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We constructed a simple cosmological model which approximates the Einstein-de Sitter background
with periodically distributed dust inhomogeneities. By taking the metric as a power series up to the third
order in some perturbative parameter A, we are able to achieve large values of the density contrast. With a
metric explicitly given, many model properties can be calculated in a straightforward way which is
interesting in the context of the current discussion concerning the averaging of the inhomogeneities and
their backreaction in cosmology. Although the Einstein-de Sitter model can be thought of as the model
average, the light propagation differs from that of Einstein-de Sitter. The angular diameter distance-redshift
relation is affected by the presence of inhomogeneities and depends on the observer’s position. The model
construction scheme enables some generalizations in the future, so the present work is a step toward more
realistic cosmological model described by a relatively simple analytical metric.
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I. INTRODUCTION

Inhomogeneous models of the Universe are an important
tool of modern cosmology. They are widely used in the face
of unsatisfying interpretation of astronomical observations
within the framework of the standard homogeneous
Friedmann-Lemaitre cosmological model. The nature of
dark energy which explains the accelerated expansion of
the Universe in the concordance model is still unknown.
Therefore, there arises the question of if dark energy is not
an artifact of inaccurately founded modeling which ignores
the possibly significant effect of inhomogeneities [1-4].

A recent discussion concerning a qualitative and quanti-
tative influence of inhomogeneously distributed matter on
the cosmological parameters of the Universe obtained with
optical observations did not bring any coherent answer [5—
15]. This lack of consensus motivates studies of the light
propagation in particular cases of inhomogeneous cosmo-
logical models. Among exact solutions to the Einstein field
equations, models considered in this context are the
Lemaitre-Tolman models [16—18] and their generalization,
the Szekeres models [19-22]. These models are studied with
matter distributed not only in a single halo cloud but also in
various different ways, e.g., in onionlike configurations [23—
25] or in layers of walls [26,27]. Results of these studies can
be compared with N-body relativistic simulations in a weak
field approximation [22,24,25,28,29]. Furthermore, exact
inhomogeneous models are used for building cosmological
models in a Swiss cheese arrangement which allows for light
propagation studies in more realistic conditions [30-33].
Another approach to observations in inhomogeneous cos-
mologies is based on models constructed as lattices of glued
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Schwarzschild regions [34-37], perturbatively solved sys-
tem of spherical masses [38,39], or numerically simulated
interacting black holes [40,41]. There are also attempts to
study light propagation in more versatile settings of the post-
Newtonian approach to gravitation [42—44]. Recently, it has
become possible to analyze optical observations in cosmo-
logical models obtained with fully relativistic numerical
simulations of space-time [45].

In our previous paper [46], we constructed within the
linear perturbation theory a simple model of the dust
inhomogeneities on the FEinstein-de Sitter (EdS) back-
ground. These inhomogeneities form an infinite, periodic,
cubic lattice presented in Fig. 1. We have chosen such a
density distribution for the following reasons:

(i) For the volume much larger than the elementary cell,
the model becomes homogeneous and isotropic in
common sense, so one can expect the Friedmann-
Lemaitre-Robertson-Walker (FLRW) space-time as
the average;

(i) it satisfies the weak version of the cosmological
principle, which means that there are no distin-
guished regions of the universe and each elementary
cell looks the same;

(iii) the cosmological numerical simulations often adopt
the cubic lattice with periodic boundary conditions,
e.g., Refs. [47,48], so there is a need for analytical
solutions with the same symmetries as tests of the
numerical codes.

The main goal of the present paper is to generalize our

previous model beyond the first order of the linear
perturbation theory. This allows us to consider higher
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FIG. 1. The model isodensity surfaces which form an infinite,
periodic lattice.

values of the perturbation parameter and a higher amplitude
of the inhomogeneities preserving the same accuracy as in
the perturbation theory at the linear order with a small
amplitude. Therefore, the resulting space-time could sig-
nificantly differ from the background. It distinguishes this
model from the class of models with a metric close to some
FLRW space-time. For example, in the post-Newtonian
framework, the leading-order terms in the metric perturba-
tion are proportional to the Newtonian gravitational poten-
tial, which usually is very small except for close vicinity of
compact masses. From this reason, the post-Newtonian
metric is close to the FLWR background, although its
derivatives could not be close to the derivatives of the
background metric. On the other hand, it is possible to
construct a reasonable cosmological model filled with dust,
which is not close to any space-time with FLRW symmetry
taken as a background. The exact dust solutions of the
Einstein equations, like the Lemaitre-Tolman models,
provide examples of such a situation. Unfortunately, the
internal symmetries of the exact solutions cause difficulties
in the construction of a realistic cosmological model
comprising many inhomogeneous regions. Usually, one
has to glue many such Lemaitre-Tolman solutions with
some underlying FLRW space-time and take care of the
junction conditions. The model presented in this article
differs also from these kinds of approaches. In our
proposition, the space-time is constructed globally, and it
has no regions with FLRW symmetry so that the inhomo-
geneities cover the whole space. In this point, the idea of
avoiding junction conditions is similar to the method of
Ref. [38]. The scheme presented here is open for further
generalizations, so it is a single step toward the realistic
inhomogeneous cosmological model.

