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We address the stability issue of Ricci-flat and maximally symmetric spacetimes in nonlocal gravity to
all perturbative orders in the gravitational perturbation. Assuming a potential at least cubic in curvature
tensors but quadratic in the Ricci tensor, our proof consists on a mapping of the stability analysis in
nonlocal gravity to the same problem in Einstein-Hilbert theory. One of the consequences is that only the
graviton field can propagate and the theory is ghost-free at all perturbative orders. All the results known in
Einstein gravity in vacuum with or without a cosmological constant can be exported to the case of nonlocal
gravity: if a spacetime is stable at all perturbative orders in Einstein gravity, it is stable also in nonlocal
gravity. Minkowski and de Sitter spacetimes are particular examples. We also study how the theory affects
the propagation of gravitational waves in a cosmological background.

DOI: 10.1103/PhysRevD.99.084041

I. INTRODUCTION

The golden age of gravitational-wave (GW) observa-
tions, from those emitted by small-redshift astrophysical
compact objects [1,2] to the inflationary tensor spectrum
generated in the early universe [3], has consecrated some
among the most notable achievements of Einstein’s general
relativity. To date, its predictions on those small ripples of
spacetime known as GWs have been confirmed and no
evidence for new physics has been found. While with the
available LIGO data we are closing in on many models
beyond general relativity, new astrophysical and cosmo-
logical constraints are devised to be tested in near-future
experiments such as Euclid and LISA, just to mention two.

Among the things that could happen “beyond general
relativity,” the classical dynamics of spacetime and matter
may be modified, or gravity may go quantum and the laws
of quantum mechanics affect the texture of spacetime.
Among the many candidates for quantum gravity, nonlocal
quantum gravity (NLG) has been developing at a fast pace
[4-10]. Motivations about this theory and a description of
its main features were already given in past literature, but
we recapitulate them here for the unfamiliar reader.
“Quantum gravity” is a family of proposals expected not
only to unify quantum mechanics and the gravitational
force in a consistent theory, but also to address some
pending issues of general relativity, in particular, the
presence of singularities. The main reason of interest in
the nonlocal quantum theory considered in this paper is that
it is renormalizable (or finite, in some of its incarnations)
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and unitary, two requisites that any candidate of quantum
gravity should possess to be theoretically viable. These
properties are not found in the quantization of many
modified gravity models, where the dynamics of classical
Einstein gravity is deformed ad hoc for the purpose of
generating interesting phenomenology. Quantizing gravity
may result in intricate formalisms, but this theory in
particular is not especially complicated. Recall that the
very well known local Stelle gravity (quadratic gravity
[11,12]) is renormalizable but plagued by ghost instabil-
ities, due to the presence of fourth-order derivatives. The
fact that introducing an entire nonlocal operator in the same
action guarantees unitarity makes the nonlocal approach
parsimonious and, to some of us, attractive.

This field theory, unitary and finite at the quantum
perturbative level, stems from early proposals by
Krasnikov [13] and Kuz’min [14] (see also [15-17]). In
particular, there is a finite completion of the theory which
does not show ultraviolet divergences at any order in the
loop expansion [7,8], while perturbative unitarity based on
the Cutkosky cutting rules has been proved at any pertur-
bative order in the loop expansion [18-20]. Another
promising theory that deserves to be mentioned is Lee-
Wick quantum gravity [21,22], a special case of [23]. This
theory has complex conjugate poles beside the graviton
field, but such poles can be consistently removed from the
physical spectrum and never go on shell.

For the nonlocal models considered here, the classical
solutions of Einstein gravity in vacuum are also solutions of
NLG [24] and the linear stability analysis in NLG is the
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same as in Einstein gravity [25,26]. Indeed, Ricci-flat
spacetimes in NLG are stable under linear perturbations if
they are stable in Einstein gravity [26]. Just as in general
relativity [27], Schwarzschild spacetime is a stable solution
in NLG at the linear level. Whether this solution also
represents an actual, astrophysical black hole remains to
be seen, since approximated solutions of the linearized
equations of motion (EOM) look regular [28-33]. More
recently, in [34] it was found that the NLG dynamics of
small perturbations of Minkowski metric is the same as in
Einstein gravity. The stability of Minkowski spacetime in
NLG was thus inferred from its stability in general relativity
at the nonlinear level, i.e., to all perturbative orders in the
gravitational perturbation (see [35-39] for the stability of
small perturbations of the Minkowski metric in general
relativity).

