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We calculate the radiative corrections of order OðαEe=mNÞ as next-to-leading order corrections in the
large nucleon mass expansion to Sirlin’s radiative corrections of order Oðα=πÞ to the neutron lifetime. The
calculation is carried out within a quantum field theoretic model of strong low-energy pion-nucleon
interactions described by the linear σ model (LσM) with chiral SUð2Þ × SUð2Þ symmetry and electroweak
hadron-hadron, hadron-lepton and lepton-lepton interactions for the electron-lepton family with
SUð2ÞL ×Uð1ÞY symmetry of the standard electroweak model (SEM). Such a quantum field theoretic
model is some kind a hadronized version of the Standard Model. From a gauge invariant set of the Feynman
diagrams with one-photon exchanges we reproduce Sirlin’s radiative corrections of order Oðα=πÞ,
calculated to leading order in the large nucleon mass expansion, and calculate next-to-leading corrections
of order OðαEe=mNÞ. This confirms Sirlin’s confidence level of the radiative corrections OðαEe=mNÞ. The
contributions of the LσM are taken in the limit of the infinite mass of the scalar isoscalar σ meson. In such a
limit the LσM reproduces the results of the current algebra [S. Weinberg, Phys. Rev. Lett. 18, 188 (1967)] in
the form of effective chiral Lagrangians of pion-nucleon interactions with nonlinear realization of chiral
SUð2Þ × SUð2Þ symmetry. In such a limit the LσM is also equivalent to Gasser-Leutwyler’s chiral quantum
field theory or chiral perturbation theory with chiral SUð2Þ × SUð2Þ symmetry and the exponential
parametrization of a pion-field [(G. Ecker, Prog. Part. Nucl. Phys. 35, 1 (1995)].
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I. INTRODUCTION

Nowadays the structure of the neutron in the β− decay
[1,2] is investigated at the level of 10−3 related to the
radiative corrections of order Oðα=πÞ, where α is the fine-
structure constant [3], and corrections of order OðEe=mNÞ,
caused by the weak magnetism and proton recoil, where Ee
andmN are the electron energy and the nucleon mass [4–9].
The contributions of radiative corrections of order Oðα=πÞ
has a long history [10–38]. The contemporary shape of
radiative corrections to the neutron lifetime has been
calculated by Sirlin [14] in the approximation of the
one-photon exchange and to leading order in the large
nucleon mass expansion. The contributions to the radiative
corrections of the neutron lifetime, which caused electro-
weak boson exchanges and QCD corrections, have been
calculated by Marciano and Sirlin [24,33] and Czarnecki

et al. [32]. Recently the result obtained in [33] has been
improved by Seng et al. [36]. In turn, the contemporary
shape of the radiative corrections to the correlation coef-
ficients of the electron-antineutrino 3-momentum correla-
tions and correlations between neutron spin and the
electron 3-momentum has been calculated by Shann
[17]. Recently radiative corrections of order Oðα=πÞ to
leading order in the large nucleon mass expansion have
been calculated to the correlation coefficients of the neutron
β− decays with polarized neutron and electron and unpo-
larized proton, and polarized electron and unpolarized
neutron and proton [7–9]. For the first time the contribu-
tions of the weak magnetism and proton recoil of order
OðEe=mNÞ to the neutron lifetime and correlation coef-
ficients of the neutron β− decay with polarized neutron and
unpolarized electron and proton have been calculated by
Bilen’kii et al. [39] and then by Wilkinson [40]. To the
correlation coefficients of the neutron β− decays with
polarized neutron and electron and unpolarized proton,
and with polarized electron and unpolarized neutron and
proton have been calculated in [7–9]. At the level of 10−3
the neutron as well as the proton has been treated as a

*ivanov@kph.tuwien.ac.at
†roman.hoellwieser@gmail.com
‡natroitskaya@yandex.ru
§max.wellenzohn@gmail.com∥berdnikov@spbstu.ru

PHYSICAL REVIEW D 99, 093006 (2019)

2470-0010=2019=99(9)=093006(34) 093006-1 © 2019 American Physical Society

https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.99.093006&domain=pdf&date_stamp=2019-05-21
https://doi.org/10.1103/PhysRevLett.18.188
https://doi.org/10.1016/0146-6410(95)00041-G
https://doi.org/10.1103/PhysRevD.99.093006
https://doi.org/10.1103/PhysRevD.99.093006
https://doi.org/10.1103/PhysRevD.99.093006
https://doi.org/10.1103/PhysRevD.99.093006


structureless particle. The contributions of strong low-
energy interactions to the β− decay of the structureless
neutron with a structureless decay proton are described by
the axial coupling constant gA, and the isovector anomalous
magnetic moment of the nucleon κ ¼ κp − κn, where κp and
κn are anomalous magnetic moments of the proton and
neutron, respectively,measured in the nuclearmagneton [3].
We would like to remind the reader that the axial coupling
constant gA appears in the standard V − A theory of weak
interactions [41–43] as a trace of strong low-energy inter-
actions in the matrix element of the hadronic n → p
transition after renormalization of the matrix element of
the axial-vector hadronic current [44]. As has been shownby
Sirlin [14,21] the radiative corrections of order Oðα=πÞ,
calculated to leading order in the large nucleon mass
expansion, are independent of the axial coupling constant
gA. In turn, the corrections of order OðEe=mNÞ, caused by
the weak magnetism and proton recoil, depend strongly on
the axial coupling constant gA and the isovector anomalous
magnetic moment of the nucleon κ [39,40] (see also
[4,5,7,8]). The neutron lifetime τn ¼ 879.6ð1.1Þ s, calcu-
lated in [5] at the axial coupling constant gA ¼ 1.2750ð9Þ [1]
(see also [45–48]), agrees well with the neutron lifetime
τn ¼ 879.6ð6Þ s, averaged over the experimental values
of the six bottle experiments [49–54] included in the
Particle Date Group (PDG) [3]. The values of the neutron
lifetime τn ¼ 879.6ð1.1Þ s and axial coupling constant gA ¼
1.2750ð9Þ agree also well with (i) the values τðfavouredÞn ¼
879.6ð4Þ s and gðfavouredÞA ¼ 1.2755ð11Þ, which have been
recommended by Czarnecki et al. [55] as favoured by a
global analysis of the experimental data on the neutron
lifetime and the electron asymmetry of the neutron β− decay
with a polarized neutron and unpolarized proton and
electron, and (ii) recent experimental value gA ¼
1.27641ð45Þstatð33Þsys [56].
For the first time deviations of the nucleon from a

structureless pointlike particle in the neutron β− decay have
been taken into account by Wilkinson [40]. As has been
shown in [8] these corrections are of order 10−5. The
problem of nontrivial influence of hadronic structure of the
nucleon, caused by strong low-energy interactions, on
gauge properties of radiative corrections of order
Oðα2=π2Þ has been pointed out in [57] within the standard
V − A effective theory of weak interactions. As has been
found in [57] the interactions of real and virtual photons
with hadronic structure of the neutron and proton should
provide not only gauge invariance of radiative corrections
of order Oðα2=π2Þ but also nontrivial dependence of these
corrections on the electron Ee and photon ω energies. This
agrees well with Weinberg’s assertion that strong low-
energy interactions play an important role in weak decays
[58]. Hence, according to Weinberg [58], contributions of
strong low-energy interactions beyond the axial coupling
constant gA seem to be in principle important for the

gauge invariant description of radiative corrections
to neutron β− decays to all orders in the fine-structure
constant expansion. However, as has been shown by Sirlin
[14,16,21] the contribution of strong low-energy inter-
actions to the radiative corrections of order Oðα=πÞ to the
neutron lifetime, calculated to leading order in the large
nucleon mass expansion, is a constant independent of the
electron energy. Because of such a property of strong low-
energy interactions their contributions to neutron β− decays
have been left at the level of the axial coupling constant gA
and screened in the radiative corrections [14–35] (see also
[4–8]). As has been shown in [5] the contributions of the
weak magnetism and proton recoil of order OðEe=mNÞ to
the neutron lifetime are much smaller than the contributions
of the radiative corrections. An enhancement of the
radiative corrections with respect to the corrections from
the weak magnetism and proton recoil is caused also by the
contributions of the electroweak-boson exchanges. The
necessity to take into account contributions of electro-
weak-boson exchanges [59] for the calculation of radiative
corrections of order Oðα=πÞ has been pointed out by
Sirlin [18,20,21,23]. The analysis of electroweak-boson
exchanges and QCD corrections has been continued by
Marciano and Sirlin [24,33], Degrassi and Sirlin [25],
Czarnecki, Marciano and Sirlin [32], and Sirlin and
Ferroglia [35]. As has been shown by Czarnecki et al.
[32] the contributions of electroweak-boson exchanges
change crucially the value of the radiative corrections of
order Oðα=πÞ. Indeed, the radiative corrections to the
neutron lifetime, averaged over the electron-energy spec-
trum, are equal to hðα=πÞgnðEeÞi ¼ 0.015056 and
hðα=πÞgnðEeÞi ¼ 0.0390ð8Þ without and with the contri-
butions of the electroweak-boson exchanges and QCD
corrections, respectively [32], where the function gnðEeÞ
describes the radiative corrections to the neutron lifetime in
notation [5,7]. In Fig. 1 the function gnðEeÞ is plotted
without (golden line) and with (blue line) the contributions
of the electroweak-boson and QCD corrections. It is
important to emphasize that the contribution of QCD
corrections, caused by the quark structure of the neutron
and proton and gluon exchanges, is by 2 orders of
magnitude smaller than the contribution of the electro-
weak-boson exchanges [32].
For the correct gauge invariant calculation of radiative

corrections of order Oðα2=π2Þ and as well as OðαEe=mNÞ
to the rate of the neutron radiative β− decay n → pþ e− þ
ν̄e þ γ within the standard V − A effective theory of weak
interactions, an appearance of nontrivial contributions of
strong low-energy interactions dependent on the energies of
decay particles has been pointed out in [57]. The problem
of gauge invariant and infrared stable nontrivial contribu-
tions of strong low-energy interactions to the radiative
corrections to neutron β− decays is closely related to the
analysis of corrections of order 10−5, calculated in the SM
[7,57,60–62].
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A contemporary level of relative accuracy of about 10−4

or even better of the experimental analysis of the neutron
β− decay [63] for searches of contributions of interactions
beyond the SM and contributions of second class currents
[64–76] (see also [4,5,8,9]) demands the SM theoretical
background of order 10−5, since “discovery” experiments
with the required 5σ sensitivity will require experimental
uncertainties of a few parts in 10−5 [7–9]. The calculation
of the radiative corrections of order OðαEe=mNÞ ∼ 10−5 as
next-to-leading order corrections in the large nucleon mass
expansion to Sirlin’s corrections of order Oðα=πÞ ∼ 10−3,
which we carry out in this paper, is the first step to the
calculation of the complete set of the SM corrections of
order 10−5 to the neutron lifetime and correlation coef-
ficients of the neutron β− decays with different polarization
states of the neutron and massive decay fermions.
The paper is organized as follows. In Sec. II we discuss

briefly a low-energy hadronization of the Standard Model
(SM), where strong low-energy pion-nucleon interactions
are described at the hadronic level by the linear σ model
(LσM) with linear realization of chiral SUð2Þ × SUð2Þ
symmetry. In Sec. III we outline the structure and properties
of the LσM with chiral SUð2Þ × SUð2Þ symmetry.
In Sec. IV we demonstrate an equivalence at the
Lagrangian level between the LσM, taken in the limit of
the infinite mass of the scalar isoscalar σ-meson mσ → ∞,
and chiral quantum field theories with nonlinear realization
of chiral SUð2Þ × SUð2Þ symmetry by Weinberg and by
Gasser and Leutwyler. In Sec. V we propose a quantum
field theoretic model of strong low-energy and electroweak
interactions with electroweak SUð2ÞL ×Uð1ÞY symmetry
as a hadronized version of the SM at low energies. Having

switched off the electroweak coupling constants this model
reduces to the LσM with chiral SUð2Þ × SUð2Þ symmetry.
In Sec. VI we calculate the matrix element of the hadronic
n → p transition in the neutron β− decay in the tree
approximation for electroweak interactions and to one-
hadron-loop approximation for strong low-energy inter-
actions in the quantum field theoretic model proposed in
Sec. V and described by the Lagrangian Eq. (44). We show
that the quantum field theoretic model, described by the
Lagrangian Eq. (44), reproduces well the standard Lorentz
structure of the matrix element of the hadronic n → p
transition with the axial coupling constant gA ≠ 1, the
isovector anomalous nucleon magnetic moment κ and the
one-pion-pole contribution. The latter is important for
gauge invariance of the matrix element of the hadronic
n → p transition in the chiral limit mπ → 0, where mπ is a
pion-meson mass. Such a gauge invariance or an inde-
pendence of a longitudinal part of the propagator of the
electroweak W− boson is required by conservation of the
axial-vector hadronic current in the chiral limit mπ → 0
[42]. Section VII is devoted to the analysis of the
calculation of the radiative corrections of order
OðαEe=mNÞ to Sirlin’s radiative corrections of order
Oðα=πÞ to the neutron lifetime. We point out that for
the calculation of the radiative corrections of order
OðαEe=mNÞ as next-to-leading order corrections to
Sirlin’s corrections of order Oðα=πÞ calculated to leading
order in the large nucleon mass expansion, it is enough to
analyze the contribution of the Feynman diagrams with
one-virtual-photon exchanges in Fig. 6. Such a set of the
Feynman diagrams is gauge invariant, i.e. independent of a
gauge parameter ξ of a longitudinal part of the photon
propagator. Then, to leading order in the large mass of the
electroweakW− boson exchanges the Feynman diagrams in
Fig. 6 reduce to the Feynman diagrams, used by Sirlin for
the calculation of the radiative corrections of order Oðα=πÞ
to the neutron lifetime [14]. The calculation of the con-
tributions of hadronic structure of the nucleon to the
radiative corrections of order Oðα=πÞ and OðαEe=mNÞ,
caused by one-virtual-photon exchanges and demanding
the analysis of two-loop Feynman diagrams, and the
contributions of the Feynman diagrams with electroweak
W and Z boson in the one-electroweak-loop approximation
goes beyond the scope of this paper. We are planning to
carry out these calculations in our forthcoming publica-
tions. In Sec. VIII we discuss the obtained results and
perspectives of application of the quantum field theoretic
model of strong low-energy and electroweak interactions,
described by the Lagrangian Eq. (44), to the analysis of
neutron lifetime and correlation coefficients of the neutron
β− decays with different polarization states of the neutron
and massive decay fermions.
The Supplemental Material [77] including Appendices A,

B, C andD,wherewe give detailed calculations of thematrix
element of the hadronic n → p transition and radiative

FIG. 1. Radiative corrections ðα=πÞgnðEeÞ to the neutron life-
time in the electron energy region me ≤ Ee < E0. Blue and
golden curves show the behavior of the function ðα=πÞgnðEeÞ
with and without contributions of electroweak-boson exchanges
and QCD corrections, respectively, where QCD corrections make
up of about 1.7% of the contributions of electroweak-boson
exchanges, which make up of about 60% of the total radiative
corrections to the neutron lifetime averaged over the electron-
energy spectrum [32].
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corrections of order Oðα=πÞ and OðαEe=mNÞ to the ampli-
tude of the neutron β− decay, respectively, and discuss gauge
properties of the amplitude of the neutron radiative β− decay.
In Appendix Awe give the calculation of the matrix element
of the hadronic n → p transition to one-hadron-loop
approximation in the quantum field theoretic model
described by the Lagrangian Eq. (44). In Appendices B
and C we give the analysis of gauge properties of the
Feynman diagrams in Fig. 6 and the calculation of these
diagrams in details. We show that the Feynman diagrams in
Fig. 6 are gauge invariant, i.e. independent of a gauge
parameter ξ of the photon propagator, and renormalizable.
In Appendix D we discuss gauge properties of the amplitude
of the neutron radiative β− decay taken to leading order in the
large mass of the electroweak W−-boson expansion.

II. LOW-ENERGY DYNAMICS OF THE
STANDARD MODEL

The Standard Model of particle physics is a quantum
field theory based on the SUð3ÞC × SUð2ÞL ×Uð1ÞY gauge
symmetry group which describes strong, weak and electro-
magnetic (or electroweak) interactions among fundamental
particles, which are (i) eight gluons (g), mediating strong

interactions between quarks with six flavors (q ¼ u, d, s, c,
b, t) and three color degrees of freedom each, electroweak
bosons ðW�; ZÞ and photon (γ), mediating weak and
electromagnetic interactions between quarks and three
lepton families ðl−; νlÞ for l ¼ e, μ, τ or electron, muon
and tauon and electron-, muon-, and tauon-neutrinos, and a
Higgs boson (H) with mass MH ¼ 125 GeV coupled to
quarks, leptons, electroweak bosons, photon and gluons
[3,78,79]. The part of the SM invariant under SUð3ÞC
gauge symmetry or quantum chromodynamics (QCD)
[3,78,79], describing strong interactions, was mainly for-
mulated in [80–87]. In turn, the standard electroweak
model (SEM) or the part of the SM invariant under
SUð2ÞL ×Uð1ÞY gauge symmetry has been formulated
in [88–94]. Renormalizability of the SM, including a
renormalizability of non-Abelian massless and massive
Yang-Mills theories, has been proved in [95–101]. The
number of colored quarks and lepton families is constrained
by a requirement of renormalizability of the SEM to all
orders of perturbation theory, violation of which can
occur because of Adler-Bell-Jackiw anomalies [102–
106]. Following Bijnens [78] the SM Lagrangian we write
as follows:

LSM ¼ LHiggsðϕÞ þ Lgaugeðg;W; Z; γÞ þ
X

q¼u;d;s;c;b;t

ψ̄qiγμDμψq þ
X

l¼e;μ;τ

ψ̄liγμDμψl þ
X

νl¼νe;νμ;ντ

ψ̄ νl iγ
μDμψνl

−
X

q¼u;c;t

gqqðΨ̄qLψqRϕ
c þ ϕc†ψ̄qRΨqLÞ −

X
ðqq0Þ¼ðudÞ;ðcsÞ;ðtbÞ

gqq0 ðψ̄qLψq0Rϕþ ϕ†ψ̄q0RψqLÞ

−
X

l¼e;μ;τ

glðΨ̄lLψlRϕþ ϕ†ψ̄lRΨlLÞ; ð1Þ

where LHiggsðϕÞ is the Lagrangian of the Higgs field ϕ,
Lgaugeðg;W; Z; γÞ is the Lagrangian of the kinetic terms of
gauge bosons, the third and fourth terms in LSM are the
kinetic terms and interactions of quarks and leptons with
gauge bosons and the last three terms inLSM define Yukawa
interactions of quarks and leptons with the
Higgs field. In the phase of the spontaneously broken
SUð2ÞL ×Uð1ÞY symmetry these interactions produce
masses of charged fermions. Then,ΨuL,ΨcL,ΨtL are quark
left-handed doublets with components ðPLψu; PLψdÞ,
ðPLψc; PLψ sÞ and ðPLψ t; PLψbÞ, respectively, and ΨlL

are the lepton left-handed SUð2ÞL ×Uð1ÞY doublets with
components ðPLψl; PLψνlÞ for l ¼ e, μ and τ, respectively,
ψqR ¼ PRψq and ψlR ¼ PRψl are the right-handed quark
and charged lepton SUð2ÞL ×Uð1ÞY singlets, wherePL;R ¼
ð1 ∓ γ5Þ=2 are the projection operators P2

L ¼ PL, P2
R ¼ PR

andPLPR ¼ PRPL ¼ 0. For gqq ¼ gqq0 ¼ 0 the Lagrangian
LSM is invariant under chiral SUðNfÞ × SUðNfÞ trans-
formations of the quark fields [78,79], where Nf is the
number of quark fields.

