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The gravitational wave memory effect is characterized by the permanent relative displacement of a pair
of initially comoving test particles that is caused by the passage of a burst of gravitational waves. Recent
research on this effect has clarified the physical origin and the interpretation of this gravitational
phenomenon in terms of conserved charges at null infinity and “soft theorems.” In this paper, we describe a
more general class of effects than the gravitational wave memory that are not necessarily associated with
these charges and soft theorems, but that are, in principle, measurable. We shall refer to these effects as
persistent gravitational wave observables. These observables vanish in nonradiative regions of a
spacetime, and their effects “persist” after a region of spacetime which is radiating. We give three
examples of such persistent observables, as well as general techniques to calculate them. These examples,
for simplicity, restrict the class of nonradiative regions to those which are exactly flat. Our first example is a
generalization of geodesic deviation that allows for arbitrary acceleration. The second example is a
holonomy observable, which is defined in terms of a closed loop. It contains the usual “displacement”
gravitational wave memory; three previously identified, though less well known memory effects (the proper
time, velocity, and rotation memories); and additional new observables. Finally, the third example we give
is an explicit procedure by which an observer could measure a persistent effect using a spinning test
particle. We briefly discuss the ability of gravitational wave detectors (such as LIGO and Virgo) to measure

these observables.
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I. INTRODUCTION

The gravitational wave memory effect has, historically,
been described as an enduring displacement between two
nearby observers that can arise after gravitational waves
pass by their positions. Zel’dovich and Polnarev [1] first
noticed the effect in a calculation in linearized gravity of the
fly-by of two astrophysical compact objects. It has also
been shown that the memory effect occurs in nonlinear
general relativity [2]; in this context, there is an additional
effect (known as nonlinear or sometimes null memory [3])
arising from perturbations generated by the effective stress
energy of the gravitational waves [4,5] (see also [6]). Even
earlier, Newman and Penrose [7] had found that, near null
infinity, surfaces of constant retarded time can have their
shear set to zero as one approaches either spacelike or
future timelike infinity, but not both; this is now understood
as an aspect of the gravitational wave memory effect.
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In addition to the gravitational scattering of compact
objects, enduring displacements have been shown to occur
in other astrophysical contexts: for example, in neutrino
emission and kicks during core-collapse supernovae
(e.g., [8,9]), emission of matter during certain gamma-
ray bursts (e.g., [10,11]), and compact-binary mergers
(e.g., [12-14]). Braginsky and Grishchuk [15] and
Braginsky and Thorne [16] described the types of experi-
ments needed to detect gravitational wave bursts with
memory. Searches for these bursts have been carried out
using pulsar timing arrays, which have provided con-
straints on their frequency of occurrence [17,18]. It may
also be possible to detect the gravitational wave memory
with the LIGO and Virgo detectors, once the detectors
reach their design sensitivities [19].

There have also been recent developments in under-
standing the memory effect from a more theoretical
perspective. In particular, Strominger and collaborators
have described a relationship between the memory effect,
the soft theorem of Weinberg [20], and the supertranslation
relating two specific Bondi frames before and after a burst
of waves with memory (see the recent review [21], and
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references therein). Additional effects in electromagnetism
[22,23] and Yang-Mills theories [24] display this same
property of association with soft theorems and asymptotic
symmetries. These “triangles” of memory effects, soft
theorems, and the space of symmetries at null infinity
(or recently, at boundaries of spacetime in general, such as
the event horizon of a black hole [21,25-27]) have now
become a key feature in the discussion of memory effects in
the literature.

In this series of papers, we will be considering gener-
alizations of the memory effect, not motivated by these
theoretical considerations, but by what is measurable. We
consider the general class of what we call persistent
gravitational wave observables: namely, quantities that
are the results of measurements which a set of observers
can perform during some time interval, and that vanish if no
gravitational waves have passed by. Special cases of these
observables are memory observables, which we define as
persistent observables that are associated with symmetries
at spacetime boundaries. The idea of persistent observables
can be readily applied to contexts other than spacetime
boundaries: for example, exact gravitational plane waves
(e.g., [28,29]). One issue in making the notion of a
persistent observable precise is that there is no universal
definition of a “nonradiative” region of a spacetime in
which these observables would vanish, although such a
definition exists in particular contexts, such as near null
infinity, or in linearized gravity with a fixed background. In
each context there exists a precise definition of persistent
observables, but a persistent observable in one context may
not satisfy the requirement that it vanish for nonradiative
regions in another context, since the definitions of non-
radiative differ.

In this paper, we will be considering the context where
the spacetime is composed of three regions: two flat
regions, with a curved region sandwiched in between
containing gravitational waves. The persistent observables
in this case are the results of measurements that would yield
trivial results if this curved region were also flat; as such,
they can be thought of as “integrated measures of curva-
ture.” Applying them to the special case where the curved
region contains gravitational waves is what makes them
persistent gravitational wave observables. Although our
results are in general nonlinear, these observables measure
moments (in time) of the Riemann tensor and its derivatives
along an observer’s worldline when the curvature is weak.

In a subsequent paper, we will also consider observables
that are defined near null infinity, where there is also an
unambiguous notion of what one means by radiation. In
this context, the persistent observables can be expanded in a
series in 1/r, where r is the Bondi-Sachs radial coordinate
[30,31]. For the previously known persistent observables
discussed in Sec. II A, the memory observables (the
displacement, both leading and subleading) scale as 1/r,
whereas the persistent observables not associated with

symmetries and conserved quantities (the relative velocity,
rotation, and proper time observables) go as 1/r2. We will
check in a subsequent paper if this is also true for the new
persistent observables defined in this paper.

A brief summary of the structure of this paper is as
follows: first, in Sec. II, we describe the persistent gravi-
tational wave observables that we will be considering in
this paper and their relationship to previous observables in
the literature (particularly those in [32,33]). For conven-
ience, a simplified version of our results is presented in the
same section. We also briefly discuss how gravitational
wave detectors might measure these observables. The
derivations of our results, in terms of covariant bitensors,
are given in Secs. III and IV; the former provides a review
of techniques used in computations with covariant biten-
sors, and the latter gives the calculations themselves.
Further discussion and our conclusions are in Sec. V.

We use the conventions for the metric and curvature
tensors given in Wald [34], the conventions for taking the
dual of arbitrary tensors from Penrose and Rindler [35,36]
(reviewed in Appendix A), and the conventions for biten-
sors from Poisson’s review article [37]. We will use
lowercase Latin letters for abstract spacetime tensor indices
and capital Latin indices for tensor indices on an arbitrary
vector bundle. Lowercase Greek letters will be used to label
components with respect to a parallel transported basis. For
brevity, we are using a convention for bitensors where we
use the same annotations for indices as are used on the
points at which the indices apply (e.g., a, b at the point x
and &, b at the point x). If a bitensor is a scalar at some
point, we make the dependence on that point explicit.
Finally, for brevity, we will occasionally take powers of
order symbols, writing (e.g.) O(a,b)?® as shorthand
for O(a®, a®b, ab*, b?).

II. PERSISTENT GRAVITATIONAL WAVE
OBSERVABLES

In this section, we will review previous examples of
persistent gravitational wave observables in the literature;
we then define our three new observables in Secs. II C, II D,
and I1E; and finally, we give a brief discussion as to the
feasibility of their measurement in II F. As mentioned in the
Introduction, in all cases we assume that the regions before
and after the burst of gravitational waves are flat. A
summary of the different persistent observables that occur
in this paper is given in Table I.

A. Traditional persistent gravitational
wave observables

The archetypal persistent gravitational observable is
what we will call the displacement memory observable:
a change in proper distance between two initially comov-
ing, unforced, and nearby observers before and after a burst
of gravitational waves. Denote the curves that the two
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TABLEI. A summary of the persistent observables discussed in this paper. We provide the original reference for the observable (if it
was defined before this paper), the section of this paper in which the observable is defined, and the equation in which we give the value
of the observable (in the weak curvature limit). As a brief summary of the characteristics of these observables, we also give the number
of time integrals of the Riemann tensor which appear in these observables (in the weak curvature and plane-wave limits; see Sec. I F for
more details) and the known scaling near null infinity in both the linearized theory and in full general relativity. If the observable is
known to be associated with a known symmetry near a spacetime boundary (and so is a memory observable), that is indicated in the last
column.

Number of time Scaling near .# (if known)

Definition Result integrals of the Linearized Full Associated with
Observable Reference  (Sec.) (Eq.) Riemann tensor GR GR a known symmetry
Displacement [1] IITA (2.1 2 1/r 1/r Yes
Relative velocity [38] TA (2.3) 1 1/r? e No
Relative rotation [32] IA (2.5) 1 1/r? . No
Relative proper time [39] A (2.6) 1 1/r? e No
Subleading displacement”  [40,41] IIA (2.2) 3 1/r 1/r Yes
Curve deviation o nc (210, (2.12) 1-3° e e No
Holonomy e ID (2.21), (2.22) 1-3° e o No
Spinning test particle e IIE (2.25), (2.26) 1-2 B e No

*Subleading displacement memory near null infinity includes the spin memory [40] and center of mass memory [41].

°With acceleration, the number of time integrals is 4 and higher.

observers follow by y and 7, and the initial and final proper
times of one of the observers by 7 and z,. At each of 7 and
71, if 7 is close enough, there is a unique geodesic that
intersects both y and 7 and is orthogonal™ to y. We set the
affine parameter 1 along these unique geodesics such that
they intersect y at A = 0 and ¥ at A = 1. The initial and final
separation vectors &% and &% are then the tangent vectors to
these unique geodesics at y(z;) and y(z;), respectively.

Given these definitions, the change in separation can
then be found explicitly by solving the geodesic deviation
equation. For initially comoving observers, this change is
given by

71 ) C e
Agﬂ = —/ de/ dTSRﬂ(ly/}(T3)y{lyﬁéy+ 0(62’R2)’
70 70
(2.1)

where y* is the tangent vector to the curve y. In this
expression, and all those that follow which use Greek
indices, we are taking components on a basis that has been
parallel transported along the worldline.

There is another type of displacement memory observ-
able, one which depends instead on the initial relative
velocity £ of the two worldlines. This is the final relative
displacement of two observers with no initial rela-
tive displacement, but an initial relative velocity. An
explicit expression, derived in a manner similar to
Eq. (2.1), is given by

'Note that orthogonality is necessary to ensure that the
geodesics are unique. There are different definitions of these
geodesics that intersect y and ¥, which are called correspond-
ences in [42]; we will not be using this particular correspondence
past Sec. II B, instead using one which we will define in Sec. II C.