In this paper, we will address the stability issue in NLG
for a larger class of spacetimes, including all Ricci-flat and
maximally symmetric ones. Following the same line of
reasoning outlined in [34], we will show that small
perturbations of Ricci-flat and maximally symmetric met-
rics in NLG satisfy the same equations of motion as in
Einstein theory. The conclusion, which will have a deep
impact on the original question about the phenomenologi-
cal applications of quantum gravity, is that Ricci-flat and
maximally symmetric spacetimes are stable in NLG fo all
perturbative orders if they are stable in Einstein gravity.
Also to all orders, no new degrees of freedom (d.o.f.)
propagate. These results include backgrounds important for
cosmology such as (anti—)de Sitter, for which stability and
the absence of extra propagating d.o.f. was known at the
linear order [40,41].

In Sec. II, we will prove our result for Ricci-flat space-
times, while the case of maximally symmetric metrics will
be addressed in Sec. III. Section IV summarizes the main
results and outlines their present and future physical
applications. For an easier reading, most of the calculations
have been confined into Appendixes A and B.

Our conventions are that the metric tensor g, has
signature (— + - - - +) and the curvature tensors are defined
as R*,,,=-0,I,+---, R, =R, and R =g"“R,,.
Terms quadratic in the Ricci tensor or scalar but not in
the Riemann tensor will be denoted as O(Ric?).

II. NONLOCAL GRAVITY WITHOUT
COSMOLOGICAL CONSTANT

A general class of theories compatible with unitarity and
superrenormalizability or finiteness is, in D dimensions [26],

1
-2k

X [R+ Ryo(AL)R + Ry2(ALR™ + V], (1)

N d”x+/|g|

where the “potential” term V, is built with the curvature
tensor and it is at least quadratic in the Ricci tensor, as

required for superrenormalizability or finiteness. However,
in what follows we will consider potentials at least cubic
in curvature tensors but quadratic in the Ricci tensor,
eg., V,=R,R"R*, +R¥RVR,;, +O(Ric" x Riem™),
with n > 2 and n + m > 3, and we will show that under
this restriction we can prove the stability of Ricci-flat
solutions. The reader interested in the form and role of
cubic potentials can consult Ref. [7]. The yy,(Ar ) in Eq. (1)
are the nonlocal form factors, which are functions of the
Lichnerowicz operator A;. When acting on a rank-2
symmetric tensor, Ay is defined as

ArX,, =2R%,,. X", + R;X?, + Ry, X%, — UIX .

On the trace X, or on a scalar X, A X = —X.
The EOM in vacuum for the action (1) in a compact and
short notation read [42]

1 1
0= G/w - Eg/wRVO(AL)R - EgﬂuRaﬁyZ(AL)Raﬂ

R af

OR o)
2—o(AL)R AL )RY
+ 69””7/0( LR + 5 72(Ap)
SR OAT ALY —yo (AT
+ . yz(AL)Ra/} + I; 7/0( LB y()l( L) RR
og" og" Al — A
OAT ALY =y, (AT oV
4+ 281 r2(Ap) 721( L)RaﬂRa/} 49 (2)
og” Al = AL ogt

where Ai” act, respectively, on the left and right arguments
inside the brackets.

In order to have a ghost-free theory (tree-level unitarity
when we expand the action around the Minkowski vacuum)
without the Starobinsky curvaton mode [43,44], we are
forced to select [17,45]

72
= —-—, 3
70 3 (3)
where y, =y and
eH(ﬂAL) 1
A = 4
o) = )

Here H is an analytic entire function whose properties are
dictated by the superrenormalizability of the theory [4,7]
and o is a parameter that fixes the length scale of non-
locality [ = \/E. Moreover, we note that, since v, is at least
cubic in the Ricci curvature, its variation with respect to the
metric tensor will be at least quadratic, so we can write

g;luiocRicz. Therefore, Eq. (2) can be recast in the
following form [26]:
oR, .
G +2—2Ly(A)G? + O(Ric?),, =0.  (5)

5

where the variation of the Ricci tensor is given in Eq. (B1)
and O(Ric?) stands for operators at least quadratic in the
Ricci tensor.
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From the cumbersome computation developed in [26], it
turns out that the functional dependence of the form factor
(4) on the Lichnerowicz operator leads to a simplified form
of the EOM (5),

&

w =186, + O(Ric),, =0, (6)

where Q,, is the sum of terms at least quadratic in the Ricci
tensor, e.g., o[(c00)"R,,][(600)"RE] or 6*[(600)"R,,] %
[((e0)™R*,][(¢0)'R], for integer n, m, L.

