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In this paper we present one-loop results for the renormalization of nonlocal quark bilinear
operators, containing a staple-shaped Wilson line, in both continuum and lattice regularizations. The
continuum calculations were performed in dimensional regularization, and the lattice calculations for
the Wilson/clover fermion action and for a variety of Symanzik-improved gauge actions. We extract the
strength of the one-loop linear and logarithmic divergences (including cusp divergences), which appear in
such nonlocal operators; we identify the mixing pairs which occur among some of these operators on the
lattice, and we calculate the corresponding mixing coefficients. We also provide the appropriate RI0-like
scheme, which disentangles this mixing nonperturbatively from lattice simulation data, as well as the one-
loop expressions of the conversion factors, which turn the lattice data to the MS scheme. Our results can be
immediately used for improving recent nonperturbative investigations of transverse momentum-dependent
distribution functions on the lattice. Finally, extending our perturbative study to general Wilson-line lattice
operators with n cusps, we present results for their renormalization factors, including identification
of mixing and determination of the corresponding mixing coefficients, based on our results for the staple
operators.
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I. INTRODUCTION

One of the main research directions of nuclear and
particle physics is the study of the rich internal structure
of hadrons, which are the building blocks of the visible
Universe. Quantum chromodynamics (QCD) is the theory
governing the strong interactions, which are responsible for
binding partons (quark and gluons) together into hadrons.
Despite the various theoretical models that have been
developed for the investigation of hadron structure (e.g.,
diquark spectator and chiral quark models), an ab initio
calculation is desirable to capture the full QCD dynamics.
Due to the complexity of the QCD Lagrangian, an analytic
solution is not possible, and numerical simulations (lattice
QCD) may be used as a first principle formulation to study
the properties of fundamental particles.
Distribution functions consist of a set of nonperturbative

quantities that describe hadron structure and have the

advantage of being process-independent and accessible
both experimentally and theoretically. They are expressed
in terms of variables defined in the longitudinal and
transverse directions with respect to the hadron momen-
tum. Based on this, the distribution functions may be
classified into parton distribution functions (PDFs),
generalized parton distributions (GPDs) and transverse-
momentum dependent parton distribution functions
(TMDs). Important information is still missing for all three
types of distributions: The most well-studied are PDFs,
which are single-variable functions, while the TMDs
are only very limitedly studied due to the difficulty in
extracting them experimentally and theoretically. However,
TMDs are crucial for the complete understanding of hadron
structure as they complement, together with GPDs, the
three-dimensional picture of a hadron.
Due to their light cone nature, distribution functions

cannot be computed directly on a Euclidean lattice and
typically are parametrized in terms of local operators that
give their moments. The distribution functions can thus
be recovered from an operator product expansion (OPE),
which is, however, a very difficult task: Signal-to-noise
ratio decreases with the addition of covariant derivatives in
the operators, and an unavoidable power-law mixing under
renormalization appears for higher moments. Nevertheless,
information on distribution functions (mainly PDFs and, to
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a lesser extent GPDs) from lattice QCD was obtained from
their first moments, via calculations of matrix elements of
local operators. These moments are directly related to
measurable quantities, for example, the axial charge and
quark momentum fraction.
Novel approaches for an ab initio evaluation of distri-

bution functions on the lattice have been employed in
recent years. In these approaches, nonlocal operators,
including a Wilson line, are involved. While local operators
have been used extensively in perturbative and nonpertur-
bative calculations, nonlocal operators were limitedly
studied. In particular, calculations using nonlocal operators
with Wilson lines in a variety of shapes appear in the
literature within continuum perturbation theory. Starting
from the seminal work of Mandelstam [1], Polyakov [2],
Makeenko-Migdal [3], there have been investigations of the
renormalization of Wilson loops for both smooth [4] and
nonsmooth [5] contours. Due to the presence of the Wilson
line, power-law divergences arise for cutoff regularized
theories, such as lattice QCD. It has been proven that in the
case of dimensional regularization and in the absence of
cusps and self-intersections, all divergences in Wilson
loops can be reabsorbed into a renormalization of the
coupling constant [4]. Wilson-line operators have been
studied with a number of approaches, including an aux-
iliary-field formulation [6,7], and the Mandelstam formu-
lation [8]. Particular studies of Wilson-line operators with
cusps in one and two loops, can be found in Refs. [5,9,10].
There is also related work, in the context of the heavy quark
effective theory (HQET)1 [12–15], including investigations
in three loops [16].
Computations of matrix elements using nonlocal

operators with a straight Wilson line have been revived
in lattice QCD and phenomenology mainly due to their
connection to PDFs via the quasi-PDFs approach proposed
by X. Ji [17].2 Several aspects of the properties of nonlocal
Wilson-line operators have been addressed, including the
feasibility of a calculation from lattice QCD [22–25], their
renormalizability [26–32] and appropriate renormalization
prescriptions [33–35]. The renormalization has proven to
be a challenging and delicate process in which a number
of new features emerge, as compared to the case of local
operators: There appears an additional power-law diver-
gence, and the matrix elements are nonlocal and contain an
imaginary part.
While information on physical quantities is obtained

from hadron matrix elements, calculated nonperturbatively
in numerical simulations of lattice QCD, perturbation
theory has played a crucial role in the development of a
complete renormalization prescription based on Ref. [33].

In the latter work the renormalization was addressed in
lattice perturbation theory and a finite mixing was identi-
fied among nonlocal operators of twist-2 and twist-3. The
complete mixing pattern discussed in Ref. [33] led to the
proposal of a nonperturbative RI-type scheme [34,36], also
employed in Ref. [37]. This development of the renorm-
alization of nonlocal operators has been a crucial aspect in
state-of-the-art numerical simulations, e.g., the work of
Refs. [38,39] (for a recent overview on lattice QCD
calculations see Ref. [21] and references therein).
In this work we generalize the calculation of Ref. [33] to

include nonlocal operators with a staple-shaped Wilson
line. We compute their Green’s functions to one-loop level
in perturbation theory using dimensional (DR) and lattice
(LR) regularizations. The functional form of the Green’s
functions reveals the renormalization pattern and mixing
among operators of different Dirac structure, in each
regularization. We find that these operators renormalize
multiplicatively in DR, but have finite mixing in LR.
Results for both regularizations have been combined to
extract the renormalization functions in the lattice MS
scheme. In addition, the results in DR have been used to
obtain the conversion factor between RI-type and MS
schemes. We also present an extension to operators con-
taining aWilson line of arbitrary shape on the lattice, with n
cusps. Preliminary results of the current work have been
presented in Ref. [40].
Staple-shaped nonlocal operators (see Fig. 1) are crucial

in studies of TMDs, which encode important details on the
internal structure of hadrons. In particular, they give access
to the intrinsic motion of partons with respect to the
transverse momentum, through the formalism of QCD
factorization, that can be used to link experimental data
to the three-dimensional partonic structure of hadrons. An
operator with a staple of infinite length, η → ∞, (see Fig. 1)
enters the analysis of semi-inclusive deep inelastic scatter-
ing (SIDIS) processes3 in a kinematical region where the
photon virtuality is large and the measured transverse
momentum of the produced hadron is of the order of
ΛQCD [41].

FIG. 1. Staple-shaped gauge links as used in analyses of SIDIS
and Drell-Yan processes. For notation, see Ref. [42].

1The interrelation between Wilson-line operators and HQET
currents is demonstrated in Ref. [11].

2The same operators are used in an alternative approach
(pseudo-PDFs) to extract light cone PDFs [18–20]. Earlier ideas
for accessing x-dependent PDFs are summarized in Ref. [21].

3Staple-shaped operators appear also in Drell-Yan process,
with the staple oriented in the opposite direction compared to
SIDIS.
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To date, only limited studies of TMDs exist in lattice QCD
(see, e.g., Refs. [42–45] and references therein), such as the
generalized Sivers and Boer-Mulders transverse momentum
shifts for the SIDIS and Drell-Yan cases. These studies
include staple links of finite length that is restricted by the
spatial extent of the lattice volume. To recover the desired
infinite length one checks for convergence as the length
increases, and an extrapolation to η → ∞ is applied. More
recently, the connection between nonlocal operators with
staple-shaped Wilson line and orbital angular momentum
[46,47] has been discussed. This relies on a comparison
between straight and staple-shaped Wilson lines, with the
staple-shaped path yielding the Jaffe-Manohar [48,49] def-
inition of quark orbital angular momentum and the straight
path yielding Ji’s definition [49–51]. The difference between
these two can be understood as the torque experienced by the
struck quark as a result of final state interactions [49,50].
An important aspect of calculations in lattice QCD is the

renormalization that needs to be applied on the operators
under study (unless conserved currents are used). As is
known from older studies [4,6–8,52], the renormalization
of Wilson-line operators in continuum theory (except DR)
includes a divergent term e−δmL, where δm is a dimen-
sionful quantity whose magnitude diverges linearly with
the regulator, and L is the total length of the contour. For
staple-shaped operators, L ¼ ð2jyj þ jzjÞ, where y ≶ 0 and
z ≶ 0 define the extension of the staple in the y-z plane,
chosen to be spatial. The existing lattice calculations of
staple-shaped operators assume that the lattice operators
have the same renormalization properties as the continuum
operators, in particular that there is no mixing present.
This allows one to focus on ratios between such operators
[42–45] in order to cancel multiplicative renormalization,
which is currently unknown.4 However, as we show in this
paper, this is not the case for operators where finite mixing
is present and must be taken into account.
One of the main goals of this work is to provide

important information that may impact nonperturbative
studies of TMDs and potentially lead to the development
of a nonperturbative renormalization prescription similar
to the case of quasi-PDFs discussed above. The paper is
organized in five sections including the following: In Sec. II
we provide the set of operators under study, the lattice
formulation, the renormalization prescription for nonlocal
operators that mix under renormalization and the basics of
the conversion to the MS scheme. Section III presents our
main results in dimensional and lattice regularization. This
includes both the renormalization functions and conversion
factors between the RI0 and MS schemes. An extension
of the work to include general nonlocal Wilson-line
operators with n cusps is presented in Sec. IV, while in

Sec. V we give a summary and future plans. For com-
pleteness we include two appendixes where we give the
expressions for the Green’s functions in dimensional
regularization (Appendix A) as well as the expressions
related to the renormalization of the fermion fields
(Appendix B).