8¢ == [ "dny ["dry [dnRyl)i 0RO,
70 70 73

(2.2)

This we will call the subleading displacement memory
observable. 1t is called subleading because of the addi-
tional time integral in Eq. (2.2) as opposed to Eq. (2.1).
In the frequency domain, this time integral corresponds
to multiplication by frequency or energy, and thus the
quantity is subleading in the expansion in energy that is
used in the corresponding soft theorems [43]. The parts
of the gravitational waves that produce the subleading
displacement memory also arise at a higher order in the
post-Newtonian expansion than the parts that generate
the leading memory [41,44]. This observable has been
studied exclusively at null infinity, where it has been
understood in terms of its electric and magnetic parity
components, which are known as center of mass memory
[41] and spin memory [40], respectively. The total
subleading displacement is a memory observable, since
both the spin and the center of mass memories are
known to be associated with asymptotic symmetries (the
spin memory is known to be associated with a soft
theorem as well [40]).

Since the geodesic deviation equation has solutions
where the initially comoving observers have 4-velocities
that become different over time, it is natural to wonder
whether there could be a persistent relative velocity
observable given by a difference in the relative 4-velocities
before and after a burst of gravitational waves; this is
sometimes also referred to as the velocity memory in the
literature [6,28,38]. It takes the form
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. D 7y
A = A = / Aoy RY op(72)7°7PE + O(E7, R?).
T )

(2.3)

This effect is unavoidable in going between two regions
that are initially and finally flat, at least for nonlinear plane
waves [45] (for a more recent discussion, see [29,46,47]). It
has been suggested, moreover, that this relative velocity is
in principle measurable for bursts generated by astrophysi-
cal sources [38]. Note that in the case where the final
relative velocity is nonzero, the displacement memory will
no longer be independent of the final time z;, even after the
burst of gravitational waves has passed.

Similarly, the observers can parallel transport orthonor-
mal tetrads along their respective worldlines, and the tetrads
are related to each other by a linear transformation that is
influenced by the burst of gravitational waves. The four-
dimensional matrix representing this linear transformation
is in general a Lorentz transformation; thus, we will call the
effect a persistent Lorentz transformation observable. This
matrix can be written as

AP, =8, + AQH,, (2.4)

where

20, = [ Ry (n)E P L 0GR (23)

0

Note this effect includes the relative velocity observable in
the form of a boost (when contracted into y*), as well as a
relative rotation observable. The relative rotation observ-
able could be inferred, for example, from integrating the
equation of differential frame dragging (or differential
Fokker precession) [48,49] once in time, although as far
as we can tell no one has taken this approach before.
Finally, one might wonder if nearby geodesic observers
measure the same amount of proper time elapsed along
their worldlines after a burst of gravitational waves passes
by their locations. This proper time difference will depend
on how the observers make their correspondence, in the
sense of Footnote 1. Recall that the separation vectors
defined above are tangents to unique geodesics that
intersect both y and 7 and are orthogonal to y. Suppose
that the two observers synchronize their clocks such that
the first of these geodesics (defining the initial separation)
passes through y(z;) and ¥(zy). Then, the second of these
geodesics (defining the final separation) will pass through
the points y(z;) and 7(z; + At); the proper time difference
is this quantity Az. Strominger and Zhiboedov considered
this observable in [39], which we will call the persistent
relative proper time observable. Performing a similar
calculation as that which yields Eq. (2.1), we find that

1 [= . .
At = 5/ dryR ,5(12)E7PEY° + O(E . R?).  (2.6)

0

Near null infinity, the displacement memory scales with
the Bondi-Sachs radial coordinate r as 1/r (see, e.g., [21]).
We are not aware of calculations of the scaling of the
relative velocity, rotation, and proper time observables with
r near null infinity, but otherwise in full generality.
Specializing to linearized gravity, however, we can make
use of the results of [3] to argue that these three persistent
observables scale as 1/r2 (i.e., the term in the expansion at
1/r vanishes).” In a future paper, we will study in greater
detail the scaling with r of these persistent observables and
the new observables defined below.

Note that the persistent relative proper time, relative
velocity, and relative rotation observables have all been
called “memories” previously in the literature. Since they are
not associated with symmetries at boundaries of spacetime,
we will be referring to them simply as persistent observables.

The observables we have discussed so far are all defined
in a context where there are two flat regions of spacetime
separated in time by a region with curvature. One can also
consider situations where there are two flat regions that are
spatially separated, as for example occurs when consider-
ing the effects of intervening curvature on the propagation
of null rays from sources to observers in astronomical
observations. In this context, a number of nonlocal observ-
ables can be defined (related to lensing, frequency shifts,
etc.) (see, e.g., [28,51-53]) which bear some similarities to
the observables discussed here.

B. Generalized holonomy

In [32], a covariant observable was introduced that
encodes the four persistent gravitational wave observables
of Sec. IT A (displacement, velocity, proper time, and
rotation) in a single vector. We now review this observable,
which was called the generalized holonomy in [32]. The
generalized holonomy is based on the solutions y* of an
affine transport law along a curve with tangent vector k¢,
which are given by solving the following differential
equation along this curve:

K9V b = —kb. (2.7)

If one solves Eq. (2.7) with a given initial y“ at some point

x, then the final y¢ at some point x’ along the curve can be
written as follows:

1 =g+ By (2.8)
The homogeneous solution ¢% ¥ corresponds to parallel
transport of the given initial vector y“. Here ¢“ , denotes the

*For spacetimes that are not asymptotically flat in the usual
sense, see [50] for an example where the relative velocity does not
have this scaling.
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FIG. 1. Two curves that have some initial separation &% and
relative velocity é", as well as accelerations 7" and 7 . The curve
deviation observable Aig'D is given by the difference between the
measured final separation and the final separation that would be
predicted if the gray region (containing gravitational waves) were
also flat.

parallel propagator, which we define in more detail in
Sec. III B. The inhomogeneous solution Ay? generalizes
the notion of a separation vector between two points in flat
spacetime. In a curved spacetime, Ay® and ¢* , depend on
the curve connecting the points x and x'.

Consider now a closed curve composed of two initially
comoving timelike geodesics y and 7 and two spatial
geodesics connecting y and 7 at the initial and final points
of y and 7. Furthermore, assume that these spatial geodesics
are both orthogonal to y at their respective points of
intersection with y. Solve Eq. (2.7) around this curve by
starting at the initial point of y, evolving forwards along y,
then along the geodesic connecting the final points, then
backwards along 7, and then finally along the geodesic
between the initial points (this is the same orientation as
given in Fig. 2, which is introduced in Sec. II D). The
solution (2.8) defines a mapping

X = NP+ Ay, (2.9)
called the generalized holonomy in [32], where A%, is the
usual holonomy around this curve [as in Eq. (2.4)]. The
quantities Ay and A“, are the generalized holonomy
observables. It was shown in [32] that this generalized
holonomy encodes the displacement memory, in addition to
the persistent relative velocity, rotation, and proper time
observables. Specifically, the homogeneous solution enc-
odes exactly the persistent Lorentz transformation observ-
able A, (in components with respect to a parallel
transported basis), while the inhomogeneous solution enc-
odes the displacement memory A&¥, the persistent Lorentz

Jab :}ab
9

FIG.2. A loop about which observers can compute a holonomy
that measures the effect of a burst of gravitational waves. The
quantities P4 and J% are transported around this loop using
Eq. (2.15) (with some set of parameters x) in the directions

shown, thereby yielding the observables pe and ; ab,

transformation observable, and the persistent relative proper
time observable Az. Explicit expressions are given by3

AF, =8+ AQH,, (2.10a)

Ayt = =AY [ + A& + (11 — 70)7"] + Aty — Ag-.
(2.10b)

C. Curve deviation

We now define our first new persistent observable—
which we call curve deviation—as a generalization of
geodesic deviation (which forms the basis of the displace-
ment memory observables). Consider two timelike curves y
and y that pass through the region of gravitational waves, as
depicted in Fig. 1. Let 7, denote a value of the affine
parameter along y and 7 before the gravitational waves have
passed, and let 7; be a value of this affine parameter after
the passage of the waves. The given variables in this
problem are the initial separation £ and initial relative
velocity & at x = 7(79), as well as the accelerations ¢ and
¥ at all values of 7 along the curves (recall that we are
using Latin indices to denote abstract indices). At all later
times 7, we define the separation vector as tangent to the
unique geodesic that connects y(7) and 7(z). Note that this
1s not the same definition as in Sec. II A, where the
separation was defined to always be orthogonal to y¢.
Since this definition connects two points on y and ¥ based

*Note that this result is not the same equation as that given in
[32] [their Eq. (3.20)], because we are using a different initial
point and direction for traversing the loop. The two results are
consistent.
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upon having the same proper time, it is called the
isochronous correspondence, which is in contrast to the
normal correspondence which was used in Sec. II A. For
further discussion, see Sec. IVA.

The curve deviation observable A&%y at x' = y(z;) is the
difference between the actual, measured separation, and the
separation predicted from the observers’ measured accel-
erations on a parallel transported basis, assuming that the
region is flat. Thus, this observable will vanish in flat
spacetimes, even for arbitrarily accelerating curves.

Our observable has, in general, a nonlinear dependence
on the initial separation and relative velocity, as well as the
accelerations. For simplicity, we parametrize the linear and
quadratic dependence by the following quantities:

A& = [AKY ), 4 LY & + N, & + O(E,E)Y)
+ (71 — 1) AH? , + MY E+ O(¢E, f)z]fh
* / ’ dey(7) — 1) AHY i {g" 51 + O(E &7

—[1+ OE&Y7""} + 0(77)> (2.11)

1 T T
——/ lde/ 2dT3{[V(€R
2 7 Ty
_/Tldrz/hdﬁ[/ de, {[V,
7o 70

7 7 2 1
M ﬁ}’_/ de/ dT}/ dT4 |:—/ de{[
—/ drz/ dr3/ du/ dzs{[V
To

Note that the first of these expressions is very similar to
Eq. (2.1), and the second is very similar to Eq. (2.2). As in
those equations, since we are integrating tensor fields, we
note that we are considering the components along a
parallel transported basis, which are denoted with Greek
indices. In these expressions, the parallel transported
components of the 4-velocity are not constant functions
of proper time, as y is not necessarily geodesic.

D. Holonomies of linear and angular momentum

Our next observable is based on an extension of the
affine transport law reviewed in Sec. IIB, and it is
motivated by the fact that this transport law also defines
a means of relating linear and angular momenta at different
points [32]. Here, we mean either the linear and angular

1 7 7 7 . .
- / de/ d73/ dT4Rayﬁ5(T4)7y(T4)75(T4) + O(R?),
71 =70 Jxo 7o 7

196)(73) + [V (R p),6)(23) }7°(73)7¢ (73) + O(R?),

R 5] (t5) + [V(R),5] (75) }7° (75)i (75) + O(R?).

