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Pion family in AdS/QCD: The next generation from configurational entropy
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Using two-flavor AdS/QCD, with chiral and gluon condensates, we describe the pion family and its
mass spectra. Using gravity-dilaton-gluon backgrounds, entropic Regge-like trajectories for the pion family
are then derived. They relate the underlying configurational entropy of the z mesons to both the pion
excitation wave mode number and the pion experimental mass spectra, yielding a reliable prediction for the
mass spectra of higher-excitation pion modes, which could be experimentally detected.
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I. INTRODUCTION

The configurational entropy (CE) apparatus consists in
measuring the shape complexity of any localized system
[1,2]. The information encoded in random processes is
represented by the CE, which thus represents the com-
pression of information in the wave mode configurations of
any system in nature [1,2]. The CE setup has been shown to
be an advantageous instrument to probe various aspects of
QCD, in the holographic AdS/QCD correspondence, from
both theoretical and phenomenological viewpoints.
Elementary particles and their excitations, and some of
their features, in QCD, were shown to correspond to critical
points of the CE [3-9]. Among other fields, mesonic states
and glueballs play a prominent role in the informational
aspects of AdS/QCD. The phenomenological dominance
and abundance of certain excitation levels of mesonic states
—in particular light-flavor mesons and quarkonia—and
glueballs is an immediate implication of encoding and
compressing information into the Fourier wave modes that
underlie and constitute such states. Quantum states whose
CE is bigger were shown to be less observable in experi-
ments. Phenomenological aspects of the CE in AdS/QCD
were studied in Refs. [3,8] for light-flavor mesons, in
Refs. [6,9] for bottomonium and charmonium, in both the
quantum field theory and finite-temperature setups, and in
Ref. [4] for scalar glueballs. Other aspects of the CE in
QCD were studied in Refs. [10-14] and in the standard
model as well, in Refs. [15,16]. Informational entropic
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Regge-like trajectories of the a;, f, and p light-flavor
mesons were also introduced in Ref. [17], in the context of
the CE. In addition, the CE is a sharp tool that can also
probe phase transitions, identified as CE critical points, in
diverse systems in physics [18-29]. A more precise review
of information theory, in both its classical and quantum
aspects, can be found in Ref. [30].

In the last years, the AdS/QCD models have been used to
study many nonperturbative aspects of QCD, such as
confinement [31-34], hadronic mass spectra [35,36] and
chiral symmetry breaking [37,38]. The AdS/QCD setup,
inspired by the gauge/gravity duality [39], considers a similar
type of duality, where the conformal invariance is broken
after introducing an energy parameter in the AdS bulk. The
simplest AdS/QCD model is the hard-wall model [40-42]
and consists in placing a hard geometrical cutoff in the AdS
space. Another AdS/QCD model is represented by the soft-
wall technique [31], which reproduces a very important
feature: the so-called linear Regge behavior. In this case, the
background involves the AdS space and a scalar field, the
dilaton, that effectively acts as a smooth infrared cutoff.

Among the mesons that can be investigated in the AdS/
QCD models, the pseudoscalar 7 meson, the pion, occupies
a prominent position. There have been many studies of the
properties of the pion using holographic approaches
[35,43-49]. In particular, the approach of Ref. [35] con-
structs a dynamical holographic QCD model for the two-
flavor theory, in the graviton-dilaton background, that
incorporates the Regge behavior of the hadron spectra,
the linear quark potential and the chiral symmetry breaking.
It was found in this model that the lowest pion state has a
mass around 140 MeV, which can be regarded as the
Nambu-Goldstone boson due to the chiral symmetry
breaking. The mass spectra of the pion agrees well with
the experimental data [50].

