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We present the polynomiality sum rules for all leading-twist quark and gluon generalized parton
distributions (GPDs) of spin-1 targets such as the deuteron nucleus. The sum rules connect the Mellin
moments of these GPDs to polynomials in skewness parameter &, which contain generalized form factors as
their coefficients. The decompositions of local currents in terms of generalized form factors for spin-1
targets are obtained as a by-product of this derivation.
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I. INTRODUCTION

Generalized parton distributions encode nonperturbative
QCD dynamics of hadrons and appear in the Lorentz-
covariant decomposition of off-forward matrix elements of
quark and gluon correlators [1,2]. Due to QCD factoriza-
tion theorems, these generalized parton distributions
(GPDs) appear as the soft part in scattering amplitudes
of hard exclusive processes such as deeply virtual Compton
scattering and deeply virtual meson production. The GPDs
permit a physical interpretation as a partonic density and
more specifically can be related by a 2D Fourier transform
to three-dimensional (light cone momentum + transverse
spatial coordinates) partonic distributions [3-7].

Lorentz covariance yields polynomiality sum rules for
the Mellin moments of GPDs, where the sth Mellin
moment corresponds to an integral over x*~! times the
GPD. This remarkable property arises in the following way.
Mellin moments of the bilocal light cone operators appear-
ing in the parton correlators lead to towers of local
operators. Off-forward matrix elements of these local
operators are parametrized in terms of generalized form
factors (GFFs). The sth Mellin moments of GPDs then
correspond to finite polynomials in the skewness variable &
[see Eq. (A2)], with the GFFs appearing linearly in
the coefficients. These polynomiality conditions impose
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strong constraints on the modeling of the correspond-
ing GPDs.

First Mellin moments of GPDs result in regular form
factors of local currents. Second Mellin moments of
helicity conserving GPDs can be connected to the gravi-
tational form factors, which appear in the Lorentz-covariant
decomposition of the energy-momentum tensor and can be
used to study the spin, mass, and pressure properties of
hadrons [8-13].

As GFFs appear in the decomposition of local operators,
they can be calculated on the lattice [14—19]. From the
computation of these local matrix elements, after perform-
ing an inverse Mellin transform, the GPDs or collinear
parton distribution functions (in the case of forward matrix
elements) can in principle be recovered.

The GFF decomposition for spin-1/2 targets and the
resulting polynomiality sum rules for the leading-twist
GPDs have been extensively covered in the literature
[20-23]. For spins 0 and 1, there has not been a similar
systematic study, but for spin-0 the decompositions of local
currents and polynomiality sum rules are comparatively
simple and results can be found in literature on pion GFFs
(see for instance [24,25]). For spin-1 the picture is still
incomplete. While the leading-twist helicity conserving
GPDs for a spin-1 target were introduced and studied quite
some time ago [26,27], the twist-2 transversity GPDs for
spin-1 were only introduced recently [28]. In this article we
present a systematic derivation of the polynomiality sum
rules for all leading-twist quark and gluon GPDs of spin-1
targets with the GFF decomposition of local operators for
spin-1 targets as an important byproduct of this derivation.

A complete picture of polynomiality for spin-1 targets is
desirable due to an emerging interest in the partonic
structure of particular spin-1 targets and hard exclusive
reactions involving such targets. Generalized parton

Published by the American Physical Society


https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.99.094035&domain=pdf&date_stamp=2019-05-28
https://doi.org/10.1103/PhysRevD.99.094035
https://doi.org/10.1103/PhysRevD.99.094035
https://doi.org/10.1103/PhysRevD.99.094035
https://doi.org/10.1103/PhysRevD.99.094035
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

W. COSYN, A. FREESE, and B. PIRE

PHYS. REV. D 99, 094035 (2019)

distributions of the deuteron [26-35], rho meson [36-39],
phi meson [19], and photon [40—42] have been the subjects
of theoretical studies. Deeply virtual Compton scattering
from the deuteron has been performed at HERMES
[43,44], and is a topic of interest at Jefferson Lab
[45,46], as well as the proposed Electron Ion Collider
[47]. Generalized distribution amplitudes (GDAs, see
Refs. [48,49] for details) for the rho-rho meson pair
[50,51] (which can be probed by the crossed reaction
v*y — pp) could potentially be studied at Belle II. Peculiar
aspects of diphoton GDAs have also been discussed [52].

The material in this article is organized as follows. We
restate the leading-twist quark and gluon light cone
correlator decompositions in GPDs for spin-1 targets in
Sec. II. In Sec. III, the general relation between the Mellin
moments of bilocal gauge-invariant light cone operators
and local operators is rederived. In Sec. IV, based on the
method developed by Ji and Lebed [21], we discuss the
counting of the number of GFFs that appear in the
decomposition of the local operators found in Sec. III
based on symmetries and selection rules. This counting
provides an important check on the further results in this
paper. Section V contains the main results of this paper,
viz., the decomposition of the local operators in GFFs and
the resulting polynomiality sum rules for the GPDs of spin-
1 targets. We find agreement between our decompositions
and the counting established in Sec. IV. Finally, conclu-
sions are stated in Sec. VI. Appendix A summarizes the
conventions we use in this work, and Appendix B outlines
the correspondence between this work and a second gluon
spin-1 GFF decomposition in the literature [19]. The
connection with the gravitational form factors of spin-1
targets is left for a future study [53].

II. LEADING-TWIST GPDs
OF SPIN-1 HADRONS

Quark and gluon GPDs are defined as Lorentz-invariant
functions appearing in the decompositions of light cone
correlators [1,2]. GPDs are classified by their collinear
twist, which is equal to their dimension minus the projec-
tion of their spin onto the lightlike vector n defining the
“plus” direction [54]. GPDs of higher twist' make smaller
contributions to cross sections for hard processes such as
deeply virtual Compton scattering, and at high Q? the
lowest-twist GPDs dominate the cross section. The lowest-
twist GPDs are twist-2 and are often called leading twist.
The leading-twist GPDs are specifically what we con-
sider here.