It is straightforward to show that Eq. (6) is satisfied if
R,, = 0, so that all Ricci-flat spacetimes are solutions of
the EOM. In particular, the Schwarzschild metric, the Kerr
metric, and all the known Ricci-flat metrics in Einstein
gravity without matter are exact solutions of the nonlocal
theory too.

Finally, we can move the exponential operator in Eq. (6),
from the left-hand to the right-hand side of the EOM and
replace the Ricci tensor with the Einstein tensor, so that
we find the following structure for the final, but implicit,
EOM (2):

G = e—H(aAL)Q(G) — e—H(aAL)(GQZG + .. .), (7)

where G is the Einstein tensor G,,, and the term GQ,G is
quadratic in G,,.. In our notation, Q, is the sum of operators
acting on the left and right G, while the indices in the two G
are contracted to form a rank-2 covariant tensor. The
ellipsis in Eq. (7) includes all the terms in Q(G) at least
cubic in G, which can be neglected in our discussion of the
stability, as explained in detail below. All the operators
Q(G) can be explicitly and easily derived from the EOM
(2). However, in order to address the stability problem we
only need to know that such operators are at least quadratic
in the Einstein tensor.

Now we are ready to present the following theorem.

Theorem 1.—In nonlocal gravity (1)—-(3)—-(4) and in
vacuum (T = 0, where T is the matter energy-momentum
tensor), the gravitational perturbations of Ricci-flat space-
times satisfy the same EOM of the perturbations in Einstein
gravity in vacuum.

Two different proofs are given in Appendix A. In the

first, we consider a Ricci-flat metric g,(,g), that is, a metric

such that Rﬂy(g(o)) = 0. As discussed before, g,(,(,)) is also a
solution of the EOM (7) for nonlocal gravity. Small
perturbations around the background g,(,(,),) are written as
an expansion of the full metric tensor g,, in powers of a

small parameter ¢ < 1 as
= ny(n 0 0
G =Y e b =g, (8)
n=0

Then, it is showed (see Proof 1 in Appendix A) that at any
perturbative order n > 0 in ¢

EN=0=G" =0, 9)

where £ (G) are the nonlocal (respectively, local)
EOM (6) (respectively, Einstein EOM) at the order €”, so
that

C n o\ 0
gﬂl/(glﬂ/) = § :6 Lv) =0, g/(w) = 5/41/(9(0)) =0,
n=0

= n~(n 0
Gu(gu) =D "Gl =0, G =G,(g”) =0.
n=0
(10)

In other words, the dynamics of small perturbations in NLG
is the same as in FEinstein gravity. The second proof
(see Proof 2 in Appendix A) starts from a different but
equivalent Lagrangian that involves an auxiliary rank-2
traceless tensorial field ¢, and a scalar field y. We are
interested in this other demonstration because it clearly
shows that these new d.o.f. encoded in NLG do not
propagate at any perturbative order in vacuum. This power-
ful conclusion extends, both to more general backgrounds
and to all perturbative orders, the well-known result that
the only propagating d.o.f. of this theory in Minkowski is
the graviton. It also explains why the theory is exactly
unitary, contrary to Stelle gravity where the spin-2 ghost
field propagates already at the first-order perturbative
level [11,12].

The stability of Ricci-flat spacetimes follows from our
theorem:

Corollary 1.—If a Ricci-flat solution is stable in Einstein
gravity, it is also stable in NLG (1)—(3)—(4).

This result stems directly from the fact that the evolution
of small perturbations of Ricci-flat solutions is the same in
the two theories. For instance, Minkowski spacetime is
stable, since it is stable in general relativity [34], and the
same will be true for other Ricci-flat spacetimes, e.g., for
Schwarzschild black holes, provided they are stable in
Einstein gravity.

