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In this work, we study the localized CP violation in B− → K−πþπ− and B− → K−σð600Þ decays by
employing the quasi-two-body QCD factorization approach. Both the resonance and the nonresonance
contributions are studied for the B− → K−πþπ− decay. The resonance contributions include those not only

from ½ππ� channels including σð600Þ, ρ0ð770Þ and ωð782Þ but also from ½Kπ� channels including
K�

0ð700ÞðκÞ, K�ð892Þ, K�
0ð1430Þ, K�ð1410Þ, K�ð1680Þ and K�

2ð1430Þ. By fitting the four experimental

dataACPðK−πþπ−Þ¼0.678�0.078�0.0323�0.007 form2
K−πþ <15GeV2 and 0.08<m2

πþπ− < 0.66GeV2,

ACPðB−→K�
0ð1430Þπ−Þ¼0.061�0.032, BðB−→K�

0ð1430Þπ−Þ¼ð39þ6
−5 Þ×10−6 and BðB− → σð600Þπ− →

π−πþπ−Þ< 4.1×10−6, we get the end-point divergence parameters in our model, ϕS ∈ ½1.77; 2.25� and
ρS ∈ ½2.39; 4.02�. Using these results for ρS and ϕS, we predict that the CP asymmetry parameter

ACP ∈ ½−0.34;−0.11� and the branching fraction B ∈ ½6.53; 17.52� × 10−6 for the B− → K−σð600Þ
decay. In addition, we also analyze contributions to the localized CP asymmetry ACPðB− → K−πþπ−Þ
from ½ππ�, ½Kπ� channel resonances and nonresonance individually, which are found to be
ACPðB− → K−½πþπ−� → K−πþπ−Þ ¼ 0.509� 0.042, ACPðB− → ½K−πþ�π→K−πþπ−Þ¼ 0.174�0.025
and ACP

NRðB− → K−πþπ−Þ ¼ 0.061� 0.0042, respectively. Comparing these results, we can see that
the localized CP asymmetry in the B− → K−πþπ− decay is mainly induced by the ½ππ� channel resonances
while contributions from the ½Kπ� channel resonances and nonresonance are both very small.

DOI: 10.1103/PhysRevD.99.076010

I. INTRODUCTION

Nonleptonic decays of hadrons containing a heavy quark
play an important role in testing the Standard Model (SM)
picture of the charge-parity (CP) violation mechanism in

flavor physics, improving our understanding of nonpertur-
bative and perturbative QCD and exploring new physics
beyond the SM. CP violation is related to the weak com-
plex phase in the Cabibbo-Kobayashi-Maskawa (CKM)
matrix, which describes the mixing of different generations
of quarks [1,2]. Besides the weak phase, a large strong
phase is also needed for a large CP asymmetry. Generally,
this strong phase is provided by QCD loop corrections and
some phenomenological models.
Three-body decays of heavy mesons are more compli-

cated than the two-body case as they receive resonant and
nonresonant contributions and involve three-body matrix
elements. The direct nonresonant three-body decay of
mesons generally receives two separate contributions:
one from the pointlike weak transition and the other from
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the pole diagrams that involve three-point or four-point
strong vertices. The nonresonant background in charmless
three-body B decays due to the transition B → M1M2M3

has been studied extensively based on heavy meson chiral
perturbation theory (HMChPT) [3–5]. However, the pre-
dicted decay rates are, in general, unexpectedly large and
not recovered in the soft meson region. Therefore, it is
important to reexamine and clarify the existing calcula-
tions. In this work we will follow Ref. [6] to assume the
momentum dependence of nonresonance amplitudes in the
exponential form e−αNRpB·ðpiþpjÞ (αNR is unknown param-
eter, pB, pi and pj are the four momenta of the B, i and j
mesons, respectively) so that the HMChPT results are
recovered in the soft meson limit pi, pj → 0. At any rate, it
is important to understand and identify the underlying
mechanism for nonresonant decays.
Besides the nonresonance background, the three-body

meson decays are generally dominated by intermediate
resonances, namely, they proceed via quasi-two-body
decays containing resonance states. LHCb also observed
the large CP asymmetry in the localized region of the phase
space [7,8], i.e., ACPðK−πþπ−Þ¼0.678�0.078�0.0323�
0.007 for m2

K−πþ<15GeV2 and 0.08<m2
πþπ− < 0.66GeV2,

which spans the ½ππ� channel and ½Kπ� channel resonances,
such as σð600Þ, ρ0ð770Þ, ωð782Þ, K�

0ð700ÞðκÞ, K�ð892Þ,
K�ð1410Þ, K�

0ð1430Þ, K�ð1680Þ and K�
2ð1430Þ mesons.

Some other considerations also motivate a precise
analysis of B− → K−πþπ− decays. The CP asymmetries
in the decays B → K�ð892Þπ, B → K�ð1430Þπ and B →
K�

2ð1430Þπ are predicted to be negligible [9,10] compared
to the current precision, since these are mediated by b → s
loop (penguin) transitions only, with no b → u tree
component. It is worthwhile to study the contributions
from Kπ channel resonances in the B− → K−πþπ− decays.
The underlying structures of light scalar mesons are still
under controversy. Scalar mesons could be identified as
ordinary q̄q states, four-quark states, meson-meson bound
states, or even those supplemented with a scalar glueball. In
our work we will use the simple q̄q quark model for scalar
mesons [11].
Theoretically, to calculate the hadronic matrix ele-

ments of hadronic B weak decays, some approaches,
including QCD factorization (QCDF) [10,12], perturba-
tive QCD (pQCD) [13] and soft-collinear effective
theory (SCET) [14], have been fully developed and
extensively employed in recent years. Even though the
annihilation contributions are formally power suppressed
in the heavy quark limit, they may be numerically

important for realistic hadronic B decays, particularly
for pure annihilation processes and direct CP asymmetries.
Unfortunately, in the collinear factorization approximation,
the calculation of annihilation corrections always suffers
from end-point divergence. In the pQCD approach, such
divergence is regulated by introducing the parton trans-
verse momentum kT and the Sudakov factor at the expense
of modeling the additional kT dependence of meson wave
functions, and large complex annihilation corrections are
presented [15]. In the SCET approach, such divergence is
removed by separating the physics at different momentum
scales and using zero-bin subtraction to avoid double
counting the soft degrees of freedom [16,17]. In the QCDF
approach, such divergence is usually parametrized in a
model-independent manner [10,12] and will be explicitly
expressed in Sec. III.
There are many experimental studies which have been

successfully carried out at B factories (BABAR and
Belle), Tevatron (CDF and D0) and LHCb, and are
being continued at LHCb and Belle experiments. These
experiments provide highly fertile ground for theoretical
studies and have yielded many exciting and important
results, such as measurements of pure annihilation Bs →
ππ and Bd → KK decays reported recently by CDF,
LHCb and Belle [18–20], which may suggest the
existence of unexpected large annihilation contributions
and have attracted much attention [21–23]. So it is also
important to consider the annihilation contributions to
B decays.
The remainder of this paper is organized as follows. In

Sec. II, we present the form factors, decay constants and
distribution amplitudes of different mesons. In Sec. III, we
present the formalism for B decays in the QCDF approach.
In Sec. IV, we present detailed calculations of CP violation
for B− → K−πþπ− and B− → K−σð600Þ decays. The
numerical results are given in Sec. V and we summarize
our work in Sec. VI.

II. FORM FACTORS, DECAY CONSTANTS
AND LIGHT-CONE DISTRIBUTION

AMPLITUDES

Since the form factors for B → P, B → V, B → S and
B → T (P, V, S and T represent pseudoscalar, vector, scalar
and tensor mesons, respectively) weak transitions and light-
cone distribution amplitudes and decay constants of P, V, S
and T will be used in treating B decays, we first discuss
them in this section.
The form factors of B to a meson weak transition can be

decomposed as [24,25]
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hPðp0ÞjV̂μjBðpÞi ¼
�
pμ −

m2
B −m2

P

q2
qμ

�
FBP
1 ðq2Þ þm2

B −m2
P

q2
qμFBP

0 ðq2Þ;

hVðp0ÞjV̂μjBðpÞi ¼
2

mB þmV
εμνρσϵ

�νpρp0σVBVðq2Þ;

hVðp0ÞjÂμjBðpÞi ¼ i

�
ðmB þmVÞϵ�μABV

1 ðq2Þ − ϵ� · q
mB þmV

PμABV
2 ðq2Þ − 2mV

ϵ� · P
q2

qμ½ABV
3 ðq2Þ − ABV

0 ðq2Þ�
�
;

hSðp0ÞjÂμjBðpÞi ¼ −i
��

Pμ −
m2

B −m2
S

q2
qμ

�
FBS
1 ðq2Þ þm2

B −m2
S

q2
qμFBS

0 ðq2Þ
�
;

hTðp0ÞjV̂μjBðpÞi ¼
2

mB þmT
εμνρσe�νpρp0σVBTðq2Þ;

hTðp0ÞjÂμjBðpÞi ¼ i

�
ðmB þmTÞe�μABT

1 ðq2Þ − e� · q
mB þmT

PμABT
2 ðq2Þ − 2mT

e� · P
q2

qμ½ABT
3 ðq2Þ − ABT

0 ðq2Þ�
�
; ð1Þ

where Pμ ¼ ðpþ p0Þμ, qμ ¼ ðp − p0Þμ, V̂μ, Âμ and Ŝμ are
the weak vector, axial-vector and scalar currents, respec-
tively, i.e., V̂μ ¼ q̄2γμq1, Âμ ¼ q̄2γμγ5q1, Ŝ ¼ q̄2q1, ϵμ
is the polarization vector of V, e�μ ≡ ϵ�μνpν=mB (ϵμν is
the polarization tensor of T), FBP

i ðq2Þ (i ¼ 0, 1) and

ABVðTÞ
i ðq2Þ (i ¼ 0, 1, 2, 3) are the weak form factors.

The form factors included in our calculations satisfy

FBP
1 ð0Þ ¼ FBP

0 ð0Þ, ABVðTÞ
3 ð0Þ ¼ ABVðTÞ

0 ð0Þ, ABVðTÞ
3 ðq2Þ ¼

½ðmB þ mVðTÞÞ=ð2mVðTÞÞ�ABVðTÞ
1 ðq2Þ − ½ðmB þ mVðTÞÞ=

ð2mVðTÞÞ�ABVðTÞ
2 ðq2Þ and FBS

1 ðq2Þ ¼ FBS
0 ðq2Þ.