Endowed with the tools of the CE and two-flavor
AdS/QCD, with chiral and gluon condensate backgrounds
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coupled to gravity, the configurational entropic Regge-like
trajectories for the pion family shall be derived and
scrutinized. There are two types of Regge-like trajectories
to be studied. The first one relates the pion family CE to the
pion excitation wave mode number, whereas the second
one associates the pion family CE to the pion experimental
mass spectra. Analyzing both types of Regge-like trajecto-
ries can, then, provide a reliable prediction for the mass
spectra of higher-excitation modes of # mesonic states.
This paper is organized as follows. Section II introduces the
two-flavor AdS/QCD soft-wall model and the pion family
equation of motion (EOM) and main features, in this
context. The mass spectra of the pion family is then
depicted, showing the standard Regge trajectory.
Section III is devoted to studying the gluon and chiral
condensate backgrounds coupled with gravity, for two
dilatonic models. The CE is then calculated for the =z
meson family, first with respect to the n excitation mode
number for the z,, modes in the pion family. Besides, the
CE is also computed as a function of the pion family mass
spectra, generating then a second type of nonlinear Regge
trajectory. Therefore the two types of configurational
entropic Regge trajectories are interpolated, relating the
CE to both n and the pion mass spectra. Hence, the mass
spectra of higher-excitation 7z, modes is inferred. It
provides a reliable phenomenological prediction of the
mass spectra of the next generation of higher excitations in
the pion family. Section IV closes the paper with dis-
cussions, conclusions and some perspectives.

II. TWO-FLAVOR ADS/QCD AND THE
PION FAMILY

Meson families were comprehensively described in
AdS/QCD, both in the hard- and soft-wall models
[31,38,46,51-54]. Dynamical holographic models were
also approached in Refs. [8,55-58]. The so-called Regge
trajectories, relating the excitation number of a light-flavor
mesonic state and its mass, were originally derived in
Ref. [31]. Aiming to focus our approach on the pion family
in the AdS/QCD, the bulk AdSs metric is an important
ingredient, reading

ds* = gynydxMdx" = Ay, dxtdx" + dz*), (1)

where the warp factor ¢*®) = —z/#, and 1, Tepresents the
boundary metric, where ¢ is the AdSs curvature radius.
Mesonic excitations can be described by X(z) fields in the
AdSs bulk. These fields represent the dual description of
the gg operator, with mass my, that is ruled by the
following action [31]:

S=- / e~ /=gTrlLd*xdz, (2)

where

L~ DMXDyX + miXMXy, + F2 +F%,  (3)

are the A} and A} gauge fields that drive the SU(2), x
SU(2), chiral flavor symmetry of QCD. The Yang-Mills
field strengths are given by

N .
H{ILV = a[MAR,]L - l[A%L’A%,LL (4)

where AY, = AYS f., with {f.} (c =1, 2, 3) are SU(2)
generators. The covariant derivative is explicitly given by
DMX = OMX — iAYX + iX, AY. The X(z) field is con-
structed upon the pseudoscalar field, P, and a scalar field, S,
as [35]

X(z) = exp (iP1°) (§(2) + S), (5)

where &(z) is a vacuum expectation value that breaks chiral
symmetry [35]. To describe the vector and axial-vector
mesons, the left, A;, and right, A, gauge fields can be split
into vector, V, and axial vector, A, fields, as [35]

AV = (A) — AY), (62)

I
2
VM =2 (AN + AY) (6b)

yielding the respective gauge field strengths,
FYN = oMy 4 VN vM), (7)
FUN = 9IMANT 1 i[AN AM], (8)

With respect to the vector V and axial vector A fields, the
soft-wall Lagrangian (3) reads

L ~DMXDy X + mEXMXy, + 2(FX + F%),  (9)

for DX = 9y, X + i[X, Vy] — i{Ay;, X}. The EOM for
the &(z) field then reads

d? d

—3 = ([#(2) = 3A(2)) - —m3 (7)) | &(z) = 0. (10)
The analytical expression, as well as the plots of the £(z) field
can be found in Refs. [17,35]. We denote by x,, the functions
that describe the pions, and by ¢,, those that represent the ¢
mesons. It is worth emphasizing that, as in Ref. [17],
the r,(z) modes are regarded as the quantum-mechanical
wave functions, v, (z), by m,(z) = z'/?exp(2>/2)y,(2).
The index n =1 often denotes the ground state.
Therefore, the functional form for w, reads w,(z)~
e 2z 12 m (72, corresponding to the n =1 level
for the standard ground state, taking the same indexing as
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the hydrogen radial quantum number problem. The EOMs
driving the pion and ¢ meson families read