Having integrated over gluon and quark degrees of
freedom we arrive at the effective Lagrangian for hadrons
coupled to electroweak bosons ðW;ZÞ, photons (γ) and the
Higgs field (H), and leptons. The strong low-energy
interactions are described by the effective Lagrangian.
After the integration over the fields of baryons with masses
larger than mB > 1 GeV and of mesons with masses larger
than the π-meson mass mM > mπ ¼ 0.14 GeV we arrive at
the effective quantum field theory for pions and nucleons
pions, described by the chiral perturbation theory (ChPT)
with a nonlinear realization of chiral SUð2Þ × SUð2Þ
symmetry [107–121], based on the quantum field theory
of chiral dynamics developed by Weinberg [122–124] and
the general theory of phenomenological or effective chiral
Lagrangians [125–127], which reproduce fully (see Dashen
and Weinstein [128]) the results of the current algebra with
partially conserved axial-vector hadronic current (PCAC)
[129–131] (see also [43,44]) on all possible soft-pion
theorems related to multipion production [132]. As has
been shown by Weinberg [122] the effective chiral
Lagrangians with nonlinear realization of chiral SUð2Þ ×
SUð2Þ symmetry can be derived from the linear σ model
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with linear realization of chiral SUð2Þ × SUð2Þ symmetry
[133] in the limit of the infinite mass of the scalar σ meson.
Then, by applying pion-field redefinition one may arrive at
any form of an effective chiral Lagrangian with nonlinear
realization of chiral SUð2Þ × SUð2Þ symmetry [123]. Such
an effective theory can be generalized by a series of higher
order terms of covariant derivatives of the pion-field
producing perturbative corrections to the current algebra
results, i.e. chiral perturbation theory [124]. A consistent
realization of this idea has been carried out by Gasser and
Leutwyler [107] (see also [108–121] and many other
papers). The LσM with a linear realization of chiral
SUð2Þ × SUð2Þ symmetry attracts strong attention
by the following properties: (i) spontaneously broken
chiral SUð2Þ × SUð2Þ symmetry, (ii) the partially con-
served axial-vector hadronic current (PCAC) and the
Goldberger-Treiman relation [134] at the quantum field
theoretic level and (iii) renormalizability [135–140].
The analysis of the contributions of hadronic structure of

the nucleon or strong low-energy interactions to the neutron
β− decay within the LσM has been carried out in [60–62] in
the standard V − A effective theory of weak interactions
[41–43]. As has been shown in [60] (see also [141]) the
contributions of the LσM, calculated to one-hadron-loop
approximation, reproduce well the Lorentz structure of the

matrix element hpðk⃗p; σpÞjJðþÞ
μ ð0Þjnðk⃗n; σni of the had-

ronic n → p transition, where JðþÞ
μ ð0Þ ¼ VðþÞ

μ ð0Þ − AðþÞ
μ ð0Þ

is the charged weak hadronic current [41–43]. According to
the analysis of contributions of hadronic structure of the
nucleon to the radiative corrections of the neutron lifetime,
described by QED and the LσM in the standard V − A
effective theory of weak interactions, the radiative correc-
tions to order Oðα=πÞ are gauge invariant with contribu-
tions of strong low-energy interactions described by the
axial coupling constant gA to leading order in the large
nucleon massmN expansion only. This agrees well with the
analysis of radiative corrections carried out by Sirlin
[14,21]. In other words in such an approximation the
neutron and proton can be treated as pointlike particles.
Nontrivial contributions of hadronic structure of the
nucleon to the radiative corrections can appear only to
order OðαEe=mNÞ [60]. However, these contributions are
gauge noninvariant and dependent on the ultraviolet cutoff,
which cannot be removed by renormalization. As has been
pointed out in [60–62] the problem of an appearance of
gauge noninvariant contributions and contributions, violat-
ing renormalizability of the amplitude of the neutron
β− decays, to order OðαEe=mNÞ and even smaller, can
be explained as follows. Indeed, the effective V − A vertex
of weak interactions is not the vertex of the combined
quantum field theory including the LσM and QED. This
implies that correct gauge invariant contributions to the
amplitude of the neutron β− decays can be obtained in any

loop approximation and without violation of renormaliz-
ability only in the hadronized version of the SEM with
renormalizable quantum field theory of strong low-energy
interactions. In such a combined quantum field theory the
vertex of the effective V − A weak interactions is defined
by the electroweakW−-boson exchange. This should result
in a gauge invariant set of Feynman diagrams including
electroweak bosons and photons coupled to leptons,
nucleon and hadrons from hadronic structure of the
nucleon, described by a renormalizable quantum field
theory of strong low-energy interactions. Since the effective
chiral Lagrangians with nonlinear realization of chiral
SUð2Þ × SUð2Þ symmetry can be derived from the LσM
in the limit of the infinite mass of the scalar isoscalar σ
meson [122] (see also [127]) and by redefinition of
hadronic quantum fields [123], for the description of strong
low-energy interactions of the nucleon and pions we choose
the LσM in the infinite limit of the scalar isoscalar σ-meson
mass. Because of the equivalence theorem [142–145] such
redefinitions of hadronic quantum fields do not affect
observable quantities, defined by matrix elements of the
S-matrix on mass shell of interacting particles.

III. LINEAR σ MODEL (LσM) WITH CHIRAL
SUð2Þ × SUð2Þ SYMMETRY [62]

A. Chirally symmetric phase of the LσM

The LσM with linear realization of chiral SUð2Þ ×
SUð2Þ symmetry describes strong low-energy nucleon-
nucleon, pion-nucleon and pion-pion interactions with a
mediation of the scalar isoscalar σ meson [133]. In the
chirally symmetric phase the Lagrangian of the LσM is
given by [44]

LLσM ¼ ψ̄Nðiγμ∂μ − gπNðτ0σ þ iτ⃗ · π⃗ÞÞψN

þ 1

2
ð∂μσ∂μσ þ ∂μπ⃗ · ∂μπ⃗Þ þ 1

2
μ2ðσ2 þ π⃗2Þ

−
1

4
γðσ2 þ π⃗2Þ2; ð2Þ

where ψN is the isospin doublet of the nucleon field
operator with components ðψp;ψnÞ, where ψp and ψn

are the proton and neutron field operators, respectively, σ
and π⃗ ¼ ðπþ; π0; π−Þ are the scalar isospin-scalar (isosca-
lar) σ- and pseudoscalar isospin-vector (isovector) pion-
meson field operators, μ2, γ and gπN are input parameters of
the LσM, τ⃗ ¼ ðτ1; τ2; τ3Þ are the isospin 2 × 2 Pauli
matrices and τ0 is the isospin 2 × 2 unit matrix.
Under isospin-vector and isospin-axial-vector (or chiral)

infinitesimal transformations with parameters α⃗V and α⃗A,
respectively, the nucleon and meson fields transform as
follows:

RADIATIVE CORRECTIONS OF ORDER … PHYS. REV. D 99, 093006 (2019)

093006-5



ψN ⟶
α⃗V

ψ 0
N ¼

�
1þ i

1

2
α⃗V · τ⃗

�
ψN;

ψ̄N ⟶
α⃗V

ψ̄ 0
N ¼ ψ̄N

�
1 − i

1

2
α⃗V · τ⃗

�
;

σ⟶
α⃗V

σ0 ¼ σ; π⃗⟶
α⃗V

π⃗0 ¼ π⃗ − α⃗V × π⃗;

ψN ⟶
α⃗A

ψ 0
N ¼

�
1þ i

1

2
γ5α⃗A · τ⃗

�
ψN;

ψ̄N ⟶
α⃗A

ψ̄ 0
N ¼ ψ̄N

�
1þ i

1

2
γ5α⃗A · τ⃗

�
;

σ⟶
α⃗A

σ0 ¼ σ þ α⃗A · π⃗; π⃗⟶
α⃗A

π⃗0 ¼ π⃗ − α⃗Aσ: ð3Þ

The Lagrangian Eq. (2) is invariant under global trans-
formations Eq. (3). Under local transformations Eq. (3) the
Lagrangian Eq. (2) acquires the following corrections:

δLLσM ¼−∂μα⃗V ·

�
ψ̄Nγμ

1

2
τ⃗ψN þ π⃗×∂μπ⃗

�

−∂μα⃗A ·

�
ψ̄Nγμγ

5
1

2
τ⃗ψN þðσ∂μπ⃗− π⃗∂μσÞ

�
; ð4Þ

which allow one to define the vector and axial-vector
hadronic currents [129]

V⃗μ ¼ −
δLLσM

δ∂μα⃗V
¼ ψ̄Nγμ

1

2
τ⃗ψN þ π⃗ × ∂μπ⃗;

A⃗μ ¼ −
δLLσM

δ∂μα⃗A
¼ ψ̄Nγμγ

5
1

2
τ⃗ψN þ ðσ∂μπ⃗ − π⃗∂μσÞ: ð5Þ

Using the equations of motion for the nucleon, scalar and
pseudoscalar fields one may show that in the chirally
symmetric phase the divergences of the vector and axial-
vector hadronic currents vanish ∂μV⃗μ ¼ ∂μA⃗μ ¼ 0. This
means that in the chirally symmetric phase the vector and
axial-vector hadronic currents are locally conserved.

B. Phase of spontaneously broken chiral symmetry

We would like to notice that the nucleon, scalar and
pseudoscalar fields in Eq. (2) are unphysical. Indeed, the
nucleon is massless and the mass term of the scalar and
pseudoscalar fields enters with incorrect sign. Hence,
physical hadronic states can appear in the LσM only in
the phase of spontaneously broken chiral symmetry [133].
In the LσM the phase of spontaneously broken chiral
SUð2Þ × SUð2Þ symmetry can be described by the
Lagrangian [44]

LLσM ¼ ψ̄Nðiγμ∂μ − gπNðτ0σ þ iγ5τ⃗ · π⃗ÞÞψN

þ 1

2
ð∂μσ∂μσ þ ∂μπ⃗ · ∂μπ⃗Þ þ 1

2
μ2ðσ2 þ π⃗2Þ

−
1

4
γðσ2 þ π⃗2Þ2 þ aσ; ð6Þ

where the last term aσ is noninvariant under chiral trans-
formations Eq. (3).
The phase of spontaneously broken chiral symmetry

characterizes by a nonvanishing vacuum expectation value
of the σ-field hσi ¼ b ≠ 0. The transition to the fields of
physical hadronic states goes through the change of the σ-
field σ → σ þ b, where in the right-hand side the σ field
possesses a vanishing vacuum expectation value. After
such a change of the σ field the dynamics of physical
hadronic states is described by the Lagrangian

LLσM ¼ ψ̄Nðiγμ∂μ −mN − gπNðτ0σ þ iγ5τ⃗ · π⃗ÞÞψN

þ 1

2
ð∂μσ∂μσ −m2

σσ
2Þ þ 1

2
ð∂μπ⃗ · ∂μπ⃗ −m2

ππ⃗
2Þ

− γbσðσ2 þ π⃗2Þ − 1

4
γðσ2 þ π⃗2Þ2; ð7Þ

where the masses of physical hadrons and coupling con-
stants are determined by

mN ¼ gπNb; m2
σ ¼ 3γb2 − μ2;

m2
π ¼ γb2 − μ2; a ¼ m2

πb; ð8Þ

where b ¼ fπ with fπ is the π-meson leptonic coupling
constant [44], and γ ¼ ðm2

σ −m2
πÞ=2f2π . In the phase of

spontaneously broken chiral symmetry the vector and axial-
vector hadronic currents are equal to

V⃗μ ¼ ψ̄Nγμ
1

2
τ⃗ψN þ π⃗ × ∂μπ⃗;

A⃗μ ¼ ψ̄Nγμγ
5
1

2
τ⃗ψN þ ðσ∂μπ⃗ − π⃗∂μσÞ þ b∂μπ⃗: ð9Þ

Using the equations of motion for the nucleon, scalar and
pseudoscalar fields one may show that the divergences of
the vector and axial vector hadronic currents are given by
∂μV⃗μ ¼ 0 and ∂μA⃗μ ¼ −m2

πfππ⃗. This result agrees well
with that by Adler and Dashen [129] (see Eq. (1.49) of
Ref. [129]). Thus, the LσM reproduces well the hypothesis
of partial conservation of the axial-vector hadronic current
(the PCAC hypothesis) at the quantum field theoretic level
[133]. Unlike the axial-vector hadronic current the vector
hadronic current is locally conserved even in the phase of
spontaneously broken chiral symmetry. Conservation of the
vector hadronic current in the LσM can be violated only by
isospin symmetry breaking.
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The mass of the scalar isoscalar σ-meson mσ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2f2πγ þm2

π

p
is practically arbitrary because of an arbitrari-

ness of the coupling constant γ. FollowingWeinberg [89] one
may take the limit mσ → ∞ corresponding to the limit γ →
∞ at

ffiffiffiffiffiffiffiffiffi
μ2=γ

p
¼ fixed. As has been pointed out by Weinberg

[89] (see also [127]), in the limit mσ → ∞ (or γ → ∞) the
LσM reproduces the results of the current algebra [129], and
it is equivalent to chiral quantum field theories of strong low-
energy pion-nucleon interactions with nonlinear realizations
of chiral SUð2Þ × SUð2Þ symmetry.

For massless pions mπ ¼ 0 or a ¼ 0 the vacuum expect-
ation value of the σ field is equal to hσi ¼

ffiffiffiffiffiffiffiffiffi
μ2=γ

p
¼ fπ . In

this case the mass of the σ meson is mσ ¼
ffiffiffiffiffi
3γ

p
fπ .

C. Renormalization of the LσM

For the discussion of the renormalization procedure in
the LσM we rewrite the Lagrangian Eq. (7) as follows
[136–138]:

Lð0Þ
LσM ¼ ψ̄ ð0Þ

N ðiγμ∂μ −mð0Þ
N − gð0ÞπNðτ0σð0Þ þ iγ5τ⃗ · π⃗ð0ÞÞÞψ ð0Þ

N þ 1

2
ð∂μσ

ð0Þ∂μσð0Þ −mð0Þ2
σ σð0Þ2Þ

þ 1

2
ð∂μπ⃗

ð0Þ · ∂μπ⃗ð0Þ −mð0Þ2
π π⃗ð0Þ2Þ þ γð0Þfð0Þπ σð0Þðσð0Þ2 þ π⃗ð0Þ2Þ − 1

4
γð0Þðσð0Þ2 þ π⃗ð0Þ2Þ2; ð10Þ

where ψ ð0Þ
N , σð0Þ and π⃗ð0Þ are bare hadronic fields, mð0Þ

N , mð0Þ
σ , mð0Þ

π and γð0Þ, fð0Þπ are bare hadronic masses and coupling
constants, respectively. After the calculation of hadron-loop contributions the dynamics of physical fields is described by
the Lagrangian

LðrÞ
LσM ¼ ψ̄ ðrÞ

N ðiγμ∂μ −mðrÞ
N − gðrÞπNðτ0σðrÞ þ iγ5τ⃗ · π⃗ðrÞÞÞψ ðrÞ

N þ 1

2
ð∂μσ

ðrÞ∂μσðrÞ −mðrÞ2
σ ðσðrÞÞ2Þ

þ 1

2
ð∂μπ⃗

ðrÞ · ∂μπ⃗ðrÞ −mðrÞ2
π ðπ⃗ðrÞÞ2Þ þ γðrÞfðrÞπ σðrÞððσðrÞÞ2 þ ðπ⃗ðrÞÞ2Þ − 1

4
γðrÞððσðrÞÞ2 þ ðπ⃗ðrÞÞ2Þ2 þ LðCTÞ

LσM; ð11Þ

where the Lagrangian LðCTÞ
LσM is given by

LðCTÞ
LσM ¼ ðZN − 1Þψ̄ ðrÞ

N ðiγμ∂μ −mðrÞ
N Þψ ðrÞ

N − ZNδm
ðrÞ
N ψ̄ ðrÞ

N ψ ðrÞ
N − ðZMN − 1ÞgðrÞπN ψ̄

ðrÞ
N ðτ0σðrÞ þ iγ5τ⃗ · π⃗ðrÞÞψ ðrÞ

N

þ ðZM − 1Þ 1
2
ð∂μσ

ðrÞ∂μσðrÞ −mðrÞ2
σ ðσðrÞÞ2Þ − ZMδm

ðrÞ2
σ ðσðrÞÞ2 þ ðZM − 1Þ 1

2
ð∂μπ⃗

ðrÞ · ∂μπ⃗ðrÞ −mðrÞ2
π ðπ⃗ðrÞÞ2Þ

− ZMδm
ðrÞ2
π ðπ⃗ðrÞÞ2 þ ðZ3M − 1ÞγðrÞfðrÞπ σðrÞððσðrÞÞ2 þ ðπ⃗ðrÞÞ2Þ − ðZ4M − 1Þ 1

4
γðrÞððσðrÞÞ2 þ ðπ⃗ðrÞÞ2Þ2: ð12Þ

Here ZN , ZM and δmðrÞ
N , δmðrÞ2

σ , δmðrÞ2
π are renormalization constants of wave functions and masses of the

nucleon, scalar and pseudoscalar fields, respectively. Then, ZMN , Z3M and Z4M are renormalization constants
of the corresponding vertices of meson-nucleon and meson-meson field interactions. The abbreviation “CT”
means “counterterms.” If the fields, masses, coupling constants and renormalization constants satisfy the
relations

ψ ð0Þ
N ¼

ffiffiffiffiffiffi
ZN

p
ψ ðrÞ
N ; σð0Þ ¼

ffiffiffiffiffiffiffi
ZM

p
σðrÞ; π⃗ð0Þ ¼

ffiffiffiffiffiffiffi
ZM

p
π⃗ðrÞ;

mð0Þ
N ¼ mðrÞ

N þ δmðrÞ
N ; mð0Þ2

σ ¼ mðrÞ2
σ þ δmðrÞ2

σ ; mð0Þ2
π ¼ mðrÞ2

π þ δmðrÞ2
π ;

gð0ÞπN ¼ ZMNZ−1
N Z−1=2

M gðrÞπN; fð0Þπ ¼ Z3MZ−1
4MZ

1=2
M fðrÞπ ; γð0Þ ¼ Z4MZ−2

M γðrÞ;

Z3M ¼ Z4M; ð13Þ

the Lagrangian Eq. (11) reduces to the Lagrangian Eq. (10). The relation Z3M ¼ Z4M implies that the

pion decay constant fðrÞπ is renormalized only by renormalization of the wave function of the π⃗ meson, i.e.

fð0Þπ ¼ Z1=2
M fðrÞπ .
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IV. EQUIVALENCE OF THE LσM TO QUANTUM
FIELD THEORIES OF STRONG LOW-ENERGY

PION-NUCLEON INTERACTIONS WITH
NONLINEAR REALIZATION OF CHIRAL

SUð2Þ × SUð2Þ SYMMETRY

In this section we discuss an equivalence of the LσM
with a linear realization of chiral SUð2Þ × SUð2Þ symmetry
to quantum field theories with nonlinear realizations of
chiral SUð2Þ × SUð2Þ symmetry or chiral perturbation
theory. For this aim we follow Ecker [112]. We introduce
the fields

U ¼ 1

fπ
ðτ0σ þ iτ⃗ · π⃗Þ; U† ¼ 1

fπ
ðτ0σ − iτ⃗ · π⃗Þ ð14Þ

and rewrite the Lagrangian LLσM in Eq. (6) as follows:

LLσM¼ ψ̄Nðiγμ∂μ−gπNðτ0σþ iγ5τ⃗ · π⃗ÞÞψN

þf2π
4
h∂μU†∂μUiþ1

4
m2

πf2πhðUþU†Þi

þ1

4
m2

πf2πhð1−U†UÞi−f4π
8
γhð1−U†UÞ2i; ð15Þ

where h…i is a trace over isospin matrices [112]. Taking
the limit γ → ∞ corresponding to the infinite limit of the
scalar isoscalar σ-meson mass mσ → ∞, we get U†U ¼ 1.
This allows us to transcribe Eq. (15) into the form

LChPT ¼ ψ̄Nðiγμ∂μ − gπNðτ0σ þ iγ5τ⃗ · π⃗ÞÞψN

þ f2π
4
h∂μU†∂μUi þ 1

4
m2

πf2πhðU þ U†Þi: ð16Þ

From the condition U†U ¼ 1 we obtain σ2 þ π⃗2 ¼ f2π
[123]. Following again Ecker [112] we rewrite Eq. (16)
as follows:

LChPT ¼ ψ̄NLiγμ∂μψNL þ ψ̄NRiγμ∂μψNR

−mNðψ̄NLUψNR þ ψ̄NRU†ψNLÞ

þ f2π
4
h∂μU†∂μUii þ 1

4
m2

πf2πhðU þ U†Þi; ð17Þ

where ψNL ¼ PLψN and ψNR ¼ PRψN are the left- and
right-handed nucleon fields, respectively, gπN ¼ mN=fπ is
the Goldberger-Treiman (GT) relation with the axial
coupling constant gA ¼ 1 [134]. Then, we make unitary
transformations [112]

ψNL ¼ uψ 0
NL; ψNR ¼ u†ψ 0

NR;

ψ̄NL ¼ ψ̄ 0
NLu

†; ψ̄NR ¼ ψ̄ 0
NRu: ð18Þ

Plugging Eq. (18) into Eq. (16) we arrive at the Lagrangian

LChPT ¼ ψ̄ 0
NLiγ

μð∂μ þ u†∂μuÞψ 0
NL

þ ψ̄ 0
NRiγ

μð∂μ þ u∂μu†Þψ 0
NR

−mNðψ̄ 0
NLu

†Uu†ψ 0
NR þ ψ̄ 0

NRuU
†uψ 0

NLÞ

þ f2π
4
h∂μU†∂μUii þ 1

4
m2

πf2πhðU þ U†Þi: ð19Þ

Setting u†Uu† ¼ uU†u ¼ 1 that gives U ¼ u2 we tran-
scribe Eq. (19) into the form

LChPT ¼ ψ̄ 0
NL

�
iγμ∂μ þ iγμ

1

2
½u†; ∂μu�

− iγμγ5
1

2
fu†; ∂μug −mN

�
ψ 0

þ f2π
4
h∂μU†∂μUii þ 1

4
m2

πf2πhðU þ U†Þi; ð20Þ

where we have used the relation u∂μu† ¼ −∂μuu† [117]
and denoted ½u†; ∂μu� ¼ u†∂μu − ∂μuu† and fu†; ∂μug ¼
u†∂μuþ ∂μuu† ¼ u†∂μUu†. The Lagrangian Eq. (20)
can be written also in the following form
[108,109,111,112,117]:

LChPT ¼ ψ̄ 0
NL

�
iγμDμ − iγμγ5

1

2
fu†; ∂μug −mN

�
ψ 0
N

þ f2π
4
h∂μU†∂μUii þ 1

4
m2

πf2πhðU þ U†Þi; ð21Þ

where Dμ ¼ ∂μ þ Γμ is the covariant derivative and Γμ ¼
ð1=2Þ½u†; ∂μu� has a meaning of an affine connection
[112,117].