The decay constants are defined as [25,26]

hPðp0ÞjÂμj0i ¼ −ifPp0
μ;

hVðp0ÞjV̂μj0i ¼ fVmVϵ
�
μ;

hVðp0Þjq̄σμνq0j0i ¼ f⊥V ðp0
μϵ

�
ν − p0

νϵ
�
μÞmV;

hSðp0ÞjV̂μj0i ¼ fSp0
μ; hSðp0ÞjŜj0i ¼ mSf̄S;

hTðp0ÞjJμνð0Þj0i ¼ fTm2
Tϵ

�
μν;

hTðp0ÞjJ⊥μναð0Þj0i ¼ −if⊥T ðp0
νϵ

�
μα − p0

μϵ
�
μαÞmT; ð2Þ

where Jμνð0Þ and J⊥μναð0Þ are local currents involving
covariant derivatives which take the following forms:

Jμνð0Þ ¼
1

2
ðq̄1ð0ÞγμiD

↔

νq2ð0Þ þ q̄1ð0ÞγνiD
↔

μq2ð0ÞÞ;

J⊥μναð0Þ ¼ q̄1ð0ÞσμνiD
↔

αq2ð0Þ; ð3Þ

and D
↔ ¼ D⃗μ − D⃖μ with D⃗μ ¼ ∂⃗μ þ igsAa

μλ
a=2 and D⃖μ ¼

∂⃖μ − igsAa
μλ

a=2 (gs is the QCD coupling constant, Aa
μ is the

vector field and λa are the Gellman matrices).
The twist-2 light-cone distribution amplitudes for

the pseudoscalar, vector and tensor mesons are res-
pectively [10,25]

ΦMðx; μÞ ¼ 6xð1 − xÞ
�X∞
m¼0

αMm ðμÞC3=2
m ð2x − 1Þ

�
;

M ¼ P;V; T ð4Þ

and the twist-3 ones are respectively

ΦmðxÞ ¼

8>>>><
>>>>:

1 m ¼ p;

3

�
2x − 1þP∞

m¼1 α
V
m;⊥ðμÞPmþ1ð2x − 1Þ

�
m ¼ v;

5ð1 − 6xþ 6x2Þ; m ¼ t;

ð5Þ

where C3=2
m and Pm are the Gegenbauer and

Legendre polynomials in Eqs. (4) and (5), respectively,
αmðμÞ are Gegenbauer moments which depend on the
scale μ.
The twist-2 light-cone distribution amplitude for a scalar

meson reads [11,27]

ΦSðx; μÞðn;sÞ ¼ f̄n;sS 6xðx − 1Þ
X∞

m¼1;3;5

BmðμÞC3=2
m ð2x − 1Þ;

ð6Þ
where Bm are Gegenbauer moments, f̄S is the decay
constant of the scalar mesons, n denotes the u, d quark
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component of the scalar meson, n ¼ 1ffiffi
2

p ðuūþ dd̄Þ, and s

denotes the components ss̄. As for the twist-3 ones, we
shall take the asymptotic forms [11,27]

ΦsðxÞðn;sÞ ¼ f̄n;sS : ð7Þ

III. B DECAYS IN QCD FACTORIZATION

In the SM, the effective weak Hamiltonian for non-
leptonic B-meson decays is given by [28]

Heff ¼
GFffiffiffi
2

p
�X
p¼u;c

X
D¼d;s

λðDÞ
p

�
c1O

p
1 þ c2Q

p
2

þ
X10
i¼3

ciOi þ c7γO7γ þ c8gO8g

��
þ H:c:; ð8Þ

where λðDÞ
p ¼ VpbV�

pD, Vpb and VpD are the CKM matrix
elements, GF represents the Fermi constant, ci (i¼ 1–10,
7γ, 8g) are Wilson coefficients, Op

1;2 are the tree level
operators,O3−6 are the QCD penguin operators,O7−10 arise
from electroweak penguin diagrams, and O7γ and O8g are
the electromagnetic and chromomagnetic dipole operators,
respectively.
Within the framework of QCD factorization [10,12],

the effective Hamiltonian matrix elements are written in
the form

hM1M2jHeff jBi ¼
X
p¼u;c

λðDÞ
p hM1M2jT p

A þ T p
BjBi; ð9Þ

where T p
A describes the contribution from naive factoriza-

tion, vertex correction, penguin amplitude and spectator
scattering expressed in terms of the parameters api , while
T p

B contains annihilation topology amplitudes character-
ized by the annihilation parameters bpi .

The flavor parameters api are basically the Wilson
coefficients in conjunction with short-distance nonfactoriz-
able corrections such as vertex corrections and hard specta-
tor interactions. In general, they have the expressions [10]

api ðM1M2Þ ¼
�
c0i þ

c0i�1

Nc

�
NiðM2Þ

þ c0i�1

Nc

CFαs
4π

�
ViðM2Þ þ

4π2

Nc
HiðM1M2Þ

�
þ Pp

i ðM2Þ; ð10Þ

where c0i are effective Wilson coefficients which are defined
as ciðmbÞhOiðmbÞi ¼ c0ihOiitree, with hOiitree being the
matrix element at the tree level, the upper (lower) signs
apply when i is odd (even), NiðM2Þ is leading-order
coefficient, CF ¼ ðN2

c − 1Þ=2Nc with Nc ¼ 3, the quan-
tities ViðM2Þ account for one-loop vertex corrections,
HiðM1M2Þ describe hard spectator interactions with a hard
gluon exchange between the emitted meson and the specta-
tor quark of the Bmeson, and Pp

i ðM1M2Þ are from penguin
contractions [10].
The expressions of the quantities NiðM2Þ read [10,25]

NiðVÞ¼
�
0 i¼ 6;8;

1 else;
NiðPÞ¼ 1; NiðTÞ¼ 0; ð11Þ

and NiðSÞ ¼ 1 for charged scalar mesons, while for neutral
scalar mesons [29]

NiðSÞ ¼
�
1 i ¼ 6; 8;

0 else:
ð12Þ

When M1M2 ¼ VP;PV, the correction from the hard
gluon exchange between M2 and the spectator quark is
given by [10,12]

HiðM1M2Þ ¼
fBfM1

2mVϵ
�
V · pBF

B→M1

0 ð0Þ

Z
1

0

dξ
ξ
ΦBðξÞ

Z
1

0

dx
Z

1

0

dy

�
ΦM2

ðxÞΦM1
ðyÞ

x̄ ȳ
þ rM1

χ
ΦM2

ðxÞΦm1
ðyÞ

xȳ

�
; ð13Þ

for i ¼ 1–4, 9, 10,

HiðM1M2Þ ¼ −
fBfM1

2mVϵ
�
V · pBF

B→M1

0 ð0Þ

Z
1

0

dξ
ξ
ΦBðξÞ

Z
1

0

dx
Z

1

0

dy
�
ΦM2

ðxÞΦM1
ðyÞ

xȳ
þ rM1

χ
ΦM2

ðxÞΦm1
ðyÞ

x̄ ȳ

�
; ð14Þ

for i ¼ 5, 7 and HiðM1M2Þ ¼ 0 for i ¼ 6, 8.
When M1M2 ¼ SP; PS [10,11,27],

HiðM1M2Þ ¼
fBfM1

fM2
FB→M1

0 m2
B

Z
1

0

dξ
ξ
ΦBðξÞ

Z
1

0

dx
Z

1

0

dy
�
ΦM2

ðxÞΦM1
ðyÞ

x̄ ȳ
þ rM1

χ
ΦM2

ðxÞΦm1
ðyÞ

xȳ

�
; ð15Þ

for i ¼ 1–4, 9, 10,
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HiðM1M2Þ ¼ −
fBfM1

fM2
FB→M1

0 m2
B

Z
1

0

dξ
ξ
ΦBðξÞ

Z
1

0

dx
Z

1

0

dy

�
ΦM2

ðxÞΦM1
ðyÞ

xȳ
þ rM1

χ
ΦM2

ðxÞΦm1
ðyÞ

x̄ ȳ

�
; ð16Þ

for i ¼ 5, 7 and HiðM1M2Þ ¼ 0 for i ¼ 6, 8.
When M1M2 ¼ TP; PT [25,30]

HiðM1M2Þ ¼
fBfM1

2mBpc

Z
1

0

dξ
ξ
ΦBðξÞ

Z
1

0

dx
Z

1

0

dy

×

8>>>>><
>>>>>:

mM1

2
ffiffi
2
3

q
pcA

B→M1

0 ðm2
M2
Þ

� ffiffiffi
2

3

r
ΦM2

ðxÞΦM1
ðyÞ

x̄ ȳ
þ rM1

χ
ΦM2

ðxÞΦm1
ðyÞffiffi

2
3

q
xȳ

�
; ðM1M2 ¼ TPÞ

1

FB→M1

1 ðm2
M2
Þ

�
ΦM2

ðxÞΦM1
ðyÞ

x̄ ȳ
þ rM1

χ
ΦM2

ðxÞΦm1
ðyÞ

xȳ

�
; ðM1M2 ¼ PTÞ

ð17Þ

for i ¼ 1–4, 9, 10,

HiðM1M2Þ ¼ −
fBfM1

2mBpc

Z
1

0

dξ
ξ
ΦBðξÞ

Z
1

0

dx
Z

1

0

dy

×

8>>>>><
>>>>>:

mM1

2
ffiffi
2
3

q
pcA

B→M1

0 ðm2
M2
Þ

� ffiffiffi
2

3

r
ΦM2

ðxÞΦM1
ðyÞ

xȳ
þ rM1

χ
ΦM2

ðxÞΦm1
ðyÞffiffi

2
3

q
x̄ ȳ

�
; ðM1M2 ¼ TPÞ

1

FB→M1

1 ðm2
M2
Þ

�
ΦM2

ðxÞΦM1
ðyÞ

xȳ
þ rM1

χ
ΦM2

ðxÞΦm1
ðyÞ

x̄ ȳ

�
; ðM1M2 ¼ PTÞ

ð18Þ

for i ¼ 5, 7 and HiðM1M2Þ ¼ 0 for i ¼ 6, 8.
In Eqs. (13)–(18) x̄ ¼ 1 − x, ȳ ¼ 1 − y, and rMi

