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Many-body systems with chiral fermions exhibit anomalous transport phenomena originated from
quantum anomalies. Based on quantum field theory, we derive the kinetic theory for chiral fermions
interacting with an external electromagnetic field in a background curved geometry. The resultant
framework is U(1) gauge invariant and local Lorentz and diffeomorphism covariant. It is particularly useful
to study the gravitational or noninertial effects for chiral fermions. As the first application, we study the
chiral dynamics in a rotating coordinate and clarify the roles of the Coriolis force and spin-vorticity
coupling in generating the chiral vortical effect. We also show that the chiral vortical effect is an intrinsic
phenomenon of a rotating chiral fluid, and thus independent of the observer’s frame.
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I. INTRODUCTION

Quantum anomaly is a prominent concept in the trans-
port phenomena of chiral fermions. One of its most novel
consequences is the generation of parity-breaking currents,
typified by the chiral magnetic effect (CME) [1,2] and
chiral vortical effect (CVE) [3–6]. A crucial feature of these
anomalous currents is that they are insensitive to the details
of interactions and are thus universal. For this reason, such
phenomena have received a lot of attention in a wide
context of physics ranging from the high-energy nuclear
physics [7–10] and astrophysics [11–13] to condensed
matter physics [14–16].
To study the real-time dynamics of the anomalous

transport phenomena, the chiral kinetic theory (CKT) is
a promising approach which is applicable when the system
is dilute and the external fields are weak [17–24]. In CKT,
the chiral anomaly is encoded through the Berry curvature
[25], which modifies the Boltzmann equation and the
phase space measure. Recently, various aspects of the
CKT were investigated, including the Lorentz covariance
[22,23,26,27], consistent versus covariant anomalies [28,29],
particle collisions [22,27,30,31], etc.
Despite these developments, so far the CKT is restricted

to flat spacetime and thus not conventional to explore the

anomalous transport phenomena induced by gravitational
or noninertial effects [4,5,32–36]. Although the classical
Boltzmann equation is readily extended to curved space-
time, the formulation of the CKT in curved spacetime is
highly nontrivial. The very few attempts so far [37–39]
considered only a special curved spacetime, that is, the
rotating coordinate,1 and lacked the diffeomorphism
(i.e., the general coordinate transformation) covariance.
The more rigorous derivation should start from quantum
field theory in curved spacetime.
In this paper, we derive the CKT in an arbitrary curved

spacetime and external electromagnetic field, based on the
Wigner function formalism that respects the U(1) gauge
invariance, and the local Lorentz and diffeomorphism
covariance [40–42]. We apply the resultant framework to
a rotating coordinate and examine the frame dependence of
the CVE, which is so far unclear. We show that, depending
on the observer’s frame, the Coriolis force and spin-
vorticity coupling (and the side-jump effect) can be
responsible to the generation of the CVE, but the total
CVE current is always independent of the observer’s frame.
Throughout this paper, we choose the unit c¼kB¼e¼1

(with e the electric charge), but keep ℏ explicit; (un)hatted
Greek indices denote local flat (curved) spacetime coordi-
nates; ηα̂β̂¼diagð1;−1;−1;−1Þ is the Minkowski metric;∇μ

denotes the covariant derivative with respect to the diffeo-
morphism and local Lorentz transformation, e.g., for scalars
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1In this paper, the rotating coordinate will be regarded as a
curved spacetime even though its Riemann curvature is zero,
while the term “flat spacetime” is specifically referred to as the
Minkowski spacetime.
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∇μf ¼ ∂μf, for vectors ∇μVν ¼ ∂μVν − Γλ
μνVλ, for spinors

∇μψ ¼ ð∂μ þ ΓμÞψ , where the spin connection is Γμ ¼
− i

4
σα̂ β̂gρσe

ρ
α̂ð∂μeσβ̂ þ Γσ

μνeνβ̂Þ, with the spin matrix σα̂ β̂ ¼
i
2
½γα̂; γβ̂�, vierbein eμα̂, and the Christoffel symbol Γρ

μν ¼ Γρ
νμ;

the Levi-Civita symbol is εμνρσ ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞp

εμ̂ ν̂ ρ̂ σ̂ with

ε0̂ 1̂ 2̂ 3̂ ¼ −ε0̂ 1̂ 2̂ 3̂ ¼ 1 and g ¼ detðgμνÞ; the Dirac matrices
satisfy fγμ; γνg ¼ 2gμν and γ5 is defined as γ5 ¼ ð−i=4!Þ×
εμνρσγ

μγνγργσ .

II. PHASE SPACE AND HORIZONTAL LIFT

In curved spacetime the definition of the phase space is
subtle because a global notion of momentum is usually not
permitted. This means that for each position x on the
spacetime manifold M, one can introduce a momentum
space Px attached to M. The phase space is then the
collection of ðx;PxÞ, which constitutes a fiber bundle. One
of the natural choices for Px is the tangent or cotangent
space so that the usual momentum space is reproduced in
Minkowski spacetime. In this paper, we employ the latter.
That is, we define the momentum variable pμ as a point in
the cotangent space (that is, pμ is a covariant vector on M),
and the corresponding phase space is the cotangent bundle
T�M. Similarly, a point yμ in the tangent space Y x (that is,
yμ is a contravariant vector onM) is defined as the position
variable canonically conjugate to pμ. The set of ðx; Y xÞ
builds the tangent bundle TM.
The Wigner functionWðx; pÞ for Dirac fermions that we

will introduce in next section is required to transform
covariantly under the U(1) gauge transformation, local
Lorentz transformation, and the diffeomorphism. The U(1)
covariance is ensured whenWðx; pÞ is suitably constructed
with ∂μ þ iAμ=ℏ, instead of ∂μ, see next section and
Ref. [43,44]. Consequently, Wðx; pÞ is transformed as
Wðx; pÞ → SðxÞWðx; pÞS−1ðxÞ, where S is the representa-
tion matrix of the U(1) gauge transformation. In a similar
manner, the local Lorentz covariance can be kept by
introducing the spin connection Γμ and replacing ∂μ by
the covariant derivative ∇μ; Wðx; pÞ is thus transformed as
a bispinor, Wðx; pÞ → UðΛÞWðx;ΛpÞU−1ðΛÞ, where Λ is
the local Lorentz transformation at x and UðΛÞ is its
spinorial representation. The diffeomorphism covariance of
Wðx; pÞ needs more careful treatment. This is because the
diffeomorphism affects functions in TM or T �M in a very
nontrivial way. In fact, the proper covariant derivative on
T�M is defined as follows [42,45]:

Dμ ¼ ∇μ þ Γλ
μνpλ∂ν

p ð1Þ

with ∂μ
p ¼ ∂=∂pμ. The derivation of Eq. (1) based on the

parallel displacement is shown in Appendix A. In differ-
ential geometry, such definedDμ is called the horizontal lift

of ∇μ on M to T�M. Similarly to Eq. (1), the covariant
derivative in TM is defined by Dμ ¼ ∇μ − Γλ

μνyν∂y
λ.

The implementation of the horizontal lift brings a great
advantage in analysis. That is, we can regard pμ and yμ as
“x-independent” variables under the parallel transport by
Dμ, because of

Dμpν ¼ Dμyν ¼ 0: ð2Þ

As a result, for an arbitrary function ΨðxÞ on M, its lifted
image in TM is represented as the function translated by
Dμ: Ψðx;yÞ≡ΨðxÞþyμ∇μΨðxÞþ 1

2
yμyν∇μ∇νΨðxÞþ���¼

expðy ·DÞΨðxÞ. Furthermore, the Fourier transforma-
tion from TM to T�M is expressed as Ψðx; pÞ ¼R
d4y

ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞp

expð−ip · y=ℏÞΨðx; yÞ.

III. QUANTUM TRANSPORT IN
CURVED SPACETIME

With the above preparation, we define the fermionic
Wigner function covariantly under the U(1) gauge, local
Lorentz transformations, and diffeomorphism, as follows:

Wðx; pÞ ¼
Z

d4y
ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞ

p
e−ip·y=ℏρðx; yÞ;

ρðx; yÞ ¼ hψ̄ðx; y=2Þ ⊗ ψðx;−y=2Þi ð3Þ

with ψðxÞ being the Dirac spinor on M, ψ̄ðxÞ≡ ψ†ðxÞγ0̂,
ψ̄ O⃖≡½Oψ �†γ0̂ for an operator O, ψðx; yÞ ¼ expðy ·DÞ×
ψðxÞ, ψ̄ðx; yÞ ¼ ψ̄ðxÞ expðy · D⃖Þ, and ½ψ̄ ⊗ ψ �ab ¼ ψ̄bψa
(a; b ¼ 1–4). Note that Dμ acting on the Dirac spinor
involves Aμ to keep the U(1) gauge covariance:

Dμψðx; yÞ ¼ ð∇μ − Γλ
μνyν∂y

λ þ iAμ=ℏÞψðx; yÞ; ð4Þ

where we recall that ∇μψ further involves the spin con-
nection, i.e., ∇μψ ¼ ð∂μ þ ΓμÞψ . In Minkowski spacetime,
Eq. (3) is reduced to a simple form with the Wilson line
[46]: ρðx; yÞ ¼ hψ̄ðxþÞ ⊗ P exp½−iℏ

R
xþ
x−

dz · AðzÞ�ψðx−Þi
with x� ¼ x� y=2 and P the path ordering symbol. In
this paper, we focus on the collisionless fermions, so the
spinor field obeys the Dirac equation

γμð∇μ þ iAμ=ℏÞψðxÞ ¼ ψ̄ðxÞð∇⃖μ − iAμ=ℏÞγμ ¼ 0: ð5Þ

Computing Dμρðx; yÞ and ∂y
μρðx; yÞ with the help of the

Dirac equation (5), we derive:
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γμ
�
pμ þ

iℏ
2
Dμ

�
W ¼ iℏγμ

Z
d4y

ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞ

p
e−ip·y=ℏhψ̄ðx; y=2Þ

⊗ ð−Hμ þ GμÞψðx;−y=2Þ
− ψ̄ðx; y=2ÞG⃖μ ⊗ ψðx;−y=2Þi;

Hμψðx; yÞ ¼ −
iyν

ℏ

X∞
n¼0

½Cðy ·DÞ�n
ðnþ 1Þ! Gμνψðx; yÞ;

Gμψðx; yÞ ¼ −
iyν

2ℏ

X∞
n¼0

½Cðy ·DÞ�n
ðnþ 2Þ! Gμνψðx; yÞ;

ð6Þ
where CðXÞY ≡ ½X; Y� represents a commutator. The details
of the derivation of Eq. (6) can be found in Appendix C;
see also Ref. [42]. We defined Gμν ≡ −iℏ½Dμ; Dν� as the
total curvature tensor on TM or T �M. For instance, we
haveGμνψðx;yÞ¼ðFμνþℏ

4
Rμναβσ

αβ− iℏRρ
σμνyσ∂y

ρÞψðx;yÞ,
where the Riemann tensor is Rρ

σμν ¼ 2∂ ½νΓ
ρ
μ�σ þ 2Γρ

λ½νΓ
λ
μ�σ

with X½μYν� ¼ 1
2
ðXμYν − YνXμÞ. The transport equation (6)

involves the full quantum correction coupled with electro-
magnetic field and curved background. In Minkowski
spacetime, Eq. (6) reproduces the transport equation
derived in Ref. [46].
In practice, Eq. (6) is a powerful tool for the semi-

classical analysis with the systematic expansion in terms
of ℏ. Let us adopt the power counting scheme with
pμ ¼ Oð1Þ and yμ ∼ iℏ∂μ

p ¼ OðℏÞ. After a lengthy but
straightforward calculation (see Appendix D), the transport
equation for the Wigner function up to Oðℏ2Þ is written
down, as follows2:

γμ
�
Πμ þ

iℏ
2
Δμ

�
W ¼ iℏ2

32
γμ
�
Rμναβ þ

iℏ
6
∂p · ∇Rμναβ

�

× ∂ν
p½W; σαβ�; ð7Þ

with

Πμ ¼ pμ −
ℏ2

12
ð∇ρFμνÞ∂ν

p∂ρ
p þ ℏ2

24
Rρ

σμν∂σ
p∂ν

ppρ þ
ℏ2

4
Rμν∂ν

p;

Δμ ¼∇μ þ ð−Fμλ þ Γν
μλpνÞ∂λ

p −
ℏ2

12
ð∇ρRμνÞ∂ρ

p∂ν
p

−
ℏ2

24
ð∇λRρ

σμνÞ∂ν
p∂σ

p∂λ
ppρ þ

ℏ2

8
Rρ

σμν∂ν
p∂σ

pDρ

þ ℏ2

24
ð∇α∇βFμν þ 2Rρ

αμνFβρÞ∂ν
p∂α

p∂β
p; ð8Þ

where Rμν ¼ Rρ
μρν is the Ricci tensor. Further we decom-

pose Eq. (7) with the basis of the Clifford algebra:
W ¼ 1

4
½F þ γ5P þ γμVμ þ γ5γμAμ þ 1

2
σμνSμν�. Then we

obtain

Δ ·R ¼ ℏ2

24
ð∇ρRμνÞ∂ρ

p∂μ
pRν; ð9Þ

Π ·R ¼ ℏ2

8
Rμν∂μ

pRν; ð10Þ

ℏΔ½μRν� − εμνρσΠρRσ ¼ −
ℏ2

16
εμναβRαβρσ∂p

ρRσ; ð11Þ

with Rμ ¼ ðVμ þAμÞ=2 (see Appendix E for the deriva-
tion). The first equation will be the kinetic equation for
right-handed Weyl fermions, while the second and third
serve as constraints. The equations for Lμ ¼ ðVμ −AμÞ=2
are the same, except for a sign change in front of the first
term of Eq. (11).

IV. CHIRAL KINETIC EQUATION AT O(ℏ)

Now we focus on the kinetic equation for Rμðx; pÞ at
OðℏÞ. Equations (9)–(11) are reduced to

Δ ·R ¼ 0; ð12Þ
p ·R ¼ 0; ð13Þ

ℏΔ½μRν� − εμνρσpρRσ ¼ 0 ð14Þ

with Δμ ¼ ∇μ þ ð−Fμλ þ Γν
μλpνÞ∂λ

p. Thanks to the hori-
zontal-lift prescription, we can solve Eqs. (12)–(14) in the
same manner as that in flat spacetime. The general solution
is given by [22,23]

Rμ ¼ 4πδðp2Þ
�
pμ −

ℏ
p2

F̃μνpν þ ℏΣμν
n Δν

�
f þOðℏ2Þ

ð15Þ
with F̃μν ¼ εμνρσFρσ=2 and f ¼ fðx; pÞ being the distri-
bution function. The last term is called the side-jump term
[26]; we introduced the spin tensor Σμν

n ≡ εμνλρpλnρ=
ð2p · nÞ, where nμðxÞ is an arbitrary vector to satisfy
n · p ≠ 0 and n2 ¼ 1. This vector field accounts for an
ambiguity in defining the spin for massless particles [27].
Different nμ’s correspond to different spin-frames and they
are connected via n0μ ¼ Lμ

νnν ¼ eα̂μΛα̂
β̂e

β̂
νnν with Λα̂

β̂

being a matrix representation of the local Lorentz
transformation.
Plugging Eq. (15) into Eq. (12), we eventually obtain

δðp2 − ℏFαβΣ
αβ
n Þ

�
p · Δþ ℏ

�
nμF̃μν

p · n
þ ΔμΣ

μν
n

�
Δν

þ ℏ
2
Σμν
n ð∇ρFμν − pλRλ

ρμνÞ∂ρ
p

�
f ¼ 0: ð16Þ

This is the curved-spacetime generalization of the conven-
tional chiral kinetic equation [22,23]. Several comments are

2We actually keep the Oðℏ3Þ terms, which are necessary to
derive Eqs. (9)–(11) at Oðℏ2Þ.
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in order. (I) In the classical limit ℏ → 0 we reproduce
the Einstein-Vlasov equation: δðp2Þpμ½∂μ þ ð−Fμν þ
Γλ
μνpλÞ∂ν

p�f ¼ 0. (II) The spin connection Γμ is unrelated
to Σμν

n . Indeed, since Rμ is a vector, such a connection can
never appear in Eq. (12). (III) The Riemann curvature
naively seems to be an Oðℏ2Þ correction, as Eqs. (9)–(11)
show. However, once coupled with the side-jump term, it
emerges even at OðℏÞ in Eq. (16). This term represents the
so-called spin-curvature force [47,48] for chiral fermions.
(IV) On the other hand, the curvature does not appear in the
delta function, which designates the on-shell condition.
However, this would not be the case at Oðℏ2Þ. In fact,
from the viewpoint of field theory, the dispersion relation
(without U(1) gauge field) reads p2−ℏ2R=4¼0 due to
ð−iℏγμ∇μÞ2ψ ¼−ℏ2ð∇μ∇μþR=4Þψ ¼0 [49] (see also
Ref. [50] for a curvature correction to the CVE).

V. EQUILIBRIUM STATE

To reveal the physical content of Eq. (16), we consider
the equilibrium state. We drop Aμ for simplicity. At
equilibrium, f is generally written as a function of the
linear combination of the collisional conserved quantities,
i.e., the particle number, the linear momentum, and the
angular momentum. Therefore we have f ¼ feqðgÞ with
g ¼ αðxÞ þ βμðxÞpμ þ ℏγμνðxÞΣμν

n . Note that the orbital
angular momentum is involved in the second term.
Plugging feqðgÞ into Eq. (16) and requiring it to hold
for arbitrary pμ, we arrive at the following constraints:

∇μβν þ∇νβμ ¼ gμνϕðxÞ; ð17Þ

∇μα ¼ 0; γμν ¼
1

2
∇⊥

½μβν�; ð18Þ

where ϕ is an arbitrary scalar function and⊥ represents the
component perpendicular to nμ. In Appendix F we present
the derivation of Eq. (17) and Eq. (18).
We have three comments about the above equations. (I)

