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We discuss the effective field theory description of bound states composed of a heavy baryon and
antibaryon. This framework is a variation of the ones already developed for heavy meson-antimeson states
to describe the X(3872) or the Z,. and Z, resonances. We consider the case of heavy baryons for which the
light quark pair is in S-wave and we explore how heavy quark spin symmetry constrains the heavy baryon-
antibaryon potential. The one pion exchange potential mediates the low energy dynamics of this system.
We determine the relative importance of pion exchanges, in particular the tensor force. We find that in
general pion exchanges are probably nonperturbative for the EQEQ, E*QEQ, and E*QE*Q systems, while for
the E’QE’Q, E"QE’Q, and E*QE*Q cases they are perturbative. If we assume that the contact-range couplings of
the effective field theory are saturated by the exchange of vector mesons, we can estimate for which
quantum numbers it is more probable to find a heavy baryonium state. The most probable candidates to
form bound states are the isoscalar AQI_\Q, ZQiQ, Z*QEQ, and E*Qi’é and the isovector AQE‘.Q and AQE’(}

systems, both in the hidden charm and hidden bottom sectors. Their doubly charmed and doubly bottom

counterparts (ApAg, AQE(*)
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I. INTRODUCTION

Heavy hadron molecules—bound states composed of
heavy hadrons—are a type of exotic hadron. The theoreti-
cal basis for their existence is robust: in analogy with the
nuclear forces that bind the nucleons, heavy hadrons can
exchange light mesons, generating exchange forces that
might be strong enough to bind them [1-5]. The discovery
of the X(3872) more than a decade ago [6] probably
provides the most paradigmatic candidate for a molecular
state. The X(3872) turns out not to be alone: a series of
similarly puzzling hidden charm (hidden bottom) states that
do not fit in the charmonium (bottomonium) spectrum have
been found in different experiments since then. They are
usually referred to as XYZ states and a few are particularly
good candidates for molecular states. In the hidden charm
sector we have the Z,(3900) and Z.(4020) [7,8], which are
suspected to be DD*, D*D* molecules [9,10], and the
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, Z(Q*)E(Q*>) are also good candidates for binding.

P.(4380)" and P.(4450)" pentaquark states [11], which
might contain DX}, D*Y., D*X}, and even DA,(2590)
molecular components [12-18]. In the hidden bottom
sector we have the Z,(10610) and Z,(10650) [19,20],
which might be BB*, B*B* molecules [21,22]. If we
consider the open charm sector, the D (2317) and
Dy, (2460) mesons [23,24] were discovered before the
X(3872) and have been theorized to have a large
DK/D*K molecular component [25-28].

We expect molecular states to be relatively narrow for
states happening above the open charm threshold. For the
moment the masses of the experimentally discovered states
have reached the heavy meson-meson and heavy meson-
baryon threshold (3.7 and 4.1/4.3 GeV for DD and
A.D/Z.D, respectively), but barely the heavy baryon-
baryon threshold (4.5, 4.7, and 4.9 GeV for A A, A 2.,
and XX, respectively). A narrow resonance near the heavy
baryon-baryon threshold would be an excellent candidate
for a heavy baryon-antibaryon bound state. Though these
states have not been found yet, it is fairly straightforward to
extend the available descriptions of heavy meson-antimeson
molecules to them and explore the relevant dynamics
behind these states. In a few instances it might be possible
to predict the location of heavy baryonium states, with the
A.(2590)%, systems being an illustrative example [29].
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Heavy hadron-antihadron molecules are among the most
interesting theoretical objects of hadronic physics. Owing
to their heavy-light quark content, they are simultaneously
subjected to isospin, SU(3)-flavor, chiral and heavy quark
symmetry, a high degree of symmetry that can translate into
a fairly regular spectrum [10,21,30-35]. This spectrum will
not be fully realized in nature: unless these states are
shallow they will be a mixture of molecule, charmonium
and other exotic components. Yet these potential regular-
ities in the molecular spectrum can be successfully
exploited to uncover the nature of a few of the XYZ states.
The most clear example probably is the Z.’s and Z,’s
resonances, which seem to be related by different realiza-
tions of heavy quark symmetry [10].