II. CALCULATION SETUP

In this section we briefly introduce the setup of our
calculation, along with the notation used in the paper. We
give the definitions of the operators and the lattice actions;
we also provide the renormalization prescriptions that we
use in the presence of operator mixing.

A. Operator setup

The staple-shaped Wilson-line operators have the fol-
lowing form:

OΓ ≡ ψ̄ðxÞΓWðx; xþ yμ̂2; xþ yμ̂2 þ zμ̂1; xþ zμ̂1Þ
× ψðxþ zμ̂1Þ; ð1Þ

where W denotes a staple with side lengths jzj and jyj,
which lies in the plane specified by the directions μ̂1 and μ̂2
(see Fig. 2); it is defined by

Wðx; xþ yμ̂2; xþ yμ̂2 þ zμ̂1; xþ zμ̂1Þ
¼ Pfðeig

R
y

0
dζAμ2

ðxþζμ̂2ÞÞ · ðeig
R

z

0
dζAμ1

ðxþyμ̂2þζμ̂1ÞÞ
· ðeig

R
y

0
dζAμ2

ðxþzμ̂1þζμ̂2ÞÞ†g: ð2Þ

The symbol Γ can be one of the following Dirac matrices:
1, γ5, γμ, γ5γμ, σμν (where μ, ν ¼ 1, 2, 3, 4 and
σμν ¼ ½γμ; γν�=2). For convenience, we adopt the following
notation for each Dirac matrix: S≡ 1, P≡ γ5, Vμ ≡ γμ,
Aμ ≡ γ5γμ, Tμν ≡ σμν and the standard nomenclature for
the corresponding operators: OS∶ scalar, OP∶ pseudosca-
lar, OVμ

∶ vector, OAμ
∶ axial-vector and OTμν

∶ tensor. Of
particular interest is the study of vector, axial-vector and
tensor operators, which correspond to the three types of
TMDs: unpolarized, helicity and transversity, respectively.
The fermion and antifermion fields appearing in OΓ

can have different flavor indices. Operators with different

FIG. 2. Staple-shaped Wilson line Wðx; xþ yμ̂2; xþ yμ̂2 þ
zμ̂1; xþ zμ̂1Þ.

4The question of whether nonlocal operators with staple-
shaped Wilson lines renormalize multiplicatively was raised in
Ref. [45] after our work on straight Wilson-line operators [33].
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flavor content cannot mix among themselves; further,
for mass-independent renormalization schemes, flavor-
nonsinglet operators which differ only in their flavor
content will have the same renormalization factors and
mixing coefficients. Results for the flavor-singlet case
will be identical to those for the flavor-nonsinglet case
at one loop, but they will differ beyond one loop and
nonperturbatively; however, the setup described below
[Eqs. (7)–(12)] will be identical in both cases.

B. Lattice actions

In our lattice calculation we make use of the Wilson/
clover fermion action [53]. In standard notation it reads

SF ¼−
a3

2

X
x;f;μ

ψ̄fðxÞ½ðr− γμÞUμðxÞψfðxþaμ̂Þ

þðrþ γμÞU†
μðx−aμ̂Þψfðx−aμ̂Þ�

þa3
X
x;f

ψ̄fðxÞð4rþamf
oÞψfðxÞ

−
a3

32

X
x;f;μ;ν

cSWψ̄fðxÞσμν½QμνðxÞ−QνμðxÞ�ψfðxÞ; ð3Þ

where a is the lattice spacing and

Qμν ¼UμðxÞUνðxþaμ̂ÞU†
μðxþaν̂ÞU†

νðxÞ
þUνðxÞU†

μðxþaν̂−aμ̂ÞU†
νðx−aμ̂ÞUμðx−aμ̂Þ

þU†
μðx−aμ̂ÞU†

νðx−aμ̂−aν̂Þ
×Uμðx−aμ̂−aν̂ÞUνðx−aν̂Þ
þU†

νðx−aν̂ÞUμðx−aν̂ÞUνðxþaμ̂−aν̂ÞU†
μðxÞ: ð4Þ

Following common practice, we henceforth set the Wilson
parameter r equal to 1. The clover coefficient cSW will be
treated as a free parameter, for wider applicability of the
results.Themass term(∼mf

0)will be irrelevant inourone-loop
calculations, since we will apply mass-independent renorm-
alization schemes. The above formulation, and thus our
results, are also applicable to the twisted mass fermions
[54] in the massless case. One should, however, keep in mind
that, in going from the twisted basis to the physical basis,
operator identifications are modified (e.g., the scalar density,
under“maximal twist”, turns intoapseudoscalardensity, etc.).

For gluons, we employ a family of Symanzik improved
actions [55], of the form,

SG¼ 2

g20

�
c0
X
plaq:

ReTrf1−Uplaq:gþc1
X
rect:

ReTrf1−Urect:g

þc2
X
chair

ReTrf1−Uchairgþc3
X
paral:

ReTrf1−Uparal:g
�
;

ð5Þ

where Uplaq: is the 4-link Wilson loop and Urect:, Uchair,
Uparal: are the three possible independent 6-link Wilson
loops (see Fig. 3). The Symanzik coefficients ci satisfy the
following normalization condition:

c0 þ 8c1 þ 16c2 þ 8c3 ¼ 1: ð6Þ

For the numerical integration over loop momenta we
selected a variety of values for ci; for the sake of compact-
ness, in what follows we will present only results for some
of the most frequently used sets of values, corresponding to
c2 ¼ c3 ¼ 0, as shown in Table I.

C. Renormalization prescription

The renormalization of nonlocal operators is a nontrivial
process. As shown in our study of straight-line operators in
Ref. [33], a hidden operator mixing is present in chirality-
breaking regularizations, such as the Wilson/clover fer-
mions on the lattice. This mixing does not involve any
divergent terms; it stems from finite regularization-
dependent terms, which are not present in the MS renorm-
alization scheme, as defined in dimensional regularization
(DR). Thus, our first goal is to compute perturbatively all
renormalization functions and mixing coefficients which
arise in going from the lattice regularization (LR) to the
MS scheme. Ultimately, a nonperturbative evaluation of all

FIG. 3. The four Wilson loops of the Symanzik improved gauge actions.

TABLE I. Values of the Symanzik coefficients for selected gluon
actions. The coefficients c2 and c3 equal zero for these actions.

Gluon action c0 c1

Wilson 1 0
Tree-level Symanzik 5=3 −1=12
Iwasaki 3.648 −0.331
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these quantities is desirable; to this end, and given that the
very definition of MS is perturbative, we must devise an
appropriate, RI0-type renormalization prescription which
reflects the operator mixing. We will proceed with the
definition of the renormalization factors of operators, as
mixing matrices, in textbook fashion. We modify our
prescription in Ref. [33] to correspond to the resulting
operator-mixing pairs of the present calculation, which are
different from those found in the straight-line operators.
The reason behind this difference is explained in detail in
Sec. IV. The mixing pairs found from our calculation on
the lattice are (see Sec. III B 2): ðOP;OAμ2

Þ; ðOVi
;OTiμ2

Þ,
where i can be any of the three orthogonal directions to the
μ̂2 direction. The remaining operators do not show any
mixing, and thus their renormalization factors have the
typical 1 × 1 form [see Eq. (9)]. Taking into account all the
above, we define the renormalization factors which relate
each bare operatorOΓ with the corresponding renormalized
one via the following equations:

 
OY

P
OY

Aμ2

!
¼

0
B@ ZX;Y

P ZX;Y
ðP;Aμ2

Þ
ZX;Y
ðAμ2

;PÞ ZX;Y
Aμ2

1
CA

−1 
OP

OAμ2

!
; ð7Þ

 
OY

Vi

OY
Tiμ2

!
¼

0
B@ ZX;Y

Vi
ZX;Y
ðVi;Tiμ2

Þ

ZX;Y
ðTiμ2

;ViÞ ZX;Y
Tiμ2

1
CA

−1 
OVi

OTiμ2

!
; ði≠ μ2Þ

ð8Þ

OY
Γ ¼ðZX;Y

Γ Þ−1OΓ; Γ¼ S;Vμ2 ;Ai;Tij; ði≠ j≠ μ2 ≠ iÞ;
ð9Þ

where XðYÞ stands for the regularization (renormalization)
scheme: X ¼ DR;LR;…, and Y ¼ MS;RI0;…. As we will
see, in dimensional regularization there is no operator
mixing and thus the mixing matrices are diagonal.
As is standard practice, the calculation of the renorm-

alization factors of OΓ stems from the evaluation of
the corresponding one-particle-irreducible (1-PI) two-
point amputated Green’s functions ΛΓ ≡ hψfOΓψ̄f0 iamp.
According to the definitions of Eqs. (7)–(9), the relations
between the bare Green’s functions and the renormalized
ones are given by5