Equation (17) is the conformal Killing equation. Choosing a
timelike βμ, we define the fluid velocity and temperature via
βμ ¼ βUμ (with U2 ¼ 1) and T ¼ 1=β, respectively. The
physical meaning of ϕ is the expansion rate of the fluid:
ϕ ¼ 1

2
∇ · β, which follows from Eq. (17). Thus the fluid is

kept equilibrium under such an expansion. This is under-
stood as the conformal invariance in the massless Dirac
theory. Note that for massive particles ϕ must vanish, as the
expansion can drive the system out of equilibrium. (II) From
Eq. (18), we find that α is a constant scalar. We define the
chemical potential through α ¼ −βμ. (III) The equilibrium
distribution is eventually given by f ¼ feqðgÞ with

g ¼ βð−μþ p ·UÞ þ ℏ
2
Σμν
n ∇μðβUνÞ: ð19Þ

The last term expresses the spin-vorticity coupling.

VI. ROTATING COORDINATE

As the first application, we use our framework to revisit
the derivation of the CVE by considering a rotating
coordinate. Let us choose a constant angular velocity ω ¼
ðω1;ω2;ω3Þ and hereafter set Aμ ¼ 0. The corresponding
metric tensor reads

g00 ¼ 1 − u2; g0i ¼ ui; gij ¼ −δij ð20Þ
with u ¼ ðu1; u2; u3Þ ¼ x × ω. The nonzero components
of the Christoffel symbol are Γi

00 ¼ −xiω2 þ ðx · ωÞωi ¼
ðu × ωÞi and Γi

0j ¼ Γi
j0 ¼ −εijkωk (with ε123 ¼ 1), which

lead to Rρ
σμν ¼ 0. The metric has an infinite red-shift

surface at distance r ¼ 1=jωj away from the rotating axis.
We focus on the spacetime region inside this surface, and
thus ignore the boundary effect of the system. Such an
assumption works as long as the angular velocity is small
enough compared with other characteristic scales of the
system [3,51]. Therefore in the following analysis of the
CVE, we consider the slowly rotating coordinate with
jωj ≪ T or jωj ≪ μ.
In this case, the metric (20) admits two timelike Killing

vectors; Kμ
in ¼ gμ0 and Kμ

rot ¼ δμ0. Note that the former
(latter) corresponds to the inertial (rotating) observers.3 The
velocities of these two observers are

Uμ
in ¼ ð1; uÞ; Uμ

rot ¼ ðg00Þ−1
2δμ0; ð21Þ

which are normalized as U2 ¼ 1. From the on-shell con-
dition p2 ¼ gμνpμpν ¼ 0, we obtain

ϵp ≡ Kμ
rotpμ ¼ p0 ¼ jpj þ u · p; ð22Þ

vp ¼
∂ϵp
∂p ¼ p̂þ u; ð23Þ

where vp denotes the group velocity and the three-momentum
is defined as p ¼ −ðp1; p2; p3Þ. Similarly, we can obtain
ϵinp ≡ Kμ

inpμ ¼ p0 ¼ jpj and vinp ¼ ∂ϵinp =∂p ¼ p̂. Thus p is
identified as the momentum observed by the inertial observer.
Note that the second terms in Eqs. (22) and (23) correspond
to the rotating energy and velocity shifts, respectively. In the
following, we analyze the CKT with several choices of
nμ and Uμ.

A. Inertial fluid

First of all, we consider an inertial fluid (i.e., a fluid
at rest in flat spacetime) with a rotating observer. We
set Uμ ¼ nμ ¼ Uμ

in and Kμ ¼ Kμ
rot. Performing the p0-

integration of Eq. (16), we find (for the particle channel
only; antiparticle channel is similar)

3To be more specific, the rotating (Minkowski) coordinate is
considered as the coordinate chart of the rotating (inertial)
observer.
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� ∂
∂tþ vp ·

∂
∂xþ ðp × ωÞ · ∂∂p

�
fðt; x; pÞ ¼ 0 ð24Þ

with fðt; x; pÞ ¼ fðt; x; p; p0 ¼ ϵpÞ. From the above equa-
tion, we identify _x ¼ vp and _p ¼ p × x, which reproduce
the Coriolis and centrifugal force: ẍ ¼ 2_x × ω − ω×
ðω × xÞ. From Eq. (15), the particle number current reads

Jμ ¼ ðJ0; JÞ≡
Z

d4p

ð2πÞ4 ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞp Rμ; ð25Þ

J ¼
Z
p

�
vp − ℏjpjΩp ×

∂
∂x

�
fðt; x; pÞ ð26Þ

with
R
p ¼

R
d3pð2πÞ−3 and Ωp ¼ p̂=ð2jpj2Þ being the

Berry curvature. Note that due to∇μUν
in ¼ 0, at equilibrium

all the OðℏÞ corrections disappear in Eq. (26), and thus it is
just the classical Liouville current: J ¼ R

p vpfeq. Also from
Eqs. (15) and (19) for Uμ ¼ Uμ

in, we can check that the
same is true for arbitrary nμ. Therefore, the CVE is never
induced by an inertial fluid, independently of the observer’s
reference frame and the spin-frame choosing vector nμ.