A. Quantum field theory of strong low-energy
pion-nucleon interactions with nonlinear

chiral SUð2Þ × SUð2Þ symmetry
in Weinberg’s parametrization

InWeinberg’s parametrizationu ¼ ð1þ iτ⃗ · ξ⃗Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξ⃗2

q
,

where ξ⃗ ¼ π⃗0=2fπ [89], the effective chiral Lagrangian
Eq. (21) takes the form

LChPT ¼ ψ̄ 0
NL

�
iγμ∂μ −mN − γμ

1

4f2π

τ⃗ · ðπ⃗0 × ∂μπ⃗
0Þ

1þ π⃗02=4f2π

þ γμγ5
1

2fπ

τ⃗ · ∂μπ⃗
0

1þ π⃗02=4f2π

�
ψ 0
N

þ 1

2

∂μπ⃗
0 · ∂μπ⃗0 −m2

ππ⃗
02

1þ π⃗02=4f2π
ð22Þ

and describes the quantum field theory of strong low-energy
pion-nucleon interactions with nonlinear realization of chiral
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SUð2Þ × SUð2Þ symmetry inWeinberg’s chiral perturbation
theory [89,123,124]. A deviation of the axial coupling
constant from unity gA > 1 can be obtained in the hadron-
loop approximation.

B. Quantum field theory of strong low-energy
pion-nucleon interactions with nonlinear chiral
SUð2Þ × SUð2Þ symmetry in Gasser-Leutwyler’s

parametrization

In the exponential or Gasser-Leutwyler’s parametrization

u ¼ eiτ⃗·ξ⃗, where ξ⃗ ¼ π⃗0=2fπ, the effective chiral Lagrangian
Eq. (21) retains its form with U ¼ u2 ¼ eiτ⃗·π⃗

0=fπ [107–121]

LChPT ¼ ψ̄ 0
NL

�
iγμDμ −mN − iγμγ5

1

2
u†∂μUu†

�
ψ 0
N

þ f2π
4
h∂μU†∂μUii þ 1

4
m2

πf2πhðU þ U†Þi; ð23Þ

and describes the quantum field theory of strong low-energy
pion-nucleon interactions with nonlinear realization of chiral
SUð2Þ × SUð2Þ symmetry in Gasser-Leutwyler’s chiral
perturbation theory [107–121]. The deviation of the axial
coupling constant from unity gA > 1 can be obtained in the
hadron-loop approximation [108–121].

C. Quantum field theoretic model of strong low-energy
pion-nucleon interactions for the description

of hadronic structure of the nucleon
in neutron β− decays

Since in the limit of infinite mass of the scalar isoscalar
σ-meson mσ → ∞ (or in the limit γ → ∞) the LσM with
linear realization of chiral SUð2Þ × SUð2Þ symmetry is
equivalent to chiral perturbation theory with nonlinear
realization of chiral SUð2Þ × SUð2Þ symmetry in
Weinberg’s and Gasser-Leutwyler’s parametrizations, we
shall use the LσM for the description of contributions of
hadronic structure of the nucleon to the neutron β− decays.
We shall calculate the corresponding Feynman diagrams
for contributions of strong low-energy interactions to the
amplitude of the neutron β− decays. We take the contri-
butions of these Feynman diagrams in the limit of the
infinite scalar isoscalar σ-meson mass mσ → ∞ (or in the
limit γ → ∞). After renormalization the obtained expres-
sions of the matrix elements of the S-matrix for the
amplitudes of the neutron β− decays should be in agree-
ment with such properties of the S-matrix as analyticity,
unitarity, cluster decomposition and symmetry. This should
imply that because of equivalence of the LσM in the infinite
limit of the scalar isoscalar σ-meson mass to quantum field
theories of strong low-energy pion-nucleon interactions
with nonlinear realization of chiral SUð2Þ × SUð2Þ

symmetry, the contributions of these Feynman diagrams
should be the same as the contributions of quantum field
theories with nonlinear realization of chiral SUð2Þ × SUð2Þ
symmetry and, correspondingly, current algebra. Such an
assertion is based on Weinberg’s “theorem” [124].
According to Weinberg [124], “The ‘theorem’ says that

although individual quantum field theories have of course a
good deal of content, quantum field theory itself has no
content beyond analyticity, unitarity, cluster decomposi-
tion, and symmetry. This can be put more precisely in the
context of perturbation theory: if one writes down the most
general possible Lagrangian, including all terms consistent
with assumed symmetry principles, and then calculates
matrix elements with this Lagrangian to any given order of
perturbation theory, the result will simply be the most
general possible S-matrix consistent with analyticity, per-
turbative unitarity, cluster decomposition and the assumed
symmetry principles. As I said, this has not been proved,
but any counterexamples would be of great interest, and I
do not know of any. With this ‘theorem,’ one can obtain and
justify the results of current algebra simply by writing
down the most general Lagrangian consistent with the
assumed symmetry principles, and then deriving low
energy theorems by a direct study of the Feynman graphs,
without operator algebra. However, in order for this
to be a derivation and not merely a mnemonic, it is
necessary to include all possible terms in the Lagrangian,
and take account of graphs of all orders in perturbation
theory.”
According to this theorem, one may expect that the

contributions of strong low-energy interactions described
by the LσM to the neutron β− decays are at Sirlin’s
confidence level of the description of contributions of
strong low-energy interactions to radiative corrections
for the neutron lifetime.

V. QUANTUM FIELD THEORETIC MODEL OF
STRONG LOW-ENERGY PION-NUCLEON AND
ELECTROWEAK INTERACTIONS FOR THE
DESCRIPTION OF NEUTRON β− DECAYS

A. General properties of the Lagrangian for quantum
field theoretic model of strong low-energy and weak

interactions of pion-nucleon system coupled
to electron and neutrino

For the analysis of neutron β− decays within the quantum
field theoretic model of strong low-energy and electroweak
interactions of the pion-nucleon system coupled to
electron and neutrino (antineutrino), we propose to rewrite
the Lagrangian of the LσM in the SUð2Þ × SUð2Þ sym-
metric phase, given by Eq. (2), in terms of the field
operators
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ΨNL¼PLψN ¼PL

�
ψp

ψn

�
; ψpR¼PRψp; ψnR¼PRψn;

Φ¼ 1ffiffiffi
2

p
�

σþ iπ3

iðπ1þ iπ2Þ

�
¼ 1ffiffiffi

2
p

�
σþ iπ0

i
ffiffiffi
2

p
π−

�
;

Φc¼−iτ2LΦ� ¼ 1ffiffiffi
2

p
�
iðπ1− iπ2Þ
σ− iπ3

�
¼ 1ffiffiffi

2
p

�
i

ffiffiffi
2

p
πþ

σ− iπ0

�
;

ð24Þ

where τ2L is the Pauli 2 × 2 matrix of the “weak isospin.”
The field operators Eq. (24) have the following properties
under the SUð2ÞL × Uð1ÞY transformations:

ΨNL⟶
α⃗L;αYΨ0

NL ¼
�
1þ i

1

2
τ⃗L · α⃗L þ i

1

2
YαY

�
ΨNL;

ψpR⟶
α⃗L;αY

ψ 0
pR ¼

�
1þ i

1

2
YαY

�
ψpR;

ψnR⟶
α⃗L;αY

ψ 0
nR ¼

�
1þ i

1

2
YαY

�
ψnR;

Φ⟶
α⃗L;αYΦ0 ¼

�
1þ i

1

2
τ⃗L · α⃗L þ i

1

2
YαY

�
Φ;

Φc⟶
α⃗L;αYΦc0 ¼

�
1þ i

1

2
τ⃗L · α⃗L þ i

1

2
YαY

�
Φc; ð25Þ

where I⃗L ¼ 1
2
τ⃗L and Y are operators of the “weak isospin”

and “weak hypercharge,” respectively, α⃗L and αY are

infinitesimal parameters of the SUð2ÞL and Uð1ÞY gauge
group transformations, respectively. The operators of the
third component I3L of the weak isospin I⃗L and the weak
hypercharge Y are related by Q ¼ I3L þ Y=2 [59,89] (see
also [3]), where Q is the operator of electric charge,
measured in e, which is the proton electric charge. The
eigenvalues of the third component of the weak isospin
and weak hypercharge are ððI3LÞpL; YpLÞ ¼ ðþ1=2;þ1Þ,
ððI3LÞnL; YnLÞ ¼ ð−1=2;þ1Þ, ððI3LÞpR; YpRÞ ¼ ð0;þ2Þ,
ððI3LÞnR; YnRÞ ¼ ð0; 0Þ, ððI3LÞσþiπ0 ; YΦÞ ¼ ðþ1=2;−1Þ,
ððI3LÞπ− ;YΦÞ¼ð−1=2;−1Þ, ððI3LÞπþ ; YΦcÞ ¼ ðþ1=2;þ1Þ
and ððI3LÞσ−iπ0 ; YΦcÞ ¼ ð−1=2;þ1, respectively. In terms
of the field operators Eq. (24) the Lagrangian Eq. (2) takes
the form

LLσM ¼ Ψ̄NLiγμ∂μΨNL þ ψ̄pRiγμ∂μψpR þ ψ̄nRiγμ∂μψnR

−
ffiffiffi
2

p
gπNðΨ̄NLΦψpR þ ψ̄pRΦ†ΨNLÞ

−
ffiffiffi
2

p
gπNðΨ̄NLΦcψnR þ ψ̄nRΦc†ΨNLÞ

þ ∂μΦ†∂μΦþ μ2Φ†Φ −
1

2
γðΦ†ΦÞ2: ð26Þ

The Lagrangian Eq. (26) is invariant under global
SUð2ÞL ×Uð1ÞY transformations Eq. (25). Invariance
under local SUð2ÞL × Uð1ÞY transformations can be
reached by the inclusion of the interactions with gauge
boson fields W⃗μ and Bμ [59,89]. This gives

LLσM ¼ Ψ̄NL

�
iγμ∂μ þ ig

1

2
τ⃗L · W⃗μ þ ig0

1

2
Bμ

�
ΨNL þ ψ̄pRðiγμ∂μ þ ig0BμÞψpR þ ψ̄nRiγμ∂μψnR

− gπNðΨ̄NLΦψpR þ ψ̄pRΦ†ΨNLÞ − gπNðΨ̄NLΦcψnR þ ψ̄nRΦc†ΨNLÞ

þ
�
∂μΦ† − ig

1

2
Φ†τ⃗L · W⃗μ þ ig0

1

2
Φ†Bμ

��
∂μΦþ ig

1

2
τ⃗L · W⃗μΦ − ig0

1

2
BμΦ

�

þ μ2Φ†Φ −
1

2
γðΦ†ΦÞ2; ð27Þ

where g and g0 are the electroweak coupling constants [59,89]. The gauge boson fields W⃗μ and Bμ have the following
transformation properties under the SUð2ÞL ×Uð1ÞY local transformations:

W⃗μ⟶
α⃗L;αYW⃗0

μ ¼ W⃗μ þ W⃗μ × α⃗L −
1

g
∂μα⃗L;

Bμ⟶
α⃗L;αYB0

μ ¼ Bμ −
1

g0
∂μαY: ð28Þ

Having added to the Lagrangian Eq. (27) the kinetic terms of the electroweak gauge boson fields, the interactions of the
electroweak gauge boson fields with the electron and neutrino fields ðΨlL;ψeRÞ and the Higgs field ϕ [89] we arrive at the
Lagrangian
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LLσMþSEM ¼ Ψ̄NL

�
iγμ∂μ þ ig

1

2
τ⃗L · W⃗μ þ ig0

1

2
Bμ

�
ΨNL þ ψ̄pRðiγμ∂μ þ ig0BμÞψpR þ ψ̄nRiγμ∂μψnR

−
ffiffiffi
2

p
gπNðΨ̄NLΦψpR þ ψ̄pRΦ†ΨNLÞ −

ffiffiffi
2

p
gπNðΨ̄NLΦcψnR þ ψ̄nRΦc†ΨNLÞ

þ
�
∂μΦ† − ig

1

2
Φ†τ⃗L · W⃗μ þ ig0

1

2
Φ†Bμ

��
∂μΦþ ig

1

2
τ⃗L · W⃗μΦ − ig0

1

2
BμΦ

�

þ μ2Φ†Φ −
1

2
γðΦ†ΦÞ2 − 1

4
W⃗μν · W⃗

μν −
1

4
BμνBμν þ Ψ̄lLiγμ

�
∂μ þ ig

1

2
τ⃗ · W⃗μ − ig0

1

2
Bμ

�
ΨlL

þ ψ̄eRiγμð∂μ − ig0BμÞψeR −
ffiffiffi
2

p
geðΨ̄lLψeRϕþ ϕ†ψ̄eRΨlLÞ þ

�
∂μϕ

† − ig
1

2
ϕ†τ⃗ · W⃗μ − ig0

1

2
ϕ†Bμ

�

×

�
∂μϕþ ig

1

2
τ⃗ · W⃗μϕþ ig0

1

2
Bμϕ

�
þ μ̃2ϕ†ϕ − λ̃ðϕ†ϕÞ2 ð29Þ

of the quantum field theoretic model of strong low-energy
and electroweak interactions, which we apply to the
analysis of hadronic structure of the nucleon in the neutron
β− decays, where W⃗μν and Bμν are the operators of the field

strength tensors of the gauge boson W⃗μ and Bμ fields

W⃗μν ¼ ∂μW⃗ν − ∂νW⃗μ − gW⃗μ × W⃗ν;

Bμν ¼ ∂μBν − ∂νBμ ð30Þ

and the operators of the lepton and Higgs fields are
defined by

ΨlL ¼PL

�
ψνe

ψe

�
; ψeR ¼PRψe; ϕ¼

�
ϕþ

ϕ0

�
; ð31Þ

having the following properties under the SUð2ÞL ×Uð1ÞY
transformations:

W⃗μν⟶
α⃗L;αYW⃗0

μν ¼ W⃗μν þ W⃗μν × α⃗L;

Bμν⟶
α⃗L;αYB0

μν ¼ Bμν;

ΨeL⟶
α⃗L;αYΨ0

NL ¼
�
1þ i

1

2
τ⃗ · α⃗L þ i

1

2
YαY

�
ΨeL;

ψeR⟶
α⃗L;αY

ψ 0
eR ¼

�
1þ i

1

2
YαY

�
ψeR;

ϕ⟶
α⃗L;αY

ϕ0 ¼
�
1þ i

1

2
τ⃗L · α⃗L þ i

1

2
YαY

�
ϕ: ð32Þ

The eigenvalues of the third component of the
“weak isospin” and “weak hypercharge” are
ððI3LÞeL;YeLÞ¼ð−1=2;−1Þ, ððI3LÞνeL;YνeLÞ¼ðþ1=2;−1Þ,
ððI3LÞpR; YpRÞ ¼ ð0;þ2Þ, ððI3LÞeR; YeRÞ ¼ ð0;−2Þ,
ððI3LÞϕþ ;YϕÞ¼ðþ1=2;þ1Þ and ððI3LÞπ0 ;YϕÞ¼ð−1=2;þ1Þ,

respectively. For the derivation of the Lagrangians Eqs. (27)
and (29) we have used the following standard definitions of
the covariant derivatives of the left-handed fermions and
the Higgs field DLμ and the right-handed fermions DRμ

defined by [89]

DLμ ¼ ∂μ þ ig
1

2
τ⃗L · W⃗μ þ ig0

1

2
YBμ;

DRμ ¼ ∂μ þ ig0
1

2
YBμ; ð33Þ

where Y is the operator of the weak hypercharge [89].
In the physical phase or in the phase of spontaneously
broken SUð2ÞL × Uð1ÞY symmetry reduced to
SUð2ÞL ×Uð1ÞY → Uð1Þem, where Uð1Þem is a gauge
group of electromagnetic interactions, the components of
the Higgs field ϕ are equal to ϕþ ¼ ϕ− ¼ 0 and
ϕ0 ¼ ϕ0� ¼ ðvþHÞ= ffiffiffi

2
p

, respectively, where v is the
vacuum expectation value hϕ0i ¼ hϕ0�i ¼ v and H is
the observable scalar Higgs field with mass MH ¼
125 GeV [3]. In turn in the physical phase the hadronic
fields Φ and Φc are defined by

Φ ¼ 1ffiffiffi
2

p
�
σ þ iπ0

i
ffiffiffi
2

p
π−

�
→

1ffiffiffi
2

p
�
fπ þ σ þ iπ0

i
ffiffiffi
2

p
π−

�
;

Φc ¼ 1ffiffiffi
2

p
�
i

ffiffiffi
2

p
πþ

σ − iπ0

�
→

1ffiffiffi
2

p
�

i
ffiffiffi
2

p
πþ

fπ þ σ − iπ0

�
; ð34Þ

where the transition to the fields of physical hadronic states
goes through the change of the σ field σ → fπ þ σ with a
vanishing vacuum expectation value hσi ¼ 0 of the σ field
on the right-hand side. In terms of the fields of the physical
states the Lagrangian Eq. (29) takes the form
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LLσMþSEM ¼ ψ̄pðiγμ∂μ −mNÞψp þ ψ̄nðiγμ∂μ −mNÞψn þ ∂μπ
þ∂μπ− þ 1