Above we defined x” = y(z,) and g%z as the bitensor
which parallel transports vectors at X = 7(12) to x”. The
bitensors AK“ ,, AHY ,, L% ., M}, and N¢ . vanish in
flat spacetime and are determined by the curve y (and
therefore depend, implicitly, on the acceleration 7¢). Here,
as mentioned in the Introduction, we are using O(E, 5)2 as
shorthand for O(£2,& - €, €). A derivation of this result is
given in Sec. IVA, and explicit expressions for all of the
bitensors that this expression defines are given in
Eq. (4.13). The following are expressions for the bitensors
in Eq. (2.11) that are valid to linear order in the Riemann
tensor:

T T, . .
AK“ﬂz—/ dfz/ dz3R%55(73)77 (23)7°(73) + O(R?),
To

To

(2.12a)

(2.12b)

(2.12c)

R%)55)(74) + [V (R 6] (22) 17 (12) 7 (74) + 2R 5 (23)7° (= )]+0(R2) (2.12d)

R%,55)(75) + [V(cR )] (75) }7° (25)7¢ (75) — 2Ra(y/f)6(74)j’5(74):|

(2.12¢)

[

momentum of some extended body or the linear and
angular momentum of the spacetime itself. There are a
variety of prescriptions by which an observer could define
linear and angular momentum, but what we will be
considering in this paper is how the observer would
sensibly transport these quantities from point to point.
As a motivating example, consider a freely falling body
in flat spacetime. Stated in terms of affine transport, an
observer at some point x would measure the total linear and
angular momentum of the body (about her location) to be

Pi=g'yPY,  J=gtug? ST 1 20x9PY, (2.13)
respectively, where S¢”" and P are the intrinsic angular
momentum and linear momentum of the body, and Ay“ and

g*, are the inhomogeneous and homogeneous solutions to
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Eq. (2.7) given in Eq. (2.8). The curve along which
Eq. (2.7) is being solved is the geodesic orthogonal to
the observer’s worldline that goes from a point x’ on the
body’s center of mass worldline to x. The first term in this
expression is the intrinsic angular momentum, and the
second term is the orbital angular momentum, as it depends
on the separation of the observer relative to the body.
Parallel propagators appear in this expression to reflect the
fact that PY and S“?, as tensor fields, are only defined on
the worldline of the freely falling spinning body.

A crucial feature of this example is that (when the
intrinsic linear and angular momentum of the body are
conserved) the constructed P* and J obey the following
coupled differential equations along an arbitrary curve with
tangent vector k“:

kaV, Pt =0, (2.14a)

keV Jbe = 2pPlbkel, (2.14b)

These differential equations capture the “origin depend-
ence” of angular momentum in special relativity: that is, as
we shift the origin (along some curve with tangent k“)
about which we are measuring the angular momentum,
Eq. (2.14) tells us how the linear and angular momentum
change. This origin dependence is a crucial feature of
angular momentum, and so one could consider Eq. (2.14)
as the definition of how linear and angular momentum
should be transported in curved spacetimes (as was done in
[32]), irrespective of the particular example used to derive
this equation. Unlike in flat spacetime, this transport
depends on the curve that is used between the two points.
Solving Eq. (2.14) around a closed loop gives a map
from the space of P¢ and J° to itself, which can be written
in terms of the quantities Ay“ and A“;, from the generalized
holonomy. In this paper, as in [33], we will describe a
generalization of this procedure for transporting linear and
angular momentum; as the space of P and J% is ten-
dimensional, our observable is a 10 x 10 matrix. As a
generalization of [33], instead of Eq. (2.14), we solve the
following differential equations along our curve:

ke, PO = —K @, kT, (2.152)

keV . Jb = 2plaghl, (2.15b)

Here x = (1, x5, %3, %4) is a collection of constant param-

X
eters, and the tensor K ®°_; is defined by

I}{(abcd =X Rabcd +}{25a[cRbd] +}{36b[CRad] +%4R5‘1[05bd] .
(2.16)
Two special cases of this transport law have been consid-

ered in previous work: x = (0,0, 0,0), which was studied
in [32], and x = (x,0,0,0), which was studied in [33].

Our holonomy observable will be given by solving
Eq. (2.15) around a closed loop. This gives us a curve-
dependent observable (in the form of a matrix at a given
point) describing how the final linear and angular momen-

tum, which we denote by 1}S 4 and } ab depend on the initial
linear and angular momentum, which we denote by P* and
J%. We call this matrix the holonomy, and it can be
decomposed into four components:

A4 A
b% a
pa PP c PJ cd P<
v ) = o L) @1
a a
J[}’ c J[> cd

This observable depends on the curve used in its definition.
For example, in [33], this holonomy was computed for
infinitesimal square loops. In this paper, the holonomy will
be computed for the case of a narrow loop, as in Fig. 2,
where two of the edges are much shorter than the curves y
and .

The dependence on the curve is apparent in two ways.
First, the holonomy depends on the separation vector £*
throughout the curved region, so it depends on the initial
separation, relative velocity, and the accelerations of the
curves. This will be made more concrete in Eq. (2.21) (for
the weak curvature case), Eq. (3.40) (in general), and in the
discussion in Sec. III C 2. Second, even given the curves y
and 7, the holonomy depends on the choices of initial and
final points on y that define the closed curve. However, it
must be noted that because we have assumed that the regions
are flat before and after the burst of gravitational waves, the
dependence on the start or end of the loop is in some sense
“trivial”: namely, it is only related to the usual origin
dependence of angular momentum in special relativity.

We now consider particular values of ». As mentioned
above, the holonomy for » = (0,0,0,0) can be written in
terms of A%, and Ay“:

A a — a A a —
Ale=A% Aty =0, (2.18a)
AP =280 APy = A AP (2.18D)

Thus, the value of this holonomy has already been
effectively computed in [32], and (as noted in Sec. I B)
the components of this holonomy describe the usual dis-
placement memory observable, as well as the relative velocity
and rotation observables. We will be computing this observ-
able again, using a different framework, in Sec. IV B 1.

In addition to the case of x = (0,0, 0, 0), which we will
refer to as affine transport, we also consider the case
x =(1/2,0,0,0), which we will refer to as dual Killing
transport. The holonomy of dual Killing transport
describes how the space of symmetries changes because
of the burst of gravitational waves. This is due to the
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relationship between the transport law in Eq. (2.15) with
x = (1/2,0,0,0) and the Killing transport equations which
determine how Killing vector fields can be determined from
initial data at a point. This can be seen as follows: for any
Killing vector field ¢, define w,, = V[,&,). The Killing
transport equations can then be written as

Vafb = Wyp, (2193)

dabcéd' (2 19b)

Vawbc =R
This implies that, for P? and J¢” transported along a curve
by dual Killing transport,

Q=P+ J“b o (2.20)
is a constant (see, e.g., [54]).

This association between linear and angular momentum
and Killing vector fields allows us to think of the holonomy
in a slightly different way. The Killing transport equa-
tions (2.19) can be used to transport an element of the space
of symmetries in the flat region before the burst along the
curve y by contracting the free index a with y* (to yield
ordinary differential equations along y). This gives an
element of the space of symmetries in the region after
the burst, thus providing a linear map between the spaces of
symmetries before and after the burst. This map is
independent of the initial and final points along y between

|

x X

[/,},aﬂ fl,\Jauv oy 0 /1’1
% % + dr 2
NN 0o [aM & ]y 70

I%a;uc(Tl 97'-2)

which this transport is carried out, so long as the points are
within the flat regions. There is a corresponding map along
y that maps the space of symmetries after the burst to the
space of symmetries before. Composing these maps yields
a holonomy that is, in a sense, “dual” to the holonomy
discussed in this section. This holonomy maps from the
space of initial Killing vector fields to the space of final
Killing vector fields and is independent of the choices of
initial and final points on the curves y and 7. However, the
components of this map on a basis that is determined by the
initial point (that is, components of angular momentum
about the initial point on y) or the final point depend on
those choices.

Finally, there is a third relevant value of x, namely
x =(=1/4,1/2,0,0). This is the value of x that is most
interesting near null infinity, as discussed in [33], since it
turns out that the holonomy with this value of x is trivial in
an asymptotic sense in stationary regions. We will be
discussing this in more detail in a future paper.

In summary, the holonomy observable discussed in this
section provides a persistent gravitational wave observable
which we will compute in this and subsequent papers. Our
final result for the value of the matrix in Eq. (2.17) is in
Eq. (4.26) for the case of affine transport and (4.35) for the
case of dual Killing transport. For a general set of
parameters »x, our results are given in Egs. (4.20) and
(4.21). For convenience, we list our results in the weak
curvature limit below for general x:

QI{I}HJK(TZ) T }%a;uc(Tl 17'-3) %{lﬂDK(T3)

§K+/ dr; &
%aﬂ/m(ﬁﬂ'z) % ﬁ#wc(rl,fz) 2 %aﬁﬂk(fbﬁ) %aﬂﬂw(rl’ﬁ)

wp g

Tl ’7'-4) %almc (14) .

+[7%(72) =7*(2,) / d13/ dz, O(E€)?+O(R,VR)?, (2.21)
71’74) Q ﬁm/K(Tl?T4)
where
% Tl X . .
Ig%alm(’l'] s T2) = {RayKA(T2) + 4Ka(”|ﬂ|,<) (72) + 2/ dT3 [VKK",W](T3)7/"(T3)}yl(rz), (2223)
)

Q(t1) = 2[VeK ] (7)1 (71), (2.22b)

!
4

7./6 (72) [5[(114Rﬂ] O’K}»(Tfﬁ) + 45[H[KK/}]/1]/M(T3)} > }.,2(73)’

T . x 1 T % .
0 ,n(e15) =8 [ e (80,0 { Wkl e) [ a0 = Ry o) = [ amiVk o)
7 7 73

(2.22¢)
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QW un(r.7) =202 [ drs VK 3)7 )

]
+2[51, R 5 (72) + 817 K P, (12)]7(72).
(2.224)

The explicit expressions for affine transport [x=
(0,0,0,0)] and dual Killing transport [x = (1/2,0,0,0)]
are apparent, and are given in more detail in Secs. IV B 1
and IV B 2. These expressions are quite complicated for the
case of general x, even in this weak curvature limit. In the
case of affine transport, we know that the results are far
simpler, and that there are fewer independent components.
In Appendix D, we will consider a way of decomposing the
holonomy into different parts, which may aid in under-
standing the meaning of the large number of components in
the holonomy. In the case of affine transport, this decom-
position makes the reduction in the number of independent
components manifest.

E. Observables involving a spinning test particle

The holonomy given in the previous section is a power-
ful mathematical map for determining how a radiative
region has affected how an observer keeps track of some
angular momentum that she has measured. However, it is
an abstract quantity. In particular, it depends on a closed
curve that intersects the curved region, and it could be
difficult to measure in practice for some arbitrary curve.
The curve deviation observable given in Sec. II C is a more
realistically observable quantity, but it also requires the
observers to measure their acceleration at all times. A more
ideal observable would be one that would only require
measurements before and after the burst of gravitational
waves. An example of such an observable is given by the
following procedure. An unaccelerated observer measures
the linear momentum and intrinsic spin of a comoving test
particle, in addition to its separation from the observer. The
observer and the test particle then travel along their own
worldlines, and after the burst of gravitational waves, the
separation, linear momentum, and intrinsic spin of the test
particle are measured again. The procedure is depicted in
Fig. 3, where we denote the worldlines of the observer and
spinning test particle by y and %, respectively. The
differences between the initial and final separations, linear
momenta, and spins per unit mass are the natural observ-
ables in this procedure.

