ¼ g0qL4ðsin θL12sin2θL24cos2θL24 þ sin θL14 sin θ
L
24 cos θ

L
14Þ;

CeRμR ¼ g0qe4ðsin θR12sin2θR24cos2θR24 þ sin θR14 sin θ
R
24 cos θ

R
14Þ; ðB2Þ

where Γμ ¼ G2
Fm

5
μ

192π3
¼ 3 × 10−19 GeV is the total muon decay width. The generalization to the fifth generation of fermions is

straightforward and is made by replacing θL;Rn4 by θL;Rn5 (n ¼ 1, 2). Note that the branching ratio becomes zero for a diagonal
SM charged lepton mass matrix provided that θL14 ¼ θR14 ¼ θL25 ¼ θR25 ¼ 0, which is the case of our flavor model described
in Sec. IV.
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