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Hamiltonian and primary constraints of new general relativity
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We derive the kinematic Hamiltonian for the so-called “new general relativity” class of teleparallel
gravity theories, which is the most general class of theories whose Lagrangian is quadratic in the torsion
tensor and does not contain parity violating terms. Our approach makes use of an explicit expression for the
flat, in general, nonvanishing spin connection, which avoids the use of Lagrange multipliers, while keeping
the theory invariant under local Lorentz transformations. We clarify the relation between the dynamics of
the spin connection degrees of freedom and the tetrads. The terms constituting the Hamiltonian of the
theory can be decomposed into irreducible parts under the rotation group. Using this, we demonstrate that
there are nine different classes of theories, which are distinguished by the occurrence or nonoccurrence of
certain primary constraints. We visualize these different classes and show that the decomposition
into irreducible parts allows us to write the Hamiltonian in a common form for all nine classes,
which reproduces the specific Hamiltonians of more restricted classes in which particular primary

constraints appear.
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I. INTRODUCTION

General relativity (GR) is usually formulated using the
Levi-Civita connection induced by a pseudo-Riemannian
metric. Alternatively, one may employ other connections,
such as the flat connections used in teleparallel [1,2] or
symmetric teleparallel gravity [3], in order to obtain sets of
field equations equivalent to those of GR. In this work we
consider teleparallel gravity, where the field variables are
the 16 components of a tetrad (or vierbein), instead of the
10 components of a metric. Nowadays it is known that 6
components are related to local Lorentz transformations,
while at most 10 encode the gravitational interaction. How
many of them actually encode dynamical degrees of free-
dom (d.o.f.) of a teleparallel theory of gravity is not
conclusively answered in general, and to gain insight into
this question is one motivation for this work.

Large varieties of teleparallel theories of gravity have
been constructed [4—6]. Since the building block of these
theories is the torsion of the teleparallel connection and not
the curvature of the Levi-Civita connection, second order
derivatives of the fundamental fields do not appear in the
Lagrangians, as long as no terms with additional derivatives
on the torsion are introduced, and so no Gibbons-Hawking-
York boundary term is required. In this way the teleparallel
formulation allows for more freedom in the construction of
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gravity theories with second order derivative field equations
than the metric approach. Moreover, teleparallel gravity
theories can be understood as gauge theories with a Yang-
Mills theorylike structure [7-9], which brings gravity closer
to the standard model of particle physics, and might hence
open a path to its unification with the other fundamental
forces in physics. The other prominent reason to construct
modified theories of gravity is to shed light on astrophysical
observations which lack explanation within GR coupled to
standard model matter only; the most famous ones being the
dark matter and dark energy phenomena.

Before studying the phenomenology of modified tele-
parallel theories of gravity it is essential to identify those
which are self-consistent, i.e., to understand the properties
of their d.o.f. and if they contain ghosts. This can be
done best in terms of a full-fledged Hamiltonian analysis
in terms of the Dirac-Bergmann algorithm for constrained
Hamiltonian systems. It is known that the teleparallel
equivalent of general relativity (TEGR), which yields the
same dynamics and solutions for the metric defined by the
tetrads as general relativity and contains no additional
d.o.f., is self-consistent and ghost-free [10-16]. The hope is
that this is not the only contender of the class of healthy
teleparallel theories of gravity in this sense. Because of the
complexity in the calculation of the constraint algebra, the
Hamiltonian analysis for modified theories of gravity is not
done for all the models considered in the literature. With
this work we aim to contribute to this goal.

One widely studied class of modified teleparallel theo-
ries of gravity are the f(7) models. They are based on the
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Lagrangian T employed in TEGR, and can be thought of as
the teleparallel counterpart of f(R) theories considered in
the metric formalism. While it is known that TEGR and GR
are equivalent, this is in general not true for f(7') and f(R)
theories. The Hamiltonian analysis of f(T') theories has just
recently been presented [15,17] with the conclusion that
there are three propagating d.o.f., which differs from
previous results [18,19]. Other, more general models are
based on a Lagrangian that is a free function of the three
parity even scalars that are quadratic in the torsion tensor
and do not involve further fields than the tetrads [20]. Their
Hamilton analysis is still missing, and, due to the generality
of the model, could be very involved. However, among
these general models, there are the new general relativity
(NGR) models [21]: the most general class of teleparallel
theory of gravity in four spacetime dimensions, whose
Lagrangian is quadratic in the torsion tensor and contains
only the tetrad and its first derivatives. This class is
parametrized by three constant parameters appearing in
the Lagrangian and contains TEGR for a special choice of
the parameters.

Various work has been performed on NGR. Solar system
constraints have been investigated [21] as well as the
propagation and polarization modes of gravitational waves
on a Minkowski spacetime background [22]. This analysis
found that already on the linearized level, in general, NGR
models predict more than two gravitational wave polar-
izations. However, it was also found that there exist NGR
models different from TEGR with two gravitational wave
polarizations. What remains open from the analysis of the
linearized theory is if it differs from the full nonlinear
theory. On the nonlinear level strongly coupled fields may
appear, similar to what was pointed out in early attempts
to formulate massive gravity theories [23]. A complete
Hamiltonian analysis is needed in order to answer this
question.