 
ΛY
P

ΛY
Aμ2

!
¼ ðZX;Y

ψf Þ1=2ðZX;Y
ψf0 Þ1=2

0
B@ ZX;Y

P ZX;Y
ðP;Aμ2

Þ

ZX;Y
ðAμ2

;PÞ ZX;Y
Aμ2

1
CA

−1 
ΛX
P

ΛX
Aμ2

!
; ð10Þ

 
ΛY
Vi

ΛY
Tiμ2

!
¼ ðZX;Y

ψf Þ1=2ðZX;Y
ψf0 Þ1=2

0
B@ ZX;Y

Vi
ZX;Y
ðVi;Tiμ2

Þ

ZX;Y
ðTiμ2

;ViÞ ZX;Y
Tiμ2

1
CA

−1 
ΛX
Vi

ΛX
Tiμ2

!
; ði ≠ μ2Þ ð11Þ

ΛY
Γ ¼ ðZX;Y

ψf Þ1=2ðZX;Y
ψf0 Þ1=2ðZX;Y

Γ Þ−1ΛX
Γ ; Γ ¼ S; Vμ2 ; Ai; Tij; ði ≠ j ≠ μ2 ≠ iÞ; ð12Þ

where ZX;Y
ψf ; Z

X;Y
ψf0 are the renormalization factors of the

external quark fields of flavors f and f0 respectively,
defined through the relation,

ψY
fðf0Þ ¼ ðZX;Y

ψfðf0Þ Þ−1=2ψfðf0Þ: ð13Þ

We note that in the case of massless quarks, the flavor
content does not affect the renormalization factors of
fermion fields or the Green’s functions of OΓ, and thus
we omit the flavor index in the sequel. We also note that
for regularizations which break chiral symmetry (such as
Wilson/clover fermions), an additive mass renormalization
is also needed, beyond one loop; however, this is irrelevant

for our one-loop calculations. The expressions of ΛΓ
depend on the coupling constant g0, whose renormalization
factor is defined through

gY ¼ μðD−4Þ=2ðZX;Y
g Þ−1g0; ð14Þ

where μ is related to the MS renormalization scale μ̄
(μ̄≡ μð4π=eγEÞ1=2, γE is Euler’s constant) and D is the
number of Euclidean spacetime dimensions (in DR:
D≡ 4 − 2ε, in LR: D ¼ 4). For our one-loop calculations,
ZX;Y
g is set to 1 (tree-level value).
There are four one-loop Feynman diagrams contributing

to ΛΓ, shown in Fig. 4. Diagrams d2 − d4 are further
divided into subdiagrams, shown in Fig. 5, depending on
the side of the staple from which gluons emanate.
In our computations we make use of two renormalization

schemes: themodifiedminimal-subtraction scheme (MS) and

5In the right-hand sides of Eqs. (10)–(12) it is, of course,
understood that the regulators must be set to their limit values.
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a variant of the modified regularization-independent scheme
(RI0). The second one is needed for the nonperturbative
evaluations of the renormalized Green’s functions ΛΓ on the
lattice, which will be converted to MS, through appropriate
conversion factors. For our perturbative lattice calculations,
the renormalization factors of OΓ in the MS scheme can be

derived by calculating Eqs. (10)–(12) for both X ¼ LR and
X ¼ DR, and demanding that their left-hand sides are X-
independent and, thus, identical in the two regularizations.
For the RI0 scheme, we extend the standard renormal-

ization conditions for the bilinear operators, consistently
with the definitions of Eqs. (10)–(12),

tr
�� ΛRI0

P

ΛRI0
Aμ2

�
ððΛtree

P Þ†ðΛtree
Aμ2

Þ† Þ
����� qν ¼ q̄ν

ð∀νÞ
¼ tr

��Λtree
P

Λtree
Aμ2

�
ððΛtree

P Þ†ðΛtree
Aμ2

Þ† Þ
�
¼ 4Nc12×2; ð15Þ

tr

�� ΛRI0
Vi

ΛRI0
Tiμ2

�
ððΛtree

Vi
Þ†ðΛtree

Tiμ2
Þ† Þ
����� qν ¼ q̄ν

ð∀νÞ
¼ tr

�� Λtree
Vi

Λtree
Tiμ2

�
ððΛtree

Vi
Þ†ðΛtree

Tiμ2
Þ† Þ
�
¼ 4Nc12×2; ði ≠ μ2Þ; ð16Þ

tr½ΛRI0
Γ ðΛtree

Γ Þ†�j qν ¼ q̄ν
ð∀νÞ

¼ tr½Λtree
Γ ðΛtree

Γ Þ†� ¼ 4Nc; Γ ¼ S; Vμ2 ; Ai; Tij; ði ≠ j ≠ μ2 ≠ iÞ; ð17Þ

where Λtree
Γ ≡ Γ expðiqμ1zÞ is the tree-level value of the

Green’s functions of OΓ, q̄ is the RI0 renormalization scale
4-vector, and Nc is the number of colors. Note that the
traces appearing in Eqs. (15)–(17) regard only Dirac and
color indices; in particular, Eqs. (15) and (16) retain their
2 × 2 matrix form, and thus they each correspond to four
conditions. We mention that an alternative definition of the

RI0 scheme can be adopted so that the renormalization
factors depend only on a minimal set of parameters,
(q̄2; q̄μ1 ; q̄μ2), rather than all the individual components
of q̄; this can be achieved by taking the average over all
allowed values of the indices i, j, in conditions (16) and
(17), whenever i, j are present. This alternative scheme is
not so useful in lattice simulations, where, besides the two

FIG. 4. Feynman diagrams contributing to the one-loop calculation of the Green’s functions of staple operatorOΓ. The straight (wavy)
lines represent fermions (gluons). The operator insertion is denoted by a filled rectangle.

FIG. 5. Subdiagrams contributing to the one-loop calculation of the Green’s functions of staple operatorOΓ. The straight (wavy) lines
represent fermions (gluons). The operator insertion is denoted by a staple-shaped line.
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special directions of the plane in which the staple lies, the
temporal direction stands out from the remaining spatial
directions; this leaves us with only one nonspecial direc-
tion, and thus this choice of normalization is not particu-
larly advantageous in this case.
The RI0 renormalization factors of fermion fields can be

derived by imposing the massless normalization condition,

tr½SRI0 ðStreeÞ−1�j q2 ¼ q̄2 ¼ tr½StreeðStreeÞ−1� ¼ 4Nc; ð18Þ

where SRI
0 ≡ hψRI0 ψ̄RI0 i is the RI0-renormalized quark

propagator and Stree ≡ ði=qÞ−1 is its tree-level value.

D. Conversion to the MS scheme

The conversion of the nonperturbative RI0-renormalized
Green’s functions ΛRI0

Γ to the MS scheme can be performed
only perturbatively, since the definition of MS is perturba-
tive in nature. The corresponding one-loop conversion
factors between the two schemes are extracted from our
calculations, and their explicit expressions are presented in
Sec. III. As a consequence of the observed operator-pair
mixing, some of the conversion factors will be 2 × 2
matrices, just as the renormalization factors of the oper-
ators. Following the definitions of Eqs. (7)–(8), they are
defined as

0
B@ CMS;RI0

P CMS;RI0
ðP;Aμ2

Þ

CMS;RI0
ðAμ2

;PÞ CMS;RI0
Aμ2

1
CA ¼

0
B@ ZX;MS

P ZX;MS
ðP;Aμ2

Þ

ZX;MS
ðAμ2

;PÞ ZX;MS
Aμ2

1
CA

−1
0
B@ ZX;RI0

P ZX;RI0
ðP;Aμ2

Þ

ZX;RI0
ðAμ2

;PÞ ZX;RI0
Aμ2

1
CA; ð19Þ

0
B@ CMS;RI0

Vi
CMS;RI0
ðVi;Tiμ2

Þ

CMS;RI0
ðTiμ2

;ViÞ CMS;RI0
Tiμ2

1
CA ¼

0
B@ ZX;MS

Vi
ZX;MS
ðVi;Tiμ2

Þ

ZX;MS
ðTiμ2

;ViÞ ZX;MS
Tiμ2

1
CA

−1
0
B@ ZX;RI0

Vi
ZX;RI0
ðVi;Tiμ2

Þ

ZX;RI0
ðTiμ2

;ViÞ ZX;RI0
Tiμ2

1
CA; ði ≠ μ2Þ; ð20Þ

CMS;RI0
Γ ¼ ðZX;MS

Γ Þ−1ðZX;RI0
Γ Þ; Γ ¼ S; Vμ2 ; Ai; Tij; ði ≠ j ≠ μ2 ≠ iÞ: ð21Þ

Being regularization independent, they can be evaluated
more easily in X ¼ DR; in this regularization there is no
operator mixing, and thus the conversion factors ofOΓ turn
out to be diagonal. We note in passing that the definition
of the MS scheme depends on the prescription used for
extending γ5 to D dimensions6; this, in particular, will affect
conversion factors for the pseudoscalar and axial-vector
operators. However, such a dependence will only appear
beyond one loop.
Given that the conversion factors are diagonal, the

Green’s functions of OΓ in the RI0 scheme can be directly
converted to the MS scheme through the following relation,
valid for all Γ:

ΛMS
Γ ¼ ðCMS;RI0

ψ Þ−1CMS;RI0
Γ ΛRI0

Γ ; ð22Þ

where CMS;RI0
ψ ≡ ðZX;MS

ψ Þ−1ZX;RI0
ψ is the conversion factor

for fermion fields.