The paper is organized as follows. In Sec. II, the model
details are presented. In Sec. III, we show some model
properties and basic observables. Then, the conclusions
follow. We present in Sec. II the approximate metric in the
sense that the resulting energy-momentum tensor is not
exactly the dust one. It deviates from the dust solution in the
second and the third orders by some small, negligible
terms. The advantage is that the simple, elementary
functions appear in the metric elements. In the
Appendix, we present the strict dust solution up to second
order. In that case, the metric tensor is much more
complicated.

II. MODEL CONSTRUCTION

We assume the metric as a power series in some
perturbative parameter A,

N
k
G = g, (1)
k=0

where ¢\¥) represents the EdS background metric. We adopt
the Cartesian coordinates’ {t,x,y,z} in which the back-

ground metric reads g,(,(,),) = diag(—1, a?, a*, a*), where the

scale factor is a(f) = Cr*/3 and C is a constant. In each
order k> 1, we introduce the comoving synchronous
gauge, which means that g,(j,i) has the spatial part only:

g(()'(‘)) =0and gl(.g) = 0. This gauge condition guarantees that

the vector U* = (1,0, 0,0) is always tangent to the timelike
geodesic. The dust particles follow the geodesic motion, so
when the universe is filled with the dust, then the four-
velocity U* represents the observer comoving with matter.

For the metric (1), one can calculate the Einstein tensor
G,,(4). Let us assume that the Einstein equations are
satisfied. Then, the metric (1) is the model of space-time
filled with the matter described by the energy-momentum
tensor T,, (1) = G,,(4)/(8x). Our aim is to find such

metric components g,(,ky), for which the tensor T,,(4)

approximates some physical energy-momentum tensor,

in our case the dust one T,(f,l,uso =pU,U,. Let us assume

further that we may expand G, (4) in a Taylor series around
2=0: G, (A) = 322G, If there exists a similar

expansion of  the energy-momentum tensor,
T,W(d) =220 /lkT,(,]Z), we can identify the elements

T,(ZZ) = G,(,]Z) /(8x). We will analyze the terms T,(,IZ) order
by order. If T,,(1) ~ T\™, then T9(4) = —p, and the

other components of 7#,(1) should be as close to zero as

"From now on, we will use the natural units ¢ = 1, G = 1, and
the convention in which greek letters label the indices which
cover the range {0, 1,2,3}, while the latin letters describe the
spacelike indices {1,2,3}.
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possible. For convenience, we will use a formal expansion
of the density in the same form: p = >"% ; 1¥p(*).

Now, in order to find the metric for which 7,,(4)
approximates the dust with a distribution similar to that
presented in Fig. 1, we impose one symmetry condition.
We demand that the metric g,, is invariant under every
permutation of the spatial variables {x, y, z}. Then, we can
consider a possible decomposition of the metric in a given
order which takes the form

AP 0 o BY. 0o o0
gl=1 0 AP o [+] o BY o |+..
0 0 AW o o BY
c o o o p p¥
4+l o c® o |+[Dp¥ o DW[+..
0 o0 c¥ p¥ b o
0o EWN EY. 0 FY FY
AL ES o ES |+ FY oo AP (2
EY. ES. 0 F& FRY o

where we used the abbreviations Al(.k) =AW (1, x7), BW=

ijl —
BM (1, xt, x/, x), CE;.‘) = CW(1,x7, x7), ng) = DWW (1, x%),

Efjkl) = EW(t,x", x/,x"), and Fff) = FW(1,x',x/). In this
setup, to specify the metric in a given order, one should
propose six, symmetric in spatial coordinates func-

tions A®), ..., F®),

A. First order

In the notation introduced above, the metric from our
previous paper [46] can be recovered by putting the only
nonzero function in the first order as

AD(1,w) = =115 sin? (Bw), (3)

where téEdS =2/(3Hy) = 9.32 Gyr is the age of the EdS
universe for the Hubble constant H, = 70 km/s/Mpc and
B is the parameter related to the size of the overdensities.
For such a choice, one can show that 7(V%; = —p(1) where

oy (EdS)
3

M=

(sin?(Bx) +sin*(By) +sin*(Bz)), (4)

and other components of T()#, are exactly zero. Since
p = (4/3)12, up to the first order, T, (1) represent an
exact dust solution, for which the periodically distributed
inhomogeneities have the amplitude decreasing in time.