In this article we work towards the goal of a full
Hamiltonian description of NGR. In particular, we derive
the fully generic kinematic Hamiltonian for NGR, which is
valid for any choice of the parameters appearing in the
action. Further, we discuss the occurrence of primary con-
straints depending on the parameters of the theory. This
analysis is an important cornerstone for further studies of
NGR in its Hamiltonian formulation. Knowing the primary
constraints, it is possible to calculate the successive Poisson
brackets, and thus to derive the full constraint algebra, which
implies the number of d.o.f. of the theory. In addition, it is
the starting point to study the presence or absence of ghosts,
and hence to test the viability of different theories within the
NGR class. Further, the 3 + 1 Hamiltonian formalism also
leads to the initial value formulation of NGR, required for
numerical calculations, such as the precise prediction of
gravitational wave signatures.

Hamiltonian analyses of specific theories within the
NGR class besides TEGR have been studied [24,25].

Additionally, this line of research extends to the
Hamiltonian formulation of more general Poincaré
gauge theories, where both torsion and curvature are
present [26,27].

The main difference between the previous studies and
the approach we present in this article lies in the method
which is employed in order to implement the vanishing
curvature of the teleparallel connection. Previous studies
can mainly be divided into two groups, either assuming
a vanishing spin connection (which is known as the
Weitzenbock gauge) [10,15-17,25], or an arbitrary spin
connection, whose curvature is then enforced to vanish by
using Lagrange multipliers in the action functional [12,13].
Here we use a different ansatz, by allowing for a non-
vanishing spin connection, as mandated by the covariant
formulation of teleparallel gravity [1,2], which is obtained
explicitly by applying a local Lorentz transformation to the
vanishing Weitzenbock gauge spin connection. This spin
connection is flat by construction, and we will show that it
enters only as a gauge d.o.f.

The article is organized as follows: In Sec. Il we present
the Lagrangian for new general relativity. Then we write
down the Lagrangian in 3 + 1 decomposition and derive
its conjugate momenta, and discuss the gauge fixing, in
Sec. III. In Sec. IV we perform a decomposition into
irreducible parts and find the possible primary constraints.
Finally the kinematic Hamiltonian is written down in
Sec. V, where we use the irreducible parts to write it
in a block structure showing the most general expression. In
Appendix we sketch how one can derive the Hamiltonian
without fixing the gauge. Index conventions throughout
this article are such that capital Latin indices A, B, C, ...
are Lorentz indices running from 0 to 3, Greek indices
U, v, p, ... are spacetime indices running from 0 to 3, and
small Latin indices i, j, k, ... are spatial spacetime indices
running from 1 to 3. A dot over a quantity always denotes
derivative with respect to x° X = 0oX. The signature con-
vention for the spacetime metric employed is (—, +, +, +).

II. THE NEW GENERAL
RELATIVITY LAGRANGIAN

Teleparallel theories of gravity are formulated in terms of
tetrad fields 64, their duals e, and a curvature-free spin
connection @” 5, which can at least locally be constructed
out of local Lorentz transformations A%. In local coor-
dinates (x*,u =0,...,3) on spacetime they can be
expressed as

04 = HA”dx”, ey = eyto,,
o'y = @', de = A cd(A) = A0, (AT pdat,
(1)

and satisfy
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0 (ep) = GAﬂeB” = &%, GAﬂeA’“ = 0. (2)
Implementing the flat teleparallel spin connection in this
way has the advantage that it avoids the use of Lagrange
multipliers as done in Refs. [12,28]. The spacetime metric
Gu» Which is a fundamental field in other gravity theories
such as GR, here becomes a derived quantity defined by

g/,w = ”ABeAﬂeBw gﬂy = WABeA”eBD' (3)
The fundamental tensorial ingredient from which actions
for the fields are built are the first covariant derivatives of

the tetrad with respect to the covariant derivative defined by
the spin connection

T4 =Do* = (0,0%, + o*p,0°,)dx* A dx*

1
=3 TA,,dx* A dx¥, (4)

which is nothing but the torsion of the connection. Using
the covariant derivative D in the definition of the torsion
ensures a covariant transformation behavior under local
Lorentz transformations of the tetrad [1,2]. Changes of
index types on tensors are performed by multiplication with
tetrad components, for example, T#,, = T4 poeal’.

We now consider the most general Lagrange densities, in
four spacetime dimensions, quadratic in torsion, which can
be built from the components 74, of the torsion tensor and
the tetrad alone, while not introducing further derivatives or
parity violating terms. This class of theories can be para-
metrized in terms of three free parameters ¢, ¢,, and c3,
and its Lagrangian is given by

Lngr([6, A] = Lygr (6,00, A, OA)

= |9|(C1Tp,prW + 17, T, + c3T/’WT"”a)

- | 6| Gaﬂﬂypa Ta;w Tﬂpa = |9| GAB”DPG TA/w TBpa .