2
∂μπ

0∂μπ0 þ 1

2
ð∂μσ∂μσ −m2

σσ
2Þ

−
ffiffiffi
2

p
gπNψ̄piγ5ψnπ

þ −
ffiffiffi
2

p
gπNψ̄niγ5ψpπ

− − gπNðψ̄piγ5ψp − ψ̄niγ5ψnÞπ0 − gπNðψ̄pψp þ ψ̄nψnÞσ

− γfπσðσ2 þ 2πþπ− þ ðπ0Þ2Þ − 1

4
γðσ2 þ 2πþπ− þ ðπ0Þ2Þ2 − 1

2
Wþ

μνW−μν þM2
WW

þ
μ W−μ −

1

4
ZμνZμν

þ 1

2
M2

ZZμZμ −
1

4
FμνFμν −

1

2ξ
ð∂μAμÞ2 þ 1

2
∂μH∂μH −

1

2
M2

HH
2 þ ψ̄eðiγμ∂μ −meÞψe þ ψ̄ νLiγμ∂μψνL

−
g

2
ffiffiffi
2

p ðψ̄pγ
μð1 − γ5Þψn þ i

ffiffiffi
2

p
ðπ0∂μπ

− − ∂μπ
0π−Þ −

ffiffiffi
2

p
ðσ∂μπ

− − ∂μσπ
−Þ −

ffiffiffi
2

p
fπ∂μπ

−ÞWþ
μ

−
g

2
ffiffiffi
2

p ðψ̄nγ
μð1 − γ5Þψp þ i

ffiffiffi
2

p
ðπþ∂μπ

0 − ∂μπ
þπ0Þ −

ffiffiffi
2

p
ðσ∂μπ

þ − ∂μσπ
þÞ −

ffiffiffi
2

p
fπ∂μπ

þÞW−
μ

−
g

2 cos θW

�
1

2
ψ̄pγ

μð1 − 4sin2θW − γ5Þψp −
1

2
ψ̄nγ

μð1 − γ5Þψn þ ið1 − 2sin2θWÞðπþ∂μπ
− − ∂μπ

þπ−Þ

− ðσ∂μπ
0 − ∂μσπ

0Þ − fπ∂μπ
0

�
Zμ − eðψ̄pγ

μψp þ iðπ−∂μπ
þ − ∂μπ

−πþÞÞAμ −
g

2
ffiffiffi
2

p ψ̄eγ
μð1 − γ5ÞψνLW−

μ

−
g

2
ffiffiffi
2

p ψ̄νLγ
μð1 − γ5ÞψeWþ

μ þ g
4 cos θW

ψ̄eγ
μð1 − 4sin2θW − γ5ÞψeZμ −

g
4 cos θW

ψ̄νLγ
μð1 − γ5ÞψνLZμ

þ eψ̄eγ
μψeAμ þ

1

2
ðegAμ þ g2 cos θW tan2θWZμÞðiðfπ þ σÞðπþW−μ − π−WþμÞ − π0ðπþW−μ þ π−WþμÞÞ

þ 1

4
g2ð2fπσ2 þ ðπ0Þ2 þ 2πþπ−ÞWþ

μ W−μ þ 1

8

g2

cos2θW
ð2fπσ2 þ ðπ0Þ2ÞZμZμ þ πþπ−

�
eAμ þ

g
2 cos θW

× ð1 − 2sin2θWÞZμ

��
eAμ þ g

2 cos θW
ð1 − 2sin2θWÞZμ

�
þ i

1

2
eW−

μνðWþμAν − AμWþνÞ þ i
1

2
g cos θW

×W−
μνðWþμZν − ZμWþνÞ þ i

1

2
eWþ

μνðAμW−ν −W−μAνÞ þ i
1

2
g cos θWWþ

μνðZμW−νW−μZνÞ

þ 1

2
e2ðWþ

μ Aν − AμWþ
ν ÞðAμW−ν −W−μAνÞ þ 1

2
g2cos2θWðWþ

μ Zν − ZμWþ
ν ÞðZμW−ν −W−μZνÞ

þ 1

2
eg cos θWðWþ

μ Aν − AμWþ
ν ÞðZμW−ν −W−μZνÞ þ 1

2
eg cos θWðWþ

μ Zν − ZμWþ
ν ÞðAμW−ν −W−μAνÞ

þ 1

2
ieFμνðW−μWþν −WþμW−νÞ þ 1

2
ig cos θWZμνðW−μWþν −WþμW−νÞ þ 1

4
g2ðW−

μWþ
ν −Wþ

μ W−
ν Þ

× ðW−μWþν −WþμW−νÞ þM2
W

v
Wþ

μ W−μH þ 1

4

M2
W

v2
Wþ

μ W−μH2 þ 1

2

M2
Z

v
ZμZμH þ 1

8

M2
Z

v2
ZμZμH2

−
me

v
ψ̄eψeH −

1

2

M2
H

v
H3 −

1

8

M2
H

v2
H4; ð35Þ

where θW is the Weinberg angle defined by tan θW ¼ g0=g
[3,89], the field operators W� ¼ ðW1 ∓ iW2Þ= ffiffiffi

2
p

of the
W� boson, Zμ ¼ W3

μ cos θW − Bμ sin θW of the Z boson
and Aμ ¼ Bμ cos θW þW3

μ sin θW of the electromagnetic
fields, respectively, e ¼ g sin θW is the proton electric
charge. Then, we have denoted Xμν ¼ ∂μXν − ∂νXμ for
X ¼ W�, Z and Fμν ¼ ∂μAν − ∂νAμ is the electromagnetic
field strength tensor. The term ð1=2ξÞð∂μAμÞ2 fixes a gauge
of the electromagnetic field, where ξ is a gauge parameter
[146]. The massive fields of the W�- and Z-electroweak
bosons are defined in the physical gauge with masses
equal to

M2
W ¼ 1

4
g2ðv2 þ f2πÞ; M2

Z ¼ M2
W

cos2θW
ð36Þ

with the hadronic contribution defined by the term propor-
tional to f2π . The vacuum expectation values v and fπ of the

Higgs and σ-meson fields are equal to v ¼
ffiffiffiffiffiffiffiffiffi
μ̃2=λ̃

p
and

fπ ¼
ffiffiffiffiffiffiffiffiffi
μ2=γ

p
, respectively. The masses of the hadrons,

electron and Higgs boson are given by

mN ¼ gπNfπ; m2
π ¼ 0; m2

σ ¼ 2f2πγ;

me ¼ gev; M2
H ¼ 2v2λ̃: ð37Þ
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The Lagrangian Eq. (35) as well as the Lagrangian Eq. (29)
is invariant under gauge SUð2ÞL ×Uð1ÞY transformations
Eqs. (25), (28) and (32). Such an invariance is being
retained as long as pions π⃗ ¼ ðπ�; π0Þ are massless.
The term violating chiral SUð2Þ × SUð2Þ invariance and

providing a nonvanishing pion mass is equal to
δLLσM ¼ m2

πfπσ. This leads to the hadronic masses

mN ¼ gπNfπ; m2
π ¼ f2πγ − μ2; m2

σ ¼ 2f2πγ þm2
π

ð38Þ

and fπ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðμ2 þm2

πÞ=γ
p

>
ffiffiffiffiffiffiffiffiffi
μ2=γ

p
. Since the σ field is

a component of the SUð2ÞL × Uð1ÞY doublet σ ¼
ðΦþ1=2 þΦc

−1=2Þ=
ffiffiffi
2

p
, where Φþ1=2 and Φc

−1=2 are the up
and down components of the SUð2ÞL ×Uð1ÞY doublets Φ
and Φc, respectively, the term δLLσM → δLLσMþSEM ¼
m2

πfπσ ¼ m2
πfπðΦþ1=2 þΦc

−1=2Þ=
ffiffiffi
2

p
violates also invari-

ance under SUð2ÞL ×Uð1ÞY transformations. Restoration
of invariance under SUð2ÞL ×Uð1ÞY transformations can
be reached following Weinberg [59] and introducing the
interaction

δLLσMþSEM ¼ m2
πffiffiffi
2

p fπ
v
ðΦc†ϕþ ϕ†ΦcÞ: ð39Þ

This allows us to deal with the term δLLσM ¼ m2
πfπσ in the

form invariant under SUð2ÞL × Uð1ÞY transformations. In
the phase of spontaneously broken SUð2ÞL ×Uð1ÞY sym-
metry the interaction Eq. (39) acquires a form

δLLσMþSEM ¼ m2
πfπσ

�
1þH

v

�
: ð40Þ

In the chirally broken phase, when σ → fπ þ σ, the
contribution of the interaction Eq. (40) to the Lagrangian
LLσMþSEM in Eq. (35) is given by

δLLσMþSEM → −m2
ππ

þπ− −
1

2
m2

πðπ0Þ2 þ
m2

πfπ
v

σH: ð41Þ

The terms linear in σ and H, which appear in the SUð2ÞL ×
Uð1ÞY symmetry broken phase, lead to a redefinition of the
vacuum expectation value v of the Higgs field only. A
relative correction δv=v0 ¼ f2πm2

π=v20M
2
H to the standard

value v0 ¼
ffiffiffiffiffiffiffiffiffi
μ̃2=λ̃

p
¼ 246 GeV [3] is of about 10−13,

calculated for the Higgs-boson mass MH ¼ 125 GeV,
fπ ¼ 92.4 MeV and mπ ¼ 140 MeV [3]. We would like
to accentuate that the interaction Eq. (41) amends only
invariance under global SUð2ÞL × Uð1ÞY transformations
but not gauge ones. Indeed, a nonvanishing pion mass leads
to nonconservation (or partial conservation) of the axial-
vector hadronic current, violating invariance under
SUð2ÞL ×Uð1ÞY gauge transformations. Below we show
this by example of the neutron β− decays.
Together with the contribution of the interaction

Eq. (39), taken in the physical phase given by Eq. (41),
the quantum field theoretic model of strong low-energy
pion-nucleon and electroweak hadron-hadron, hadron-
lepton and lepton-lepton interactions, where leptons are an
electron e− and neutrino νe, is described by the Lagrangian

LLσMþSEM ¼ ψ̄pðiγμ∂μ −mNÞψp þ ψ̄nðiγμ∂μ −mNÞψn þ ð∂μπ
þ∂μπ− −m2

πÞπþπ−

þ 1

2
ð∂μπ

0∂μπ0 −m2
πðπ0Þ2Þ þ

1

2
ð∂μσ∂μσ −m2

σσ
2Þ −

ffiffiffi
2

p
gπNψ̄piγ5ψnπ

þ −
ffiffiffi
2

p
gπNψ̄niγ5ψpπ

−

− gπNðψ̄piγ5ψp − ψ̄niγ5ψnÞπ0 − gπNðψ̄pψp þ ψ̄nψnÞσ − γfπσðσ2 þ 2πþπ− þ ðπ0Þ2Þ

−
1

4
γðσ2 þ 2πþπ− þ ðπ0Þ2Þ2 − 1

2
Wþ

μνW−μν þM2
WW

þ
μ W−μ −

1

4
ZμνZμν þ 1

2
M2

ZZμZμ −
1

4
FμνFμν

−
1

2ξ
ð∂μAμÞ2 þ 1

2
∂μH∂μH −

1

2
M2

HH
2 þ ψ̄eðiγμ∂μ −meÞψe þ ψ̄νLiγμ∂μψνL

−
g

2
ffiffiffi
2

p ðψ̄pγ
μð1 − γ5Þψn þ i

ffiffiffi
2

p
ðπ0∂μπ

− − ∂μπ
0π−Þ −

ffiffiffi
2

p
ðσ∂μπ

− − ∂μσπ
−Þ −

ffiffiffi
2

p
fπ∂μπ

−ÞWþ
μ

−
g

2
ffiffiffi
2

p ðψ̄nγ
μð1 − γ5Þψp þ i

ffiffiffi
2

p
ðπþ∂μπ

0 − ∂μπ
þπ0Þ −

ffiffiffi
2

p
ðσ∂μπ

þ − ∂μσπ
þÞ −

ffiffiffi
2

p
fπ∂μπ

þÞW−
μ

−
g

2 cos θW

�
1

2
ψ̄pγ

μð1 − 4sin2θW − γ5Þψp −
1

2
ψ̄nγ

μð1 − γ5Þψn þ ið1 − 2sin2θWÞðπþ∂μπ
− − ∂μπ

þπ−Þ

− ðσ∂μπ
0 − ∂μσπ

0Þ − fπ∂μπ
0

�
Zμ − eðψ̄pγ

μψp þ iðπ−∂μπ
þ − ∂μπ

−πþÞÞAμ −
g

2
ffiffiffi
2

p ψ̄eγ
μð1 − γ5ÞψνLW−

μ
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−
g

2
ffiffiffi
2

p ψ̄νLγ
μð1 − γ5ÞψeWþ

μ þ g
4 cos θW

ψ̄eγ
μð1 − 4sin2θW − γ5ÞψeZμ −

g
4 cos θW

ψ̄νLγ
μð1 − γ5ÞψνLZμ

þ eψ̄eγ
μψeAμ þ

1

2
ðegAμ þ g2 cos θW tan2θWZμÞðiðfπ þ σÞðπþW−μ − π−WþμÞ − π0ðπþW−μ þ π−WþμÞÞ

þ 1

4
g2ð2fπσ þ σ2 þ ðπ0Þ2 þ 2πþπ−ÞWþ

μ W−μ þ 1

8

g2

cos2θW
ð2fπσ þ σ2 þ ðπ0Þ2ÞZμZμ þ πþπ−

�
eAμ þ

g
2 cos θW

× ð1 − 2sin2θWÞZμ

��
eAμ þ g

2 cos θW
ð1 − 2sin2θWÞZμ

�
þ i

1

2
eW−

μνðWþμAν − AμWþνÞ þ i
1

2
g cos θW

×W−
μνðWþμZν − ZμWþνÞ þ i

1

2
eWþ

μνðAμW−ν −W−μAνÞ þ i
1

2
g cos θWWþ

μνðZμW−ν −W−μZνÞ

þ 1

2
e2ðWþ

μ Aν − AμWþ
ν ÞðAμW−ν −W−μAνÞ þ 1

2
g2cos2θWðWþ

μ Zν − ZμWþ
ν ÞðZμW−ν −W−μZνÞ

þ 1

2
eg cos θWðWþ

μ Aν − AμWþ
ν ÞðZμW−ν −W−μZνÞ þ 1

2
eg cos θWðWþ

μ Zν − ZμWþ
ν ÞðAμW−ν −W−μAνÞ

þ 1

2
ieFμνðW−μWþν −WþμW−νÞ þ 1

2
ig cos θWZμνðW−μWþν −WþμW−νÞ þ 1

4
g2ðW−

μWþ
ν −Wþ

μ W−
ν Þ

× ðW−μWþν −WþμW−νÞ þM2
W

v
Wþ

μ W−μH þ 1

4

M2
W

v2
Wþ

μ W−μH2 þ 1

2

M2
Z

v
ZμZμH þ 1

8

M2
Z

v2
ZμZμH2

−
me

v
ψ̄eψeH −

1

2

M2
H

v
H3 −

1

8

M2
H

v2
H4 þm2

πfπ
v

σH: ð42Þ

We would like to emphasize that the W� bosons couple to
the V − A hadronic currents, providing in the tree approxi-
mation a standard V − A effective low-energy interaction
for the description of the neutron β− decays [41,42]. The
vector and axial-vector hadronic currents have baryonic
and mesonic parts in agreement with Eq. (9), which are
necessary for conservation of vector and partial conserva-
tion of axial-vector hadronic currents [41,42,60,141]. A
partial conservation of the axial-vector hadronic current
assumes a proportionality of the divergence of the axial-
vector hadronic current to the squared pion mass [129]. In
the chiral limit, i.e. in the limit of zero pion mass mπ → 0,
the axial-vector hadronic current is conserved [42].

An influence of partial conservation of the axial-vector
hadronic current on gauge invariance of radiative correc-
tions, caused by hadronic structure of the nucleon, we shall
investigate below by example of radiative corrections of
order OðαEe=mNÞ to the neutron lifetime.

B. Renormalization of the quantum field theory of
strong low-energy and electroweak interactions

described by the Lagrangian Eq. (42)

For the discussion of the renormalization procedure in
the quantum field theoretic model LσMþ SEM we rewrite
the Lagrangian Eq. (42) as follows:

Lð0Þ
LσMþSEM ¼ ψ̄ ð0Þ

p ðiγμ∂μ −mð0Þ
N Þψ ð0Þ

p þ ψ̄ ð0Þ
n ðiγμ∂μ −mð0Þ

N Þψ ð0Þ
n þ ð∂μπ

ð0Þþ∂μπð0Þ− −mð0Þ2
π Þπð0Þþπð0Þ−

þ 1

2
ð∂μπ

ð0Þ0∂μπð0Þ0 −mð0Þ2
π ðπð0Þ0Þ2Þ þ 1

2
ð∂μσ

ð0Þ∂μσð0Þ −mð0Þ2
σ ðσð0ÞÞ2Þ −

ffiffiffi
2

p
gð0ÞπNψ̄

ð0Þ
p iγ5ψ ð0Þ

n πð0Þþ

−
ffiffiffi
2

p
gð0ÞπNψ̄

ð0Þ
n iγ5ψpπ

ð0Þ− − gð0ÞπNðψ̄ ð0Þ
p iγ5ψ ð0Þ

p − ψ̄ ð0Þ
n iγ5ψ ð0Þ

n Þπð0Þ0 − gð0ÞπNðψ̄ ð0Þ
p ψ ð0Þ

p þ ψ̄ ð0Þ
n ψ ð0Þ

n Þσð0Þ

− γð0Þfð0Þπ σð0Þððσð0ÞÞ2 þ 2πð0Þþπð0Þ− þ ðπð0Þ0Þ2Þ − 1

4
γð0Þððσð0ÞÞ2 þ 2πð0Þþπð0Þ− þ ðπð0Þ0Þ2Þ2 − 1

2
Wð0Þþ

μν Wð0Þ−μν

þMð0Þ2
W Wð0Þþ

μ Wð0Þ−μ −
1

4
Zð0Þ
μν Zð0Þμν þ 1

2
Mð0Þ2

Z Zð0Þ
μ Zð0Þμ −

1

4
Fð0Þ
μν Fð0Þμν −

1

2ξð0Þ
ð∂μAð0ÞμÞ2 þ 1

2
∂μHð0Þ∂μHð0Þ

−
1

2
Mð0Þ2

H ðHð0ÞÞ2 þ ψ̄ ð0Þ
e ðiγμ∂μ −mð0Þ

e Þψ ð0Þ
e þ ψ̄ ð0Þ

νL iγ
μ∂μψ

ð0Þ
νL −

gð0Þ

2
ffiffiffi
2

p ðψ̄ ð0Þ
p γμð1 − γ5Þψ ð0Þ

n þ i
ffiffiffi
2

p
ðπð0Þ0∂μπ

ð0Þ−

− ∂μπ
ð0Þ0πð0Þ−Þ −

ffiffiffi
2

p
ðσð0Þ∂μπ

ð0Þ− − ∂μσ
ð0Þπð0Þ−Þ −

ffiffiffi
2

p
fð0Þπ ∂μπ

ð0Þ−ÞWð0Þþ
μ −

gð0Þ

2
ffiffiffi
2

p ðψ̄ ð0Þ
n γμð1 − γ5Þψ ð0Þ

p
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þ i
ffiffiffi
2

p
ðπð0Þþ∂μπ

ð0Þ0 − ∂μπ
ð0Þþπð0Þ0Þ −

ffiffiffi
2

p
ðσð0Þ∂μπ

ð0Þþ − ∂μσ
ð0Þπð0ÞþÞ −

ffiffiffi
2

p
fð0Þπ ∂μπ

ð0ÞþÞWð0Þ−
μ

−
gð0Þ

2 cos θW

�
1

2
ψ̄ ð0Þ
p γμð1 − 4sin2θW − γ5Þψ ð0Þ

p −
1

2
ψ̄ ð0Þ
n γμð1 − γ5Þψ ð0Þ

n þ ið1 − 2sin2θWÞðπð0Þþ∂μπ
ð0Þ−

− ∂μπ
ð0Þþπð0Þ−Þ − ðσð0Þ∂μπ

ð0Þ0 − ∂μσ
ð0Þπð0Þ0Þ − fð0Þπ ∂μπ

ð0Þ0
�
Zð0Þ
μ − eð0Þðψ̄ ð0Þ

p γμψ ð0Þ
p þ iðπð0Þ−∂μπ

ð0Þþ

− ∂μπ
ð0Þ−πð0ÞþÞÞAð0Þ

μ −
gð0Þ

2
ffiffiffi
2

p ψ̄ ð0Þ
e γμð1 − γ5Þψ ð0Þ

νLW
ð0Þ−
μ −

gð0Þ

2
ffiffiffi
2

p ψ̄ ð0Þ
νL γ

μð1 − γ5Þψ ð0Þ
e Wð0Þþ

μ þ gð0Þ

4 cos θW

× ψ̄ ð0Þ
e γμð1 − 4sin2θW − γ5Þψ ð0Þ

e Zð0Þ
μ −

gð0Þ

4 cos θW
ψ̄ ð0Þ
νL γ

μð1 − γ5Þψ ð0Þ
νLZ

ð0Þ
μ þ eð0Þψ̄ ð0Þ

e γμψ ð0Þ
e Að0Þ

μ

þ 1

2
ðeð0Þgð0ÞAð0Þ

μ þ gð0Þ2 cos θW tan2θWZ
ð0Þ
μ Þðiðfð0Þπ þ σð0ÞÞðπð0ÞþWð0Þ−μ − πð0Þ−Wð0ÞþμÞ

− πð0Þ0ðπð0ÞþWð0Þ−μ þ πð0Þ−Wð0ÞþμÞÞ þ 1

4
gð0Þ2ð2fð0Þπ σð0Þ þ ðσð0ÞÞ2 þ ðπð0Þ0Þ2 þ 2πð0Þþπð0Þ−ÞWð0Þþ

μ Wð0Þ−μ

þ 1

8

gð0Þ2

cos2θW
ð2fð0Þπ σð0Þ þ ðσð0ÞÞ2 þ ðπð0Þ0Þ2ÞZð0Þ

μ Zð0Þμ þ πð0Þþπð0Þ−
�
eð0ÞAð0Þ

μ þ gð0Þ

2 cos θW
ð1 − 2sin2θWÞZð0Þ

μ

�

×

�
eð0ÞAð0Þμ þ gð0Þ

2 cos θW
ð1 − 2sin2θWÞZð0Þμ

�
þ i

1

2
eð0ÞWð0Þ−

μν ðWð0ÞþμAð0Þν − Að0ÞμWð0ÞþνÞ þ i
1

2
gð0Þ cos θW

×Wð0Þ−
μν ðWð0ÞþμZð0Þν − Zð0ÞμWð0ÞþνÞ þ i

1

2
eð0ÞWð0Þþ

μν ðAð0ÞμWð0Þ−ν −Wð0Þ−μAð0ÞνÞ þ i
1

2
gð0Þ cos θWW

ð0Þþ
μν

× ðZð0ÞμWð0Þ−ν −Wð0Þ−μZð0ÞνÞ þ 1

2
eð0Þ2ðWð0Þþ

μ Að0Þ
ν − Að0Þ

μ Wð0Þþ
ν ÞðAð0ÞμWð0Þ−ν −Wð0Þ−μAð0ÞνÞ þ 1

2
gð0Þ2

× cos2θWðWð0Þþ
μ Zð0Þ

ν − Zð0Þ
μ Wð0Þþ

ν ÞðZð0ÞμWð0Þ−ν −Wð0Þ−μZð0ÞνÞ þ 1

2
eð0Þgð0Þ cos θWðWð0Þþ

μ Að0Þ
ν − Að0Þ

μ Wð0Þþ
ν Þ

× ðZð0ÞμWð0Þ−ν −Wð0Þ−μZð0ÞνÞ þ 1

2
eð0Þgð0Þ cos θWðWð0Þþ

μ Zð0Þ
ν − Zð0Þ

μ Wð0Þþ
ν ÞðAð0ÞμWð0Þ−ν −Wð0Þ−μAð0ÞνÞ

þ 1

2
ieð0ÞFð0Þ

μν ðWð0Þ−μWð0Þþν −Wð0ÞþμWð0Þ−νÞ þ 1

2
igð0Þ cos θWZ

ð0Þ
μν ðWð0Þ−μWð0Þþν −Wð0ÞþμWð0Þ−νÞ

þ 1

4
gð0Þ2ðWð0Þ−

μ Wð0Þþ
ν −Wð0Þþ

μ Wð0Þ−
ν ÞðWð0Þ−μWð0Þþν −Wð0ÞþμWð0Þ−νÞ þMð0Þ2

W

vð0Þ
Wð0Þþ

μ Wð0Þ−μHð0Þ

þ 1

4

Mð0Þ2
W

vð0Þ2
Wð0Þþ

μ Wð0Þ−μðHð0ÞÞ2 þ 1

2

Mð0Þ2
Z

vð0Þ
Zð0Þ
μ Zð0ÞμHð0Þ þ 1

8

Mð0Þ2
Z

vð0Þ2
Zð0Þ
μ Zð0ÞμðHð0ÞÞ2 −mð0Þ

e

vð0Þ
ψ̄ ð0Þ
e ψ ð0Þ

e Hð0Þ

−
1

2

Mð0Þ2
H

vð0Þ
ðHð0ÞÞ3 − 1

8

Mð0Þ2
H

vð0Þ2
ðHð0ÞÞ4 þmð0Þ2

π fð0Þπ

vð0Þ
σð0ÞHð0Þ; ð43Þ

where the subscript (0) denotes bare fields and their baremasses and coupling constants, respectively. After the calculation
of loop-contributions the dynamics of strong low-energy and electroweak interactions of physical fields is described in the
quantum field theoretic model LσMþ SEM by the Lagrangian

RADIATIVE CORRECTIONS OF ORDER … PHYS. REV. D 99, 093006 (2019)

093006-15



LðrÞ
LσMþSEM ¼ ψ̄ ðrÞ

p ðiγμ∂μ −mðrÞ
N Þψ ðrÞ

p þ ψ̄ ðrÞ
n ðiγμ∂μ −mðrÞ

N Þψ ðrÞ
n þ ð∂μπ

ðrÞþ∂μπðrÞ− −mðrÞ2
π ÞπðrÞþπðrÞ−

þ 1

2
ð∂μπ

ðrÞ0∂μπðrÞ0 −mðrÞ2
π ðπðrÞ0Þ2Þ þ 1

2
ð∂μσ

ðrÞ∂μσðrÞ −mðrÞ2
σ ðσðrÞÞ2Þ −

ffiffiffi
2

p
gðrÞπN ψ̄

ðrÞ
p iγ5ψ ðrÞ

n πðrÞþ

−
ffiffiffi
2

p
gðrÞπNψ̄

ðrÞ
n iγ5ψpπ

ðrÞ− − gðrÞπNðψ̄ ðrÞ
p iγ5ψ ðrÞ

p − ψ̄ ðrÞ
n iγ5ψ ðrÞ

n ÞπðrÞ0 − gðrÞπNðψ̄ ðrÞ
p ψ ðrÞ

p þ ψ̄ ðrÞ
n ψ ðrÞ

n ÞσðrÞ

− γðrÞfðrÞπ σðrÞððσðrÞÞ2 þ 2πðrÞþπðrÞ− þ ðπðrÞ0Þ2Þ − 1

4
γðrÞððσðrÞÞ2 þ 2πðrÞþπðrÞ− þ ðπðrÞ0Þ2Þ2 − 1

2
WðrÞþ

μν WðrÞ−μν

þMðrÞ2
W WðrÞþ

μ WðrÞ−μ −
1

4
ZðrÞ
μν ZðrÞμν þ 1

2
MðrÞ2

Z ZðrÞ
μ ZðrÞμ −

1

4
FðrÞ
μν FðrÞμν −

1

2ξðrÞ
ð∂μAðrÞμÞ2 þ 1

2
∂μHðrÞ∂μHðrÞ

−
1

2
MðrÞ2

H ðHðrÞÞ2 þ ψ̄ ðrÞ
e ðiγμ∂μ −mðrÞ

e Þψ ðrÞ
e þ ψ̄ ðrÞ

νLiγ
μ∂μψ

ðrÞ
νL −

gðrÞ

2
ffiffiffi
2

p ðψ̄ ðrÞ
p γμð1 − γ5Þψ ðrÞ

n þ i
ffiffiffi
2

p
ðπðrÞ0∂μπ

ðrÞ−

− ∂μπ
ðrÞ0πðrÞ−Þ −

ffiffiffi
2

p
ðσðrÞ∂μπ

ðrÞ− − ∂μσ
ðrÞπðrÞ−Þ −

ffiffiffi
2

p
fðrÞπ ∂μπ

ðrÞ−ÞWðrÞþ
μ −

gðrÞ

2
ffiffiffi
2

p ðψ̄ ðrÞ
n γμð1 − γ5Þψ ðrÞ

p

þ i
ffiffiffi
2

p
ðπðrÞþ∂μπ

ðrÞ0 − ∂μπ
ðrÞþπðrÞ0Þ −

ffiffiffi
2

p
ðσðrÞ∂μπ

ðrÞþ − ∂μσ
ðrÞπðrÞþÞ −

ffiffiffi
2

p
fðrÞπ ∂μπ

ðrÞþÞWðrÞ−
μ

−
gðrÞ

2 cos θW

�
1

2
ψ̄ ðrÞ
p γμð1 − 4 sin2 θW − γ5Þψ ðrÞ

p −
1

2
ψ̄ ðrÞ
n γμð1 − γ5Þψ ðrÞ

n þ ið1 − 2 sin2 θWÞðπðrÞþ∂μπ
ðrÞ−

− ∂μπ
ðrÞþπðrÞ−Þ − ðσðrÞ∂μπ

ðrÞ0 − ∂μσ
ðrÞπðrÞ0Þ − fðrÞπ ∂μπ

ðrÞ0
�
ZðrÞ
μ − eðrÞðψ̄ ðrÞ

p γμψ ðrÞ
p þ iðπðrÞ−∂μπ

ðrÞþ

− ∂μπ
ðrÞ−πðrÞþÞÞAðrÞ

μ −
gðrÞ

2
ffiffiffi
2

p ψ̄ ðrÞ
e γμð1 − γ5Þψ ðrÞ

νLW
ðrÞ−
μ −

gðrÞ

2
ffiffiffi
2

p ψ̄ ðrÞ
νLγ

μð1 − γ5Þψ ðrÞ
e WðrÞþ

μ þ gðrÞ

4 cos θW

× ψ̄ ðrÞ
e γμð1 − 4 sin2 θW − γ5Þψ ðrÞ

e ZðrÞ
μ −

gðrÞ

4 cos θW
ψ̄ ðrÞ
νLγ

μð1 − γ5Þψ ðrÞ
νLZ

ðrÞ
μ þ eðrÞψ̄ ðrÞ

e γμψ ðrÞ
e AðrÞ

μ

þ 1

2
ðeðrÞgðrÞAðrÞ

μ þ gðrÞ2 cos θW tan2 θWZ
ðrÞ
μ ÞðiðfðrÞπ þ σðrÞÞðπðrÞþWðrÞ−μ − πðrÞ−WðrÞþμÞ

− πðrÞ0ðπðrÞþWðrÞ−μ þ πðrÞ−WðrÞþμÞÞ þ 1

4
gðrÞ2ð2fðrÞπ σðrÞ þ ðσðrÞÞ2 þ ðπðrÞ0Þ2 þ 2πðrÞþπðrÞ−ÞWðrÞþ

μ WðrÞ−μ

þ 1

8

gðrÞ2

cos2 θW
ð2fðrÞπ σðrÞ þ ðσðrÞÞ2 þ ðπðrÞ0Þ2ÞZðrÞ

μ ZðrÞμ þ πðrÞþπðrÞ−
�
eðrÞAðrÞ

μ þ gðrÞ

2 cos θW
ð1 − 2 sin2 θWÞZðrÞ

μ

�

×

�
eðrÞAðrÞμ þ gðrÞ

2 cos θW
ð1 − 2 sin2 θWÞZðrÞμ

�
þ i

1

2
eðrÞWðrÞ−

μν ðWðrÞþμAðrÞν − AðrÞμWðrÞþνÞ þ i
1

2
gðrÞ cos θW

×WðrÞ−
μν ðWðrÞþμZðrÞν − ZðrÞμWðrÞþνÞ þ i

1

2
eðrÞWðrÞþ

μν ðAðrÞμWðrÞ−ν −WðrÞ−μAðrÞνÞ þ i
1

2
gðrÞ cos θWW

ðrÞþ
μν

× ðZðrÞμWðrÞ−ν −WðrÞ−μZðrÞνÞ þ 1

2
eðrÞ2ðWðrÞþ

μ AðrÞ
ν − AðrÞ

μ WðrÞþ
ν ÞðAðrÞμWðrÞ−ν −WðrÞ−μAðrÞνÞ þ 1

2
gðrÞ2

× cos2 θWðWðrÞþ
μ ZðrÞ

ν − ZðrÞ
μ WðrÞþ

ν ÞðZðrÞμWðrÞ−ν −WðrÞ−μZðrÞνÞ þ 1

2
eðrÞgðrÞ cos θWðWðrÞþ

μ AðrÞ
ν − AðrÞ

μ WðrÞþ
ν Þ

× ðZðrÞμWðrÞ−ν −WðrÞ−μZðrÞνÞ þ 1

2
eðrÞgðrÞ cos θWðWðrÞþ

μ ZðrÞ
ν − ZðrÞ

μ WðrÞþ
ν ÞðAðrÞμWðrÞ−ν −WðrÞ−μAðrÞνÞ

þ 1

2
ieðrÞFðrÞ

μν ðWðrÞ−μWðrÞþν −WðrÞþμWðrÞ−νÞ þ 1

2
igðrÞ cos θWZ

ðrÞ
μν ðWðrÞ−μWðrÞþν −WðrÞþμWðrÞ−νÞ

þ 1

4
gðrÞ2ðWðrÞ−

μ WðrÞþ
ν −WðrÞþ

μ WðrÞ−
ν ÞðWðrÞ−μWðrÞþν −WðrÞþμWðrÞ−νÞ þMðrÞ2

W

vðrÞ
WðrÞþ

μ WðrÞ−μHðrÞ

þ 1

4

MðrÞ2
W

vðrÞ2
WðrÞþ

μ WðrÞ−μðHðrÞÞ2 þ 1

2

MðrÞ2
Z

vðrÞ
ZðrÞ
μ ZðrÞμHðrÞ þ 1

8

MðrÞ2
Z

vðrÞ2
ZðrÞ
μ ZðrÞμðHðrÞÞ2 −mðrÞ

e

vðrÞ
ψ̄ ðrÞ
e ψ ðrÞ

e HðrÞ

−
1

2

MðrÞ2
H

vðrÞ
ðHðrÞÞ3 − 1

8

MðrÞ2
H

vðrÞ2
ðHðrÞÞ4 þmðrÞ2

π fðrÞπ

vðrÞ
σðrÞHðrÞ þ LðCTÞ

LσMþSEM; ð44Þ
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where the Lagrangian LðCTÞ
LσMþSEM contains the contributions of the counterterms. We define it following [60–62,147–157]

LðCTÞ
LσMþSEM ¼ ðZNZ̃

ðNÞ
2 ZðpÞ

2 − 1Þψ̄pðiγμ∂μ−mNÞψpþðZNZ̃
ðNÞ
2 −1Þψ̄nðiγμ∂μ−mNÞψn−ZNZ̃

ðNÞ
2 ZðpÞ

2 δmðrÞ
N

× ψ̄ ðrÞ
p ψ ðrÞ

p −ZNZ̃
ðNÞ
2 δmðrÞ

N ψ̄ ðrÞ
n ψ ðrÞ

n þðZMZ
ðπÞ
2 Z̃ðMÞ

2 − 1Þð∂μπ
ðrÞþ∂μπðrÞ− − ðmðrÞ

π Þ2πðrÞþπðrÞ−Þ−ZMZ
ðπÞ
2 Z̃ðMÞ

2

× δmðrÞ2
π πðrÞþπðrÞ−þ 1

2
ðZMZ̃

ðMÞ
2 −1Þð∂μπ

ðrÞ0∂μπðrÞ0− ðmðrÞ
π Þ2ðπðrÞ0Þ2Þ− 1

2
ZMZ̃

ðMÞ
2 δmðrÞ2

π ðπðrÞ0Þ2

þ 1

2
ðZMZ̃

ðMÞ
2 − 1Þð∂μσ

ðrÞ∂μσðrÞ− ðmðrÞ
σ Þ2ðσðrÞÞ2Þ− 1

2
ZMZ̃

ðMÞ
2 δmðrÞ2

σ ðσðrÞÞ2 − ðZMNZ̃
ðNÞ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZðpÞ
2 ZðπÞ

2 Z̃ðMÞ
2

q
− 1Þ

×
ffiffiffi
2

p
gðrÞπN ψ̄

ðrÞ
p iγ5ψ ðrÞ

n πðrÞþ − ðZMNZ̃
ðNÞ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZðpÞ
2 ZðπÞ

2 Z̃ðMÞ
2

q
− 1Þ

ffiffiffi
2

p
gðrÞπNψ̄

ðrÞ
n iγ5ψpπ

ðrÞ− − ðZMNZ̃
ðNÞ
2 ZðpÞ

2

ffiffiffiffiffiffiffiffiffi
Z̃ðMÞ
2

q
− 1Þ

× gðrÞπNψ̄
ðrÞ
p iγ5ψ ðrÞ

p πðrÞ0þðZMNZ̃
ðNÞ
2

ffiffiffiffiffiffiffiffiffi
Z̃ðMÞ
2

q
− 1ÞgðrÞπNψ̄

ðrÞ
n iγ5ψ ðrÞ

n πðrÞ0− ðZMNZ̃
ðNÞ
2 ZðpÞ

2

ffiffiffiffiffiffiffiffiffi
Z̃ðMÞ
2

q
− 1ÞgðrÞπNψ̄

ðrÞ
p ψ ðrÞ

p σðrÞ

− ðZMNZ̃
ðNÞ
2

ffiffiffiffiffiffiffiffiffi
Z̃ðMÞ
2

q
− 1ÞgðrÞπNψ̄

ðrÞ
n ψ ðrÞ

n σðrÞ− ðZ3MðZ̃ðMÞ
2 Þ3=2 − 1ÞγðrÞfðrÞπ ðσðrÞÞ3− ðZ3MðZ̃ðMÞ

2 Þ3=2ZðπÞ
2 − 1Þ

× 2γðrÞfðrÞπ σðrÞπðrÞþπðrÞ− − ðZ3MðZ̃ðσÞ
2 Þ3=2− 1ÞγðrÞfðrÞπ σðrÞðπðrÞ0Þ2− ðZ4MðZ̃ðMÞ

