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With an eye toward the precision physics of the LHC, such as the recent measurement of MW by the
ATLAS Collaboration, we present here systematic studies relevant to the assessment of the expected size of
multiple photon radiative effects in heavy gauge boson production with decay to charged lepton pairs. We
use the new version 4.22 of KKMC-hh so that we have coherent exclusive exponentiation (CEEX)
electroweak (EW) exact Oðα2LÞ corrections in a hadronic monte carlo and control over the corresponding
EW initial-final interference (IFI) effects as well. In this way, we illustrate the interplay between cuts of the
type used in the measurement of MW at the LHC and the sizes of the expected responses of the attendant
higher order corrections. We find that there are per cent to per mille level effects in the initial-state radiation,
fractional per mille level effects in the IFI and per mille level effects in the overall Oðα2LÞ corrections that
any treatment of EW corrections at the per mille level should consider. Our results have direct applicability
to current LHC experimental data analyses.
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I. INTRODUCTION

With large data samples already at 7 TeVand even larger
ones at 8 and 13 TeV, the LHC experiments are well into the
era of precision QCD ⊗ EW physics for processes such as
single heavy gauge boson production with decay to lepton
pairs. As an example, the ATLAS Collaboration has
recently used their 7 TeV data samples to measure the
mass of the W boson with the result Ref. [1]:

MW ¼ 80370� 7ðstatÞ � 11ðexp systÞ
� 14ðmod systÞ MeV ¼ 80370� 19 MeV;

where the first uncertainty is statistical, the second is the
experimental systematic uncertainty, and the third is the
physics-modeling systematic uncertainty. The result itself
is already one of the most precise single measurements of
MW [2] and bodes well, given the remaining data samples
that have yet to be analyzed, for a new level of precision in
the observable mW in LHC physics. The essential feature is
high precision in measurements of lepton directions in
detectors of hadronic colliders; see eg. Ref. [3].

The error budget in this pioneering measurement of MW
reveals that the modeling systematic error is the largest one
at 14 MeV. As we anticipate the type of error the currently
available data will yield when it has all been analyzed, we
see that the statistical component, now at 7 MeV, will drop
by a factor ∼4 to the 1.8 MeV regime. Thus, it is imperative
to reduce the large modeling error in kind as much as it is
possible. Specifically, in the measurement of MW by the
ATLAS Collaboration [1], properties of the W production
and decay systematics, such as the momentum resolution
scale uncertainty, are estimated by comparing with the
analogous systematics for the Z=γ� production and decays.
The uncertainty on the corresponding electroweak (EW)
corrections then contribute to these systematics. In what
follows, we explore the possible role of the new exact1

Oðα2LÞ coherent exclusive exponentiation (CEEX) EW
corrections in KKMC-hh [4] in this context. We note that
some results into that direction were already obtained with
the help ofKKMC 4.19 [5,6]; see eg. Ref. [7]. At that time
it was impossible to take simultaneously into account QCD
initial state parton shower effects. The papers in Refs. [8]
or [9] recall and use old observations of spin amplitudes
for one and two parton emissions: the electroweak part
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1Here and henceforth we use the notation L for the big log in
the respective radiative effects discussed with L ¼ lnðQ2=mf

2Þ,
where Q is the hard momentum scale of the radiation and mf is
the rest mass of the light fermion f which emits that radiation.

PHYSICAL REVIEW D 99, 076016 (2019)

2470-0010=2019=99(7)=076016(15) 076016-1 Published by the American Physical Society

https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.99.076016&domain=pdf&date_stamp=2019-04-30
https://doi.org/10.1103/PhysRevD.99.076016
https://doi.org/10.1103/PhysRevD.99.076016
https://doi.org/10.1103/PhysRevD.99.076016
https://doi.org/10.1103/PhysRevD.99.076016
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


can be quite well factorized from the pp QCD dominated
amplitudes.
Continuing in this way, we note that, in Ref. [10], the

precision measurements are reported for the Z differential
spectra which in the Z peak region have 2.5 per mille
statistical errors with next-to-leading order (NLO) EW
corrections at the 2–3 per mille level in the central rapidity
regime when the final state radiation (FSR) is unfolded
from the data using PHOTOS [11–17].2 At this level of
precision, it is important to assess all possible higher order
EW effects that may enter at the per mille level. Such an
assessment is what we do in the following.
In fact, in Ref. [10] the NLO EW corrections which

are not unfolded with PHOTOS are implemented in the
so-called additive approach, in which one uses (see
Eqs. (13)–(15) in Ref. [10])