(5)

In the last equality we introduced the convenient
supermetric or constitutive tensor representation of the
Lagrangian [8,9,15], where below the metric must be
read as a function of the tetrads'

Gap"" = cinapg’ ¢ — 023%9””/)62] - 0361[44911]&)663]‘ (6)

Teleparallel theories of gravity with the action

lAlternatively, one may introduce the so-called axial, vector,
tensor decomposition of the torsion, in which the NGR Lagran-
gian becomes L = a1Ty + arTens + a3T e [20]. The coeffi-
cients translate as ¢; = —$(a; +2a,), ¢, =3(a; —a,), and

3 = %(az - az).

S[0, A] = /M a6, Aldx (7)

are called NGR theories of gravity [21]. Choosing the
parameters of the theory to be ¢; =4, ¢; =1, and ¢ = —1
the theory reduces to TEGR [4].

III. 3+1 DECOMPOSITION AND
CONJUGATE MOMENTA

In order to derive the Hamilton formulation of the
previously introduced NGR teleparallel theories we need
to split spacetime into spatial hypersurfaces and a time
direction before we derive the canonical momenta of the
field variables. We introduce the 3 + 1 decomposition in
local coordinates (x°,x'), where the submanifolds x° =
const are the spatial hypersurfaces. As for the Hamiltonian
formulation of general relativity, see, for example, the
modern review [29] and references therein, the metric can
be decomposed into the lapse function a, the shift vector /3,
and the metric on the spatial hypersurfaces /;;

_1 B
a2 az

a

—a* + P h; P

s, h,-,}’ 7=

9w =

Spatial indices i, j,... are raised and lowered with the
components of the spatial metric h;j, i.e., f; = Bih; it

In the teleparallel formulation of theories of gravity
we need to apply the 3 + 1 decomposition to the tetrad
0 = 04,dx" + 04,dx’ and its dual ey = e,°0y + €40,
instead of to the metric. They can be further expanded
into lapse and shift by writing

Oty = agt + o, )

where we introduced the components & of the normal
vector n to the x” = const hypersurfaces in the dual tetrad
basis [10]

1 .
n—= fAeA, §A = —EGABCDHBiQCjGDke”k. (10)

Lowering and raising upper-case Latin indices with the
Minkowski metric 7,5, the & satisfy

’/IABgAé:B = fAﬁA = -1, 'IABngBi = fAQAi =0. (11)

The dual tetrads and the spatial metric can be expanded into
lapse, shift, and spatial tetrads as

1 g
ey’ = —{—ICEA, ey =0, + fAE, hi; = ’1A39Ai5’3j-

(12)
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Observe the following possible source of confusion. The
spatial components of the tetrad with noncanonical index
positions are defined as 0,' = n,ph"60°; # e," = 0,' +
&q % This is related to the fact that in contrast to other

approaches, such as the standard calculation for the
|

LNGR[a’ﬂi7 9Ai, AAB] =

Hamiltonian of GR, we do not expand tensors into com-
ponents parallel or orthogonal to the spatial hypersurfaces,
but parallel to the hypersurfaces or the time direction.

Inserting these expansions into the NGR Lagrangian we
obtain the 3 + 1 split of the theory

|9|(4GABinOTAiOTBjO _|_4GABijkOTAUTBkO 4 GABijleAijTBkl)

Vh -V A :
=5 TA T8 oM\ p + o T4 0T [M ' g5 + 2ah™ (c2E50,% + c36405%)]
vh A B pitk i 1opk il k k 3
+ =TT S MYy B+ 2ahT (2850, + €38405")] + av'h - 3T. (13)
I

The matrix M',/; is a map from 3 x 4 matrices to their a_i_a OLNGr _ B A
duals, i.e., 4 x 3 matrices, and will play an important role NG A \/_ aeA 0j" A" B
when we express the velocities of the tetrads in terms of B : & ol i f p
the canonical momenta and vice versa. It can be written in + TP My B’ + 2ah™ (c2€p0p" + c36405")].

the form

MA B = 8a2GA i0,;0
= =2(2¢1h'nap — (c3 + ¢3)EaEphY
+ 204705 + ¢30,'0p7). (14)

The purely intrinsic torsion scalar on the x” = const
hypersurface is given by

3—[|— = ClﬂABTAijTBklhikhﬂ + C29Ai93jTAijB[ihkl
+ €30, 05 RNTA TB = HypKTA, TE,, (15)

where the spatial supermetric is

HoagM = cinaph® i — c,0,50nlkeN, — c 6l pilkgl .
(16)

In the 3 + 1 decomposed form (13) it is not difficult to
derive the canonical momenta of the tetrads & , and the
Lorentz transformations A4, which generate the spin
connection. Time derivatives on the variables of the theory
only appear in torsion terms 7%; and never act on 4, due
to the antisymmetry of the torsion tensor in its lower
indices, nor on the lapse a and the shift f. Hence the
canonical momenta of lapse and shift are, not surprisingly,
all identically zero,

_ OLngr
Ta = " ha

aL NGR
op

=0, 5= =0. (17)

The canonical momenta of the spatial tetrad components
are given by

(18)

while the momenta for the connection generating Lorentz
transformations turn out to be completely determined from
the momenta of the tetrad.