χ (i ¼ 1, 2) are “chirally enhanced” terms which are defined as

rPχ ðμÞ ¼
2m2

P

mbðμÞðmq1 þmq2ÞðμÞ
; rV;Tχ ¼ 2mV;T

mbðμÞ
f⊥V;TðμÞ
fV;T

;

rSχ ¼
2mS

mbðμÞ
f̄SðμÞ
fS

¼ 2m2
S

mbðμÞðm2ðμÞ −m1ðμÞÞ
; r̄Sχ ¼

2mS

mbðμÞ
: ð19Þ

The weak annihilation contributions to B → M1M2 can be described in terms of bi and bi;EW, which have the following
expressions:

b1 ¼
CF

N2
c
c01A

i
1; b2 ¼

CF

N2
c
c02A

i
1;

bp3 ¼ CF

N2
c
½c03Ai

1 þ c05ðAi
3 þ Af

3Þ þ Ncc06A
f
3 �; bp4 ¼ CF

N2
c
½c04Ai

1 þ c06A
i
2�;

bp3;EW ¼ CF

N2
c
½c09Ai

1 þ C0
7ðAi

3 þ Af
3Þ þ Ncc08A

f
3 �; bp4;EW ¼ CF

N2
c
½c010Ai

1 þ c08A
i
2�; ð20Þ

where the subscripts 1, 2, 3 of Ai;f
n (n ¼ 1, 2, 3) stand for the annihilation amplitudes induced from

ðV − AÞðV − AÞ, ðV − AÞðV þ AÞ, and ðS − PÞðSþ PÞ operators, respectively, the superscripts i and f refer to
gluon emission from the initial- and final-state quarks, respectively. Their explicit expressions are given
by [10,11,25,27,30]
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Ai
1 ¼ παs

Z
1

0

dxdy

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

�
ΦM2

ðxÞΦM1
ðyÞ

�
1

yð1 − xȳÞ þ
1

x̄2y

�
− rM1

χ rM2
χ Φm2

ðxÞΦm1
ðyÞ 2

x̄y

�
; for M1M2 ¼ VP;PS;�

ΦM2
ðxÞΦM1

ðyÞ
�

1

yð1 − xȳÞ þ
1

x̄2y

�
þ rM1

χ rM2
χ Φm2

ðxÞΦm1
ðyÞ 2

x̄y

�
; for M1M2 ¼ PV; SP;

ffiffiffi
2

3

r �
ΦM2

ðxÞΦM1
ðyÞ

�
1

yð1 − xȳÞ þ
1

x̄2y

�
−
3

2
rM1
χ rM2

χ Φm2
ðxÞΦm1

ðyÞ 2

x̄y

�
; for M1M2 ¼ TP;

ffiffiffi
2

3

r �
ΦM2

ðxÞΦM1
ðyÞ

�
1

yð1 − xȳÞ −
1

x̄2y

�
þ 3

2
rM1
χ rM2

χ Φm2
ðxÞΦm1

ðyÞ 2

x̄y

�
; for M1M2 ¼ PT;

Ai
2 ¼ παs

Z
1

0

dxdy

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

�
−ΦM2

ðxÞΦM1
ðyÞ

�
1

x̄ð1 − xȳÞ þ
1

x̄y2

�
þ rM1

χ rM2
χ Φm2

ðxÞΦm1
ðyÞ 2

x̄y

�
; for M1M2 ¼ VP;PS;�

−ΦM2
ðxÞΦM1

ðyÞ
�

1

x̄ð1 − xȳÞ þ
1

x̄y2

�
− rM1

χ rM2
χ Φm2

ðxÞΦm1
ðyÞ 2

x̄y

�
; for M1M2 ¼ PV; SP;

ffiffiffi
2

3

r �
ΦM2

ðxÞΦM1
ðyÞ

�
1

x̄ð1 − xȳÞ þ
1

x̄y2

�
þ 3

2
rM1
χ rM2

χ Φm2
ðxÞΦm1

ðyÞ 2

x̄y

�
; for M1M2 ¼ TP;

ffiffiffi
2

3

r �
ΦM2

ðxÞΦM1
ðyÞ

�
1

x̄ð1 − xȳÞ þ
1

x̄y2

�
−
3

2
rM1
χ rM2

χ Φm2
ðxÞΦm1

ðyÞ 2

x̄y

�
; for M1M2 ¼ PT;

Ai
3 ¼ παs

Z
1

0

dxdy

8>>>>>>>>><
>>>>>>>>>:

�
rM1
χ ΦM2

ðxÞΦm1
ðyÞ 2ȳ

x̄yð1 − xȳÞ þ rM2
χ ΦM1

ðyÞΦm2
ðxÞ 2x

x̄yð1 − xȳÞ
�
; for M1M2 ¼ VP; PS;�

−rM1
χ ΦM2

ðxÞΦm1
ðyÞ 2ȳ

x̄yð1 − xȳÞ þ rM2
χ ΦM1

ðyÞΦm2
ðxÞ 2x

x̄yð1 − xȳÞ
�
; for M1M2 ¼ PV; SP;

ffiffiffi
2

3

r �
3

2
rM1
χ ΦM2

ðxÞΦm1
ðyÞ 2ȳ

x̄yð1 − xȳÞ þ rM2
χ ΦM1

ðyÞΦm2
ðxÞ 2x

x̄yð1 − xȳÞ
�
; for M1M2 ¼ TP;PT;

Af
3 ¼ παs

Z
1

0

dxdy

8>>>>>>>>><
>>>>>>>>>:

�
rM1
χ ΦM2

ðxÞΦm1
ðyÞ 2ð1þ x̄Þ

x̄2y
− rM2

χ ΦM1
ðyÞΦm2

ðxÞ 2ð1þ yÞ
x̄y2

�
; for M1M2 ¼ VP;PS;�

−rM1
χ ΦM2

ðxÞΦm1
ðyÞ 2ð1þ x̄Þ

x̄2y
− rM2

χ ΦM1
ðyÞΦm2

ðxÞ 2ð1þ yÞ
x̄y2

�
; for M1M2 ¼ PV; SP;

ffiffiffi
2

3

r �
3

2
rM1
χ ΦM2

ðxÞΦm1
ðyÞ 2ð1þ x̄Þ

x̄2y
− rM2

χ ΦM1
ðyÞΦm2

ðxÞ 2ð1þ yÞ
x̄y2

�
; for M1M2 ¼ TP; PT;

Ai
1 ¼ A2ðM1M2Þf ¼ 0: ð21Þ

When dealing with the weak annihilation contributions
and the hard spectator contributions, one has to deal with the
infrared end-point singularity X¼R

1
0 dx=ð1−xÞ. The treat-

ment of this end-point divergence is model dependent, and
we followRef. [10] to parametrize this end-point divergence
in the annihilation and hard spectator diagrams as

XM1M2

A;H ¼ ð1þ ρM1M2

A;H eiϕ
M1M2
A;H Þ lnmB

Λh
; ð22Þ

where Λh is a typical scale of order 0.5 GeV, ρM1M2

AðHÞ is an

unknown real parameter and ϕM1M2

AðHÞ is a free strong phase in

the range ½0; 2π� for the annihilation (hard spectator) process.

In our work, we will follow the assumption XM1M2

H ¼
XM1M2

A ¼XM1M2 for the B → PVðPTÞ decays [25,31,32],
but for the B → SP decays, we will further assume that
XM1M2 ¼ XM2M1 compared with the B → PVðPTÞ decays.

IV. CALCULATION OF CP VIOLATION

A. FRAMEWORK

1. Nonresonance background

In the absence of resonances, the factorizable non-
resonance amplitude for the B− → K−πþπ− decay has
the expression [6,33]
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ANR ¼ GFffiffiffi
2

p
X
p¼u;c

λsp½hπþπ−jðūbÞV−AjB−ihK−jðs̄uÞV−Aj0i½a1δpu þ ap4 þ ap10 − ðap6 þ ap8 ÞrKχ �

þ hπ−jd̄bjB−ihK−πþjs̄dj0ið−2ap6 þ 2ap8 Þ�: ð23Þ

For the parameters ai which contain effective Wilson coefficients, we take the following values [6,33]:

a1 ¼ 0.99� 0.037i; a2 ¼ 0.19 − 0.11i; a3 ¼ −0.002þ 0.004i; a5 ¼ 0.0054 − 0.005i;

au4 ¼ −0.03 − 0.02i; ac4 ¼ −0.04 − 0.008i; au6 ¼ −0.006 − 0.02i; ac6 ¼ −0.006 − 0.006i;

a7 ¼ 0.54 × 10−4i; au8 ¼ ð4.5 − 0.5iÞ × 10−4; ac8 ¼ ð4.4 − 0.3iÞ × 10−4; a9 ¼ −0.010 − 0.0002i;

au10 ¼ ð−58.3þ 86.1iÞ × 10−5; ac10 ¼ ð−60.3þ 88.8iÞ × 10−5: ð24Þ

For the current-induced process, the amplitude hπþπ−jðūbÞV−AjB−ihK−jðs̄uÞV−Aj0i can be expressed in terms of three
unknown form factors [6,33,34]

AHMChPT
current−ind ≡ hπþðp1Þπ−ðp2ÞjðūbÞV−AjB−ihK−ðp3Þjðs̄uÞV−Aj0i

¼ −
fπ
2
½2m2

3rþ ðm2
B − s12 −m2

3Þωþ þ ðs23 − s13 −m2
2 þm2

1Þω−�; ð25Þ

where r, ω�, and h are form factors which can be evaluated in the framework of HMChPT and the results read [34,35]

ωþ ¼ −
g
f2π

fB�mB�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mBmB�

p
s23 −m2

B�

�
1 −

ðpB − p1Þ · p1

m2
B�

�
þ fB
2f2π

;

ω− ¼ g
f2π

fB�mB�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mBmB�

p
s23 −m2

B�

�
1þ ðpB − p1Þ · p1

m2
B�

�
;

r ¼ fB
2f2π

−
fB
f2π

pB · ðp2 − p1Þ
ðpB − p1 − p2Þ2 −mB2

þ 2gfB�

f2π

ffiffiffiffiffiffiffiffi
mB

mB�

r ðpB − p1Þ · p1

s23 −m2
B�

−
4g2fB
f2π

mBmB�

ðpB − p1 − p2Þ2 −m2
B

×
p1 ·2 −p1 · ðpB − p1Þp2 · ðpB − p1Þ=m2

B�

s23 −m2
B�

; ð26Þ

where sij ≡ ðpi þ pjÞ2, g is a heavy-flavor-independent
strong coupling which can be extracted from the CLEO
measurement of the D�þ decay width, jgj ¼ 0.59� 0.01�
0.07 [36], which sign is fixed to be negative in Ref. [3].
However, the predicted nonresonance results based on

HMChPT are not recovered in the soft meson region and
lead to decay rates that are too large which are in disagree-
ment with experiment [37]. For example, the branching
fraction is found to be of order 7.5 × 10−5, which is 1 order
of magnitude larger than the BABAR result, 5.3 × 10−6

[38]. The issue is related to the applicability HMChPT,
which requires the two mesons in the final state in the B →
M1M2 transition have to be soft and hence an exponential
form of the amplitudes is necessary [33,39],