B. Second order

To estimate the contribution to the energy-momentum
tensor from the higher orders, we have to specify the values
of the model parameters. We will use megaparsec as a unit
of length. Then, in the natural units convention ¢ = 1, the

age of the EdS universe is téEdS) = 2855.16 Mpc. For the

typical scaling a(t (BdS) ) = 1, the value of the constant C is

4,96 x 1073. The elementary cell D is the region
x € (0,z/B), y € (0,z/B), z € (0,z/B). For the simple
choice B =1, the size of the elementary cell should be
around 3 Mpc, which is a typical scale of the galaxy
clusters. Further, it is convenient to measure the energy-
momentum contribution in the units of the critical density
p” = (3H2)/(87r) We introduce the definitions Q) :=

®/p., and QWK #,(A)/per. Of course, the back-

ground density of the EdS model at t(EdS) is Q) = 1.0. Let
us take the relatively high amphtude A=4/15=0.26.

Then, at the maximum of the overdensity Xp = (5.5.5)
(EdS)

at the time 7 = 0.4. The observer located
in the underdensity x;; = (0,0, 0) measures QM = 0.0, so
the density contrast is quite high.

For the metric of the form (2), the energy-momentum
tensor in each order k > 1 has the four types of compo-
nents: 70, TWi; and TW'; for i = jand T, for i # j.
Each type characterizes by the same structural dependence
on the metric functions. For the amplitude A given above,
the maximum over the elementary cell D of the diagonal
elements in the second order is max,, ”ED|Q (2)i ]|l =
0.013. It is a matter of luck that one can easily get rid of
these elements with the help of the A®) and F?) as the only
nonzero metric functions in the second order, by putting

, we have Q1)

. 4 . 2
(2) () =2 (EdS) o [ SIN (Bw)_sm (Bw) 1
A(w)t(to)(4 s T3
—8/3(,(EdS)\2 »
F(z)(wl,wz):—t(ng)Csin(ZBwl)sin@sz). (5)

)i jliz; = 0. Unfortunately, it is not possible
to find the metric functions made of the simple, elementary
functions as these given above, for which all the other
energy-momentum components are equal to zero simulta-
neously. In the Appendix, we show the exact solution up to
second order. One can observe that the metric functions are
much more complicated there. Nevertheless, after substi-

tution (5) alone, the remaining energy-momentum tensor
elements in the second order are small at the time t(()Eds).
maxyep|Q@ ;| =2.2x107% and maxuep|Q®0;| =
1.5 x 107, To ensure that these values are negligible,
one can compare them with the third-order contribution:

max ep|Q®);|,_; = 2.2 x 1073, Now, instead of trying to
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get the exact dust solution in the second order, we can
cancel out the maximal contribution from the third order.

C. Third order

The structure of the energy-momentum tensor elements in
the third order is similar to that of the second order. In the
same manner, by introducing the only nonzero metric
functions

. 4 . 2
A(3)(w):t‘3(t(()Eds>)3 <sm (Bw) 3sin*(Bw) 1>’

16 64 96

~11/3 (t(EdS))3cz
Wf(wl W),

F(wi,wy) = (sin®(Bw, )sin(Bw,)cos(Bw, )cos(Bw,)+...
.. Fsin(Bw))sin®(Bw,) cos(Bw; ) cos(Bw,)—. ..
...—2sin(Bwy )sin(Bw, ) cos(Bw )cos(Bw,)).

(6)

one can obtain [Q)7|,_ = 0. As previously, the remaining
values are small: maxuep|Q¥ | =12x 107" and

max,ep|Q3Y;| = 8.5 x 1077, The deviation from the dust
energy-momentum tensor which comes from the second and
third orders is smaller than the maximal contribution from the
fourth order: maxuep|QW;|,_; =3.5x107*. The pro-
cedure of approaching the dust energy-momentum tensor,
with the help of the A¥) and F(¥) functions, can be continued
in the fourth and higher orders until one reaches the second-
order limit of around 10~°. However, the result which we
have gotten so far is good enough. The deviation of order

10~* that we get at t(()EdS) for the amplitude 4 = 0.26 is
comparable to the second-order deviation in the linear
perturbation theory with the much smaller amplitude
Ax 1072,

The above estimation was made at the time t(()Eds). Now,
in Fig. 2, we plot the time dependence of the energy-
momentum tensor elements for the metric functions (3),

(5), (6). One can see that the approximation T, (4) ~ T ,(,‘1““)

is good for a late times ¢ > 3 Gyr. For the small 7, the
energy-momentum tensor elements other than the density
become important, and one cannot expect that the space-
time metric describes the dust universe there.