( d +v,,<z>)nn<z>=mﬁ<zzn<z>—e/*f¢n<z>>’ (1)

d7?

2
<_% + V¢<Z)> 0n(z) = eN(m,(2) — A E9,(2)),  (12)

where the Schrodinger-like potentials are respectively
given by

A 1 /!
Vale) =5 =545 - (log &)
+ % (¢ —3A"=2(logg))>.  (13)
"_ Al I A2
v =-P5E RNy

Endowed with the scalar potential (13), the mass spectra of
the pion family can be read off from Eq. (11). As the only
element in the ¢, meson family that was experimentally
observed is the ¢(1020), whereas the ¢(1680) is not yet
included in the Particle Data Group (PDG) summary table,
the analysis concerning the pion family shall be emphasized
in what follows. In fact, experimental data regarding the ¢,
family is very scarce. The experimental mass spectra of the
pion family is depicted in Fig. 1. The pseudoscalar mesons
7y, 7+, m(1300), and 7(1800) have already been experi-
mentally confirmed. On the other hand, the 7(2070) and
7(2360) excitations are omitted from the PDG summary

Experimental m mesons mass spectra

mz(GeVZ)
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i
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FIG. 1. Pion mass spectra as a function of the excitation number
n: experimental values (black points) and the AdS/QCD model
predictions for the background modification given by Egs. (15)
(blue points) and (16) (orange points). The pseudoscalar mesons
7, m, #(1300), and 7(1800) take their PDG values. The last two
states #(2070) and 7(2360) are omitted from the PDG summary
table [50].

table [50]. The Regge trajectory for the pion meson family
can be extrapolated from Fig. 1.

III. CONFIGURATIONAL ENTROPIC REGGE
TRAJECTORIES IN TWO-FLAVOR ADS/QCD

The AdS/QCD setup can be then employed to derive
configurational entropic Regge trajectories for the pion
family. Informational Regge trajectories were studied [17]
for the a;, f, and p meson families using a two-flavor soft-
wall model, with gluon and chiral condensates, coupled to
gravity with a dilaton [33]. The following dilatons were
introduced in Refs. [17,35] to model mesons and glueballs:

$1(2) = pg2*, (15)

$2(2) = 22 tanh (b2 3. (16)

These will be employed as the prototypical dilaton in soft-
wall AdS/QCD [31] [Eq. (15)] and its deformation
[Eq. (16)], respectively. The deformed dilaton in the UV
limit yields the quadratic dilaton. The holographic gluon
condensate is dual to the quadratic dilaton (15) and has an
energy scale ug when it corresponds to a dimension-two
system, whereas it has an energy scale yZ when describing
a dimension-four dual system [38,52]. A graviton-gluon-
dilaton action in AdS can be given by [35],

S =2 / V7GR + 40" pDyp — 4V ()
— 16467 (MEDYE + V(. E))|}dx, (17)

where 4 denotes a general coupling, and V, denotes the
gluon system potential. Reference [35] studied a heavy
quark potential in the background given by Eq. (17),
deriving the physical effective potential V (¢, &) = E2¢°.
For both ¢, (z) and ¢, (z) [Eqgs. (15) and (16), respectively],
the parameters pug = pg ~ 0431 were adopted in
Refs. [17,35], in full compliance with PDG experimental
data. Numerical analysis of the EOMs derived from
Eq. (17), in Ref. [35], yielded the solutions for &(z), for
both the dilatonic backgrounds. The first column in Table I
lists the PDG 2018 mass spectra values for z; = {7, 7y},
7, = x(1300), and =3 = #(1800), as well as for m, =
7(2070) and 75 = 7(2360) that are still omitted from the
PDG summary table (too few events measured [50]).