Acurrent−ind ¼ AHMChPT
current−inde

−αNRpB·ðp1þp2Þeiϕ12 ; ð27Þ

where αNR is constrained from the tree dominated decay
B− → πþπ−π− to be αNR ¼ 0.081þ0.015

−0.009 GeV−2, and the

phase ϕ12 of the nonresonant amplitude will be set to zero
for simplicity [33,39].
The matrix element of hK−πþjs̄dj0iNR is related to

hKþK−js̄sj0iNR via SU(3) symmetry, i.e., hK−πþjs̄dj0iNR¼
hKþK−js̄sj0iNR, we shall adopt Ref. [6] to assume that final
state interactions amount to giving a large strong phase δ to
the nonresonance component of the matrix element of
hK−πþjs̄dj0iNR and a fit to the data of direct CP asymme-
tries in B− → K−πþπ− yields

hK−ðp1Þπþðp2Þjs̄dj0iNR

¼ ν

3
ð3FNR þ 2F0

NRÞ þ σNRe−αs12eiδ

≈
ν

3
ð3FNR þ 2F0

NRÞ þ σNRe−αs12eiπ
�
1þ 4

m2
K −m2

π

s12

�
;

ð28Þ
where the parameter σNR ¼ ð3.39þ0.18

−0.21Þeiπ=4 GeV, and ν ¼
m2

Kþ
muþms

¼ m2
K−m

2
π

ms−md
characterizes the quark-operator parameter
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hq̄qi which spontaneously breaks the chiral symmetry
and the experimental measurement leads to α ¼
ð0.14� 0.02Þ GeV−2 [40]. Motivated by the asymptotic
constraints frompQCD, namely,FðtÞð0Þ→ð1=tÞ½lnðt=Λ̃2Þ�−1
in the large-t limit [41], the nonresonance form factors in
Eq. (28) can be parametrized as [6]

FNRðs23Þ ¼
�
x1
s23

þ x2
s223

��
ln

�
s23
Λ̃2

��
−1
;

F0
NRðs23Þ ¼

�
x01
s23

þ x02
s223

��
ln

�
s23
Λ̃2

��
−1
; ð29Þ

where Λ̃ ≈ 0.3 GeV is the QCD scale parameter, the
unknown parameters xi and x0i are fitted from the kaon
electromagnetic data, giving the following best-fit values
[42]:

x1 ¼ −3.26 GeV2; x2 ¼ 5.02 GeV4;

x01 ¼ 0.47 GeV2; x02 ¼ 0: ð30Þ

2. Resonance contributions

LHCb has observed large CP asymmetries in localized
regions of phase space m2

K−πþ < 15 GeV2 and 0.08 <
m2

πþπ− < 0.66 GeV2 [7,8], which contains the ½ππ� and
½Kπ� channel resonances including σð600Þ, ρ0ð770Þ,
ωð782Þ, K�

0ð700Þ, K�
0ð1430Þ, K�

2ð1430Þ and ðK�Þi
[K�ð892Þ, K�ð1410Þ, K�ð1680Þ for i ¼ 1, 2, 3] which will
be denoted as σ, ρ, ω, κ, K�

0, K
�
2 and ðK�Þi for simplicity,

respectively. The total resonance amplitude including the
ρ − ω mixing effect can be written as [6,43]X
R

AR ¼ Aσ þ Aρ;ω þ Aκ þ
X
i

AðK�Þi þ AK�
0
þ AK�

2

¼ A½ππ� þ A½Kπ�; ð31Þ

where the sum over R refers to that over the aforementioned
resonances including the ρ − ω mixing effect.
ρ − ω mixing has the dual advantages that the strong

phase difference is large and well known [44,45]. In order
to deal with the large localized CP violation, we need to
appeal this mechanism to the B− → K−πþπ− decay. In this
scenario one has [46–48]

Aρ;ω ¼ hK−πþπ−jHT jB−i þ hK−πþπ−jHPjB−i

¼ ϵλ · ðpπ− − pπþÞ
��

gρ
sρsω

Π̃ρωtω þ gρ
sρ

tρ

�

þ
�

gρ
sρsω

Π̃ρωpω þ gρ
sρ

pρ

��
; ð32Þ

where HT and HP are the Hamiltonians for the tree and
penguin operators, respectively, tV (V ¼ ρ or ω) is the tree

amplitude and pV is the penguin amplitude for producing
an intermediate vector meson V, gρ is the coupling for
ρ → πþπ−, Π̃ρω is the effective ρ − ω mixing amplitude,
and sV is from the inverse propagator of the vector meson
V, sV ¼ s −m2

V þ imVΓV and
ffiffiffi
s

p
is the invariant mass of

the πþπ− pair. The direct coupling ω → πþπ− is effectively
absorbed into Π̃ρω [49], leading to the explicit s dependence
of Π̃ρω. Making the expansion Π̃ρωðsÞ ¼ Π̃ρωðm2

ωÞþ
ðs −m2

ωÞΠ̃0
ρωðm2

ωÞ, the ρ − ω mixing parameters were
determined in the fit of Gardner and O’Connell
[50]:ReΠ̃ρωðm2

ωÞ ¼ −3500� 300 MeV2,ImΠ̃ρωðm2
ωÞ ¼

−300� 300 MeV2, Π̃0
ρωðm2

ωÞ ¼ 0.03� 0.04. In practice,
the effect of the derivative term is negligible.
Because of its large width, σ cannot be modeled by a

naive Breit-Wigner distribution. In this paper, we will adopt
the Bugg model to parametrize the distribution of σ which
is given by [51–53]

RσðsÞ¼MΓ1ðsÞ=
�
M2−s−g21ðsÞ

s−sA
M2−sA

zðsÞ− iMΓtotðsÞ
�
;

ð33Þ
where zðsÞ¼j1ðsÞ−j1ðM2Þ with j1ðsÞ¼ 1

π ½2þρ1 lnð1−ρ11þρ1
Þ�,

ΓtotðsÞ ¼
P

4
i¼1 ΓiðsÞ and

MΓ1ðsÞ ¼ g21ðsÞ
s − sA
M2 − sA

ρ1ðsÞ;

MΓ2ðsÞ ¼ 0.6g21ðsÞðs=M2Þ expð−αjs − 4m2
KjÞρ2ðsÞ;

MΓ3ðsÞ ¼ 0.2g21ðsÞðs=M2Þ expð−αjs − 4m2
ηjÞρ3ðsÞ;

MΓ4ðsÞ ¼ Mg4πρ4πðsÞ=ρ4πðM2Þ;
g21ðsÞ ¼ Mðc1 þ c2sÞ exp½−ðs −M2Þ=A�;
ρ4πðsÞ ¼ 1.0=½1þ expð7.082 − 2.845sÞ�: ð34Þ

The parameters in Eqs. (33) and (34) are fixed to be
M¼0.953GeV, sA¼0.14m2

π , c1¼1.302GeV2, c2¼ 0.340,
A ¼ 2.426 GeV2 and g4π ¼ 0.011 GeV, which are given in
the fourth column of Table I in Ref. [51]. The parameters
ρ1;2;3 are the phase-space factors of the decay channels ππ,
KK and ηη, respectively, which are defined as [51]

ρiðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4

m2
i

s

r
; ð35Þ

with m1¼mπ , m2¼mK and m3¼mη. Other resonants in
Eq. (31) will be modeled by the naive Breit-Wigner
distribution.
Within the QCDF, we derive the tree and penguin

amplitudes of ρ and ω in Eq. (32) and obtain

tρ ¼ −iGFmρϵ
�
ρ · pBλ

ðsÞ
u ½α1ðρKÞAB→ρ

0 ð0ÞfK
þ α2ðKρÞFB→K

0 ð0Þfρ þ b2ðρKÞfBfρfK�; ð36Þ
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tω ¼ −iGFmωϵ
�
ω · pBλ

ðsÞ
u ½α1ðωKÞAB→ω

0 ð0ÞfK þ α2ðKωÞFB→K
0 ð0Þfω þ b2ðωKÞfBfωfK�; ð37Þ

pρ ¼ −iGFmρϵ
�
ρ · pB

X
p¼u;c

λðsÞp

�
½αp4 ðρKÞ þ αp4;EWðρKÞ�AB→ρ

0 ð0ÞfK þ 3

2
αp3;EWðKρÞFB→K

0 ð0Þfρ

þ ½bp3 ðρKÞ − bp3;EWðρKÞ�fBfρfK
�
; ð38Þ

pω ¼ −iGFmωϵ
�
ω · pB

X
p¼u;c

λðsÞp

��
2α3ðKωÞ þ 1

2
αp3 ðKωÞ

�
FB→K
0 ð0Þfω þ

�
αp4 ðωKÞ þ 3

2
αp4;EWðωKÞ

�

× AB→ω
0 ð0ÞfK þ ½bp3 ðωKÞ þ bp3;EWðωKÞ�fBfωfK

�
: ð39Þ

The polarization vectors of a vector meson V with mass mV and momentum p satisfiesX
λ¼0;�1

ϵλμðpÞðϵλνðpÞÞ� ¼ −
�
gμν −

pμpν

m2
V

�
; ð40Þ

from which one obtains [54] X
λ¼0;�1

ϵλ · ðp2 − p3ÞðϵλÞ� · pB ¼ ŝ13 − s13; ð41Þ

ŝ13 is the midpoint of the allowed range of s13, i.e., ŝ13 ¼ ðs13;max þ s13;minÞ=2, with s13;max and s13;min being the maximum
and minimum values of s13 for fixed s12.
As for the polarization vectors of a tensor meson we have [43]

X2
−2

ϵαβðλÞpα
2p

β
3ϵ

�
μνðλÞpν

Bp
μ
1 ¼

1

3
ðjp⃗1jjp⃗2jÞ2 − ðp⃗1 · p⃗2Þ2; ð42Þ

where p⃗1 and p̄2 are three momenta of π−ðp1Þ and πþðp2Þ, respectively, in the rest frame of πþðp2Þ and K−ðp3Þ. One
obtains, with m23 ¼ ffiffiffiffiffiffi

s23
p

[43],

jp⃗1j ¼
1

2m23

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½m2

B − ðm23 þm1Þ2�½m2
B − ðm23 −m1Þ2�

q
;

jp⃗2j ¼
1

2m23

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½s23 − ðm3 þm2Þ2�½s23 − ðm3 −m2Þ2�

q
;

p⃗1 · p⃗2 ¼ s12 − s23 þ
ðm2

B −m2
1Þðm2

3 −m2
2Þ

s23
: ð43Þ

Inserting Eqs. (36)–(39) into Eq. (32), one can get the amplitude from ρ − ω mixing contribution,

