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The s-wave decay amplitude in the nonleptonic decay of baryons is analyzed within heavy baryon chiral
perturbation theory in the large-N . limit at one-loop order, where N, is the number of color charges. Loop
graphs with octet and decuplet intermediate states are systematically incorporated into the analysis and the
effects of the decuplet-octet mass difference are accounted for. There are large-N . cancellations between
different one-loop graphs as a consequence of the large-N, spin-flavor symmetry of QCD baryons. The
predictions of large-N, baryon chiral perturbation theory are in very good agreement both with the
expectations from the 1/N, expansion and with the experimental data.
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I. INTRODUCTION

The remarkable success of the 1/N, expansion of
QCD—where N, is the number of color charges [1,2]—
and its subsequent combination with heavy-baryon chiral
perturbation theory [3] to describe several static properties
of baryons has been evident over the past two decades.

Initially, a 1/N, expansion of the chiral Lagrangian was
formulated in Ref. [3]; since then, the Lagrangian has been
useful to evaluate nonanalytic meson-loop corrections to
baryon amplitudes in the 1/N. expansion for finite N..
Specifically, the method was originally applied to compute
flavor-27 baryon mass splittings at leading order in chiral
perturbation theory [3]. Later, a number of additional
baryon properties were also successfully evaluated, namely,
baryon axial-vector couplings [4,5], baryon magnetic
moments [6,7], baryon vector couplings [8], and Dirac
form factors [9] to name but a few.

The approach to compute nonanalytic meson-loop cor-
rections in 1/N . baryon chiral perturbation theory at finite
N, consists in identifying all the pertinent one-loop
Feynman diagrams for the process under consideration.
These diagrams are given by the product of a baryon
operator with well-defined transformation properties under
the spin-flavor symmetry times a loop integral, which
depends nonanalytically on the light quark masses m,.
In this way, the 1/N_. and group theoretic structure of the
loop corrections are manifest. Although theoretically the
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procedure is straightforward, in practice the reduction
of the baryon operator becomes a rather involved task.
With the advent of more powerful technical computing
systems, the reduction is possible to an unprecedented level.

All the computations of baryon properties mentioned
above generalize the formulas obtained previously in con-
ventional baryon chiral perturbation theory (i.e., without a
1/N. expansion). An extra feature of the approach is that the
1/N, formulas exhibit the 1/N . and flavor-breaking struc-
ture of the one-loop corrections so various relations obtained
in the limit of exact SU(3) flavor symmetry (for instance, the
Coleman-Glashow relations for baryon magnetic moments
[6,7]) can be better understood.

In the framework of baryon chiral perturbation theory,
the analyses of s- and p-wave amplitudes have been
addressed in Refs. [10-13], each of which with some
particular focus. References [11,13] evaluated the leading
nonanalytical corrections including both octet and decuplet
baryons as intermediate states, focusing on the |AI| = 1/2
component of the decay amplitude (i.e., the so-called
|AI| = 1/2 rule was assumed to be valid). There are a
few differences in some decay diagrams between these two
analyses. Reference [12] also assumed the validity of the
|AI| = 1/2 rule, but included only octet baryons as
intermediate states in the loops so the effects of the decuplet
baryons were incorporated into the low-energy constants of
the effective Lagrangian; to this purpose, all counterterms
to chiral order O(p?) and some terms of order O(p?) were
included. While Refs. [11,13] conclude that good agree-
ment with experiment cannot be simultaneously obtained
using s- and p-wave amplitudes at one-loop level, Ref. [12]
claims the opposite.

In this paper, the applicability of the combined expan-
sion in 1/N,. and chiral corrections is extended to the
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analysis of decay amplitudes in the nonleptonic decays of
baryons. Due to the enormous amount of algebraic calcu-
lations involved, it is more appropriate to present first the
s-wave amplitude here and to leave the p-wave one for a
further paper. To this end, one-loop graphs with intermedi-
ate spin-1/2 octet and spin-3/2 decuplet baryon states are
analyzed including the full dependence on the decuplet-
octet baryon mass difference, while at the same time
including the cancellations that follow from the large-N,
spin-flavor symmetry of baryons.

The organization of the paper is as follows. In Sec. II the
central ideas on the combined formalism are provided in
order to introduce the notation and conventions. In Sec. III
a theoretical description of baryon nonleptonic decays is
presented, with emphasis on the calculation of tree-level
s-wave amplitudes. In Sec. [V the one-loop contributions to
the s-wave amplitude are evaluated; partial operator reduc-
tions already performed in Ref. [8] are recognized to be
present in the current analysis so they are borrowed and
adapted to make up the new results. At this point, a direct
comparison with conventional baryon chiral perturbation
theory is performed. The comparison is done by identifying
the existing relations between the chiral coefficients and the
operator coefficients that appear in the present analysis.
Both analyses agree in full. In Sec. V explicit symmetry
breaking corrections to linear order in the quark mass m;
are evaluated. As discussed in the text, these contributions
are necessary to get a consistent numerical analysis, which
is performed in Sec. VI through a least-squares fit to data
[14]. The analysis is satisfactory. In Sec. VII some con-
cluding remarks are addressed. The paper is complemented
by two appendices. In Appendix A all the new operator
reductions required are listed whereas in Appendix B all the
coefficients that come along with the baryon operators in
the several one-loop contributions are provided.

II. BARYON CHIRAL PERTURBATION THEORY
IN THE 1/N. EXPANSION

The aspects related to the 1/N, expansion for baryons
have been discussed in detail in Refs. [3,15,16], so in this
section a survey to introduce the notation and conventions
used is provided. To start with, it should be recalled that
in the large-N, limit the lowest-lying baryons' are given
by the completely symmetric spin-flavor representation
of N, quarks SU(2Ny) [15,17]. Under SU(2) x SU(Ny),
this representation decomposes into a tower of baryon
flavor representations with spins J = 1/2,3/2,...,N_./2.
Corrections to the large-N . limit are expressed in terms of
1/N. suppressed operators [15], which yields the 1/N.
expansion of QCD.

'"The J¥ = 1/2* octet containing the nucleon and the J* =
3/2% decuplet containing the A(1232) together make up the
ground-state 56-plet of SU(6).

The 1/N, expansion of a QCD m-body quark operator
acting on a single baryon state can be written in the most
general way as [16]

-bod m
OSC]()) Y= N chNn n» (1)

where the O, (0 < n < N_.) constitute a complete set of
linearly independent operator products which are of nth
order in the baryon spin-flavor generators J, T¢ and G,
and the ¢,(1/N,) are arbitrary unknown coefficients with
an expansion in 1/N_ beginning at order unity. Examples
of 1/N_. expansions for baryon operators include the 1/N..
expansion of the baryon mass operator My, and the

baryon axial vector current A, The former is given by [16]

Mbaryon = Mgy N+ Z my (2)

n=24

where the coefficients m3! are a priori unknown param-

eters of order O(A,), and the superscripts attached to
them indicate the spin-flavor representation they belong to.
The first summand in Eq. (2) denotes the overall spin-
independent mass of the baryon multiplet and the remain-
ing terms, which are spin-dependent, constitute Myypersine-

The 1/N, expansion of the baryon axial vector current,
in turn, can be written for N, = 3 as [16]

) b b
AkL — alec +N_2D12<c N32

ch + Okc’ (3)
where the unknown coefficients a;, b, and ¢, also have
expansions in 1/N_. beginning at order unity and the
leading operators that accompany them are given expli-
citly by

Dl = JT*, (4)
'ch — {Jk’ {Jr’Grc}}7 (5)

O — (2.6 -1 ey, ®)

Higher order operators are constructed from the previous
ones by anticommuting them with J2.

The chiral Lagrangian for baryons Lyyon, formulated to
understand the low-energy dynamics of baryons interacting
with the pion nonet 7, K, 7, and 7’ in a combined expansion
in 1/N,. and chiral symmetry breaking, was given explicitly
in Ref. [3]. In the baryon rest frame, Lyyyon reads
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[’baryon =D’ - Mhyperﬁnc + Tr(Ak/lc>AkC
1

21
- [l VS
+N0Tr<¢4 %>A e (7)

where the covariant derivative reads
DY =91 + Tr(VOﬂ”)TC. (8)

The ellipses in Eq. (7) refer to higher partial wave meson
couplings which occur at subleading orders in the 1/N.,
expansion for N. > 3 [3]. The Lagrangian depends on the
meson field &(x) = exp[ill(x)/f,] through the vector and
axial-vector currents

W= (G +EPE), A= (V- ),

©)

where I1(x) represents the nonet of Goldstone boson fields
and f, ~93 MeV/c? is the pion decay constant.

Next, explicit flavor symmetry breaking is accounted for
in the baryon chiral Lagrangian through terms containing
powers of the quark mass matrix. The leading Lagrangian
with a single insertion of the quark mass matrix can be
written as [3]

. A4
£ery0n =Tr [[5/\/1(9)5 + EMT(0)EN 3] H

+ iTr {[M(G)E + MT(0)Z7]

N 1} HO,  (10)

V6

where a = 3, 8, 9, and the explicit symmetry breaking
perturbations to the baryon Hamiltonian read [3]

1
HO _b(g;NHb?; J (11)

and

1
He = b + b°8 {J’ G™} + b3 2{12 79}, (12)

for N, = 3. Here b(()’;gep are unknown parameters which

come along with n-body operators within flavor represen-
tation rep. Additional details about M (6) can be found in
the original paper [3].

III. BARYON NONLEPTONIC DECAYS

The dominant decays of baryons are the nonleptonic
modes

Bi(pi) = Bs(py) + n(k), (13)

where B; and B/ are the decaying and emitted baryons and
7z is the emitted pion, respectively, with momenta p;, ps
and k. These AS = 1 processes are quite useful in under-
standing the electroweak interaction in hadrons.

The decay amplitude for the nonleptonic decays of
spin-1/2 baryons can be written as [14]

M= GFmizeruB‘/(A — Bys)ug,, (14)

where G is the Fermi constant, m_+ is the pion mass, and
A and B are parity-violating s-wave and parity-conserving
p-wave decay amplitudes. A and B are related to the
amplitudes s and p by

|Pf|
=A, =B————, 15
s p Ef+M; (15)

where My, Eq, and p; are the mass, energy, and three-
momentum of the final baryon; the usual observables, e.g., the
partial decay rate I" and the decay asymmetry @, can therefore
be expressed as I o< |s|> + |p|? and a « (|s|* + |p[>)~!

As far as isospin is concerned, both the s- and p-wave
components consist of contributions describing Al = 1/2
and Al =3/2 transitions. An unexpected experimental
result is that the former transitions are more favored than
the latter ones by nearly a factor of 20 to 1. This
enhancement is also seen in kaon nonleptonic decays.
Thus the so-called Al = 1/2 rule seems to be a rather
universal feature of nonleptonic decays and will be con-
sidered to be valid hereafter.

The present paper focuses only on the analysis of the
s-wave decay amplitude within large-N,. chiral perturbation
theory. At tree level, the only graph that contributes is
depicted in Fig. 1. For definiteness, this amplitude can be
obtained using a soft pion theorem as [16]

A(B; = By + 7°) = <Bf|[Q5’HW]|B> (16)

fa
where ¢ is an explicit flavor index, QS is the axial charge,
and ‘Hyy is the weak Hamiltonian. The latter contains pieces
which transform as (8, 1) and (27, 1) under SU(3), x
SU(3)g- The 8 component dominates the 27 component so
this fact is usually referred to as octet dominance. Under
this assumption, [Q%, Hy] = [Q°, Hy|, where Q¢ is the
vector charge [16].

Octet dominance assumption also implies that Hy,
transforms as the (0,64 i7) component of a (0, 8)
representation of the spin-flavor symmetry SU(2) x

U(3) [16]. The 1/N, expansion of a (0, 8) operator
has been discussed in detail in Ref. [18]. A simple operator
analysis reveals that only n-body operators with a single
factor of either 7¢ or G’ appear. The allowed 1- and 2-body
operators are

0¢ =T, (17)
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and
05 ={J".G"}, (18)

whereas higher-order operators are obtained as Oj =
{J?2,0¢_,} for n > 3. Thus, the 1/N, expansion for Hy
reads

h
Hy = b T" + N—Z{J’, G™}, (19)

up to corrections of relative order O(1/N?). Here, h; are
undetermined parameters with dimensions of mass.
Hereafter, the flavor index u will stand for u =6 + i7
so any operator of the form W* should be understood as
WO + iW’. Asin previous works (see for instance Ref. [8]),
the naive estimate that matrix elements of 7¢ and G*¢ are
both of order N, which is the largest they can be, is also
implemented. The estimate is legitimate provided the
analysis is restricted to the lowest-lying baryon states.
Within this naive power counting, A* and 7 are both order
N, and so is Hy of Eq. (19).