III. NONLOCAL GRAVITY WITH
COSMOLOGICAL CONSTANT

We now introduce the cosmological constant A in the
theory (1) in such a way that maximally symmetric
solutions of Einstein’s gravity are still solutions in NLG.
The action reads

s— % dPx\/Igl[R = 2A + (R — 4A)yo(An) (R — 4A)
+(Rap = Ngap)72(BA) (R — Ag™P) + V], (11)

where A is the cosmological constant and V is a potential
at least cubic in the tensor
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E, =G, + Agy. (12)

One can equivalently rewrite the theory (11) in terms
E,, . Finally, the operator A, is a generalization of the
Lichnerowicz operator A;. When acting on a rank-2
symmetric tensor,

AAX;w = 2RO_}¢I./TXTO' + (R,ua - Ag;w)Xﬁu
+ (Rrw - Ag(w)Xﬁu - DXW' (13)

The EOM resulting from the variation of the action (11) up
to quadratic orders in E,,, which we rename E, and
assuming again the relation (3), are

(Raﬂ - Agaﬂ)

o
EE/L = EMV +2 5 J/Q(AA)Eaﬂ + O(EZ) =0.
I

(14)

Clearly, all maximally symmetric spacetimes are exact
solutions of the theory:

E, =0= EN' =0. (15)

In Appendix B, we show that assuming Eq. (3) the EOM
(14) can be written explicitly as

[1 = (Ax +4A)y(AN)E,, + O(E*) =0.  (16)

To secure the stability of the theory we define an H such
that y is entire:

Mlo(Aa+40)] _

7(Ap) = m

(17)

and the EOM (16) simplify to

E = ¢ Hlo(r+40MIQ(E)
= ¢ Ho(BHV(EQ,E +--+) = 0. (18)

We see that Eq. (18) is the same as (7) with the replace-
ments G - E and A} - A, +4A. Therefore, we can
enunciate the following

Theorem 2.—In the nonlocal gravity (11)-(3)-(17) in
vacuum (T = 0), the gravitational perturbations of max-
imally symmetric spacetimes satisfy the same EOM of the
perturbations in FEinstein gravity with a cosmological
constant in vacuum.

The proof of Theorem 2 proceeds as that of Theorem 1
in Sec. II. The difference is that now we expand the
metric around a maximally symmetric solution g,,(,), of
Eﬂ,,(g(o)) =0, i.e., around a solution of Einstein equations
in vacuum with a cosmological constant. By means of the
expansion (8), we expand E,,(g,,) in powers of € as

Eu(gu) =Y €"Ep. (19)
n=0

where E,(,?,) =E,(¢%) =0. Expanding the right-hand

side of (18) in powers of €, one obtains a recursive

relation identical to Eq. (A3), which can be used to show

that Eﬁ) = 0 implies E,(f,i) = 0 for any n > 0. Thus,

ENL() — 0 = E® =0, (20)

where ENE (%) is the perturbative expansion of the nonlocal
EOM (14), namely,

= n oL (n
E/I;I}(gm) = Ze Eu ( )- (21)
n=0

The stability of maximally symmetric spacetimes fol-
lows from Theorem 2. Therefore,

Corollary 2.—If a maximally symmetric spacetime is
stable in Einstein gravity, it is also stable in NLG (11)-
3)=A17).

All maximally symmetric spacetimes are stable at all
perturbative orders in nonlocal gravity if they are stable in
Einstein gravity in the presence of a cosmological constant.

IV. SUMMARY AND APPLICATIONS

We have proved that, in order to show the nonlinear
stability of a Ricci-flat or a maximally symmetric spacetime
at any perturbative order in nonlocal gravity, one needs to
address the same issue in Einstein gravity. The stability
equations of the Ricci-flat solutions of the nonlocal theory
have shown to be exactly the same of general relativity.
Therefore, if spacetime is stable in Einstein gravity, then it
is stable in nonlocal gravity as well. The major advantage of
this result is that we already know the stability properties
of Ricci-flat solutions in general relativity and we do not
need to repeat calculations such as those of Ref. [27].
One of the consequences is that Minkowski spacetime is
stable in nonlocal gravity to all perturbative orders in the
gravitational perturbation, as found previously in [34].
Furthermore, the extra d.o.f. described by a symmetric
tensor field never propagate on the Minkowski background.

Finally, Ricci-flat and maximally symmetric spacetimes
are stable to all perturbative orders in the gravitational
perturbation if they are stable in Einstein local gravity. The
tensorial field describing the extra d.o.f. propagates neither
on Ricci-flat nor on maximally symmetric spacetimes. This
paper confirms and extends the perturbative results found
in [46,47].