To see this first observe that the Lorentz group is six-
dimensional and therefore not all components of the A%
are independent of each other. To reflect this during the
derivation of the corresponding momenta we introduce the
auxiliary antisymmetric field a,p in the following way:

_1\D N
app = Nac®py = UC[AAC|D\<A D B < Ag

= aMNﬂA[NAM]B- (19)

The independent components of the momenta of the
Lorentz matrices are then given by

oL
#B = SR 20
aaAB ( )
and satisfy
7AB — _ﬂci’,]C[B@A]i’ (21)
which can easily be realized from
OLnor _ OLncr O _ OLncr ATC o ON g
dayy aAAB dayy aTCOk 6AAB Jayy
OLncr OTC ok O
— . eD_ A—l B 22
T 0 96", 0% (A7) Oayw (22)
B 8LNGR o0 . (A-1)B ”A[N AM] 23
= =T AT A, (2
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The fact that the momenta 7 are not independent of the
momenta 7 demonstrates that the A are not independent,
but only gauge d.o.f.

In the following, we introduce new field variables
(@, ', 04, AYp), where 84,(0, A) == 68,(A~")4; is the so-
called Weitzenbock tetrad and all other fields are not
changed: @ = a, ' = f/, and A% ; = A*j. Using the inverse
of this definition 5, = *,A%, to express the Lagrangian
(5) in terms of the Weitzenbock tetrad yields that
Lncrla. B0, A == Lygr[a, ', 64:(8. A), A*g] is in-
dependent of A, respectively, A. The a and / momenta
are not affected by this field redefinition at all. For the
momenta in the new frame we find the transformation
behavior

- 0L .
A= I;\IAGR = mp'ABy,
00 ;
R oL .
ﬁ:MN _ 5 NGR — ﬂ_AJ;,]A[NQM]j _|_ﬁ.MN’ (24)
aAmN
with inverse transformation
my' =7 (ATHB,
AMN _ AMN _ ﬁBj(A—l)BA’,]A[NAM]CéCj_ (25)

Applying the constraint (21) to the second part of the
transformation (24) shows that in the Weitzenbock gauge
the momenta of the Lorentz transformations all vanish,
#E =0.

This reproduces the well-known fact that in teleparallel
gravity the spin connection represents pure gauge d.o.f.
[1,2]. Therefore, without loss of generality, we can set
the spin connection coefficients to zero and work in the
so-called Weitzenbock gauge, in which the connection
coefficients of the spin connection vanish identically.

The Hamiltonian in the Weitzenbock gauge is then given
by the Legendre transform of the Lagrangian where we
have to add the primary constraints we already discovered,

Egs. (17) and (21) with Lagrange multipliers %4, f”/li, and %),
I:INGR[(}/L/}I”ﬁﬂAB9d’ﬁasBi’ﬁ/}i’éAi»ﬁAi’;\ABvéAB]
= Aabt Ay + 20+ APy + U+ PN Ry
+4ap? — Lyrla. . 0;. Al. (26)

The term 7484, is identical to the term one would use

naively in terms of the canonical variables % A B> as can
easily be seen from the definition of the auxiliary variable
a,p in Eq. (19). As mentioned @ =a, f =/, and
Ay = Ay Lygrl@. f.0;.A] is independent of A.
Therefore, on shell, where the constraint 74 =0 is
implemented, the gauge fixed Hamiltonian does neither

depend on A nor on 7. Moreover the evolution of the

constraints is preserved since their Poisson bracket with
the Hamiltonian vanishes {#, H}~0, {#y H}~0,
{#"B,A}~0 on the constraint surface 7, = Ty =
#8=0.

These findings on the level of canonical momenta
demonstrate that we do not need to include the variables
Ziq: g, A and 7 in the Hamiltonian and again justify the
approach in Ref. [30]. In the following we will work in the
Weitzenbock gauge and omit the tilde from 6, 7,7 for
readability.

IV. INVERTING THE MOMENTUM-VELOCITY
RELATION

One essential step in the reformulation of a physical field
theory from its Lagrangian to its Hamiltonian description is
to invert the relation between the momenta and the
velocities, to express the latter in terms of the former.
For NGR this amounts to inverting Eq. (18). To do so we
rewrite the equation as a linear map from the space of 4 x 3
matrices to the space of 3 x 4 matrices

SAi :MiAjBéBj, (27)

with a source term S4/, which only depends on the
momenta, the fields, and their spatial derivatives,

SAi[a’ﬂ’ ‘9Aia ﬂAi]

a . .
= —=m4" + [Di(aéB + pm68,) — T2, p' M ¥

Vh
—2aT® h* (c)E50," + c3E405"), (28)

where D; is the Levi-Civita covariant derivative of the
hypersurface metric h;;. By inverting this equation we
can reexpress the field velocities in terms of the canonical
variables: the fields themselves and their momenta.