The vector charge is given by Q¢ = T to all orders in the
1/N, expansion [19]. Thus, the commutator [Q°, Hyy]
reduces to

h
{TC, HW] — h] l'fcueTe + N_2 l'fcue{]r, Gre}. (20)

Substituting Eq. (20) into (16) yields the decay ampli-
tude at tree level Agge; it is given by

— if A (B; = By + 1) = hy (Bylif"T*|B;)

2B life (7.6 |B), @)
N,
where the flavor index ¢ will stand for ¢ = 1 F i2 and
¢ = 3 for z* and #°, respectively. For completeness, any
operator of the form W¢ should be understood as (W' F
iW?)/+v/2 and W3 for ¢ = 1 F i2 and ¢ = 3, respectively.
For the observed processes the expressions read

—iV2f A (T = n+at) =0, (22)
—iV2f, AY (5 5 p+a0) = 1 —Lh2 (23)
v Mree \/E 1 ZNL )
E 1
_i\/ifﬂAfre)e(Z_ —n+ ”_) = _hl +Wh2’ (24)
. s _ 3
~iV2fp AN = p+ o) = —\@[m 3N hz], (25)

s 3 3
_i\/ifﬂAErc)e(A —>n+ ”0) = \/7’ |:h1 + W’h]’ (26)

s 3 1
—i\/ifﬂAt(re)e(E_%A‘Fﬂ'_):\/%{h] +—h2:|, (27)

2N,
$) 3 1
—lh\/ifﬂA&e)e (.50 - A+7T0) = —g |:h1 +Wh2:| . (28)

The s-wave amplitudes at tree level for the nonleptonic
decays of octet baryons into octet baryons can be fully
described only by two parameters h; and h,. Adding
higher-order operators in the 1/N, expansion (19) results
into redefinitions of the already existing parameters, e.g.,
hy = hy + h3/6 and so on.

The right-hand sides of Egs. (22)-(28) can be straight-

forwardly compared to their counterparts, aggf, obtained

within heavy baryon chiral perturbation theory, which can
be found in Egs. (3.7) of Ref. [11]. The operator coef-
ficients h; and h, are related to the chiral coefficients /A,
and hp, for N. = 3, by
2
I’l1 :ghD_hF’ h2 - —ZhD. (29)

Isospin symmetry of the strong interactions implies three
relations among the seven amplitudes, namely,

—ASLE 5 i+ at) + V2AL(ET - p+ 1)

+ AL s nta) =0, (30a)
ASL(A = p 4 77) + V2ZALL(A = n+ 29 =0, (30D)
ALL(E" = A1) + V2ALL(E" > A+ 2% =0,

(30¢)

so there are effectively four independent amplitudes; the
preferred study cases are those with a charged pion in the

final state [11], namely, ASQC(ZJF —>n+azxh), AEQC(Z_ -
n+ 1), Ape(A = p+7), and AL (2" = A+77)7
These amplitudes can be combined to eliminate 4; and
h,, leading to the celebrated Lee-Suwagara relation [20,21]

3 s 5
7 O(E s nta)+ AN p+ 1)

+2A8) (B 5 A+ ) =0, (31)

which holds in the limit of exact SU(3) flavor symmetry.

2Isospin relations (30) hold also for the p-wave decay
amplitudes, of course.
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FIG. 1. Tree graph for s-wave decay amplitudes in baryon
nonleptonic decays. A solid square represents a AS = 1 weak
vertex, and a solid (dashed) line denotes a baryon (pion).

Equation (21) can also be used to compute the tree-level
s-wave amplitude for the nonleptonic decays of decuplet
baryons to decuplet baryons. Specifically, the Q~ baryon is
the only member of the baryon decuplet that decays
predominantly through the weak interaction. For the known
processes the amplitudes read

s 5
—iV2f, AY (@ = B 4 = [hl 2 (h + h3)} ,

(32)

3
V3
and

) 3 5
—iV2f, AY (@ B 4 20) = -7 {hl 2+ m)} .

(33)

The above expressions are related by isospin as

Ao @ = B0 4 77) +V2A(Q — BT +2%) =0.
(34)

The inclusion of the third operator coefficient A5 is
necessary in order to account for the third chiral coefficient
h¢ introduced in heavy baryon chiral perturbation theory
[11]. For N. = 3 they are related by

hy = % lhe + 3(hp + hy)]. (35)

IV. ONE-LOOP CORRECTIONS TO THE S-WAVE
AMPLITUDE IN BARYON NONLEPTONIC
DECAYS

The most general one-loop graphs that contribute to the
s-wave amplitudes in the nonleptonic decays of baryons are
displayed in Fig. 2. The approach to evaluate one-loop
corrections to a baryon operator from Feynman diagrams
like the ones in Figs. 2(a)-2(c) have been dealt with in
Ref. [22]. The analysis, general enough to apply to any
baryon operator transforming as a flavor octet, was first
specialized to the baryon axial-vector current [4,5,22],
later on to the baryon magnetic moment [6,7] and more
recently to the baryon vector current [8]. With only minor

(b)

(e)

FIG.2. One-loop graphs for s-wave decay amplitudes in baryon nonleptonic decays. A solid square represents a AS = 1 weak vertex,
a solid circle represents a strong vertex, and a solid (dashed) line denotes a baryon (pion). Wave function renormalization graphs are not

shown but are taken into account in the analysis.
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adaptations, the very same approach can be implemented
here to evaluate corrections to the s-wave amplitude of
baryon nonleptonic decays. The computation of these
diagrams is discussed below.

A. One-loop corrections from Fig. 2(a)

The contribution to the s-wave amplitude from Fig. 2(a)
is given by

—if 5 AY) (B; - By + 1)

_ _%<Bf|m, 70 [T, Hy IS |B).  (36)

where §? is the symmetric tensor with two octet indices
given in Eq. (58) of Ref. [8], which in turn keeps a similar
structure with the one introduced in Eq. (4.18) of Ref. [3];
i.e., it contains flavor singlet, flavor 8, and flavor 27
representations as

1 3
Sab — Ia,l5ab +Ia,8dab8 +Ia.27 5a85b8 _géab _gdab8d888 ,
(37)
where
1
Lox = g Bla(me, u) + 4L (mc. p) + Lo(my. p)]. - (38a)
2V/3[3 1
Ia,SZT Ela(mrn,“)_Ia(ml(’ﬂ)_ila(mn’/” ’ (38b)
1 4
L7 = gla(mm/l) - gla(mloﬂ) + Ia(mn,u). (38¢c)

and I,(m, i) is the integral over the loop (cf. Eq. (A22) of
Ref. [8]),

2 2
L(m,p) = —" [—ze—um%, (39)

T 1672 f2

where yu is the scale of dimensional regularization and the
ultraviolet (UV) divergence is given by the term propor-
tional to

2
de ===y +In(4n), (40)
€

with y ~0.577216 the Euler constant and 2¢ = 4 — d.

1

The use of the explicit form of [T¢,Hy] given in
Eq. (20) directly into Eq. (36) exhibits the existence of
two double commutators in the operator structure, namely,
(T4, [T?,T¢]] and [T, [T?, {J", G"}]]. The former has been
previously evaluated in Ref. [8] and displayed in Egs. (60)—
(62) of that reference for flavor singlet, flavor 8, and flavor
27 representations, respectively. The latter is the new
contribution to be evaluated. A straightforward calculation
yields the following:

(1) Flavor singlet contribution

[T, [T {J".G"™}]] = N{J".G™}. (41)

(2) Flavor 8 contribution
b8 b Ny 8
dvs[Te, [T°, {J",G"}]] = Tdc {J',G™}. (42)

(3) Flavor 27 contribution

[TS, [TS, {Jr’ Grc}“ — chefSeg{Jr’ Grg}' (43)

It should be stressed that flavor singlet and flavor octet
contributions must be subtracted off Eq. (43) so a truly
flavor 27 contribution remains.

The matrix elements of the baryon operators can be
straightforwardly obtained. The evaluation simplifies con-
siderably by using the relations

— L W4+i5

l'f(l+i2)(6+i7)ewe \/z

(44a)

and

l-f(l—iZ)(6+i7)ewe =0, (44b)
for any operator W¢. Thus, the matrix elements of baryon
operators describing the s-wave amplitudes in nonleptonic
processes can be related to the ones describing the vector
current in strangeness changing semileptonic processes.
The latter can be found in Ref. [8] and will not be
repeated here.

After collecting partial results, the corrections from
Fig. 2(a) to the s-wave baryon nonleptonic decay amplitude
read

—iV2f A8 (5t 5 4 at) =0, (45)

—iV2f 0AS) (7 > nt 1) = (6hy — hy) Ly (. ) + 2y (mg. ) + Lo (my )]

16

- ‘% (=hp + ki) (La(mg. ) + 20 (mig. ) + 1,y ). (46)
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. s _ 3 /3
—iV2f A8 (A = p+77) = —\@chl o)Ly (mg ) + 20 (mg ) + 1,y )]

16
1 /3
= _g \/;(hD + 3hF>[Ia(mm ﬂ) + 2Ia(ml(wu> + Ia(mnv /‘)]7 (47)
§) _ I /3
VLA At 1) = = [ ) )+ 21, )+ Lo
1 /3
= _§ E(hD - 3hF>[Ia(mm /") + Zla(va /4) + Ia(mnv /")]7 (48)

and

) rme _ 1 /3
~iIVaf A (@ - B ) = o \fz[ﬁhl + 5y + hy)|[La(m, 1) + 20y (g 1) + Lo (my, )]
V3

= _?hc[la<mmﬂ) +21a(mK7/'4) +Ia(mi77/")]' (49)
Notice that relation (44b) explains why 5,4&?(2* — n+ ") vanishes.
It is also worth noticing that

3 N S S) fr—— —
765A§a)(2— snt+a)+ AV A p+a) + 2640 (B 5 A1) =0, (50)

so loop graph 2(a) does not modify the Lee-Suwagara relation (31).
On the other hand, by retaining only the chiral logs in the loop integral (39), neglecting the pion mass and using the Gell-
Mann-Okubo relation to express m? as 4m% /3 yields

2 2

) e _ 5 m m
—zx/if,,éAéJ(Z >n+7x7)= _4_1<_hD +h1:‘>716ﬂ§f2 lnﬂ—f, (51)
—iV2f AN > p+17) :—i<h +3h )ilnm—%{ (52)
n 2a 4\/6 D F 167[2][% /42 )
—iV2f A (B S A1) = —i(h -3h )L;(mm_%( (53)
7Y 2a 4\/6 D F 1677.'2](% /lz ’
and
5 m% m%

—iV2f AL Q> B 1) = =K. (54)

Ly A S
/6 CT6f2 " 2

Equations (46)—(48) and their reduced forms (51)—(53) can be compared with the heavy-baryon chiral perturbation
results of Refs. [12] and [11,13], respectively. A full agreement is obtained when including all the appropriate Z-factors and

replacing the pseudoscalar decay constant in the chiral limit 107 by f, (cf. Eq. (34) of Ref. [12]).
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B. One-loop corrections from Figs. 2(b) and 2(c)
The correction to the s-wave amplitude arising from Figs. 2(b) and 2(c) can be written as (cf. Eq. (14) of Ref. [5])

1

s o 1 , .
~if 1A (Bi = By + ) = 2 (Bf|[A%. [A7 [T Hy|QEB:) =5 (B, {A™. [T, H]. M. AT} Q14 |By)

3
g (1B 0 M AP 1 102 )
- 5B, M APL T H 0 B) )+ (55)

where A7 and A/ stand for the meson-baryon vertices, M is the baryon mass operator and Q‘(If) iS a symmetric tensor

which is written in terms of the corresponding loop integral It(,") (m, A, u), where A is the decuplet-octet mass difference.