For the universe filled with the dust, the total mass within
the elementary cell Mp(f) should be conserved in time.
(see, e.g., Ref. [49]). Once the metric is explicitly given,
one can obtain Mp(¢) by a direct numerical integration:

F® (WlaWZ)

MD(I)—Ad% det g;;p(t. X). (7)

The result is plotted in Fig. 3. The mass discrepancy for the
times r > 5 Gyr is lower than 0.5%. During this period of

10!

1004

10—1 4

10724

1073 4

max |T}lv| /p(O)

x4 €D

10—4 4

10—5 4

1076

t [Gyr]

FIG. 2. The energy-momentum tensor elements as functions of
time. The blue curve represents maxxuep\T<4)i j|i: j/p(o); the
orange one represents maxucp|T0; + TGO, 4 THO,|/pO);
while the green one represents maxyep|T?; + TGN+
T<4>ij|i;&j/p<0)-

0.99 1

0.96

0.95

t[Gyr]

FIG. 3. The normalized mass of the elementary cell as the
function of time is plotted in blue. For comparison, the gray
dashed curve relates to the metric restricted to the linear order
with the same amplitude 4 = 0.26.

time our model approximates well the dust universe with a
relatively high amplitude of the overdensities. Moreover, it is
evident that the higher-order terms in the metric are necessary
to achieve this accuracy. In the next section, we will study the
basic properties of the model.

II1I. MODEL PROPERTIES
A. Density distribution

In the calculation of the total density, we will restrict
to the fourth order p =Yt ,A*p¥. The contribution
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FIG. 4. Left: the model isodensity surfaces within the elementary cell at the time ¢t = 3 Gyr. Right: the same picture at the time

(EdS)

=1 = 9.32 Gyr.

p® = —T® 0 behaves roughly as p® o (1S )42,

The higher orders are more important at early times and
give less impact on the total density at the late times. The
analytical formula for p is the large but relatively simple
expression containing some products of the powers of the
trigonometric functions. In Fig. 4, we show the isodensity

surfaces at the time t(()EdS) and r = 3 Gyr. Although the time

dependence of p*) in each order is different, the shape of
the isodensity surfaces does not change much during the
time evolution. Following Ref. [49], by introducing the
volume of the elementary cell at the hypersurface of a

constant time,
V’D = / d3x\/detg,»j, (8)
D

we may define the average density (p), = Mp/Vp. At the

time t(()EdS), the resulting average density in the critical units

is (Q)p =1.23, where Q =p/p.. At that time, the
observer located at the overdensity X, measures
Q = 1.52, while at the underdensity X;;, one gets Q = 0.97.

B. Hubble parameter

For the observer located at the time t(()EdS) at Xp or Xy,

respectively, we performed the following numerical
experiment. With the probability distribution uniform
on the unit sphere, we generated ten random directions
(6, ¢). For each direction, we generated randomly ten points

lying on the curve y(I)= (t(()EdS),x0+lsin900s¢,yo+
[ sin@sing,zg+ [ cos), where X = (xy,y9,20) is the
observer position. Then, by performing the numerical

integration, we obtain the distance d(/) to each point:

an- [ LSO gl ©)

The integration kernel is the explicit function of time since
the metric elements depend on t. By taking the time
derivative of the integration kernel and calculating the
numerical integral again, we obtain the velocity of each

point d(T). This allows us to make the Hubble diagram
presented in Fig 5. The linear fit to the points located
farther than 5 Mpc gives the value of the Hubble constant
Hy=177.68 km/s/Mpc for the observer at Xp, and
Hy = 77.42 km/s/Mpc for the observer located at x;,. In
the considered space-time, there are no significant
differences in the values of the Hubble constant between
the overdense and underdense regions. However, if we
demand that the observer should measure the Hubble
constant comparable to the real value, we should locate
him in another time position.

1600 4

1400 4

1200 -

1000 -

800 -

d[km/s]

600 -

400

200‘%
O<

0.0 25 5.0 75 100 125 150 175  20.0

d [Mpc]
FIG.5. The Hubble diagram for the observers at the time t(()EdS).

The blue points are generated for the observer located at the
overdensity, while the cyan points are plotted for the observer in
the underdensity. The linear fit is depicted by the red line.
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FIG. 6. The plot of the Hubble parameter H(¢). The blue points
are generated with the method described in the text. The light blue
curve is the cubic spline interpolation of these points. The
effective Hubble parameter Hyp () is shown by the red dashed
curve.

To find the time coordinate t(()’w, in which the Hubble
constant is equal to Hy = 70.0 km/s/Mpc, we repeat the
procedure of the Hubble diagram construction placing the
observer in the overdensity X at a discrete set of the time
coordinate values. In each case, we perform the linear fit to

the generated data (d, d), and in effect, we get a discrete set
of points in a Hubble parameter H(t) plot. We show them
as the blue points in Fig. 6. After that, we use the cubic
spline interpolation shown as the light blue curve. The
resulting value of the universe age for which the Hy, =

70.0 km/s/Mpc is £ = 10.25 Gyr.