B. Rotating fluid

In this case we adopt Uμ ¼ Uμ
rot, that is, we consider a

fluid at rest in the rotating coordinate. Hereafter let us focus
on the small ω limit to simplify the discussions.
First, we choose nμ ¼ Uμ

in, which leads to the kinetic
equation and the current as the same forms as Eq. (24) and
(26), respectively. However, physical quantities are affected
by quantum corrections. When we take f ¼ feqðgÞ ¼
1=ðeg þ 1Þ and append the antiparticle contribution (for
which μ is replaced with −μ), the OðωÞ terms in Eq. (26)
yield

JCVE ¼ ℏω

�
μ2

4π2
þ T2

12

�
; ð27Þ

which is the well-known CVE current. The spin-vorticity
coupling term in Eq. (19) are prominent to induce JCVE.
Because of this coupling, the first term in Eq. (26) gives
1=3 of JCVE, while the second yields 2=3 [26,39].
Second, we employ nμ ¼ Uμ

rot. It is more convenient
to work with a new three-momentum defined as q ¼
ðp1; p2; p3Þ,4 whose physical meaning will be explained
later. After the p0 integration, the kinetic equation reads

�
ð1þ 2ℏjqjω ·ΩqÞ

∂
∂tþ fṽq þ 2ℏjqjðṽq ·ΩqÞωg ·

∂
∂x

þ 2jqjðṽq × ωÞ · ∂∂q
�
fðt; x; qÞ ¼ 0 ð28Þ

with the modified velocity ṽq ¼ ∂ϵ̃q=∂q and energy
dispersion

ϵ̃q ¼ jqj − ℏ
2
q̂ · ω: ð29Þ

The above kinetic equation exhibits an analogy between
magnetism and rotation under two types of the correspon-
dence, i.e., jqjω ↔ B in ϵ̃q (and so in ṽq), and 2jqjω ↔ B
elsewhere, reflecting the fact that the Landé g factor is 2 for
spin-1=2 particles. In other words, the spin-vorticity cou-
pling plays a role of the magnetization coupling, and the
Coriolis force can be regarded as a fictitious Lorentz force.
This suggests that q is the momentum observed by the
rotating observer. Indeed, Eq. (29) shows that the classical
dispersion is linear to jqj. For this reason, Eq. (28) are
represented only with quantities in the rotating coordinate.
We note that the factor in front of ∂=∂t in Eq. (28)
represents the quantum modification to the phase space
measure [38,39].
From Eq. (15), we compute the particle number

current as

J ¼
Z
q
½ṽq þ 2ℏjqjðṽq ·ΩqÞω�fðt; x; qÞ þOðω2Þ; ð30Þ

which, once substituted with f ¼ feqðgÞ ¼ 1=ðeg þ 1Þ,
reproduces Eq. (27) again. Note that the first term does
not contribute to the CVE current. In other words, the
Coriolis force is responsible for generating the CVE
whereas the spin-vorticity coupling is not. This explains
why the heuristic replacement B → 2jqjω works correctly
[17] in computing the CVE current.
Some comments are in order. (I) The above analysis

shows that the origin of the CVE can be interpreted
differently for different nμ. For the inertial (rotating)
spin-frame vector nμ ¼ Uμ

in (Uμ
rot), the CVE is induced

through the spin-vorticity coupling (the Coriolis force).
This is a clear demonstration for the nature of spinning
massless particles: the total angular momentum is frame-
dependently decomposed into the spin and the orbital parts
[27,52,53]. (II) However, in both cases with nμ ¼ Uμ

in and
nμ ¼ Uμ

rot, we derive the same CVE current (27). Indeed,
the choice of nμ is superficially irrelevant to the CVE, as it
is compensated by the side-jump effect. This is confirmed
from the fact that for arbitrary nμ, the equilibrium current
is derived as a spin-frame-independent form: for f ¼
feqðgÞ ¼ fð0Þeq þ ℏ

2
Σμν
n ∇μβνðdfð0Þeq =dgÞ þOðℏ2Þ with fð0Þeq ¼

fðg ¼ −βμþ p · βÞ, Eq. (25) is reduced to
4This is the change of the phase space variables that yields

a nontrivial Jacobian which calls for ∂μ→∂μþð∂μpνÞ∂p
ν .
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Jμeq ¼
Z

d4p 2δðp2Þ
ð2πÞ3 ffiffiffiffiffiffiffiffiffiffiffiffi

−gðxÞp
�
pμ − ℏβ

ωμ

2
ðp ·UÞ d

dg

�
fð0Þeq ;

ð31Þ

with ωμ ¼ 1
2
ϵμνρσUν∇ρUσ . At the same time, we note that

Eq. (31) also holds for arbitrary curved spacetime. This
explains why the CVE current (27) is the same as that in
Minkowski coordinate [27,54,55]. The CVE is hence
intrinsic for rotating fluid, of which the velocity configu-
ration satisfies ωμ ≠ 0.

VII. SUMMARY AND OUTLOOK

We extended the framework of the chiral kinetic
theory (CKT) to curved spacetime, based on quantum
field theory. The CKT in curved spacetime is a primary
tool for nonequilibrium chiral dynamics under the gen-
eral-relativistic effect. This enables us to investigate the
anomalous transport phenomena in various chiral matter
systems with (effective) gravitational field or noninertial
forces, such as supernova or neutron star environment
[56,57], rotating/expanding quark-gluon plasma [58–60],
thermal systems with the temperature gradient [61,62],
and Weyl/Dirac semimetals under strain [63–65] or
possibly torsion [66].
As an application, we analyzed the CKT in a rotating

coordinate, and clarified the frame-dependent interpreta-
tion for the chiral vortical effect (CVE). Our calculation
showed that although the CVE receives contributions
from both the spin-vorticity coupling and Coriolis force
depending on the choice of the defining frame of spin,
their sum is independent of both the observer’s frame and
the spin-frame. In this paper, we did not discuss about the
relation between the finite-temperature term in the CVE
current and the gravitational anomaly [32]. On the other
hand, it is still left open if such a term is induced by the
global anomaly [33–36]. The CKT in curved spacetime is
an auspicious candidate to lead to a model-independent
answer to this mystery. This will be shown in a future
publication.
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APPENDIX A: HORIZONTAL LIFT

We derive the proper covariant derivative for functions in
the cotangent bundle T �M from the viewpoint of the
parallel displacement [67]. First, suppose that Φðx; pÞ is

a scalar function on T �M. Under the infinitesimal diffeo-
morphism xμ → x0μ ¼ xμ þ dxμ, the variation δΦ involves
two parts: one comes from the x-dependence of Φ and the
other from the p-dependence. That is, we write

δΦ ¼ δxΦþ ∂μ
pΦδpμ; ðA1Þ

where δpμ is the variation of pμ under this diffeomorphic
transformation. By definition, we have δΦ ¼ 0 and
δpμ ¼ Γρ

μνpρdxν, which leads to

δxΦ ¼ −Γρ
μνpρdxν: ðA2Þ

Now we define a derivative Dμ as

DμΦdxμ ≡Φðxþ dx; pÞ − ½Φðx; pÞ þ δxΦðx; pÞ�: ðA3Þ

Thus we obtain

DμΦ ¼ ð∂μ þ Γρ
μνpρ∂ν

pÞΦ; ðA4Þ

which is the horizontal lift of ∂μ to the cotangent bundle for
a scalar field. In the same manner, the covariant derivative
for an arbitrary tensor field in the T�M is derived as

Dμ ¼ ∇μ þ Γρ
μνpρ∂ν

p; ðA5Þ

with ∇μ the usual covariant derivative on M. Similarly, we
can define the horizontal lift of ∇μ to the tangent bundle
TM as given in the main text.