Qz‘f) also decomposes into flavor singlet, flavor 8, and flavor 27 representations as [3]

n n n 1 3
QE’,% _ I}(J,l)5ab + I£,8>dab8 + 1{).2)7 [5(1851;8 _ §5ab _ gdab8d8881| ’ (56)
where
1 = L3 0, 1) + 419 (g, 0, 1) + 17 (m,. 0, )] (57a)
b,1_8 b [ ’Iu b K> ’/’l b e ,,l/l 3
n 2\/§ 3 n n 1 n
Iy = = EIE (g, 0,1) = IV (., 0, 1) —511(3 )(mn,O,M)], (57b)
w _ 1w 4 (n)
Ib,27 = glb (mll.'? O,ﬂ) - g b (mKs 0, ,M) + Ib (mr[s 01 ,Lt) (57C)
Ié")(m, 0,u) stands for the degeneracy limit A — O of the function Ié”)(m, A, u), which is defined as [22]
n aﬂ
1 (m, A u) = o ol A ). (58)

The function I,(m, A, i), given in Eq. (A6) of Ref. [8]. Its first derivative, for the sake of completeness, reads

4A\/m2—A2[g—tan—l[ A H Al < m

167221 (m, A, p) = (m? —242) [/16 +1- 1nm—22] —2A2 - 7 v (59)
H 2AVAT = m2In {ﬂ%} IA| > m.
Therefore, in the A — 0 limit, it reduces to
1Y (m. 0, p) = % {xe +1-1In Z—j] . (60)
The final expression for the correction to the decay amplitude from Figs. 2(b) and 2(c) can be organized as
BAY (B, = By + 1) = A5 (B, = By + 1) + 5Asg(B, = By + 1) + 64y n(Bi — B+, (61)

where all the contributions from flavor singlet, flavor 8 and flavor 27 representations, for N. = 3, can be cast into

8
—if SAN (B = By +7°) = Y (ab Iy} + ABLICY + A2k I} + ) (Bf|f4 XS, |B), (62)

m=1
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—if AN g (B = By +7) = > (ablily + ABSIT + A5y + ) (Bl fYs, By, (63)
m=1
and
(s) S (1) (2) (3)
—if 20 Ap 2y (Bi = By + 1) = > (¥l 5y + AVE 5y + A2 10, + .. ) (By| £ Z;, | By), (64)
m=1

where the ellipses refer to operators that appear for N, > 3. It is understood that flavor singlet and flavor 8 contributions

must be subtracted off Eq. (64) in order to have a truly flavor 27 contribution. The operator coefficients ay,*, by;*, and ¢y, °
for flavor representation rep are listed in Appendix B whereas the corresponding operator bases are
X{=T¢, X5 ={J".G"}, X5 = {JZ,X;_Z}, p=3 .., (65)

Yi‘ — 5(‘8, Yg — dc8eTe’ Yg — {TC, T8}, Yécl — {Grc’ GrS}’ Yg — che{]r’Gre}, Yg — 508]2’
Yo = {J2. Y5}, YS={T{J.G"}}.  YS={T8.{J.G*}}. YS={J2Y .}, 0=10,...12,
Yi'?, :fcabebe{JQ, {Gra’Gre}}’ Yi4 — dcadebe{JZ’{Gra,Gre}}’ YiS — {{Jr’Grc}, {Jm’GmS}}’

Yo = {2 Y5}, p=16,...23,  Y5={AY .} q=24,..3l (66)

and

ZE = chefSeng’ 75 = chef8eg{Jr,Grg}, 75 = chedSeg{Jr,Grg}, Z8 = 508{]r,Gr8}’
75 = 588{Jr’Grc}, ZE = dCSe{Gre’ GrS}’ 75 = dSSG{Grc’Gre}’ Z5 = d°88J2,

Z§ = fSefen{T9 {G™,G™}},  Z5={J*Z{y}, 0=10...,17,  Z{x = {{J.G"}.{G",G"}},

Ziy = G GP LI Gy, Zgy = AN (I Gy I G 2y = dB (I G {0 G,
Zy={J.Z; 13}, p=22..,34 Z5s = {J2, Z5,}, Z5e = {2, 755}, Zy = {1 Z, )

g = 37....46. (67)

As in the previous case, the matrix elements of the operators in the operator bases can be easily obtained. In each case,
only the leading ones are required because the rest are obtained in most cases by anticommuting with J2. Also, relations (44)
can be used so the matrix elements can be found in Ref. [8].

1. Total correction from Figs. 2(b) and 2(c)

Gathering together partial results, the final expressions for the correction to the s-wave amplitude in baryon nonleptonic
decays from Figs. 2(b) and 2(c), for N. = 3, can be organized as

. $) o _ 7 1 7 1 7
—l\/Ef,,éAgb)(Z —n+n)= { (3261 + 6a1b2+48a1b3—3—b§+48b2b3+288b>

73 7 73 7 73
h 2 b b b2 +——byb B2 ) [ 1 (m,. 0,
* 2(192 1T ggMP2 T ogg 3+192 T ogg 2" T 78 )} (12 0. 1)

3 1 1 1 1 1
+ |://l <]6a1+8a1b2+8a1b3 16b2 b2b3 +48b2>

37 1 37 3 a
+h2<96a1 + 6a1b2+144a1b3+96b +48b2b3+864b2)]1b)(m,(,0,,u)

1 1 1 1 1 1
+ |:h1<—3261%+166llb2 48611b3 32b 48b2b3 288b2>
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.2 (s) jme
—i—=f0A5 (E- > A+
\/§f 2b(

and

1 1 1 1
—aby +—— b3 —
2889173 T 19772 7 388

11

a1+24

11

h
i6)+
1 1
T16° > +hz<24

094033-10

==byby + ——

a|cs +—

1 1 1
aj +24a1c3 +96 ﬂlé)(mn,A,y),

1

1728 bz)]lb o 0.9

3
>+h2< al+4alc3+16 )]I()(m,[,A,,u)

11

96 )}I( )(mK,A#)

(68)

)= [h‘< %a 13_6a1b2 411;“% 3121’ 116b2b3_2188b2>
+h2< 1; ;Zalbz 2é”1b3 614b 288b2b* 1173218172)] (e 0,10
+ :hl <_% _g‘”bz ;431“% 116b 8b2b3 1434[’2>
+h2(—¥a% lzalbz 14474611193—31—2 2—%172% 864b2>} (g, 0, 1)
+ :hl <—%a %albz 136a1bg 31217 6b2b3 312b2>
+h2(—624a ;—zalbz 332a1b3 614b 330203 - 64b2)]1§,”(m,7,o,ﬂ)
+ [h (ial tymet g 16 ) + hy (g ;49111103 +£C§>]I§)m(’"m&ﬂ)
+ [h1<%a +ialc3 +% )—i—hz(;ia +;ia1c3 +%C§>]Iél)(mK’Avﬂ)7 (69)
) = [hl<%a%+%alb2+l3—6alb3+312b +418b2b3+312b>
+h2<—1g—2a%+332a1b2 2;8a1b3+192b +3]—2b2b3 1728192)} 1Y (m,. 0, )
+[h <156a1+;alb2+254a1b3+116b2 214b2bg+124b ﬂ
+h2<§a 42 a1b2+1%494a1b3+%b2 b2b3+82694b2>] 1 (g, 0. )
+ [hl <%a%+%alb2+%alb3+312b2 418b2b3+2§1§8b )
—I—h2<1;2a +916a1b2+ﬁa1b3+1;2b2 2;8b2b3+17128192)}]](31)(%1,0,#)
—i—hz(—%a%—%alq—éc%)Iél)(m”,A,y)
+ [h <ia1+ia103+116 >+h2< g %—zalc3—;zcgﬂllgl)(mk,A,y)
+ [hl <£a% —I—%alq —I—%c%) + hy (ia% —l—ﬂal@ —l—%c%)]]&l)(mn,&u), (70)
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.2 ) e _ 5 5 25 5 125
_l\/;fﬂ&Agb)(Q —»EY+a7) = [h <32a1+ 6a1b2+4 abs +3—2b% 48b2b3+288b2>

25, 25 125 25 125 625
Iy ==+ ayby + ——a,b b2+ ——b,b B2 ) |1 (m,. 0.
* 2(192a1+96a’ 22881 T 10n "2 T g 2 T g ﬂ (e 0. 1)

5 5 25 125
+ [h (16a’+ aib, +— a1b3+1 b3 + b2b3 +—b2>

6 144
50,2 125 25 . 125 625
h ab b —~bb p2 ) [ 1Y (. 0.
+ 2(96 ag 102t gg @bs +5g by g babs + o by )] (mg., 0, 1)
5 5 25 5 25 125
+ |:]’l <32a -I— 6a1b2+&a1b3+32b +48b2b3+288b)

25 25 125 25 125 625
hy | — 24 =" bb 2) |/
N 2(192 o b2 ¥ g b tigy P gy b2 3+1728b>} (. 0.1

(/1 1 1 5 5
+ |y <8a1+8a1c3+32c§ +h ( 48 13+@ )]ﬂ”(m,,,—AvM)

[ /1 1 1 3
+ |y <4a1+ alc3+16c§)+h2< al+< a1c3—|—32 2)}]](31)(”11(,—&#)

[ 1 1 1 5 5
+ h <8611+801C3+32C +I’l2< 48a1C3+192 >:|IE))( —A,ﬂ)s

(71)

where Il()l)(m, A, u) has been obtained from the Maclaurin series expansion

1
1 (m, Ap) =1 (m, 0, 1) + 17 (m, 0, ) A + 511(33)(m,0,/,t)A2 o (72)

The above expressions can be rewritten in terms of the chiral coefficients of Ref. [11], namely,

: 17 1 9 1 9 9
—iV2f AN (ST s ) = [hD<—§D2+4DF—§F2> +hF<§D2—ZDF+§F2>]I£I)(m,,,O,/4)

13 5 9 5,9 9
+ [hD<—ZD2+2DF—ZF2> —|—hF< DZ—EDF+4F2>]I( (im0, )
9 9 9 , 9 9

9
+ [hD <—§D2 +ZDF —§F2> + hp <§D2 —ZDF +§F2>}1g‘)(m,,,0,u)

11 1 17 3
+ <__hD + EhF)Czlél)(mm A p) + <_EhD + ZhF>Czll<31)(mK, A, p)

hp +—hF>C21l()I)(m,7,A,,u), (73)

2 ) 19 , 9 3 9 . 3 9 |
—17§f,,5Agb>(A—> pta) = [hD<8 D2+4DF+8F2> —|—hp<§D2+ZDF+§F2>}I£)(m,,,O,,u)

1 5 3 5 3 9
+ {hD<—ZD2+§DF+ZF2> +hF< D? +2DF+4F2>]I( (im0, )

1 1 3 1, 3 9
+ {hn<24D2+4DF+8F2> —I—hF<§D2+ZDF+§F2>}I£I>(m,7,O,/4)
1

17 1 3
+ <‘—hD ——hF)CZI (g, ) + (‘ZhD —zhf>czfﬁ”(mK,A,u>, (74)
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2 9 e 3 9 3 9
-zﬁf”(m;g(: S>A+1) [ < D2——DF+8F2>+hF<—§D2+ZDF §F2>} 1Y (m,. 0. )

3 5 3 9
[ (——DZ——DF+4F2) —|—hF<—ZD2+§DF—ZF2>}I£1)(mK,O,/4)
3 1 3 9
+ [h ( DZ—DF+8F2> +hF<—8D2+4DF—8F2>}It(,l)(m,7,0,,u)
4 17 1
3hDCZI (mmA H) + <l2hD_ZhF>CZI (mg, A, p)
1
+ <EhD__hF>Czlb (m A,ﬂ), (75)

and
R o 5
_l\@f,,m;g(g ~E0 4 a7) = (hp + he)HA[LY (my, 0, 1) + 218 (g, 0, 1) + 11 (m,,, 0, )]
1 2 (1) 1 2 (1)
- g(hD + hp)Cly (my, =D, p) — I (Thp + 3hp)CL, " (mg, —A, p)

1
~ 5 U+ hp)C1 (my. ~A ). (76)

Again, by retaining only the chiral logs in the loop integral (59), neglecting both the pion mass and the decuplet-octet
baryon mass difference A, and using the Gell-Mann—Okubo relation leads to

s 7 1 11 1
—iV2f AN (S » n+ ) = [hD (ZCQ + B Upp +— > F2>

4 2 4
+hF<—%CZ—14—1D2+§DF—§F2ﬂ %mﬁ—zﬁ (77)
—i\%fﬂcSAgL)(Aep#—ﬂ‘) = [ < Cz+376D2—%7DF—jF2>
+hF< Cz—l—;Dz—gDF ZSFQ)] %m’z—f, (78)
—i%f,,mg;j(:— S>A+77) = {hD (——62 + 376D2 + 167DF —§F2>
+hF< C? + EDZ—gDF%—?Fz)} 16’:’;}%111'2—2(, (79)
—i\/gf,,éAgi,)(Q— S B0 4 77) = [hD GCZ +%H2> +hF< % +%H ﬂ 16’"2}21 ’fo (80)