There are three leading-twist quark correlators, which
are defined by the following off-forward matrix elements
(conventions used in this work are summarized in
Appendix A):

lHigher—twist GPDs are needed to ensure the QED gauge
invariance of the amplitude [33,34].

odk . _
Vglﬂ:/_ooz_ﬂezlx(Pn)K<Pl,/1/|C](—nK)ﬂ[—l’lK,I’lK]L](nK') p,/1>,
(1a)

q ©dK ivayes s 1
A= - aC (p" A'1q(—nx)itys|—nk,nk|q(nx)|p,4),
(1b)
79 — o dk 2ix(Pn)k yay ni yi
1= [ 5 e Ala(=nx)e™ [=nk,nklq(nx) | p.A),
(Ic)

where

[x,y] = Pexp {ig KXA(z)dz} (2)

is a Wilson line from x to y, with P signifying path ordering.
There are also three leading-twist gluon correlators, which
are defined by

2 o dk .
V.(I, — - 2ix(Pn)k /, yi
12~ (Pn) /_m xS P

2Tr{[nk, —nk]G"" (—nk)[—nk, nk]G,,,(nx) }|p, 2),
(3a)
2 odk
Ag, — = 0 J2ix(Pn)k /,ﬂ,/
! l(Pn)/_oo27re (p'. 7|
2Tr{[nk, —nk]|G"*(—nk)[—nk, nk] G, (nx) }| p, ),
(3b)
2 odk .
79 = 8 / _e21x(Pn)K /7)/
Yy (Pn) ) e 2m 2l
2Tr{ [nk, —nk]G" (—n«) [—nk, nk|G™ (nx) }| p, 1),
(3¢)

where the symmetrization operator S is defined in Eq. (A4).
Here, and elsewhere in this work, the indices i and j signify
transverse light cone coordinates. Each of these correlators
has an additional dependence on the renormalization scale
42, which we have not notated for brevity.

The correlators defined in Egs. (1) and (3) apply to any
hadron, but the number of independent Lorentz structures
this can be decomposed into, and thus the number of GPDs
a hadron has, depends on the hadron’s spin. Here, we give
the decompositions of the light cone correlators for spin-1
specifically. The vector quark and gluon correlators have
the following decomposition:
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(en)(e"P) + (¢"n)(eP)
(Pn)

2(eP)(e"*P)

Vi = —(e"e)H\(x,E,1) + e

Hi(x, & 1) —

M?(en)(e"n)
(Pn)?

Hi(x. €. 1)

(en)(¢P) = (¢"n)(eP)
" (Pn)

. 1 .
Hi(x 1) + byle)|Hix e ) fori=qg (@

while the axial vector quark and gluon correlators decompose as

: €grep = : 2ie ppy € (€ P) + €7 (eP) ..
Al = ne”“eP ot Et nAPn i Et
o) (Pn) (%8 1) + M2 (Pn) H(x. & 1)
2ie apy €7 (€ P) — €*7(eP)

M? (Pn)

/*ﬂ(€n> -

. 3 /%
1€yApr € (5 ”) te Hi(x, &) fori=gq,g, (5)

Hy(x.0) 405, (Pn)

where we use the shorthand €, = €,,,,%*y"z’w’ whenever x, y, z, w are four-vectors. These were first found in Ref. [26],
though we define P to be half of the P used in the same source, producing some superficial differences in the formulas.

The decompositions for the quark and gluon transversities for spin-1 hadrons were found later, in Ref. [28]. For the quark
transversity, we have

e ) = 8 ) [
X {(em;(; ) o) o L)) (€ P)|Hf 6or)
[(e/*nz)j% (—Pe:)*z(An) (en) + % (6’*”)} HY (x.&.1)
+ % (eI (r,6.1) + 2 —;/I%Pi) (el*ﬁz(ep) HY (x.8.1)
{(e’*n);" (; z')i*(P ") (eP) + (en)Z(;Zi)(Pn) (el*P)] HY (80
. { crnr &»:)i*( ) opy - P ; Z;(Pn) (e,*P)] HY (x.&.1). (6)

and for the gluon transversity

(€ n)e/ — €% (en)
2v/2(Pn)
N (A7 +2£P7) [(6’*n)Aj — €7*(An) (eP) - (en)AJ — €/(An)
M M(Pn) M(Pn)
(AT +2&PY) [(e"*n)A/ — €7*(An) (en)A/ — €/(An)
T [ M(Pn) (€P) + 31 Pm
(¢ n)P' — (Pn)e'™] [(en)P! — (Pn)e] 7
[ [ e e+ |
| (&7 +26PY) (A 4+ 26P)) (" P) (eP)
M M M?
Al +2EP [(e"*n) P/ — €7*(Pn)
M [ M(Pn) M(Pn)

Al —;4251)1 [(e/*n)i;(;:)]* (Pn) ((:‘P) _ % (6‘/*P):| H_gT(x’ ¢, l)} (7)

H{ (x,.) + (AT 4 2£P") [ij(fzﬁfz;n) - (en)ezwﬁt;;()el*n)] 3 (x.&.1)

(el*P)] HgT(x, & 1)

TS, =S {(Ai + 2&PY)
{ij}

(e’*P)] HY (x,&,1)

(e"n)A? — (An)e’i*] [(en)Aj — (An)é/
2(Pn) 2(Pn)

]Hz%c, £.1)

HY (x,&,1)

(en)P/ — €/ (Pn)

(eP) + <e’*P>}HgT<x, £
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III. MELLIN MOMENTS
OF BILOCAL OPERATORS

In this section, we consider the relationship between
Mellin moments of generalized parton distributions and
matrix elements of local currents. The Mellin moments of
the GPDs defined in Sec. II can be found by evaluating the
Mellin moments of the bilocal operators that define the
correlators in Egs. (1) and (3). The three quark operators of
interest here are

odk . _
qu — / ﬂ eZIX(P”)Kq(—nK)yi[—nK, nK]q(l’lK), (821)

dx
1) _ 21x n)
“ / 2¢

o d
Our = [ e Pg () [ il (). (50
0 2T

“q(—ni)hys[—nx, nclq(nx), — (8b)

while the gluon operators are

2 odk .
O, = - 2ix(Pn)k
" (Pn)/_w 25

x 2Tr{[nk, —nk]G"" (—nk)[—nk,nk|G,(nx)},  (9a)

2 odk ,.
O, =—i - 2ix(Pn)k
" ’(Pn)/_oo 27

x 2Tr{[nk, —nk|G"* (—nk)[—nk, nk| G, (nk)},  (9b)

2 odi .
O.=38 _eQIx(Pn)K
) (Pn)/-oo 2
x 2Tr{ [nk, —nk]G" (—nk)[—nk, nk|G'"(nx)}.  (9¢)
Like the correlators they produce through their off-forward
matrix elements, these operators have an implicit depend-
ence on a renormalization scale y>.