σNLO−EWPO−QCD ¼ σLO−EWPO−QCD

�
1þ KEW − 1

KQCD

�
ð1Þ

to implement the EW NLO corrections as opposed to the
so-called multiplicative or factorized approach in which
one uses

σNLO−EWPO−QCD ¼ σLO−EWLO−QCDKEWKQCD; ð2Þ
where the EW and QCD K factors are KEW ¼ σNLO−EWLO−QCD =
σLO−EWLO−QCD and KQCD ¼ σLO−EWPO−QCD=σ

LO−EW
LO−QCD, where PO −

QCD ¼ NNLO − QCD in Ref. [10]. Here we use an
obvious notation for the various orders of the respective
cross sections. We would point out that the dominant parts
of the corrections, their leading log parts, are strongly
ordered and thereby independently realized so that they
must factorize. This suggests that the multiplicative/fac-
torized approach is more efficient at summing up higher
order effects beyond NLO [18]. In what follows, we will
use KKMC-hh to realize exact Oðα2LÞ EW corrections in
single Z=γ� production in a hadronic monte carlo (MC) in
what amounts to a factorized treatment of the EWand QCD
corrections. The results in Refs. [19,20] suggest that the
nonfactorizable corrections are small.
The need to consider higher order EW corrections

beyond NLO can also be seen in the ATLAS results in
Ref. [21] in which differential spectra for single Z=γ�
production with decay to lepton pairs are presented with per
mille level statistical errors in the Z peak regime. Such
precision asks for the treatment of all EW effects that enter
at the per mille level as we present in what follows. Indeed,
in Ref. [21] the FSR is unfolded from the data along
with detector effects using PHOTOS. The multiplicative
implementation of (2) is used to introduce NLO EW
corrections to the next-to-next-to-leading order (NNLO)

QCD predictions of the MC program DYNNLO [22] but
the comparison with the data is inconclusive as to whether
the NLO EW corrections improve the agreement between
theory and experiment. We would note that, with KKMC-
hh, one now has the option of unfolding exact Oðα2LÞ
CEEX EW corrections from the data.3 This would afford a
much more complete test of the Standard Model (SM) EW-
QCD theory. We encourage experimentalists to make such
a test.
We also observe that the results in Ref. [23] feature

2 per mille level statistical errors on the differential spectra
of single Z=γ� production at the LHC at 7 TeV. The
unfolding of FSR is done with PHOTOS and cross checked
with SHERPA [24]. This results in a 0.3% error assessment
across the pT spectrum for the muon pair case and a 0.1%
error in the electron pair case. At this level of precision, we
would suggest the unfolding with theKKMC-hh with exact
Oðα2LÞ CEEX EW corrections would be in order, as we
illustrate in what follows.
In Ref. [25] per mille level statistical errors are reported

for the Z=γ� pT spectra in the regime of pT < 60 GeV
given with a bin size of 20 GeV. The systematic error from
FSR is estimated from the difference between an exact
OðαÞ result and a soft-collinear approach and results in a
per mille level contribution to the systematic errors in
differential spectra. The use of KKMC-hh to address the
other EW effects that enter at this level would therefore be
appropriate, as we shall illustrate in the following.
Continuing in this way, we observe that, in Ref. [26], the

error due to FSR is estimated by comparing the results from
Herwig++ [27] and Pythia8 [28] with the result that in
differential spectra the FSR uncertainty varies between
0.3% and 3%. In Ref. [29], the same approach is used for
the FSR correction again with the result that 0.3% FSR errors
are obtained in differential spectra in some regions of phase
space. These are again cases where the effects of other EW
corrections that enter at the per mille level could be signifi-
cant, as we will illustrate with KKMC-hh in what follows.
Note that comparisons of results from two different

Monte Carlo programs does not exhaust the topic of
systematic errors. For that purpose comparisons between
results of distinct physics assumptions need to be per-
formed. This needs to be performed after technical and
statistical errors are found to be under control. Only for the
case of KKMC-hh we will explore the context.
We also call attention to the studies in Refs. [30–34] and

in Ref. [35] on the expected sizes of the EW corrections in
LHC observables. We address the detailed relationship
between our KKMC-hh results and those in these latter
references elsewhere [36]. Historically, for neutral current
Drell-Yan processes, Herwig [37], Pythia [28,38], Herwig++
[27] and Sherpa [24] have featured QED radiative effects in

2We stress that the PHOTOS next-leading log precision tests in
Ref. [16] are those ofKKMC 4.19 [5,6], and that in Ref. [17] pair
emission is realized in PHOTOS.