Equations (77)—(79) can be compared to their counterparts displayed in Eq. (3.6) of Ref. [11]. The expressions match
identically for

he = =3(hp + hy). (81)

The correction to this relation is order 1/N2. Although the above result is unexpected because in the chiral Lagrangian the
coefficients are presumably independent, it could have been anticipated in the 43 — 0 limit in Eq. (35). A relation that keeps
a close similarity to (81) has been derived between the parameters by, by, and ¢ introduced in the chiral Lagrangian for the
octet and decuplet baryons to first order in the quark mass matrix, namely, bp + by = —c/3, which is valid up to
corrections of order 1/ N2 [3].
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To close this section, corrections to the Lee-Sugawara relation (31) can be readily computed; they are made up from
flavor 8 and flavor 27 contributions. The resultant expression is

1 1
= |:h1 <Z(1% +8(11b3 +

1

36 8 12

1 1 1
+h2<§a% +§a1b3 +§b%>ll(al)(ml<’0’ﬂ)

SAY (E7 = n+77) + AN (A — p+ 1) +26A5) (B — A+ ﬂ—)}

1

3 1 1 1
b%) + h2 <——a% +—a1b2 —Zalb:; +—b2b3 ——b%)}]l()])(mﬂ,o,,u)

36 24

1

1 1 1 1 1 1
+ |:h1 <——a% ——abs ——b%) +h2<——a% — 5 a1by ——aiby ——byb; —7—219%)}1,(31)(%7,0,/4)

4 6 36 8

5

12 36

1 1 5 5
+ {h] <——a% ——ajcs ——c%) +h2<—a% +—ajc; +—c?>}lt(,l)(mﬂ,A,y)

4 16 24

24

96 3

1 1 1
+ hz <—§a% —§a103 —EC%>I£U(WLK, A,//l)
1 1 1 1 1 1
+ |:h1 (ZG% +Za103 +EC%> + hy (ga% +§016’3 +§c§>]lgl)(m,7, A ), (82)

or in terms of the chiral coefficients,

2 3 s \) N —— —
SVl [—5,4;}(2— St )+ AV A pta)+20A0(E 5> At )}

V37 V6

— [hp(5D? = 2DF) = hy DI (m,,, 0, ) — 4hp D1 (my, 0, ) + [hp(=D* + 2DF) + hyy DI (m,), 0, )

12

Notice that the leading term /a7 in Eq. (82) cancels
exactly in the limit A — 0, so the dependence on the
regularization scale y appears at subleading order.

C. One-loop corrections from Figs. 2(d) and 2(e)

Loop diagrams in Figs. 2(d) and 2(e) involve a vertex
from the term

fz '
hy "y Telh0, Z0ET) (84)

where the dimensionless parameter h, = 3.2 x 1077 is
determined from AS = 1 kaon decays, £ = £, and & is
the matrix that selects out s — d transitions. The contri-
butions of these diagrams to the decay amplitudes have
been evaluated in Refs. [11,12]. For s-wave amplitudes,
they are found be to proportional to the mass difference
between the initial and final baryons so their contributions
are marginal.

In the combined formalism, diagram 2(d) can be
written as

1 2 1
13 Tho = 3hp) L (mg Aupt) + 5 hpC1y (i, ) = 5 (hp + 30e)C21 (., A ). (83)

12

[
—if SAS (Bi = By + 1) = il fe Y APAT Pbe(Ay),

J
(85)

where A’ and A/’ are used at the meson-baryon vertices
and Pj is the baryon projector for spin J = j [3]

—_—, 86

and A; stands for the difference of the hyperfine mass
splitting between the intermediate baryon with spin J = |
and the external baryon, namely,

Aj = Muypertine| 2=i+1) = Muypertinel 2=, (o 1)+ (87)

P“be(AJ) is an antisymetric tensor (cf. Eq. (28) of Ref. [8])
which depends on the loop integral listed in Eq. (A3) of that
reference.
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Similarly, the one-loop contribution to the s-wave
amplitude arising from the Feynman diagram of Fig. 2(e)
reads

_lf”(sAgse)(Bl N Bf + n.c) — _ih”fcudfdaefbengRah’
(88)

where the tensor R* can be written in terms of the loop
integral (A19) of Ref. [8].

For graph 2(d), for instance, away from the chiral limit,
quark mass splittings must be considered in the inversion of
the baryon quadratic terms in the Lagrangian [3]. This
means that baryon mass splittings which are comparable to
the meson octet masses should be retained in the baryon
propagator. The leading quark mass splitting proportional
to 7% in Eq. (12) and A are two of such quantities. In the
loop integral (A3) of Ref. [8], retaining the 7% quark mass
splitting A, can be achieved through the replacement [3]

1
I(ml’mZ’ Avﬂ) - E[I(mhmZv A— Ax’:u)

+I(my,my, A+ A u)].  (89)

which would have some effects on the kaon loop graphs for
AS = =+1 transitions. Performing a detailed analysis on this
subject is rather involved for such tiny contributions. Thus
the findings of Refs. [11,12] will be considered here and
those diagrams will not be taken into account.

V. EXPLICIT FLAVOR SYMMETRY
BREAKING CORRECTIONS TO THE
s-WAVE AMPLITUDES

The basic idea of renormalization comes from the
observation that in one-loop graphs the divergences amount
to shifts in the parameters of the action. Loop integrals
Egs. (39) and (59) possess an ultraviolet (UV) divergent
term proportional to 4., rather involved polynomial terms in

104, = AN .a!

L)% + Aab, dT? 4 Ad¥,,

the meson masses and decuplet-octet mass difference
squared and nonanalytical contributions.

The analysis of all the counterterms at chiral order O(p?)
that renormalize the low-energy constants that describe
s- and p-wave amplitudes in hyperon nonleptonic decays
has been presented in detail in Ref. [12]. These contribu-
tions include explicit symmetry breaking terms, double-
derivative terms, and relativistic corrections. After a few
considerations the authors conclude that the actual number
of significant counterterms is ten, four of which come from
both explicit symmetry breaking and double-derivative
terms, and another four from relativistic corrections, apart
from the two lowest-order ones /p and hp. For s-wave
amplitudes relativistic corrections do not participate. The
authors perform a fit to data to determine all ten parameters
from both s- and p-wave data and find a satisfactory fit.

In the combined formalism under consideration here, a
more pragmatic approach will be followed in order to
evaluate the counterterms of order O(m,): Only explicit

symmetry breaking terms coming from Ebaryon of Eq. (10)
will be retained. Flavor SB in QCD is due to the strange
quark mass m, and transforms as a flavor octet [16]. To
linear order in SB, the correction is obtained from the
tensor product (0,8) x (0,8) so that the SU(2) x SU(3)
representations involved are (0, 1), (0,8), (0,10 + 10) and
(0,27) [18,19]. To second-order SB the representation
(0,64) also appears. The most general expressions for
the 1/N. expansions for a spin-0 flavor octet operator
including first- and second-order SB have been presented in
Ref. [23]. Thus, SB will be incorporated into the present
analysis following the lines of that reference.

Explicit SB to the s-wave amplitude can thus be
expressed as

—if A (B; = By + 1) = (Bylif“O%5|B;)  (90)
where Ogj, is the most general spin-0 flavor octet operator

containing flavor SB. The 1/N_. expansion of this operator
with first-order SB is [23]

1
FdaSb{Jr’Grb} +/1ag)+10—2({T“ {Jr GrS}} {TS {Jr Gra}})

N;,=2 2 N;,—4
A 27 T¢, T - " NN, +2N;)58 — =582 — N.+ N;)d®bT?
A i [(197%) =gy NN 2N )08 = 0 = SN )
2N 4
f a8b { yr rb 27 a r r8 8 r ra a8 712
— d J,G A — {T4{J",G T°,{J",G —— (N, + N)o*J
o G| [ (101G ) (16 =t e Ny
(Nc + Nf)daSb{Jr’ Grb} _ daSb{J2 Tb} (91)

“N;+2 Ny +2

whereas the corresponding 1/N_. expansion with second-order SB reads
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204, = 22b,,

+ /12]181 (ifabgdSbSTg _ idathSbng _ ifadebgsTg) 4 /12b8 5a8{]r GrS} 4 12e 8 faSbebq{]r Grg}

cha88ﬂ +/12b?1)5a8T8 —|—/126?1)fa8bf8bng _i_lth(Bl dadeSbng

+ /1298 dadeSbg{Jr Grg} + /12/,18 <lfabgd8b8 idabeSbg _ ifadeng){Jr’ Grg}

+ /IZbg)JdO_zdaSb({Tb7 {J”, GrS}} _ {TS, {Jr7 Grb}})

-4 2N
N2 1 (N + N )dadeSbng _ Nz—_f4da8bd8bg{‘]r’ Grg}

2N 2 f

+/12b27 |:da8b{Tb T8}

1
+/12b27 |:du8h({Th {Jr GrS}} + {T8 {Jr Grh}}) (Nc +Nf)du8hd8bg{‘]r7Grg}

G N
2
TN;f2
Ny-—
2(N7 —4)

2
N+2

Ny—2 1
dadeSbg{JZ Tg}:| —1-12[964 |:{Ta {TS TS}} _ (]{]2 )N (N 12N )588Ta _ifaSbebng

N,—4 2
(N +Nf)da8b{Tb TS} _ ;- (N +Nf)d88b{Ta Tb} _ 588{J2 Ta}
2(N7 —4) N7 -

ST (17, G}~ e (1 G’b}}} ©2)
N f

where a} (n yeee g P are unknown coefficients that accompany n-body operators that explicitly break flavor symmetry and
A~mygisa (dlmensmnless) measure of SU(3) SB introduced to keep track of the number of times the perturbation enters.
There are five nontrivial coefficients for first-order SB and ten more for second-order SB. These coefficients should
formally encode both the contributions from the counterterms and the analytical parts of the loop integral.

The total corrections from explicit SB to the s-wave amplitudes of the processes analyzed here read

_ (5) rso— o 1 8 _ 1 8 1 10+10 1 27 2 27 _3 2.8
WSO A =t V=3 A% TR T3 AN T M T s T
1 1 1 1 1 1 1
— ey + Rk g el + by — iy + ]—8/121)}")“" +397400)
1 5 1 5 64
E/l b(3) —%/1 b(3), (93)
. (s) - 1 8 1 1o+10 3 27 V2 27 3 \/§ 2,8
—iV2f. 6 A =——41 ——Aa ———Aasl, ——Aasl, — =/ =A
V21 A (A = p+7) 23 T 4f +3\f sf 5 e
__/12 8 \/7/12]18 __\/7&2 8 _ 12982 \/>/12hi(§
/12 10+10 4+ /12 b27 /12 b27 (94)
6\/_ 10 \/6
: (5) (m— - 1 8 1 8 1 10+10 3 27 V2 2z 3 \/§ 2.8
—ivV2f. o = A =——1 — A Aa ———Aasl, ——4 —1/=A
iV2f, A (B- > A+77) 2\/_ ap 273 apy 3\/_ V3 5 a(3)+4 e
12 8 __\/7/12],18 _\/:22 8 /12 8 _ 12],18
T s\ ‘@ +z4\@ 9o 4f
+ 1 12b10+10 +i 3/12b27 + 1 12b27 (95)
6/6 10 @56

and
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i D om0y L, O, 8 0 5 o 3\/_28 28_@28
iV2f 0 AR (Q — B+ 17) = — S A}y — S daly) — SAaf]) — 2af + == e +4f’1 5 h)
5V3 5 5 V3 1
+ ey + =gl — = h), +—/12b27 + =20
8 24:/3 90) 43 @376
2\f
— A (96)
In passing, with explicit SB the Lee-Sugawara relation (31) becomes
3f}‘[ > — . (s) _ . (s) /e _
\/’Atree( —>n+n )_lfﬂAtree(A_)p+ﬂ )_2lf7r"4tree(‘: > A+nx )
_ —l/lal(HE—/Ia” 2/1 27 + 1 /lzb10+10_|_ 1 2b27 + 1 2b27 1 /12 64 (97)

so neither singlet not octet flavor representations produces
corrections to this relation.

VI. NUMERICAL ANALYSIS

At this stage, a least-squares fit can be readily performed
to compare theory and experiment. The available exper-
imental data about baryon nonleptonic decays are given in
the form of lifetimes, branching ratios, and decay asym-
metries [14], which can be used to determine the s- and p-
wave amplitudes. This information is listed in the second
column of Table I.