The identity x* [ dce? ¥ Prxf (k) = (3my)” X
[ dxe?*(Pmx £() (k) can be used in the Mellin transforms
of the bilocal operators and combined with the Leibniz
product rule and chain rule to recast x* in terms of the
gauge-covariant derivative. The action of the covariant
derivative depends on which representation of SU(3, C) the
object being differentiated transforms under, and its actions
on the field operators of interest are

D,q(x) = 0,q(x) —igA,(x)q(x), (10a)
D,q(x) = 0,q(x) + igq(x)A,(x), (10b)
D,Gor(x) = 0,G,z(x) = ig[A,(x), Gor(x)].  (10c)

If we define a two-sided covariant derivative using

[

9 Duf (x) = 5 5 (GO x](Df () = (Pug(y)) v, 21f (x))

(11)

(where we have absorbed the gauge link in order to make
the notation less cumbersome), then we find that

d* <
e nx)['(nD)* q(nk),

(12a)

[g(=ni)T[=nk, nx]q(nx)] = 2°q(=

N

% [Tr{[nk, —nk]G(—nk)[—nk, nk|G (nk) }|

= 2°Tr{[nk, —nk]G(—n«x)(nD)*G' (n«)}, (12b)
where I' is a generic Clifford matrix, and we have used G
and G’ to denote generic components of the gluon field

strength or its dual. Lastly, if we define an auxiliary variable
A = 2(Pn)x, then one has

/derix(Pn)K _

and the Mellin moments of generic quark and gluon
operators become

1 : 2m
2(})”)/d/le’1 :2(Pn) 5(k), (13)

1 s _lnm em s
[ ¥ = (... )a(0)
nn, ...n, _—
="yt O (142)
O = B oy D)
| X Opdx = (Pn )S+2 r{G(0)(D")...(D") G (0)}
nnyn] ns Vi - Hy
St o, e

where additional instances of n are pulled out of the
operator, having come from the definitions of the light
cone correlators. The Mellin moments of the bilocal
operator have thus become local operators.

It is worth noting that, since n,,...n, is symmetric and
traceless, we can additionally symmetnze and subtract the
trace of the matrices between the quark or gluon fields in
Eqs. (14)—that is, we can apply the operator S [see
Eq. (A4)]—without changing the result. Moreover, since
the actual matrices (quark case) or field operators (gluon
case) are contracted with n at leading twist, the results for
specific correlators can be symmetrized further. In particu-
lar, for quarks we find
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pig (_)ﬂs

1 _ e )
O =5 8 g(0)*(iD")...0D " )q(0).  (15a)
{upy-p}
_ S 2
et =~ 8 g(0)yys(iD)...(iD )q(0), (15b)
2 {ppyps}

[

hag 9”\_

3(0)o*(iD")...(iD " )q(0).

(15c¢)

Of-Es —— A S
ar 2 ] oo}

Here, A is defined in Eq. (A5) and signifies ex;alicit
antisymmetrization of the indices denoted under it.” For
the gluons, we have

ot — s 2Te{Gr(0)(iD")...(iD")G4(0)},
{uopy .. pg}
(16a)
Ot — —j S TG (0)(iD")...(iD")G4(0)},
{uvmy..oug}
(16b)
OFLPok--Hs
7, lupl v (o} (s}
2Tr{G#(0)(iD")...(iD")G¥(0)}.  (16¢)

These symmetrizations (and trace subtractions) serve two
purposes: first, they refine the local operators to transform
under irreducible representations of the Lorentz group,
allowing straightforward classification and decomposition
of the operators; and second, they ensure that none of the
form factors in the decomposition of matrix elements of the
local operators contain terms that will contract with
n,n, ...n, to zero. This ensures that each of the gener-
alized form factors we find is actually present in the Mellin
moment of a GPD.

The local operators defined in Egs. (15) and (16), like the
bilocal operators we have derived them from, have an
additional dependence on the renormalization scale >
which we have not notated. Consequently, the form factors
obtained from decomposing their matrix elements will
generally have dependence on the renormalization
scale as well. Electromagnetic form factors are a special
exception to this rule.

Although ¢* is already antisymmetric, the sequence of
covariant derivatives following is not, so this antisymmetrization
following the denoted symmetrization is nontrivial. However, the
additional antisymmetrizing terms this introduces into OQg*!#s
contract with n,ny, ...n, tozero, so we are free to introduce them
here. These terms are necessary for the local operator to transform
under the (*32.%) @ (4,"42) representation of the Lorentz group.
See Ref. [55] for details.

IV. COUNTING GENERALIZED
FORM FACTORS

In this section, we look at the decomposition of matrix
elements of the local operators given in Eqs. (15) and (16)
when sandwiched between initial and final state kets |p, )
and (p’, /|, namely,

(p". 40" |p,2) (17)

for a hadron h, where A(1') is the light front helicity of the
initial (final) state hadron. These matrix elements can be
decomposed into a number of Lorentz structures containing
the momenta P and A, and possibly Clifford matrices
sandwiched between spinors (in the spin-half case) or
polarization vectors (in the spin-one case). The Lorentz-
invariant functions of the Lorentz scalar = A multiplying
these structures constitute the generalized form factors that
we seek.

The number of GFFs that should appear in the decom-
position of Eq. (17) can be determined by using the method
outlined in Refs. [21,22]. This method involves looking at
the crossed channel

(hh| 0|0} (18)

for hadron-antihadron production from the vacuum and
determining the number of form factors for this process by
matching the J”¢ quantum numbers between the final state
(hh| and the operator O*-. More specifically, the pro-
cedure is as follows:

(1) For an operator O*, the possible J*¢ quantum
numbers are determined using its transformation
properties under the Lorentz group.

(2) For each J¢ quantum number, the total number of
states (i.e., L values) that are possible in an hh
system with this J©C are counted.

(3) These counts for all possible JPC¢
added up.

The number of form factors obtained for the crossed
channel is equal to the number of GFFs for the original
channel due to crossing symmetry.

numbers are

A. JPC of local operators

The J*€ decompositions of the local operators of interest
are independent of the hadron. These decompositions have
been derived elsewhere [21-23,55-57], and here we only
recall the results.

The vector operators 04" and Oy "' defined in
Egs. (15) and (16) both transform under the (“2“—1,%)

representation of the proper Lorentz group and have JF¢
quantum numbers

JPC = jVET e {01, s+ 1) . (19)
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Meanwhile, the axial vector operators 0/;/;11.../45 and
Of;f‘” 1+#-1 defined in Egs. (15b) and (16b) also transform

under the (%%} representation of the proper Lorentz
group, but have opposite parity and charge conjugation
quantum numbers, giving

JPC = jEVHEY j€{0,1,....,s+1}. (20)
In both cases, operators associated with the (s + 1)th
Mellin moment of a quark GPD and the sth moment of
a gluon GPD transform the same way under the Lorentz
group and will accordingly have the same number of
generalized form factors. As a consequence these operators
mix under QCD evolution. This will no longer be the case
when we consider transversity operators.