Heavy hadron molecules possess another interesting
quality: they show a separation of scales. On the one hand
we have the size of the hadrons, which is of the order of
0.5 fm, while on the other we have the size of the bound
state, which should be bigger than the individual hadrons
within it. As a consequence heavy hadron molecules are
amenable to an effective field theory (EFT) treatment,
where all quantities can be expressed as an expansion of a
light over a heavy energy scale. EFT descriptions of heavy
hadron molecules have been exploited successfully in the
past specifically in systems composed of heavy mesons
and antimesons [31,36-38]. In this manuscript we extend
the heavy hadron EFT formulated in Ref. [32] and put to
use in Refs. [10,33,34] in the case of the heavy baryon-
antibaryon molecules. As commented, these types of
molecules might very well be discovered in the next
few years. The purpose of this work is to explore the
symmetry constraints and the kind of EFT that is to be
expected in these systems, rather than to make concrete
predictions of the possible location of these states. Yet we
will speculate a bit about this later issue on the basis of the
relative strength of the long-range pion exchange and the
saturation of the EFT low energy constants by o, p, @ and
¢ meson exchange.

The manuscript is structured as follows. In Sec. II we
make a brief introduction to the EFT formalism. In Sec. III
we present the leading order EFT potential for heavy
baryon-antibaryon states, which consists of a series of
contact four-baryon vertices plus the time-honored one
pion exchange potential. In Sec. IV we explore the question
of whether pions are perturbative or not for this type of
hadron molecule. In Sec. V we discuss the possible power
countings to describe molecular states. In Sec. VI we
speculate about which heavy baryon-antibaryon molecules
might be more probable. Finally in Sec. VII we present our
conclusions. In Appendix A we present the complete
derivation of the one pion exchange potential, in
Appendix B we briefly explain the one eta and one kaon
exchange potential, and in Appendix C we derive the heavy
quark symmetry constraints for the four-baryon contact
vertices.

II. EFFECTIVE FIELD THEORY FOR HEAVY
BARYON MOLECULES

EFTs are generic and systematic descriptions of low
energy processes. They can be applied to physical systems
in which there is a distinct separation of scales, but where
the underlying high energy theory for that system is
unknown or unsolvable. Hadronic molecules are a good
candidate for the EFT treatment: the separation among the
hadrons forming a hadronic molecule is expected to be larger
than the size of the hadrons. When the hadrons are close to
each other they overlap and the ensuing description in terms
of quantum chromodynamics (QCD) is unsolvable. But this
is not the case when the hadrons are far away, in which case
their interactions can be described in terms of well-known
physics such as pion exchanges. In the following we will
present a brief introduction to the application of the EFT
framework to heavy baryon-antibaryon systems.

A. The effective field theory expansion

EFTs rely on the existence of a separation of scales,
where a distinction is made between low and high energy
physics and their respective characteristic momentum
scales My and My,4, Which are sometimes called the
soft (or light) and hard (or heavy) scales. The separation of
scales can be used to express physical quantities at low
energies as expansions in terms of the small parameter
M oo/ Mparq- If we consider a system of heavy baryons for
concreteness, there are two possible EFT expansions
depending on which type of low energy symmetry we
are considering:

(1) heavy quark spin symmetry (HQSS) and

(i1) chiral symmetry.

For HQSS the soft and hard scales are Agep ~ 200 MeV
and the mass of the heavy quark mg, which is either m, ~
1.5 GeV or m;, ~ 4.5 GeV. For chiral symmetry we call the
soft and hard scales Q and M, where if there are no baryons
we have Q ~m, ~ g~ 100-200 MeV (with m, the pion
mass and g the momenta of the pions) and M ~ 2zf, ~
1 GeV. If there are baryons, Q includes the soft momenta
of the baryons, while practical calculations in the two-
baryon sector suggest a more conservative value of M ~
0.5-1.0 GeV for the hard scale. We advance that the scale Q
can contain more than the pion mass and the momenta of the
pions and baryons, as we will discuss in Sec. II B.