As for the free parameters in the analysis, there are four
operator coefficients from the 1/N_. expansion of the
baryon axial current Eq. (3), namely, a;, b,, b3, and c3,
three more from the 1/N. expansion of the weak
Hamiltonian Eq. (19), namely, h;, h,, and hs, and 15
additional ones from SB, for a total of 22. So, in order to get
a meaningful fit, most of these parameters should be
estimated and/or determined from other sources, otherwise
predictive power is lost. In particular, the first set of
coefficients, a;, b,, b3, and c3, has been already determined
in Ref. [8] from baryon semileptonic decays, practically
under the same footing as in the present case. In other

[

words, these parameters have been determined from a
comparison between theory and experiment, where the
theoretical expressions have been obtained in the combined
formalism at one-loop order, including explicit SB and the
effects of the baryon decuplet-octet mass difference in the
loop integrals. The values that will be borrowed, labeled as
Fit 1b in Table IV of that reference, are a; = 0.95 +0.14,
b, =-1.10+£0.19, b3 =1.104£0.09, and c¢3 = 1.07+
0.15. For the second set, the limit 73 — 0 will be assumed,
which is equivalent to using the approximation (81). The
expected error introduced with this assumption is order
O(1/N?), so h, and h, are left as free parameters. Finally,
regarding SB, one can still resort to a naive large-N.,.
counting. By assuming that 4 ~ 0.3, then first- and second-
order SB should be comparable to 1/N, and 1/N?
corrections for the physical value N. = 3, respectively,
so the latter can be safely omitted. Thus, all in all, there are
seven free parameters, still a large number compared to the
available amplitudes listed in Table I.

A further assumption still can be made: Loop integrals
do not contain contributions from the (antisymetric) 10 +

10 representation. Thus, a kind of a restricted fit can be
performed by retaining only the coefficient ag)* 10 from
first-order SB introduced in Eq. (91). A more detailed

TABLEI Values of s-wave amplitudes in baryon nonleptonic decays, A®)(B; — B ; + 7). The values are given in dimensionless units
of Gpmi, . The scale of dimensional regularization u is set to 1.0 GeV.

Process —iAéf()p —iAt(}i) —i.At(:e)e —iéAg;) —iéAgi,) _’5Aloop —iéA(sg
St s n+at 0.06 = 0.01 0.00 0.00 0.00 0.00 0.00 0.00
>t p+a° —1.43 +£0.05 -1.35 —2.84 —0.88 1.86 0.98 0.51
X sn+ana 1.88 £ 0.01 1.92 4.02 1.25 -2.63 —1.38 -0.72
A=>n+a° —1.04 £0.02 -1.02 —0.94 —0.29 0.83 0.54 —0.62
AN—-p+a 1.42 +£0.01 1.44 1.33 0.41 —1.18 -0.77 0.88
B0 A4a0 1.51 £0.02 1.44 2.21 0.69 -2.08 —1.39 0.62
E- > A+ —1.98 £0.01 -2.04 -3.13 -0.97 2.94 1.97 —-0.88
Q - =04 g 3.65 0.68 0.21 2.76 2.97 0.00
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analysis requires the inclusion of all SB terms, at least to
first order, which could be done in a simultaneous analysis
with s- and p-waves alike.

In a similar fashion, for definiteness, the meson masses
used are the experimental ones [14], the pion decay
constant is f, = 93 MeV, the scale of dimensional regu-
larization is set to y = 1.0 GeV, and the decuplet-octet
baryon mass difference is A = 0.232 GeV. As for the loop
integrals (39) and (58), only the nonanalytical terms will
be retained. Furthermore, a theoretical error of 0.1
(equivalent to corrections of order 1/N2) will be added
in quadrature to the experimental errors to avoid potential
biases.

With all the above considerations, the best-fit parameters
are

h; =-=3.29£0.15, h, =4.42 +0.33,

al% 1 =3.75 + 0.60, (98)

which are given in units of /2 f,,Gmer+ and the quoted

errors are a consequence of the theoretical error added. For

this constrained fit, y*> = 1.59 for 3 degrees of freedom.
The information concerning the output of the fit is

collected in Table I. The predicted amplitude Al(fl) is

constituted by adding up tree-level Afr?e, one-loop
SA)

oop?
are evaluated from the graphs displayed in Figs. 2(a) and
2(b) and 2(c), which correspond to 5A§f1) and 5.,4&%),
respectively.

The total amplitudes are in good agreement with the
observed ones. Notice that, individually, loop corrections
roughly represent (in absolute value) 30%, 50%, and 60%
of the lowest-order result for X~ n, Ap, and Z~A processes,
respectively. However, SB effects in the latter two cases
partially cancel loop effects, so the combined corrections
amount to respectively —52%, 8%, and —34%. The
prediction for £~n is somewhat higher than expected.
As for Q" E*0 process, SB corrections make up most of
the predicted value and exceeds by far the tree-level value.

On the other hand, the numerical evaluation of the Lee-
Sugawara relation yields

and SB 5.,4% contributions. Loop contributions

3. N . s —
—7%5,4;}(2— Sn+a)—isAY (A = p+ 1)
—2i6A8) (B > A+ 77) = —0.28, (99)

which is in good agreement with the experimental one of
approximately —0.24.

Further variations of the fit can be done by fixing the y
scale to different values to test the sensitivity of the output.
For instance, for 4 = 0.8 GeV, the fit yields

hy =—-6.07+0.31, hy, = 8.68 £0.57,
¥l = 623 £0.72, (100)
whereas for y = 1.2 GeV the output is

hy =-2.42+0.11, hy =2.46 £0.25,
a1 =2.97+057. (101)

For u = 0.8 GeV the fit leads to a breakdown of the
expansion, with nonphysical corrections over 100% of the
tree value. On the contrary, for y = 1.2 GeV, the y* value
remains unchanged but the best-fit parameters improve the
expected contributions to the amplitudes compared to the
case when u = 1.0 GeV. Now, loop corrections represent
(in absolute value) 15%, 30%, and 42% of the lowest-order
value for X7 n, Ap, and 2~ A processes, respectively. The
net effects of both loop and SB corrections represent —35%,
36%, and —12%, respectively, which are in more accord
with expectations. For Q=0 process, still loop corrections
make up most of the predicted value; this is a direct
consequence of the smallness of the value
he = =3(hp + hg), with hp =—=1.55 and hp =1.38
obtained from (101). To be conclusive, a measurement
of this amplitude would be welcome in the future; this
could avoid biasing the fit to the octet-octet measured
amplitudes in the fit. As for the Lee-Sugawara relations, it
remains unchanged so its value is still —0.28.

Previous analyses within chiral perturbation theory
[10—-13] have found mixed results. In Ref. [10] pion loops
were omitted and the Gell-Mann—Okubo relation was used;
no baryon wave-function renormalization graphs were
included. The analysis suggested a breakdown of the chiral
expansion. In Ref. [11] also pion loops were omitted and
the Gell-Mann—Okubo relation was used, but the effects of
decuplet baryons in the loops were taken into account; only
nonanalytical pieces in the loop integrals were retained and
no counterterms were included. Reference [13] followed
the lines of [11] but retained the pion loops. The analyses of
these two references were carried out by fitting 3 param-
eters, namely, bp, bp, and b.; the latter was not well
determined in any analysis. In Ref. [12] the decuplet
degrees of freedom were integrated out and the counter-
terms were included up to chiral order O(p?); a good
convergence of the chiral expansion was obtained in a
simultaneous fit of both s- and p-wave amplitudes.

Here, the numerical analysis provides an overall good
description of baryon nonleptonic decays. One-loop cor-
rections (including the mass difference between intermedi-
ate and external baryons where applicable) and SB effects
are included systematically into the analysis. And most
importantly, all baryon operators that appear at the physical
value N, are evaluated.
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VII. CONCLUDING REMARKS

In this paper, the s-wave amplitudes in baryon non-
leptonic decays were evaluated in heavy baryon chiral
perturbation theory in the large-N, limit at one-loop order.
All baryon operators present for N. = 3 were considered
and the mass difference between decuplet and octet
intermediate baryon states in the loop integrals was
accounted for. Explicit flavor symmetry breaking effects
were also included.

The calculation was performed following the lines of
previous analyses in conventional heavy baryon chiral
perturbation theory [11-13]. First, the validity of the Al =
1/2 rule was taken for granted, i.e., the Al = 3/2 compo-
nent of the decay amplitude was neglected. Second, the
assumption of octet dominance was also made, i.e., it was
assumed that the 8 component dominates the 27 component
in the weak Hamiltonian.

The method was simple. A baryon operator, gathering
together tree, one-loop, and SB corrections was con-
structed. The operator had a well-defined 1/N_ expansion
and correctly picked the octet component of the AS =1
transitions under consideration. The matrix elements of that
operator between SU(6) symmetric baryon states yielded
the s-wave amplitudes. At tree level, there were three
unknown operator coefficients A;; the first two went to
octet-octet and the third one went to decuplet-decuplet
transitions. These coefficients could be directly related to
the chiral coefficients hp, hp, and hc. At one-loop order,
two kinds of Feynman diagrams were evaluated. One of
them was linear in the h; coefficients and the other one
depended not only linearly on /; but also quadratically on
the operator coefficients introduced in the 1/N, expansion
of the baryon axial vector current. SB effects, on the other
hand, at first- and second-order in the perturbative param-
eter, introduced several unknowns.

From the theoretical point of view, working out all
baryon operators for N. = 3 had several advantages. The
most striking one was that it allowed a direct comparison
with heavy baryon chiral perturbation theory results ferm
by term. This comparison also revealed that the analysis of
both octet-octet and decuplet-decuplet transitions could be
described with only two parameters from the weak

Hamiltonian, rather than the usual three, so that the third
one was related by Eq. (81). Although it was at first an
unexpected result, a similar one has already been obtained
for the coefficients introduced in the chiral Lagrangian to
first order in the quark mass matrix (Eq. (3.61) of Ref. [3]).

There are some key differences between the present
analysis and those discussed above. Here, the pion loop is
retained and the effects of decuplet baryons in the loops are
evaluated but, unlike Refs. [11,13], the mass difference
between intermediate and external baryons in the loops is
considered, which changes the numerics considerably. For

instance, Iél)(mK,O,y) = 0.25 whereas Iél)(mK,A,,u) =
—0.18. And last but not least, only two parameters from the
lowest-order Lagrangian, /; and h, (or equivalently 4, and
hr) and one parameter from explicit SB are used in the fit to
data. An overall good description of s-wave amplitudes is
obtained and the outputs are listed in Tables I and II.

Some improved inputs in the analysis will be welcome in
the near future. Some of them could be found in the
operator coefficients from the axial current, which by the
way can be used to determine the low-energy constants of
the chiral Lagrangian D, F, C, and H. At present, the only
calculation for the renormalization of the axial vector
current in the context of large-N . chiral perturbation theory
which accounts for the mass difference between octet and
decuplet baryons available is the one of Ref. [8]. This
calculation, however, does not include all baryon operators
for N, = 3. This might be inconvenient because it has been
shown that loop corrections to the axial vector currents are
exceptionally sensitive to deviations of the ratios of baryon-
pion axial vector couplings from SU(6) values [22].
A major improvement in that calculation is desirable.
This, however, represents a non-negligible effort and will
be attempted elsewhere.

To close this paper, it is known for a fact that theory can
lead to a good determination of either s- or p-waves, but not
both simultaneously. An intriguing question is whether the
analysis of p-wave amplitudes, computed under the same
footing as s-wave amplitudes, can yield a stable fit by
using, among others, the above-mentioned two parameters
from the weak Hamiltonian. This task, however, will be
attempted in the near future.

TABLE II.  Values of s-wave amplitudes in baryon nonleptonic decays, A*)(B; — B ;4 ). The values are given in dimensionless
units of Gpmfr_. The scale of dimensional regularization u is set to 1.2 GeV.