The transversity operator for the quark, defined in
Eq. (15¢), transforms under the (:32,3) & (5,%32) repre-
sentation of the proper Lorentz group. Both parity quantum
numbers are available for each j value in the decomposi-

tion, giving two sequences of allowed J©¢ numbers,
JPC = jEE
JPC = jVO el s+ 1. (21)

The helicity-flip operator for the gluon, defined in
Eq. (16¢), transforms under the (*3%,5) @ (5,%5*) repre-
sentation of the proper Lorentz group. As with the quark
transversity, both parities contribute for each available ;.
We thus again get two sequences of JFC [23]

JPC = j=V ()

JPC :j(_)m(—)x e {2’ ...,s+2}-

(22)

5
El

B. JC counting and matching for spin-0

As explained above, the number of expected generalized
form factors in the matrix element of a local operator is
counted by matching the number of J¥C states available to a
hadron-antihadron state and the J”¢ decomposition of the
local operator. This matching scheme has been performed
for spin-half hadrons extensively elsewhere, so we will not
repeat this for the spin-half case. We will look in detail at
the bosonic cases spin-0 and spin-1.

First, we consider spin-0 as a simple case. The allowed
JPC quantum numbers for a hadron-antihadron state are
determined by the relations for two-boson states,

P=(-1)},  C=(=1)t*s, (23)

where J = |L — S|, ...,L + S. Since S = 0 for a system of
two spin-0 particles, one simply has J = L. The allowed
states are given by the sequence J7€ = j&V) (j > 0)
with one state per j value.

We now proceed to match the JF€ sequence arising from
hadron-antihadron states with the J”¢ decomposition of the
local operators of interest. We begin with the vector
operators Oy for quarks or Oy "' for gluons.
The available J¥C states in the operator are j=()"" | with
j€{0,1,...,s + 1}. The hadron-antihadron pair gives us
states JP€ = j(=V(2) with j > 0. Summing over all pos-
sible coincidences between these sequences, we get

s+1

N(s) =) O((=1)"t =1), (24)

=0

where ©(P) = 1 if P is true, and ®(P) = 0 otherwise. If we
reindex the sum using r = s + j 4+ 1, we have

2542

Mo = 3 ety =1 = [*

r=s+1

J +1. (25)

The number of generalized form factors for s =
0,1,2,3,... should thus be 1,2,2,3, ..., which is exactly
what is seen in existing literature on pion GFFs (see, e.g.,
[24]). Note that s > 0 for quarks, and s > 1 for gluons,
since in the latter case we are taking the sth Mellin moment.

We next consider the axial operators. From their decom-
position, we found J*€ = jV"' (=)' There are no matches
between this and the J”C of allowed hadron-antihadron
states due to the mismatch in parity. We thus reproduce the
well-known result that the helicity-dependent GPDs of
spin-0 particles identically vanish. The helicity-flip (trans-
versity) GPDs, however, do not vanish for spin-0, so we
have two more cases—the quark and gluon transversities—
to consider.

For quark transversity operators, the cases JFC =
FEE™ and jEO O™ must both be matched against
JPC = j=V(=V Clearly, only the first of these sequences
has matches. The limits are given by j € {1,2,...,s + 1}
Except for the lower limit in j being different, this looks
identical to the helicity-independent case. Summing over
all possible matches gives us

s+1
Nis) =S 0=y =1) = [2| +1, (26
=3 0= = =[5 41, o
producing the sequence 1, 1, 2, 2, ... for the number of

GFFs when taking the (s + 1)th Mellin moment (s > 0).
This sequence agrees with what is seen in Ref. [25].

For gluon transversity operators, we consider g;"ﬂ Hiehls]
which means (in contrast to the other gluon cases) we are
taking the (s + 1)th Mellin moments of the transversity
GPDs. Doing so gives us the sequences

094035-6
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Jrc :j(—)"(—):’ JPC :j(—)fﬂ(_)x

je{2,....s+2}.
(27)

Only the first of these sequences has matches with

JPC = j(‘)“‘)‘/. The number of matches we get is
542 s
N(s) =) O((-1)" =1) = EJ +1. (28)
=2

The number of GFFs for the (s + 1)th moments of the
gluon transversity GPDs thus follows the sequence 1, 1, 2,
2, ..., which is the same as the number of transversity GFFs
for the quarks. However, unlike in the nonhelicity-flip
cases, the moments of the quark and gluon operators are not
offset from one another. This curious fact was also noted for
spin-half in Ref. [23].

C. JPC counting and matching for spin-1

The allowed J€ for a hadron-antihadron state consisting
of two spin-1 particles are given by the relations (23) for
two-boson states. The limits for J are given by
J=I|L-S|,...,L+S, and the possible values for S are
given by § = 0, 1, 2. This gives us three sequences of J¢
quantum numbers—one for each S value. We can codify
rules for counting the number of states as follows.

For the § =0 states, we replicate the spin-O case.

We have J = L, giving us a sequence J7C = j=/(=) of

allowed quantum numbers, with one L value for each JC€.

For § = 1, we have three sequences of states to count.

(1) States for which j = L + 1, which begin at L = 0.
These have JP€ = j"' )V (j > 1).

(2) States for which j = L. These begin at L = 1, since

Jj > |L — 1] when S = 1, forbidding us to get j =0

when L = 0. These have J7€ = j=/V"" (j > 1).

(3) States for which j = |L —1|. The L =0 state is

already counted in the j = L 4+ 1 sequence, so we

count only the L > 1 states. These have JFC =

S (2 0),

For § = 2, we have five sequences of states to count.

(1) States for which j = L + 2, which begin at L = 0.
These have JF€ = j(=/() (j > 2).

(2) States for which j = L 4 1. These begin at L =1,
since j>|L—-2| when S=2, forbidding us
to get j=1 when L =0. These have JfC =
O (2 2),

(3) States for which j = L, which begin at L =1 (for
reasons also relating to forbidden states). These have
JPC = J (j2 ).