Sometimes, it is convenient to use the domain dependent
effective Hubble parameter Hp, defined as in Ref. [49]. We
will consider the elementary cell as the domain D. For the
selected domain, one can introduce the effective scale
factor ap(t) = Vg3(t)/ V;)/S(t(()’l)). Then, by definition,
Hp(t) = ap(t)/ap(t). It is numerically more efficient to
take the time derivative of the integration kernel of (8),
perform the numerical integration again to obtain VD,
and calculate the effective Hubble parameter from
Hp = Vp(1)/(3Vp(t)). In Fig. 6, the resulting Hp (1) is
plotted by the red dashed curve. One can see that it is
consistent with the Hubble parameter H(¢) calculated
previously. We want to emphasize that we computed both
quantities in a straightforward way, directly from the space-
time metric.

At the end of this paragraph, we want to analyze the
model density at the time t(()l). The maximum density at Xp
is Q = 1.22. The minimum density for the observer located
at X, is Q = 0.82. The average over the elementary cell is
(Q)p = 1.003. It seems that the average density at the time

()

ty ', in which the observer measures the Hubble constant

Hy, is close to the EdS model with the same H| value.
Below, we discuss this issue in detail.

C. EdS as the model average

When one considers the limit 4 — 0, the metric tends to
the background metric g(o), which is the EdS space-time.
On the other hand, because we used a quite high amplitude
A = 4/15, the metric g is not close to ¢(?). This situation is
qualitatively different from the widely used Swiss cheese
models, where the space-time regions describing inhomo-
geneities are glued with the background FLRW model.
Here, there are no space-time regions with the FLRW
symmetry, and the inhomogeneities cover the entire space.
It is then interesting that the EdS model is a possible
candidate for the model average.

In the FLRW model, one can introduce the parameter
Q, = —k/(H?*(t)a*(t)) = —R/(6H?(t)), which is the mea-
sure of the curvature of space. In this formula, k is the
curvature parameter from the FLRW metric, and R is the
scalar curvature of the hypersurface of the constant time. In
analogy, one can define the averaged curvature parameter at

the time tf)’w: (Qr)p = —(R)p/(6H3). In the presented
model, it has the value (Qg);, = —8.9 x 107>, which means
that the space is almost flat.

In Fig. 7, we present the time evolution of the model
density, while in Fig. 8, we show the time evolution of the
Hubble parameter. To be able to compare them with the
EdS prediction, both figures were plotted with respect to
the time 7y, in which the observer measures the value
of the Hubble constant Hy, = 70.0 km/s/Mpc. As it is
seen, there is a perfect agreement between the model
behavior and the EdS prediction. Therefore, we conclude

16 1

(Q)p(to — t)
2 = 3 8§ &

IS

0 1 2 3 4 5 6 7
to — t[Gyr]

FIG. 7. The blue curve is the time dependence of the averaged
density of the model, with respect to the time ¢, = toi . The red

dashed curve is the EdS prediction calculated with respect to the

time ) = t(()EdS>.
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to — t[Gyr]
FIG. 8. The blue curve is the time dependence of the model

Hubble parameter, with respect to the time f, = tol . The red
dashed curve is the EdS prediction calculated with respect to the

time ¢, = t(()EdS).

that the EdS space-time describes the average density and
the average expansion very well.

D. Light propagation

The procedure of the angular diameter distance-redshift
relation derivation is similar to that in Ref. [46]. We
will consider three different locations of the observer:
the overdensity Xp = (5.5.%), the underdensity X =
(0,0,0) and the point x,, = (0.7,1.1,2.1) in between;

and two different time instants t((f) and t(()Eds)

the middle position X y, at the time té’w is Q = 1.067, soitis

the point with a slightly higher density than the average.
For each observer position, we generate 100 random
directions k, with a probability distribution uniform on the

. The density at

unit sphere. Since |k| = 1, we choose k° so that k'k, = 0 at
the observer position and k° < 0, so the geodesic is past
oriented. With the observer position x* and wave vector k* as
the initial conditions, we solve with the help of the fourth-
order Runge-Kutta method the geodesic equation written in
the form of the two first-order differential equations:

dkt
W — —F’;ﬂkakﬂ, (10)

dxt
— = k" 11
To check the numerical accuracy, we generate the reference

geodesic, for which we correct |1€ | in each Runge-Kutta step
to satisfy k*k, = 0 exactly. Then, we choose so small a
Runge-Kutta step, Al = 0.05, that the difference between the
geodesics generated by both methods is negligible.