We note that both the linear momentum and the intrinsic
spin are tensors, and therefore, unless the initial and final
separations are zero, we must specify a prescription for
transporting these tensors away from the worldline of the
spinning particle. The convention which we use is that both
are parallel transported along a curve connecting the two
worldlines. Since the regions before and after the burst are
flat, this procedure is independent of the particular curves
used. Moreover, the measurements of linear momentum,

FIG. 3.  An observer (left curve, y) measuring properties of a
spinning test particle (right curve, 7). The test particle has some
measured separation &, linear momentum p¢, and intrinsic spin
s before a burst of gravitational waves. After the burst, these
quantities are all measured again and compared with their values
before the burst, yielding A&, Ap®, and As?.

intrinsic spin, and the separation are all tensors at specific
points along the observer’s worldline, so they must be
parallel transported along the observer’s worldline to some
common point in order to be compared.

Note that this procedure is qualitatively similar to the
holonomy for dual Killing transport, as the linear and
angular momentum of the spinning test particle evolve
along its worldline according to the Mathisson-Papapetrou
equations [55,56]:

(2.23a)
7oV, jab = 2playhl, (2.23b)

Here p? and j‘”_’ are the linear and angular momentum of
the spinning particle when measured about (7). These

equations are precisely the transport law for p? and j”

using dual Killing transport. However, note that p® and j*?
are parallel transported along the geodesics connecting the
two worldlines during the measurement process, and when
the observer compares her initial and final measurements.
This observable, therefore, cannot be understood in terms
of a holonomy, as different transport laws are used along
different portions of the loop.

The second difference between this procedure and the
holonomy is that the holonomy can be computed around an
arbitrary loop, whereas in this procedure the worldlines y
and 7 are more constrained. The curve 7 here refers to a
“reference worldline” for the spinning test particle. This
worldline is arbitrary, in a sense, and refers to the center of
mass of the particle defined by certain spin-supplementary
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conditions (for a review, see [57] and the references
therein). We will discuss our choice of spin-supplementary
condition further in Sec. IV C, as it is crucial for determin-
ing the acceleration of the spinning particle and therefore
the exact shape of the loop. Related to our choice of spin
supplementary condition is our definition of the intrinsic
spin per unit mass, which we discuss in the same section.
Explicitly, we denote our observables, the differences
between initial and final separation, measured linear
momenta, and measured intrinsic spins per unit mass of
the test particle, by Afg/, Ap?, and As?, respectively.
These are functions of the initially measured 4-momentum
p“, initial intrinsic spin per unit mass s“, and initial
separation £“. We expand both in the separation and in
the intrinsic spin, assuming that the size of the body, which
is characterized by the spin per unit mass, is small as well.
That is, our approximation is that
€| Z |s| > m, (2.24)
where m is the mass of the particle. The assumption that the
spin per unit mass is much larger than the mass is necessary
in order to neglect the effects of self-force on the test particle.
To second order in separation, but first order in intrinsic
spin, we can write

A& = [AKY ), + L9, & + O(8))Eb

+ X, + W, 8+ O)]sP + 0(s)?, (2.25a)
/ D , )
Ap? =m—A& + 0(s)?, (2.25b)
dTl
As? = [T + O(.5)]s". (2.25¢)

The first of these expressions can be considered as
definitions of Y%, and W¢ ., and the third as a definition
of =%, These are all bitensors determined by the curve y
whose explicit forms will be calculated in Sec. IV C. The
quantities AK? , and L, are the same as those introduced
in Sec. IIC, and their values are given in Sec. IVA.
Equation (2.25b) is a result that will be proven in
Sec. IVC. Our final expressions for these observables
are given in Eq. (4.47); assuming weak curvature, we find
that these expressions are given by

71 .
Xy = _/ dryR%,5(72)7° + O(R?), (2.26a)
To
& n P
To,— / dz, / de3 (R)" 55 (13)777+ O(R?). (2.26b)
70 7

71 (%) Lo
Py = —/ de/ dz3 [V, (R*)%ss.](73)7°7¢ + O(R?).
70 7

(2.26c¢)

These expressions are much simpler than the corresponding
expressions for the holonomy, or for curve deviation,
primarily because the motion of the spinning body is
already specified, which requires that the relative velocity
and accelerations are given by very particular forms.

F. Feasibility of measurement

All of the persistent observables in this paper are (in
principle) measurable by some sort of detector, because
these observables are defined in terms of a procedure that
an observer can physically carry out. For curve deviation
and our observable involving a spinning test particle, these
procedures are relatively straightforward to perform. The
former requires only a means of measuring separation
and for the observers to keep track of their respective
accelerations, while the latter only requires a method by
which an observer can measure the momentum and spin of
a particle in addition to the separation. The holonomy
observable is somewhat more complex, as it requires the
two observers to measure the local curvature of spacetime
(potentially by carrying around small gravitational wave
detectors themselves). The observers could then use the
measured curvature to evolve the quantities P* and J*
according to Eq. (2.15), and finally compare their results at
the end.

A far simpler method that one could use to measure these
persistent observables, without constructing new types of
detectors, would be to take advantage of the fact that the
values of these persistent observables can be written, in the
weak curvature limit, in terms of integrals of the Riemann
tensor (and its derivatives) along the worldline of one of the
observers. For observers far from an astrophysical source of
gravitational waves, the weak-curvature limit is expected to
be valid. Moreover, when the observer is far enough from
the source, the gravitational waves can be well approxi-
mated by plane waves, so the derivatives of the Riemann
tensor can be expressed solely in terms of derivatives with
respect to retarded time. At fixed radius, retarded time is an
affine parameter for the worldline of the observer, which
allows terms involving integrals of the derivatives of the
Riemann tensor to be written in terms of the Riemann
tensor evaluated at the end points. Gravitational wave
detectors measure the components of the Riemann tensor,
and these components can be integrated in time while the
gravitational waves are passing by. Having made these
measurements of the integrated Riemann tensor, gravita-
tional wave detectors could then use our weak curvature
results to deduce what the value of any of the persistent
observables in this paper would have been if the detector
had, in fact, been carrying out the operations by which
these observables are defined.

In this regime, and in the case where there is no
acceleration, the weak curvature results in the preceding
sections; that is, Egs. (2.12), (2.26), and (2.21) [when
combined with Eq. (2.22)] involve only one, two, and three
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time integrals of the Riemann tensor along the worldline of
the detector (allowing for acceleration terms, these results
include more time integrals of the Riemann tensor).
Coincidentally, these numbers of time integrals of the
Riemann tensor have appeared in previous discussions
of persistent gravitational wave observables: one time
integral for the relative proper time, velocity, and rotation
observables [Egs. (2.6), (2.3), and (2.5)], two for the
displacement memory [Eq. (2.1)], and three for the sub-
leading displacement memory [Eq. (2.2)]. As such, in the
limit discussed in this section, the only new information
contained in these observables is the higher time integrals
of the Riemann tensor that arise in the holonomy and curve
deviation when there are acceleration terms. In situations
where this limit is not appropriate, such as general non-
linear gravitational wave spacetimes, the observables pre-
sented in this paper are not degenerate with those
previously discussed in the literature.

III. REVIEW OF TECHNIQUES OF
COVARIANT BITENSORS

In this section, we provide a review of techniques that we
will be using in this paper to compute the results provided
in Sec. IV. In the following three subsections, we follow the
formalisms of [33] for introducing the idea of using a
connection on a vector bundle to understand linear and
angular momentum transport, [37] for a brief review of
bitensors, and [58] for computations of holonomies.

A. The linear and angular momentum bundle

In this section, we use the notion of vector bundles,
notably the idea of a direct- (or Whitney-) sum bundle E, &
E, of two vector bundles E; and E,. This is the vector
bundle obtained by taking, at each point in our manifold,
the direct sum of the two vector spaces associated with £,
and E, at that point. As described in [33], the “linear and
angular momentum bundle,” which we call A, is given by

A=TM@ NTM, (3.1)

where T M is the tangent bundle and A>T M is the bundle
of antisymmetric rank (2,0) tensors, or bivectors (dual two-
forms). We write a section of this bundle as

Pd
A
X <J“">’

for some tensor fields P* and J*°. For any quantity that is
part of a matrix on this vector bundle, we denote the various
components as follows:

(3.2)

A ac A acd
A _ | PP PJ
A%c= A abc A abcd (33)
JP JJ

This is exactly how the various components of the
holonomy were denoted in Eq. (2.17).

There is furthermore the notion of a connection on this
bundle. The connection that we are typically concerned
with is given by rewriting Eq. (2.15) as

0= k*V,XP = k*V, X + k*CB,XC,  (3.4)

where V, denotes the natural extension of the Levi-Civita
connection to the angular momentum bundle, and

éACe — 0 Kuecd .
28,88 .0

Most of what follows in this section can be applied to any
connection, so we proceed in full generality, using V, and

(3.5)

v

V, as arbitrary connections. We will also use capital Latin
indices for indices on a generic bundle. Throughout this
paper we add a diacritical mark above the core symbol of
any tensor that depends on a given connection with the
same diacritic above the connection; for example, the
parallel propagator "', [Eq. (3.6)] is defined with respect
to the connection @a. Furthermore, for quantities that
depend on two connections, we add both diacritics
above the core symbol for the diacritical marks associated
with the two connections; for example, the connection

coefficient (CJ Age [Bq. (3.16)] is defined with respect to @a
and ﬁa.

B. Bitensors on vector bundles

In this section we define the parallel propagators 7§AIA
and ,§",,, which are bitensors at x = y(z) and x' = y(7),

and are defined with respect to a connection @a on some
arbitrary vector bundle on our manifold. We then find
expressions to relate parallel propagators that are defined
with respect to different connections.

To construct the parallel propagator, consider a basis of
vectors at x = y(z) denoted by {(ép)4"'=1,...,d} and
the basis of one-forms dual to this basis denoted by
{(®@")4|T =1,...,d}. Now, parallel transport both (ep)*
and (®"), along y from y(7) to y(z'), with respect to the
connection V,, to yield (ér)* and (&"),. From these
tetrads, we can define the parallel propagators by

N (3.6)

> (er) (@)
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with the parallel propagator yQA  defined by switching A
and A’. Note that this is not the usual parallel propagator
defined in, say, [37], as the bases are parallel transported
along a specific curve. This is the significance of the
subscripted y that is added to the left of the g. Moreover,
this definition allows for connections that are not metric
compatible, and does not require these bases to be either
orthogonal or normalized with respect to any metric.
As the bases were parallel transported with respect to V,,
the parallel propagators satisfy
ybvbygA I A 0,

7'V, i = 0. (3.7)

A similar result holds for y?}A 4~ Note that this means that
Y4 () = X4,¢", is the unique solution to the differential
equation

VYA (7) =0, (3.8)

with boundary condition Y4(z) = XA. A similar result
holds for Y, (7) =X A7§A 4 Moreover, one can show that

rgAA/rgAIB = &',

as well as the same result with primed and unprimed indices
switched.