2 Þ2− 1Þ1
4
γðrÞðσðrÞÞ4

− ðZ4MðZ̃ðMÞ
2 ZðπÞ

2 Þ2− 1ÞγðrÞðπðrÞþπðrÞ−Þ2− ðZ4MðZ̃ðMÞ
2 Þ2− 1Þ1

4
γðrÞðπðrÞ0Þ4− ðZ4MðZ̃ðMÞ

2 Þ2ZðπÞ
2 − 1ÞγðrÞðσðrÞÞ2

× πðrÞþπðrÞ− − ðZ4MðZ̃ðMÞ
2 Þ2− 1Þ1

2
γðrÞðσðrÞÞ2ðπðrÞ0Þ2 − ðZ4MðZ̃ðMÞ

2 Þ2ZðπÞ
2 − 1ÞγðrÞπðrÞþπðrÞ−ðπðrÞ0Þ2

þðZðWÞ
3 − 1Þ

�
−
1

2
WðrÞþ

μν WðrÞ−μνþMðrÞ2
W WðrÞþ

μ WðrÞ−μ
�
þZðWÞ

3 δMðrÞ2
W WðrÞþ

μ WðrÞ−μþðZðZÞ
3 − 1Þ

�
−
1

4
ZðrÞ
μν ZðrÞμν

þ 1

2
MðrÞ2

Z ZðrÞ
μ ZðrÞμ

�
þZðZÞ

3

1

2
δMðrÞ2

Z ZðrÞ
μ ZðrÞμ− ðZðγÞ

3 − 1Þ1
4
FðrÞ
μν FðrÞμν−

ZðγÞ
3 − 1

Zξ

1

2ξðrÞ
ð∂μAðrÞμÞ2þ 1

2
ðZðHÞ

2 − 1Þ

× ð∂μHðrÞ∂μHðrÞ−MðrÞ2
H ðHðrÞÞ2Þ− 1

2
ZðHÞ
2 δMðrÞ2

H ðHðrÞÞ2þðZðeÞ
2 Z̃ðeÞ

2 − 1Þψ̄ ðrÞ
e ðiγμ∂μ−mðrÞ

e Þψ ðrÞ
e −ZðeÞ

2 Z̃ðeÞ
2

× δmðrÞ
e ψ̄ ðrÞ

e ψ ðrÞ
e þðZ̃ðlÞ

2 − 1Þψ̄ ðrÞ
νLiγ

μ∂μψ
ðrÞ
νL − ðZ̃ðNÞ

1 ZN

ffiffiffiffiffiffiffiffi
ZðpÞ
2

q
− 1Þ g

ðrÞ

2
ffiffiffi
2

p ψ̄ ðrÞ
p γμð1− γ5Þψ ðrÞ

n WðrÞþ
μ − ðZ̃ðMÞ

1 ZM

×
ffiffiffiffiffiffiffiffi
ZðπÞ
2

q
− 1Þ g

ðrÞ

2
ffiffiffi
2

p i
ffiffiffi
2

p
ðπðrÞ0∂μπ

ðrÞ− − ∂μπ
ðrÞ0πðrÞ−ÞWðrÞþ

μ − ðZ̃ðMÞ
1 ZM

ffiffiffiffiffiffiffiffi
ZðπÞ
2

q
− 1Þ g

ðrÞ

2
ffiffiffi
2

p ffiffiffi
2

p
ðσðrÞ∂μπ

ðrÞ− − ∂μσ
ðrÞ

× πðrÞ−ÞWðrÞþ
μ − ðZ̃ðMÞ

1 ZM

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZðπÞ
2 =Z̃ðMÞ

2

q
− 1Þ g

ðrÞ

2
ffiffiffi
2

p ffiffiffi
2

p
fðrÞπ ∂μπ

ðrÞ−WðrÞþ
μ − ðZ̃ðNÞ

1 ZN

ffiffiffiffiffiffiffiffi
ZðpÞ
2

q
− 1Þ g

ðrÞ

2
ffiffiffi
2

p ψ̄ ðrÞ
n γμð1− γ5Þ

×ψ ðrÞ
p WðrÞ−

μ − ðZ̃ðMÞ
1 ZM

ffiffiffiffiffiffiffiffi
ZðπÞ
2

q
− 1Þ g

ðrÞ

2
ffiffiffi
2

p i
ffiffiffi
2

p
ðπðrÞþ∂μπ

ðrÞ0− ∂μπ
ðrÞþπðrÞ0ÞWðrÞ−

μ − ðZ̃ðMÞ
1 ZM

ffiffiffiffiffiffiffiffi
ZðπÞ
2

q
− 1Þ g

ðrÞ

2
ffiffiffi
2

p

×
ffiffiffi
2

p
ðσðrÞ∂μπ

ðrÞþ− ∂μσ
ðrÞπðrÞþÞWðrÞ−

μ − ðZ̃ðMÞ
1 ZM

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZðπÞ
2 =Z̃ðMÞ

2

q
− 1Þ

ffiffiffi
2

p
fðrÞπ ∂μπ

ðrÞþWðrÞ−
μ − ðZ̃ðNÞ

1 ZNZ
ðpÞ
2 − 1Þ

×
gðrÞ

2cosθW

�
1

2
ψ̄ ðrÞ
p γμð1− 4sin2 θW − γ5Þψ ðrÞ

p ZðrÞ
μ þðZ̃ðNÞ

1 ZN − 1Þ gðrÞ

2cosθW

1

2
ψ̄ ðrÞ
n γμð1− γ5Þψ ðrÞ

n ZðrÞ
μ − ðZ̃ðMÞ

1 ZM

×ZðπÞ
2 − 1Þ gðrÞ

2cosθW
ð1− 2sin2 θWÞiðπðrÞþ∂μπ

ðrÞ− −∂μπ
ðrÞþπðrÞ−ÞZðrÞ

μ þðZ̃ðMÞ
1 ZM − 1Þ gðrÞ

2cosθW
ðσðrÞ∂μπ

ðrÞ0

− ∂μσ
ðrÞπðrÞ0ÞZðrÞ

μ þðZ̃ðMÞ
1 ZMðZ̃ðMÞ

2 Þ−1=2− 1Þ gðrÞ

2cosθW
fðrÞπ ∂μπ

ðrÞ0ZðrÞ
μ − ðZðpÞ

1 ZNZ̃
ðNÞ
2 − 1ÞeðrÞψ̄ ðrÞ

p γμψ ðrÞ
p AðrÞ

μ

− ðZðπÞ
1 ZMZ̃

ðMÞ
2 − 1ÞeðrÞiðπðrÞ−∂μπ

ðrÞþ− ∂μπ
ðrÞ−πðrÞþÞAðrÞ

μ − ðZ̃ðlÞ
1

ffiffiffiffiffiffiffiffi
ZðeÞ
2

q
− 1Þ g

ðrÞ

2
ffiffiffi
2

p ψ̄ ðrÞ
e γμð1− γ5Þψ ðrÞ

νLW
ðrÞ−
μ

− ðZ̃ðlÞ
1

ffiffiffiffiffiffiffiffi
ZðeÞ
2

q
− 1Þ g

ðrÞ

2
ffiffiffi
2

p ψ̄ ðrÞ
νLγ

μð1− γ5Þψ ðrÞ
e WðrÞþ

μ þðZ̃ðlÞ
1 ZðeÞ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZðZÞ
3 =ZðWÞ

3

q
− 1Þ gðrÞ

4cosθW
ψ̄ ðrÞ
e γμð1− 4sin2 θW − γ5Þ
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× ψ ðrÞ
e ZðrÞ

μ − ðZ̃ðlÞ
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZðZÞ
3 =ZðWÞ

3

q
− 1Þ gðrÞ

4 cos θW
ψ̄ ðrÞ
νLγ

μð1 − γ5Þψ ðrÞ
νLZ

ðrÞ
μ þ ðZðeÞ

1 Z̃ðlÞ
2 − 1ÞeðrÞψ̄ ðrÞ

e γμψ ðrÞ
e AðrÞ

μ

þ ðZðπÞ
1 Z̃ðMÞ

1 ZM − 1Þ 1
2
ifðrÞπ eðrÞgðrÞAðrÞ

μ ðπðrÞþWðrÞ−μ − πðrÞ−WðrÞþμÞ þ ðZðπÞ
1 Z̃ðMÞ

1 ZM − 1Þ 1
2
eðrÞgðrÞAðrÞ

μ

× ðiσðrÞðπðrÞþWðrÞ−μ − πðrÞ−WðrÞþμÞ − πðrÞ0ðπðrÞþWðrÞ−μ þ πðrÞ−WðrÞþμÞÞ þ ððZ̃ðMÞ
1 Þ2ZM

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZðπÞ
2 =ZðWÞ

3

q

× ðZ̃ðMÞ
2 Þ−3=2 − 1Þ 1

2
gðrÞ2 cos θW tan2 θWif

ðrÞ
π ZðrÞ

μ ðπðrÞþWðrÞ−μ − πðrÞ−WðrÞþμÞ þ ððZ̃ðMÞ
1 Þ2ZM

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZðπÞ
2 =ZðWÞ

3

q

× ðZ̃ðMÞ
2 Þ−1 − 1Þ 1

2
gðrÞ2 cos θW tan2 θWZ

ðrÞ
μ ðiσðrÞðπðrÞþWðrÞ−μ − πðrÞ−WðrÞþμÞ − πðrÞ0ðπðrÞþWðrÞ−μ

þ πðrÞ−WðrÞþμÞÞ þ ððZ̃ðMÞ
1 Þ2ZMðZ̃ðMÞ

2 Þ−1=2 − 1Þ 1
4
gðrÞ22fðrÞπ σðrÞWðrÞþ

μ WðrÞ−μ þ ððZ̃ðMÞ
1 Þ2ZM − 1Þ 1

4
gðrÞ2

× ððσðrÞÞ2 þ ðπðrÞ0Þ2ÞWðrÞþ
μ WðrÞ−μ þ

�
ðZ̃ðMÞ

1 Þ2ZMZ
ðπÞ
2 − 1Þ 1

4
gðrÞ22πðrÞþπðrÞ−

�
WðrÞþ

μ WðrÞ−μ

þ ððZ̃ðMÞ
1 Þ2ZMZ

ðZÞ
3 ðZðWÞ

3 Þ−1ðZ̃ðMÞ
2 Þ−1=2 − 1Þ 1

8

gðrÞ2

cos2 θW
2fðrÞπ σðrÞZðrÞ

μ ZðrÞμ þ ððZ̃ðMÞ
1 Þ2ZMZ

ðZÞ
3 ðZðWÞ

3 Þ−1 − 1Þ

×
1

8

gðrÞ2

cos2 θW
ððσðrÞÞ2 þ ðπðrÞ0Þ2ÞZðrÞ

μ ZðrÞμ þ ððZðπÞ
1 Þ2ðZðπÞ

2 Þ−1 − 1ÞeðrÞ2πðrÞþπðrÞ−AðrÞ
μ AðrÞμ þ ðZðπÞ

1 Z̃ðMÞ
1

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZðZÞ
3 =ZðWÞ

3

q
− 1Þ 2e

ðrÞgðrÞ

2 cos θW
ð1 − 2 sin2 θWÞπðrÞþπðrÞ−AðrÞ

μ ZðrÞμ þ ððZðMÞ
1 Þ2ZMZ

ðπÞ
2 ZðZÞ

3 =ZðWÞ
3 − 1Þ gðrÞ2

4 cos2 θW

× ð1 − 2 sin2 θWÞ2πðrÞþπðrÞ−ZðrÞ
μ ZðrÞμ þ ðZðWÞ

1 − 1Þi 1
2
eðrÞWðrÞ−

μν ðWðrÞþμAðrÞν − AðrÞμWðrÞþνÞ þ ðZðWÞ
1

ffiffiffiffiffiffiffiffiffi
ZðZÞ
3

q

× ðZðWÞ
3 Þ−1=2 − 1Þi 1

2
gðrÞ cos θWW

ðrÞ−
μν ðWðrÞþμZðrÞν − ZðrÞμWðrÞþνÞ þ ðZðWÞ

3 − 1Þi 1
2
eðrÞWðrÞþ

μν ðAðrÞμWðrÞ−ν

−WðrÞ−μAðrÞνÞ þ ðZðWÞ
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZðZÞ
3 =ZðWÞ

3

q
− 1Þi 1

2
gðrÞ cos θWW

ðrÞþ
μν ðZðrÞμWðrÞ−ν −WðrÞ−μZðrÞνÞ þ ðZðWÞ

3 − 1Þ

×
1

2
eðrÞ2ðWðrÞþ

μ AðrÞ
ν − AðrÞ

μ WðrÞþ
ν ÞðAðrÞμWðrÞ−ν −WðrÞ−μAðrÞνÞ þ ððZðWÞ

1 Þ2ZðZÞ
3 ðZðWÞ

3 Þ−2 − 1Þ 1
2
gðrÞ2 cos2 θW

× ðWðrÞþ
μ ZðrÞ

ν − ZðrÞ
μ WðrÞþ

ν ÞðZðrÞμWðrÞ−ν −WðrÞ−μZðrÞνÞ þ ðZðWÞ
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZðZÞ
3 =ZðWÞ

3

q
− 1Þ 1

2
eðrÞgðrÞ cos θWðWðrÞþ

μ AðrÞ
ν

− AðrÞ
μ WðrÞþ

ν ÞðZðrÞμWðrÞ−ν −WðrÞ−μZðrÞνÞ þ ðZðWÞ
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZðZÞ
3 =ZðWÞ

3

q
− 1Þ 1

2
eðrÞgðrÞ cos θWðWðrÞþ

μ ZðrÞ
ν − ZðrÞ

μ WðrÞþ
ν Þ

× ðAðrÞμWðrÞ−ν −WðrÞ−μAðrÞνÞ þ ðZðWÞ
3 − 1Þ 1

2
ieðrÞFðrÞ

μν ðWðrÞ−μWðrÞþν −WðrÞþμWðrÞ−νÞ þ ðZðWÞ
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZðZÞ
3 =ZðWÞ

3

q

− 1Þ 1
2
igðrÞ cos θWZ

ðrÞ
μν ðWðrÞ−μWðrÞþν −WðrÞþμWðrÞ−νÞ þ ððZðWÞ

1 Þ2
ffiffiffiffiffiffiffiffiffi
ZðWÞ
3

q
− 1Þ 1

4
gðrÞ2ðWðrÞ−

μ WðrÞþ
ν −WðrÞþ

μ

×WðrÞ−
ν ÞðWðrÞ−μWðrÞþν −WðrÞþμWðrÞ−νÞ þ ðZðWÞ

3

ffiffiffiffiffiffiffiffiffi
ZðHÞ
2

q
Z−1
v − 1ÞM

ðrÞ2
W

vðrÞ
WðrÞþ

μ WðrÞ−μHðrÞ þ ZðWÞ
3

ffiffiffiffiffiffiffiffiffi
ZðHÞ
2

q
Z−1
v

×
δMðrÞ2

W

vðrÞ
WðrÞþ

μ WðrÞ−μHðrÞ þ ðZðWÞ
3 ZðHÞ

2 Z−2
v − 1Þ 1

4

MðrÞ2
W

vðrÞ2
WðrÞþ

μ WðrÞ−μðHðrÞÞ2 þ ZðWÞ
3 ZðHÞ

2 Z−2
v

1

4

δMðrÞ2
W

vðrÞ2
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×WðrÞþ
μ WðrÞ−μðHðrÞÞ2 þ ðZðZÞ

3

ffiffiffiffiffiffiffiffiffi
ZðHÞ
2

q
Z−1
v − 1Þ 1

2

MðrÞ2
Z

vðrÞ
ZðrÞ
μ ZðrÞμHðrÞ þ ZðZÞ

3

ffiffiffiffiffiffiffiffiffi
ZðHÞ
2

q
Z−1
v

1

2

δMðrÞ2
Z

vðrÞ
ZðrÞ
μ ZðrÞμHðrÞ

þ ðZðZÞ
3 ZðHÞ

2 Z−2
v − 1Þ 1

8

MðrÞ2
Z

vðrÞ2
ZðrÞ
μ ZðrÞμðHðrÞÞ2 þ ZðZÞ

3 ZðHÞ
2 Z−2

v
1

8

δMðrÞ2
Z

vðrÞ2
ZðrÞ
μ ZðrÞμðHðrÞÞ2 − ðZðeÞ

2 Z̃ðlÞ
2

ffiffiffiffiffiffiffiffiffi
ZðHÞ
2

q
− 1Þ

×
mðrÞ

e

vðrÞ
ψ̄ ðrÞ
e ψ ðrÞ

e HðrÞ − ððZðHÞ
2 Þ3=2Z−1

v − 1Þ 1
2

MðrÞ2
H

vðrÞ
ðHðrÞÞ3 − ðZðHÞ

2 Þ3=2Z−1
v

1

2

δMðrÞ2
H

vðrÞ
ðHðrÞÞ3 − ððZðHÞ

2 Þ2Z−2
v − 1Þ

×
1

8

MðrÞ2
H

vðrÞ2
ðHðrÞÞ4 − ðZðHÞ

2 Þ2Z−2
v

1

8

δMðrÞ2
H

vðrÞ2
ðHðrÞÞ4 þ ðZM

ffiffiffiffiffiffiffiffiffi
ZðHÞ
2

q
Z−1
v − 1Þm

ðrÞ2
π fðrÞπ

vðrÞ
σðrÞHðrÞ þ ZM

ffiffiffiffiffiffiffiffiffi
ZðHÞ
2

q
Z−1
v

×
δmðrÞ2

π fðrÞπ

vðrÞ
σðrÞHðrÞ; ð45Þ

where ZMN , ZN , ZM, Z
ðaÞ
j and Z̃ða0Þ

j0 are renormalization constants of the field operators and vertices of strong and

electroweak interactions. Then, Zv is a renormalization constant of the vacuum expectation value vðrÞ, and δmðrÞ
N , δmðrÞ2

π ,

δmðrÞ2
σ , δMðrÞ2

W and so on are the counterterms of mass renormalization. Rescaling the field operators and the coupling
constants

ψ ð0Þ
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZNZ

ðpÞ
2 Z̃ðNÞ

2

q
ψ ðrÞ
p ; ψ ð0Þ

n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZNZ̃

ðNÞ
2

q
ψ ðrÞ
n ; πð0Þ� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZMZ

ðπÞ
2 Z̃ðMÞ

2

q
πðrÞ�; πð0Þ0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZMZ̃

ðMÞ
2

q
πðrÞ0;

σð0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZMZ̃

ðMÞ
2

q
σðrÞ; Að0Þ

μ ¼
ffiffiffiffiffiffiffiffi
ZðγÞ
3

q
AðrÞ
μ ; Wð0Þ�

μ ¼
ffiffiffiffiffiffiffiffiffi
ZðWÞ
3

q
WðrÞ�

μ ; Zð0Þ
μ ¼

ffiffiffiffiffiffiffiffiffi
ZðZÞ
3

q
ZðrÞ
μ ; Hð0Þ ¼

ffiffiffiffiffiffiffiffiffi
ZðHÞ
2

q
HðrÞ;

ψ ð0Þ
e ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZðeÞ
2 Z̃ðlÞ

2

q
ψ ðrÞ
e ; ψ ð0Þ

νL ¼
ffiffiffiffiffiffiffiffi
Z̃ðlÞ
2

q
ψ ðrÞ
νL ;

gð0ÞπN ¼ ZMNZ−1
N Z−1=2

M gðrÞπN; fð0Þπ ¼ Z1=2
M fðrÞπ ; γð0Þ ¼ Z3MZ−2

M γðrÞ;

eð0Þ ¼ ZðpÞ
1 ZðpÞ−1

2 ZðγÞ−1=2
3 eðrÞ ¼ ZðπÞ

1 ZðπÞ−1
2 ZðγÞ−1=2

3 eðrÞ ¼ ZðeÞ
1 ZðeÞ−1

2 ZðγÞ−1=2
3 eðrÞ ¼ ZðγÞ−1=2

3 eðrÞ;

gð0Þ ¼ Z̃ðNÞ
1 Z̃ðNÞ−1

2 ZðWÞ−1=2
3 gðrÞ ¼ Z̃ðMÞ

1 Z̃ðMÞ−1
2 ZðWÞ−1=2

3 gðrÞ ¼ Z̃ðlÞ
1 Z̃ðlÞ−1

2 ZðWÞ−1=2
3 gðrÞ

¼ ZðWÞ
1 ZðWÞ−3=2

3 gðrÞ; vð0Þ ¼ ZvvðrÞ; ξð0Þ ¼ Zξξ
ðrÞ; ð46Þ

where we have set Z4M ¼ Z3M [see Eq. (13)], and using the relations

mð0Þ
N ¼ mðrÞ

N þ δmðrÞ
N ; mð0Þ2

π ¼ mðrÞ2
π þ δmðrÞ2

π ; mð0Þ2
σ ¼ mðrÞ2

σ þ δmðrÞ2
σ ;

Mð0Þ2
W ¼ MðrÞ2

W þ δMðrÞ2
W ; Mð0Þ2

Z ¼ MðrÞ2
Z þ δMðrÞ2

Z ; Mð0Þ2
H ¼ MðrÞ2

H þ δMðrÞ2
H ;

mð0Þ
e ¼ mðrÞ

e þ δmðrÞ
e ð47Þ

we transcribe the Lagrangian in Eq. (44) into the Lagrangian in Eq. (43).

VI. MATRIX ELEMENT OF THE HADRONIC n → p TRANSITION
IN THE NEUTRON β− DECAY n → p+ e − + ν̄e

The amplitude of the neutron β− decay is defined by [60,141]

Mðn → pe−ν̄eÞ ¼
�
out; ν̄e

�
k⃗ν̄;þ

1

2

�
; e−ðk⃗e; σeÞ; pðk⃗p; σpÞ

����nðk⃗n; σnÞ; in
�
; ð48Þ

where hout; χðk⃗χ ; σχÞj and jin; nðk⃗n; σnÞi are the wave functions of the free antineutrino, electron and proton (χ ¼ ν̄e; e−; p)
in the final state (i.e. out-state at t → þ∞) and the free neutron in the initial state (i.e. in-state at t → −∞) [146]. Using the
relation hout;Qχ χðk⃗χ ; σχÞj ¼ hin;Qχ χðk⃗χ ; σχÞjS, where S is the S-matrix, we rewrite the matrix element Eq. (48) as
follows:
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Mðn→pe−ν̄eÞ

¼
�
in; ν̄e

�
k⃗ν̄;þ

1

2

�
;e−ðk⃗e;σeÞ;pðk⃗p;σpÞjSjnðk⃗n;σnÞ; in

�
:

ð49Þ

The corresponding S-matrix is determined by [60,141,146]

S ¼ Tei
R

d4xLLσMþSEMðxÞ; ð50Þ
where T is a time-ordering operator and LLσMþSEM is given
by Eq. (44). Plugging Eq. (50) into Eq. (49) we get [60,141]

Mðn→pe−ν̄eÞ¼
�
in; ν̄e

�
k⃗ν̄;þ

1

2

�
;e−ðk⃗e;σeÞ;pðk⃗p;σpÞj

×Tei
R
d4xLLσMþSEMðxÞjnðk⃗n;σnÞ; in

�
: ð51Þ

The wave functions of fermions we determine in terms of
the operators of creation (annihilation)

jnðk⃗n; σnÞ; ini ¼ a†n;inðk⃗n; σnÞj0i;�
in; ν̄e

�
k⃗ν̄;þ

1

2

�
; e−ðk⃗e; σeÞ; pðk⃗p; σpÞ

¼ h0jbν̄e;in
�
k⃗ν̄;þ

1

2

�
ae;inðk⃗e; σeÞap;inðk⃗p; σpÞ: ð52Þ

The operators of creation (annihilation) obey standard
anticommutation relations [141,146].