After we get the resulting geodesic x#(/), we obtain the
redshift along it from the definitions z = (@,, —
Wobs )/ Wobs and @ = UFk,,. We assume that the light emitter
and the observer are comoving with matter, so their four-
velocity is represented by the vector U* = (1,0,0,0),
while k#(1) is the wave vector along the geodesic.

To derive the angular diameter distance d, along the
geodesic, we use the Sachs formalism [50]. We construct
the Sachs basis (s, s5) at the observer position. The Sachs
basis vectors are orthogonal to each other and orthogonal to
the wave vector k* and the observer four-velocity U¥,
respectively. Next, for each of the Sachs basis vectors, we
solve numerically the equation of the parallel transport
along the geodesic. This way, the Sachs basis is defined at
each point of the geodesic. Then, to calculate the angular
diameter distance along the geodesic, we solve with the
help of the fourth-order Runge-Kutta method the following
system of equations. The first is the focusing equation
rewritten as the two first-order differential equations,

d - 1
EalA =— <—ka/‘k” + |a|2> dy, (12)

d .

Ed A — d A (13)
and the second is the system of the Sachs evolution

equations for the components of the complex shear o,

d 1
EU] + 2619 = —Ecaﬂy(g(scllkﬂkyslls + Sgkﬂk}’sg), (14)

d
EUQ + 2629 = Caﬂyﬁslllkﬂk}’sg’ (15)

where C,z, 5 18 the Weyl tensor and the scalar expansion

rate @ is substituted by 0 = dy /d4. Here, by the dot, we
mean the derivative over the affine parameter along the
geodesic=%%_ The initial conditions at [ =0 are
dy =10"° Mpc, dA =1, 6 = 0. For numerical reasons,
we start with the d, slightly above zero, so that the
expansion scalar is finite at / =0. As a result of the
presented procedure, we obtain the angular diameter
distance along each geodesic d4 (/). Finally, by using the
information about the redshift along the geodesic, we get
the angular diameter distance as a function of redshift
da(z). At the end, we checked the convergence of the
resulting d,(z) with a decreasing Runge-Kutta step.

We present the results in Figs. 9 and 10. In each figure,
the set of the blue curves shows the d,(z) for the 100
geodesics generated for the observer at the overdensity
Xp, the similar set of the cyan curves corresponds to the
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FIG. 9. The angular diameter distance-redshift relation d,(z).

The observer is located at the time téEds)

(£.%.%) (blue), at the underdensity X;, = (0,0,0) (cy

middle X, = (0.7, 1.1,2.1) (orange). Top panel co

at the overdensity X =

an), or in the
rresponds to

the amplitude A =4/15, the middle panel corresponds to
A =2/15, and the bottom panel corresponds to A = 1/15. The

red dashed curve is the EdS prediction.
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FIG. 10. The similar plots of the d,(z) as in Fig. 9, although for

(4)

the observer located at the time 7.
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observer at the underdensity X, while the orange curves
refer to the observer at the middle position X,. The
red dashed line is the EdS prediction. The plots are
prepared for the following values of the amplitude
A€ {4/15,2/15,1/15} and for the observer located in

the two time instants ¢ € {téEdS), tf)’w}.

On basis of these results, we conclude that, although the
EdS space-time describes well the average properties of the
matter distribution and expansion rate of the considered
model, the light propagation differs significantly from the
EdS prediction. The behavior of the d,(z) depends on the
observer position. For the observer located in the point with
the local density lower than the average, the resulting d (z)
is lower than the EdS reference curve. If the observer’s local
density is higher than the average, then the resulting d,(z)
is larger than the EdS curve. The deviation from the EdS is
the greatest for the observer located in the maximum or the
minimum of the density distribution. The greater the
amplitude 4, the larger the differences between different

curves. If one takes the small amplitude, locates the

observer at the time t(()EdS), and restricts the metric to the

linear order, then the resulting d4 (z) tends to the curves we
have shown in our previous paper, where we do not observe
the position dependence of the results.

Another interesting property is the width of the bundle of
the d4(z) curves. The bundle of 100 geodesics generated
from the middle position X, is characterized by the larger
width in the angular diameter distance-redshift relation than
the bundle related to the overdensity or the underdensity.
In the positions Xp and Xy, the density distribution is
much more symmetrical than in the middle X,,.
This could indicate that the local neighborhood of the
observer plays the crucial role here. To confirm this
intuition, we plot in Fig. 11 the d4(z) relation for the

0.0004 0.0006 0.0008

z

0.0002

0
0.0000

0.0010

FIG. 11. The angular diameter distance-redshift relation d(z)
(4)

for the observers at #;”. The low redshift range. Colors as in the
Fig. 9.