Table I shows the pseudoscalar pion family, identifying
the =, eigenfunctions in Eq. (12), as = = {7y, 70},
7, =n(1300), 73 =x(1800), ny =x(2070), 5 = 7(2360),
whereas the other states have not been experimentally
confirmed [50]. Besides, the pseudoscalar sector can be
implemented by considering the following action, pion and
¢ meson wave functions:
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TABLE L. Mass spectra for the pseudoscalar pion family, in the
$r(z) = 2> tanh (ug,7* /) dilaton, for the mesons 7y, z(1300),
7(1800), #(2070), and #(2360). The modes indicated with an
asterisk are not established particles and therefore are omitted
from the PDG summary table.

Pseudoscalar pion mass spectra (MeV)

n Experimental mass, ,) massy, ()
1 139.57018 + 0.00035 139.3 139.6
1 134.9766 + 0.0006 139.3 139.6
2 1300 + 100 1343 1505

3 1816 + 14 1755 1832
4% 2070 2006 2059
5% 2360 2203 2247

(2) 1 5.~ 29z
Sy = ~30 dxe=?\/q(E0" 0,z

+ E0 (g — 7)0,(p —7) + Lzaza"(pazﬁﬂ(p). (18)

It is observed that in the graviton-dilaton-scalar system, the
lowest pseudoscalar state has a mass around 140 MeV,
which can be regarded as the Nambu-Goldstone boson due
to the chiral symmetry breaking. The higher excitations
yield a Regge trajectory, in full compliance with exper-
imental data. It is worth mentioning that for both dilatonic
field backgrounds (15)—(16) the so-called Gell-Mann—
Oakes—Renner relation, stating that the square of the pion
mass is proportional to the product of a sum of quark
masses and the quark condensate, is satisfied, yielding the
production of massless pions in the m, = 0 limit, where m,,
denotes the quark mass [43,44].

As the CE encodes how information measures the shape
complexity of a physical system [18,19,27], computing the
CE underlying the pion family requires its energy density,
€(z). This can be derived from a Lagrangian density, L,
with stress-momentum tensor components given by

N N S
TMN—\/_—g 2™ <@ 8(5’[‘::) . (19)

Hence, the energy density is read off from the Ty(z)
tensor component in Eq. (19). The Fourier transform
(k) = [p e(z)e"**dz, with respect to the z=1/Aqcp
dimension that defines the Agcp energy scale, defines
the so-called modal fraction [2,19]

_wr
“0 = Tleworar 20

It consists of a probability distribution of correlation,
measuring the weight of a given Fourier wave mode k
in the power spectrum [9]. Hence, the CE is responsible for
measuring the amount of information that is encrypted in

TABLE II. The CE for the pseudoscalar pion family, respec-
tively in each column for the quadratic and deformed dilatonic
field backgrounds.

n pion CE (¢,(z)) pion CE (¢,(z))
1 97.5 77.9

2 702.1 506.3

3 5.613 x 10° 3.129 x 103
4 2.587 x 10* 1.548 x 10*

5 1.490 x 10° 1.275 x 10°

the spatial portrait of the energy density. The CE reads
[1,2,20,21]

Sle] = — A & (k) log & (k) dk, (21)

for €.(k) = €.(k)/€.max (k). Following this protocol, the CE
can be computed for the pseudoscalar pion meson family,
first as a function of the excitation number n. Table II shows
the CE for both dilatonic field backgrounds (15)—(16).
Table II shows the CE of the pseudoscalar pion
family, identifying the z, eigenfunctions in Eq. (12), as
my={ny,m}, 1o,=n(1300), n3=n(1800), 7z, ==(2070),
75 = n(2360). Then, the CE of each 7, meson mode in the
pion meson family is represented by the points in Fig. 2,
strictly for the 7 meson PDG values. In addition, intro-
ducing linear regression yields the configurational entropic
Regge trajectory, for the pion family, represented by the
dashed line in Fig. 2. The explicit expression of the
configurational entropic Regge trajectory reads

log(CE,(n)) = 1.8256n + 2.8927, (22)
within ~1% standard deviation. Similarly, the CE can be

also computed, now taking into account the ¢, dilaton (16),
illustrated in the third column of Table II. Figure 3 depicts