3Here, we have in mind the analog of the unfolding of FSR
from the data using PHOTOS in Ref. [21], for example.
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the context of parton showers: the leading-log QED shower
is available in Herwg, Herwig++, Pythia and Sherpa and
final state YFS exponentiated radiation for decays is
available in Herwig++ and in Sherpa. Recently [39–41],
Sherpa, Recola and OpenLoops authors have made available
exactOðαÞ EW corrections and exact NLOQCD corrections
to such Drell-Yan processes as an option with parton
showers. In the Powheg framework, the corresponding exact
OðαÞ EW corrections and exact NLO QCD corrections are
available as presented in Ref. [42]. We note that the SANC
computer system [43] features NLO QCD and NLO EW
corrections to neutral current Drell-Yan processes and that
the FEWZ simulation code [44] features exact NNLO QCD
and the exact OðαÞ EW corrections to such processes.
Finally, we call attention again to the exact OðααsÞ non-
factorizable corrections to the neutral current Drell-Yan
process already referenced in Refs. [19,20], which are
available, along with the NLO QCD and NLO EW correc-
tions, in the MC integrator program RADY.
One further point requires some discussion. In the

structure function approach to EW corrections in hadronic
collisions, one is led naturally to the inclusion of QED
kernels in the DGLAP-CS [45–53] equations with a photon
parton inside the proton at the LHC/FCC. The origin of the
photon partons in the proton is radiation by quarks and
antiquarks [54]—a proton at rest does not contain photons
as bound-state constituents. Hence, in our approach, such
contributions are calculated as part of the set of processes
ðq̄Þ þ ðq̄Þ → ðq̄Þ þ ðq̄Þ þ lþ l̄,q¼ u;d;s;c;b;l¼ e−;μ−;τ−,
with the ATLAS cuts on the lepton pair as given in Ref. [1],
which we repeat below. With these cuts, these processes are
Oðα2Þ in our analysis, as it can be seen already from the
results in Ref. [34], where the sum of the photon-induced
processes essentially vanishes (i.e., is very small) in the region
of interest for the invariant lepton pair mass distribution
between 80 GeVand 100 GeV (See Fig. 12 in Ref. [34]). We
will take up these Oðα2Þ effects elsewhere [36].
The paper is organized as follows. In the next section we

give a brief recapitulation of the physics and methodology
in the KKMC-hh MC, as they are still not generally
familiar. In Sec. III we illustrate the effect of the EW
corrections in KKMC-hh in the context of the type of
acceptance used by ATLAS in their use of single Z=γ�
events with decays to lepton pairs in their precision
measurement of MW in Ref. [1]. In Sec. IV, we summarize
our findings in view of our discussion in this Introduction.

II. RECAPITULATION OF THE PHYSICS
IN KKMC-hh

KKMC-hh is the union of two developments in the
Monte Carlo event generator approach to precision
theoretical physics for high energy colliding beam devices:
The exact amplitude-based CEEX/EEX Yennie-Frautschi-
Suura (YFS) MC approach to EW higher order corrections

pioneered in Refs. [5,6,55,56] and the QCD parton shower
hadron MC approach pioneered in Refs. [37,57]. Here,
EEX denotes exclusive exponentiation as originally for-
mulated by YFS in Ref. [58]. In the discussion which
follows, we will use the Herwig6.5 [37] MC for the parton
shower realization but we continue to stress that the use of
any parton shower MC which accepts LHE [59] input is
allowed inKKMC-hh studies. To give a brief recapitulation
of the physics in KKMC-hh we proceed as follows.
We start with the master formula for the CEEX reali-

zation of the higher corrections to the SM [60–63] EW
theory. For completeness, let us recall that the CEEX
realization is amplitude level coherent exclusive exponen-
tiation whereas the EEX realization is exclusive exponen-
tiation at the squared amplitude level. Considering the
prototypical process qq̄→ll̄þnγ;q¼u;d;s;c;b;t;l¼
e;μ;τ;νe;νμ;ντ, we have the cross section formula