An interesting application of these results could be in the
hot topic of gravitational-wave astronomy. In general
relativity (see, e.g., [48] for an overview), the generation
of GWs has been considered in models of astrophysical
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objects such as black-hole and neutron-star systems, while
the propagation of GWs has been considered both on
Minkowski spacetime (approximately representing the
space neither too far nor too near a compact object) and
on a Friedmann-Lemaitre-Robertson-Walker (FLRW) cos-
mological background, where GWs propagate at large
distances and are eventually observed on Earth. Both the
production and propagation of GWs have not yet received
attention in the context of NLG. We suggest to direct the
effort to the study of the production of GWs, since, as we
are going to argue, nonlocality does not affect their
propagation appreciably.

Consider first general relativity in four dimensions. The
linearized propagation equation of GWs on a FLRW
background is [Jh = 0, where h(z, x) is the amplitude of
either tensor polarization mode [49]. From the solution of
this equation, or from a fairly simple scaling argument,
one can recast the GW amplitude in terms of the redshift
1 +z=1/a (a is the FLRW scale factor) and a physical
observable, the luminosity distance d¢V = (1 +z) x
J§ dz/H of the source, where H = a/a [not to be confused
with the H in the form factor (4)] is the Hubble parameter:
h « (d$W)~! [48]. This information is sufficient to see what
happens in NLG. At the linear level, the EOM (6) and (18)
are valid also when the Lichnerowicz operator is replaced
by the d’Alembertian []. Ignoring the small contribution
of A, one ends up with the linearized perturbation
equation [4,50]

Oh=0,  h=en (22)
Using the same scaling argument as in general relativity
with & replaced by &, for entire form factors we have

= hxe (23)

- 0 1

h oy o
We can estimate the nonlocal correction in the right-hand
side for the string-related form factor H = —£2[] =
£%(0? +3H9,) in the homogeneous approximation and,
crudely, an approximately constant H ~ H,, so that
g e Holi=t) — 1 and d; ~(z+ 1)z/Hy = [e72Ho(i=10) —
e—HO(t—to)}/HO. Since e HenHot — e—n(n+3)(f*H0)zenH0t’ at
large redshift h ~ Hye 10(¢-Ho)* g2Ho(i=10)  wyhile at small
redshift z~ —H(t—15) << 1 one has h ~ Hye 3(7Ho)’ x
e2Hol=n0)  Qverall, h~ e (Ho) /qGW,
O(1)-0(10).

Are these nonlocality effects measurable? To answer this
question, we may look into standard sirens, which are
sources both of GWs and light. The binary neutron star
merger GW170817 is the first known example [2]. If
propagation of electromagnetic waves were affected in
the same way by the form factor, then the ratio between the
luminosity distance d$V measured by an interferometer

where ¢ =

and the luminosity distance d¥™ measured for the optical
counterpart would be equal to 1. However, if light is not
affected by nonlocality, we have

GW

Z%—wz L4 et Hy)?  c=0(1)—0(10), (24)
and for ¢, = ¢p;, the right-hand side would be of the order
of 1 + 107!2°, an effect completely unobservable compared
with the estimated error Ad; /d; ~0.001-0.1 of present
and future interferometers [51-54]. For a power-law
expansion a = (t/ty)", d;  (t5/t)*’(ty—1t) and one
can show that, again, the correction in the ratio (24) is
of the order of (¢, /1y)> ~ 1071?°. Increasing ¢, to particle-
physics scales does not magnify this correction enough,
since it is governed by the cosmological scale Hy'~
to ~ 1017 S.

The present paper sets a first step towards placing this
argument, as well as future studies on GW production, on a
rigorous ground. We have shown that metric perturbations
(in particular, GWs) are well defined to all perturbative
orders in Ricci-flat and maximally symmetric spacetimes
where they are stable in general relativity, such as
Minkowski and (anti—)de Sitter spacetime (see [55-58]
about anti—de Sitter (in)stability). These three situations
cover most of the ranges of interest for the physics of
astrophysical gravitational waves propagating at cosmo-
logical scales. Of course, de Sitter spacetime is not
equivalent to FLRW, except in the strong slow-roll regime
of inflation. However, it gets reasonably close to a
cosmological setting as to make one confident that also
cosmological backgrounds such as those already employed
in the nonlocal literature are stable, at least at first order.
The next step, which we leave for the future, will be to
study the stability of FLRW spacetimes in the presence of
matter. If stability depended on the absence of singularities
in the FLRW metric, this topic will also be relevant for
the big-bang problem, which may be resolved in the
theory [59-61].
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APPENDIX A: TWO PROOFS OF THEOREM 1