2 2
®2) =12z
log(CE(n))
12 _-®
10 ///O/
o
8 7
e

6 7

6
4
2

n
1 2 3 4 5

FIG. 2. CE of the pion family as a function of the quantum
number n, in the quadratic dilaton AdS/QCD soft-wall model.
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B(z) = 1372 tanh ( u‘c‘;zzzlpé)

log(CE(n))
///6/
10 /.///
8 /”///
/./////
6 s
o
4
2
n
1 2 3 4 5
FIG. 3. CE of the pion family as a function of the quantum

number n, in the deformed dilaton AdS/QCD soft-wall model.

the computed results based on the PDG values for the z,
pion modes (n < 5) in Table II, illustrating the configura-
tional entropic Regge trajectory in the deformed dilaton
AdS/QCD soft-wall model. Linear regression yields the
following relation between the configurational entropy of
the pion family and the excitation number n:

log(CE,(n)) = 1.6015n + 3.3398, (23)

within ~0.2% standard deviation.

A scaling law can be derived from Eqgs. (22)—(23). This is
reflected in the configurational entropic Regge trajectory,
which in this case associates the CE with the excitation
number 7, for the 7 meson family. Motivated by the
standard Regge trajectory in Fig. 1, that relates the =z
meson squared mass spectra to the excitation number 7, one
can apply this method in reverse to predict the mass spectra
of the other members of the 7 meson family, that have not
been experimentally observed. Indeed, computing the CE
for the meson family with respect to the z,, meson family
mass, once the respective excitation »n is fixed, yields data
that can be interpolated to determine the masses of the other
members of the z meson family, that have not been
experimentally detected.

First, the quadratic dilaton (15) is used to infer the mass
spectra of the 7, meson family, in the top panel of Fig. 4.
The deformed dilatonic field (16) is a refined model that
implements the mass spectra of the 7 meson family, in great
agreement with PDG values, having the quadratic dilaton
(15) as the UV limit. The configurational entropic Regge
trajectory, with respect to the 7 meson family mass, is then
shown in the bottom panel of Fig. 4. Respectively for the
plots in Fig. 4, the configurational entropic Regge trajec-
tories have the following explicit expressions:

log(CE,(m)) = 1.5337 x 10"°m2 — 0.0005m + 4.6301,
(24)

D) = 1322
log(CEx)
12 .
10 7
//‘/
8 ///
v
6
[ ]
4
2
500 1000 1500 2000 m(MeV)
®(z) = 42 tanh (u‘(‘szzzlué)
log(CE )
12 R
10 ’/
8 o
6 o
[ ]
4
2
500 1000 1500 2000 m(MeV)

FIG. 4. Configurational entropic Regge trajectory of the z
meson family with respect to the mass spectra, using the quadratic
dilaton (top panel) and deformed dilaton (bottom panel).

log(CE,(m)) = 2.3869 x 10-°m> — 0.0036m -+ 5.8556,
(25)

within ~0.2% standard deviation. We introduce a pro-
cedure that is alternative to solving the system (11)—(12), to
calculate the mass spectra of the 7 meson family. Using the
linear regression (22)—(23) and the quadratic interpolation
(24)—(25), one can calculate the CE of the # meson family,
for the 7, excitations with n > 5, with good accuracy for
the members 7z, of the pion meson family that are
subsequent to the x5 element.