σ ¼ 1

flux

X∞
n¼0

Z
dLIPSnþ2ρ

ðnÞ
A ðfpg; fkgÞ; ð3Þ

where LIPSnþ2 denotes Lorentz-invariant phase-space for
nþ 2 particles and A ¼ CEEX;EEX. The incoming and
outgoing fermion momenta are abbreviated as fpg and the
n photon momenta are denoted by fkg. Note that, thanks to
the use of conformal symmetry, full 2þ n body phase
space is covered without any approximations. Details of
the algorithm are covered in Ref. [5]. To be specific, we
note from Refs. [4–6] that

ρðnÞCEEXðfpg; fkgÞ

¼ 1

n!
eYðΩ;fpgÞΘ̄ðΩÞ 1

4

X
helicitiesfλg;fμg

����M
� fpg fkg
fλg fμg

�����
2

:

ð4Þ
The corresponding formula for the A ¼ EEX case is also
given in Refs. [5,6]. YðΩ; fpgÞ is the YFS infrared
exponent and the attendant infrared integration limits are
specified by the region Ω and its characteristic function
ΘðΩ; kÞ for a photon of energy k, with Θ̄ðΩ; kÞ ¼
1 − ΘðΩ; kÞ and

Θ̄ðΩÞ ¼
Yn
i¼1

Θ̄ðΩ; kiÞ:

For the definitions of the latter functions as well as
the CEEX amplitudes fMg we refer the reader to
Refs. [5,6,56]. KKMC-hh inherits from KK MC 4.22
the exact OðαÞ EW corrections implemented using the
DIZET6.2.1 EW library from the semianalytical program
ZFITTER [64,65]. As the respective implementation is
described in Ref. [6] we do not repeat it here. We stress
that the CEEX amplitudes fMg in (4) are exact in
Oðα2L2; α2LÞ in KKMC-hh.
The union with the parton shower MC approach is

facilitated via the standard Drell-Yan formula for the
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pp → Z=γ� þ X → ll̄þ X0, l ¼ e−; μ−:

σDY ¼
Z

dx1dx2
X
i

fiðx1Þfīðx2ÞσDY;iīðQ2ÞδðQ2 − x1x2sÞ;

ð5Þ
where the subprocess for the i-th qq̄ annihilation with ŝ ¼
Q2 when the pp cms energy squared is s is given in a
conventional notation for parton densities ffjg. For a given
QCD parton shower MC, KKMC-hh receives multiple
gluon radiation via the backward evolution [57] for the
densities as specified in (5). This backward evolution then
also gives KKMC-hh the corresponding hadronization for
that shower. While we use in what follows the Herwig6.5
shower MC for this phase of the event generation, we
continue to stress that, as the Les Houches Accord format
is also available for the hard processes generated in
KKMC-hh before the shower, all shower MCs which
use that format can be used for the shower/hadronization
part of the simulation.

III. CEEX EXACT Oðα2LÞ EW EFFECTS FROM
KKMC-hh FOR THE ATLAS ACCEPTANCE FOR
Z=γ� DECAYS TO LEPTON PAIRS USED IN THE

MEASUREMENT OF MW

As we have noted, in their pioneering measurement of
MW , the ATLAS Collaboration [1] estimates properties of
theW production and decay systematics by comparing with
the analogous systematics for the Z=γ� production and
decays, so that the corresponding EW corrections uncer-
tainty contributes to these systematics. What we will do in
this section is to use the Z=γ� cuts from systematics studies
done by ATLAS in theirMW analysis to illustrate the size of
the new higher order EW effects in KKMC-hh in the
context of those cuts.4

The ATLAS cuts on the Z=γ� production and decay to
lepton pairs employed in Ref. [1] are as follows:

80 GeV < Mll < 100 GeV; Pll
T < 30 GeV;

where both members of the decay lepton pair satisfy

Pl
T > 25 GeV; jηlj < 2.4:

Here, we have definedMll as the lepton pair invariant mass,
Pll
T as the transversemomentum of the lepton pair,Pl

T as the
transversemomentumof the lepton or antileptonl, and ηl as
the pseudorapidity of the lepton or antilepton l. We start
with the basic cross section overall normalization results.
For reference, we first present in Table I the attendant

Born cross sections using the MSTW 2008 [67] parton

distribution functions (PDFs) (we use these PDFs hence-
forth) based on 108 events. We now move to the compar-
isons of the results of observables in which the best
prediction of the exact Oðα2LÞ CEEX calculation (labeled
CEEX2) is compared with less precise predictions all of
which we denote as follows:

(i) Oðα2LÞ CEEX with ISRþ FSRþ IFI—labeled
as “CEEX2”