III. CALCULATION PROCEDURE AND RESULTS

In this section we proceed with the one-loop calculation
of the renormalization factors of the staple operators in the
RI0 and MS renormalization schemes, both in dimensional
and lattice regularizations. We apply the prescription

described above, and we present our final results. We also
include the one-loop expressions for the conversion factors
between the two schemes.

A. Calculation in dimensional regularization

1. Methodology

We calculate the bare Green’s functions of the staple
operators inD Euclidean spacetime dimensions (whereD≡
4 − 2ε and ε is the regulator), in which momentum-loop
integrals are well-defined. The methodology for calculating
these integrals is briefly described in our previous work
regarding straight Wilson-line operators [35,61], and it is
summarized below: We follow the standard procedure of
introducing Feynman parameters. The momentum-loop inte-
grals depend on exponential functions of the μ1- and/or μ2-
component of the internal momentum [e.g., expðipμ1zÞ,
expðipμ1ζÞ]. The integration over the components ofmomen-
tum without an exponential dependence is performed using
standard d-dimensional formulas (e.g., [62]), followed by a
subsequent nontrivial integration over the remaining com-
ponents pμ1 and/or pμ2. The resulting expressions contain a
number of Feynman parameter integrals and/or integrals
over ζ-variables stemming from the definition ofOΓ, which
depend on modified Bessel functions of the second kind,
Kn and which do not have a closed analytic form; they are
listed in Appendix A. We expand these expressions as
Laurent series in ε, andwe keep only terms up toOðε0Þ. The

6See, e.g., Refs. [56–61] for a discussion of four relevant
prescriptions and some conversion factors among them.
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full expressions of the bare Green’s functions of OΓ are
given in Appendix A; these can be used for applying any
renormalization scheme.

2. Renormalization factors

Our one-loop results for the renormalization factors of
the staple operators in both MS and RI0 schemes are
presented below.
In the MS scheme, only the pole parts [Oð1=εÞ terms]

contribute to the renormalization factors. Diagram d1 has
no 1=ε terms, as it is finite in D ¼ 4 dimensions. Also, it
gives the same expressions with the corresponding
straight-line operators, because it involves only the zero-
gluon operator vertex. This statement is true in any
regularization. As we expected, the divergent terms arise
from the remaining diagrams d2 − d4, in which end point
[Eq. (24)], contact [Eq. (25)] and cusp divergences
[Eq. (26)] arise. We provide below the pole parts for each
subdiagram,

Λd1
Γ j1=ε ¼ Λd2ðaÞ

Γ j1=ε ¼ Λd2ðbÞ
Γ j1=ε

¼ Λd3ðbÞ
Γ j1=ε ¼ Λd3ðcÞ

Γ j1=ε ¼ Λd4ðeÞ
Γ j1=ε ¼ 0; ð23Þ

Λd2ðcÞ
Γ j1=ε ¼ Λd3ðaÞ

Γ j1=ε ¼
g2CF

16π2
Λtree
Γ

1

ε
ð1 − βÞ; ð24Þ

Λd4ðaÞ
Γ j1=ε¼Λd4ðbÞ

Γ j1=ε ¼Λd4ðcÞ
Γ j1=ε¼

g2CF

16π2
Λtree
Γ

1

ε
ð2þβÞ;

ð25Þ

Λd4ðdÞ
Γ j1=ε ¼ Λd4ðfÞ

Γ j1=ε ¼
g2CF

16π2
Λtree
Γ

1

ε
ð−βÞ; ð26Þ

where CF ¼ ðN2
c − 1Þ=ð2NcÞ and β is the gauge fixing

parameter, defined such that β ¼ 0ð1Þ corresponds to the
Feynman (Landau) gauge. It is deduced that diagrams d2, d3
give the same pole terms as in the case y ¼ 0, since
only end points affect these diagrams (no cusps). Also, the
result for the cusp divergences of angle π=2 [Eq. (26)]
agree with previous studies of nonsmooth Wilson-line oper-
ators for a general cusp angle θ [5,9,10]: it follows from these
studies that the one-loop result corresponding to each of the
diagrams d4ðdÞ and d4ðfÞ is given by −ðg2CFÞ=ð16π2εÞ×
ð2θ cot θ þ βÞ. By imposing that the MS-renormalized

Green’s functions ofOΓ are equal to the finite parts (exclude
pole terms) of the corresponding bare Green’s functions,
we derive the renormalization factors of OΓ in MS, using
Eqs. (10)–(12); the result is given below,

ZDR;MS
Γ ¼ 1þ g2CF

16π2
7

ε
þOðg4Þ; ð27Þ

where we make use of the one-loop expression for the

renormalization factor ZDR;MS
ψ , given in Appendix B

[Eq. (B1)]. Since the pole parts are multiples of the tree-
level values Λtree

Γ , the nondiagonal elements of the MS
renormalization factors, defined in Eqs. (7) and (8), are equal
to zero. The diagonal elements, shown in Eq. (27), depend
neither on the Dirac structure, nor on the lengths of the staple
segments; further, they are gauge invariant.
In the RI0 scheme, there are additional finite terms, which

contribute to the renormalization factors of OΓ [according
to the conditions of Eqs. (15)–(17)]. These terms depend on
the external momentum, and they stem from all Feynman
diagrams. They are also multiples of the tree-level values of
the Green’s functions. As a consequence, the RI0 mixing
matrices, defined in Eqs. (7) and (8), are also diagonal.
Therefore, there is no operator mixing in DR. The results

for ZDR;RI0
Γ , together with ZDR;MS

Γ [Eq. (27)], lead directly to

the conversion factors CMS;RI0
Γ through the relation,

ZDR;RI0
Γ ¼ CMS;RI0

Γ þ g2CF

16π2
7

ε
þOðg4Þ: ð28Þ

Our resulting expressions for the conversion factors are
given in the following subsection [Eqs. (29)–(33)].

3. Conversion factors

We present below our results for the conversion factors of
staple operators between the RI0 and MS schemes. Since the
renormalization factors of OΓ are diagonal in both MS and
RI0 schemes, the conversion factors will also be diagonal.
Our expressions depend on integrals of modified Bessel
functions of the second kind Kn, over one Feynman
parameter and possibly over one of the variables ζ appearing
in Eq. (2). These integrals are denoted by Pi ≡ Piðq̄2;
q̄μ1 ; zÞ, Qi ≡Qiðq̄2; q̄μ1 ; q̄μ2 ; z; yÞ and Ri ≡ Riðq̄2; q̄μ1 ; q̄μ2 ;
z; yÞ; they are defined in Eqs. (A11)–(A28) of Appendix A.