To explicitly invert Eq. (27) we decompose the velocities
of the spatial tetrads into irreducible parts with respect to
the rotation group. It turns out that in this decomposition
the matrix M has a block diagonal structure which can be
inverted block by block. Since for certain combinations of
the ¢, ¢,, ¢ parameters of the theory some blocks become
identically zero, we employ the Moore-Penrose pseudoin-
verse of a matrix [15] to display the inverse in a closed form
for all choices of the parameters. This then carries over
when we display the Hamiltonian.

The irreducible decomposition with respect to the
rotation group amounts in defining a vectorial ())), anti-
symmetric (A), symmetric trace-free (S), and trace (7°) part
of the tetrad velocities and their momenta:

0, = V0,64 + 10,00 + 50,07 + T 00, (29)

mal =Vl + Al 0% + i hy 0,5 + Tr0,'. (30)
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Decomposing S, into the same irreducible parts and using the explicit form of M, see Eq. (14), yields

V§i = _gAS, i
= Vﬂi\/i}—l = 2ac3TP yh™ 05" +2(2¢) + 3 + ¢3)[Di(a&® + p0",,) — T ) Esh™
= —2Véjhij(201 + ¢y + ¢3), (31)
for the vector part,
Agmp gAl.hi[mSAp]
= AP \/iﬁ — 2ac, W™ hPRTE yEp — 2(2¢; = ¢3)[Dy(ag® + 0" ) — TBklﬂl]HB[mhp]k
= 240" (2¢, - ¢,) (32)
for the antisymmetric part,
Sgmp = oA hams,p) — %eAisAihmP
= S = = 2(2¢, + ) [Dy(a€® + 0P,) = T ] (03(mhp>’< - 1hﬁ’”93’<)
Vh 3
= —ZSém”(ch + ) (33)
for the trace-free symmetric part, and
7S = lHA,»SA"
3
= T”\/iﬁ - % (2¢1 + ¢y + 3¢3)[Dy(ag®p"0",) — TP 05"
= 276(2¢, + ¢2 + 3c3) (34)

for the trace part.

These equations are easily solved for the velocities in
terms of their dual momenta in case the coefficients
AV = 2C1 + C2 + C3,
and AT = 2C1 + Cy + 303 (35)

AA:2C‘1 — Cy,
AS:2C1 +C2,

are all nonvanishing. In case one or more of these
coefficients vanish they induce primary constraints:

iga B pikg |
2¢3T?% 1, h" 05" = 0, 36
NG 347" op (36)

Ay =0="YC":=

A_ij o
T 2l W TR = 0. (37)

Ay=0=4CT:=

S_ij

.. T
As=0= °Cl:="—==0, 38
s \/ljl ( )
- Tn.
Ar=0=TC:=—=0. 39
T \/E ( )

|
Observe that YC' correspond to 3 constraints, “C™” to 3
(since it is antisymmetric in its indices), C"” to 5 (since it
is symmetric in its indices, but does not contain the trace
part), and 7C corresponds to 1 constraint. For any choice of
the parameters c;, ¢,, ¢z we either can invert the appearing
velocities of the tetrads in terms of the tetrads and their
momenta, or we obtain a constraint from the Lagrangian,
which must be implemented in the Hamiltonian later by a
Lagrange multiplier.

The Moore-Penrose pseudoinverse of the matrix M in the
irreducible decomposition of the rotation group we
employed is given by the inverse of the separate blocks
if the coefficient in front of the block Ay, A 4,Ag, Oor A is
nonvanishing. In case one of the coefficients is vanishing
the block in the inverse matrix is simply a block of zeros.
For completeness we display M and its Moore-Penrose
pseudoinverse explicitly. Expanding M itself into the
irreducible parts basis

MiAjB = VMiijfB + AM[ir][js]gcr’?AchsﬂBD
+ SM(ir)(js)Hcr’/lACHDsnBD + TMHAiQBj (40)
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yields
MiAjB = 2AV§A53hU - 2AAhi[jhs]r9Cr'7Ac9Ds’731)

. 1 ..
—2As <hl(]hs)r 3 hlrh‘”) 0 Mact” nsp
2 o
- §A79A’«93/. (41)

By using the identity #*® + &A% = 04,6%;h" one may
check that this representation of M is indeed 1dentica1 to its
definition (14). Its pseudoinverse is

1 1
(M) = 5 ByE EC hy = 5 BAN I By 30,0,

1 1
——Bg <hr(shm)n _ hsmhnr> hkrhsieAmgcn
2 3
1
- EBTeAiQCk’ (42)

where the different blocks are implemented by defining
(I:V,.A,S,T) BI {OtorAI

L for A;#0°

V. THE NGR HAMILTONIAN

To obtain the Hamiltonian from the Lagrangian we use
its definition as Legendre transform omitting the variables
|

A and 7, as discussed below Eq. (26). We display the
dependencies on the remaining variables explicitly for
clarification, and the square brackets shall indicate that
the function may depend on the spatial derivatives of the
fields,

H[a,ﬁi,eAj,ﬂAk} :éAi[a,ﬂi,gAJ‘,ﬂAk]ﬂ'A

— L[(X,ﬁi, QAJ, éAk[a’ﬁr’ 0As7 ”Am”'
(43)

We will suppress these dependencies in the brackets from
now on for the sake of readability. Moreover, we comment
on how to remove the gauge fixing, i.e., how to reintroduce
the dependence on A and 7 at the end of this section.
A sketch on how the calculations would be carried out
without gauge fixing is made in Appendix.