(ii) Oðα2LÞ CEEX without IFI (initial-final interfer-
ence)—labeled “CEEX2 (no IFI)”

(iii) OðαÞ EEX—labeled “EEX1”
(iv) OðαÞ EEX without ISR (initial state radiation)—

labeled “EEX1 (no ISR)”.
For further reference, we show in Table II the cross sections
with and without the cuts for the four levels of precision
which we feature in the studies which follow. The uncut
cases are consistent to 0.077% whereas the cut cases with
(without) ISR are consistent to 0.017% (0.37%), respec-
tively. In the uncut cross section, the we require only
that Mll > 50 GeV.
We turn next to the muon transverse momentum dis-

tribution which we show in Fig. 1 for 108 events. In Fig. 1,
we see that the ISR plays an essential role5 in modulating
the differential lepton momentum spectrum at the few per

TABLE I. Born results.

Before cuts 887.797� 0.040 pb
With cuts 395.809� 0.046 pb

4We understand that in the actual ATLAS analysis [1] for the Z
spectra the effects of the MZ uncertainty and absence of fermion
pair radiation in the calibration systematic uncertainties were
included but all other EW effects were neglected [66].

5For definiteness and illustration here, we take the quark
masses as mu ¼ 6.0 MeV,md ¼ 10.0 MeV, ms ¼ 0.15 GeV,
mc ¼ 1.67 GeV and mb ¼ 4.78 GeV, following the analysis in
Ref. [54]. In contrast to what is done in Refs. [30–35], we
calculate directly the radiative effects from real photon emission
from quarks in the initial state, as these photon quanta are not
confined. In Refs. [30–35], the transverse degrees of freedom
(d.o.f.) of the real photons emitted from the initial state quarks are
integrated out so that the big logs L from such emission are
absorbed in the quark PDFs in analogy with what is done for
gluon emission. In Refs. [30–32] PDFs with QED evolution were
not available for use in the reported phenomenological results.
In Refs. [33–35], the PDFs are taken with QED evolution for
overall consistency. Since photons are not confined, this approxi-
mation that their transverse d.o.f. may be integrated out can only
be trusted for collinear effects in the leading log approximation.
The fact that the effect of the QED big logs on the quark and
antiquark PDFs, an example of such a collinear effect, is small
does not mean that the effects of the emitted real photons’
transverse d.o.f. are small on measured observables. The quark
PDFs are longitudinal quantities and their changes cannot be used
to estimate the effects of the transverse degrees freedom of the
radiated photons. In a real sense, the changes in the quark PDFs
from QED radiation are red herrings in this discussion. In our
work, we calculate the actual quantum mechanical prediction for
the radiation from the initial state quarks without the approxi-
mation that the photons’ transverse d.o.f. may be integrated out.
To repeat, a detailed comparison with the results in Refs. [30–35]
will appear elsewhere.
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cent level with a nonflat effect from 25 GeV=c to
65 GeV=c. In this spectrum, generally the effects of the
IFI [see the violet (light dark shade) ratio plot] and of the
exact Oðα2LÞ correction [see the blue (dark shade) ratio
plot] are respectively below and at or below the level of a
per mille. Clearly, any truly per mille level study has to take
the ISR into account, and, to be safe, such a study should
also take the latter two effects into account. When we make
the last assessment, we do so with the understanding that
our results for the latter two effects [the IFI and the exact
Oðα2LÞ correction in Fig. 1] have uncertainties at the
fractional per mille level due to the still imprecise knowl-
edge of the quark masses themselves. As a conservative
estimate of the size of the effects due to the uncertainty of
the quark masses, we have repeated the calculations in
Fig. 1 in the Appendix as shown in Fig. 10 using the
particle data group (PDG) [68] values (see the Appendix)
for the quark masses. As we explain in the Appendix, while
the transverse observable such as the muon pT is not
affected strongly by the attendant change in the quark
masses, we do see a nontrivial mass dependence: the ISR
still enters at the same level but is shifted at (or below) the
6 per mille level, and the sizes of the IFI and theOðα2LÞ are
still at the same level but are shifted at the fractional per
mille level.6