APPENDIX B: IDENTITIES OF THE
DIRAC MATRICES

We present some identities of the Dirac matrices
which are useful in the derivation of the chiral kinetic
equations. From the definition fγμ; γνg ¼ 2gμν and γ5 ¼
ð−i=4!Þεμνρσγμγνγργσ, we find

γ5σμν ¼ i
2
εμνρσσρσ; ðB1Þ

γμγνγρ ¼ gμνγρ þ gνργμ − gρμγν − iεμνρσγ5γσ; ðB2Þ

where σμν ¼ ði=2Þ½γμ; γν�. From these relations, we can
prove the following useful identities:

γμγν ¼ gμν − iσμν; ðB3Þ

γμ½γν; σαβ� ¼ −4igμ½αgβ�ν − 4σμ½αgβ�ν; ðB4Þ

γμγ5γν ¼ −gμνγ5 −
1

2
εμναβσαβ; ðB5Þ

γμ½γ5γν; σαβ� ¼ 4iγ5gμ½αgβ�ν þ 2iερσμ½αgβ�νσρσ: ðB6Þ
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APPENDIX C: TRANSPORT EQUATION
FOR W(x; p)

The Wigner function of Dirac fermions is defined by

Wðx; pÞ ¼
Z
y
ρðx; yÞ; ρðx; yÞ ¼ hψ̄þ ⊗ ψ−i: ðC1Þ

Here we have introduced the following notations:
R
y ¼R

d4y
ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞp

e−ip·y=ℏ, ψ− ¼ ψðx;−y=2Þ ¼ e−y·D=2ψðxÞ,
and ψ̄þ ¼ ψ̄ðx; y=2Þ ¼ ψ̄ðxÞey·D⃖=2. Note that Dμ acting
on the Dirac spinor involves Aμ to keep the U(1) gauge
covariance, that is,

Dμψðx; yÞ ¼ ð∇μ − Γλ
μνyν∂y

λ þ iAμ=ℏÞψðx; yÞ; ðC2Þ

with ∇μψðxÞ ¼ ð∂μ þ ΓμÞψðxÞ and Γμ the spin connection.
We consider the free Dirac field operators that obey

γμð∇μ þ iAμ=ℏÞψðxÞ ¼ ψ̄ðxÞð∇⃖μ − iAμ=ℏÞγμ ¼ 0: ðC3Þ

We assume that the surface integral for the Wigner trans-
formation vanishes, that is,

0 ¼
Z

d4y∂y
μ½

ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞ

p
e−ip·y=ℏρðx; yÞ�

¼ −
ipμ

ℏ
W þ

Z
y
∂y
μρðx; yÞ: ðC4Þ

In order to calculate the second term, we utilize

Dμψðx; yÞ ¼ ey·DDμψðxÞ −Hμψðx; yÞ; ðC5Þ

∂y
μψðx; yÞ ¼ Dμψðx; yÞ þ 2Gμψðx; yÞ; ðC6Þ

which are derived from the operator identity eYXe−Y ¼
eCðYÞX with CðYÞZ≡ ½Y; Z�. Here Hμ are Gμ are defined as

Hμψðx; yÞ ¼ −
iyν

ℏ

X∞
n¼0

½Cðy ·DÞ�n
ðnþ 1Þ! Gμνψðx; yÞ; ðC7Þ

Gμψðx; yÞ ¼ −
iyν

2ℏ

X∞
n¼0

½Cðy ·DÞ�n
ðnþ 2Þ! Gμνψðx; yÞ: ðC8Þ

HereGμν ≡ −iℏ½Dμ; Dν� is the total curvature tensor on TM
and T �M, e.g.,

Gμνψðx; yÞ ¼ ½Hμν − iℏRρ
σμνyσ∂y

ρ�ψðx; yÞ; ðC9Þ

Hμν ¼ Fμν þ
ℏ
4
Rμναβσ

αβ; Fμν ¼ 2∂ ½μAν�; Rρ
σμν ¼ 2ð∂ ½νΓ

ρ
μ�σ þ Γρ

λ½νΓ
λ
μ�σÞ ðC10Þ

with X½μYν� ¼ 1
2
ðXμYν − XνYμÞ. Then we compute

Z
y
∂y
μρðx; yÞ ¼ 1

2
DμW þ

Z
y
hψ̄þ ⊗ ðHμ − GμÞψ− þ ψ̄þG⃖μ ⊗ ψ−i −

Z
y
hψ̄þ ⊗ e−y·D=2DμψðxÞi: ðC11Þ

Contracted with γμ, the last term vanishes due to the Dirac equation (C3), and thus we derive

γμ
�
pμ þ

iℏ
2
Dμ

�
W ¼ iℏγμ

Z
y
hψ̄þ ⊗ ð−Hμ þ GμÞψ− − ψ̄þG⃖μ ⊗ ψ−i: ðC12Þ

This is Eq. (6) in the main text.