CRI0;MS
S ¼ 1þ g2CF

16π2

�
ð15 − βÞ þ 2ðβ þ 6ÞγE þ 7 log

�
μ̄2

q̄2

�
þ ðβ þ 2Þ log

�
q̄2z2

4

�
þ 4 log

�
q̄2y2

4

�
þ 4

�
2
y
z
tan−1

�
y
z

�

− log

�
1þ y2

z2

��
þ 2ðβ þ 2ÞP1 − 2β

ffiffiffiffiffi
q̄2

q
jzjP4 − 2iq̄μ1ð2Q1 − βzðP1 − P2ÞÞ þ 4q̄μ2ðR6 − R2Þ

	
þOðg4Þ

ð29Þ
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CRI0;MS
Vμ1

¼ 1þ g2CF

16π2

�
15þ 2ðβ þ 6ÞγE þ 7 log

�
μ̄2

q̄2

�
þ ðβ þ 2Þ log

�
q̄2z2

4

�
þ 4 log

�
q̄2y2

4

�
þ 4

�
2
y
z
tan−1

�
y
z

�

− log

�
1þ y2

z2

��
þ 2ðβP1 − 2P2Þ − 2

ffiffiffiffiffi
q̄2

q
jzjðβP4 − 2P5Þ −

1

2
βq̄2z2ðP1 − P2Þ þ 4q̄μ2ðR6 − R2Þ

− iq̄μ1ð4Q1 − 2zðβðP1 − P2Þ − 4P3Þ þ β
ffiffiffiffiffi
q̄2

q
zjzjðP4 − P5ÞÞ

þ q̄2μ1

�
2

jzjffiffiffiffiffi
q2

p ððβ − 2ÞP4 þ 2P5Þ þ βz2P3

�	
þOðg4Þ ð30Þ

CRI0;MS
Vν

¼ 1þ g2CF

16π2

��
15 − βÞ þ 2ðβ þ 6ÞγE þ 7 log

�
μ̄2

q̄2

�
þ ðβ þ 2Þ log

�
q̄2z2

4

�

þ 4 log

�
q̄2y2

4

�
þ 4

�
2
y
z
tan−1

�
y
z

�
− log

�
1þ y2

z2

��
þ 2ðβP1 − 2P2Þ

− β
ffiffiffiffiffi
q̄2

q
jzjP4 − 2iq̄μ1ð2Q1 − βzðP1 − P2ÞÞ þ 4q̄μ2ðR6 − R2Þ

þ q̄2ν

�
2

jzjffiffiffiffiffi
q2

p ððβ − 2ÞP4 þ 2P5Þ − βz2P3

�	
þOðg4Þ; ðν ≠ μ1Þ ð31Þ

CRI0;MS
Tμ1ν

¼ 1þ g2CF

16π2

�
15þ 2ðβ þ 6ÞγE þ 7 log

�
μ̄2

q̄2

�
þ ðβ þ 2Þ log

�
q̄2z2

4

�
þ 4 log

�
q̄2y2

4

�

þ 4

�
2
y
z
tan−1

�
y
z

�
− log

�
1þ y2

z2

��
þ 2ðβ − 2ÞP1 − β

ffiffiffiffiffi
q̄2

q
jzjP4 −

1

2
βq̄2z2ðP1 − P2Þ þ 4q̄μ2ðR6 − R2Þ

− iq̄μ1ð4Q1 − 2βzðP1 − P2Þ þ β
ffiffiffiffiffi
q̄2

q
zjzjðP4 − P5ÞÞ þ βz2ðq̄2μ1 þ q̄2νÞP3

	
þOðg4Þ; ðν ≠ μ1Þ ð32Þ

CP ¼ CS; CAμ1
¼ CVμ1

; CAν
¼ CVν

; CTρσ
¼ CTμ1ν

; ðμ1; ν; ρ; σ are all differentÞ: ð33Þ

We note that the real parts of the above expressions, as well
as the bare Green’s functions, are not analytic functions of
z (y) near z → 0 (y → 0); in particular, the limit z → 0 leads
to quadratic divergences, while the limit y → 0 leads to
logarithmic divergences. The singular limits were expected,
due to the appearance of contact terms beyond tree level.
In the case y ¼ 0, the staple operators are replaced by
straight-line operators of length jzj, the renormalization of
which is addressed in our work of Ref. [33]. In the case
z ¼ 0, the nonlocal operators are replaced by local bilinear
operators, the renormalization of which is studied, e.g., in
Refs. [59,60,63,64].
Since our results for the conversion factors will be

combined with nonperturbative data, it is useful to employ
certain values of the free parameters mostly used in simu-
lations. To this end, we set: μ̄ ¼ 2 GeV and β ¼ 1 (Landau
gauge). For theRI0 scalewe employ valueswhich are relevant
for simulations by ETMC [25], as follows: aq̄ ¼ ð2πL n1;
2π
L n2;

2π
L n3;

2π
T ðn4 þ 1

2
ÞÞ, where a is the lattice spacing,

(L3 × T) is the lattice size and ðn1; n2; n3; n4Þ is a 4-vector
defined on the lattice. A standard choice of values for ni is the
case n1 ¼ n2 ¼ n3 ≠ n4, in which the temporal component
n4 stands out from the remaining equal spatial components.
As an example we apply ðn1; n2; n3; n4Þ ¼ ð4; 4; 4; 9Þ,

L ¼ 32, T ¼ 64 and a ¼ 0.09 fm. For a better assessment
of our results, we plot in Fig. 6 the real and imaginary parts of

the quantities C̄Γ, defined through CRI0;MS
Γ ¼ 1þ g2CF

16π2
C̄Γþ

Oðg4Þ, as functions of the dimensionless variables
z=a and y=a, using the above parameter values. In the case
y ¼ 0, we use the expressions of the conversion factors for
straight-line operators, calculated in Ref. [33], while in the
case z ¼ 0, we use the one-loop expressions of the con-
version factors for local bilinear operators, written in
Refs. [60,64]. For definiteness, we choose μ1 ¼ 1 and
μ2 ¼ 2. Graphs for C̄V4

¼ C̄A4
, C̄T12

¼ C̄T13
¼ C̄T42

¼
C̄T34

and C̄T14
¼ C̄T32

are not included in Fig. 6, as their
resulting values are very close to those of C̄V2

(fractional
differences: ≲10−3).
The real parts of C̄Γ are even functions of both z=a and

y=a. In Fig. 6, one observes that, for large values of z=a,
they tend to stabilize, while for large values of y=a they
tend to increase; thus, a two-loop calculation of the
conversion factors is essential for more sufficiently con-
vergent results. Further, the dependence on the choice of Γ
becomes milder for increasing values of z=a and y=a.
Regarding the imaginary parts of C̄Γ, they are odd functions
of z=a and even functions of y=a. For large values of z=a or
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y=a, they tend to converge to a positive value. In particular,
when both z=a and y=a take large values, the imaginary
parts tend to zero. For large values of y=a and, simulta-
neously, small values of z=a, the imaginary parts of C̄Γ

demonstrate a small fluctuation around zero, which differs
for each Γ, either in form (e.g., C̄V2

and C̄S have opposite
signs for given values of z=a, y=a) or in magnitude (e.g.,
the fluctuation of C̄S is bigger and sharper than the

FIG. 6. Real (left panels) and imaginary (right panels) parts of the quantities C̄S ¼ C̄P, C̄V1
¼ C̄A1

and C̄V2
¼ C̄V3

¼ C̄A2
¼ C̄A3

,

involved in the one-loop expressions of the conversion factors: CRI0;MS
Γ ¼ 1þ g2CF

16π2
C̄Γ þOðg4Þ, as functions of z=a and y=a [for β ¼ 1,

μ̄ ¼ 2 GeV, a ¼ 0.09 fm, aq̄ ¼ ð2πL n1;
2π
L n2;

2π
L n3;

2π
T ðn4 þ 1

2
ÞÞ, L ¼ 32, T ¼ 64, ðn1; n2; n3; n4Þ ¼ ð4; 4; 4; 9Þ]. Here, we choose

μ1 ¼ 1 and μ2 ¼ 2.
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fluctuation of C̄V1
). As regards the q̄ dependence, we have

not included further graphs for the sake of conciseness;
however, testing a variety of values for the components of
aq̄, used in simulations, we find no significant difference,
especially for large values of z=a and y=a.

B. Calculation in lattice regularization

1. Methodology

At first, let us give the lattice version of the staple
operators,

Olatt:
Γ ≡ ψ̄ðxÞΓWðx; xþmaμ̂2; xþmaμ̂2 þ naμ̂1;

xþ naμ̂1Þψðxþ naμ̂1Þ; ð34Þ
Wðx;xþmaμ̂2;xþmaμ̂2þnaμ̂1;xþnaμ̂1Þ

≡
�Ym∓1

l¼0

U�μ2ðxþlaμ̂2Þ
�
·

�Yn∓1

l¼0

U�μ1ðxþmaμ̂2þlaμ̂1Þ
�

·

�Ym∓1

l¼0

U�μ2ðxþnaμ̂1þlaμ̂2Þ
�†

;

n≡z=a; m≡y=a; ð35Þ

where upper (lower) signs of the first and third parenthesis
correspond to m > 0 (m < 0) and upper (lower) signs of
the second parenthesis correspond to n > 0 (n < 0). The
calculation of the bare Green’s functions of such nonlocal
operators on the lattice is more complicated than the
corresponding calculation of local operators; the products
of gluon links lead to expressions whose summands, taken
individually, contain possible additional IR singularities
along a whole hyperplane, instead of a single point [terms
∼1=sinðpμ=2Þ or 1=sin2ðpμ=2Þ]. Also, the UV-regulator
limit, a → 0, is more delicate in this case, as the Green’s
functions depend on a through the additional combinations
z=a, y=a, besides the combination aq (where q is the
external quark momentum). Thus, we have to modify the
standard methods of evaluating Feynman diagrams on
the lattice [65], in order to apply them in the case of
nonlocal operators.
The procedure that we used for the calculation of the

bare Green’s functions of Olatt:
Γ is briefly described in our

previous work regarding straight Wilson-line operators [33],
and it is summarized below: The main task is to write the
lattice expressions, in termsof continuum integrals,which are
easier to calculate, plus lattice integrals independent of aq;
however, the latter will still have a nontrivial dependence on
z=a andy=a. To this end,weperform a series of additions and
subtractions to theoriginal integrands:we extend the standard
procedure of Kawai et al. [65], in order to isolate the possible
IR divergences stemming from the integration over the pμ

component, which appears on the integrals’ denominators
[∼1=sinðpμ=2Þ or 1=sin2ðpμ=2Þ]. To accomplish this, we

add and subtract to the original integrands the lowest order of
their Laurent expansion in pμ. Also, in order to end up with
continuum integrals, we add and subtract the continuum
counterparts of the integrands; then, the integration region
can be split up into two parts: the whole domain of the real
numbers minus the region outside the Brillouin zone. The
above operations allow us to separate the original expressions
into a sum of two parts: one part contains integrals which can
be evaluated explicitly for nonzero values of a, leading to
linear or logarithmic divergences, and a second part for which
a naive a → 0 limit can be taken, e.g.,

Z
dpfðpÞeiðz=aÞp → 0;Z

dpfðpÞsin2
�
z
a
p

�
→

1

2

Z
dpfðpÞ: ð36Þ

The numerical integrations entail a very small systematic
error, which is smaller than the last digit presented in all
results shown in the sequel.