We denote by m,, ,, the associated mass spectrum of the nth
pion, in the pseudoscalar 7 meson family, For the quadratic
dilaton, the mass spectra of the 7, 77 and 73 members of the
7 meson family can be then inferred. In fact, for n = 6,
Eq. (22) yields log(CE,) = 13.846. Substituting this value
into the configurational entropic Regge trajectory (24), one
obtains the mass m, s =2630MeV, for the 7z mesonic state,
yielding the reliable range 2612 MeV < m, ¢ < 2648 MeV,
for the 74 pseudoscalar meson state. Analogously, the 77
meson has a derived mass m, ; = 2861 MeV. The standard
deviations of Egs. (22) and (24) then yield the reliable
mass range 2839 < m,; < 2883 MeV. Once more, the g
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pseudoscalar state has mass m, g = 3074 MeV, and exper-
imental standard deviations yield the trustworthy range
3049 <m,; <3099 MeV. On the other hand, for the
deformed dilaton, considering n = 6 in Eq. (22) implies
that log(CE,) = 12.948. Substituting this into the configu-
rational entropic Regge trajectory (24) yields the mass
m, ¢ = 2631 MeV, within the experimentally measured
range 2612 MeV < m, ¢ < 2649 MeV, for the 7g pseudo-
scalar meson. Analogously, one can derive for the 7; mesonic
state the mass m, ; = 2801 MeV, within the reliable range
2779 < m, 7 <2823 MeV, considering standard deviations
in Egs. (22) and (24). In addition, the zg meson presents a
mass equal to m, g = 2959 MeV, establishing the phenom-
enologically reliable range 2934 <m, ¢ <2984 MeV for
its mass.

IV. CONCLUDING REMARKS AND
PERSPECTIVES

The main feature that distinguishes the z meson family
description in AdS/QCD from other light-flavor meson
families is the EOMs that govern the mesonic state modes
and their mass spectra for each meson family. In fact,
delving into the pions one can realize that they are the only
family along with the ¢ mesons, among the a;, f,, and p
mesons in AdS/QCD, whose EOM (11) has a potential that
is a function of another meson, the ¢ meson. In this case,
there is a coupling between the EOMs of the 7 and the ¢
mesons. This reflects a nonlinear configurational entropic
Regge trajectory for the pion family, with respect to the z
meson family mass, as shown in the plots in Fig. 4, as well
as the analytical expressions of the CE for these plots, in
Egs. (24)—(25). In addition, the configurational entropic
Regge trajectory, for the pion family, is linear with respect

to the excitation number #n, as shown in the plots in Fig. 4,
and given by the explicit analytical expressions (22)—(23).
This is a common feature of the f), a; and p meson families
studied in Ref. [17]. However, for these meson families the
configurational entropic Regge trajectories, as functions of
the respective meson family mass spectra, are also linear,
contrary to the case analyzed here and depicted in the plots
in Fig. 4. It is then worth emphasizing that the reason for
the nonlinearity of the configurational entropic Regge
trajectory for the pion family, with respect to the 7 meson
mass spectra, is the coupling between the EOMs (11)—(12),
with the respective coupled potentials (13)—(14).

Another piece of information provided by the configura-
tional entropic Regge trajectories is the values of the masses
of the next generation of the x states. Using the CE value of
the nth excitation, Eqs. (22)—(23), one can employ Egs. (22)
and (24) to infer the mass spectra of the ¢, 77 and 7g mesons,
as discussed throughout Sec. I11. In the case of the quadratic
dilaton the results found were m, ¢ = 2630 £ 18 MeV,
m,7 = 2861 & 22 MeV and m, g = 3074 &= 25 MeV. On
the other hand, for the deformed dilaton the masses found
were m, c = 2631 £ 18 MeV, m, ; = 2801 &= 22 MeV and
m, g = 2959 & 25 MeV. It is possible to improve these
values of the masses with the eventual detection of the pion
excitation states, that shall contribute with more experimental
points in Fig. 1.
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