Proof 1.—Let g,(,(,),) be a Ricci-flat metric, i.e., such that

R,,(¢'”) = 0. Consider small perturbations of g,(,(p, by
expanding the perturbed metric tensor g,, in powers of a
small parameter ¢ < 1 as in Eq. (8). We can expand the
Einstein tensor and all the other metric-dependent quan-
tities in Eq. (7) by means of Eq. (8):
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G(g) =Y _€¢"'G", GO =G(¢") =0, (Al)
n=0
and
M) =g =3 ens, 0, =Y el (A2)
n=0 n=0

Equation (A1) also implies that it must be G ~ ¢” for some
integer m > 1, since G") = 0 for r < m and at least the first
term G(© is zero. Asa consequence of this fact, one has that
the dominant contribution in Q(Ric) in Eq. (6) will be
|

G = 50 GM oGO + GO QNGO

given by the quadratic terms included in G Q,G, and we are
allowed to neglect all the terms at least cubic in G, as we
have done in Eq. (7).

Substituting Egs. (A1) and (A2) into the EOM (6) or (7),
one has

n h k
G — Z Z §(n=h) G (h=k) ng‘q)(;(q). (A3)
h=0 k=0 ¢=0

At this point, it is straightforward to show that the condition
G = 0 implies that all the terms G} must be zero. For
instance, at first order in ¢ Eq. (A3) gives

+GOQVGM) + sHGO QPG =

At second order, using G =G =0, Eq. (A3) gives G® =0, and proceeding by recursion one has that

G =0 for any n. Therefore,

EN=0=G" =0.

(A4)

Equation (10) tells us that the perturbed solution (8) must be a solution of the Einstein equations in vacuum, which

concludes the proof.
Proof 2.—Consider the action

1 1
Slg. d.xl = 5> / dPx\/=g {R +2G,,r(AL)P" = ¢uy(AL)P" + Ry (AL )y + ———xr(A)x |-

2K

The EOM for the scalar y and the tensor ¢,, are easy to
derive:

58 D-2

5 X 3 (A6)
58
5 0= ¢ =G,y (A7)

Eliminating the auxiliary fields from the action (AS), we
end up with (1) with the form factor (4). Notice that the
on-shell equation (A7) implies V#¢,, = 0 and y = ¢}
If the form factor y(Ap) = const + O(C]) has a non-
vanishing constant term in its analytic expansion, then the
solution (A7) is unique. Otherwise, if the form factor y(Ay )
has a vanishing constant term, then the action (AS) is
invariant under the symmetry
|

| |
A5
D=7 (AS)
|
B () = B0 (x) + £i) (). where Of4) (x) = 0,
(A8a)
7 (x) = x(x) + fW(x), where Of%(x) =0. (A8D)
Therefore, the most general solution will be
D-2
y=G= _TR +x0, where y, =0, (A9)
b = Gy + o,  where ey, = 0. (A10)

However, y( and ¢, ,, can always be fixed to zero using the
gauge freedom (AS8). Therefore, Egs. (A6) and (A7) are the
most general gauge-invariant solutions.

Explicitly computing the variation of the action (AS5)
with respect to the metric g,,, we get

1
35(0.020) = [ x5 Gt = L0026 (8P = dugr(B)#” + Rr(A0)

1
+ —— 27 (AL)XI69" + 268G o7 (AL) P = 6(9uaup) 0Py (AL) P

D -2

1
ORI (AL + 26, (AP — BB (8P + RO (AL + 5o (Mg .

(Al1)
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Replacing (A6) and (A7) into (Al 1),! we end up with the following equation of motion for the field ¢,, up to operators
quadratic in the same field:

SRap
59"

Efy = b + 2Ly (M) ¢ + Q(#?) = 0. (A12)

The background Ricci-flat solution is now given by the pair (gﬁ), ) solving the EOM (A7) and (A12):
1 = Gu(g®) =0 Al13
P Hw (9') . ( )

Since ¢, = G, on shell, then V,¢* = 0 (on shell) and we can use the results in [26] to simplify the EOM (A12) and
finally get

eH(D'AL)¢ - Q(¢2) =P+ - == e—H(vAL)Q(¢2> - e—H(aAL)<¢Q2¢ +-9), (A14)

where the dots stand for terms at least cubic in ¢. Using now the metric expansion (8) and a similar expansion for the tensor

field ¢,, around its vacuum 4),(,(,1) =0,
b =D "Dl (A15)
n=0

we can solve simultaneously Eqs. (A7) and (A14) to all perturbative orders, obtaining
n h k