Aρ;ω ¼ −iGFðŝKπ − sKπÞ
�

gρ
sρsω

Π̃ρω½mωλ
ðsÞ
u ðα1ðωKÞAB→ω

0 ð0ÞfK þ α2ðKωÞFB→K
0 ð0Þfω þ b2ðωKÞfBfωfKmω=ðmBpcÞÞ�

þ gρ
sρ

½mρλ
ðsÞ
u ðα1ðρKÞAB→ρ

0 ð0ÞfK þ α2ðKρÞFB→K
0 ð0Þfρ þ b2ðρKÞfBfρfKmω=ðmBpcÞÞ�

�

þ
�

gρ
sρsω

Π̃ρω ×

�
mω

X
p¼u;c

λðsÞp

��
2α3ðKωÞ þ 1

2
αp3 ðKωÞ

�
FB→K
0 ð0Þfω þ

�
αp4 ðωKÞ þ 3

2
αp4;EWðωKÞ

�
AB→ω
0 ð0ÞfK

þ ðbp3 ðωKÞ þ bp3;EWðωKÞÞfBfωfKmω=ðmBpcÞ
��

þ gρ
sρ

�
mρ

X
p¼u;c

λðsÞp

�
ðαp4 ðρKÞ þ αp4;EWðρKÞÞAB→ρ

0 ð0ÞfK þ 3

2
αp3;EWðKρÞFB→K

0 ð0Þfρ

þ ðbp3 ðρKÞ − bp3;EWðρKÞÞfBfρfKmω=ðmBpcÞ
���

; ð44Þ
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where pc is the magnitude of the three momentum of either final state meson in the rest frame of the B meson, αpi ðM1M2Þ
can be expressed in terms of the coefficients api defined in Eq. (10) and have the following expressions:

α1ðM1M2Þ ¼ a1ðM1M2Þ;
α2ðM1M2Þ ¼ a2ðM1M2Þ;

αp3 ðM1M2Þ ¼
(
ap3 ðM1M2Þ − ap5 ðM1M2Þ; if M1M2 ¼ VP; SP; TP;

ap3 ðM1M2Þ þ ap5 ðM1M2Þ; if M1M2 ¼ PV; PS; PT;

αp4 ðM1M2Þ ¼
(
ap4 ðM1M2Þ þ rM2

χ ap6 ðM1M2Þ; if M1M2 ¼ PV; PT;

ap4 ðM1M2Þ − rM2
χ ap6 ðM1M2Þ; if M1M2 ¼ VP;PS; SP; TP;

αp3;EWðM1M2Þ ¼
(
ap9 ðM1M2Þ − ap7 ðM1M2Þ; if M1M2 ¼ VP; SP; TP;

ap9 ðM1M2Þ þ ap7 ðM1M2Þ; if M1M2 ¼ PV; PS; PT;

αp4;EWðM1M2Þ ¼
(
ap10ðM1M2Þ þ rM2

χ ap8 ðM1M2Þ; if M1M2 ¼ PV; PT;

ap10ðM1M2Þ − rM2
χ ap8 ðM1M2Þ; if M1M2 ¼ VP; PS; SP; TP:

ð45Þ

Meanwhile, it is straightforward get the amplitudes contributed by others resonances, including σ, κ, ðK�Þi, K�
0 and K�

2,
respectively,

Aσ ¼ −iGFgσππRσ

X
p¼u;c

λðsÞp

�
ðm2

σ −m2
BÞFB→σ

0 ðm2
KÞfK½δpuα1ðσKÞ þ αp4 ðσKÞ þ αp4;EWðσKÞ�

− fBfKf̄uσ ½δpub2ðσKÞ þ bp3 ðσKÞ þ bp3;EWðσKÞ� þ
�
δpuα2ðKσÞ þ 2αp3 ðKσÞ þ 1

2
αp3;EWðKσÞ

�

× ðm2
B −m2

KÞFB→K
0 ð0Þf̄uσ þ

� ffiffiffi
2

p
αp3 ðKσÞ þ

ffiffiffi
2

p
αp4 ðKσÞ −

1ffiffiffi
2

p αp3;EWðKσÞ −
1ffiffiffi
2

p αp4;EWðKσÞ
�

× ðm2
B −m2

KÞFB→K
0 ðm2

σÞf̄sσ − fBfKf̄sσ½
ffiffiffi
2

p
δpub2ðKσÞ þ

ffiffiffi
2

p
bp3 ðKσÞ þ

ffiffiffi
2

p
bp3;EWðKσÞ�

�
; ð46Þ

Aκ ¼ −iGF
gκKπ
sκ

X
p¼u;c

λðsÞp

�
b2ðπκÞfBfπf̄κ −

�
αp4 ðπκÞ −

1

2
αp4;EWðπκÞ

�
ððm2

B −m2
πÞFB→π

0 ðm2
κÞf̄κÞ

− ðbp3 ðπκÞ þ bp3;EWðπκÞÞfBfπf̄κ
�
: ð47Þ

AðK�Þi ¼ −iGFðŝππ − sππÞ
gðK�ÞiKπ

sV

X
p¼u;c

λðsÞp

�
b2ðπðK�ÞiÞfBfπfðK�ÞimðK�Þi=ðmBpcÞ −

�
αp4 ðπðK�ÞiÞ − 1

2
αp4;EWðπðK�ÞiÞ

�

× ð−2mVFB→π
1 fðK�ÞiÞ − ðbp3 ðπðK�ÞiÞ þ bp3;EWðπðK�ÞiÞÞ × fBfπfðK�ÞimðK�Þi=ðmBpcÞ

�
; ð48Þ

where ðK�Þi ¼ K�ð892Þ, K�ð1410Þ, K�ð1680Þ corresponding to i ¼ 1, 2, 3, respectively, and

AK�
0
¼ −iGF

gK�
0
Kπ

sK�
0

X
p¼u;c

λðsÞp

�
b2ðπK�

0ÞfBfπf̄K�
0
−
�
αp4 ðπK�

0Þ −
1

2
αp4;EWðπK�

0Þ
�

× ððm2
B −m2

πÞFB→π
0 ðm2

K�
0
Þf̄K�

0
Þ − ðbp3 ðπK�

0Þ þ bp3;EWðπK�
0ÞÞfBfπf̄K�

0

�
: ð49Þ

AK�
2
¼ −iGF

�
1

3
ðjp⃗π− jjp⃗πþjÞ2 − ðp⃗π− · p⃗πþÞ2

�
gK�

2
Kπ

sK�
2

X
p¼u;c

λðsÞp

�
b2ðπK�

2ÞfBfπfK�
2
mK�

2
=ðmBpcÞ

−
�
αp4 ðπK�

2Þ −
1

2
αp4;EWðπK�

2Þ
�
ð−2mTFB→π

1 fK�
2
Þ − ðbp3 ðπK�

2Þ þ bp3;EWðπK�
2ÞÞfBfπfK�

2
mK�

2
=ðmBpcÞ

�
: ð50Þ
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Combining Eq. (44) with Eq. (46), one obtains the amplitude of B− → K−½πþπ−� → K−πþπ−:

A½ππ� ¼ −iGFðŝKπ − sKπÞ
�

gρ
sρsω

Π̃ρω½mωλ
ðsÞ
u ðα1ðωKÞAB→ω

0 ð0ÞfK þ α2ðKωÞFB→K
0 ð0Þfω þ b2ðωKÞfBfωfKmω=ðmBpcÞÞ�

þ gρ
sρ
½mρλ

ðsÞ
u ðα1ðρKÞAB→ρ

0 ð0ÞfK þ α2ðKρÞFB→K
0 ð0Þfρ þ b2ðρKÞfBfρfKmω=ðmBpcÞÞ�

�

þ
�

gρ
sρsω

Π̃ρω ×

�
mω

X
p¼u;c

λðsÞp

��
2α3ðKωÞ þ

1

2
αp3 ðKωÞ

�
FB→K
0 ð0Þfω þ

�
αp4 ðωKÞ þ

3

2
αp4;EWðωKÞ

�
AB→ω
0 ð0ÞfK

þ ðbp3 ðωKÞ þ bp3;EWðωKÞÞfBfωfKmω=ðmBpcÞ
��

þ gρ
sρ

�
mρ

X
p¼u;c

λðsÞp

�
ðαp4 ðρKÞ þ αp4;EWðρKÞÞAB→ρ

0 ð0ÞfK þ 3

2
αp3;EWðKρÞFB→K

0 ð0Þfρ þ ðbp3 ðρKÞ

− bp3;EWðρKÞÞfBfρfKmω=ðmBpcÞ
���

þ iGFgσππRσ

X
p¼u;c

λðsÞp

�
ðm2

σ −m2
BÞFB→f

0 ðm2
KÞfK½δpuα1ðσKÞ þ αp4 ðσKÞ þ αp4;EWðσKÞ�

− fBfKf̄uσ ½δpub2ðσKÞ þ bp3 ðσKÞ þ bp3;EWðσKÞ� þ
�
δpuα2ðKσÞ þ 2αp3 ðKσÞ þ 1

2
αp3;EWðKσÞ

�

× ðm2
B −m2

KÞFB→K
0 ð0Þf̄uσ þ

� ffiffiffi
2

p
αp3 ðKσÞ þ

ffiffiffi
2

p
αp4 ðKσÞ− 1ffiffiffi

2
p αp3;EWðKσÞ− 1ffiffiffi

2
p αp4;EWðKσÞ

�
ðm2

B −m2
KÞFB→K

0 ðm2
σÞf̄sσ

− fBfKf̄sσ½
ffiffiffi
2

p
δpub2ðKσÞ þ

ffiffiffi
2

p
bp3 ðKσÞ þ

ffiffiffi
2

p
bp3;EWðKσÞ�

�
; ð51Þ

Meanwhile, using Eqs. (48)–(50), we get the amplitude of B− → ½K−πþ�π− → K−πþπ−:

A½Kπ� ¼−iGFðŝππ−sππÞ
gðK�ÞiKπ

sV

X
p¼u;c

λðsÞp

�
b2ðπðK�ÞiÞfBfπfðK�ÞimðK�Þi=ðmBpcÞ

−
�
αp4 ðπðK�ÞiÞ−1

2
αp4;EWðπðK�ÞiÞ

�
ð−2mVFB→π

1 fðK�ÞiÞ−ðbp3 ðπðK�ÞiÞþbp3;EWðπðK�ÞiÞÞfBfπfðK�ÞimðK�Þi=ðmBpcÞ
�

−iGF
gκKπ
sκ

X
p¼u;c

λðsÞp

�
b2ðπκÞfBfπf̄κ−

�
αp4 ðπκÞ−

1

2
αp4;EWðπκÞ

�

×ððm2
B−m2

πÞFB→π
0 ðm2

κÞf̄κÞ−ðbp3 ðπκÞþbp3;EWðπκÞÞfBfπf̄κ
�
−iGF

gK�
0
Kπ

sK�
0

X
p¼u;c

λðsÞp

×

�
b2ðπK�

0ÞfBfπf̄K�
0
−
�
αp4 ðπK�

0Þ−
1

2
αp4;EWðπK�

0Þ
�
ððm2

B−m2
πÞFB→π

0 ðm2
K�

0
Þf̄K�

0
Þ−ðbp3 ðπK�

0Þþbp3;EWðπK�
0ÞÞfBfπf̄K�

0

�

−iGF

�
1

3
ðjp⃗π− jjp⃗πþjÞ2−ðp⃗π− ·p⃗πþÞ2

�
gK�

2
Kπ

sK�
2

X
p¼u;c

λðsÞp

×
�
b2ðπK�

2ÞfBfπfK�
2
mK�

2
=ðmBpcÞ−

�
αp4 ðπK�

2Þ−
1

2
αp4;EWðπK�

2Þ
�

×ð−2mTFB→π
1 fK�

2
Þ−ðbp3 ðπK�

2Þþbp3;EWðπK�
2ÞÞfBfπfK�

2
mK�

2
=ðmBpcÞ

�
: ð52Þ

In addition, we can obtain the amplitude of the B− → σπ−, which has the following form:
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AðB− → ½πþπ−�σπ−Þ ¼ iGF

X
p¼u;c

λdp

�
ðm2

σ −m2
BÞFB→σ

0 ðm2
πÞfπ½δpuα1ðσπÞ þ αp4 ðσπÞ þ αp4;EWðσπÞ�

− fBfπf̄uσ ½δpub2ðσπÞ þ bp3 ðσπÞ þ bp3;EWðσπÞ� þ
�
δpuα2ðπσÞ þ 2αp3 ðπσÞ þ αp4 ðπσÞ

þ 1

2
αp3;EWðπσÞ −

1

2
αp4;EWðπσÞ

�
ðm2

B −m2
πÞFB→π

0 ð0Þf̄uσ þ ½
ffiffiffi
2

p
αp3 ðπσÞ −

ffiffiffi
2

p
αp3;EWðπσÞ�

× ðm2
B −m2

πÞFB→π
0 ð0Þf̄sσ þ fBfπf̄uσ

�
δpub2ðπσÞ þ bp3 ðπσÞ −

1

2
bp3;EWðπσÞ

��
: ð53Þ

3. Total result for the amplitude of B− → K − π +π −

In the QCDF, both the resonance and nonresonance contributions have been considered, inserting Eqs. (51) and (52) to
Eq. (31) then combining Eqs. (23)–(30), the decay amplitude via B− → Rþ NR → K−πþπ− can be finally obtained as

A ¼ iGFgσππRσ

X
p¼u;c

λðsÞp

�
ðm2

σ −m2
BÞFB→σ

0 ðm2
KÞfK½δpuα1ðσKÞ þ αp4 ðσKÞ þ αp4;EWðσKÞ�

− fBfKf̄uσ ½δpub2ðσKÞ þ bp3 ðσKÞ þ bp3;EWðσKÞ� þ
�
δpuα2ðKσÞ þ 2αp3 ðKσÞ þ

1

2
αp3;EWðKσÞ

�

× ðm2
B −m2

KÞFB→K
0 ð0Þf̄uσ þ

� ffiffiffi
2

p
αp3 ðKσÞ þ

ffiffiffi
2

p
αp4 ðKσÞ −

1ffiffiffi
2

p αp3;EWðKσÞ −
1ffiffiffi
2

p αp4;EWðKσÞ
�

× ðm2
B −m2

KÞFB→K
0 ðm2

σÞf̄sσ − fBfKf̄sσ½
ffiffiffi
2

p
δpub2ðKσÞ þ

ffiffiffi
2

p
bp3 ðKσÞ þ

ffiffiffi
2

p
bp3;EWðKσÞ�

�

− iGFðŝKπ − sKπÞ
�

gρ
sρsω

Π̃ρω½mωλ
ðsÞ
u ðα1ðωKÞAB→ω

0 ð0ÞfK þ α2ðKωÞFB→K
0 ð0Þfω

þ b2ðωKÞfBfωfKmω=ðmBpcÞÞ� þ
gρ
sρ

½mρλ
ðsÞ
u ðα1ðρKÞAB→ρ

0 ð0ÞfK þ α2ðKρÞFB→K
0 ð0Þfρ

þ b2ðρKÞfBfρfKmω=ðmBpcÞ�
�
þ
�

gρ
sρsω

Π̃ρω ×

�
mω

X
p¼u;c

λðsÞp

��
2α3ðKωÞ þ

1

2
αp3 ðKωÞ

�
FB→K
0 ð0Þfω

þ
�
αp4 ðωKÞ þ 3

2
αp4;EWðωKÞ

�
AB→ω
0 ð0ÞfK þ ðbp3 ðωKÞ þ bp3;EWðωKÞÞfBfωfKmω=ðmBpcÞ

��

þ gρ
sρ

�
mρ

X
p¼u;c

λðsÞp

�
ðαp4 ðρKÞ þ αp4;EWðρKÞÞAB→ρ

0 ð0ÞfK þ 3

2
αp3;EWðKρÞFB→K

0 ð0Þfρ

þ ðbp3 ðρKÞ − bp3;EWðρKÞÞfBfρfKmω=ðmBpcÞ
���

− iGF
gðK�ÞiKπ

sV

X
p¼u;c

λðsÞp

�
b2ðπðK�ÞiÞfBfπfðK�Þi

−
�
αp4 ðπðK�ÞiÞ − 1

2
αp4;EWðπðK�ÞiÞ

�
ð−2mBpcFB→π

1 fðK�ÞiÞ − ðbp3 ðπðK�ÞiÞ þ bp3;EWðπðK�ÞiÞÞfBfπfðK�Þi
�

− iGF
gκKπ
sκ

X
p¼u;c

λðsÞp

�
b2ðπκÞfBfπf̄κ −

�
αp4 ðπκÞ −

1

2
αp4;EWðπκÞ

�
ððm2

B −m2
πÞFB→π

0 ðm2
κÞf̄κÞ

− ðbp3 ðπκÞ þ bp3;EWðπκÞÞfBfπf̄κ
�
− iGFðŝππ − sππÞ

gK�
0
Kπ

sK�
0

X
p¼u;c

λðsÞp

�
b2ðπK�

0ÞfBfπf̄K�
0

−
�
αp4 ðπK�

0Þ −
1

2
αp4;EWðπK�

0Þ
�
ððm2

B −m2
πÞFB→π

0 ðm2
K�

0
Þf̄K�

0
Þ − ðbp3 ðπK�

0Þ þ bp3;EWðπK�
0ÞÞfBfπf̄K�

0

�

QI, GUO, WANG, ZHANG, and WANG PHYS. REV. D 99, 076010 (2019)

076010-12



− iGF

�
1

3
ðjp⃗π− jjp⃗πþjÞ2 − ðp⃗π− · p⃗πþÞ2

�
gK�

2
Kπ

sK�
2

X
p¼u;c

λðsÞp

�
b2ðπK�

2ÞfBfπfK�
2
mK�

2
=ðmBpcÞ

−
�
αp4 ðπK�

2Þ −
1

2
αp4;EWðπK�

2Þ
�
ð−2mTFB→π

1 fK�
2
Þ − ðbp3 ðπK�

2Þ þ bp3;EWðπK�
2ÞÞfBfπfK�

2
mK�

2
=ðmBpcÞ

�

−
GFffiffiffi
2

p
X
p¼u;c

λsp
fπ
2
½2m2

Krþ ðm2
B − sππ −m2

KÞωþ þ ðsπK − sπKÞω−�½a1δpu þ ap4 þ ap10 − ðap6 þ ap8 ÞrKχ �

× e−αNRðsππþsKπ−m2
π−m2

KÞ þ
�
m2

B −m2
π

md −mb
FB→π
0 ð0Þ

�
ð−2ap6 þ 2ap8 Þ

�
ν

3
ð3FNR þ 2F0

NRÞ þ σNRe−αsππeiπ
�
1þ 4

m2
K −m2

π

sππ

��
:

ð54Þ

4. Localizd CP violation

Totally, the decay amplitude for B → K−πþπ− is the sum
of resonant (R) contributions and the nonresonant (NR)
background [6]

A ¼
X
R

AR þ ANR: ð55Þ

The differential CP asymmetry parameter can be defined as

ACP ¼ jAj2 − jĀj2
jAj2 þ jĀj2 : ð56Þ

In this work, we will consider eight resonances in a
certain phase region Ω which includes m2

K−πþ < 15 GeV2

and 0.08 < m2
πþπ− < 0.66 GeV2 for the B− → K−πþπ−

decay. By integrating the denominator and numerator of
ACP in this region, we get the localized integrated CP
asymmetry, which can be measured by experiments and
takes the following form:

AΩ
CP ¼

R
Ω ds12ds13ðjAj2 − jĀj2ÞR
Ω ds12ds13ðjAj2 þ jĀj2Þ : ð57Þ

B. Calculation of differential CP violation and
branching fraction of B− → K − σ decay

Using Eq. (56), the differential CP asymmetry parameter
of B → M1M2 can be expressed as

ACPðB→M1M2Þ ¼
jAðB→M1M2Þj2 − jĀðB→M1M2Þj2
jAðB→M1M2Þj2þjĀðB→M1M2Þj2

:

ð58Þ
The branching fraction of the B → M1M2 decay has the
following form:

BðB → M1M2Þ ¼ τB
pc

8πm2
B
jAðB → M1M2Þj2; ð59Þ

where τB and mB are the lifetime and the mass of the B
meson, respectively, pc is the magnitude of the three
momentum of either final state meson in the rest frame
of the B meson which can be expressed as

pc ¼
1

2mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½m2

B − ðmM1
þmM2

Þ2�½m2
B − ðmM1

−mM2
Þ2�

q
;

ð60Þ
with mM1

and mM2
being the two final state mesons’

masses, respectively.
The amplitude of B− → K−σ has the following form:

AðB− → σK−Þ ¼ hσK−jHeff jB−i

¼
X
p¼u;c

λðsÞp
GF

2

�
½α1ðσKÞδpu þ αp4 ðσKÞ þ αp4;EWðσKÞ� × ðm2

σ −m2
BÞFB→σ

0 ðm2
KÞfK

þ
�
α2ðKσÞδpu þ 2α3ðKσÞ þ 1

2
αp3;EWðKσÞ

�
× ðm2

B −m2
KÞFB→K

0 ðm2
σÞf̄uσ

þ
� ffiffiffi

2
p

αp3 ðKσÞ þ
ffiffiffi
2

p
αp4 ðKσÞ − 1ffiffiffi

2
p αp3;EWðKσÞ −

1ffiffiffi
2

p αp4;EWðKσÞ
�

× ðm2
B −m2

KÞFB→K
0 ðm2

σÞf̄sσ − ½b2ðσKÞδpu þ bp3 ðσKÞ þ bp3;EWðσKÞ�

× fBfKf̄uσ −
ffiffiffi
2

p
½b2ðKσÞδpu þ bp3 ðKσÞ þ bp3;EWðKσÞ� × fBfKf̄sσ

�
: ð61Þ
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Substituting Eq. (61) into Eq. (58) we can get the expression of ACPðB− → K−σÞ. Substituting Eqs. (61) and (60) into
Eq. (59), one can obtain the branching fraction of B− → K−σ.