We consider next the muon η distribution as we show it
in Fig. 2 for 108 events. We see the modulation of the
spectrum by the ISR at the 0.5 per cent level while the IFI
[see the violet (light dark shade) ratio plot] and the exact
Oðα2LÞ correction [see the blue (dark shade) ratio plot] are
at or below the fractional per mille level. Per mille level
studies would be advised to take all three effects into
account for a conservative precision analysis. When we
repeat the calculations with the PDG [68] values given in
the Appendix for the quark masses, we see (in Fig. 10 in the
Appendix) that the respective effects are very similar in
size, but the ISR effect is shifted at or below the level of a
per mille whereas the IFI and theOðα2LÞ effects are shifted
at the fractional per mille level.
We turn next to the dimuon transverse momentum

distribution which we present in Fig. 3 for 108 events.
We see the modulation of the spectrum by the ISR [see the

green (light shade) ratio plot] at the per cent level in a
nonflat way whereas the IFI and exactOðα2LÞ effects enter
at or below the fraction of a per mille and the per mille level
respectively [see the respective violet (light dark shade) and
blue (dark shade) ratio plots]. Per mille level studies should
take the ISR and, to be conservative, the latter two effects
into account in any estimate of overall precision. When we
repeat the calculations with the PDG [68] values for the
quark masses, we see (in Fig. 11 in the Appendix) that
the respective effects are similar in size and shape, but that
the ISR effect is shifted at or below the level of 2 per mille
while the IFI and exact Oðα2LÞ effects are shifted at the
fractional per mille level.
We consider next the dimuon invariant mass spectrum

which we present in Fig. 4 for 108 events. In this spectrum,
the ISR modulation [see the green (light shade) ratio plot]
exceeds 1% at the lower mass values and is nonflat in shape
whereas the IFI [see the violet (light dark shade) ratio plot]
reaches the per mille level, in a nonflat shape, at the higher
mass values and the exact Oðα2LÞ correction [see the blue
(dark shade) ratio plot] enters at the few per mille level in a
nonflat shape. Per mille level studies need to take the ISR
and the exact Oðα2LÞ correction into account and, to be
conservative, need to take the IFI into account. When we
repeat the calculations with the PDG [68] values for
the quark masses we see (in Fig. 11 in the Appendix)
the similar size effects with a somewhat stronger effect
for the ISR by a few per mille.
We show in Fig. 5 the dimuon rapidity distribution for

108 events, where the events are showered with HERWIG
6.5. For the ISR [see the green (light shade) ratio plot] we
see nonflat modulations at the per cent level while for the
IFI [see the violet (light dark shade) ratio plot] and for the
exact Oðα2LÞ correction [see the blue (dark shade) ratio
plot] we have at most fractional per mille level modula-
tions. The ISR should definitely be taken into account by
per mille level studies. A more conservative strategy would
take all three effects into account in per mille level precision
estimates. When we repeat the calculations (see the
Appendix, Fig. 12) for the PDG [68] quark mass values
we see similar size effects, with a per mille level enhance-
ment of the ISR effect.
We turn next in Fig. 6 to the total photon multiplicity

distribution for photons with energy > 1 GeV, for 108

events which were showered by HERWIG 6.5. For the ISR
[see the green (light shade) ratio plot] there is nonflat
modulation at the level of 5 per cent while the IFI [see the
violet (light dark shade) ratio plot] and the exact Oðα2LÞ
correction [see the blue (dark shade) ratio plot] are
generally within fractional per mille of the reference
“CEEX2”. Per mille level studies should definitely take
the ISR into account. When we repeat the calculations (see
the Appendix, Fig. 13) for the PDG [68] quark mass values
we see similar size effects, with a 5 per mille level
enhancement of the ISR effect.

TABLE II. Cross sections with higher order EW corrections
(matched to a QCD parton shower).

Uncut (pb) Cut (pb)

CEEX2 846.51� 0.12 353.69� 0.08
CEEX2 (no IFI) 846.52� 0.12 353.63� 0.08
EEX1 845.87� 0.12 353.66� 0.08
EEX1 (no ISR) 845.64� 0.05 354.94� 0.05

6Here, and henceforward, to quantify the size of the response
to the change in the quark masses, we use bins in analogy with
Ref. [1].
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FIG. 1. Muon transverse momentum distributions and their ratios for KKMC-hh with the cuts specified in the text for the EW-CORR
(electroweak-correction) labels “CEEX2” (red—medium dark shade), “CEEX2 (no IFI)” (violet—light dark shade), “EEX1” (blue—
dark shade), and “EEX1 (no IFI)” (green—light shade), showered by HERWIG 6.5. The labels are explained in the text. The ratio plot
features “CEEX2” as the reference distribution as noted in the respective title.
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FIG. 2. Muon η distributions and their ratios for KKMC-hh with the cuts specified in the text for the EW-CORR labels and notational
and illustrative conventions as given in the caption for Fig. 1. The events were showered by HERWIG 6.5. The ratio plot features
“CEEX2” as the reference distribution as noted in the respective title.