P = Z S(n=h) gy (h=k) Qg"“f)(p(q), (A16)
h

0 k=0 ¢=0

From Eq. (A16), it is straightforward to show that ¢(©) = 0 implies ¢p”) = 0 for all n > 0. Therefore, the tensor field ¢ is
identically zero in vacuum, ¢, = G,,, = 0, and all the solutions of the theory (A5) must satisfy the Einstein equations. In
other words, the tensor field ¢,, is not a dynamical field on any Ricci-flat background at any perturbative order. m

APPENDIX B: PROOF OF THE EOM (16)

The variation of the Ricci tensor acting on a rank-2 tensor is

OR, 1

I
s~ 29 IpE + 2 9uVaVs = 9 Vs Vi By

which allows us to write explicitly the EOM (14) as

E/w + ga(ygv)ﬁ‘:] + gﬂyvavﬂ - (gaﬂvﬂvv + gauvﬁvﬂ) - 2Agyagvﬂ 7(AA)Eaﬁ + O(Ez) =0. (Bz)
————
0} ®

The two terms @; and @; can be dealt with separately. We will show that
® = O(E?), (B3)

@ = 2R, 5,7 (AN EP* = 2Ay(AL)E,, + O(E?). (B4)

'Since (A11)is a variation and not the EOM, the replacement mentioned in the text must be done carefully; namely, it cannot be done
in G and SR. Moreover, in (A12), by O(¢?) we also mean products R,,¢" in which the EOM (A7) has been replaced.
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1. Proof of Eq. (B3)
Using the definition of the generalized Lichnerowicz operator (13), we get
VH[AN(Gy + Agw)] = =VHO(G + Agu) + 2Ry, (G7 + Ag”)] + O(E?)
= —[V'O(Gy + Ag) + 2V (R,0(G” + Ag””))] + O(E?),
©) @)

because the contributions of the second and third tensor in the definition (13) are quadratic in the EOM.
Let us start with (D):

@ = vﬂvava(Guv + Agyv) = VGVIJVOC(G’W + Agyv) + [Vﬂ’ va]va(Guv + Agyv)
= vavavﬂ (G/w + Ag[dl/) + va {VM’ Va} (G/w + Agm/) + [Vﬂ, Va]va(G;w + Ag/w)'
=0(Bianchi id.) ©) ®

Using the short notation defined in (12) and the commutator of covariant derivatives on a symmetric tensor
[Vﬂ’ va]Xm/ = RwlﬂaXM + Rﬂaxlw
we can write @); as

@ = va[vﬂ’ Va]E,m/ = Va[_Rllv/mEﬂl + R/laElu]
= (vaRAa)Eiu + R/la(vaEllu) - (vaRllulm)Eyi - Riu;ta(vaEyi)'

(BS)

(B8)

We can replace the Ricci tensor in the first term with R;, — Ag,, thanks to the metric compatibility condition V¥%g,, = 0.

Moreover, we can use the contracted Bianchi identities to simplify the third term. Starting from
~VoRyopa = VuRop — VR,
and replacing again the Ricci tensor with R,;, — Ag,, in (B9), we end up with
~VRyop0 = Vi (Rop — Abyg) — Vo (Ryg — Agyp).
Therefore, the third term in (B8) is O(E?) (quadratic in the EOM) and, going back to (B8), @); simplifies to

@ = (vaRia)Elu + Rﬁa(vaEAl/) - (vaRiv/m)Eﬂi - Rlvﬂa(vaEﬂﬁ)'
—_————— N, s
O(E?) O(E?)
Looking at the second term in (B11), it turns out to be equivalent to
R/la(vaEﬂu) = (erl - Ag/la)(vaEﬂv) = 0(E2)7
since the term proportional to A vanishes as a consequence of V?E,, = 0. Finally,
@ = (vaR/Ia)Eiu + Ria(vaEllu) - (VOCR}L

O(E?) O(E?) O(E?)

= —R*,,(V*E*;) + O(E?).

U/m)Eﬂﬂ - Rﬂyua(vaEﬂﬂ)

In order to simplify (b), we need the commutator of two covariant derivatives acting on a rank-3 tensor,

HikaHs — RHI Aop3 Ha (VI U3 (VY
[vp’vm}x =R ﬂpmx + R iﬂﬂIX + R /lme :
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Using the EOM E,, = 0, the ®;-term reads

@ = Yov [v#’ va]v(lEll5 = g(SDRa/l;mvllEﬂ(s + gﬁyRy/l;wthlE/hs + g&pR‘san(’EM
= _g&’R'{#viEﬂa + g&uRﬂavaEM + Rwl;mvaEM = —R(,””V"EM.