Now, consider two points in a convex normal neighbor-
hood, that is, in a small enough region such that there is a
unique geodesic I'(, v satisfying

(3.9)

F(x,x’)(o) = X, F(x’x/)(]) =x. (310)
In this neighborhood, we can define the other bitensor
which we will be using, Synge’s world function o(x, x’), as

half of the squared distance along I'(, v

° 1

1 1 L/
o(x,x') =5 /0 dAgary Tl T lewy:  (3.11)

where x” =T, )(4). The derivatives of Synge’s world
function are denoted by appending indices onto o(x,x’):

Vo - Vyox.xX)=04.q (x.%). (3.12)
These indices can be indices at either x or x’. Note that (as
shown, for example, in [37])

o4 (x') = I

(x.x')? Ga/(.x) = FEIX,X’)' (313)
This shall be our primary use for Synge’s world function,
since it provides a notion of separation vector between two
nearby points.

In a convex normal neighborhood, we can also define the

usual parallel propagator "', by

Pa= r(m,)@AIA- (3.14)
This bitensor satisfies
o (X)W 0" 4 = 6 (x)Vy s =0, (3.15)

with again a similar result holding for & ,.
Now, consider the case where we have two connections,

@a and ﬁa, defined on this vector bundle. Define

(V) = V,)XA = C4 0, X, (3.16)
where clearly cA Be = _CA s~ Note that ¢, satisfies
d o AA! . 4 A cd AC
@(7gAA'ygAB) :_ygAA/C cdv yg B- (317)

Thus, , 7" 4 1s a solution to the following integral equation:

s =0, <6AB— / de’ AAg ygB”B>, (3.18)

T

where x” = y(7”) and

o

Ay =7 Mgt (3.19)

14

By the same logic, we can show that

=0 <5A’B/+ / dT"yAA’B,,ygB’g,) (3.20)

T

We typically solve Eqgs. (3.18) and (3.20) iteratively, either
by truncating the expansion based on a particular approxi-

mation scheme or by exploiting the fact that yAAB/ is
nilpotent in some circumstances.

With these basic bitensors defined, we now consider
holonomies.

C. Holonomies of transport laws
In terms of bitensors, the holonomy of a connection @a
around some closed curve C is given by
Ay = 7 (3.21)
If the closed curve is only piecewise smooth, composed of
smooth paths P, ..., P, with end points x/, ..., x") then
we write

/

CAAB = P,IQAB(n) . 'PlgBB‘ (3.22)

In the next few sections, we will find expressions for the
holonomies for various shapes, for an arbitrary connec-

tion @a.
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FIG. 4. A nongeodesic triangle (generalizing Fig. 3 of [58]),
where the two sides y and 7 are arbitrary curves (with affine
parameter lengths € and €), and where the third side is formed by
joining the two end points by the unique geodesic extending
between them.

1. Nongeodesic polygons

First, following [58], we show that the holonomy around
a (nongeodesic) triangle is given by expressions involving
the Riemann tensor associated with the connection on the
vector bundle. Explicitly, consider the triangle depicted in
Fig. 4, where two edges are segments of arbitrary curves y
and 7 that meet at a point x = y(0) = 7(0). Join x’' = y(e)
and X' = 7(€) by the unique geodesic between them.

Now, the holonomy around this triangle is given by

A[\AB(}/? vi€, é) = yQAA/QA/B’yQB/g'

Expanding the holonomy in a Taylor series in € and € as

(3.23)

At zied) = 3 DA . (29
we find that
AA A5 F) = o AT, )
mon 0e™ Oe" €=0,6=0
= (V)" (V)" ] (3.25)

The brackets denote coincidence limits, which are limits of
a bitensorial expression as one of the points approaches the
other. A brief review of coincidence limits is given in
Appendix B, which is based on parts of Poisson’s review
article [37]. Keeping terms to only quadratic order yields
[using the expressions for the coincidence limits of parallel
propagators from Eq. (B3)]

el T o B T
— - —:/ €
.
.
~
.
.
.
.
, _
Y 7 ol
7/
7/
Uy
0 /Zﬁa _____ T T -e O
r § T

FIG. 5. A nongeodesic square, with two sides y and ¥ that are
arbitrary curves (with equal affine parameter length €), and where
the other two sides are the unique geodesics between the two
initial and final points, respectively. A third unique geodesic
forms the diagonal. We denote the tangents (normalized such that
the total affine parameter lengths are 1) to these unique geodesics
at x by &% and y“.

~

AN p(r.756.8) = 85 — 5 €er 7R geq + O(e,8)°,
(3.26)

where R ., is the curvature tensor defined with respect to
the connection V, and is defined by

2V VXA = R X5, (3.27)
For two connections @a and ?a, their curvature tensors are
related by
Ripeg =Ry + 2V .CApy +2C 5 CElpy. (3.28)
Note that Eq. (3.26) does not contain any acceleration terms
at this order; moreover, it reduces to the results of [58] for
the metric-compatible connection on the tangent bundle.
Now, we consider the holonomy around a square, such as
that given in Fig. 5: this square is determined by two
arbitrary curves y and 7, with the pairs of initial and final
points, respectively, connected by the unique geodesics
between them. The initial points are labeled x = y(0) and
X =7(0), and the final points are labeled x’ = y(¢) and
¥ =7(e), and we assume that ¢ is small. We define two
“separation vectors”
£(x)=—0"(X) =g"30"(x). w(X.e)=—0"(X). (3.29)
In terms of these quantities, the holonomy around this
square is given by
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Note that we have traversed this loop in a way such that we
can use Eq. (3.26), which was only established with two of
the sides of the triangle being nongeodesic. First, note that
the second term within square brackets in Eq. (3.30) has the
following coincidence limit:

PP R 0 = o720 3R goy + O(E).  (3.31)

Next, the expansion for y*(%, €) to lowest order in € can be
derived by noting that y“(x,0) = &(x):

wi(x,€) = E4X) + O(e). (3.32)

Plugging these expressions into Eq. (3.30) gives

€. o NP
1A + g5 )N X)R pog + O(€2,8).

(3.33)

DAAB(?’»}_’;e) =5y —

2. Narrow loops

Finally, consider the holonomy about the loop in Fig. 6,
which we will denote by A%g(y,7;7). This is a curve
defined by two nearby, timelike, and affine-parametrized
curves y and 7, which are connected at the points y(z) and
7(7), as well as the points y(7’) and 7(7'). Here, we are
explicitly using the isochronous correspondence mentioned
in Sec. II C above (see [42] for a review; we follow their
conventions and general argument), where the separation
vector connects points with equal values of affine param-
eter. For convenience, we assume that this shared affine
parameter is the proper time of both worldlines, and thus is
fixed up to an additive constant (which can be set initially
by requiring &%y, = 0, for example).

The separation vector &“(x) in Eq. (3.29) is now a
function of proper time along one of the worldlines, which
we will simply denote by

&= —o[(7)]. (3.34)
for any 7 along the worldline (note that, as usual, we
suppress the dependence of the derivative of Synge’s world
function on y(z), since that is apparent from the index). We
further define

E = (1" + 7P Vp)E, (3.35)
which yields, from Eq. (B2),
“a 25 . 1 - 25 .
E' =gy =7+ ZRaf S (g 57" +277) + O(8).
(3.36)

Inverting this equation to first order, and then plugging in
that solution to invert it to second order, we find that

FIG. 6. Two nearby worldlines y and 7, joined by unique
geodesics between the start and end points of y and y, respec-
tively. The separation vector between the two worldlines is
denoted by &

. _ . 1 .
=gl vt +E - gR“bcdf”@f/" +&9¢ +0(8).
(3.37)

We now continue with the calculation of the holonomy.
For any 7’ along the worldline, and a given ¢, we have

NMg(r.7:7 +e€) = Me(r,7:7) 5 oA (r.7:€) ,§” 5.
(3.38)

Taking the limit € — 0, we find the following differential
equation for the holonomy of a narrow loop:

[A\AB(}/’ 77;7'-/)

d
de
= [A\AE(% 77;7/) ygEE’ygB/BRE/B’c’d’édj/dl + 0(‘:’ §)2 (339)
This differential equation can be solved iteratively. Keeping
terms at first order in £ and &%, we find

/A\AB(%?;T,) -8

= / dT// 7§AA”RA”B”c”d”g(:”yd” ygBNB + 0(5,&)2 (340)

T

This concludes our discussion of the holonomies of
arbitrary connections, and we turn to applications of these
results for calculations of persistent observables.

IV. COMPUTATIONS OF PERSISTENT
OBSERVABLES

In this section, we provide explicit expressions for all
of the persistent observables in Sec. II, which we give
using the formalism of covariant bitensors reviewed in the
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previous section. In a subsequent paper in this series, we
will give explicit expressions that are valid in particular
spacetimes, essentially by determining the values of the so-
called fundamental bitensors in terms of which the final
results of this section are given. Results that are valid,
assuming weak curvature, were given in Sec. I
Throughout this section, we use the convention that
x=y(zy), X =7(79), and in general,
W =y(n). X =7(), (4.1)

where x(") is x with n primes. When considering some
arbitrary z, we also use x and x for convenience.

ta Ny za 1 a e *e e a
rt = (y“ +&-5R beal’y §d> 7V +7°V2) g,

A. Curve deviation

The original memory observable considered in [1] was
based on the evolution of the separation vector between two
nearby geodesics. In this section, we review the computation
of this separation vector in terms of the initial separation and
its derivative, as well as the accelerations of the worldlines.
This forms the basis of the curve deviation observable
introduced in Sec. II C. By Eq. (3.40), this is also necessary
to calculate the holonomy, as well as the persistent observ-
able involving a spinning particle (as we will discuss in
Sec. IV C). We carry out this calculation to second order in
& and &°.

To begin, we take another derivative of Eq. (3.37):

_ 1 1 1 . .
+ 9% [<5ab - ERacbd§C§d> 7’ + <6ab - gRacbdfcfd> & - 3 (E97°V R poq + 2§dRa(bch))~fb}"C} +0(E€)°. (42)

Using the coincidence limits of derivatives of the parallel propagators in Eq. (B3), we have that

. -7 _ _ . l. 1. .
7"V + 7"V = ¢ [Rcabd <J’d + §5d> + EJ’dfeveRcabd] E+ O(EE).