To derive the Hamiltonian explicitly we can first use the
source expression S, defined in Eq. (28), to simplify the
Lagrangian. This can be done by expanding the T4, terms
in Eq. (5) into the time derivatives of the tetrad and
combining them with the M matrices to the source term
whenever possible. By their definition, they can then be
expanded in terms of the momenta and spatial derivatives
acting on the fields. As an intermediate result the
Hamiltonian becomes

1., . e
H = EgAiﬂAl - \/ETBjkeAihU [c28504" + ¢3€405"]

+1 i
774

| R
— EﬂB]TBjkﬂk —

D;(at* + pio* ;) + \/ETBlei(affA + BI0% ) WM [c2Ep0n" + c3E405]

\/ETAijTBk/ﬂkhil (0264057 + c3E50,47) — aV'h - °T. (44)

To eliminate the remaining velocities we expand them into the V), A, S, 7 decomposition we introduced in the previous

section and replace them according to Egs. (31) to (34).

Expanding the first term in the irreducible decomposition yields

éAl‘ﬂAi: 9

+ Ae A jl Séjisﬂj

B Vcl_Vﬂi AcijAﬂij SCijS”ij 3TCT7'[
"N\ 24, T 24, 245 244

while for the second we find

+3767x (45)

) + 4D (alh + prot,,) — A TP, (46)

\/}_lTBjkéAihij[szBQAk + 364055 = CzTBjkAémihkmhij - C3TBjkvéihi'igBk

a . a .
_ C2§BTBjkACJk + H C393kTBjkVCJ

24,

— [Dj(ag®

+ poc,,)

V
— TC,, 7| T? j hX (e 007 + c3Ec0p]. (47)

Inserting the expressions (45) and (47) into Eq. (44) finally yields the kinematic Hamilton density of the NGR teleparallel

theories of gravity,
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W A#=0
W A-=0
W As=0
W Ay=0
.A(v=Ay{=0

FIG. 1.

W Az=Ar=0

W Az=As=0

W Ar=As=Ay=0
A0V

Visualization of the parameter space of new general relativity, colored by the occurrences of primary constraints. The radial

axis shows the zenith angle 6, while the (circular) polar axis shows the azimuth angle ¢, following the definition (50).

Vci Vci ACijACI' j SCijSCi j 3’7 C’T C

H=aVh
“‘f( 4A, 4A 4 4A4

+ Di[my (a&t + p164))].

which we here display in terms of the constraints (36) to
(39), as this is the most convenient expression. Observe that,
even though we use the irreducible V, A, S, 7 decom-
position of the fields to display the Hamiltonian, since in this
form the dependence on the parameters ¢; becomes most
clear, the canonical variables on which the Hamiltonian
depends are {a,f', 6", m,*}. As in general relativity we
immediately see that we deal with a pure constraint
Hamiltonian up to boundary terms. Lapse a and shift f
have vanishing momenta, 7, = 0 and z5 = 0, and appear
only as Lagrange multipliers. To obtain the dynamically
equivalent Hamiltonian to the Lagrangian (5) we need to add
possible further nontrivial constraints via Lagrange multi-
pliers. To find all constraints it is necessary to calculate the
Poisson brackets between all primary constraints, check if
they are first class, and, in case they are not, add possible
secondary constraints. This algorithm has to be continued
until a closed constraint algebra is obtained [31].

From our analysis in Sec. IV we conclude that the NGR
theories of gravity decay into nine subclasses depending

4A7

fADi”Ai

Vh

T ) —ﬁk(TAjkﬂAj + 04Dz’

(48)

[

on the choice of the parameters ¢, ¢, and c¢3, which
correspond to the appearance of different primary class
constraints, in addition to the lapse and shift constraints
arising from the diffeomorphism invariance of the action.
We have visualized these classes in Fig. 1, which we
constructed as follows. We started from the assumption that
at least one of the parameters ¢, ¢,, c3 is nonvanishing,
since otherwise the Lagrangian would be trivial, and
introduced normalized parameters

~ Ci

6 = —F——, 49

RV TR (49)
for i = 1, 2, 3. One easily checks that the constraint classes
we found only depend on these normalized parameters. We
then introduced polar coordinates (6, ¢) on the unit sphere
to express the parameters as

¢, = sin@sin ¢, ¢3 = cosd.