Heavy baryons are nonrelativistic at the soft scales of
either of the two previous symmetries. This implies that
their interactions can be described in terms of an effective
potential Vggr, which admits the double expansion

o Aqep \# [ O\
VErT = Vi) <—Q ) <_> ) (1)
; mo ) \M

where the indexes y and v indicate the order in the heavy
quark and chiral expansion, respectively, with gy > 0 and
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v > —1 (this second point will be explained in Sec. II B).
The HQSS expansion converges remarkably faster than the
chiral expansion, owing to the sizes of the soft and hard
scales involved in each of these expansions. For this reason
from now on we will work in the m; — oo limit and ignore
any HQSS breaking effect. With this in mind, the expansion
of the EFT potential simplifies to

Ymax v Q ’/max+1

v=u

which converges for O < M and where we have simplified
the notation with respect to Eq. (1). The expansion begins
at v = 1y > —1 and we truncate it at v = v,,,,, where the
truncation error gives the uncertainty of a calculation. The
lowest order v = v, is referred to as the leading order (LO).
For a two-heavy-baryon system, the scale Q includes the
external momenta of the hadrons, the pion mass, and the
binding momentum of a potential bound state if there is
any. The rules by which we decide the order of each
contribution are called “power counting.”

The degrees of freedom of the EFT we are constructing
are the heavy baryons and the pion fields [or the pseudo
Nambu-Goldstone boson fields if we consider SU(3) chiral
symmetry]. This choice of light degrees of freedom actually
implies that the EFT potential can be decomposed into two
different contributions,

Verr = Ve + Vi, (3)

where V- and V are the contact-range and finite-range
potentials. While V- only involves direct interactions
between the heavy baryon fields (thus its contact-range
nature), V involves the exchange of pions and has a finite
range determined by the inverse of the mass of the pion. We
can expand V¢ and V according to power counting

Vmax (y) Q Vmax+ 1
Vo= =
= S vero(g)T W
v=,(C)
Ymax (I/) Q Vinax 1
V= V. +0|= , 5
o= 3 v (2) (5)

where the power counting of V- and V can differ: we
introduce v4(C) and vy (F) to indicate that the expansion
may begin at different orders.

For concreteness we will temporarily consider that
(chiral) power counting is given by naive dimensional
analysis (NDA). We warn that NDA is incompatible with
the existence of bound states, but we will address this
problem later. Within NDA the power counting of a
contribution to the potential is determined by the powers
of the heavy baryon momenta, pion momenta, and pion
masses included in a particular contribution. In NDA the

order of the LO contribution to the potential is v = 0. For
the contact-range potential, this LO contribution is a
momentum- and energy-independent interaction,

- 0) -
7V |p) = O, (6)

with C(©) a coupling, which will depend on the quantum
numbers of the two-body system under consideration and
will involve spin and isospin operators. The LO piece of the
finite-range potential is given by one pion exchange (OPE),
which we write (again schematically) as
- - - - d|-qd-
VIR = FOLLEEEE )

with 7, and 1, the isospin operators and @, and @, the spin
operators of the heavy baryons. The couplings C(©) and F(©)
have dimensions of [energy]~2, which means that in NDA
their size is given by

(8)

for which we have taken into account that the only scale
from which we can construct the couplings is M (otherwise
the counting of the LO potential will change and we will
not be talking about NDA).

Other possible contributions to V- and V appear at
higher order in the EFT expansion. The subleading terms in
V are derivative contact-range interactions; i.e., they
involve positive powers of the external heavy baryon
momenta. The subleading terms in V include multipion
exchanges, by which it is meant irreducible diagrams
involving the exchange of two or more pions. Here it is
important to notice that iterations of the OPE potential
indeed involve the exchange of two or more pions, but
these diagrams are not irreducible: reducible multipion
exchanges (iterated OPE) will be lower order than irre-
ducible multipion exchanges.

We will not consider the subleading terms in this work:
subleading interactions, in particular the contact-range
ones, involve new free parameters which require additional
data to be determined. These additional data are not
expected to be experimentally available in the near future.