14{  0.0040
0.0035 1
12]  0.00301
0.0025
10l § 000201
0.0015 1
o8] 000101
N 0.00051
0.0000 #————+—
0.6 0.0 25 50 7.5 100 125 150
/
0.4+
0.2
0.0 : . . , . . .
0 200 400 600 800 1000 1200 1400

/

FIG. 12. The redshift as a function of the affine parameter
along the geodesic z(/) for the observers located at the time z(()ﬂ).
Blue is the observer in the overdensity X, cyan is the observer in
the underdensity X;;, and orange is the middle position of the
observer X .

low redshifts. One can see that the separation between
the curves begins around d,4 ~ 1 Mpc. For the 20 curves

y(p):(é’w,psin9005¢,psianingb,pcosQ), where (6, ¢)
are the random directions, the average length from
p=0top =x/2isd = 1.605 Mpc. The same calculation
for the curves centered at the overdensity gives d =
1.538 Mpc. Since 7 is the coordinate size of the elementary
cell, in view of these estimations, the value around

1.57 Mpc can be thought of as the physical radius of

the inhomogeneities at t(()/l). The separation of the d(z)

curves takes place, while the light ray passes through the
observer neighborhood to the nearest region with a differ-
ent density.

The Ricci term in the focusing equation (12) is very
small compared with d, in the observer’s neighborhood.
Since initial shear is equal to zero, for small distances, the
right-hand side of the focusing equation is close to zero.
Therefore, the angular diameter distance as a function of
the affine parameter d4(/) is almost linear there. This
suggests that the separation of the d, (z) curves is caused by
the local changes of redshift along the geodesics initiated in
different environments. To show that, we plot in Fig. 12 the
relation between the redshift and the affine parameter along
the resulting geodesics. For the local universe, d, =~ [. The
separation of the curves around /= 1.5 is then consistent
with that in Fig. 11.

In the end, it is instructive to show the emission time of
the light as a function of redshift. This relation is plotted in
Fig. 13. For a given redshift, the emission time is the same,
no matter where the observer is located. This is not
surprising since the redshift z is related to the timelike
component of the wave vector k. One can connect the
emission time f,, with the effective scale factor at that
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FIG. 13. The time of the light emission as a function of redshift
@

t,n(z). The observers are located at the time ¢ ). Dashed blue is
the observer in the overdensity X, dashed cyan is the observer in
the undersity X;;, and dashed orange is the middle position of the
observer X .

time ap(?,,,). Because the EAS model describes well the
average expansion, the effective scale factor expressed
as a function of redshift has the same form as in the
EdS space-time:

ap(z) = —— (16)

IV. CONCLUSIONS

In the present paper, we constructed perturbatively the
approximate model of the inhomogeneous universe for
which the dust inhomogeneities are distributed in the
infinite, periodic lattice on the FEinstein-de Sitter back-
ground. This way, we extend our previous work beyond the
linear perturbation theory so that the larger amplitude of the
inhomogeneities is allowed. We analyzed basic properties
of the model. We have shown that the Finstein-de Sitter
space-time describes well the time evolution of the model
average density and the averaged expansion characterized
by the Hubble parameter H (). On the other hand, the light
propagation differs significantly from that in the EdS
background. The angular diameter distance-redshift rela-
tion d4(z) is influenced by the inhomogeneities and
depends on the observer’s position.

In the literature, the position dependence of d,(z)
appears in some inhomogeneous models. In some of them,
e.g., Ref. [51], the presence of the inhomogeneities could
partly mimic the effect of the dark energy driven accel-
erated expansion. However, as it was pointed out in
Ref. [52], the cosmological model which tries to avoid
the cosmological constant should explain not only the
d,(z) relation but also the variety of the other available
observations, in particular, the isotropy of the cosmic

microwave background power spectrum. Nevertheless, if
effects like the strong position dependence of the dy(z)
results are present in simple, inhomogeneous models with a
reliable matter content, one cannot exclude that they appear
also in the real Universe.

The model presented in the current paper has no
ambition to describe the real Universe. It should be rather
considered as a training model. There are some aspects of
this model which should be improved first:

(1) In the current model, the amplitude of the inhomo-
geneities decreases with time. It is reasonable to look
for a model with an increasing amplitude of the
inhomogeneities with a controlled growth rate.

(i) For the presented model, the approximation to the
dust energy-momentum tensor holds for the late
times only. It is necessary to construct the model
which is valid also for the early Universe, to be able
to consider the cosmic microwave background ob-
servations.

(iii) Some generalizations with a background space-time
other than the Einstein-de Sitter will be useful.