2. Green’s functions and operator mixing

The results for the bare lattice Green’s functions
of the staple operators are presented below in terms of
the MS-renormalized Green’s functions, derived by the
corresponding calculation in DR,

ΛLR
Γ ¼ ΛMS

Γ −
g2CF

16π2
eiqμ1z · F þOðg4Þ; ð37Þ

F ¼
�
Γ
�
α1þ3.7920βþα2

jzjþ2jyj
a

þ logða2μ̄2Þð8−βÞ
�

þ sgnðyÞ½Γ;γμ2 �ðα3þα4cSWÞ
�
; ð38Þ

where αi are numerical constants which depend on the
gluon action in use; their values are given in Table II for the
Wilson, Tree-level Symanzik and Iwasaki gluon actions.7

We note that α2, α3, and α4 have the same values (up to a
sign) as the corresponding coefficients in the straight-line
operators [33].
In Eqs. (37) and (38), we observe that there is a linear

divergence [Oð1=aÞ], which depends on the length of
the staple line (jzj þ 2jyj); this was expected according to
the studies of closedWilson-loop operators in regularizations
other than DR [4]. This divergence arises from the tadpole-
like diagram d4 and in particular from the subdiagrams
d4ðaÞ, d4ðbÞ, d4ðcÞ. We note that the coefficient α2 entering
the strength of the linear divergence, is given by

7A more precise result for the numerical constant 3.7920,
which multiplies the β parameter, is 16π2P2, where P2 ¼
0.02401318111946489ð1Þ [66].
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α2 ¼ −
1

2

Z
π

−π

d3p
ð2πÞ3Dðp̄Þνν; ð39Þ

where DðpÞμν is the gluon propagator, ν̂ is the direction
parallel to each straight-line segment of theWilson line and p̄
equals the four-vectormomentumpwithpν → 0.Moreover,
additional contributions of different Dirac structures than the
original operators appear (½Γ; γμ2 � terms); these contributions
arise from the “sail” diagrams d2, d3 and in particular from
the subdiagramsd2ðcÞ,d3ðaÞ. In order to obtain on the lattice
the same results for the MS-renormalized Green’s functions
as those obtained in DR, we have to subtract such regulari-
zation dependent terms in the renormalization process.
A simple multiplicative renormalization cannot eliminate
these terms; the introduction of mixing matrices is therefore
necessary. However, for the operators with Γ ¼ S; Vμ2 ;
Ai; Tij, where i ≠ j ≠ μ2 ≠ i, the contribution ½Γ; γμ2 � is
zero, and, thus, there is no mixing for these operators. In
conclusion, there is mixing between the operators
ðOP;OAμ2

Þ; ðOVi
;OTiμ2

Þ, where i ≠ μ2, as we have men-
tioned previously. This feature must be taken into account in
the nonperturbative renormalization of TMDs.

3. Renormalization factors

The MS renormalization factors can be derived by
the requirement that the terms in Eq. (38) vanish in
the renormalized Green’s functions. Thus, through
Eqs. (10)–(12), one obtains the following results for
the diagonal and nondiagonal elements of the renormal-
ization factors:

ZLR;MS
Γ ¼ 1þg2CF

16π2

�
ðeψ1 þ1−α1Þ−α2

jzjþ2jyj
a

þeψ2 cSW

þeψ3 c
2
SW −7 logða2μ̄2Þ

�
þOðg4Þ; ð40Þ

ZLR;MS
ðP;Aμ2

Þ ¼ ZLR;MS
ðAμ2

;PÞ ¼ ZLR;MS
ðVi;Tiμ2

Þ ¼ ZLR;MS
ðTiμ2

;ViÞ

¼ g2CF

16π2
sgnðyÞð−2Þ½α3 þ α4cSW � þOðg4Þ; ð41Þ

where the coefficients eψi stem from the renormali-

zation factor of the fermion field ZLR;MS
ψ , given in

Appendix B [Eq. (B5)].
A number of observations are in order, regarding the

above one-loop results: both diagonal and nondiagonal

elements of the renormalization factors are operator inde-
pendent, just as the corresponding renormalization factors in
DR. Also, the dependence of the diagonal elements on the
clover coefficient cSW is entirely due to the renormalization
factor of fermion fields; on the contrary, the dependence of
the nondiagonal elements on cSW is derived from theGreen’s
functions of the operators, and in particular it is different for
each choice of gluon action. Consequently, tuning the clover
coefficient we can set the nondiagonal elements of the
renormalization factors to zero and, thus, suppress the
operator mixing. At one-loop level, this can be done by
choosing cSW ¼ −α3=α4. For the gluon actions given in this
paper, the values of the coefficient cSW , which lead to no
mixing at one loop, are 1.7442 forWilson action, 1.6623 for
tree-level Symanzik action and 1.5222 for Iwasaki action;
these values are the same as those, which eliminate the
mixing in the case of straight-line operators [33].
In the RI0 scheme, the renormalization factors can be

read off our expressions for the conversion factors, given in
Eqs. (29)–(33), in a rather straightforward way,

ZLR;RI0
Γ ¼CMS;RI0

Γ þg2CF

16π2

�
ðeψ1 þ1−α1Þ−α2

jzjþ2jyj
a

þeψ2 cSWþeψ3 c
2
SW −7 logða2μ̄2Þ

�
þOðg4Þ; ð42Þ

ZLR;RI0
ðP;Aμ2

Þ ¼ ZLR;RI0
ðAμ2

;PÞ ¼ ZLR;RI0
ðVi;Tiμ2

Þ ¼ ZLR;RI0
ðTiμ2

;ViÞ

¼ g2CF

16π2
sgnðyÞð−2Þ½α3 þ α4cSW � þOðg4Þ: ð43Þ

Since the conversion factors are diagonal, the one-loop
nondiagonal elements of the RI0 renormalization factors are
equal to the corresponding MS expressions.

IV. EXTENSION TO GENERAL WILSON-LINE
LATTICE OPERATORS WITH n CUSPS

The current study of staple operators, along with our
previous work on straight-line operators [33], lead us to
some interesting conclusions about nonlocal operators.
From these two cases, we can completely deduce the
renormalization coefficients of a general Wilson-line oper-
ator with n cusps, defined on the lattice; in particular, we
determine both the divergent (linear and logarithmic) and
the finite parts of multiplicative renormalizations, as well as
all mixing coefficients. We can also justify the nature of the
mixing in each case.
All the above coefficients can be deduced from the

difference between the bare Green’s functions on the lattice
and the corresponding MS-renormalized Green’s functions,

obtained in DR: ΔΛΓ ≡ ΛLR
Γ − ΛMS

Γ . Below we have
gathered our results for these differences, in the case of
both straight-line (Ref. [33]) and staple (this work) oper-
ators, presented separately for each Feynman diagram,

TABLE II. Numerical values of the coefficients α1–α4 appear-
ing in the one-loop bare lattice Green’s functions ΛLR

Γ .

Gluon action α1 α2 α3 α4

Wilson −22.5054 19.9548 7.2250 −4.1423
Tree-level Symanzik −22.0931 17.2937 6.3779 −3.8368
Iwasaki −18.2456 12.9781 4.9683 −3.2638
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Straight-line operators,

ðΛstraight
Γ ÞLRdi − ðΛstraight

Γ ÞMS
di

≡ −
g2CF

16π2
eiqμ1 z · F straight

di
þOðg4Þ; ði ¼ 1; 2; 3; 4Þ;

ð44Þ

where

F straight
d1

¼ 0; ð45Þ

F straight
d2þd3

¼ 2Γ½α5 þ 3.7920β þ ð1 − βÞ logða2μ̄2Þ�
þ sgnðzÞðΓγμ1 þ γμ1ΓÞðα3 þ α4cSWÞ; ð46Þ

F straight
d4

¼ Γ
�
α6 − 3.7920β þ ð2þ βÞ logða2μ̄2Þ þ α2

jzj
a

�
:

ð47Þ

Staple operators,

ðΛstaple
Γ ÞLRdi − ðΛstaple

Γ ÞMS
di

≡ −
g2CF

16π2
eiqμ1 z · F staple

di
þOðg4Þ; ði ¼ 1; 2; 3; 4Þ;

ð48Þ

where

F staple
d1

¼ 0; ð49Þ

F staple
d2þd3

¼ 2Γ½α5 þ 3.7920β þ ð1 − βÞ logða2μ̄2Þ�
þ sgnðyÞðΓγμ2 − γμ2ΓÞðα3 þ α4cSWÞ; ð50Þ

F staple
d4

¼ Γ
�
3½α6 − 3.7920βþ ð2þ βÞ logða2μ̄2Þ�

þ α2
jzj þ 2jyj

a
þ 2½α7 þ 3.7920β− β logða2μ̄2Þ�

	
:

ð51Þ

The coefficients αi are numerical constants, which depend
on the Symanzik coefficients of the gluon action in use;
their values for Wilson, tree-level Symanzik and Iwasaki
gluons are given in Tables II and III. Comparing the above
results for the two types of operators, we come to the
following conclusions which can be generalized to Wilson-
line lattice operators of arbitrary shape:

(i) The linear divergence [Oð1=aÞ] depends on the
Wilson line’s length.

(ii) Diagram d1 gives a finite, regulator-independent
result in all cases.

(iii) The only contribution of sail diagrams (d2 and d3) to
ΔΛΓ comes from their end points. This is because
any parts of a segment which do not include the end
points will give finite contributions to ΛLR

Γ , in which
the naïve continuum limit a → 0 can be taken,
leading to the same result as in DR and thus to a
vanishing contribution in ΔΛΓ. Consequently the
shape of the Wilson line is largely irrelevant and,
indeed, all numerical coefficients in Eq. (50)
coincide with those in Eq. (46). The only depend-
ence on the shape regards the Dirac structure of the
operator which mixes with OΓ. The mixing terms
depend on the direction of the Wilson line in the
end points. For the straight Wilson line, the direc-
tion in both end points is sgnðzÞμ̂1, which leads to
the appearance of the additional Dirac structure
sgnðzÞðΓγμ1 þ γμ1ΓÞ upon adding together sail dia-
grams d2 and d3. For the staple Wilson line, the
direction in the left end point is sgnðyÞμ̂2 and in the
right end point is −sgnðyÞμ̂2; thus, the additional
Dirac structure which appears upon adding the two
sail diagrams is sgnðyÞðΓγμ2 − γμ2ΓÞ.