B. Bound states and power counting

Power counting is not unique. NDA is simply the most
obvious choice for building a power counting, but not the
only one. In particular, the existence of bound states
requires modifications to the power counting [39-42], as
we will illustrate below. Bound states are solutions of a

'"Modulo numerical factors, which for nonrelativistic scattering
will be multiples of 47. As we are focusing on the scaling only,
we do not include these factors explicitly.
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dynamical equation, such as Schrodinger or Lippmann-
Schwinger, and require nonperturbative physics. We can
see this from the Lippmann-Schwinger equation as applied
to bound states,

[¥5) = GoV[¥5), ©)

where |¥p) is the bound state wave function and G, =
1/(E—H,) the resolvent operator, with H, the free
Hamiltonian. When G, appears in loops it is counted as Q:

Pl
————~u0, 10
/(WE_% w0 (10)

where u refers to the reduced mass. Generating a bound
state requires the iteration of the potential, which in terms
of power counting is only consistent if

O(V) = O(VGyV) = O(VGyVGyV) = ..., (11)

from which V ~ Q7! is required. To explain why the
potential is counted this way we have to revisit the
estimations of the size of the couplings C© and F(©
contained in Eq. (8). If any of these two couplings contains
a light scale

1
) Sl p— (12)

(D)
¢ MQ MQ’

and/or

the LO potential will be promoted from Q° to Q7',
allowing for the existence of bound states.” The light
momentum scale that appears in C(~!) can be identified
with the inverse scattering length of the two-body system
[39-42], while the light scale in F =1 is related with the
strength of the OPE potential [45]. We stress that it is
enough to promote one of the two couplings C(*) and F(©)
from Q° to Q~!, where for a more detailed discussion we
refer to Sec. V.

C. Coupled channels

Now we consider the power counting of coupled channel
effects. Heavy baryons can come in HQSS multiplets
which are degenerate in the heavy quark limit, e.g., the
2. and the X7 in the charm sector or the %, and the X in the
bottom sector. If we take the . and the X} heavy baryons
as an example, the two-heavy-baryon system can have
transitions of the type £ .2, — X X%, X X, — X:¥% etc. In
EFT, these transitions have a characteristic momentum
scale,

*We mention in passing that the promotion can also be
understood in terms of the anomalous dimension of the coupling
Cy, i.e., of its scaling with respect to the cutoff [43,44].

Acc = /2plcc. (13)

with y the reduced mass of the system and A the energy
difference of the transition. Coupled channel effects can be
argued to be suppressed by a factor of

(hee) w

with Acc the coupled channel scale. For the £ 2. family
of systems, we have that Acc = 400/564 MeV depending
on the transition, while for the X,%, case we have
Acc = 350/495 MeV. This scale is softer than M, but
not much softer: we can effectively ignore the coupled
channels at the price of reducing the range of applicability
of the EFT.

That is, there are two choices for constructing the EFT in
this case: (i) consider the coupled channel effects to be
subleading (at the price of reducing the convergence radius
of the EFT) or (ii) include them at leading order. Here we
will opt for the first option, owing to its simplicity. Be that
as it may, most of the results of this manuscript can be
easily extended to the coupled channel case.

D. Kaon/eta exchanges and SU(3) symmetry

If we want to preserve SU(3) flavor symmetry, the
exchange of kaons and eta mesons should be treated on
equal footing as the exchange of pions, at least in principle.
But the masses of the kaon and the eta meson are of the
order of 0.5 GeV, which is comparable to the hard scale M.
We have two choices: (i) ignore kaon and eta exchanges or
(ii) include them explicitly.

In the first option, the contributions from kaon and eta
exchange are implicitly included in the contact-range
potential. There is a disadvantage, though: the contact-
range potential breaks SU(3)-flavor symmetry in this case.
We expect the size of this breaking to be parametrically
small for heavy baryon-baryon and heavy baryon-anti-
baryon systems of the type Zy2g, ZpZg, EpEp, EpE).
etc., i.e., systems containing only one species of baryon.
Besides the pion, this type of system only exchanges eta
mesons, where their coupling to the heavy baryons is
considerably weaker than that of the pions. Regarding the
kaons, they are relevant for heavy baryon-baryon systems
that involve different species: EQE’Q, E’QQQ, etc. But if we
consider instead a heavy baryon-antibaryon system, the
exchange of a single kaon implies a transition between two-
baryon states with different thresholds, which involves
coupled channel effects. For example in the E.%, — Q .
transition mediated by the exchange of a kaon/antikaon, the
energy gap is Acc = 240 MeV and the coupled channel
scale is Acc = 790 MeV, which is certainly hard.