(4) States for which j = |L —1|. The L=0and L =1
states are both forbidden, so this sequence starts at
L = 2. These states have JP€ = j/" (" (j > 1),

(5) States for which j = |L —2|. The L =0 state is
already counted in the j = L + 2 sequence, and the
L =1 state is already counted in the j =L se-
quence, so we only count the L > 2 states. These
have JF€ = j/) (j > 0).
Adding these counts together, we have the following
number of L values available in each J©C sequence:

JPC=jVE s 240(j>1)+0(j>2),  (29a)
JPC = =Y 14+03(>1), (29b)
JPC — =Y e3> 1), (29¢)

JPC = jH =) 0(ji>1)+06(>2). (29d)

As an illustrative guide, we tabulate in Table I the
allowed JP¢ quantum numbers for all three sequences
up to J = 4. The L values are explicitly included, and one
can confirm the formulas given in Egs. (29) for J up to
J =4 by counting the L values in this table. When
comparable, the J” € and L values we find coincide with
those found in Refs. [58,59].

With the JP€ sequences for spin-1 hadron-antihadron
states in hand, we now proceed to count matches between
these and the J¢ decompositions of local operators.

1. GFF counting for spin-1: Vector operators

We first consider the number of GFFs arising from the
(s + 1)th moment of the helicity-independent quark corre-
lator, or the sth moment of the gluon correlator. The J*€
decomposition of the relevant operator is J7€ = j(=/(=)""
with j € {0, 1, ..., s + 1}. The JC counts for the hadron-
antihadron states are noted in Egs. (29). Two of the
sequences noted contribute, namely, those from Eqgs. (29a)

and (29c). Counting the number of matches we get gives

TABLE 1. Possible J°C quantum numbers for hh states of
spin-1 particles.
S=0
Jrc 0tt+ 1 2++ 3~ 4++
L 0 1 2 3 4
S=1
JPC Ot 1= 1=t 2= 2=+ 3t 3=t gt 4+
L 1 0,2 1 2 1,3 2,4 3 4 3,5
S=2
JPC ottt 17— 1t+ 2= 2t+F 3 3t+ 4= 4++ L
L 2 1,32 1,30,2,41,352,43,52,46---
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s+1 s+1 s+1
N(s)=>_1+2) 0((-1)/*+1=1) +Z® —1)its=1)
=1 j=0
2542 2541
=(s+1)+2> © =)+ > O((-1)=
r=s+1 r=s+2
s+1 s+1
=(s+1)+2 +0(s>1)
2 2
1
_3+s+(2+®(s>1))r42r J
1
:3<1+ r; D+s, (30)
which produces the sequence 3, 7, 8, 12, 13, ... for the

number of GFFs. This gives us a pattern of numbers which
alternatively increases by four and one. For illustrative
purposes, we provide in Table II an explicit tabulation of
JPC matches for s values up to s = 3, which require J
values up to J = 4.

2. GFF counting for spin-1: Axial vector operators

Next we consider the helicity-dependent correlators,
namely, the (s 4+ 1)th moment of the quark correlator or
the sth moment of the gluon correlator. The J¥¢ sequence
for the operator is j(‘)‘f“(‘)s. The hadron-antihadron states
this can be matched with are those appearing in Egs. (29b)
and (29d). Counting the number of matches we have
gives us

N(s) =) 14 O((-1)i=1)
j=1 Jj=0
+ i@((—l)f“*‘ =1)=2(s+1). (31)
j=2

An explicit tabulation for matches for s up to s =3 is
included in Table III.

TABLE II. Matches of J¢ quantum numbers between the spin-1
hadron-antihadron spectrum and a local vector operator, for several
values of 5. The bold subscripts in Tables II-V specify the number of
L values associated with the J”C value tabulated. These subscripted
numbers are summed to give the value in the rightmost column.

J
s 0 1 2 3 4 No. of GFFs
0 0+~ 13 3
1ot 1t 2t 7
2 0 13T 2 3¢ 8
3008 1pt 2ft 3yt 4t 12

TABLEIII.  Matches of J7C for the local axial vector operators.
See caption of Table II for more details.
J

K 0 1 2 3 4 No. of GFFs
0 oyt 1t 2

1 0~ 1,7 25° 4

2 0" 1t 2t 35T 6

3 8

3. GFF counting for spin-1: Quark
transversity operators

For the quark helicity-flip form factors, two sequences of
JPC are present in the decomposition of the operator:
jEYE and j& T Since both parties are present, all
of the sequences for hadron-antihadron states notated in
Eqgs. (29) contribute to the count. Counting all of the
matches gives us

=01y = (3120 2 1)
j=1
+0(j 22)) +0((=1)" =1)(20(j > 1)
+0(j>2))}

sl )

This follows the sequence 5, 8, 14, 17, 23, ... for the
number of GFFs, with the sequence alternatively increasing
by three and six. An explicit tabulation for matches for s up
to s = 3 is included in Table IV.

4. GFF counting for spin-1: Gluon
transversity operators

Lastly, we look at helicity-flip correlators for the gluon.
As in the spin-O case, we consider the (s + 1)th Mellin
moment, not offsetting this like we did with the nonflip
moments. The JP¢ decomposition of the operators give
us two sequences, namely, ;)" and j7') with
j€{2,3,...,s+2}. Since both parities are present in
this decomposition, all of the sequences in the hadron-
antihadron state spectrum notated in Eqs. (29) contribute to
our counting. Counting the matches, we find

s+2

= {O((-1)/" =1)(3+20(j > 1) + 6(j > 2))
=2

+O((=1)/ 1 =1)20(j > 1) +6(j 2 2))}

e )
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TABLE IV. Matches of J¥C for the local transverse quark
operators. Two tabulations are present because there are two J¢
sequences (with opposite parity) in the decomposition of the
transversity operator. See caption of Table II for more details.

TABLE V. Matches of JPC for the local transverse gluon
operators. Two tabulations are present because there are two
JPC sequences (with opposite parity) in the decomposition of the
transversity operator. See caption of Table II for more details.

J J
s 1 2 3 4 No s 2 3 4 5 No
0 15" 3 0 2t 4
1 17" 25t 5 1 24 3, 5
2 15~ 25 3 8 2 25" 37" a3t
3 17 25 37t 45+ 10 3 2i" 3, 4§ 55 10
J J
s 1 2 3 4 No s 2 3 4 5 No
0 13~ 2 0 2, 2
1 17 2" 3 1 25" 35 4
2 ;- 25" 3 6 2 2t 357 45" 6
3 1t 25+ 35 45+ 7 3 25" 35 45~ 54 8

This produces the sequence 6, 9, 15, 18, 24, ... for
the number of gluon transversity GFFs. Like with the
quark transversity GFFs, this sequences alternatively
increases by three and six. However, in contrast to the
spin-0 and spin-half cases, the number of quark and gluon
transversity GFFs do not coincide. Instead, for each value
of s, there is one more gluon transversity GFF. An explicit
tabulation for matches for s up to s =3 is included in
Table V.