Thus, Eq. (4.2) can be written as

>a a 1 ! a 1 a C
Y= gaa{ (5ab - —Racbd§C§d> P’ + (5 p— =R pgEE

2 6

(4.3)

)

+ [R“cbd(}’cyd-FE}’cfd—Fé J/d) + =779V R cbd 57 &7V R g — 1°E°R (bcd):| Cfb} +O0(E€)° (44)

2

which can be solved for &
Bl = Rt VIED = 2R g€ E T = V(R 8 E
1 o7
+ <5ab + gRacbd§C5d> 95"

: (4.5)

1 .
- <5ab - —Racbd§C§d> 7’ + O(E.E).
To solve this differential equation, we first define the
solutions to its homogeneous, linearized version, which are
given by

&= K7 ,E 4 (1) — 1) HY (&, (4.6)
where K @ and YH“'u are known as Jacobi propagators
(as defined in, for example, [42]). It is conventional not to
absorb the factor of 7; — 7 into the definition of ,H @ asit
is convenient for defining the Jacobi propagators in terms

|
of Synge’s world function. Here, note that we are instead
defining ,K“, and (7, — 7,) ,H" , to be the solutions to the
equation

D2 ! ! / 4 /
AT = =R i AY, (4.7)
1
with boundary conditions
Koy = D (71 —70) , H )] =06%, (4.8a)
v 1=% dr; 4 71=Tp
D K| = (e =) B =0. (4.8b)
dTl ! b T1=Tp ! 00 b 71=70

To solve Eq. (4.5) to second order, we note that we can
insert the linear solution into this nonlinear equation, which
now becomes an inhomogeneous, linear differential equa-
tion with a source term:
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Bl = —RY g7 7 + SUEE 4. F] + O EP,  (49)

where 5[, E .7 7] is a function of the initial & and &°. The
solution to this equation, valid to second order, is given by

&= (K (1 —10) HY &
* / d12<Tl - 72) J/Ha/a"Sa” [gv é’ 7’ 7] + 0(5’ §>3
70
(4.10)
For brevity, we merely check whether the solution in
Eq. (4.10), which can be derived using techniques similar
to those in Sec. III B, satisfies Eq. (4.9). To verify this

solution, note that, applying the Leibniz integral rule twice,
we see

D2 7 ’ " S ..
ﬁ/ de(Tl - 72)7Ha a//Sa [tf, 5, v, 7}
a1

To
= 2 (e — ) HY ]SV 6.8, 4.7]
_dTl Tl 7:2 a" 5 ,’Y’y o,
71 D2 a a’ S e
+ dfzﬁ[(ﬁ—Tz)yH PN X AN
70 7

’ RPN 7 1 e ..
= =R a7 7! / dry (7 — 1), H” ,, S”'[E.E.4.7]
To

+SUEE4.7], (4.11)

! T] ! o I " " ol /"
Ny, = —/ de(Tl ) yHa a”}’d {(72 - To)(v(e"R“ Mpd" V(e”Ra b”)c”d”)ye yKb byHc c

0

" D "

" ! D
+ 2Ra ' d" <yKb bT[(Tz - T()) },HC C] + (72 - T()) ;/Hb 3 KC )}

/ 7 ’ 1 . i
M bc:_/ dey (1) —13) (22 —70) JH oo ) HY (477 {(72
7o

Again, we note that we are making the assumption that
the separation vector is defined using the isochronous
correspondence introduced in Sec. IIIC2. This is in
contrast to the “normal” correspondence, where the sep-
aration vector is always orthogonal to the 4-velocity of one
of the worldlines. As was noted in Sec. II A, in the normal
correspondence, there can be a difference between the final
proper times along the worldlines (an effect which is absent
in the isochronous correspondence). However, using the
isochronous correspondence, as we have done throughout
most of this paper, does not mean that we have lost any
information: here, the difference in proper time is encoded
instead in the nonorthogonality of the final separation.

)V R

by the boundary conditions in Eq. (4.8) and by Eq. (4.7).
Thus, we find that Eq. (4.10) gives a solution to Eq. (4.5)
for arbitrary initial conditions.

We have therefore computed the solutions to the gen-
eralization of the geodesic deviation equation (where
there are acceleration terms) to second order in the
separation and its derivative. This allows us to derive the
explicit form of the curve deviation persistent observable,
which is defined as

AEEL =" — g7 &+ (11— 79) &)

/m/wwW~w-wy

Using the same notation as in Eq. (2.11), we find that

(4.12)

AKY, = K, — %), (4.13a)

AHY ), = H, — "), (4.13b)

’ 7
L"bc:_/ dey (1) —73) H o K" (7"
7o

" ol " "
X (V(euRa c//),?//d//]/e ch ‘C)+2Ra '

D C//
e, K0 )

(4.13¢)

"

4.1
o (4130

D

o ol 1" "

a0y + 2R g —
de

(r2=20) o] .

(4.13¢)

B. Holonomies
We now consider the computation of the holonomy of
transport of linear and angular momentum using Eq. (2.15).

X
As in Eq. (3.4), we denote by V, the connection on the
angular momentum bundle for arbitrary .

X
First, we calculate R“g.,. Note that any tensor
Zapea = VaeWap, where V,, and W, are symmetric,
satisfies

—

Zabcd = (Vachb - Vadec) = (Vachb - Vdach)'

2

N[ =

(4.14)

084044-16



PERSISTENT GRAVITATIONAL WAVE OBSERVABLES ...

PHYS. REV. D 99, 084044 (2019)

Both expressions on the right-hand side of this equation are
differences of cyclic permutations of bcd and acd, respec-
tively, so they vanish under cyclic permutation:

(Zabcd =+ Zacdb + Zadbc) = 07 (415)

Za[bcd] =

W | =

1
Z[a\b\cd] = 5 (Zabcd + Zpaa + Zdbac) =0. (416)

X
Thus, we find that K, satisfies the first Bianchi
identity,

Kped) = Kiajpleaq) = 0 (4.17)

o4 0

/K\Ac(}’ai_/;ﬁ) = ( ‘ > +/T] dry eyl
0 sle,stl, %

X X
(note that this is true even though K., & K},.q)- This
gives

21}{(a[cd]b = I}{(acdb + IK{adhc = _I}{(abcd’ (4.18)
and so we find
. R s —2K% s 2V K fea X
0 26 R oy + 489 K gy g
(4.19)

Given the parallel propagators with respect to V,, the
generic holonomy for any value of x will be

sz e f" (}’) }%acde”f" (7/) .
. B + 0(& &), (4.20)
QP g (r) QP cgersr(y)

JP JJ

where we have used Eq. (3.40) to arrive at Eq. (4.20), and we have defined

P e

x /
}%ace’f’ (]/) = ylgjaa'[(Ra c

x
/e/f/—zKa

X X ! x /
%acde’f’ (7) = }/PgPaa’[(Ra de'fl — 2K

X

X ! x !
Qabce’f’ (7) —vy gaba’ [(Ra defl — 2K“

JP JP
Sab X ab d x e
5361 cde'f! (7/) = yj% a [(R cef _2K I 'f') d +2v K f’c’d’

In most cases, we cannot analytically solve for these
parallel propagators nonperturbatively in the Riemann
tensor. The results presented in Sec. II are perturbative,
assuming the curvature is weak along the worldline. In such
a case, solutions to Eq. (3.18) can be truncated at a low
order in the Riemann tensor.

1. Affine transport holonomy
Now, we specialize to the case of affine transport. We
denote by V, the connection on the linear and angular

momentum bundle that is used for affine transport. The
parallel propagator with respect to this connection has an

c’e’f’) g c+2v K f’ d'y
)y 9 ca+2V K iy 90
ef yPJ c e flc yH ¢

X ¢ 2v x a X cd
c’e’f’)yg et e’K fiddy9
PP P

]+2 g ab/[é /R de /f/+26 /K f’ ’d’} ‘}ép’drc’
(4.21a)

I g

! / ! x /
] +2}/ .}éaa’b’ [541 C’Rb def +26¢ e’Kb f’c’d’]ygc d cd>
PJ JJ
(4.21b)

I g

X ! / /! X /
] +2ngjaba’b’ [511 C’Rb def +26¢ e’Kh f’c’d’] ngPC d c»

(4.21c)

I g

! / ! x /
}+2 g ’b’[éa c’Rb d’e’f’+25a e’be’c’d’}ngJCdcd‘

(4.21d)

|
explicit solution, since the iterative solutions to Egs. (3.18)

and (3.20) truncate by the nilpotence of },IZA p to yield

/
a
9% a 0
/ )

’ NI / (4223)
—2];01 deyg[a a”ygb]a}/a yg[a a},g ]b

yg A=

§A _ Vgu“/ 0
A —
! Zf dTZ yg ”g a 7 yg[aa’ygb]b’

). (4.22b)

Thus, we have that
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SA  °C pA _
9749 cR cef =

which yields, by Eq. (3.40) and an integration by parts,

/O\Ac(%?;ﬂ) = Nelrrin)

Now, we also have that

3
.a/! _ a// .a/// - aH a
vt =gt et - / dzy ,g* oy
T

and so we find that Eq. (4.24) becomes

o

PP

ﬁ’abC(% }_/;Tl) = 25[a05b]e { Vgee’ [(Tl - TO)ée/ - 56’] + ée

25[uc ygb] b’Rblg’e’f’ JZ;)] dTZ ygg/g/’f/g”

2 f;’;}l dT2 f,:zl dT35[aC ygb] bu/Rbmgmemf/// J/ggmg// 7‘/9//]'/6/// gfm

A uc(y’ 77;71) = Aac(yv }_/;Tl) + 0(&? é)z’

yg“a, ng/CRa’C,e,f/ 0 123
25la b d RV ( ’ )
ey 11v9 ah aey
’ (E.82. (424
_ + O(E €)-. .

26l [cAb]d] (r.7:71)

% (4.25)
2

(4.26a)

7 7 o s Lo L 7 " " m RN :
- / dr, / des,g° e (9" o =7 7 / dey g o g™ g R gy & >}+0(§,§)2,
7 75

o

JJ

Note that the first two terms in the expression for
J/}J“bc(y, 7;7;) are related to the displacement memory
observable, as they are written in terms of &%. The
remaining terms measure the acceleration of the worldlines
and additional time integrals of the Riemann tensor. Both

I/,O},ac(%}_’;ﬁ) and ;\Jabcd<7a77;71> depend upon just the

usual holonomy, and therefore, they contain the same
information as the Lorentz transformation observable.