(50)

¢, = sinfcos ¢,
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Since the same constraints appear for antipodal points on
the parameter sphere, we restrict ourselves to the hemi-
sphere ¢3 > 0, and hence 0 < @ < 7; this is equivalent to
identifying antipodal points on the sphere and working with
the projective sphere instead, provided that we also identify

antipodal points on the equator ¢; = 0. We then considered
|

(6, ¢) as polar coordinates on the plane in order to draw the
diagram shown in Fig. 1. Note that antipodal points on the
perimeter, such as the two gray points for the most
constrained case, are identified with each other, since they
describe the same class of theories. To summarize, we find
the following constraints:

Theory Constraints Location in Fig. 1
A;#0VIe{V,AS T} No constraints white area

Ay, =0 YC, =0 red line
Ayg=0 ACﬁ =0 black line

As =0 SC;; =0 green line
Ar=0 TC=0 blue line
Ay=A4,=0 Ve =4Cj = turquoise point
Ay=As=0 Ale. = SCji =0 purple point (center)
Ag=Ar=0 AC,; =7C=0 orange point

Ay =Ag=A;r =0

gray points (perimeter)”

*This is actually only one point in the parameter space, since antipodal points on the perimeter correspond to the same theory.

In order to understand the d.o.f. and derive the full
Hamiltonian of the theory, we would need to calculate the
Poisson brackets and deduce whether they are first or
second class constraints and if more constraints appear
(secondary, tertiary, etc). For teleparallel equivalence
to general relativity this has already been done in
Refs. [10-12,14-16,28,30] and it was found that the
dynamical equivalent Hamiltonian to TEGR can be
expressed with the help of two sets of Lagrange multipliers,
V2i and 49, as

— { av'h Vij;}ci for VA £ 0
VREYAYC for VA =0,
SC’_I_SCij
Sy — —a\/ﬁ 1A for SA #0
VhSA;SCI for SA =0,

|

Hrgor = Vh(AVC; +Y2U4C;;) + Dilmy' (ag” + pI6% )]
§ADiﬂAi>
Vh
—ﬂk(TAjkﬂAj + 04Dy’ (51)

1 3
—avh <ZSC,-]-5C’J - gT CTC+3T +

In the future we aim to derive the dynamically equivalent
Hamiltonians for all nine classes we identified among
the NGR theories of gravity. By introducing additional
Lagrange multipliers $1*/ and A% in the short-hand notation

we can display a first step towards the dynamical Hamiltonians

H=(H+"H+H+TH) — a(Vh’T - &D;n,’) — PH(T yumcs? + 04 Dimy") + Dyfma'(alt + pI64))]

+ secondary-, tertiary-, ... constraints.

However, the list of secondary-, tertiary-, ... constraints,
which have to be added in addition, has to be investigated
separately for the nine classes we derived. Even within a
single class there may appear different constraint algebras.
For example, in the class with all A; being nonzero, the

Ac. Acii
—a\/ﬁ‘f— for “A #£0
AH = { 4 7 (52)
Vh*,;AC1 for A =0,
37c,’ci
—avh>=i— for TA #0
TH = VhSi; 7 (53)
VAT TCT for TA =0,
(54)

I

Poisson bracket of the Hamilton constraint with itself in
general generates new constraints since the Poisson brack-
ets of the Hamiltonian and momenta constraints do not
form a closed algebra. However, for particular values of the
parameters the terms which cause this behavior are absent
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from the action, thus allowing the Poisson brackets to close
[25]. Because of the lengthiness of the calculations even in
seemingly simple cases such as TEGR [11] we present
these studies in separate articles. Another potential issue
that must receive attention is the possible bifurcation of
constraints, i.e., the situation where the closing or non-
closing of the Poisson brackets depends on the particular
values of the fields, as found in previous studies [32], which
we plan to investigate in detail in further work.

Before we conclude this article we like to add one more
remark on the gauge fixing. The Hamiltonian we obtained
is derived in the Weitzenbock gauge. To remove the gauge
fixing and to reintroduce the variables A and 7, which we
removed in the course of the discussion in Sec. III, the
following two steps have to be performed. First replace the
Levi-Civita covariant derivatives D; in Eq. (54) by a total
covariant derivative ®; which also acts on the Lorentz
indices of the objects appearing,

Diny) = Dizy! = Dimy/ — 0 yimp’ (55)

and, second, add the constraint (21) with the help of a
Lagrange multiplier. The result is a gauge invariant
Hamiltonian depending on the field variables a,f',
0, my', and A%y as well as 745,

VI. CONCLUSION

We have derived a closed form for the kinematic
Hamiltonian of new general relativity theories of gravity,
starting from its Lagrangian formulation including the
teleparallel spin connection. The latter we implemented
explicitly in terms of local Lorentz transformations, thus
avoiding the need for Lagrange multipliers in the action.
We found that the canonical momenta for the spin con-
nection are not independent and can fully be expressed in
terms of the momenta for the tetrad. Further, only the 12
spatial components of the tetrads have nonvanishing
momenta, while the 4 temporal components can be
expressed in terms of the ADM variables lapse and shift,
whose momenta vanish identically. We have shown that it is
not possible to invert the relation between the time
derivatives of the spatial tetrad components and their
conjugate momenta, which results in the appearance of
up to four types of further primary constraints, depending
on the choice of parameters defining the theory. We find
that the family of NGR theories is divided into nine
different classes, which are distinguished by the presence
or absence of these primary constraints. We visualized the
locations of these nine classes in the parameter space of the
theory, and identified a prototype of a dynamically equiv-
alent Hamiltonian for the different classes, which serves as
a starting point for the continuation towards a complete
systematic Hamiltonian analysis of NGR.