The mixing pairs for each type of nonlocal
operator can be also explained (partially) by sym-
metry arguments. For straight-line operators, there is
a residual rotational (or hypercubic, on the lattice)
symmetry (including reflections) with respect to the
three transverse directions to the μ̂ direction parallel
to the Wilson line. As a consequence, operators
which transform in the same way under this residual
symmetry can mix among themselves, under re-
normalization; i.e., mixing can occur only among
the pairs of operators (OΓ, OΓγμ). This argument can
now be applied to a general Wilson line: given that
only end points contribute, mixing can occur only
with OΓγμ , where μ̂ refers to the directions of the
two end points of the line. Clearly, the subsets of
operators which finally mix depend on the commu-
tation properties between Γ and γμ. We note that, if
the fermion action in use preserves chiral symmetry,
then none of the operators will mix with each other.

(iv) The tadpole diagram (d4) for the staple operators
gives, aside from the linearly divergent terms, two
types of contributions: one corresponds to each of
the three straight-line segments [first square bracket

TABLE III. Numerical values of the coefficients α5–α7 appear-
ing in the one-loop bare lattice Green’s functions of Wilson-line
operators (straight line and staple).

Gluon action α5 α6 α7

Wilson −4.4641 −4.5258 0
Tree-level Symanzik −4.3413 −3.9303 −0.8099
Iwasaki −4.1637 −1.9053 −2.1011
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in Eq. (51)], which is identical to the corresponding
contribution from the straight Wilson line, multi-
plied by a factor of 3, and another contribution for
each of the two cusps [second square bracket in
Eq. (51)], multiplied by a factor of 2, which cannot
be obtained from the study of straight-line operators.

As a consequence of the above, it follows that the

difference ΛLR
Γ − ΛMS

Γ for a general Wilson-line operator
with n cusps (and, hence, nþ 1 segments), defined on the
lattice, can be fully extracted from the combination of our
results for the straight-line and the staple operators: the
contributions of each straight-line segment and each cusp,
appearing in the general operators, are obtained from
Eqs. (44)–(51). Therefore, without performing any new
calculations, the result for the Green’s functions of
general Wilson-line lattice operators with n cusps, is
determined below,

ðΛgeneral
Γ ÞLRdi − ðΛgeneral

Γ ÞMS
di

≡ −
g2CF

16π2
eiqμ1 z · F general

di
þOðg4Þ; ði ¼ 1; 2; 3; 4Þ;

ð52Þ

where

F general
d1

¼ 0; ð53Þ

F general
d2þd3

¼ 2Γ½α5 þ 3.7920β þ ð1 − βÞ logða2μ̄2Þ�
þ ðΓ=̂μi þ =̂μfΓÞðα3 þ α4cSWÞ; ð54Þ

F general
d4

¼ Γ
�
ðnþ 1Þα6 − 3.7920β

þ ½2ðnþ 1Þ þ β� logða2μ̄2Þ þ L
a
α2 þ nα7

	
;

ð55Þ

L is the Wilson line’s length and μ̂
i
ðμ̂

f
Þ is the direction of

the Wilson line in the initial (final) end point. In the above
relations, it is explicit that there is mixing between the
pairs of operators ðOΓ;OΓ=̂μiþ=̂μfΓ

Þ. Proceeding further with
the renormalization of these operators, we extract the
renormalization factors in the MS scheme,

ZLR;MS
Γðdiag:Þ ¼ 1þ g2CF

16π2

�
eΓ − α2

L
a
þ eψ2 cSW þ eψ3 c

2
SW

− ð2nþ 3Þ log ða2μ̄2Þ
�
þOðg4Þ; ð56Þ

ZLR;MS
Γðnondiag:=mix:Þ ¼

g2CF

16π2
ð−1Þ½α3 þ α4cSW � þOðg4Þ; ð57Þ

where eΓ ¼ ½eψ1 þ 1 − 2α5 − ðnþ 1Þα6 − nα7� and eψi are
given in Appendix B. It is worth noting that the results
in Eqs. (56) and (57) are both gauge invariant, as was
expected.

V. CONCLUSIONS AND FUTURE PLANS

In this paper, we have studied the one-loop renormal-
ization of the nonlocal staple-shaped Wilson-line quark
operators, both in dimensional regularization (DR) and on
the lattice (Wilson/clover massless fermions and Symanzik-
improved gluons). This is a follow-up calculation of
Ref. [33], in which straight-line nonlocal operators are
studied. These perturbative studies are parts of a wider
community effort for investigating the renormalization of
nonlocal operators employed in lattice computations of
parton distributions (PDFs, GPDs, TMDs) of hadronic
physics. A novel aspect of this calculation is the presence
of cusps in the Wilson line included in the definition
of the nonlocal operators under study, which results in
the appearance of additional logarithmic divergences.
Perturbative studies of such nonsmooth operators had
not been carried out previously on the lattice. As in the
case of the straight-line operators, certain pairs of these
nonlocal operators mix under renormalization, for chirality-
breaking lattice actions, such as the Wilson/clover fermion
action. The path structure of each type of nonlocal operator
(straight-line, staple, …) leads to different mixing pairs.
The results of the present study provide additional infor-
mation on the renormalization of general nonlocal oper-
ators on the lattice.
Particular novel outcomes of our calculation are
(i) The one-loop results for the amputated two-point

one-particle-irreducible (1-PI) Green’s functions of
the staple operators both in DR [Eqs. (A1)–(A10)]
and on the lattice [Eqs. (37) and (38)].

(ii) The mixing pairs of the staple operators:
ðOP;OAμ2

Þ; ðOVi
;OTiμ2

Þ; i ≠ μ2 (for notation, see
Sec. II A). We propose a minimal RI0-like con-
dition [Eqs. (15)–(17)], which disentangles this
mixing and which is appropriate for nonperturba-
tive calculations of parton-distribution functions
on the lattice.

(iii) The one-loop expressions for the renormalization
factors of the staple operators in both dimensional
and lattice regularizations, in the MS scheme
and the proposed RI0 scheme [Eqs. (27), (28),
(40)–(43)].

(iv) The one-loop conversion factors between the RI0 and
MS schemes [Eqs. (29)–(33)].

(v) An extension of our calculations to general Wilson-
line lattice operators with n cusps; we have
provided results for their renormalization factors
[Eqs. (56) and (57)].
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Our results are useful for improving the nonperturbative
investigations of transverse momentum-dependent distri-
bution functions (TMDs) on the lattice. Such an example is
the calculation of the generalized g1T worm-gear shift in the
TMD limit (jηj → ∞); this quantity involves a ratio
between the axial and vector operators. A recent study
of TMDs on the lattice [45] reveals tension between results
for g1T in the clover and domain-wall formulations. This is
not observed in other structures and is an indication of
nonmultiplicative renormalization. Our proposed RI0-type
scheme can be applied to the nonperturbative evaluation of
renormalization factors and mixing coefficients of the
unpolarized, helicity and transversity quasi-TMDs; this
is expected to fix the inconsistency between the two
calculations of g1T . Also, our one-loop conversion factors
can be used to convert the RI0 nonperturbative results to
the MS scheme. Our results for general Wilson-line lattice
operators with n cusps can be used in the nonperturbative
renormalization of more general continuum nonlocal
operators.
Comparing our results for the staple operators with the

corresponding ones for the straight-line operators, we
deduce that the strength of the linear divergences is the
same for both types of operators; the presence of cusps lead
to additional logarithmic divergences in the staple oper-
ators. Also, the observed mixing pairs among operators
with different Dirac structures depend on the direction of
Wilson line in the end points, and thus, they are different
between the two types of operators: the straight-line
operator OΓ mixes with OfΓ;γμ1g, while the staple operator
OΓ mixes with O½Γ;γμ2 � (for notation, see Sec. II A).

However, the values of the mixing coefficients are the
same in the two cases.
Further perturbative investigations of the staple oper-

ators can lead to improved and more robust results. Our
future plans include three extensions of the present
calculation:

(i) The first one is the one-loop evaluation of lattice
artifacts to all orders in the lattice spacing, for a
range of numerical values of the external quark
momentum, of the momentum renormalization
scales, and of the action parameters, which are
mostly used in simulations. Such a procedure has
been successfully employed to local operators
[67–69]. The subtraction of the unwanted contribu-
tions of the finite lattice spacing from the non-
perturbative estimates is essential in order to reduce
large cutoff effects in the renormalized Green’s
functions of the operators and to guarantee a rapid
convergence to the continuum limit.

(ii) Secondly, we intend to add stout smearing on
gluon links appearing in the definition of the staple

operators and to investigate its impact to the elimi-
nation of ultraviolet (UV) divergences and of oper-
ator mixing; modern simulations employ such
smearing techniques for more convergent results.

(iii) Thirdly, a natural continuation of the present work is
the two-loop calculation of the conversion factors
between the RI0 and MS schemes; higher-loop
corrections will eliminate large truncation effects
from the nonperturbative results. Based on our
extensive studies for systematic uncertainties on
the renormalization functions for the straight Wilson
line [34,70], we find empirically that the one-loop
conversion factor is sufficient for lattice spacing
satisfying jzj=a ≤ 7–8 and ðaμÞ2 within the interval
½2 − 4�. Outside these regions, a two-loop conver-
sion factor would be called for; clearly, however,
other systematic uncertainties will also become more
relevant (lattice artifacts, volume effects, etc).

Finally, our perturbative analysis can be also applied to
the study of further composite Wilson-line operators,
relevant to different quasidistribution functions, e.g.,
gluon quasi-PDFs, etc.