Process —i.Aéi)p —i.At(}'f) —iAt(ﬁc)e —ib'Aéfl) —iéA;)) —i5./4|(§2,p —iéA(s‘E
Stosn+at 0.06 £0.01 0.00 0.00 0.00 0.00 0.00 0.00
>t p+a° —1.43 £0.05 -1.36 -2.07 —0.81 1.12 0.31 0.40
X -on+a 1.88 £ 0.01 1.92 2.94 1.14 -1.59 —0.45 -0.57
A—-n+a° —1.04 +£0.02 —-1.02 —-0.75 —-0.29 0.52 0.23 —-0.50
AN->p+a 1.42 £0.01 1.44 1.06 0.41 -0.73 —0.32 0.70
B0 A+ 1.51 £0.02 1.44 1.65 0.64 —1.34 —0.70 0.49
E > A+ —-1.98 £0.01 —2.04 —2.33 —-0.91 1.90 0.99 -0.70
Q - 504 g 2.29 0.30 0.11 1.88 1.99 0.00
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APPENDIX A: REDUCTION OF BARYON
OPERATORS

Equation (55) contains n-body operators,3 with

n > N., which are complicated commutators and/or
|

anticommutators of the one-body operators J¥, T¢, and
G*¢. All these complicated operator structures should be
reduced and rewritten as linear combinations of the
operator bases (65)-(67), with n < N.. The reduction,
although lengthy and tedious in view of the considerable
amount of group theory involved, is nevertheless doable
because the operator bases are complete and independent.
All the baryon operator reductions required for N, = 3 are
listed here.

1. [Aia’[Aia’{Jr’Grc}H

o 3 1
(G, (G 47, G Y]] = =5 (Ne + Np)TC + 2 (TN + 4407, G,

(G, [y {J7. G }] + DY, [G. {J". G} = (N + Np){J". G"} +%(Nf = 2){2. T},

(G, (D AJ7. G| + [DE (G, {77, G™}]] = [No(N, +2N,) + 2N {7, G}

(G, (0% {77.G™}]] + [0} (67 77,5} = -

(D5 (D5 (7.6}
(D5 (DY (7. G + [P [P (7. G H] = 2N, + N2 {07 G} + (N = 22 2. T,

[Dgz, [Oéa, {Jr’ Grc}“ + [Oga’ [Déa’ {J", Grc}H =0,

(D, (D5 77, G™ ] = [Ne(Ne +2N)) + 2N L2 A7 G} = (N + N2 (.7

+ NP2 {2 AI .G}

(Do, (0%, {17, G} + [0, [De. {J7.G}]] = 0.

‘ ‘ 3 19
(05,105 {07, G™}] = =6(N¢ + N7)T = 2 [Ne(N +2Ny) = 4NfJ{J7. G} = — (N, + Np{J2.T¢}

1
4

(A1)
(A2)
= (N + No{2 T+ N2 AT .G}, (A3)

6(N, + N,)T* — % INo(N. +2N,) — 4N, ]{J". G}
—%(NC+Nf){J2,TC}+3(Nf+2){J2,{J’,G’C}}, (A4)
= %Nf{ﬂ, {J7,G™}}, (AS)
(A6)
(A7)
(A8)
(A9)

[5N.(N.+2N;) — 38N, — 24|{J?,{J",G"}} — % (N.+ Np){J2 {J2T}}

(A10)

+%(3Nf + 10){J%, {J2,{J",G}}},

*An n-body operator is one with n ¢’s and n ¢'’s. It can be written as a polynomial of order n in Ji, 79, and G™ [16).
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2. db8[Aia [A (] G}]]

3N.(N. +2N;) 3

) ) 3
dabS[Guz’ [th’ {J” Grc}“ — _ 4Nf 508 _ Z(NC + Nf)dCSeTe _ Z{TC’ TS} + (Nf + 1){Grc’ GrS}

Np+1

g BNy +4)dSe ), G} =L 682, (Al1)
f

oo —

dab8([Gia’ [Déb, {Jr’ Grc}]] + ['Déa’ [Gib, {Jr’ Grc}“) — (Nc + Nf)dc’Se{Jr’ Gre} + % (Nf _ 2)d08e{J2’ Te}

N =

T G 4 T . G, (A12)

d*([G. [DY {J7. G™}] + [D. [G*. {J7. G"}]))
N.(N.+2Ny)

5CSJ2
Ny

— NdeSe{Jr’ Gre} _

— S (N4 NS 2, T 4 (N4 NTE (7.6 + 3 BN, = DU AT, TS 4+ (N, — (2. {G7, G)

—_ DN

+ 5 (Nf _ 2)d68€{]2’ {Jr, Gre}} + focengeh{JZ’ {Grg’ Grh}} _ NfdcegdSeh{JZ’ {Grg’ Grh}}

- NA{J". G} {Jm, G}, (A13)

A (G, [OF AT, G} + [0, [GP . {J7.G™}]])

3(N2 + 2N,N
— _%508 _ B(NC +Nf)d08€Te _ 3{TC, TS}
f

N (Ne+2Ng)(6N7 45Ny +12) +8N (2N, — 1) 552

+4(Nf+1){Grc’Gr8}+(Nf_2)d58e{Jr7Gre}+

2N}
L (Net Nf)(éivji;r SNy 12 e o ey % (N, + N){T5. {J7.G"}} - 15N3 +8j\(1);\/f T2 e e iy
n NG +22;\1]];’f +16 (12.{G™, G} — NJ%;TAZ_‘LCFSQ{JZ, {J7.G"}}
~ ON? +221(\)]1:f + ]6fcegf8eh{]2, (G0, G} +%(Nf S+ A)deeadsen {2, (G, G
FS OV, + .G 6, (A14)
dDE (DY, 177,67V = g Nyd ™2 77,67}, (A15)

d™([Dy, [DY. {J7. G }] + Dy, [DY . {J7. G }]])
= (Ne+ Np)d® {2 {J". G} } + % (Ny=2)d® {72 {2 T} = {2 AT AT G} + {72 AT {7 G} )
(A16)

d’([Dy, [0F AT, G }] + [OF. [DY . {J". G"}]]) = 0, (A17)

094033-20



s-WAVE BARYON NONLEPTONIC DECAY AMPLITUDE ... PHYS. REV. D 99, 094033 (2019)

dab8 [Déa’ [ng, {J” Grc}“
_ 3NN +2Ny)?
Ny

= 3NN NP ATE TS} 4 2N (N 4 2N )2 G, 63} = [N (N, + 2N)) = N JdS (2, (77.G7))
AN (N 2N f UG, G 4 (N NS {2 (2T} ) + (N, + N2 T8 0.6}

3
O8I+ ZN(Ne + Np) (N, + 2N )db {72, T}

_ 2{]2, {JZ’ {TC, T8}}} + 2Nf{-]2» {_12’ {Grc’ GrS}}} + %NdeSe{JZ, {JZ, {Jr, Gre}}}
—AfeeafSen{ 2 {2 {G"9, G} ) = N2 {7, G} {Um, G5} } ), (A18)

d®([Dy, [0F A" G} + (05, [DF. {J7. G"}]]) = 0. (A19)

dah8 [Oéa’ [Oéh’ {Jr, Grc}”
3NC(NC+2N) C! c8e e c re r
= —N—ffa 8 —3(N.+ N)dTe —3{T°, T8} + 4(N,; + 1){G"*, G’}
+ (Nf _ 2)d68€{]r’ Gre}
ONG(N 42Ny )*Ny(Ny + 1) + Nc(No +2N;)(60NF = 38N 4-24) 4+ 16N (2N, — 1)
+ 2
4N7
(Ne+Ng)ONNy(N, 42N ) (Ny + 1) 4 60N7 — 38N + 24]
n .
8N/
ONN;(Ne +2Ng)(Ny+ 1) + 63N7 + 50N 4 24
8N,
N BNNy(Ne +2Ny)(Ny+ 1) +3IN; + 2N, + 16
2N,
3N.Np(No+2Ng)(Np+ 1) + 13N7 = 2N, +
4N
6N N;(Ne +2N;)(Ny+ 1) +4IN7 + 4N, +
- 2N,

608]2

3
che{JZ’ Te} _E(NC +Nf>{T8, {Jr’Grc}}

{2 AT1.T°}}

{JZ’ {Grc’ GrS}}

8
che{J2’ {Jr’ Gre}}

16
fcengeh{]Z’ {Grg’ Grh}}

1
+ (Nf+4)dcegd8eh{‘]2’{Grg’Grh}}_|_§(Nf_|_4){{.]r’ Grc}’{Jm’GmS}}

(No+Np)(Ny+ 1)dSe{J?, {J>, T} - % (Ne+ Np){J2 {T8.{J".G"*}}}

+

Al BlI=BRW AW~

N+ )LPP AT TN +5 (N + (2 (267,67

Nfdc'Se{JZ’ {JZ’ {Jr’ Gre}}} _ (2N/ + S)fcengeh{JZ’ {JZ7 {Gr_q’ Grh}}}

+ 5 (N + {2 {7, G} {Im. G} ) (A20)
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3. MiS’[AiS’{Jr7Grc}H

. . 1 1 1 1
[GIS, [GZS’ {Jr’ Grc}“ — _chefSeg{Jr’ Grg} + _dCSedSeg{Jr’ Grg} _ _568{Jr’ GrS} + _588{Jr’ Grc}
4 2 N, N,

1
— 2dCSE{Gr€’ GrS} + d88e{Grc’ Gre} + N_dCSSJZ’ (A21)
f

[GiS’ [D£8’ {]r’ Grc}“ + [DES’ [GiS’ {]” Grc}H — _%(Nf _ 4)fc8efSeng _i_chefegh{Tg’ {GrS’ Grh}} +%f08€f8€g{]2, Tg}’
(A22)
(G (D5 (17,6} )] + [D3. 6. 177.G")]
— %fc8ef8€g{Jr’ Grg} +fc$ef8eg{]2’ {Jr, Grg}} _ 2d€8€{‘]2’ {Gre’ Gr8}} + 2d88e{12’ {Grc’ Gre}}
+ 2{{]'"’ Grc}’ {GmS’ GmS}} _ 2{{Grc’ GrS}’ {Jm’ GmS}} + dc&:{{]r7 (;re}7 {Jm7 GmS}} _ dSSe{{Jr’ Grc}’ {Jm’ Gme}}’

(A23)
[G*. 05, {7, G"}] + [05.[G*, {J7. G"}]]
— _%chefSeg{Jr’ Grq} + chSedSeg{Jr’ Grq} _ NiécS{Jr’ Gr8}
f
+ NiéSS{Jr’ Grc} _ SdCSe{Gre’ GrS} + 4_d88e{Grc7 Gre} + NidCSSJZ + chedSeg{JZ’ {JV’ Grg}}
f f
_ Ni&cS{JZ’ {Jr’ GrS}} 4 %588{]2’ {Jr7 Grc}} _ 5d088{12’ {Gre’ GrS}} + d88e{]2’ {Grc" Gre}}
! f
2 1
+ N—de88{J2’ ]2} _ 3{{]r’ Grc}’ {GmS’ Gm8}} + 3{{Grc’ GrS}’ {Jm7 GmS}} + 5d€8€{{]r7 Gre}’ {Jm’ GmS}}
1
+§d88e{{JV,GrC},{Jm,Gme}}, (A24)
(D [DF. {7, G = 5 FS s {12, {17, G}, (A25)
(D5, [DF, {77, G"}| + [D¥. [P, {7, G™}]]
— _% (Nf _ 4)fc$ef8eg{J2’ Tg} + chefSeg{J2’ {JZ’ Tg}} + 2fc8efegh{.]2’ {Tg’ {GrS’ Grh}}}’ (A26)
[DF.[0F.{J7.G"}] + [0%, [DF.{J7.G"}]| = 0. (A27)
(DY, [DF. {77, G™}]]
3 . X . e
— Efc8ef8€g{]2’ {]"’ Grq}} _I_fc8ef8eg{‘]2’ {]2’ {Jr’ Grq}}} _ ZdLSe{JZ’ {J2, {Grc7 G 8}}}
+ 2d88€{]2’ {J2’ {Grc’ Gre}}} + 2{]2’ {{Jr’ Grc}’ {GmS’ GmS}}} _ 2{]2’ {{Grc’ GrS}’ {Jm’ GmS}}}
+ che{JZ’ {{Jr’ Gre}’ {Jm’ GmS}}} _ dSSe{JZ’ {{Jr’ Grc}’ {Jm’ Gme}}}’ (A28)
(D, [OF (0. 67} + (0%, [DF. {7, G)]] = 0, (A29)
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(05,105 {J7. G }]]
5 -8e £8 -8e 18 4 -8 8 4 88 o
— __fc ef eg{Jr’Grg} +2dL ed eg{Jr’Grg} __5c {Jr’Gr } +_5 {Jr’Grc}
4 Ny Ny
4 7
_ 8dc8e{Gre’ Gr8} + 4d88€{GrC, Gre} + ﬁdCSSJZ _ gchefSeg{JZ’ {Jr7 Grq}} + 3d086d8€g{.]2, {Jr, Grg}}
¥
6 6
_ N_éCS{JZ’ {Jr’ Gr8}} + N_588{J2, {Jr’ Grc}} _ 13d€8€{‘]2’ {Gre’ GrS}} + 5d886{12, {Grc’ Gre}}
f f
6 1
+ N—dCSS{Jz,JQ} _ 3{{]r’ Grc}’ {GmS’ GmS}} + 3{{Grc’ GrS}’ {]m’ GmS}} + Edc'i%e‘{{]r7 Gre}’ {Jm’ GmS}}
f