V. RESULTS: GENERALIZED FORM FACTORS
AND POLYNOMIALITY

In this section, we give explicit expressions for the
matrix elements of the local operators that appear in Mellin
|

(P10 " p)

= S8
{upy s}
2(¢*P)(eP) - pi;
i=0

even
s—1
4 M2 et E AMz‘”Aﬂiﬂpﬂiﬂ"_P#,vEZ+1.i

i=0
even

where the number of factors A is related to the T-even or odd
nature of the accompanying tensor, and the last term
contains two terms comparable to the D-term for the

(t) —mod(s,2) {(e’*e)F?+1 (1) +

moments of light cone correlators when the operators are
sandwiched between kets for spin-1 hadrons. The spin-0
and spin-half cases have been considered elsewhere. We
start by considering the operators with free indices and then
contract their decompositions with the appropriate number
of n vectors and compare to the correlator decompositions
to obtain polynomiality sum rules for the GPDs. The
correspondence between our decompositions for local
gluon currents and a second decomposition in the literature
[19] are discussed in Appendix B.

A. Vector operators

For the vector operator towers, we can write the
following decomposition:

N s
{—(ee/*)P” D oA AP PRAT (1) + [ (€0 P) € (eP)] > AMLARPRLPRBT (1)
i=0 i=0

even

(1) +[e"(e" P) =€ (eP)] Y - Af1.. APt PIDY | (1)
i=1

odd

2(e"*P)(eP) G
M2 s+1

(r)] AFARI AP } (34)

[

spin-1/2 case [60]. Polarization four-vectors of the initial
(final) hadron are denoted by e (¢/*), where the helicity index
A (X) is implicit in both these vectors and the bra and ket.
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The number of GFFs appearing at each value of s in
Eq. (34) can be counted as follows: each odd value of s, one
gets an additional Dy, ;, E ;, Fsy, and Gy, so the
count increases by four. At each even value, an additional
Agi1> By, and Cyyy ; appear, but the D-term-like GFFs
Fg,, and G, | drop out, so the count increases by one.
Only three GFFs are nonzero at s = 0, namely, A, , By,
and C ), so the count starts at three, the sequence goes as 3,
7,8, 12,13, ..., and can be written s + 3(1 + [*3!]). This
agrees with the number derived through J¢ matching.

Combining the decomposition of Eq. (34) with that of
Eq. (4) gives the following sum rules for moments of quark
GPDs:

H{ (&)= /dxxSH (x,&.1)

= Z —~28)'A7,,(1)

cvcn

+3 Z 2’5 lEZ—Hl

4 mod(s,2)(<289" FL, (). (350)

HY 1 (61) = D _(=28)'BL,. (1), (35b)
’%s+l(§ t) Z( 25) s+1 1( )

i=0
even

+mod(s,2)(=26)" G2, (1), (35¢)

<p/|0/;l‘§yﬂ1 coHs—1 |p>

S

:Z( 25) s+11( )

i=1

Hig(&00) (35d)

s—1

Z( 25) s+1 l( )

i=0
even

HY (81) = (35e)

Note that Hs; =0, which is related to the Close-
Kumano sum rule [61]. The electromagnetic structure
function b 1(x) appearing in the sum rule, which states
that fo x)dx = 0, is related to the GPD Hj at leading
order and leadlng twist by

by(x,0%) = ZequxOO/,t—Qz)

- H;f(—x, 0,0;4> = 0%, (36)

where x € [0, 1] is the support region for b;. The Close-
Kumano sum rule follows from HZ, = 0 if H vanishes in
the forward limit at negative x values. This sum rule can be
violated if the sea carries tensor polarization [61], but
H gi = 0 is an inviolate consequence of Lorentz symmetry.

The tower of local operators arising from the vector
gluon correlator is related to the tower from the quark
operator we just explored, but with the value of s offset.
Specifically, the (s + 1)th moment of the vector quark
correlator has the same Lorentz transformation properties
and quantum numbers as the sth moment of the vector
gluon correlator, where s > 1 in this context since there is
not a zeroth Mellin moment. This tower thus has a familiar
decomposition,

= S 2{ e P”ZA"' A PH L PR AY (1) [64(€"P) + € (eP)] Y AL AFPRst L PIBY (1)
{mpy s} pary

even

2(¢"P)(eP)

i=0
even

N N
=SS IPEY AL APR L PRCY () (64 (€ P) =€ (eP)] Y AP ARPH PR DY (1)

M

even

s—1

M N A A P PR, (1)~ mod(s,z>[< )FL, (1) +

i=0
even

where we have an extra factor of 2 relative to the quark
case, by convention, and where we have chosen to label the
second index as y, rather than v in order to make the
correspondence with the quark decomposition clearer. If we
compare this to the definitions of the helicity-independent
gluon GPDs, we get the following polynomiality relations
for odd values of s:

odd

2(e’*P)(eP) G
jv[ s+1

(t )} ARAH ...A/‘\}, (37)

s—1

Hi (&)= / dxxS~V H  (x, & 1)
1
_Z 25 ZA?+11 Z( 25) s+11()

even even

+mod(s, 2)(=28)* 1 F2 (1), (38a)
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R

= (-2¢)B},,, (1),

i=0
even

H3 0 (601) (38b)

N

Z( 26) y+] l( )

i=0
even

+mod(s,2)(=26)"1GY,, (1), (38c)

%s+1(¢f 1) =

s

=D (=28)Dy, (1),

i=1
odd

H1(6,1) (38d)

<p/‘0z/21~-ﬂx

p)=_ S

{upr s}

(¢ P) + €t (eP)

s—1

Z( 25) s+11( )

i=0
where the reflection symmetry around x =0 of gluon
GPDs was used to reduce the integration range to [0, 1], and
where the GPD moments for even s are zero because of this

same symmetry.

Hs, ((81) = (38e)

B. Axial vector operators

For the axial vector operator towers, we can write the
following decomposition:

N
{—ie””””efj‘epPG > AnAsPE L PRAL (1)

+ ie"P° A P 2[

MZ

] ZA#] AFPr PBY (1)

even

+ i€ A, P 2[

2

Ik Ix iy s—1
€€ €, €
+ ie’““/’”AyP/, ["4—‘7} E AH2

where the number of factors A is related to the T-even or
odd nature of the accompanying remaining tensor. The
number of GFFs for any value of s is 2(s + 1), which is
equal to the number derived through J”¢ matching.