A. Neutron beta decay in the tree approximation for
strong low-energy and electroweak interactions

described by the Lagrangian Eq. (44)

In the tree approximation for the electroweak W−-boson
exchange and strong low-energy interactions, the amplitude
of neutron β− decay n → pþ e− þ ν̄e is defined by the
Feynman diagrams in Fig. 2

Mðn → pe−ν̄eÞ ¼ GVhpðk⃗p; σpÞjJþμ ð0Þjnðk⃗n; σnÞiFig: 2
×

M2
W

M2
W − q2 − i0

�
−ημν þ qμqν

M2
W

�

×

�
ūeðk⃗e; σeÞγνð1 − γ5Þvν̄

�
k⃗ν̄;þ

1

2

�	
;

ð53Þ

where GV ¼ g2=8M2
W , J

þ
μ ð0Þ¼Vþ

μ ð0Þ−Aþ
μ ð0Þ is the V − A

charged hadronic current [41,42], appearing naturally in
our model caused by the electroweakW−-boson exchanges
[see Eqs. (43) and (44)], where the vector and axial-vector
current possess both baryonic and mesonic parts [see
Eq. (9)]. Then, ūe and vν are Dirac wave functions of
the free electron and electron antineutrino, respectively,

a momentum transferred of the decay is equal to
q ¼ kp − kn ¼ −ke − kν. Then, since strong low-
energy interactions give the contributions to the matrix
element of the charged hadronic current only, we have

denoted hin;pðk⃗p;σpÞjTðei
R
d4xLLσMðxÞJþμ ð0ÞÞjnðk⃗n;σnÞ;ini¼

hpðk⃗p;σpÞjJþμ ð0Þjnðk⃗n;σnÞi. This matrix element describes
the hadronic n → p transition in the neutron β− decay
[60,141,158]. The matrix element of the hadronic V − A
current hpðk⃗p; σpÞjJþμ ð0Þjnðk⃗n; σnÞi, calculated in the tree
approximation (see Fig. 2), is equal to (see also [60,141])

hpðk⃗p; σpÞjJþμ ð0Þjnðk⃗n; σnÞiFig: 2
¼ ūpðk⃗p; σpÞ

�
γμð1 − γ5Þ − 2gπNfπ

m2
π − q2

qμγ5
�
unðk⃗n; σnÞ;

ð54Þ
where ūp and un are the Dirac wave functions of the free
proton and neutron. The matrix element of the divergence
of the charged hadronic current ∂μJþμ is equal to

hpðk⃗p;σpÞj∂μJþμ ð0Þjnðk⃗n;σnÞiFig:2
¼ iūpðk⃗p;σpÞ

�
ð−2mNþ2gπNfπÞγ5−2gπNfπ

m2
π

m2
π−q2

γ5
�

×unðk⃗n;σnÞ: ð55Þ
Because of the Goldberger-Treiman (GT) relation gπN ¼
mN=fπ [134] (see also [42,133,135,139]), which appears
naturally in the LσM [see Eq. (8)] at b ¼ fπ with the axial
coupling constant gA equal to gA ¼ 1, we get

hpðk⃗p; σpÞj∂μJþμ ð0Þjnðk⃗n; σnÞiFig: 2
¼ −2gπNfπ

m2
π

m2
π − q2

ūpðk⃗p; σpÞiγ5unðk⃗n; σnÞ: ð56Þ

Because of conservation of the charged hadronic vector
current ∂μVþ

μ ¼ 0 [41,60,141,158] leading to

hpðk⃗p; σpÞj∂μVþ
μ ð0Þjnðk⃗n; σnÞiFig: 2

¼ iqμhpðk⃗p; σpÞjVþ
μ ð0Þjnðk⃗n; σnÞiFig: 2 ¼ 0; ð57Þ

(a) (b)

FIG. 2. The Feynman diagrams, defining the amplitude of the
neutron β− decay n → pþ e− þ ν̄e in the tree approximation in
the quantum field theoretic model of strong low-energy and
electroweak interactions described by the Lagrangian Eq. (44).
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the right-hand side of Eq. (56) is fully defined by the
divergence of the charged hadronic axial-vector current

hpðk⃗p; σpÞj∂μAþ
μ ð0Þjnðk⃗n; σnÞiFig: 2

¼ 2gπNfπ
m2

π

m2
π − q2

ūpðk⃗p; σpÞiγ5unðk⃗n; σnÞ: ð58Þ

Such a matrix element is caused by the partial conservation
of the axial-vector hadronic current (PCAC) ∂μAþ

μ ¼
−

ffiffiffi
2

p
m2

πfππþ [129,133]. Plugging the GT relation
gπN ¼ mN=fπ into Eq. (37) we arrive at the matrix
element of the charged V − A hadronic current, calculated
in the tree approximation in the LσMþ SEM (see
also [141])

hpðk⃗p;σpÞjJþμ ð0Þjnðk⃗n;σnÞiFig:1
¼ ūpðk⃗p;σpÞ

�
γμð1− γ5Þ− 2mN

m2
π −q2

qμγ5
�
unðk⃗n;σnÞ:

ð59Þ

The matrix element of the charged hadronic current
Eq. (59) has the standard Lorentz structure with the vector,
axial-vector and pseudoscalar form factors equal to unity
[42,43,158] (see also [141]). The amplitude of the neutron
β− decay in the tree approximation is equal to

Mðn→pe−ν̄eÞ¼GVūpðk⃗p;σpÞ
�
γμð1−γ5Þ− 2mN

m2
π−q2

qμγ5
�

×unðk⃗n;σnÞ
M2

W

M2
W−q2− i0

�
−ημνþqμqν

M2
W

�

×

�
ūeðk⃗e;σeÞγνð1−γ5Þvν̄

�
k⃗ν̄;þ

1

2

�	
;

ð60Þ

As a consequence of the PCAC the longitudinal part
of the electroweak W−-boson propagator, proportional to
qμqν=M2

W , does not vanish. This violates gauge invariance,
as we have pointed out above. The contribution of such a
violation of gauge invariance to the amplitude of the neutron
β− decay is of orderOð2mNme=M2

WÞ ∼ 1.5 × 10−7. This is 2
orders of magnitude smaller than the corrections of order
OðαEe=mNÞ ∼ 10−5, which we are searching for. In the
chiral limit mπ → 0, that is in the limit of a vanishing pion
mass, the right-hand-side of Eq. (58) and, correspondingly,
Eq. (56) vanish that leads to local conservation of the
charged axial-vector hadronic current ∂μAþ

μ ¼ 0, providing
gauge invariance of the amplitude of the neutron β− decay,
i.e. independence of the longitudinal part of the electroweak
W−-boson propagator.

B. Neutron beta decay in the tree approximation for
electroweak interactions and to one-hadron-loop
approximation for strong low-energy interactions

described by the Lagrangian Eq. (44)

The amplitude of the neutron β− decay in the tree
approximation for the electroweak W−-boson exchange
and to one-hadron-loop approximation can be taken in the
following form [60]:

Mðn → pe−ν̄eÞ
¼ GVhpðk⃗p; σpÞjJþμ ð0Þjnðk⃗n; σnÞiFig: 2þ…þFig: 5

×
M2

W

M2
W − q2 − i0

�
−ημν þ qμqν

M2
W

�

×

�
ūeðk⃗e; σeÞγνð1 − γ5Þvν̄

�
k⃗ν̄;þ

1

2

�	
: ð61Þ

For the calculation of the one-hadron-loop corrections we
shall use the normal ordered form of the Lagrangians
Eqs. (44) and (45), respectively [159]. This allows us to
avoid the tadpole contributions. Using the normal ordered
form of the Lagrangians Eqs. (44) and (45) the Feynman
diagrams, defining the one-hadron-loop contributions to
the amplitude of the neutron β− decay, are shown in
Figs. 3–5, respectively. The Feynman diagrams in
Figs. 3 and 4 define the contributions of the self-energy

(a) (b)

(c) (d)

FIG. 3. Feynman diagrams, describing the contributions to the
amplitude of the neutron β− decay of the self-energy corrections to
the neutronandproton states in theone-hadron-loopapproximation
in the LσM and SEM described by the Lagrangian Eq. (44).

(a) (b)

FIG. 4. Feynman diagrams, describing self-energy corrections
to the π−-meson state in the one-hadron-loop approximation in
the LσM and SEM described by the Lagrangian Eq. (44).

RADIATIVE CORRECTIONS OF ORDER … PHYS. REV. D 99, 093006 (2019)

093006-21



corrections, caused by strong low-energy interactions to the
neutron and proton and π− states, respectively. It is obvious
that after normalization the contributions of these diagrams
to matrix element of the hadronic n → p transition vanish
[57,60]. The nontrivial structure of the matrix element of

the hadronic n → p transition is caused by the contribu-
tions of the Feynman diagrams in Fig. 5 [60].
The matrix element of the hadronic n → p transition,

calculated in the one-hadron-loop approximation, is equal
to (see Appendix A of Supplemental Material [77])

hpðk⃗p; σpÞjJþμ ð0Þjnðk⃗n; σnÞiFig: 2þ…þFig: 5 ¼ ūpðk⃗p; σpÞ

�

1þ ðZ̃ðNÞ
1 − 1Þ þ ðZN − 1Þ þ g2πN

8π2

�
ln

Λ2

m2
N
−
1

4
ln

m2
σ

m2
N

�	
γμ

−
�
1þ ðZ̃ðNÞ

1 − 1Þ þ ðZN − 1Þ þ g2πN
8π2

�
5

4
ln

m2
σ

m2
N
− ln

Λ2

m2
N

�	
γμγ

5

þ 5g2πN
16π2

iσμνqν

2mN
−

2mNqμ
m2

π − q2 − i0
γ5
�
1þ ðZMN − 1Þ þ ðZ̃ðNÞ

2 − 1Þ þ ðZ̃ðMÞ
1 − 1Þ

þ ðZM − 1Þ þ g2πN
8π2

�
ln

m2
σ

m2
N
þ ln

Λ2

m2
N

�	�
unðk⃗n; σnÞ: ð62Þ

Using Eq. (A6) in Supplemental Material [77], we arrive at the matrix element of the hadronic n → p transition, calculated
to the one-hadron-loop approximation. We get

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

FIG. 5. Feynman diagrams, describing the contributions of the hadronic structure of the neutron and proton, and the π− meson
to the amplitude of the neutron β− decay in the one-hadron-loop approximation in the LσM and SEM described by the
Lagrangian Eq. (44).
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hpðk⃗p; σpÞjJþμ ð0Þjnðk⃗n; σnÞiFig: 2þ…þFig: 5 ¼ ūpðk⃗p; σpÞ


½1þ ðZ̃ðNÞ

1 − 1Þ − ðZ̃ðNÞ
2 − 1Þ�γμ −

�
1þ ðZ̃ðNÞ

1 − 1Þ − ðZ̃ðNÞ
2 − 1Þ

þ g2πN
8π2

�
3

2
ln

m2
σ

m2
N
− 2ln

Λ2

m2
N

�	
γμγ

5 þ 5g2πN
16π2

iσμνqν

2mN

−
2mNqμ

m2
π − q2 − i0

γ5
�
1þ

�
ðZMN − 1Þ − ðZN − 1Þ − ZM − 1

2

�
þ ðZ̃ðMÞ

1 − 1Þ

−
3

2
ðZ̃ðMÞ

2 − 1Þ − g2πN
8π2

�
3ln

Λ2

m2
N
−
5

4
ln

m2
σ

m2
N

�	�
unðk⃗n; σnÞ: ð63Þ

Because of gauge invariance andWard identities Z̃ðNÞ
2 ¼ Z̃ðNÞ

1 and Z̃ðMÞ
2 ¼ Z̃ðMÞ

1 we transcribe the right-hand side of Eq. (63)
into the form

hpðk⃗p; σpÞjJþμ ð0Þjnðk⃗n; σnÞiFig: 2þ…þFig: 5 ¼ ūpðk⃗p; σpÞ


γμ −

�
1þ g2πN

8π2

�
3

2
ln

m2
σ

m2
N
− 2ln

Λ2

m2
N

�	
γμγ

5

þ 5g2πN
16π2

iσμνqν

2mN
−

2mNqμ
m2

π − q2 − i0
γ5
�
1þ

�
ðZMN − 1Þ − ðZN − 1Þ − ZM − 1

2

�

−
1

2
ðZ̃ðMÞ

2 − 1Þ − g2πN
8π2

�
3ln

Λ2

m2
N
−
5

4
ln

m2
σ

m2
N

�	�
unðk⃗n; σnÞ: ð64Þ

Since the counterterm ZMNZ−1
N Z−1=2

M renormalizes the pion-nucleon coupling constant gπN , we set

ðZMN − 1Þ − ðZN − 1Þ − ZM − 1

2
¼ gA − 1; ð65Þ

where gA ≠ 1 is the axial coupling constant, defining a finite nontrivial renormalization of the pion-nucleon coupling
constant gπN [44]. Setting then the relation

Z̃ðMÞ
2 − 1 ¼ −

g2πN
8π2

�
3ln

Λ2

m2
N
−
5

4
ln

m2
σ

m2
N

�
ð66Þ

we arrive at the following matrix element of the hadronic n → p transition

hpðk⃗p; σpÞjJþμ ð0Þjnðk⃗n; σnÞiFig: 2þ…þFig: 5 ¼ ūpðk⃗p; σpÞ


γμ −

�
1þ g2πN

8π2

�
3

2
ln

m2
σ

m2
N
− 2ln

Λ2

m2
N

�	
γμγ

5

þ 5g2πN
16π2

iσμνqν

2mN
−

2mNgAqμ
m2

π − q2 − i0
γ5
�
unðk⃗n; σnÞ: ð67Þ

In the chiral limit mπ → 0 the matrix element Eq. (67) should obey the requirement of conservation of the axial-vector
hadronic current [42], i.e.

qμ lim
mπ→0

hpðk⃗p; σpÞjJþμ ð0Þjnðk⃗n; σnÞiFig: 2þ…þFig: 5 ¼ 0: ð68Þ

This allows us to impose the following relation:

gA ¼ 1þ g2πN
8π2

�
3

2
ln

m2
σ

m2
N
− 2ln

Λ2

m2
N

�
: ð69Þ
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The axial coupling constant gA defines a finite renormal-
ization of the axial-vector hadronic current [44]. This
means that the right-hand side of Eq. (69) should be finite
even in the limit Λ → ∞ andmσ → ∞. This can be reached
if m2

σ ¼ ðΛ2=m2
NÞ4=3M2, where M is a finite scale param-

eter. The fact that the mass of the σ meson tends to infinity
faster than the ultraviolet cutoff does not contradict our
analysis of the equivalence of the LσM to the chiral
quantum field theories with nonlinear realizations of chiral
SUð2Þ × SUð2Þ symmetry (see Sec. IV). As a result, the
matrix element of the hadronic n → p transition takes the
standard form [158]

hpðk⃗p; σpÞjJþμ ð0Þjnðk⃗n; σnÞiFig: 2þ…þFig: 5

¼ ūpðk⃗p; σpÞ


γμð1 − gAγ5Þ þ

κ

2mN
iσμνqν

−
2mNgAqμ

m2
π − q2 − i0

γ5
�
unðk⃗n; σnÞ; ð70Þ

where κ ¼ 5g2πN=16π
2 is the isovector anomalous n mag-

netic moment of the nucleon defining the intensity of the so-
called weak magnetism [43]. The experimental value of the
isovector anomalous magnetic moment of the nucleon is
equal to κ ¼ κp − κn ¼ 3.70589 with κp ¼ 1.7928473 and
κn ¼ −1.9130427, where κp and κn are anomalousmagnetic
moments of the proton and neutron, respectively [3]. Setting
κ ¼ 3.70589 onemay estimate the value of the pion-nucleon
coupling constant gπN ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ16π2=5

p
¼ 10.82. This defines

the leptonic decay (or the PCAC) constant of pion fπ ¼
86.8 MeV at mN ¼ ðmp þmnÞ=2 ¼ 939 MeV [3], which
agrees well with the definition of a bare leptonic decay
constant of a pion [117]. In our approach a bare leptonic
decay constant of pion fπ ¼ 86.8 MeV deviates from the
observable value of the pion-leptonic constant is equal to

fðobsÞπ ¼ 92.4 MeV [3] by about 6%.
Thus, we have shown that the matrix element of the

hadronic n → p transition, calculated to one-hadron-loop

approximation in the quantum field theoretic model of
strong low-energy and electroweak interactions described
by the Lagrangian Eq. (44), possesses a standard Lorentz
structure, where contributions of strong low-energy inter-
actions are defined by the axial coupling constant gA ≠ 1,
the isovector anomalous magnetic moment of the nucleon κ
and the one-pion-pole exchange. In the chiral limit the
matrix element of the hadronic n → p transition provides
independence of the amplitude of the neutron β− decay of
the longitudinal part of the electroweak W−-boson propa-
gator. This agrees well with a requirement of conservation
of the axial-vector hadronic current in the chiral limit [42].
Using the experimental value of the axial coupling

constant gðexpÞA ¼ 1.27641ð45Þstatð33Þsyst, measured recently
by the spectrometer PERKEO III [56], we estimate the
value of the scale parameter M ≃ 1 GeV, agreeing well
with a scale Λχ ∼ 1 GeV of spontaneous breakdown of
chiral symmetry [117].

VII. RADIATIVE ONE-LOOP
ELECTROMAGNETIC CORRECTIONS

TO THE NEUTRON β− DECAY n → p+ e − + ν̄e

In this section we proceed to the calculation of the
radiative corrections of order Oðα=πÞ and its next-to-
leading order corrections of order OðαEe=mNÞ to the
neutron β− decay, caused by one-virtual-photon exchanges.
For this aim we start with the analysis of the radiative
electromagnetic corrections to the amplitude of the neutron
β− decay taken in the tree approximation for strong
low-energy interactions at gA ¼ 1 and described by the
Feynman diagrams in Fig. 6. We show that the set of
Feynman diagrams in Fig. 6 is gauge invariant, i.e.
independent of a gauge parameter ξ of the photon propa-
gator. Then, we show that gauge properties of the Feynman
diagrams in Fig. 6 are not changed even for gA ≠ 1 and
calculate these diagrams setting gA ≠ 1. This allows us to
take contributions of strong low-energy interactions at
Sirlin’s confidence level [14,21].

(a) (b) (c)

(d) (e) (f)

FIG. 6. Feynman diagrams, describing the one-photon-loop radiative corrections to the part of the amplitude of the neutron β− decay,
described by the Feynman diagram in Fig. 2(a).
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A. Amplitude of the neutron β− decay in the tree
approximation for strong low-energy interactions and

to one-loop approximation for electromagnetic
interactions described by the Lagrangian Eq. (44)

The amplitude of the neutron β− decay, calculated in the
tree approximation for strong low-energy and electroweak
interactions is described by the Feynman diagrams in Fig. 2.
The radiative corrections to this part of the amplitude of the
neutron β− decay, caused by one-virtual-photon exchanges
and described by the Lagrangian Eq. (44), are defined by the
Feynman diagrams in Fig. 6.We do not analyze the radiative
corrections to the one-pion-pole exchange, since as has been
shown in [62] the radiative corrections to the one-pion-pole
exchange are of order 10−9 and can be neglected in
comparison with the radiative corrections of order 10−5,
which we are searching for in this paper. The details of the
calculation of the Feynman diagrams in Fig. 6 one may find

in Appendices B and C of the Supplemental Material [77],
where we show that the Feynman diagrams in Fig. 6 are
gauge invariant and do not depend on a gauge parameter ξ of
the photon propagator. We show also that gauge invariance
of the Feynman diagrams in Fig. 6 retains even for the axial
coupling constant gA ≠ 1. As has been shown in Sec. VI [see
Eq. (70)], the axial coupling constant gA ≠ in the amplitude
of the neutron β− decay appears as a contribution of one-
hadron-loop diagrams, caused by strong low-energy inter-
actions described by the Lagrangian Eq. (44). Gauge
invariance of the Feynman diagrams in Fig. 6 for gA ≠ 1
allows us to take into account partly the contributions of
strong low-energy interactions to the one-hadron-loop
approximation. As we have shown in Appendices B and
C of the Supplemental Material [77] the amplitude of the
neutron β− decaywith radiative corrections of orderOðα=πÞ
and OðαEe=mNÞ after renormalization takes the form

Mðn → pe−ν̄eÞ ¼ −2mNGV
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where the functions fβ−c ðEe; μÞ, fVðEeÞ, fAðEeÞ, fSðEeÞ
and so on are calculated in Appendixes B and C of the
Supplemental Material [77] and are given in Eq. (C4). The
function fβ−c ðEe; μÞ, where μ is an infinitesimal photon
mass, realizing relativistic covariant infrared regularization
of the radiative corrections caused by one-photon loop
exchanges [14], has been calculated by Sirlin [14] (the
details of the calculation one may find in [5]). This function
together with the terms [see Eq. (C5) in Supplemental
Material [77] ] which survive to leading order in the large
nucleon mass expansion, define the famous Sirlin’s func-
tion ḡðEeÞ [14], describing radiative corrections to the
neutron lifetime. The functions fVðEeÞ, fAðEeÞ, fSðEeÞ,
fTðEeÞ, gSðEeÞ, hSðEeÞ, gVðEeÞ and hAðEeÞ [see Eq. (C4)
in Supplemental Material [77] ] are related to the

radiative corrections of order OðαEe=mNÞ. The term
ðα=πÞð5m2

N=2M
2
WÞlnðM2

W=m
2
NÞ ∼ 10−5, calculated at

mN ¼ 0.939 GeV and MW ¼ 80.379 GeV [3], is the rest
of the contributions of the virtual electroweak W−-boson
exchanges (see Feynman diagrams in Fig. 6) after renorm-
alization (see Appendixes B and C).