Therefore, plugging (B13) and (B15) into (B6) we find
@Z _2Ra/wﬂvaE/M'
We now move on to calculate @:

= 2V*(R,,,.E**) = 2(V*R

O(E?), see (B10)

)EP® 4+ 2R

Hpvo upvo

Replacing (B16) and (B17) into (BS), we get
VH(AAE,,) = O(E?).
Reiterating the procedure that led us to (B18) one can see that
VM(AAAA T AAE;w) = O(EZ)’
and for an analytic form factor y(A,), we finally get the identity
Viy(ANE,] = O(E?),
thanks to which we conclude that (B3) holds.

2. Proof of Eq. (B4)

The term (2); can be manipulated as follows:

@ = _(gaﬂvﬂvy + gavvﬂvﬂ)y(AA)Eaﬂ

= _(gauvyvﬂ + Yau [v/)" vu] + g(zyvuv/i + Yo [V/;, vﬂ])7<AA)Eaﬁ'

The first and the third term in (B21) are both zero because of (B20), and using

[V/}7 V”] X{l[)’ — Ral/fﬂ Xﬂ/} + R/W Xia,
we can replace the commutators in (2); with the Riemann and Ricci tensor,

@ = _(gau[vﬂv VU] + gau[v/i’ vﬂ})y(AA)Eaﬁ + 0<E2)

- _[gaﬂRa/Iﬁuy(A/\)Elﬁ + gaﬂRluy(A/\)E}La + gauﬂ/}u7<AA)E/w + gauRlﬂy(AA)Ela] + O(Ez)

Up to a reshuffling of the indices, the two operators with the Riemann tensor in (B23) are identical, so that

@= ZRMVW(AA)EM - RM(A/\)E% - Rlﬂy(A/\)E}LIJ + O(Ez)-

(VHEP?) = 2R,,,,(V*EF°) + O(E?).

(B15)

(B16)

(B17)

(B13)

(B19)

(B20)

(B21)

(B22)

(B23)

(B24)

We now add and subtract Ag,,y(Ax)E?, and Ag,,y(A)E?, in order to replace the Ricci tensor with the tensor (12):

084041-9
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@ = 2R/Myﬂ}/(AA)E/w - Rivy(AA)Ei/l - Rlﬂy(AA)Eﬂy
+ Ag&v7<AA)E/1ﬂ - Agﬂyy(AA>E}b/4 + Agﬁ/ﬂ/(AA)Elv - Agﬂ/ﬂ/(AA)Eil/ + O(Ez)

= ZR;MD,BJ/(AA)E/W - Ag/h/Y(AA)Ei/d - Agﬁ;t}/(AA)E/ll/ + O(Ez)’

yielding (B4).

(B25)

3. Equations of motion
Finally, from (B4) and the identity (B20), the EOM (B2) turn into

E

uv + (D - 2A)7<AA)E;W + 2R/4avﬁ7(AA)Eaﬂ - 2A7(AA)E/4» + O(Ez) = O’
E,, + (O —=4A)y(AA)E,, + 2R0pr (AN E? + O(E?) = 0.

(B26)

Now we add and subtract (R, — Ag,,)7(Ax)E?, and (R,, — Ag,,)7(Ax)E®, to the EOM (B26) in order to reconstruct the

generalized Lichnerowicz operator A, defined in (13):

E;w + <|:| - 4A>}/(AA)Epw + 2Ruauﬂy(AA)Eaﬂ
+ (R/m - Ag/wz)y(AA)Eav - (R/m - Agya)}/(AA)Eav

+ (Rmx - Agua)y(AA)Eaﬂ - (Ry

Up to O(E?) terms, we get

a Agva)Y(AA)EaM + O(EZ) =0.

(B27)

E;w_H:ly(AA)E/w - 4Ay(A/\)Eﬂu+2Ryauﬂy(AA)Eaﬂ

_(R/m - Agﬂa)y(AA)Eav - (Rya

- Agya)y(AA)Ea/l + O(Ez) =0.

(B28)

The underlined operators reconstruct the Lichnerowicz operator —A, and we end up with Eq. (16).
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