2. Dual Killing transport holonomy

The holonomy for dual Killing transport similarly has a
nonperturbative solution, because the parallel propagators
with respect to this connection are related to the Jacobi
propagators (assuming that y is geodesic). To see how,
suppose that we have some £, and F,, defined as tensor
fields along y such that

1/2

YA = (ga j/beYA = 0, (427)

F ab )’
1/2

where V , is the connection associated with dual Killing

transport. This implies £, and F,, satisfy

3

(4.26b)
A y(y.75m) = 25[a[cAb]d] (v.7:71) + O(&, 5)2 (4.26c¢)
7'Viéa = 27" F i, (4.28a)
7VeFa, = %Rdcahédj/c' (4.28b)
Then we have that (as y is geodesic)
(V) 7V )a = =R caal 18- (4.29)

Note that by raising a (which commutes with y*V,), we
obtain the linearized version of the geodesic deviation
equation. The Jacobi propagators therefore give the sol-
ution to Eq. (4.29). By using (4.7), we have

fa’ = yKa’afa + 2(71 - 7’-0)7‘/61 yHa’bFab (430)
(this follows from the fact that ¢°,;, = gy g°?¢” . again a
consequence of the compatibility of the metric and the Levi-
Civita connection). Integrating Eq. (4.28b), we find that

1 71 " " 7 . g

Fﬂlb/:ygaa’ygbb/Fab +5/ dfz},g“ a,},gb b’RC d”a”b”yd fc”'
7o

(4.31)

Equations (4.30) and (4.31) give &, and F ., as linear

functions of £, and F,;,, and we can use them to write the
parallel propagator as follows:
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152 }'Ka’a %fg dTZ yKL'”aRc d”a”h”j/d },ga a ygb b (4 32)
y A/ = . . /" o g " /" *
2(71 - O)y[a yHa’b] yg[aa’ ygb]b/ + f-;)l dTZ(TZ - TO)y[a yHc”b]Rc d”a”b”yd yga d ygb b
It is possible to invert this matrix, but a simpler approach is to switch 7z, with z;, which yields
léZA/ . J/Kaa _%ﬁ? dTZ }/Kc”a R¢ d”a”h”j/d yga a ygb b (4 33)
Y A — o [4 7/ u/ ! T . u/ !/ g . gl a// " *
_2(7'-1 - TU)y[a yHab] yg[ a ygb]b + frol dTZ(Tl - 72)7/[ yHc”b]RL d”a”b”yd 79 a ygb b
Note that, to zeroth order in the Riemann tensor, these two equations agree with Eq. (4.22). 12

To complete the calculation of the holonomy for dual Killing transport, we further simplify our expression for R 45.,.

1/2
Note that 53 “cef =0, and

2v[eR|a|f]cal = veRafcd + vaeacd = vaRefcd7

(4.34)

1/2
by the second Bianchi identity, so II)?J et = %V“Reﬂ. q= %V“Rcdef. Using the same notation as in Eq. (4.20), we obtain our

final result in terms of the parallel and Jacobi propagators and the curvature along the worldline:

1/2 1 ’ 71 ’ Ll " " / . 4
Q@ p(y)==2(r) —79) [_ K,V Re’f’c’d’+/ dfzyK_,j/“jo way V" ygb b 9" [c'Rb ey +([cd] < [e’f’])} 7 yHcd,

PP 47 -
(4.35a)
12 a 1 axgd o apy’ WL a’ b > /£l
1% cde’f’(y) = Z 7Ka/ \Y% Re’f’c’d’ + dTZ ng” R wa'v'Y y9 b9 [C’R dle'f + ([C d] < [ef])
7o
/ U Tl o o U 1 o« KW v u
X |:ng ¢ ygd d + / dTQ(Tl —_ Tz)]/c },Hg//d Rg h”c”d”yh ygc ¢ J/gd d:| s (435b)
7o
1/2 b 1 . b ,
‘% a L'e/f/(},) = _2(11 - TO){E (Tl - TO)y[a yHa/ ]Va Re’f’c’d’
T] . '’ A " /! ! /
+2 |:yg[aa’ 7gb]b’ =+ / dT2(72 - TO)y[a yHgf’b]Rd h”a”b"yh }/ga d ygb b’:| o [C’Rb de'f
7o
e o D b 1l (4.35¢)
12 1 ) -
% “ cde' f' (}/) = {5 (Tl - TO)}/[“ yHa’ ]Va Re’f’c’d’
Tl . 4 o [ a// 1 ! /
+2 |:yg[aa’ ygh]b/ + / dTZ(TZ - TU)y[a yHg”b]R!/ h”a”b”yh 9 d ygb b’:| o [C’Rb d'le'f’
7o
/ U Tl o o U " o [ /" u
+ ([C/d/] < [elf/})} |:ng C},gdd +/ de(T] - Tz)yc J,I{ngRd h!fcf/d//}’h J,gc ¢ ygd d:|' (435(1)
To

Here “+([c'd'] <> [¢/f'])” means “add all the previous
terms in the sum, but with [¢’d’] and [¢/f'] switched.”

This concludes our calculation of the holonomy observ-
ables. In a subsequent paper in this series, we will be
considering this expression in the nonperturbative regime
in spacetimes where the Jacobi propagators are known, in
particular in plane wave spacetimes.

|
C. Spinning particles

We now consider the procedure outlined in Sec. ITE:
an observer measures the separation £ from an initially
comoving spinning test particle, as well as its linear
momentum p“ and spin per unit mass s¢. At some
later point in time, the observer performs these mea-
surements again. The persistent observables in this case
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are the differences between the initial and final
measurements.

In order to compute these observables, we need to
determine the worldline of the spinning particle. First,
note that the Mathisson-Papapetrou equations [Eq. (2.23)]
do not form a fully determined system of equations, as they
contain 13 variables (four in p?, six in j%?, and three in %),
but only 10 equations. To solve for all of these variables (in
particular 7%), we would need three more equations, which
are given by so-called spin-supplementary conditions. A
commonly used spin supplementary condition is the
Tulczyjew condition [59], which is given by enforcing

jpy=0 (4.36)

S

along the worldline, for all z. This says that the mass dipole
moment, measured in the rest frame determined by p?, is
zero. This lends itself to a convenient definition of intrinsic
spin per unit mass:

(4.37)

At this point, we refer the reader to a derivation of the
acceleration of the spinning particle that we give in
Appendix C, and merely present the results here. First,
the intrinsic spin per unit mass is merely parallel trans-
ported along 7 to order spin squared:

s7 = ]—,ga/asa + O(s)>. (4.38)

Moreover, at all times 7 along the worldline, the momentum
p? is related to the 4-velocity 7% by

Pt =my® + 0(s)?, (4.39)

where the mass m is constant (again to order spin

squared). Finally, the acceleration of the spinning particle

is given by

7' = (R 537" 7"s" + O(s)*. (4.40)

At this point we can compute the observables discussed in
Sec. ITE. These are given in terms of the initially measured

momentum p* and intrinsic spin s¢, which are given by
|

a _ ,a_qa
=9as,

p = my*, s (4.41)

assuming the observer and spinning particle are initially
comoving. For the intrinsic spin, we have that

!

As® = (Qa/a’ 7Qa/agaa - yga/a)sa + 0(s)2
(A (7. 751) = 8%)s” + O(s)?,

(4.42)

because the spin is parallel transported throughout the
procedure to measure this persistent observable. Thus, a
nonzero As“ arises because of a nontrivial holonomy.

The separation evolves using the general curve deviation
equation (4.5). Unlike in the case of the curve deviation
observable, the observer does not compare the final
separation with the predicted separation in flat space, but
instead with the initial separation

A =g — g¥ & (4.43)

Note that, for the momentum, Eq. (3.37) implies that

Ap? = m(E +77) = " up® + O(s)?
iy D
= mE 4 O = m AR + O
71

(4.44)
which proves Eq. (2.25b); therefore, the computation of
Ap? is trivial once AEZ is known.

To compute Aé‘s", we first need to calculate the accel-
eration of the spinning test particle to the relevant order:

¢ it ==g" (R opav 7" 16" 5 s + O(s)?
=—[(R) sy +E V(R g+ O(£)]
x [ 77 + 27 CE) 1 0(8)], 0" (A7) (7. 7571 )s”
+0(s)2. (4.45)

To derive Eq. (4.45), we have used the definition of the
holonomy, Eq. (3.37), and the coincidence limit of the
Riemann tensor. Now, we use Eq. (3.40) and the solution to
the geodesic equation in Eq. (4.10) to write Eq. (4.45) in
terms of £ and s*:

gaa/j_/.a = _{(R*)a/c/bld/ ygb/b]./d + {yK”/EVC/(R*)“/d/b/E/j/e/ },gb/h

’ 71 " / "l Y q N 1" . g
- (R*)a (C/‘€/|d/) / deRe b”f”g”(yge P },gb b}/C + 27/b J/gc P },ge b)}/!/ ny C:| ch + 0(52)}Sb7d + O(S)z. (446)
T

0

Using Eq. (4.10), we find that our observables [using the notation in Eq. (2.25)] are given by
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e = - /T:] dr, yga/a”Ra”b”c”d” ygb”b yKC”c}‘/d”v (4.47a)
T“,b = K:] dry(7) — 72) yHa/a”(R*)a”c//h"d//}"cﬁi"d” ygb”bv (4.47b)

qm/bc == /T:l dry(7) — 73) yHa/a” |:yKCchC” (R*)aﬂd”b"e"f/e” ygb”
= (R o) / TR g (g o 8 o 2 g P KT (4470)

0

As these results are given in terms of the Riemann tensor
and the fundamental bitensors (parallel and Jacobi propa-
gators), they can be computed with relative ease in space-
times in which these bitensors are known.

V. DISCUSSION

In this paper, we have introduced quantities that we
called persistent gravitational wave observables, which
are effects that share with the gravitational wave memory
effect the feature of persistence after a burst of gravitational
waves, but which are not necessarily associated with
symmetries and conserved quantities at boundaries of
spacetime. After reviewing many of the currently known
persistent observables from the literature, we presented
three new observables:

(1) the difference between the separation of two accel-
erating curves from the result expected in flat space,
which we called “curve deviation,”

(2) the path dependence (or “holonomy”) for two differ-
ent methods for relating linear and angular momen-
tum at different points (one inspired by how linear
and angular momentum transform under a change of
origin in flat space, and the other by the relationship
between linear and angular momentum and Killing
vectors), and

(3) the difference between the initial and final separa-
tions, 4-momentum, and spin of a spinning test
particle that is initially comoving with some observer.

These observables measure the effects of the gravitational
waves in a context where the spacetime transitions from a
flat region, to a burst of gravitational waves, and then to
another flat region.

We then provided the machinery with which one can
calculate these observables in an arbitrary spacetime (which
included reviewing the very powerful technique of covar-
iant bitensors for understanding how tensor fields evolve
along curves). Extending the results of [42,58], we used
these techniques to compute the holonomy with respect to
an arbitrary connection around a variety of curves, as well
as the evolution of the separation vector between two
arbitrary worldlines. We then used these holonomies and
the separation vector to compute our final results, which are

|
in Egs. (4.13) for curve deviation, Egs. (4.26) and (4.35) for
two different methods of relating angular momentum at
different points, and Eq. (4.47) for the observables from a
spinning test particle. Here, in order to make calculations
tractable analytically, we made the simplifying assumption
that the worldlines were close.

A strength of these results are that they are not
specialized to a particular spacetime. Our results are written
in terms of the “fundamental bitensors,” which are sol-
utions to the equations of parallel transport (the parallel
propagators) and linear geodesic deviation (the Jacobi
propagators). These bitensors are known in a handful of
spacetimes; we will use this fact in a future paper to derive
more explicit expressions in exact, nonlinear plane-wave
spacetimes, in which these bitensors are known [60]. In
spacetimes where the geodesic equation has explicit sol-
utions, these persistent observables can even be computed
without assuming that the neighboring worldlines are close.