V. NUMERICAL RESULTS

The theoretical results obtained in the QCDF approach depend on many input parameters. The values of the Wolfenstein
parameters are given as ρ̄ ¼ 0.117� 0.021, η̄ ¼ 0.353� 0.013 [55].
The effective Wilson coefficients used in our calculations are taken from Ref. [56]:

C0
1 ¼ −0.3125; C0

2 ¼ −1.1502;

C0
3 ¼ 2.120 × 10−2 þ 5.174 × 10−3i; C0

4 ¼ −4.869 × 10−2 − 1.552 × 10−2i;

C0
5 ¼ 1.420 × 10−2 þ 5.174 × 10−3i; C0

6 ¼ −5.792 × 10−2 − 1.552 × 10−2i;

C0
7 ¼ −8.340 × 10−5 − 9.938 × 10−5i; C0

8 ¼ 3.839 × 10−4;

C0
9 ¼ −1.017 × 10−2 − 9.938 × 10−5i; C0

10 ¼ 1.959 × 10−3: ð62Þ

For the masses appearing in B decays, we shall use the following values (in units of GeV) [55]:

mu ¼ md ¼ 0.0035; ms ¼ 0.119; mb ¼ 4.2; mq ¼
mu þmd

2
; mπ� ¼ 0.14;

mB− ¼ 5.279; mω ¼ 0.782; mρ0ð770Þ ¼ 0.775; mK− ¼ 0.494; mκ ¼ 0.824; mK� ð892Þ ¼ 0.895;

mK� ð1410Þ ¼ 1.414; mK�
0
ð1430Þ ¼ 1.425; mK� ð1680Þ ¼ 1.717; mK�

2
ð1430Þ ¼ 1.426; ð63Þ

while for the widths we shall use (in units of GeV) [55]

Γρ ¼ 0.149; Γω ¼ 0.00849; Γσð600Þ ¼ 0.5; Γκ ¼ 0.478; ΓK�ð892Þ ¼ 0.047;

ΓK�ð1410Þ ¼ 0.232; ΓK�ð1680Þ ¼ 0.322; ΓK�
0
ð1430Þ ¼ 0.270; ΓK�

2
ð1430Þ ¼ 0.109;

Γρ→ππ ¼ 0.149; Γω→ππ ¼ 0.00013; Γσð600Þ→ππ ¼ 0.3; ΓK�ð892Þ→Kπ ¼ 0.0487;

ΓK�ð1410Þ→Kπ ¼ 0.015; ΓK�ð1680Þ→Kπ ¼ 0.10; ΓK�
0
ð1430Þ→Kπ ¼ 0.251; ΓK�

2
ð1430Þ→Kπ ¼ 0.054: ð64Þ

The strong coupling constants are determined from the measured widths through the relations [6,43,57]

gS→M0
1
M0

2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8πm2

S

pcðSÞ
ΓS→M0

1
M0

2

s
;

gV→M0
1
M0

2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6πm2

V

pcðVÞ3
ΓV→M0

1
M0

2

s
;

gT→M0
1
M0

2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
60πm2

T

pcðTÞ5
ΓT→M0

1
M0

2

s
; ð65Þ

where pcðS; V; TÞ are the magnitudes of the three momenta of the final state meson in the rest frame of S, V, and T mesons,
respectively.
The following numerical values for the decay constants will be used (in units of GeV) [6,11,25]:

fπ� ¼ 0.131; fB− ¼ 0.21� 0.02; fK− ¼ 0.156� 0.007;

fρ0ð770Þ ¼ 0.216� 0.003; f⊥
ρ0ð770Þ ¼ 0.165� 0.009; fω ¼ 0.187� 0.005; f⊥ω ¼ 0.151� 0.009;

f̄κ ¼ 0.34� 0.02; fK�ð892Þ ¼ 0.22� 0.005; f⊥K�ð892Þ ¼ 0.185� 0.010;

f̄K�
0
ð1430Þ ¼ −0.300� 0.030; fK�

2
ð1430Þ ¼ 0.118� 0.005; f⊥K�

2
ð1430Þ ¼ 0.077� 0.014: ð66Þ
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As for the form factors, we use [6,11,25]

FB→K
0 ð0Þ ¼ 0.35� 0.04; AB→ρ

0 ð0Þ ¼ 0.303� 0.029; FB→π
0 ð0Þ ¼ 0.25� 0.03;

AB→K�ð892Þ
0 ð0Þ ¼ 0.374� 0.034; A

B→K�
2
ð1430Þ

0 ð0Þ ¼ 0.25� 0.04;

A
B→K�

2
ð1430Þ

1 ð0Þ ¼ 0.14� 0.02; F
B→K�

0
ð1430Þ

0 ð0Þ ¼ 0.21: ð67Þ

The values of Gegenbauer moments at μ ¼ 1 GeV are taken from [6,11,25,58]:

αρ1 ¼ 0; αρ2 ¼ 0.15� 0.07; αρ1;⊥ ¼ 0; αρ2;⊥ ¼ 0.14� 0.06;

αω1 ¼ 0; αω2 ¼ 0.15� 0.07; αω1;⊥ ¼ 0; αω2;⊥ ¼ 0.14� 0.06;

α
K�

2
ð1430Þ

1 ¼ 5

3
; α

K�
2
ð1430Þ

1;⊥ ¼ 5

3
;

αK
�ð892Þ

1 ¼ 0.03� 0.02; αK
�ð892Þ

1;⊥ ¼ 0.04� 0.03; αK
�ð892Þ

2 ¼ 0.11� 0.09; αK
�ð892Þ

2;⊥ ¼ 0.10� 0.08;

Bu
1;σð600Þ ¼ −0.42� 0.074; Bu

3;σð600Þ ¼ −0.58� 0.23;

Bs
1;σð600Þ ¼ −0.35� 0.061; Bs

3;σð600Þ ¼ −0.43� 0.18:

B1;κ ¼ −0.92� 0.11; B3;κ ¼ 0.15� 0.09; B1;K�
0
ð1430Þ ¼ 0.58� 0.07; B3;K�

0
ð1430Þ ¼ −1.20� 0.08: ð68Þ

Using the large energy effective theory (LEET) tech-
nique, Refs. [59,60] formulate the B → K�

J (J ≥ 1) form
factors in the large recoil region. All the form factors can be
expressed in terms of two independent LEET functions, ξ⊥
and ξk. Explicitly, we have

A
B→K�

J
0 ðq2Þ

�jp⃗K�
J
j

mK�
J

�
J−1

≃
�
1 −

m2
K�

J

mBE

�
ξ
K�

J
k ðq2Þ

þmK�
J

mB
ξ
K�

J⊥ ðq2Þ; ð69Þ

where have used jp⃗K�
J
j=E ≃ 1, jp⃗K�

J
j is the magnitude of the

three momentum of the K�
J meson in the rest frame of the B

meson. With ξK
�ð1410Þ

k ð0Þ ¼ 0.22� 0.03, ξK
�ð1410Þ

⊥ ð0Þ ¼
0.28� 0.04, ξK

�ð1680Þ
k ð0Þ ¼ 0.18� 0.03 and ξK

�ð1680Þ
⊥ ð0Þ ¼

0.24� 0.05 derived from the Bauer-Stech-Wirbel model

[24], we can obtain AB→K�ð1410Þ
0 ð0Þ ¼ 0.26� 0.0275

and AB→K�ð1680Þ
0 ð0Þ¼0.2154�0.0281, respectively. For

FB→σ
0 ðm2

KÞ, we take FB→σ
0 ðm2

KÞ ¼ 0.45� 0.15 [61]. In
our work, all the form factors are evaluated at q2 ¼ 0

due to the smallness ofm2
π andm2

K compared withm2
B [10].

As for the decay constants and Gegenbauer moments of
the K�ð1410Þ and the K�ð1680Þ mesons, we assume they
have the same central values as K�ð892Þ and assign their
uncertainties to be �0.1. In fact, the magnitudes of these
errors have negligible influences.
A general fit of the parameters ρ and ϕ to the B → VP

and B → PV data indicates XPV ≠ XVP, i.e., ρPV ¼ 0.87,
ρVP ¼ 1.07, ϕVP ¼ −300 and ϕPV ¼ −700 [31]. For the

B → PT and B → TP cases, we will use the values in
Ref. [25]: ρTP ¼ 0.83, ρPT ¼ 0.75, ϕTP ¼ −700 and
ϕPT ¼ −300. We shall assign an error of �0.1 to ρM1M2

and �200 to ϕM1M2 for estimation of theoretical uncertain-
ties. We calculate the branching ratios and CP asymmetries
for B to a vector meson or a tensor meson plus a
pseudoscalar meson involved in our work, which are shown
in Tables I and II, respectively. As can be seen from these
two tables, our results are consistent with the available
experimental data. However, for the B → PS and B → SP
decays, there is few experimental data so the values of ρS
and ϕS are not determined well, to make an estimation
about ACPðB− → K−σÞ and BðB− → K−σÞ, we will adopt
XPS ¼ XSP ¼ ð1þ ρSeiϕSÞ ln mB

Λh
as described in Sec. III.