Combining the decomposition of Eq. (39) with that of
Eq. (5) gives the following sum rules for moments of
helicity-dependent quark GPDs:

S

Z( 2§) s+1 1( )

i=0

A (&)= (40a)

[:Ig,s-&-l (5’ t) =

Z( 26) s+lz( )

i=0

(40b)

<p/|0’;£.rﬂl-~~”.r—l |p> — S

{upy -

VES VES
o€ P)M_ze (ep]ZAm CAMi P

s
28 i€, P, § AP AFPR
1 -

PECL (1)

odd

AHiv1 PHiva | PHs Ds+1 1( )} (39)
A0 =D (=20)CLi(0, (40c)
B s—1

A, (&)= Z( 26)DI,, (1), (40d)

and we see that A9 =0 and H], = 0.

As in the vector case, the tower of local axial vector
gluon operators matches up with the axial vector quark
operators, with s offset to (s — 1). We obtain the following
decomposition for this gluon tower:

/*P /* P
+ze”””"AP2{ o€ He - }ZA’”

+ ie!P° A P 2{

+ie"AP, [ 5

(¢ P) —e’*(eP)} Z -

M2

€ €M + elfein

AT (D)
. AHiPHis PM;Bg+1 1( )
CAHi PHiv | PHs CH_1 I(t)

i=1
odd

:| ZAM CAHit1 PHiv2 Pﬂst+1 l(t)} (41)

even
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which leads us to the following sum rules for even values
of s:

S

I:Il(ll,s+1(§’ t) = Z( 2§) s+1 1( ) (428')
I:Ig,sﬂ(f, t) = Z( ) \+1 l(t>v (42b)
(60 = 3 (29, (0. (420)

s—1

> (=28 Dy (o),

i=0
even

Ay (&)= (42d)

with the moments vanishing for odd s since the helicity-
dependent gluon GPDs are odd under reflection about
x=0.

C. Quark transversity operators

For the quark tensor operator towers, we can write the
following decomposition:

M T
POt Ipy = A S { e/l AF1L | AHiPHict PR A
< | qT > (] s ooty 2\/_( )z s+1, l( )
s—1 -
\/_(el*upvem + e Prelm) %:Alh . AHiv1 Phisa [%B;I+l (1)
/*MAI./ P ﬂAI/ /*P
1 [6 M(€ ) ' A” (e ] ZAM  AHKi Pl PMerl ()
odd
€AY (eP)  e'AY(e"P)] & . T
[ 7 + m ; AW AR PR PR DT (1)
M s—1 -
2\/_[ HAVER 4 et AV ] ZAM AW P PﬂsEg_H (1)
PIAY S - ,
v ’ €) ZAm UAHi PR p/nF;?+1 l( )
PHAY (¢ P)(eP)
TTZ AF1 . AHi Pl pmG‘I+1 (1)
P (eP) e P'("P)] O T
AR AHPHiv | PRs
|: M + M lzdd]: s+1, 1( )
€ PY(eP) € PY("P)] O o T
[ T ZA"I AP PRTIT (1) (43)

The number of GFFs present for any particular s value is
5+43(s+ [5]), which is exactly what was found above
through J¥¢ matching. One can determine this number by
noting that four of the Lorentz structures in this decom-
position are zero when s = 0, that three GFFs are added
with each power of s, and that six are added with each even
power of s—meaning that, as observed in the J©¢ matching
section, the number of GFFs follows a sequence that starts

even

|
with five and increases alternatively by three and six: 3, 8§,
14, 17, 23, ....

Unlike with the vector and axial vector operator towers,
there is no special correspondence with gluon transver-
sity GFFs.

Using Eq. (43) with the definition of the quark trans-
versity GPDs in Eq. (6) yields the following sum rules for
Mellin moments of quark transversity GPDs:
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S s

T i T i
Hiia(6n) =Y (R207AL (., (44) HY q(60) =) (-20)GL (). (44g)
i=0 i=0
- s—1 o s
HY (60 =) (2287BL, (1), (44b) HECL(E0) =D (Z28HY, (), (44h)
o i
Hipn (&) =Y (-29Cl (). (440) r T .
. % i He, (& 1) = Z(_Z‘S)qgﬂ,i’ (44i)
[ i=0
HT (61 =) (-28)'DT], (1), (44d)  where we note that Hj| = H§, = HY| = H{}, = 0 are the
=0 four first Mellin moments that vanish.
s—1 .
HZZH (&1) = z (=28) Eﬁ“ (1), (d4e) D. Gluon transversity operators
’ =0 We lastly look at the tower of gluon transversity
operators, for which we can write the following
s decomposition:

HE (60 =Y (=20 F1 (1), (44f)

i=0
even

PYA° | M g
/ VPO ... Js I ; DH; gT
dles pp=AAS S 8{ [— ¢mer) N AL AP PRAT (1
(P10 ) ol lov] {po} {mopr .} | M 2ﬁ( )Z w1l
M s—1
+ _2\/5 (€1 PPt 4 e PPeli) Z At .Alliﬂpﬂwz'“Pﬂngil’iO)
i=1
odd
€A (eP) e”A”(e’*P)) : T
+ - Af AR PR PR CIT (1)
< M M ; s+1,i
odd
€A (eP) e”A/’(e’*P)) s oT
+< + A ARiprs  PrsDIT (1)
M M ZO: s+1,i
PFA? (¢ P)(eP) & T
+ TSN AL AR PR PG (1)
M M2 ; s+1,i
€ PP (eP) e”Pﬂ(e’*P)> > T
+ + A AR PR PR HIT (1)
< M M ; s+1,i
odd
HPP(eP) e PP(€"P)\
+ <€ M(S )—6 ]E; )> ZA”'"'AmP#"H"‘Pﬂ”lgil.i(t)]
i=0
s
— PP POy AL AMPR L PISETT (1)
i=0
1, 2 . T
+ e AN D AL Av P ...Pﬂstm(z)}. (45)
i=0

even
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One can observe that the number of GFFs arising from this
decomposition at order (s 4- 1) is 3 + 3(s + [§]) by notic-
ing that there are six GFFs when s = 0, and that the number
of GFFs increases by one at odd s and six at even s. This
gives the sequence 6, 9, 15, 18, 24, ..., which is exactly the
number of GFFs derived from J”¢ matching above.