ACKNOWLEDGMENTS

M. C. acknowledges financial support by the U.S.
Department of Energy, Office of Nuclear Physics, within
the framework of the TMD Topical Collaboration, as well
as, by the National Science Foundation under Grant
No. PHY-1714407. G. S. acknowledges financial support
by the University of Cyprus, within the framework of
Ph.D. student scholarships.

APPENDIX A: GREEN’S FUNCTIONS IN
DIMENSIONAL REGULARIZATION

In this appendix, the full expressions for the one-loop
amputated Green’s functions of the staple operators Λ1-loop

Γ ,
calculated in dimensional regularization (DR), are pre-
sented in a compact form [Eqs. (A1)–(A10)]. From these
expressions it is straightforward to derive the renormalized
Green’s functions, both in the MS scheme [by removing
the Oð1=εÞ terms] and in any variant of the RI0 scheme,
as described in Sec. II C; the corresponding conversion
factors [Eqs. (19)–(21)] also follow immediately. The
functions Λ1-loop

Γ depend on integrals of modified Bessel
functions of the second kind, Kn, over Feynman para-
meters and/or over ζ-variables stemming from the defi-
nition of the staple operators. These integrals are
denoted by Pi ≡ Piðq2; qμ1 ; zÞ, Qi ≡Qiðq2; qμ1 ; qμ2 ; z; yÞ
and Ri ≡ Riðq2; qμ1 ; qμ2 ; z; yÞ; they are listed at the end of
this appendix [Eqs. (A11)–(A28)].
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Tμ1ν

�
β þ ð8 − βÞ

�
2þ 1

ε
þ log

�
μ̄2

q2

��
þ 2ðβ þ 6ÞγE þ ðβ þ 2Þ log

�
q2z2

4

�
þ 4 log

�
q2y2

4

�

þ 4

�
2
y
z
tan−1

�
y
z

�
− log

�
1þ y2

z2

��
þ 2ðβ − 2ÞP1 −

1

2
βq2z2ðP1 − P2Þ − 2iqμ1ð2ðQ1 þQ2Þ − βzðP1 − P2ÞÞ

− β
ffiffiffiffiffi
q2

q
jzjP4 þ 4qμ2ðR6 − R2 þ iðR1 − R4ÞÞ

�
þ Λtree

Tμ1μ2
½4iqνðR4 − R1 þ iðR3 − R7ÞÞ�

þ Λtree
Tμ2ν

�
4i

� ffiffiffiffiffi
q2

q
ðyQ5 þ zR8Þ þ qμ1ðR4 − R1 þ iðR3 − R7ÞÞ

��

þ Λtree
S qν

�
i

�
4ðQ2 − iQ4Þ − β

ffiffiffiffiffi
q2

q
zjzjðP4 − P5Þ

��
þ Λtree

Vμ1
=q½βqνz2P3�

þ Λtree
Vν
=q

�
−i
�
4Q2 − β

ffiffiffiffiffi
q2

q
zjzjðP4 − P5Þ

�
− βqμ1z

2P3

�
þ ϵμ1μ2νρΛ

tree
Aρ
=q½4iðR1 − R4Þ�

	
; ðν ≠ μ1; μ2Þ ðA8Þ

Λ1-loop
Tμ2ν

¼ −γ5εμ1μ2νρΛ
1-loop
Tμ1ρ

; ðν ≠ μ1; μ2Þ ðA9Þ

Λ1-loop
Tνρ

¼ −γ5εμ1μ2νρΛ
1-loop
Tμ1μ2

; ðν; ρ ≠ μ1; μ2Þ: ðA10Þ

In Eqs. (A9), (A10), εμ1μ2νρ is the Levi-Civita tensor, ε1234 ¼ 1.

List of integrals: In what follows, we use the notation: s≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2ð1 − xÞx

p
.

P1ðq2; qμ1 ; zÞ≡
Z

1

0

dxe−iqμ1xzK0ðsjzjÞ; ðA11Þ

P2ðq2; qμ1 ; zÞ≡
Z

1

0

dxe−iqμ1xzK0ðsjzjÞx; ðA12Þ

P3ðq2; qμ1 ; zÞ≡
Z

1

0

dxe−iqμ1xzK0ðsjzjÞxð1 − xÞ; ðA13Þ

P4ðq2; qμ1 ; zÞ≡
Z

1

0

dxe−iqμ1xzK1ðsjzjÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − xÞx

p
; ðA14Þ

P5ðq2; qμ1 ; zÞ≡
Z

1

0

dxe−iqμ1xzK1ðsjzjÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − xÞx

p
x; ðA15Þ
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Q1ðq2; qμ1 ; qμ2 ; z; yÞ≡
Z

1

0

dx
Z

z

0

dζe−iqμ1xζ cosðqμ2xyÞK0



s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ ζ2

q �
; ðA16Þ

Q2ðq2; qμ1 ; qμ2 ; z; yÞ≡
Z

1

0

dx
Z

z

0

dζe−iqμ1xζ cosðqμ2xyÞK0



s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ ζ2

q �
ð1 − xÞ; ðA17Þ

Q3ðq2; qμ1 ; qμ2 ; z; yÞ≡
Z

1

0

dx
Z

z

0

dζe−iqμ1xζ cosðqμ2xyÞK1



s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ ζ2

q � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − xÞxp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ ζ2

p ; ðA18Þ

Q4ðq2; qμ1 ; qμ2 ; z; yÞ≡
Z

1

0

dx
Z

z

0

dζe−iqμ1xζ sinðqμ2xyÞK0



s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ ζ2

q �
ð1 − xÞ; ðA19Þ

Q5ðq2; qμ1 ; qμ2 ; z; yÞ≡
Z

1

0

dx
Z

z

0

dζe−iqμ1xζ sinðqμ2xyÞK1



s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ ζ2

q � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − xÞxp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ ζ2

p ; ðA20Þ

R1ðq2; qμ2 ; yÞ≡
Z

1

0

dx
Z

y

0

dζ cosðqμ2xζÞK0ðsjζjÞð1 − xÞ; ðA21Þ

R2ðq2; qμ2 ; yÞ≡
Z

1

0

dx
Z

y

0

dζ sinðqμ2xζÞK0ðsjζjÞ; ðA22Þ

R3ðq2; qμ2 ; yÞ≡
Z

1

0

dx
Z

y

0

dζ sinðqμ2xζÞK0ðsjζjÞð1 − xÞ; ðA23Þ

R4ðq2; qμ1 ; qμ2 ; z; yÞ≡
Z

1

0

dx
Z

y

0

dζe−iqμ1xz cosðqμ2xζÞK0



s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ ζ2

p �
ð1 − xÞ; ðA24Þ

R5ðq2; qμ1 ; qμ2 ; z; yÞ≡
Z

1

0

dx
Z

y

0

dζe−iqμ1xz cosðqμ2xζÞK1



s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ ζ2

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − xÞxp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ ζ2

p ; ðA25Þ

R6ðq2; qμ1 ; qμ2 ; z; yÞ≡
Z

1

0

dx
Z

y

0

dζe−iqμ1xz sinðqμ2xζÞK0



s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ ζ2

p �
; ðA26Þ

R7ðq2; qμ1 ; qμ2 ; z; yÞ≡
Z

1

0

dx
Z

y

0

dζe−iqμ1xz sinðqμ2xζÞK0



s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ ζ2

p �
ð1 − xÞ; ðA27Þ

R8ðq2; qμ1 ; qμ2 ; z; yÞ≡
Z

1

0

dx
Z

y

0

dζe−iqμ1xz sinðqμ2xζÞK1



s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ ζ2

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − xÞxp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ ζ2

p : ðA28Þ

APPENDIX B: RENORMALIZATION OF FERMION FIELDS

In this Appendix, we have gathered useful expressions regarding the renormalization of fermion fields in both dimensional
(DR) and lattice (LR) regularizations, taken from, e.g., Refs. [63,71], respectively. We give the one-loop expressions for the
renormalization factors in the MS and RI0 schemes, as well as the conversion factors between the two schemes,

ZDR;MS
ψ ¼ 1þ g2CF

16π2
ðβ − 1Þ 1

ε
þOðg4Þ; ðB1Þ

ZDR;RI0
ψ ¼ 1þ g2CF

16π2
ðβ − 1Þ

�
1

ε
þ 1þ log

�
μ̄2

q̄2

��
þOðg4Þ; ðB2Þ

CRI0;MS
ψ ¼ ZDR;RI0

ψ

ZDR;MS
ψ

¼ ZLR;RI0
ψ

ZLR;MS
ψ

¼ 1þ g2CF

16π2
ðβ − 1Þ

�
1þ log

�
μ̄2

q̄2

��
þOðg4Þ; ðB3Þ
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ZLR;RI0
ψ ¼ 1þ g2CF

16π2
½eψ1 þ 4.7920β þ eψ2 cSW þ eψ3 c

2
SW þ ð1 − βÞ log ða2q̄2Þ� þOðg4Þ; ðB4Þ

ZLR;MS
ψ ¼ ZLR;RI0

ψ

CRI0;MS
ψ

¼ 1þ g2CF

16π2
½ðeψ1 þ 1Þ þ 3.7920β þ eψ2 cSW þ eψ3 c

2
SW þ ð1 − βÞ log ða2μ̄2Þ� þOðg4Þ: ðB5Þ

The numerical constants eψi depend on the gluon action in use; their values for Wilson, tree-level Symanzik and Iwasaki
improved gluon actions are given in Table IV.
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