 (GeV)
μμ

TP

0 5 10 15 20 25 30

 (
nb

/G
eV

)
μ

μ T
/d

P
σ d

0

0.005

0.01

0.015

0.02

0.025

0.03
 Distributions

T
Dimuon P

 = 7000 GeVs      100M events

Red:     CEEX2
Violet:  CEEX2 no IFI

Blue:    EEX1
Green:   EEX1 no ISR

 (GeV)
μμ

TP

0 5 10 15 20 25 30
0.97

0.98

0.99

1

1.01

1.02

1.03
 Distributions to CEEX2

μμ

T
Ratios of P

 = 7000 GeVs      100M events

Violet:  CEEX2 no IFI

Blue:    EEX1
Green:   EEX1 no ISR

FIG. 3. Dimuon transverse momentum distributions and their ratios for KKMC-hh with the cuts specified in the text for the EW-
CORR labels and notational and illustrative conventions as given in the caption for Fig. 1. The events were showered by HERWIG 6.5.
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and notational and illustrative conventions as given in the caption for Fig. 1. The events were showered by HERWIG 6.5. The ratio plot
features “CEEX2” as the reference distribution as noted in the respective title.

 > 1.0 GeV)
γ

 (EγN

0 1 2 3 4 5 6 7 8 9 10

) 
(n

b)
γ

(Nσ

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14
Photon Multipliticy Distributions

 = 7000 GeVs      100M events

Red:     CEEX2
Violet:  CEEX2 no IFI

Blue:    EEX1
Green:   EEX1 no ISR

 > 1.0 GeV)
γ

 (EγN

0 1 2 3 4 5 6 7 8 9 10
0.9

0.92

0.94

0.96

0.98

1

1.02

1.04

1.06

1.08

1.1
Ratios of Photon Multiplicity Distributions to CEEX2

 = 7000 GeVs      100M events

Violet:  CEEX2 no IFI

Blue:    EEX1
Green:   EEX1 no ISR
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“CEEX2” as the reference distribution as noted in the respective title.
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“CEEX2” as the reference distribution as noted in the respective title.
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In Fig. 7 we show the distributions for the total photon
energy for 108 events showered by HERWIG 6.5. For the
ISR [see the green (light shade) ratio plot] we have a nonflat
modulation at the few per cent level while for the IFI [see
the violet (light dark shade) ratio plot] we have a nonflat
modulation at or below the fractional per mille level and for
the exactOðα2LÞ correction [see the blue (dark shade) ratio
plot] we have a similar nonflat fractional per mille level
modulation. Per mille level studies should take the ISR and
the exact Oðα2LÞ correction into account. A more
conservative approach would take all three effects into
account in per mille level studies. When we repeat the
calculations (see the Appendix, Fig. 13) for the PDG [68]
quark mass values we see similar size effects, with a
2 per mille level modulation of the ISR effect in the regime
of 2 GeV.
In Fig. 8 we consider the total transverse momentum

distribution of photons for 108 events which were showered
by HERWIG 6.5. For the ISR [see the green (light shade)
ratio plot] we have nonflat effects that reach the 15 per cent
level whereas for the IFI [see the violet (light dark shade)
ratio plot] the effects are nonflat and at or below the per
mille level. For the exact Oðα2LÞ correction [see the blue
(dark shade) ratio plot] the effects are at the few per mille
level and are nonflat. Per mille level studies, to be
conservative, should take all three effects into account.
When we repeat the calculations (see the Appendix,
Fig. 12) for the PDG [68] quark mass values we see
similar size effects with the entirely similar characters
wherein the ISR effect is shifted at the level of 1% while the
IFI and exact Oðα2LÞ effects are shifted by fractional per
mille levels.
In Fig. 9 we turn to the rapidity of the total photon

momentum for 108 events showered by HERWIG 6.5. The
ISR effect [see the green (light shade) ratio plot] is nonflat
and at the level of 4 per cent in the central region and at the
level of 8 per cent in the forward/backward regions whereas
the IFI effect [see the violet (light dark shade) ratio plot] is
at or below the level of fractional per mille and the exact
Oðα2LÞ correction [see the blue (dark shade) ratio plot] is at
or below the level of a per mille and is nonflat. Precision
studies at the per mille level should take the ISR and the
exact Oðα2LÞ correction into account. To be more
conservative, per mille level studies should take all three
effects into account. When we repeat the calculations (see
the Appendix, Fig. 14) for the PDG [68] quark mass
values we see similar size effects wherein the ISR effect is
shifted by the level of 6 per mille (1 per mille) in the
forward/backward (central) regions and the IFI and exact
Oðα2LÞ effects are shifted by fractional per mille levels.