1 1 1
+ EdSSe{{Jr’ Grc}’ {Jm’ Gme}} + EdCSEdSEg{JZ’ {JZ, {Jr’ Grq}}} _N_5c8{J2’ {J27 {Jr’ Gr8}}}
[

1 7
+ _588{]2’ {]2’ {Jr’ Grc}}} _ -

1
che{JZ’ {JZ’ {Gre’Gr8}}} +_d88e{12’ {12’ {Grc’ Gre}}}
N, 2 2

+%d088{‘]2’ {J2,J2}} _%{JZ, {{Jr’ Grc}’ {GmS’GmS}}} +§{]2, {{Grc, GrS}’ {Jm’ GmS}}}
f

+%d88e{12’{{Jr’Grc}’{Jm’Gme}}}’ (A30)

4. {A7 [{Jm .G} 2. A )]}

{67, [{07. G} 2. 6]}

1 1
=3(N.+NpT + 3 [N((N.+2N;) = IN{J" .G} + 3 (No+ Np){J2, T} =2{J% {Jr.G}},  (A31)

{GI, [{77. 6"}, 72, OFII} + {OF [{J7, G}, 172, G™]]}
= 12(Ne + N)TC +3[No (N, +2Ng) = 4N {7, G} + 13(N + N){J2, T} + [N (N, +2N;)
— 13N = 12{2 {J". G"}} + (N + N2 {2 T3} = 402 {02 {7 G} ) (A32)

{OF [{Jr, G}, 12, O )}
= 12(N, + Np)TC + 3[Ne(Ne +2Nj) = 4N {7, G} 4+ 25(N, + Np){J2 T} + [4N (N, +2N;) = 25N,

— R AT G+ 1IN+ NP2 A2 T} + % [Ne(No +2Np) = 19N = 32){J2 {J2.{J". G’} } }

—_—

+5(Net NAP AP AP T =242 A2 AP AT G} (A33)
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5. b8 { Al [{J7 .G™},[J2.A]]}

dabS{Gja’ [{Jr’ Grc}’ [‘]27 G]b]]}

3N, (N.+2N;) . 3 _ 3 .
_ 3NN 4 2N)) o + = (N + Ny)d®eTe + ={T°, T8} = 2(N; + 1){G™,G"*}
2N, 2 : 2 ~
1 N.(N.+2N;)(N;+3) +4N%2 - 2N N.+Ng)(N;+3
__(3Nf,_4)dCSe{Jr’Gre}_ ( f)( f2 ) f f558j2_( f)( f )dCSe{JZ’Te}
1 TIN:+6 3N, +4 1
+—(NC+Nf>{T8,{Jr,GrC}}+ S {Jz,{TC,TS}}— f {JZ’{Grc’Grii}}__dCSe{JZ’{Jr’Gre}}
2 4N, N N,
3N, +4
— ]{I—ffcabebe{JZ’ {Gra’ Gre}} _ dcadebe{JZ’ {Gra’ Gre}} _ {{J”’ Grc}’ {Jm’ GmS}}’ (A34)
A ({61 [{J7, G} [, OF )} + {05 [{J7. G"}. [J2,. G™]]})
6N (N, + 2N ‘
_ ON(Ne +2Ny) < 1) 565 1 6(N, + N )JdSTe + 6{T%. T} = 8(N, + 1){G", G} = 2N, = 2)d* {7, G"}
f
_ 3NENf(N:+2Ng)? + No(N, + 2Np) (18N = IN; + 12) 4+ 16N7 = 8N, .
NG
(N + Np)BN N/ (N, +2Ns) + 18N> = TN, + 12]
— 2Nj f dLSE{JZ,Te}—|—3(NC—|—Nf-){T8,{]r,GrC}}
6N .N;(N.+2N;) + 39N% + 50N ; + 24
o O EIN]) I EINE R e
AN,
2N.N;(N.+2N;) + 19N? + 24N, + 16
— f( f) f / {‘12’{Grc7Gr8}}
Ny
2N.N;(N.+2Ny) +7TN% - 2N, —
4 f( f) S f che{JZ’{Jr’Gre}}
2N,
AN.N;(N.+2N;) +25N7 + 12N, + 16
— f( f)Nf f / fcabebe{J2’ {Gra’ Gre}} _ (Nf + 4)dcabd8be{‘]2’ {Gra’ Gre}}
= (Np+ {7 G} AT G} = (N + Np)d®{J> AT T} + (N + Np){2 AT {J7. G }}}
+ 2{]27 {J2’ {TC, TS}}} _ 4{]2’ {J2’ {Grc7 GrS}}} _ 4f”abf8he{,]2, {JZ’ {Gra’ Gre}}}
=2{2 {77, G} {I". G ) (A35)
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dP{Of [{J7,G"}, 12, O]}
6N.(N,.+2N
:%568+6(Nc+Nf)dCSETe_|_6{TC’T8}_S(Nf_i_l){Grc’GrS}
f
_ Z(Nf _ 2)dCSe{Jr’ Gre}
_ No(Ne+2Ng)[ONeN (N +2Ny)? + 12NNy (N +2N;) (6N — 1) + 168N — 124N, + 48] + 32N (2N, — 1) J
4N§-
(Ne+Ny)ONIN (N4 2N7)* + 12NNy (N +2N;) (6N — 1) + 168NF — 124N + 48] dese 2.7}
8Ny ’
+3(N + NT A, G}
ON2N (N, +2N;)> 4+ 12N N (N, +2N;)(6N; — 1) + 174N2% + 100N , + 48
N £ f) £ 6Ny —1) 7 18 e ey
8Ny
3NZN4(N,+2N;)?> +4N_.N;(N.+2N;)(6N;—1)+ 86N> + 48N + 32
#( 7) £ 7)(6Ny—1) ¥ 1320 e 6y
2Ny
BNZNf(Ne+2Ng)? +4NNy(Ne+2Ng)(6Np — 1) +38N7 —4N;—16 =
AN,
3N§Nf(NC+2Nf)2+4NCNf(NC+2Nf)(6Nf—1)+57N2.—4Nf—|—16 .
N S fcubebe{JZ’{Gra’Gre}}
!
—(Nf+4>dmbd8be{.]2,{Gm,Gre}}—(Nf+4){{Jr,GrC},{Jm,GmS}}

(Ne+Np)BN(N.+2N;) +4(6N; — 1)]dS{J? {J>, T°}} +4(N. + Np){J> {T5.{J".G"} } }

1
4
+§[3NC<NC +2N,) + 24N + 40[{J2 {2 (T, T3} }} = [N (N + 2Np) + 12N, + 20[{2 {72, {G", G"*}}}
+%[2NC(NC +2Ny) + 9N ]d¥{J> {J2,{J",G"*}}} =2[N.(N.+2N;) + 8N + 6] fceb {8 {J2 {J*,{G™,G"}}}
— (Nf +6){.12, {{Jr,Grc}’ {Jm,GmS}}} _%(NC -l-Nf)dCSe{Jz, {JZ’ {Jz, Te}}}

+%(Nc+Nf){12,{12,{T8,{J’,G”}}}}+{12,{12,{12,{TC,Tg}}}}—2{12,{12,{12,{G’C,Gr8}}}}
_2fcabf8be{.]2’ {JZ’ {JZ’ {Gra’Gre}}}} _ {J2’ {JZ’ {{Jr’Grc}’ {Jm’ GmS}}}}’ (A36)

6. {AB [{J7.G™},[J2.A%))}

{GF#.[{07.G"}. [72. G}
1 2 2
— _chefSeg{Jr7 Grg} _ dc8ed8eg{‘]r’ Grg} + _508{Jr’ GrS} _ _588{Jr’ Grc}
4 Ny Ny
2
+ 4d086{Gm, Gr8} _ 2d88€{GrC’ Gre} _ NidCSSJZ + dc'Se{JZ’ {Gre’ GrS}} + {{Jr7 Gm}, {(;mS7 GmS}}
[

_ {{Grc’ GrS}’ {Jm’ GmS}} _ %dCSe{{Jr7 Gre}’ {Jm’ GmS}}’ (A37)
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(G, [{J7, G}, [12, OF |} + {OF, [{J7, G}, |12, G7]]}
5
— _chefSeg{Jr’ Grg} _ 4d683d839{1r, Grg}
8
+— ¥ 5C8{JV Gr8} 588 {Jr Grc} + 16d683{Gre GrS} SdSSe{Grc Gre} d088J2
f f

+ - chefSeg{JZ {Jr Grg}} 4dc8ed8eg{J2 {Jr Grg}} + 8 5c8{]2 {J" GrS}} 8 588{]2 {Jr Grc}}

+ 18d088{‘]2, {Gre’ GrS}} _ 6d88e{]2, {Grc’ Gre}} _ N_dCSS{JZ’ J2} + 6{{Jr, Grc}’ {GmS’ GmS}}
f

_ 6{{Grc7 Gr8}7 {Jm’ GmS}} _ dc'éie{{.]r7 Gre}’ {Jm7 GmS}} _ d88e{{.]r7 Grc}’ {Jm7 Gme}}
£ 2P APAG, G} + 2% (I, GG, G = 22 ({67, G {7 G
_ che{JZ’ {{Jr’ Gre}’ {Jm’ GmS}}}’ (A38)

{(9"8, ({7, G} 172, OF T}

8 8
chefSeg{Jr Grg} 4dCSedSeJ{Jr Grg} + 508 {Jr Gr8} 588 {Jr Grc}

+ 16d08e{Gre’ GrS} _ 8d886{GrC, Gre} _ N_d088j2 + 3chefSeg{J2’ {]” Grg}} _ 8d086d869{‘]2, {Jr’ Grg}}
f

16 16
508{]2 {j’ GrS}} 588{]2 {Jr Grc}}+34d08e{12 {Gre Gr8}}_ 14d88e{J2 {Grc Gre}}

_ N—6d688{.]2,.]2} + 6{{Jr, Grc}’ {GmS’ GmS}} _ 6{{Grc’ GrS}’ {Jm7 GmS}} _ che{{Jr’ Gre}’ {Jm’ GmS}}
f

_ d88e{{]r’ Grc}’ {Jm’ Gme}} + %chefSeg{J% {J2, {]", Grq}}} _ 3dc86dSeg{J2’ {J2’ {Jr’ Grq}}}

+N£568{J2 {J2 {Jr GrS}}} 6 588{]2 {J2 {Jr Grc}}}+16d683{J2 {JZ {Gre GrS}}}

_ 4d886{12, {‘]2’ {Grc’ Gre}}} _ Ividc'%{JZ7 {J27J2}} 4 8{]2, {{J” Grc}’ {GmS’ GmS}}}
¥

_ 8{.]2, {{Grc’ GrS}’ {Jm’ GmS}}} _ 2d08€{‘]2’ {{Jr’ Gre}’ {Jm’ GmS}}} _ dSSe{JZ’ {{Jr’ Grc}’ {Jm’ Gme}}}
_i_che{JZ’ {12’ {12’ {Gre,GrS}}}} + {12’ {12’ {{Jr’ Grc}’ {GmS,GmS}}}} _ {J2’{J2’{{Grc,Gr8}’ {Jm’Gm8}}}}

SR G G, (A39)

7. (A 22 A6 Y]] - 3 12 A (02 AR] {06 ]

(G (172 (2. G {7, G} - [[12 G (12, 67 AT, G ]

9 21 9
—9(N,+ Ny)T* _Z[NC(NC +2Ny) —4N{J". G} _Z(Nc + N{J2 T} +§(Nf +2){2 AV G 1} (A40)
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(G, [, 2, OF)) 477, GrY] + [O4 [ 12,641, 7, 67}
~ S [V2.G], (12,08, (77.GY]| 5 [, OF. [2. 6], {07, G}

= —36(No + N)T¢ =9[N (N, +2N;) —4N J{J",G"*} = 57(N. + N ){J2, T}

5N.(N.+2Ng) —38N;—24|{J2,{J",G"*}} - 227 (N4 N){J2A{JA T} + 33N, + 10){J2, {2, {J",G"} }}.