Finally, this gives us the following relations for the
moments of the gluon transversity GPDs, with s > 0 and s
even:

H  (£.1) = / 1 dxxHY (x, 1)
1,s+1\5> - 1 56

_Z —28)IAT" (1), (46a)
N

HY (&) = %(—2:)13511 (1), (46b)
B (60 = 3 -20/CH 0, 6
HY (61) = 2(—25)!0511 0. (46d)
B (60 = 320 B0, 6
B (60 = 3200 P 0. (a6
B, (61 = Z( 267, (1, (46g)

HL (60 = 3200 H 0, G
HYL (60 = S (<2000 (), (46i)

i=0
where HY| = H}'| = H{| =0 are the three first Mellin
moments that vanish. Moments with odd s are zero due to
the reflection symmetry of the gluon transversity GPDs
about x = 0.

VI. CONCLUSION

In this work, we obtained polynomiality sum rules for
spin-1 targets. This was accomplished by decomposing off-
forward matrix elements of the local currents that appear in

Mellin moments of bilocal operators. Thus, as a byproduct
of this derivation, we have also obtained the decomposition
of said local currents into independent generalized form
factors. The method of Ji and Lebed [21] was used to count
the number of independent generalized form factors that
should appear in the decomposition of each local current,
and we find agreement with our results.

In principle, such work could be extended to systems
with greater spin. There exist spin-3/2 nuclei such as
Lithium-7 which may be of future experimental interest,
such as in studies of the polarized European muon
collaboration effect. On an alternative route, the meaning
of the generalized form factors appearing in the Mellin
moments of GPDs for spin-1 systems warrants more in-
depth exploration. The form factors appearing in the second
Mellin moment of the helicity-independent GPDs appear in
the Lorentz-covariant decomposition of the energy-
momentum tensor and encode properties of great interest,
such as the distribution of mass, angular momentum, and
forces (including shear and pressure forces) inside the
hadron.

One curious feature of spin-1 targets, which contrasts
with spin-0 and spin-1/2 targets, is the appearance of two
independent “D-like” terms, one each in the second Mellin
moment of H; and H5. Two form factors may be necessary
to describe the distribution of forces inside a hadron with
more complicated structure, including three helicity states
and a quadrupole moment. This, and other aspects of the
spin-1 energy-momentum tensor, will be the focus of a
future work.
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APPENDIX A: CONVENTIONS USED

Since there are variations on conventions used in the
GPD literature, we feel it to be prudent to lay out the
conventions used in this work here. The four-momenta p
and p’ are carried by the initial and final state hadron,
respectively. We additionally use

p+p

P= :
2

A=p' —p, (A1)
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for the average hadron momentum and momentum transfer,
with Mandelstam variable t = A%. We use null vectors n
and 7 to define the light cone, with (ni1) = 1. These define

the “plus” and “minus” components of four-vectors as
xT = (xn) and x~ = (x71). The skewness is defined as
(nd)
=— . A2
g 2(Pn) (A2)

For the gluons, the dual field strength tensor can be
obtained through

~ 1
G

uw — EemzpaGpav (AB)
where we use the convention €g,3 = +1.

As the order of symmetrization and antisymmetrization
operations on the Lorentz tensors matters in this work, we
will abstain from using the [] and {} notation within indices
and use explicit operators

1
S THhs = — To)-olm) — removal of traces,
{ﬂ]“-ﬂ\'} n! Vel
(A4)
A TH-# =—% sign(o) T" m)-olm)  for s < 4,
[/‘l“-ﬂs] Z
(A5)
where ¢ are permutations on the set {y, ..., 4, }, and the

sign of ¢ is determined by an even (+1) or odd (—1)
number of permutations. The “removal of traces” refers
specifically to subtracting off all possible combinations of
pairwise contractions (i.e., traces) of indices in the sym-
metrized tensor; because of a peculiarity of orthogonal
groups (such as the Lorentz group), this is needed for the
symmetrized tensor to transform under an irreducible
representation of the group (see Chap. 10-5 of Ref. [62]
for details).

APPENDIX B: COMPARISON WITH
A SECOND GFF DECOMPOSITION

For gluons and spin-1 targets, the GFF decomposition
has also been written down for all leading-twist cases in
Ref. [19] [Egs. (7) and (8) and Appendix B therein, see also
the Erratum], denoted [DPS] in the following. Below, we
summarize the correspondences between the form factors
appearing in the two decompositions. Note that Ref. [19]
does not provide a decomposition in the minimal linearly
independent set of GFFs; hence the counting of form
factors provided in Ref. [19] differs from ours.

For the vector operator, we can make the following
identification between Eq. (7) [DPS] and our Eq. (37):

TV = 2B, (0. BV () =247,

‘*‘R(r) =2F! (1. BV =-2BY,, (0.

BUV () =-2DY,, (0. BYTV (1) =4Cl,, (1),
st“ (1) = 4G4, (1). (B1)

The [DPS] GFFs Bgsjll) , Bgsj 11) correspond to our D-terms,
and we can also identify B(H]z) =4c¢Y,,, and Bgsj_lg =

2AY The other GFFs (2<i<s—1) in these

s+1.s
towers 3 and 7 are also present in the Bgs,: 2 BéS; b

respectively:

towers,

s+1 s+1 s+1 s+1
By V=850, B0 =BY0 0. (82)

For the axial vector operators, we compare [DPS]
Appendix B with our Eq. (41). This results in the following
direct correspondences:

s+1 H(s+1

B (0=-24L (. BV()=-D, (0. (B3)
The [DPS] towers Bg;rl) () and B’ (1) can be related to
our GFFs after application of the Schouten identities.

For the tensor currents, the identification between [DPS]
Eq. (8) and our Eq. (45) is as follows:

5+2) T s+2) 1o g7
Agl _2E?+ll’ Agl - _5 ?+ll’

A(s+2) 1 AqT A(s+2) 1 AqT

3.i \/_ s+1,0° 4,0 \/— s+1,i°
(s+2) _ T (s+2) _ T
ASl _ZD?+1 i’ A6t _2I£\I+l Al
(542) _ ~ g s+2) L par
A8h.vi 2Gg+l i A9S,i TBngl i
5+2) T +2 T
AEZ)Z = 2C€+1 i’ A(lsl i )= 2H£s]+l i’ (B4)
(42) A(s+2) qT
s+2 7,i=2 T +1,i-2 T
A7,z + —4; - 2D§+1,i % 41f+11 + IH»lz 2

T T
2M E€+1 i _2<1 _W>Eg+1 i-2
T T
_2<4+ )F€+11+2 F€+112
(B5)

Of the towers [DPS] hst two are not linearly independent
of the other nine (A(’l and Af“ 2.
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