B. Rate of the neutron β− decay n → p+ e− + ν̄e
described by the amplitude Eq. (71). Corrections of

order OðαEe=mNÞ to Sirlin’s function

First, following [5] we calculate the electron energy and
angular distribution of the neutron β− decay n → pþ e− þ
ν̄e with unpolarized massive fermions, described in the
amplitude Eq. (71). We get
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where dΩe and dΩν̄ are infinitesimal solid angles in the directions of the electron and antineutrino 3-momenta,
FðEe; Z ¼ 1Þ is the well-known relativistic Fermi function, describing the electron-proton Coulomb final-state interaction
(see, for example, [40]). The rate λβ−c ðμÞ of the neutron β− decay n → pþ e− þ ν̄e is defined by the integral
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where E0 ¼ ðm2
n −m2

p þm2
eÞ=2mn ¼ 1.2927 MeV is the

end-point energy of the electron-energy spectrum [5]. In the
integrand the first term of order Oðα=πÞ reproduces fully
Sirlin’s result [14], calculated to leading order in the large
nucleon mass expansion.
For the cancellation of the infrared divergence in the rate

λβ−c ðμÞ of the neuron β− decay n → pþ e− þ ν̄e and to
calculate the total rate of the neutron β− decays we have to

take into account the rate λβ−c γðμÞ of the neutron radiative β−
decay n → pþ e− þ ν̄e þ γ, where γ is a real photon [10–
15]. The Feynman diagrams, describing the amplitude of
the neutron radiative β− decay in the tree approximation for
electroweak, electromagnetic and strong low-energy inter-
actions, are shown in Fig. 7. The Feynman diagrams are
drawn to leading order in the large mass MW of the
electroweak W−-boson expansion at the neglect of the

(a) (b) (c)

(d) (e) (f)

FIG. 7. Feynman diagrams, defining in the tree approximation for the electroweak, electromagnetic and strong low-energy interactions
the amplitude of the neutron radiative β− decay calculated with the Lagrangian Eq. (44). The Feynman diagrams are drawn to leading
order in the large massMW of the electroweakW−-boson expansion at the neglect of the Feynman diagram with the vertexW−W−γ, the
contribution of which is suppressed by the factor q · k=M2

W, where k is a 4-momentum of a real photon.
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Feynman diagram with the vertexW−W−γ, the contribution
of which is suppressed by the factor q · k=M2

W, where k is a
4-momentum of a real photon. The Feynman diagrams in
Figs. 7(c)–7(f) are caused by the mesonic part of the
charged hadronic axial-vector current. The calculation of
the Feynman diagrams in Fig. 7 has been carried out in [60]
(see also Appendix D of the Supplemental Material [77]).
For the calculation of the neutron lifetime τn, related to the
rate τn ¼ 1=λn, where λn ¼ λβ−c ðμÞ þ λβ−c γðμÞ, we may use
λβ−c γðμÞ, calculated to leading order in the large nucleon
mass expansion. Using the results, obtained in Appendix B
of Ref. [5] (see also Appendix D in the Supplemental
Material [77]), we get the rate λβ−c γðμÞ of the neutron
radiative β− decay
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and the total rate λn ¼ λβ−c ðμÞ þ λβ−c γðμÞ of the neutron β−

decay
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where the function ḡnðEeÞ is Sirlin’s function equal to [14]
(see also Appendix D of Ref. [5])
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and the function h̄nðEeÞ, defining gauge invariant radiative
corrections of order OðαEe=mNÞ to Sirlin’s function
ḡnðEeÞ, is given by

h̄nðEeÞ ¼
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where the functions fVðEeÞ, fVðEeÞ, fSðEeÞ, fTðEeÞ,
gSðEeÞ, gVðEeÞ, hSðEeÞ and hAðEeÞ are adduced in
Eq. (C4) of Appendix C in the Supplemental Material
[77]. Thus, we have reproduced fully Sirlin’s radiative
corrections of order Oðα=πÞ ∼ 10−3 to the neutron lifetime,
calculated to leading order in the large nucleon mass
expansion, and obtained radiative corrections of order
OðαEe=mNÞ ∼ 10−5 or corrections to Sirlin’s function
ḡnðEeÞ in the gauge invariant and renormalizable quantum
field theoretic model of strong low-energy and electroweak
interactions, described by the Lagrangians Eqs. (44) and
(45). In Fig. 8 we plot the function ðα=πÞðEe=mNÞh̄nðEeÞ,
where (i) the black curve is defined by the contributions of
all three terms in Eq. (77), (ii) the red curve is given by the
contribution of only the first term, (iii) the blue curve is
defined by the contributions of the last three terms and
(iv) the green line determines the contribution of the last
term, caused by the contribution of the electroweak W−-
boson exchanges. The function ðα=πÞðEe=mNÞh̄nðEeÞ
depends strongly on the axial coupling constant gA. The
curves in Fig. 8 are calculated at gA ¼ 1.2764 [56],

FIG. 8. Radiative corrections of order OðαEe=mNÞ, which are
described by the function h̄nðEeÞ defining next-to-leading order
corrections in the large nucleon mass expansion to Sirlin’s
function ḡnðEeÞ, calculated to leading order in the large nucleon
mass expansion [see Eq. (77)], where (i) black, (ii) red, (iii) blue
and (iv) green curves are defined by the contributions of (i) all
three terms, (ii) of the first term, (iii) of the last two terms and
(iv) of the last term of Eq. (77), respectively. The radiative
corrections OðαEe=mNÞ are calculated in the electron-energy
region me < Ee < E0.
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me ¼ 0.511 MeV, mN ¼ ðmn þmpÞ=2 ¼ 939 MeV and
MW ¼ 80379 MeV, respectively [3], in the electron-energy
region me < Ee < E0.

VIII. DISCUSSION

We have calculated radiative corrections of order
OðαEe=mNÞ ∼ 10−5 as next-to-leading order corrections
in the large nucleon mass expansion to Sirlin’s radiative
corrections of order Oðα=πÞ, calculated to leading order in
the large nucleon mass expansion to the neutron lifetime
[14]. For the extension of Sirlin’s result on the contributions
of order OðαEe=mNÞ we have followed the assertion
pointed out in [60–62] that for the analysis of corrections
of orderOðαEe=mNÞ as next-to-leading order corrections in
the large nucleon mass expansion to Sirlin’s radiative
corrections of order Oðα=πÞ one has to deal with a
combined quantum field theoretic model at the hadronic
level for strong low-energy pion-nucleon interactions and
electroweak interactions of the standard electroweak model
with SUð2ÞL ×Uð1ÞY symmetry. Thus, for the calculation
of radiative corrections of order OðαEe=mNÞ ∼ 10−5 as
next-to-leading order corrections in the large nucleon mass
expansion to Sirlin’s radiative corrections of order Oðα=πÞ
we have proposed a gauge invariant quantum field theoretic
model of strong low-energy pion-nucleon interactions and
electroweak pion-nucleon-lepton interactions with electro-
weak SUð2ÞL ×Uð1ÞY gauge symmetry, described by the
Lagrangian Eq. (44). In the limit of vanishing electroweak
coupling constants such a quantum field theoretic model
reduces to the linear σ model of strong low-energy pion-
nucleon interactions with chiral SUð2Þ × SUð2Þ symmetry,
which is treated as a hadronized version of low-energy
QCD. The latter is justified by an equivalence of the LσM
with a linear realization of chiral SUð2Þ × SUð2Þ symmetry
to Gasser-Leutwyler’s chiral perturbation theory with non-
linear realization of chiral SUð2Þ × SUð2Þ symmetry in the
limit of the infinite mass mσ → ∞ of the scalar isoscalar σ
meson (see Sec. IV and [112]). We have shown that the
quantum field theoretic model of strong low-energy and
electroweak interactions, described by the Lagrangian
Eq. (44), reproduces well in the tree approximation for
electroweak W−-boson exchanges and to one-hadron-loop
approximation, calculated in the limit of the infinitely
heavy scalar isoscalar σ meson, a correct Lorentz structure
of the matrix element of the hadronic n → p transition in
the amplitude of the neutron β− decay. The contributions of
strong low-energy interactions are presented in the matrix
element of the hadronic n → p transition in terms of the
axial coupling constant gA ≠ 1, the anomalous isovector
magnetic moment of the nucleon κ and the one-pion-pole
exchange. In the chiral limit mπ → 0 such a matrix element
does not depend on a longitudinal part of the electroweak
W−-boson propagator. This agrees well with the analysis of
weak decays within effective standard V − A theory of

weak interactions, carried out by Feynman and Gell-Mann
[41] and Nambu [42] (see also [43,141,158]).
In the quantum field theoretic model, described by the

Lagrangian Eq. (44), the radiative corrections of order
Oðα=πÞ are defined by the one-photon-loop Feynman
diagrams in the tree approximation for strong low-energy
hadronic interactions and by two-loop Feynman diagrams
with one-virtual-photon and -hadron exchanges. After
renormalization these Feynman diagrams define the radi-
ative corrections of order Oðα=πÞ to the neutron β− decay
with the traces of strong low-energy hadronic interactions
in terms of the axial coupling constant gA ≠ 1 and the
contributions of hadronic structure of the nucleon, which
do not reduce to the axial coupling constant.
As a first step towards a calculation of radiative

corrections of order Oðα=πÞ valid to any order in the large
nucleon mass expansion and an understanding of gauge
properties of these corrections in dependence of one-
virtual-photon exchanges with hadronic structure of the
neutron and proton, we have investigated the contributions
of one-photon-loop Feynman diagrams in the tree approxi-
mation for strong low-energy hadronic interactions, which
are shown in Fig. 6. To leading order in the large
electroweak W−-boson exchanges these diagrams reduce
to the set of one-photon-loop Feynman diagrams, defined
by Figs. 6(a), 6(e) and 6(f), with pointlike neutron and
proton, defined within the standard V − A effective theory
of weak interactions and quantum electrodynamics (QED).
Such a reduced set of Feynman diagrams has been
investigated by Sirlin [14] to leading order in the large
nucleon mass expansion for the calculation of the radiative
corrections to the neutron lifetime, defined by the function
ðα=πÞḡnðEeÞ. As has been pointed out by Sirlin [14], these
Feynman diagrams with one-virtual photon coupled to
pointlike proton and electron is not gauge invariant, and for
a gauge invariant set of Feynman diagrams defining
observable radiative corrections of order Oðα=πÞ one has
to take into account Feynman diagrams of one-virtual-
photon exchanges with hadronic structure of the neutron
and proton. Keeping only the leading order contributions in
the large nucleon mass expansion Sirlin obtained that the
observable radiative corrections of order Oðα=πÞ to the
neutron lifetime do not depend on the axial coupling
constant gA ≠ 1 and the contributions of hadronic structure
of the nucleon coupled to one-virtual photon, responsible
for gauge invariance of radiative corrections of order
Oðα=πÞ, do not depend on the electron energy Ee
[14,21]. Thus, the analysis of the Feynman diagrams in
Fig. 6, taken in the tree approximation for strong low-
energy interactions, only for the first step in the calculation
of radiative corrections of order Oðα=πÞ should shed
light on the influence of the hadronic structure of the
nucleon on gauge invariance of radiative corrections of
order Oðα=πÞ valid to any order in the large nucleon mass
expansion.
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The analytical expressions for these Feynman diagrams,
adduced in Appendix B of the Supplemental Material [77],
can be obtained by using the Lagrangian Eq. (44) with the
axial coupling constant gA equal to gA ¼ 1. As we have
shown in Appendix B of the Supplemental Material [77]
these Feynman diagrams are gauge invariant and do not
depend on a gauge parameter ξ of the longitudinal part of
the photon propagator. Having noticed that such an
independence of a gauge parameter ξ retains also for
gA ≠ 1, we have calculated the contributions of the
Feynman diagrams in Fig. 6 at gA ≠ 1. This has allowed
us to take into account partly the contributions of strong
low-energy interactions in terms of the axial coupling
constant and to deal with gauge invariant radiative con-
tributions of order Oðα=πÞ valid to any order in the large
nucleon mass expansion at Sirlin’s confidence level [14].
The latter is very important for the calculation of next-to-
leading corrections in the large nucleon mass expansion to
Sirlin’s radiative corrections, calculated to leading order in
the large nucleon mass expansion. After renormalization of
the one-photon-loop contributions we have obtained the
radiative corrections to the amplitude of the neutron β−

decay of order Oðα=πÞ ∼ 10−3, agreeing fully with Sirlin’s
result [14] (see also Appendices C and D of Ref. [5])
calculated to leading order in the large nucleon mass
expansion, and have taken into account next-to-leading
order corrections in the large nucleon mass expansion of
order OðαEe=mNÞ ∼ 10−5 [see Eq. (70)]. The amplitude of
the neutron β− decay, given by Eq. (70) and supplemented
by next-to-leading order 1=mN proton recoil corrections
and contributions of the weak magnetism, might be used for
the analysis of the neutron lifetime and correlation coef-
ficients of the neutron β− decays with different polarization
states of the neutron and massive decay fermions to order
10−5. We are planning to carry out such an analysis in our
forthcoming publications.
The OðαEe=mNÞ corrections, defined by the function

h̄nðEeeÞ [see Eq. (77)], to Sirlin’s function ḡnðEeÞ is plotted
in Fig. 8 in the electron-energy region me < Ee < E0. The
order of the OðαEe=mNÞ corrections is of about 10−5.
Unlike Sirlin’s corrections ðα=πÞḡnðEeÞ of order
Oðα=πÞ ∼ 10−3, which do not depend on the axial coupling
constant gA, the corrections of order OðαEe=mNÞ ∼ 10−5

depend strongly on the axial coupling constant or on strong
low-energy interactions. It is important to emphasize that
the term ðα=πÞð5=2Þðm2

N=M
2
WÞlnðM2

W=m
2
NÞ ≃ 5 × 10−6

does not depend on the electron energy Ee. Such a
contribution comes from the Feynman diagrams in
Figs. 6(b) and 6(c), which are important for gauge
invariance of the one-photon-loop exchanges, and agrees
well with Sirlin’s assertion that the contribution of
Feynman diagrams restoring gauge invariance of the
Feynman diagrams with one-virtual photon exchanges,
when a virtual photon emitted by the proton is hooked
by the electron and self-energy proton and electron

Feynman diagrams, do not depend on the electron energy.
So one may assert that the radiative corrections of order
OðαEe=mNÞ ∼ 10−5 calculated as next-to-leading order
corrections to Sirlin’s radiative corrections of order
Oðα=πÞ, are defined at Sirlin’s confidence level of radiative
corrections of order Oðα=πÞ. In addition the calculation of
the radiative corrections of orderOðα=πÞ being valid to any
order in the large nucleon mass expansion and defined by a
gauge invariant set of Feynman diagrams in Fig. 6 testifies
that the contributions of one-virtual photon interactions
with hadronic structure of the nucleon should be described
by a set of Feynman diagrams, which are self-gauge
invariant. The shape of radiative corrections of order
Oðα=πÞ as functions of the electron energy Ee, caused
by one-virtual photon coupled to hadronic structure of the
nucleon, is to some extent model-dependent and can be
calculated within the quantum field theoretic model of
strong low-energy and electroweak interactions defined by
the Lagrangian Eq. (44). We would like also to notice that
the radiative corrections of order OðαEe=mNÞ to the
amplitude of the neutron β− decay Eq. (71) can be also
used for the calculation of radiative corrections of order
10−5 to the proton recoil distribution of the neutron β−

decay [26–31].
Thus, concluding our discussion of the radiative correc-

tions of order OðαEe=mNÞ as next-to-leading order cor-
rections in the large nucleon mass expansion to Sirlin’s
radiative corrections of orderOðα=πÞ, calculated to leading
order in the large nucleon mass expansion, we may argue
that there are else three problems, the analysis of which
goes beyond the scope of this paper. They are (i) the
radiative corrections to two-loop approximation with one-
hadron- and one-photon-loop exchanges, the contributions
of which do not reduce to the axial coupling constant,
(ii) the contribution of the electroweak W- and Z-boson
exchanges to one-virtual electroweak boson approximation
and (iii) the radiative corrections to two-loop approxima-
tion with one-hadron- and one-electroweak-boson-loop
exchanges.
The contributions of the electroweak W- and Z-boson

exchanges are defined by more than 24 Feynman diagrams
with intermediate W- and Z-boson virtual exchanges.
Practically, they have been calculated by Sirlin with co-
workers (see, for example, [32]). We have to show that such
a result can be obtained in the quantum field theoretic
model of strong low-energy and electroweak interactions,
described by the Lagrangian Eq. (44). According to [32],
the contribution of the electroweak W- and Z-boson
exchanges do not depend on the electron energy Ee. Our
analysis of the Feynman diagrams in Appendices B and C
of the Supplemental Material [77], where we have shown
that the contributions of Feynman diagrams with virtual
electroweak W−-boson exchanges do not depend on the
electron energy Ee, agrees well with independence of the
electron energy the corrections caused by the electroweak
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W- and Z-boson exchanges. So that the contribution of the
Feynman diagrams withW- and Z-boson virtual exchanges
should not add any corrections of order OðαEe=mNÞ.
As next-to-leading order corrections to the result
obtained in [32] we may expect the corrections of order
ðm2

N=M
2
XÞlnðM2

X=m
2
NÞ ∼ 10−5 for X ¼ W or Z, respec-

tively. We are planning to take into account the contribu-
tions of the virtual electroweakW- and Z-boson exchanges
in our forthcoming publication.
Then, the contributions of the two-loop Feynman dia-

grams with virtual hadron and photon exchanges, which
cannot be reduced to the contribution of the axial coupling
constant, and electroweak W- and Z-boson exchanges are
defined by a huge number of Feynman diagrams which
could in principle give some nontrivial but finite indepen-
dent of the electron energy Ee contributions to the radiative
corrections of order Oðα=πÞ and, correspondingly, to next-
to-leading order corrections in the large nucleon mass
expansion. However, according to Sirlin’s analysis [14,21],
the corrections of hadronic structure of the nucleon to order
Oðα=πÞ and taken to leading in the large nucleon mass
expansion do not depend on the electron energy Ee and can
be removed by renormalization of the Fermi and axial
coupling constants. Nevertheless, we are planning to carry
out the investigation of the problem of contributions of
hadronic structure of the nucleon coupled to one-virtual
photon and virtual electroweak bosons, which cannot be
reduced to the axial coupling constant gA, in our forth-
coming publications.
Finally we would like to notice that in the quantum field

theoretic model of strong low-energy and electroweak
interactions strong low-energy interactions are described
by the LσM with a linear realization of chiral SUð2Þ ×
SUð2Þ symmetry. We calculate the contributions of strong
low-energy interactions in the limit of the infinite mass of
the scalar isoscalar σ meson. In such a limit the LσM is
equivalent to the quantum field theory with a nonlinear
realization of chiral SUð2Þ × SUð2Þ symmetry. In the
exponential parametrization of the pion field the LσM
reduces to ChPT (see [112]), which is accepted as a low-
energy QCD [113,117]). Since the use of the LσM as a
quantum field theoretic model of strong low-energy pion-
nucleon interactions makes to some extent the results of our

analysis of contributions of strong low-energy interactions
to the neutron β− decays model dependent, we are planning
to reformulate the quantum field theoretic model of strong
low-energy and electroweak interactions, presented by the
Lagrangian Eq. (29) and, correspondingly, Eq. (44) with
the sector of strong low-energy pion-nucleon interactions,
described by ChPT with a nonlinear realization of chiral
SUð2Þ × SUð2Þ symmetry. However, first of all we would
like to investigate the problems mentioned above for
subsequent investigations of an influence of strong low-
energy interactions on gauge properties and renormaliz-
ability of radiative corrections to the neutron β− decays in
the quantum field theoretic model of strong low-energy and
electroweak interactions with the sector of strong low-
energy interactions described by the LσM. According to
Weinberg’s “theorem” [124] (see also subsection C in
Sec. III), because of an equivalence of the LσM to the ChPT
[112] (see also Sec. IV) the results obtained in the LσM and
in the ChPT as quantum field theoretic models of strong
low-energy interactions in the neutron β− decays should be
in principle the same. A comparison of the results, obtained
within these to quantum field theoretic models of strong
low-energy hadronic interactions with chiral SUð2Þ ×
SUð2Þ symmetry in the neutron β− decays, should be to
some extent a good verification of Weinberg’s theorem,
which is required by Weinberg [124].
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