_5[
(A41)

(O35 12, 12, O] {J7. G H] - % (172, 05, [[J2, 05,47, G"}]]
= —36(No + N;)T¢ =9[N (N, +2N;) — 4N/ J{J",G"} = 93(N, + N,){J>, T}
23

- % 33N.(N, +2N,) — 186N, — 72]{J2, {J7,G"}} — 17 (Ne+ N2 A2, T} - 2 [IN.(N, +2N;)
~TON 82 {2 (0. YY) =22 (N N2 A A T 450N+ 42) (2 (2 {2 (0. G ),

(A42)

8. de0S (AR 2 L2 AP]) U G = [ AP P AP G )

. . 1 . .
g ([G-ﬂa 2102 G (. 6] ~ S (12, G, [17%. 6., G"'}n)
ON.(N,+2N;) . 9 , 9 , 3 :
— _géﬁ _ - (Nc + Nf)dc&:Te _ _{TL’ TS} + 6(Nf + 1){Grc7 GrS} + = (Nf _ z)dd&e{]r, Gre}
2N/ 2 2 : 2
3[Ne(Ne +2Np)(6NF + 5Ny +12) +16N7 —8N| o 3(N.+ Ng)(6N7 + 5N, +12)
+ 5 58J2 + N
4N7 f
3(15N7 + 50N, +24) 3(7TN% + 24N, + 16)
4 16N 4N/
3(N2—N,—4) 3(9N% + 20N, + 16)
f f c8e 2 r re f Y
- 7 g2 {J .G
4N/ 74 bt 4N/

che {JZ’ Te}

-2 (Ne+ No{T® AT G} ) = {72AT.T%}} + {12.{G".G"}}

fcabebe{J2’ {Gra’ Gre}}

(N +4)deebd¥{J?, {G™,G"}} + Z (Ny+4){{J7. G} {Jm. G}, (A43)

RN OS]

_|_
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(160 [, 02, O 47,6 + (O (1P, 12,671 (77,6

-5 2. G [P O 4 6] =3 (2,041, (2,671 .6}

I8N (N, +2Ny) , _ . :
S ( N 7) 5P —18(N. + N;)dBeTe — 18{T°, T8} + 24(N; + 1){G™, G} + 6(N; — 2)d®{J", G}
f
N 39NN (N, +2N;)*(Ny + 1) 4+ 2N (N + 2N;)(30N7 = 19N 4 12) + 16N (2N — 1]
2
2N%
N 39N Nf(N.+ Ny)(Ne +2Np)(Np 4 1) +2(N, + Ny)(30N7 — 19N 4 12)]
4N/
[ONNy(Ne +2Ng)(Ny + 1) + 63N7 + 50N + 24]
4N/

508]2

che{JZ’ Te}

3
= 9N+ N{T®{J". G} } = {/2.AT1.T°}}

N 3BN.Nf(N.+2Ns)(Nyp+ 1) + 3IN7 + 24N + 16]
Ny
3BN.N;(N,+2Ns)(N;+ 1)+ 13N2—2N, -8
— [ f( f)( f ) S f ]dCSe{J2’{Jr’Gre}}
2N/
36N Ny(N.+2Ng)(Np 4 1) + 41N7 +4N; + 16]
Ny

{J2’ {Grc’ GrS}}

n fcabebe{J2’ {Gra’ Gre}} + 3(Nf + 4)dcabd8be{12’ {Gra’ Gre}}

+3(Np+4H){{J. G}, {J".G"}} + g (No+Np)(Ng+ 1)dSe{J?, {J>, T} } - g (Ne+ Np){J2 T8 {J".G""}}}

- g (Np+ 4 {2 A2 AT, T8} + 9N + 4){J%, {J2{G"*, G} }} - %Nfdcge{ﬂ, {2, {J",G™}}}

(2N, )5 S (G, YY)+ 5 (N + 8) (2 {1076} (17, G} ). (Ad4)

@ (104,12, (2. O 17,6 - 5 [P, 0L 1P, 00 7.6 )

18N (N, + 2N
_ _18Ne(Ne +2N,) N +2N) 8B —18(N. + Ny)dSeTe — 18{T¢, T8} + 24(N; + 1){G",G"8} + 6(N; — 2)d3{J",G"}
i
N 3[ONINF(Ne +2N7) (3N +5) + 12NZN (N + 2N;)*(2TN; = 13) + 8N (N, + 2N;)(54N7 — 43N + 12) + 64N ;(2N; — 1)]
8N7
N 3(Ne+ Ny)ONZNs(N, +2N;)*(3N 4 5) + 12N Ny (N, +2N;) (27N, — 13) + 8(54N7 — 43N + 12)]
16N

558 J2

dc8e{‘]2’ Te}

—9(N,+ Np){T8.{J".G"}}

3[ON2Nf (N, +2N;)*(3N; +5) + 12N N (N, + 2N ;) (27N} — 13) + 4(111N? + 50N + 24)] PATe T

16N,
!
ONIN{ (N, +2N;)*(3Ns +5) + 12N N(N. +2N;)(2TN; = 13) 4+ 12(55N7 + 24N + 16) R
+ 4N { 7{ s }}
f
3BN2Ns(N.+2N)>(3N; +5) + 4NNs(N. + 2N)(2TN; — 13) + 4(25N% — 2N, — 8
_3BNEN,( 1)*BNy+5) 7( £)(2TN; = 13) + 4(25N7 = 2N = 8)] e .G
8N
3[BN2N;(N. 4+ 2N;)*(3N; +5) + 4N.N¢(N. + 2N;)(2TN; — 13) 4+ 2(73N3 — 12N + 16)]
+ ) ) ) | 2Nf ; ) f } fcahf8he {J27 {Gm7 Gre}}
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+3(Nj +4)dd®e{J2 {G™, G} } + 3(N; + 4){{J". G}, {J",G"}}
3
+3 [BN.(N.+ N¢)(N.+2N¢)(3Ns +5) + 4(N. 4+ N;)(2TN; — 13)]d¥{J2 {J*, T*} }

- ? (N + Np){J2 AT8.{Jr,G"}}} - % [BN.(N.+2N;)(3N;+5) + 108N + 112]{J% {J2,{T°, T8} }}

1
+ 5 BNc(Ne +2N) (3N + 5) + 162N + 168){° {* {G". G™}}}
3
-2 [N((N.+2N¢)(3Nj +5) 4+ 22N ]d{J?, {J> {J",G"*} }}
+ 3[N.(N. +2N;)(3N; +5) 4+ 36N + 10| f<eb (8 {J2 {J> {G™,G"}}}

+ % (ON; +48){J2, {{J. G}, {J",G"™}}} + % (Ne+ Nyp)(BNy+5)dBe{J? {J*, {J*. T°} }}

2LV N AT 07, G = OV +48) L2 2, {2, (T T 1))

4 ON, 42 L2 (2 G, G = TN (2 P AP AT G

+ (6N + 21)fer ({2 {2 {J2.{G™. G" } }}} +i(3Nf +36){2 {2 {7, G AT G (A45)

9. (47 [2.[2 AP {J7.GH]] - 5 (2 AP (12 AP (.G ]

(6P U 2. G 7. G = (1%, G, (2. 6. (. 6
— _ngSefSeg{Jr’ Grg} + 3dCSedSeg{Jr’ Grg}
6

6 6
__568{Jr’Gr8} +_588{Jr’Grc} _ 12dCSe{Gre’Gr8} +6d888{GrC,Gr6} +_d088J2
Ny Ny Ny

3 3 3 15
+ EdCSedSeg{JZ’ {Jr’ Grg}} _ N_(SCS{JZ’ {Jr’ GrS}} + N_588{J2’ {Jr’ Grc}} _ 7d€8€{]2’ {Gre’ GrS}}
f f

3 3 9 9
+§d886{‘]2’ {Grc’ Gre}} +N_d688{J2’J2} _5{{‘11" Grc}’ {GmS’ GmS}} +§{{Grc’Gr8}’ {Jm,GmS}}
f

3 3
+Zd58e{{Jr’ Gre}7 {Jm’ GmS}} +Zd88e{{Jr’ Grc}7 {Jm’ Gme}}7 (A46)
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(G5 (172,172, OF 1 {J7. G Y]] + [OF, Hﬂ 2. G {7, G|
—%[[F,Gﬂ] [72. O] {76} - Hﬂ O [, G A7, G}

24
chefSeg{Jr Grg} + 12d08ed8eg{1r Grg} — 508{];’ GrS}

21
N 588{]r Grc} 48d08€{Gre GrS} + 24d88e{Grc Gre} + dCSSJZ chefSeg{JZ’ {Jr’ Grg}}
/
36 36
+ 18dc8ed8eq{12 {Jr Grq}} _ 5‘8{.]2 {Jr GrS}} + 588{]2 {Jr Grc}} 78dc8e{J2 {Gre Gr8}}

36
+ 30d886{‘]2’ {GrcyGre}} +N_d088{‘]2"]2} _ 18{{Jr,GrC}, {GmS’ GmS}} + 18{{Grc’ GrS}’ {Jm’GmS}}
f

+ 3dc8e{{‘]r’ Gre}’ {]m’ GmS}} + 3d88e{{‘]r, Grc}’ {Jm, Gme}} + 3d68€d8€g{‘]2’ {]2’ {]V’ Grg}}}

6 6
_N_5c8{J2’ {]2, {Jr’ GrS}}} _|_]v_588{]27 {JZ, {Jr7 Grc}}} _ 21d68e{.]2, {]2’ {Gre’GrS}}}
! f
6
+ SdSSe{JZ’ {J2’ {Grc’ Gre}}} +N_d088{‘]2’ {JZ,JZ}} _ 15{‘]2’ {{Jr’ Grc}, {GmS’ GmS}}}
f

+ 15{‘]2’ {{Grc’GrS}’ {Jm’GmS}}} +§d€8€{ﬂ, {{Jr’Gre}’ {Jm’ GmS}}}

+%d88e{J2,{{J’,G”'},{J’”,G’”e}}}, (A47)

[OF, [[12, 172, O] {7, G™}]] - Hﬂ OF], [/, OF], {77, G™}]
__chefSeg{Jr’ Grg} + 12dC8€d8€g{Jr’ Grg}
5(,‘8{]7‘ GrS} + 588{Jr Grc} 48dCSe{Gre GrS} +24d88e{Grc Gre} + 24 dCSSJZ

f Ny

60 60
chefSeg{J2 {Jr Grg}} + 30d68ed8eg{J2 {Jr Grg}} _ 5c8{J2 {Jr GrS}} + 588{.]2’ {Jr’ Grc}}
Ny

60
_ 126d€8€{‘]2’ {Gre’ GrS}} + 54d88€{J2, {Grc’Gre}} _|_N_d088{‘]2’]2} _ 18{{]r, Grc}’ {GmS, GmS}}
[

+ 18{{Grc GrS} {Jm GmS}}+3d086{{Jr Gre} {J’” GinS}}+3d886{{Jr Grc}’{Jm’Gme}}
chefSeg{J2 {J2 {Jr Grg}}}+ 18dc8ed8eg{J2 {J2 {Jr Grg}}}_ 66(,8{]2 {_]2 {Jr GrS}}}

§588{12 {12 {Jr Grc}}} 87d086{12 {J2 {Gre Gr8}}}+27d886{12 {12 {Grc Gre}}}

+ ;—6&88{]2, {72,723} = 33{2 {{U7, G} . {G"8, G™8} }} + 33{J2, {{G"*, G}, {J", G™} } }
f
+§d€86{]2’ {{Jr’ Gre}7 {Jm’ GmS}}} + gdSSe{J2’ {{Jr’ Grc}’ {Jm’ Gme}}}
_i_%chedSeg{JZ’ {]2’ {]2’ {Jr’ Grg}}}} _ Ni5c8{]2, {JZ’ {]2, {Jr7 Gr8}}}} + NiéSS{JZ’ {]2, {]2’ {Jr, Grc}}}}
f f

_27761686{.]27 {JZ, {]2, {Gre’Gr8}}}} +%d886{ﬂ,{12,{J2,{G’C,Gre}}}} +Nifdc88{J2’ {]2, {JZ’JZ}}}
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APPENDIX B: OPERATOR COEFFICIENTS

The final expression for 6Aé?, Eq. (61), is given by the sum of three terms, namely, (62), (63), and (64), each of which is
given by the sum of products of a coefficient times an operator from the operator bases (65), (66), and (67), respectively. All

the pertinent coefficients, organized for the different flavor representations, read
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