IV. SUMMARY

What we have shown in our discussion here, using as
an illustrator the Z=γ� spectra used in the pioneering

analysis in Ref. [1], is the need to take various higher
order EW effects, as illustrated using the KKMC-hh, into
account in precision studies of heavy Z=γ� with decay to
lepton pairs at the LHC. Specifically, the ISR is the most
pronounced effect, where it can be as large as several per
cent in some observables. The exact Oðα2LÞ corrections
can reach several per mille in some observables and the
IFI is generally at or below the fractional per mille level.
When we repeat, in the Appendix, our calculations using
the PDG [68] quark mass values (The PDG values for the
light quarks differ by a factor of ∼2 from the values we
use in the main text.), we see similar size effects but with
shifts at the level of ∼10% of the size of the effects shown
in the main text, in accordance with the size of the change
in the respective big log L. Ultimately, we expect that the
lattice-based methods will reduce the error on the quark
masses we use here to the level of a few per cent [69,70].
When the precision tag is at the per mille level, the ISR,
IFI and exact Oðα2LÞ corrections should be included in
the analysis for a conservative treatment of the respective
precision estimate. Toward this end, the KKMC-hh MC is
available from the authors upon request.
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APPENDIX

In this Appendix we record the results which would
be obtained in Figs. 1–9 if one uses the PDG [68]
quark masses ðmu ¼ 2.2þ0.6

−0:4 MeV; md ¼ 4.7þ0.5
−0.4 MeV;

ms ¼ 96þ8
−4 MeVÞ instead of those used in the text. We

see in Figs. 10–14 that the size of the effects discussed in
the text are not substantially affected, especially when one
recalls that the PDG values correspond to a scale
of 2 GeV.7

7To estimate the size of the uncertainty due to the uncertainty
of the current quark masses, we compare the size of the
logarithmic ISR effect for two different values of the masses,
the value in Ref. [54] and the PDG values. If we do this, we get
an effect of the size ð2 α

πÞQ2
u lnðm1=m2Þ ¼ 2 α

π ð4=9Þ lnð6=2.2Þ ¼
0.21% for the u-quark case and of the size 0.039% for the
d-quark case. Since we have roughly the same number of
u- and d-quark events in our simulation, this finally averages
to 0.12%.
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FIG. 10. Muon transverse momentum and pseudorapidity distributions and their respective ratios, using the PDG quark masses as
explained in the text, forKKMC-hh with the cuts specified in the text for the EW-CORR labels and notational and illustrative conventions
as given in the caption for Fig. 1. The ratio plot features “CEEX2” as the reference distribution as noted in the respective title.
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FIG. 11. Dimuon mass and transverse momentum distributions and their respective ratios, using the PDG quark masses as explained in
the text, forKKMC-hh with the cuts specified in the text for the EW-CORR labels and notational and illustrative conventions as given in
the caption for Fig. 1. The ratio plot features “CEEX2” as the reference distribution as noted in the respective title.
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FIG. 12. Dimuon rapidity and photon total transverse momentum distributions and their respective ratios, using the PDG quark masses
as explained in the text, for photons with energy> 1 GeV forKKMC-hh with the cuts specified in the text for the EW-CORR labels and
notational and illustrative conventions as given in the caption for Fig. 1. The ratio plot features “CEEX2” as the reference distribution as
noted in the respective title.
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FIG. 13. Photon total energy and multiplicity distributions and their respective ratios, using the PDG quark masses as explained in the
text, for photons with energy > 1 GeV for KKMC-hh with the cuts specified in the text for the EW-CORR labels and notational and
illustrative conventions as given in the caption for Fig. 1. The ratio plot features “CEEX2” as the reference distribution as noted in the
respective title.
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FIG. 14. Photon total momentum rapidity distributions and their respective ratios, using the PDG quark masses as explained in the
text, for photons with energy > 1 GeV for KKMC-hh with the cuts specified in the text for the EW-CORR labels and notational and
illustrative conventions as given in the caption for Fig. 1. The ratio plot features “CEEX2” as the reference distribution as noted in the
respective title.
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