Our results invite further investigations in various direc-
tions. The most logical next step is the calculation of the

Poisson brackets for all possible constraints. This will show
under which circumstances the constraint algebra closes,
and under which circumstances additional constraints must
be included, and finally lead to the full, dynamical
Hamiltonian. It should be noted that the calculation of
the Poisson brackets is straightforward, although it can be
very lengthy, even in the case of TEGR [11]. Naively, the
unconstrained case would be the easiest, since it involves
the least number of constraints to calculate Poisson brack-
ets with. However, the Poisson brackets do not form a
closed algebra, hence are not first class, except for special
cases [25], and thus generate further secondary constraints.
Another class of new general relativity theories of particu-
lar interest besides general relativity is the one where only
the vector constraint Ay, = 0 is imposed. It has been argued
that this constraint is necessary in order to avoid the
appearance of ghosts at the linearized level [33,34]. The
constraint algebra has been worked out for this case, and it
turns out that also in this case the constraints are not first
class, so that secondary constraints appear [24].

An important result which we expect from the afore-
mentioned further work on the constraint algebra is the
number of d.o.f. for general parameters of new general
relativity. A hint towards the existence of further d.o.f.
compared to TEGR comes from comparing the d.o.f. in
new general relativity with the number of polarization
modes of gravitational waves in the Newman-Penrose
formalism [22]. This result gives a lower bound of the
number of d.o.f., since the polarization modes which
appear in the linearized theory must come from the
fundamental d.o.f. in the complete nonlinear theory.
Once the full Hamiltonian is derived, it can be compared
with the propagators presented in Ref. [35]. Results for a
systematic categorization of theoretical pathologies (tachy-
ons and ghosts) in a large class of theories including NGR
was recently presented in Ref. [36]. Future work could
consist of confirming their results using the Hamiltonian
analysis and getting guidance in which theories are mostly
motivated and perform the full-fledged Hamiltonian analy-
sis in these cases.

The full dynamical Hamiltonian would also be useful for
further tests of NGR with observations, in particular
considering gravitational waves. The results we presented
here show that the vicinity of TEGR in the parameter space,
which is known to be compatible with post-Newtonian
observations in the solar system [21], is composed out of
different classes of possible constraint algebras. Studying
their Hamiltonian dynamics one may expect new results on
the generation of gravitational waves in these theories, from
which tighter bounds on the NGR parameters would be
obtained.
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APPENDIX: HAMILTONIAN ANALYSIS
WITHOUT GAUGE FIXING

Looking at Eq. (18) and noting that the conjugate
momenta are related to each other via an algebraic
equation (21) it at first seems like it is impossible to solve
the velocities for momenta. However, there is a way to
attack this problem and successfully derive the
Hamiltonian. First, we note that Eq. (27) before fixing
the gauge becomes

Sa' = MiAjB(éBj - (A_I)Dcecj/\BD)

=M JpNB 0, (0° ,(A7)P ), (A1)
with
SAi[a’ﬂngia”Ai]
a
:_7[1+ABD(XC+ mHCm A—ID
AL [A°pDi[(a” + p J(ATHP (]
—TBuB'IM 4* g — 2aT® 1 h* (c2Ep04" + c3E405").
(A2)

In the Lagrangian, velocities only appear from terms of the
structure
T2, = A8y (6€;(A )P ()

= APpDj[(agC + "0, ) (APl (A3)

Hence, the velocities in the Lagrangian appear exactly as in
Eq. (Al). This means that we can get rid of all velocities
and express them in terms of conjugate momenta by
applying (M~1)4C on both sides of Eq. (A1), where we
have used the same decomposition of the Weitzenbock

tetrad §'; = Do(02,(A=1)"5) as in Eq. (29) into irreduc-
ible parts.

Second, we need to write down the Hamiltonian
together with its primary constraints. The algebraic
relation between the conjugate momenta is a primary
constraint and needs to be added. The Hamiltonian is
then by definition

H=n1,0" +#'Ba,g — L(0",. 1)

— A (784 + ma P VOM)), (Ad)

which is the gauge independent correspondence to
Eq. (26). Using the equation imposed by the Lagrange
multiplier to express all conjugate momenta solely in the
conjugate momenta with respect to the spatial tetrad field
n," we get that the Hamiltonian is of the form

H =7y N 50y (0°(A")Pc) = Ll 0%, 2", A g

— A (784 + ma P VOM)). (A5)

From this we can see that the Hamiltonian can be
expressed in canonical variables without gauge fixing.
By using Eq. (Al) we get

H[avﬂ99Aiv7[Ai’ AAB’ ﬁBA]

= ﬂAi(M_l)?kCSCk[aa ﬂa 9Ai7 ﬂAi] - L[aa ﬂ’ 9Ai7 ﬂAiv AAB]
— 2 p(#5 4+ mp PN OM). (A6)
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