APPENDIX D: SEMICLASSICAL EXPANSION UP TO O(ℏ3)

Now we perform the semiclassical expansion of the transport equation (C12) [that is, Eq. (6) in the main text] with the
power counting scheme

pμ ¼ Oð1Þ; yμ ∼ iℏ∂μ
p ¼ OðℏÞ: ðD1Þ

It should be noticed that Dμ can lead to terms of Oðℏ−1Þ only when acting on ψðx; yÞ:

Dμψðx; yÞ ¼ Oðℏ−1Þ: ðD2Þ

Since ðy ·DÞψðx; yÞ is the same type function as ψðx; yÞ (i.e., a diffeomorphism scalar, local-Lorentz spinor), we readily
find

CHIRAL KINETIC THEORY IN CURVED SPACETIME PHYS. REV. D 99, 085014 (2019)

085014-7



½Cðy ·DÞ�nGμνψðx; yÞ ¼ ½Cðy ·DÞ�n½Hμν − iℏRρ
σμνyσ∂y

ρ�ψðx; yÞ: ðD3Þ

Then ½Cðy ·DÞ�nGμνψðx; yÞ is calculated as follows:

Cðy ·DÞGμνψðx; yÞ ¼ ½y ·DðHμν − iℏRρ
σμνyσ∂y

ρÞ þ iℏRρ
σμνyσDρ�ψðx; yÞ; ðD4Þ

½Cðy ·DÞ�2Gμνψðx; yÞ ¼ ½ðy ·DÞ2Fμν þ 2iℏðy ·DÞRρ
σμνyσDρ − yαyσRρ

σμνFαρ�ψðx; yÞ þOðℏ3Þ: ðD5Þ

Note that ½Cðy ·DÞ�nGμνψðx; yÞ for n ≥ 3 does not yield any Oðℏ2Þ contribution. Thus we obtain

iℏ
Z
y
hψ̄þ ⊗ ð−Hμ þ GμÞψ− − ψ̄þG⃖μ ⊗ ψ−i

¼ iℏ
8
½3Hμν∂ν

pW þW∂⃖ν
pHμν� þ

ℏ2

48
½5∂p ·∇Hμν∂ν

pW −W∂⃖ν
p∂⃖p ·∇Hμν�

−
iℏ3

48
½∇α∇βFμν∂α

p∂β
p − Rρ

σμνFαρ∂α
p∂σ

p�∂ν
pW þ ℏ2

8
Rρ

σμν∂ν
pð3Xσ

ρ − Yσ
ρÞ −

iℏ3

48
∂p · ∇Rρ

σμν∂ν
pð5Xσ

ρ þ Yσ
ρÞ

þ iℏ3

48
Rρ

σμν∂ν
p∂σ

pð5Zρ þWρÞ þ
ℏ4

192
∂p · ∇Rρ

σμν∂ν
p∂σ

pð7Zρ −WρÞ þOðℏ4Þ; ðD6Þ

In the above equation we have defined

Xμ
ν ¼

Z
y
yμhψ̄þ ⊗ ∂y

νψ−i; Yμ
ν ¼

Z
y
yμhψ̄þ∂⃖y

ν ⊗ ψ−i; ðD7Þ

Zμ ¼
Z
y
hψ̄þ ⊗ Dμψ−i; Wμ ¼

Z
y
hψ̄þD⃖μ ⊗ ψ−i: ðD8Þ

Although each of these are not simple expressions, their combinations are reduced to

Xσ
ρ − Yσ

ρ ¼ −
iℏ
2
∂σ
pDρW −

iℏ
4
Fλρ∂λ

p∂σ
pW þOðℏ2Þ; Xσ

ρ þ Yσ
ρ ¼ −∂σ

ppρW; ðD9Þ

Zρ −Wρ ¼ −
2ipρ

ℏ
W þOðℏÞ; Zρ þWρ ¼ DρW; ðD10Þ

which follow from Eq. (C6). From these relations and Eq. (B2), we eventually derive

γμ
�
Πμ þ

iℏ
2
Δμ

�
W ¼ i

4
γμΘμαβ½W; σαβ� ðD11Þ

with

Πμ ¼ pμ −
ℏ2

12
ð∇ρFμνÞ∂ν

p∂ρ
p þ ℏ2

24
Rρ

σμν∂σ
p∂ν

ppρ þ
ℏ2

4
Rμν∂ν

p; ðD12Þ

Δμ ¼ ∇μ þ ð−Fμλ þ Γν
μλpνÞ∂λ

p −
ℏ2

12
ð∇ρRμνÞ∂ρ

p∂ν
p −

ℏ2

24
ð∇λRρ

σμνÞ∂ν
p∂σ

p∂λ
ppρ

þ ℏ2

8
Rρ

σμν∂ν
p∂σ

pDρ þ
ℏ2

24
ð∇α∇βFμν þ 2Rρ

αμνFβρÞ∂ν
p∂α

p∂β
p; ðD13Þ

Θμαβ ¼
ℏ2

8
Rμναβ∂ν

p þ
iℏ3

48
∂p ·∇Rμναβ∂ν

p: ðD14Þ

They are Eqs. (7) and (8) in the main text.
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APPENDIX E: SPINOR DECOMPOSITION

In the last step, we decompose Eq. (D11) with the basis
of the Clifford algebra. TheWigner functionW is written as

W ¼ 1

4

�
F þ γ5P þ γ · V þ γ5γ ·Aþ 1

2
σμνSμν

�
: ðE1Þ

The coefficients Vμ and Aμ correspond to the vector and
axial currents, respectively: tr½γμW� ¼ Vμ and tr½γμγ5W� ¼
Aμ. This means that the right- and left-handed currents are
represented as

Rμ ¼
1

2
ðVμ þAμÞ; Lμ ¼

1

2
ðVμ −AμÞ: ðE2Þ

Due to the masslessness in Eq. (D11), the vector and axial
channels are decoupled from the scalar, pseudoscalar, and
tensor ones. Focusing on the vector and axial channels, we
find

γ · Λðγ · V þ γ5γ ·AÞ ¼ i
4
γμΘμαβ½γ · V þ γ5γ ·A; σαβ�;

ðE3Þ
where we have introduced the shorthand notation
Λμ ¼ Πμ þ ðiℏ=2ÞΔμ. By inserting Eqs. (B3)–(B6) into
Eq. (E3) and extracting three parts proportional to 1, γ5 and
σμν, respectively, we obtain