Anyway, the presented framework is a step toward the
more realistic inhomogeneous cosmological model con-
structed beyond the linear perturbation theory. We empha-
size that the presented solution is not in the widely used
Swiss cheese class of models, so it provides new possibil-
ities. We also think that the models which offer the metric
explicitly given, as our model does, are important because
they enable one to calculate the observables directly from
the metric without additional simplifying assumptions.
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APPENDIX: STRICT METRIC OF THE
PERTURBED MODEL UP TO SECOND ORDER

We construct a sample of a linearly perturbed spatially
flat Friedmann-Lemaitre cosmological model with irrota-
tional dustlike inhomogeneities up to second order. We
consider a cosmic fluid which is irrotational, nonconduc-
tive, and inviscid and for which the spatial gradient of the
pressure vanishes. For simplicity, we additionally assume
that at the first order the magnetic part of the Weyl tensor
vanishes, which enables us to treat only the scalar pertur-
bations and disables vector and tensor perturbations.
Further, we assume that still at the first order the Ricci
scalar of the three-spaces orthogonal to the fluid flow is
zero, which enables only the decreasing mode of pertur-
bations and disables the growing one.

The assumed conditions allow the synchronous
comoving gauge at both orders in the problem without
loss of generality. The solution for the metric field of the

083521-10
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space-time g, and the velocity field of the fluid flow u, of
the considered perturbed model take the form

/12
G = 9 + g + Egﬁ), (A1)
g = diag(=b%, a* &, a?), (A2)
= (_b’ 0’ 07 0)7 (A3)

where a and b are functions of the time coordinate ¢ and A is
some small parameter. The first-order correction to the
metric has the following form:

0O 0 0 0
0 0,0 90,0 0,0
(]) _ 2 2 XX xy X A4-
Juw “ 0 8xyo 6”0 ayzo (A4)
0 9,0 0y 0 0.0

Here, o is a function of time and spatial coordinates x, y, z,
which satisfies the equation

b
0,0 ——

=0, (AS)
a

where i is an arbitrary function of spatial coordinates. The
second-order correction is given as

0 0 0

2) Ci1 C12 €31

G = 2a? , (A6)

Cia Cpn €23

o o o O

€31 €3 (33

where c,,, are functions of time and spatial coordinates.
Because of complexity of the equations at the second order,
the functions c,,, are determined with the function i
explicitly specified as

i=1 41+, (A7)
We used the abbreviated notation /, = /(x). The function /
is assumed to satisfy the equation

Ol + a2l =0, (A8)
where « is a constant and thus / is a linear combination of
sine and cosine functions.

We get the following result,

cp3 = 011yl (A9)
c31 = oo lL1}, (A10)
= 03l;l§,, (A11)

¢y = —a?v, 2 ‘ijlzyzz —a <02 - %jz) L1,
—-a? (03 - %h) L1, (A12)

Cop = —a2vzl§ —a? <01 —%j1> L, - %2jzlzlx
—a? <03 — %j3> Ly, (A13)

33 = —a2v3l§ —a? <01 —%j1> L, - a? <02 — %j2> L1,

%2 Jalily, (Al4)

where I', = 9,l, and v,, 0,, i,, j, are functions of time
which satisfy the following equations:

e b2
0y, — b <9, + 2a — =0, (A15)
a? b .
3,0n 7—3 = O (A16)
d,i, +abj, =0, (A17)
0,4 b2 , b2

Oyvfin — 5 Oyjn + 20 ~5n + 202 ==0. (A18)

_3

For the considered model, the above solution for the metric
functions is the simplest possible in a sense that none of
the functions v,, o, i,, nor j, can be taken as null. The
function v,, is easy to find since

v, = —a*c* + fc +7y, (A19)
where the auxiliary function c¢ satisfies
b
0,c — = 0, (A20)

083521-11



SZYMON SIKORA and KRZYSZTOF GLOD

PHYS. REV. D 99, 083521 (2019)

and f and y are constants of integration. When the scale
factor a is a power function of time, then also v, is.
However, this is not the case for the function j,, which is
then a combination of sine and cosine integral functions.
This causes the metric to be a highly complicated function
of time.

The energy density p and the pressure p in the considered
model are expressed by the metric functions as follows,

(0,a)? d,a 0,a 0,a
8mp=3" Tt a( =200 oL ~2a2 "0, ~ 202,

e 0
+5 <2a2a;b28,(—v1 —2a%c?) 12

0
+ 2a2;b28,(—112 —2a*c?)2
a

0,a

78,(—1)3 —2a*c) 2
a

+2a?

0 1
+a? (a#;@(—401 +J1) +2a2g> 11,

0,a ) 1
+(12 (ﬁ@,(—éloz +J2) + 2(12}) lzlx

P 1
+a2<aLb‘;at(—4og+j3)+2a25>zxzy>, (A21)

2
Sap = — L 40"

a’0,a b? (A22)

where ¢ is defined as above. One can observe that the
function —4o0, + j, satisfies the same equation as the
function v,

0,k b?
tba at(_40n + Jn) + Zazg =0,

a3

att(_40n + .]n) -

(A23)

so when the scale factor is a power function of time, then the
energy density is also a power function of time even though
the metric is essentially not.
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