We also presented explicit expressions assuming that the
curvature is small where these observables are being
measured, so we may linearize in the spacetime curvature.
This provides a connection to previous memory observ-
ables, which are typically discussed in this regime. These
last results, where we linearize in the Riemann tensor, are
important for discussing one possibility for measuring
these persistent observables. Our results were given only
in terms of various integrals, or alternatively, moments, of
the Riemann tensor (and its derivatives) with respect to
proper time. Moreover, in the limit where the gravitational
waves are plane waves, these linearized results simplify
even further, and they can be written entirely in terms of
one, two, and three time integrals of the Riemann tensor,
when there is no acceleration, and more time integrals,
otherwise. As gravitational wave detectors effectively
measure the Riemann tensor along their worldlines, these
integrals of the Riemann tensor are (in principle) measur-
able. This would allow for our persistent observables to be
measured indirectly.

Finally, a natural regime to study persistent gravitational
wave observables is near future null infinity; of particular
interest are their falloffs in 1/ near null infinity. Here, the
context that is relevant for studying persistent observables
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is spacetimes that possess two nonradiative regions that are
separated by a radiative region. As the two nonradiative
regions are no longer flat, it is possible that the observables
in this paper will also measure parts of the spacetime
curvature not related to the gravitational waves, and so will
not qualify as persistent gravitational wave observables in
this context. In a future paper, we will discuss the persistent
gravitational wave observables that arise near null infinity.
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APPENDIX A: DUALIZATION OF
ARBITRARY TENSORS

Following Penrose and Rindler [35,36] we define left
and right duals of tensors acting on either the first or last
two indices:

1
(*Z)abclmcs = Eeabdezdecl---cxa (Ala)
* 1 de
(Z )almasbc = EZQIA..aS €debe- (Alb)

In addition to this standard definition, they define another
type of dual, which acts on the first or last indices,

(Tz)ahcd,---d\. = eeabczed1~~~dx’ (A2a)
(ZT)aln-asbcd = Zal-~-ad.e€ebcd’ (A2b)
and a dual acting on the first or last three indices,
i — 1 cde
(L) by, = g CcdeaZbyab,» (A3a)
+ — 1 cde
(Z )tll-"axb = gzalu-as €cdeb- (A3b)
With these definitions, we have that
“Zapey e, = ~ZLiable,weys Layagpe = ~Lay-a,lbels (A4)
HZabyob, = Zabyby» ZZT-Aan =Zgapr (AS)
tiz =7 V4l =Z (A6)
abed,-+d; labcldy-dy > ay-a;bed ay--aglbed)-

In four dimensions, these are the only useful definitions of
duals of arbitrary tensors.

APPENDIX B: COINCIDENCE LIMITS

In this appendix, we briefly review coincidence
limits and give expressions for coincidence limits that
we have used earlier in this paper. The coincidence limit of
a bitensor TA1~~~A,B§~~~ g, (Where capital letters denote arbi-
trary bundle indices) is given by

= lim g, - (B1)

~B'
] g 'BA.TA,-nA,B’]---B(.s
X =X

[TA] ‘“ArBll“'B;]x’—»x

for some parallel propagator §*' 4; it is trivial to show that
this is independent of the parallel propagator that is used,
which is why there is no parallel propagator on the left-
hand side. By convention, the indices inside the coinci-
dence limit that are associated with the point whose limit is
being taken (in this case x') are treated as if they were at
the limiting point (in this case x) for expressions outside of
the brackets. We use this notation throughout, following the
review article of Poisson [37]; simple examples can be seen
below in Eq. (B2).

We now list the coincidence limits we have used in this
paper. A general procedure for computing these coinci-
dence limits is outlined in [37]. These expressions can also
be found in [58]. For Synge’s world function, the relevant
coincidence limits are

0% = [Gab]x’—»x = _[Gab']x’—m’ (Bza)
0= [O-abc’]x’—»x = [Gab’c’]x’ew (BZb)
2 a a a
—gR (c|bld) = [0%pera] vy = 2[0 h’(a/d’)}x/_,xv (B2c)
while for the parallel propagator, they are
0 = [ﬁch/B]x/—)x = [ﬁc‘/@A/B]x/—nc’ (B3a)
1. I /
ERABCd = [vc’vd’gA B]x’—»x - [vC'vdgA B]x’—»x
= _[ﬁc‘@d/gA/B]xl—)x = _[ﬁcﬁdgA/B]x/—»x’ (BSb)
28 aa AA!
gV(cR |B|d)e - {Vcrvd/ve/gA B]x’—»x
= Z[V(C/vdr)ve@A’B]x/_)x' (B3C)
Moreover, for any bitensor Tyyap b, [58],
[Ta1~~a,b’]~~~b’s]x/_)x = [Ta’]~~~a’,b1~~b:]xl_)x' (B4)

All of the coincidence limits which are needed in this paper
can be derived from using this property of coincidence
limits, Eqgs. (B2), and (B3).
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APPENDIX C: SOLUTION TO THE
MATHISSON-PAPAPETROU EQUATIONS

In this section, we review the solution to the Mathisson-
Papapetrou equations, to linear order in the spin, by adapting
a proof from [61]. Throughout this derivation, for conven-
ience, we denote the worldline of the spinning particle by I,
and use unadorned indices at I'(z) (where 7 is arbitrary).

To begin, define the following notions of mass and
mass ratio,

M(@)==pTy,  m(e)=+/-p"ps.  (C1)
u(r) = M(7)/m(x). (C2)

and the “dynamical” 4-velocity
U = p*/m(x). (C3)

The definition of intrinsic spin per unit mass in Eq. (4.37)
obeys the equation

s'p,=0. (C4)

By the Tulczyjew condition, s* and p* are equivalent
to j, as
€abcd

1 :
PeSa = — Eedabcucedefgue.]fg

= 3ulajely,
=—j. (Cs)

Thus, we have that Eq. (2.23) can be rewritten as
U = ~[in(e) /m(DU + (R, 1UCsT, (C6a)

§ = () /m()]s” + U (R s"TUse, (Cob)

where we have used Eq. (C5) and the orthogonality of 1/¢
and 4. On contracting the first equation with p,, we obtain

m(T) = _(R*>abcdpafbucsd’ (C7)

so the second equation reads
§9 = 25(R*) g AT UsE. (C8)
Now, we suppose that s¢ is initially small, so we can
linearize in it. Because its derivative is also small, in fact
O(s?), we can linearize in s along the entire worldline of

the particle. Using Eq. (2.23b), as well as the derivative of
the Tulczyjew condition, we have that

I = p(o)U + edpyd s,
= u(7)U* + O(s?)
=U"+ 0(s?), (C9)

where in the second line we have used Eq. (2.23a) and in
the third line we have used the fact that u(z) is set by
normalizing f‘”f‘a =UU, = —1.From Eq. (C7), we there-
fore have that

m(t)=—m(7)(R") yped AU U s+ O(s?)
=0(s?). (C10)

Putting together Eqgs. (C6a), (C9), and (C10), we find that
the acceleration of the spinning particle is given by

I = —(R*)%,, L TP + O(s?). (C11)

APPENDIX D: ALGEBRAIC DECOMPOSITION
OF HOLONOMIES

In this section, we present a method of reducing the
holonomy observable in Sec. II D into more manageable
pieces. Our method is purely algebraic and applies to
general matrices on the linear and angular momentum
bundle. Consider first any matrix A“ z, which we break into
components as in Eq. (3.3). We now perform an algebraic
decomposition of each of these pieces:

1
A4 = A ¢ A “ - AdYy, D1
b b= b b+<PP> b+4PP b (Dla)
a  — a T a a
éj be = 2[41 [b(s c] + ( ié/) be T <}1§J> bes (le)

A =2Alagbl L (TAYD 4 A @b (Dlc)
JP JP £JP (JP)

A =250 AN+ APt A
JJ JJ JJ

ab ab
o) ( cd + *éje cd* (D 1 d)

)

We also decompose 341 4, in the second-to-last line as

1
G= A+ A Yt ASY,.
R Vi

These algebraically irreducible pieces have the following
properties:
(1) A% and A “, are antisymmetric, and have 6
[PP] [2J]

independent components each;

2) A %, and A ¢, are symmetric and trace-free, and
(PP) (JJ)
have 9 independent components each;

3) <A> @ and <A> 4. are trace-free on all indices and
JP PJ

satisfy
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A l[abe] = (D2)

A
(PJ) (JP

) labe] = 0,

they have 16 independent compo-

implying
nents each;

“4) [A] ab . is trace-free on all indices and antisymmetric
JJ

on interchange of the first two and last two indices,
so it has 9 independent components; and

5) (A)“bcd is trace-free on all indices, symmetric on
JJ

interchange of the first two and last two indices, and
satisfies

A 4 =0, D3
an labed) ( )

giving it 10 independent components.
The following results show how to construct the algebrai-
cally irreducible pieces from the full matrix A% 5:

[XA;] ab = A lap); (D4a)
A=A, (D4b)
A gy =A ) =~ GupA D4
(xx) ab o (ab) 4 Gab A2, ( C)
Ay = A, 4 Lped 5 D4d
At =4 bc+6” ¢dO" bs (D4d)
where x is either P or J,
A Ly (D5
P4 3ps b 2)
Ad— Ly (Dsb)
P 3 P
A= (F4),, (D5¢c)
fxy xy

A Y = éjabc - 141 0% + €abcdifgjd7 (D5d)

(PJ)
A ab :Aab‘_A[a D] ab A d D
(IP) c < gp o ctE€ Cdj;JP ’ ( 56)

where x # y is either P or J, and

1
A =—(A ,—A ) =28 A", (D6
o cd 2(jj cd %3 cd ) [L[Jj] d| ( a)
= L cabeay (D6b)
wJJ 24 gy @bed>
1
Aah. :7Aab. A.ah _25[11Ab]
a0 cd 2(JJ Ld+Jch ) [C[JJ] d|
1
_ _ sla. sb _ ab
25 [65 d]f]4] $J€ ed- (D6C)

There are two main uses of this decomposition. The first
is that many of these pieces have a physically relevant
meaning. For example, assuming that J% =0, then A ¢,

A %, and A can be understood as an infinitédinal
(PP) (PP

rotation, shear, and expansion of P“, respectively (the latter
two transformations change the rest mass P“P,). As

another example, ;ﬁ}) 4 is the term that contributes to the

change in J% in flat spacetime from a change of origin.
The second main use of this decomposition is that certain
of these irreducible pieces may vanish for particular
matrices; this could make it easier to compute the number
of independent components that these matrices have. For
example, in the case where A%y = 545 — A%y, we can
easily see from Eq. (4.24) that the only nonzero pieces

are A Y= A% and A“? thus, the holonomy has
(PP [1J] JP

only 10 independent components. Similarly, if we set

Alg = RA sea?’7? (an infinitesimal version of the holon-
omy for arbitrary x), we can easily show from Eq. (4.19)

X
and the symmetries of K., in Eq. (4.17) that

ab _

ﬁ) =0, (D7a)
A=A=A =0, (D7b)
PP JJ *JJ

Aa=0. (D7c)

tPJ

This matrix then can have at most 69 independent compo-
nents (it has fewer, but the algebraic decomposition only
gives us an upper bound). For the general case of the
holonomy for arbitrary »x around a narrow loop, the
algebraic decomposition gives no additional information
about the number of independent components.
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