Now we are left with only two free parameters with all
the above considerations, which are the divergence param-
eters ρS and ϕS for ACPðB− → Rþ NR → K−πþπ−Þ. By
fitting the theoretical result to the experimental data
ACPðB− → K−πþπ−Þ ¼ 0.678� 0.078� 0.0323� 0.007
in the region m2

K−πþ < 15 GeV2 and 0.08 < m2
πþπ− <

0.66 GeV2, ACPðB− → K�
0ð1430Þπ−Þ ¼ 0.061� 0.032,

BðB− → K�
0ð1430Þπ−Þ ¼ ð39þ6

−5Þ × 10−6 and BðB− →
σð600Þπ− → π−πþπ−Þ < 4.1 × 10−6 [62], and varying ϕS
and ρS by 0.01 each time in the range ϕS ∈ ½0; 2π� and
ρS ∈ ½0; 8� [63,64], i.e., ΔρS ¼ 0.01 and ΔϕS ¼ 0.01, it is
found that there exist ranges of the parameters ρS and
ϕS which satisfy the above experimental data. The allowed
ranges are ϕS ∈ ½1.77; 2.25� and ρS ∈ ½2.39; 4.02�. There-
fore, the interference of resonances ½ππ� resonances includ-
ing σð600Þ, ρ0ð770Þ, ωð782Þ mesons, ½Kπ� resonances
including κ, K�ð892Þ, K�ð1410Þ, K�

0ð1430Þ, K�ð1680Þ and
K�

2ð1430Þ mesons together with the nonresonance
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contribution can indeed induce the data for the localized
CP asymmetry in the B− → K−πþπ− decay. It is noted that
the range of ρS ∈ ½2.39; 4.02� is larger than the previously
conservative choice of ρ ≤ 1 [10,12]. Since the QCDF itself
cannot give information about the parameters ρ and ϕ, there
is no reason to restrict ρ to the range ρ ≤ 1 [23,31,65,66].
In the pQCD approach, the possible un-negligible large
weak annihilation contributions were noticed first in
Refs. [15,67]. In fact, there are many experimental studies
which have been successfully carried out at B factories
(BABAR and Belle), Tevatron (CDF and D0) and LHCb in
the past and will be continued at LHCb and Belle experi-
ments. These experiments provide highly fertile ground for
theoretical studies and have yielded many exciting and
important results, such as measurements of pure annihila-
tion Bs → ππ and Bd → KK decays reported recently by
CDF, LHCb and Belle [18–20], which suggest the exist-
ence of unexpected large annihilation contributions and
have attracted much attention [21–23]. Thus larger values
of ρS are acceptable when dealing with the divergence
problems for B → SPðPSÞ decays. With the large values of
ρS, it is certain that both the weak annihilation and the hard
spectator scattering processes can make large contributions

to B− → K−σ decays. Many more experimental and theo-
retical efforts are expected to understand the underlying
QCD dynamics of annihilation and spectator scattering
contributions. In the obtained allowed ranges for ρS and ϕS,
i.e., ρS ∈ ½2.39; 4.02� and ϕS ∈ ½1.77; 2.25�, we calculate
the CP asymmetry parameter and the branching fraction
for the B− → K−σ decay modes using Eqs. (58)–(60).
Similarly, we can also get the corresponding results of the
B− → κπ− decay. We obtain that ACPðB− → K−σÞ ∈
½−0.34;−0.11�, BðB− → K−σÞ ∈ ½6.53; 17.52� × 10−6,
ACPðB− → κπ−Þ ∈ ½−0.18; 0.10� and BðB− → κπ−Þ ∈
½4.11; 13.46� × 10−6 when ρS and ϕS vary in their allowed
ranges, which are shown in Tables I and II, respectively.
Moreover, with the obtained values of ρS and ϕS, we can
also get the localized CP asymmetryACPðB− → K−πþπ−Þ
induced by only ½ππ� and only ½Kπ� resonances, res-
pectively, in the same region m2

K−πþ < 15 GeV2 and
0.08 < m2

πþπ− < 0.66 GeV2. Inserting Eqs. (51) and (52)
into Eq. (57) respectively, the results are ACPðB− →
½K−πþ�π− → K−πþπ−Þ ¼ 0.174� 0.025 and ACPðB−→
K−½πþπ−�→K−πþπ−Þ¼0.509�0.042. Comparing these
two results, we can see the contribution from the ½Kπ�
resonances are much smaller than that from the ½ππ�

TABLE II. Direct CP asymmetries (in units of 10−2) of resonant and nonresonant (NR) contributions to
B− → K−πþπ−. The theoretical errors corresponding to the uncertainties due to the form factors, decay constants,
Gegenbauer moments and divergence parameters.

Decay mode BABAR [68] PDG [62] This work

σK− � � � � � � [−34;−11]
ρ0K− 44� 10� 4þ5

−13 37� 10 32� 1.2
ωK− � � � −2� 4 −1� 0.1
κπ− � � � � � � [−18,10]
K�0ð892Þπ− 3.2� 5.2� 1.1þ1.2

−0.7 � � � 2.6� 1.7
K�0ð1410Þπ− � � � � � � 2.4� 2.1
K�0ð1680Þπ− � � � � � � 3.0� 2.5
K�0

2 ð1430Þπ− 5� 23� 4þ18
−7 5þ29

−24 3.5� 1.9
NR � � � 16.9� 1.3� 1.3þ1.1

−0.9 10.4� 1.2

TABLE I. Branching fractions (in units of 10−6) of resonant and nonresonant (NR) contributions to
B− → K−πþπ−. The theoretical errors corresponding to the uncertainties due to the form factors, decay constants
Gegenbauer moments and divergence parameters.

Decay mode BABAR [68] Belle [69] This work

σK− � � � � � � [6.53,17.52]
ρ0K− 3.56� 0.45� 0.43þ0.38

−0.15 3.89� 0.47� 0.29þ0.32
−0.29 2.84� 0.26

ωK− 0.09� 0.13� 0.02þ0.03
−0.04 � � � 0.072� 0.012

κπ− � � � � � � [4.11,13.46]
K�0ð892Þπ− 7.2� 0.4� 0.7þ0.3

−0.5 6.45� 0.43� 0.48þ0.25
−0.35 5.77� 0.35

K�0ð1410Þπ− � � � � � � 1.58� 1.01
K�0ð1680Þπ− � � � � � � 1.09� 0.73
K�0

2 ð1430Þπ− 1.85� 0.41� 0.28þ0.54
−0.08 � � � 1.02� 0.11

NR 9.3� 1.0� 1.2þ6.7
−0.4 � 1.2 16.9� 1.3� 1.3þ1.1

−0.9 13.35� 2.3
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resonances. This is because B− → ½K−πþ�π decays are
mediated by the b → s loop (penguin) transition without
the b → u tree component as shown in Eqs. (44) and (46)–
(50) and also because the resonance regions of ½Kπ�
channel mesons have smaller widths and are further
away from ½ππ� channel mesons (ρ, ω and σ). Therefore,
the contributions from the ½Kπ� channel resonances are
much smaller than that from ½ππ� channel resonances.
Furthermore, using Eqs. (23)–(30) and Eq. (57), we also
get that the nonresonance contribution as ACP

NRðB− →
K−πþπ−Þ ¼ 0.061� 0.0042 which is also much smaller
than that from the ½ππ� resonances in our studied region
m2

K−πþ < 15 GeV2 and 0.08 < m2
πþπ− < 0.66 GeV2. Since

both ACPðB−→ ½K−πþ�π−→K−πþπ−Þ and ACP
NRðB− →

K−πþπ−Þ are much smaller than ACPðB− → K−½πþπ−� →
K−πþπ−Þ, we can conclude that the large localized
CP asymmetry ACPðB− → K−πþπ−Þ ¼ 0.678� 0.078�
0.0323� 0.007 is mainly induced by the contributions
from the ½ππ� channel resonances.

VI. SUMMARY

In this work, within a quasi-two-body QCD factorization
approach, we study the localized integrated CP violation in
the B− → K−πþπ− decay in the region m2

K−πþ < 15 GeV2

and 0.08 < m2
πþπ− < 0.66 GeV2 by including the contri-

butions from both resonances including σð600Þ, ρ0ð770Þ
and ωð782Þ mesons from the ½ππ� channel and K�ð892Þ,
K�ð1410Þ, K�

0ð1430Þ, K�ð1680Þ and K�
2ð1430Þ mesons

from the ½Kπ� channel. By fitting the experimental
data ACPðB− → K−πþπ−Þ ¼ 0.678� 0.078� 0.0323�
0.007 in the above experimental region, ACPðB− →
K�

0ð1430Þπ−Þ ¼ 0.061� 0.032, BðB− → K�
0ð1430Þπ−Þ ¼

ð39þ6
−5Þ × 10−6 and BðB− → σð600Þπ− → π−πþπ−Þ <

4.1 × 10−6, it is found that there exist ranges of parameters
ρS and ϕS which satisfy the above experimental data. Thus,
the resonance and nonresonance contributions can indeed
induce the data for the localized CP asymmetry in the
B− → K−πþπ− decay. The allowed ranges for ϕS and ρS

are ϕS ∈ ½1.77; 2.25� and ρS ∈ ½2.39; 4.02� which is larger
than the previously conservative choice of ρ ≤ 1. In fact,
there is no reason to restrict ρ to the range ρ ≤ 1 because
the QCDF itself cannot give information and constraint
on the parameter ρ and it can only be obtained through the
experimental data. Large values of ρS reveal that the
contributions from the weak annihilation and the hard
spectator scattering processes are both large for the B− →
K−πþπ− decay. Especially, the contribution from the weak
annihilation part should not be neglected. In fact, the large
weak annihilation contributions have been observed and
predicted in experimental and theoretical studies. So the
larger values of ρS are acceptable when dealing with
the divergence problems for the B → SPðPSÞ decays.
With the obtained allowed ranges for ρS and ϕS, we predict
the CP asymmetry parameter and the branching frac-
tion for B− → K−σ. The results are ACPðB− → K−σÞ ∈
½−0.34;−0.11� and BðB− → K−σÞ ∈ ½6.53; 17.52� × 10−6

when ρS and ϕS vary in their allowed ranges, respectively.
In addition, we also calculate the localized CP asymmetry
ACPðB− → K−πþπ−Þ only considering the ½ππ�, ½Kπ�
resonances and nonresonance, respectively, in the same
regionm2

K−πþ < 15 GeV2 and 0.08 < m2
πþπ− < 0.66 GeV2.

The results are ACPðB− → ½K−πþ�π → K−πþπ−Þ ¼
0.174� 0.025, ACPðB− → K−½πþπ−� → K−πþπ−Þ ¼
0.509� 0.042 and ACP

NRðB− → K−πþπ−Þ ¼ 0.061�
0.0042, respectively. Therefore, the large localized CP
asymmetry in the B− → K−πþπ− is mainly induced by the
contributions from the ½ππ� channel resonances and the
contributions from ½Kπ� channel resonances and nonreso-
nance are very small.
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