ðΛν − Θμ
μνÞVν ¼ 0; ðE4Þ

ðΛν − Θμ
μνÞAν ¼ 0; ðE5Þ

Λ½μVν� − Θ½μν�ρVρ −
i
2
εμνρσðΛρAσ − ΘρσλAλÞ ¼ 0: ðE6Þ

Note that, by contracting ði=2Þεμναβ with the third equation,
we obtain the same equation with the replacement
Vμ ↔ Aμ. Separating the real and imaginary parts, we
finally derive

Δ ·R ¼ ℏ2

24
∂p ·∇Rμν∂μ

pRν; ðE7Þ

Π ·R ¼ ℏ2

8
Rμν∂μ

pRν; ðE8Þ

ℏΔ½μRν� − εμνρσΠρRσ ¼ −
ℏ2

16
εμνρσRαβρσ∂p

αRβ; ðE9Þ

where we used 2Rα½μν�β ¼ −Rαβμν which follows from the
Bianchi identity for the Riemann curvature. These are
Eqs. (9)–(11) in the main text.

APPENDIX F: EQUILIBRIUM DISTRIBUTION

In this Appendix, we derive the general form of
the equilibrium distribution in the absence of the

electromagnetic field, that is, Aμ ¼ 0. The kinetic equation
at OðℏÞ reads

δðp2Þ
�
p ·Dþ ℏðDμΣ

μν
n ÞDν −

ℏ
2
Σμν
n pλRλρμν∂ρ

p

�
f ¼ 0:

ðF1Þ
At equilibrium, the distribution f should be a function of
the linear combination of the collisional conserved quan-
tities, namely, the particle number, the linear momentum,
and the angular momentum. Therefore, we parametrize the
equilibrium distribution as

f ¼ feqðgÞ; g ¼ αðxÞ þ βðxÞ · pþ ℏγμνðxÞΣn
μν; ðF2Þ

with αðxÞ ¼ α0ðxÞ þ ℏα1ðxÞ, βμðxÞ ¼ βμ0ðxÞ þ ℏβμ1ðxÞ, and
γμνðxÞ ¼ γμν0 ðxÞ þ ℏγμν1 ðxÞ and Oðℏ2Þ terms omitted. Note
that nμγμν ¼ nνγμν ¼ 0. Then the kinetic equation yields

δðp2Þðp ·∇α0 þ pμpν∇μβ0νÞ ¼ 0; ðF3Þ

and

δðp2Þ
�
p ·∇α1 þ pμpν∇μβ1ν þ ðDμΣ

μν
n Þð∇να0 þ pλ∇νβ0λÞ

þ p ·Dðγμν0 Σn
μνÞ −

1

2
Σμν
n Rλρμνpλβρ0

�
¼ 0: ðF4Þ

From Eq. (F3), we find

∇μα0 ¼ 0; ∇μβ0ν þ∇νβ0μ ¼ ϕ0ðxÞgμν; ðF5Þ

where ϕ0 is an arbitrary scalar function. Combining these
constraints, the third term in Eq. (F4) is calculated as

δðp2ÞðDμΣ
μν
n Þð∇να0 þ pλ∇νβ0λÞ

¼ δðp2Þ½DμðΣμ½ν
n pλ�∇νβ0λÞ − Σμν

n pλ∇μ∇½νβ0λ��

¼ δðp2Þ
�
−
1

2
p ·DðΣμν

n ∇μβ0νÞ þ
1

2
Σμν
n Rλρμνpλβρ0

�
;

ðF6Þ
where we have used pμενρσλ þ pνερσλμ þ pρεσλμν þ
pσελμνρ þ pλεμνρσ ¼ 0, ∇μ∇½νβ0λ� ¼−βα0Rαμνλ−gμ½ν∇λ�ϕ0,
2Rα½μν�β ¼ −Rαβμν, and εαμνρRβμνρ ¼ 0. Therefore,
Eq. (F4) is reduced to

δðp2Þ½p ·∇α1 þ pμpν∇μβ1ν þ p ·DðΣμν
n MμνÞ� ¼ 0;

ðF7Þ

where Mμν ¼ γ0μν − 1
2
∇⊥

½μβ0ν� with ⊥ here representing the

component perpendicular to nμ and we have used the fact
that Σμν

n ∇μβ0ν ¼ Σμν
n ∇⊥

μ β0ν. Therefore, we have
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p · ∇α1 þ pμpν∇μβ1ν þ p ·DðΣμν
n MμνÞ ¼

X∞
l¼1

ϕlðxÞ
2

ðp2Þl;

ðF8Þ

where ϕl with l ≥ 1 are arbitrary functions. Making a scale
transformation, pμ → λpμ, and comparing different powers
of λ, we obtain

∇μβ1ν þ∇νβ1μ ¼ ϕ1ðxÞgμν; ðF9Þ

ϕl ¼ 0; l ≥ 2; ðF10Þ

p ·∇α1 þ p ·DðΣμν
n MμνÞ ¼ 0: ðF11Þ

To proceed, we decompose pμ with respect to nμ as follows,
pμ ¼ pknμ þ p⊥

μ . Substituting into Eq. (F11) we find that
the following conditions

∇μα1 ¼ 0; Mμν ¼ 0 ðF12Þ

fulfill Eq. (F11) for arbitrary p⊥
μ . However, in case that nμ is

a constant, ∇μnν ¼ 0, the conditions to fulfill Eq. (F11) is

n ·∇α1 ¼ 0; ∇⊥
λ Mμν ¼ 0;

∇⊥
μ α1 þ

1

2
ερσμνnνn · ∇Mρσ ¼ 0; ðF13Þ

which nevertheless contains constraint (F12) as a special
case. Collecting Eq. (F5), Eq. (F9), and Eq. (F12), we
obtain the equilibrium condition as given in Eq. (17) and
Eq. (18) in the main text up to OðℏÞ. We also notice that in
the case of ∇μnν ¼ 0, the equilibrium state can maintain a
difference between γ0μν and the thermal vorticity 1

2
∇⊥

½μβ0ν� if
a finite gradient of the chemical potential is present, as
shown in the third equation in Eq. (F13), whose physical
consequence deserves a more careful exploration in future.
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