For these reasons we expect the exchange of kaon and
eta mesons to have a small impact on the description of
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heavy baryon-antibaryon systems in general. This suggests
that ignoring explicit kaon and eta exchange, which
amounts to including them implicitly in the contact-range
couplings, is not likely to generate a sizable breakdown of
SU(3) flavor in the contact-range potential. The implicit
inclusion of eta and kaon effects in the contact-range
couplings will change their values from the ones expected
from exact SU(3)-flavor symmetry, but this change will
probably be numerically smaller than the usual 20%
uncertainty associated with SU(3)-flavor symmetry rela-
tions. This point is supported by an analysis of the strength
of the eta and kaon exchanges in Appendix B, where we
also present the kaon and eta exchange potentials in case
one wants to include them explicitly in the EFT.

III. THE LEADING ORDER POTENTIAL

In this section we write down the heavy baryon-anti-
baryon potential at LO within the EFT expansion. This
potential can contain a contact- and a finite-range piece,

0 0 0
Vi = Ve + Vi, (15)

where we are assuming NDA for the purpose of fixing the
notation and simplifying the discussion. If there are bound
states, the actual power counting of the heavy baryon-
antibaryon system will differ from NDA; see Sec. Il B. But
we will address this problem later in Secs. IV and V.

The LO contact-range potential is a momentum- and
energy-independent potential in momentum space (or a
Dirac delta in coordinate space). The LO finite-range
potential is the OPE potential.” For the contact-range
component, we cannot determine if it is perturbative or
not a priori without resorting to experimental or phenom-
enological input. For the finite-range components, i.e., the
pion exchanges, the situation is different and we can, in
fact, determine if they are perturbative; see Sec. IV. The
discussion about the possible power countings that arise
depending on which pieces of the EFT potential are
perturbative and nonperturbative will be presented later
in Sec. V.

This section is organized as follows. We begin by
explaining the details of how the heavy baryons are
organized in superfields that are well behaved according
to HQSS in Sec. IIT A. Next we will consider the C- and G-
parity properties of the heavy baryon-antibaryon system in
Sec. III B. After this, we will first introduce the general
form of the contact-range potential and the constraints
imposed on it by heavy quark spin symmetry, SU(2)-
isospin, and SU(3)-flavor symmetry in Sec. III C. Last, we
will present the general form of the OPE potential and its
partial wave projection in Sec. III D. Owing to the scope of

3Regarding the exchange of the other SU(3) Nambu-
Goldstone bosons, we refer to the discussion in Sec. II D.

the discussion, the notation will be complex. We overview
the most used notation in this section in Table I.

A. The heavy baryon superfields

Heavy baryons have the structure

10(q9)). (16)

where Q is the heavy quark and gq the light quark pair,
which is in S-wave. The light quarks can couple their spin

TABLE I. List of the most used symbols in Sec. III.
Symbol Meaning
Bx Antitriplet heavy baryon field
By Sextet heavy baryon field, ground state (J = %)
B Sextet heavy baryon field, excited state (J = %)
M5 Antitriplet heavy baryon mass
Mg Sextet heavy baryon mass, ground state (J = %)
M Sextet heavy baryon mass, excited state (J = %)
T Antitriplet heavy baryon superfield
S Sextet heavy baryon superfield
C (i) C-parity

(ii) Coupling of the momentum- and

energy-independent contact interaction
G G-parity
A<SM> Antitriplet-antitriplet (A), antitriplet-sextet (B),
L

and sextet-sextet (C) contact interactions
M refers to the SU(3)-flavor representation,
Sy, to total light quark spin, and
CéM) D and E to whether it is a direct or
- exchange term

M M
BS'h By

Generic isospin operator for vertex i = 1, 2
of the two-body potential

1, Isospin-0 to isospin-1 transition matrices

7 Isospin-} Pauli matrices

T Isospin-1 matrices

a; Generic spin operator for vertex i = 1, 2
of the two-body potential

o; Spin-1 Pauli matrices

§l_’ §l+ Spin-% to spin-% transition matrices

i‘ Spin-% angular momentum matrices

Ci Spin-spin operator (d; - a,)

Sis Tensor operator (3d; - Pd, - F — dy - d,)

25+1L Spectroscopic notation for partial waves
with S the spin,

L the orbital angular momentum, and J the total

angular momentum

Cp, Matrix elements of the spin-spin operator in the
partial wave basis

S, Matrix elements of the tensor operator in the

partial wave basis
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to S, = 0, 1. If the light spin is S, = 0, we have a J* = %
heavy baryon:

B3 = |Q(QQ)SL:0>- (17)

This type of heavy baryon belongs to the 3 representation
of the SU(3) flavor group. If the light spin is S; = 1, we

have instead a J* =1 or a J* = 3" baryon,
Bg = |Q(QQ)SL=1>|J:1/2’ (18)
Bg = |Q(QQ)SL:1>|J=3/2’ (19)

which belong to the 6 representation of SU(3).
If the heavy quark within the heavy baryons is a charm
quark, Q = c, the flavor components of the B3 field are

By = | -&f |, (20)

where we follow the convention of Cho [46]. For the Bg
field, the flavor components are

Tt %zj \/%Ej’
B, — Lz-&- 30 1 =0/ 21
o= | BEOTOLE L
1=+ 150 0
\/'HL \/'h‘ Qc

For the B baryons we have exactly the same components
as for Bg, but with a star to indicate that they are spin-3/2
baryons. Depending on the case, it can be practical to
simply consider the SU(2)-isospin structure rather than the
complete SU(3)-flavor one.

The fields B3, Bg, and B can be organized into the
superfields 7" and S, which have good transformation proper-
ties under the rotation of the heavy quark. For nonrelativistic
heavy baryons we write the superfields as [46]

-1 -

S =——0B¢ + B, 22
\/g 6 6 ( )

where the letters 7" and S stands for (anti-)triplet and sextet.

The definition of the nonrelativistic superfield 7 is redundant

(it acts merely as a second name for B3), but we include it for

completeness. Notice that we have written the spin-3/2

heavy baryon field as a vector: B;. The reason is that this is a
Rarita-Schwinger field, where the spin-3/2 nature of this
field is taken into account by coupling a spatial vector with a
Dirac spinor and then projecting to the spin-3/2 channel with

T = B;,

the condition & - B6 0. Under rotations of the heavy quark
spin, the superfields behave as

T — ¥, S > . (23)

For a more complete account of the heavy baryon fields and
superfields, we refer to Appendix A.

B. C- and G-parity

We are considering heavy baryon-antibaryon states. If a
state is electrically neutral and does not have strangeness,
then C-parity will be a well-defined quantum number. If the
heavy baryon and antibaryon have identical S; and J, i.e
if they have the structure

|B3B3), |BsBs), |B3Bg). (24)
then the C-parity of the system is
C = (-1, (25)

with L and S the orbital angular momentum and spin.4
Examples of this type of heavy baryon-antibaryon system
are AFA7, X020, and TiTXi

If the light quark spin S; and spin-parity J© of the heavy
baryon and antibaryon are not identical, we first have to
choose a C-parity convention, for instance,

C|Bs) = +|B3), (26)
C|Bg) = +|B). (27)
C|Bg) = —|Bg), (28)

where there is a relative minus sign for the C-parity
transformation of the spin—% fields with respect to the
spin-% fields. With this convention we define the states

|B5Bg(n)) = 7—”3 3B6) + 1| B6B3)], (29)
|B3Bg(n)) = 75 [|B3B5) + n|BgB3). (30)
BoBi(n) = 5 [BB) + BB (D
where n# = %1, for which the C-parity is
C=n(=1)F, (32)

where L () is the total orbital angular momentum (spin) of
the heavy baryon-antibaryon pair.5 Examples of this type of
molecule include A} X, E0E0, and ZF 5.

“This comes from multiplying the intrinsic C-parity of a
fermion-antifermion system with the symmetry factors of
exchanging the particles, i.e., C = (1) x (=D)F x (= 1)S+1

>The C-parity is the product of the intrinsic C-parity and
the symmetry factor of exchanging the particles, which now
includes a contribution from 7, i.e., C = (+#) x (=1) x (=1)f x
(=1)S*! for B3Bg and C = (—5) x (—=1) x (=1)f x (=1)5 for
B;B;/BB;.
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For a heavy baryon-antibaryon state that is not electri-
cally neutral but has no strangeness and belongs to the same
SU(2) isospin representation as a neutral state, C-parity is
not a well-defined quantum number but there exists an
extension that includes isospin. This extension is G-parity
[47], which can be defined as follows:

G = Ce™2, (33)

that is, a C-parity transformation combined with a rotation
in isospin space.6 For an electrically charged state, the G-
parity is well defined and its eigenvalues are

G =C(-1), (34)

where [ is the isospin of the electrically charged state
and C is the C-parity of the electrically neutral component
of the isospin multiplet. For example, if we consider
>F+30 its isospin is / =2 and the neutral component
of its isospin multiplet is a linear combination of
$050 3%~ and X7 the G-parity of 20 is then
G=(-1)C= (-1t

C. The contact-range potential

The LO contact-range potential takes the generic form

(P IV¥p) = C, (35)

with C a coupling constant and where p (p’) is the center-
of-mass momentum of the incoming (outgoing) heavy
baryon-antibaryon pair. In principle, there should be one
independent coupling C for each J*¢ quantum number and
type of heavy baryon-antibaryon molecule. But the contact-
range potential is constrained by HQSS and SU(3)-flavor
symmetry, which greatly reduces the number of possible
couplings. We first consider the HQSS structure of the
contact-range potential and then the SU(3) flavor one.

1. HQSS structure

The application of HQSS to the heavy baryon-antibaryon
system implies that the contact-range coupling does not
depend on the heavy quark spin, only on the light quark
spin. This means that the coupling C can be decomposed in
terms of light quark components,

C=) dsCs,. (36)

®Notice that the G-parity transformation is sometimes defined
as G = Ce™""I> with a minus sign. For particles with integer
isospin, this is equivalent to the definition with a plus sign,
G = Ce™"2, For particles with half-integer isospin, each of
these conventions generates antiparticle states that differ by a
sign. This has no observable consequence, as it amounts to a
global redefinition of the amplitudes by a phase.

where §; is the total light quark spin of the heavy baryon-
antibaryon system. The dg, ’s are coefficients that depend
on the heavy and light quark decomposition of the specific
heavy baryon-antibaryon molecule; see Appendix C for
details.

The contact-range couplings of the T7, ST, and
SS molecules are independent and we will use a
different notation for each case: A, B, and C respec-
tively. For the TT system we write the contact-range
potential as

(TT\V|TT) = Ay, (37)

where we are already taking into account that the total
light quark spin is always S; =0 (we also ignore the
coefficient because there is actually no decomposition).
For the ST system we write

(STIVY|ST) = dipBp, (38)

(STIVO|TS) = d\ B,y (39)

where the total light spin is always S; = 1, but where
we have to make the distinction between a diagonal and
nondiagonal potential. For the SS system we have

where the total light spin is S, =0, 1, 2. We list the
contact-range potential for heavy baryon-antibaryon
molecules with well-defined C-parity in Table II, which
also applies by extension to the molecules with well-
defined G-parity.

If the molecules do not have well-defined C- or G-parity
(i.e., molecules with strangeness), the form of the contact-
range potential depends on the particular case. For the
family of molecules

|B3B3).  [BsBs). |BgBg) (41)
(e.g., AZE,., X.E., X:E!), the contact-range couplings
are exactly as shown in Table II for the case in which
C-parity is well defined. For the molecules involving
different types of heavy hadrons, the contact-range poten-
tials are defined in coupled channels. If we consider the
bases

B, = {|B3Bs). |BeB3)}. (42)
B, = {|B3B;). |B;Bs)}. (43)
Bs = {|BsBg). |B¢Bs)} (44)
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TABLE II. HQSS decomposition of the contact-range cou-
plings for heavy baryon-antibaryon molecules with well-defined
C-parity. A, B, and C refer to the couplings of the 7T, ST, and S
systems, respectively, with the subscript indicating the light quark
spin decomposition. For the cases where C-parity is not well
defined, we refer to the explanations in the main text.

System JPjre Ve (HQSS)
B;3B; 0~ Ao

Bng 1— AO

B3Bg U Bip — Big
B3B; U Bip + Big
33B6 1= Bip —%Bua
B3Bg 1= Bip +%BlE
B3B; 1= Bip + 1Bk
BEBZ 1= Bip —%Bua
B3B; 27F Bip — Big
B:}BZ 2__ BlD + BIE
B6BG 0_+ %Co =+ %Cl
BBy 1 5#:Co+5C +2C,
BgB;, 1= C,

ByB; 1= 80,4+ 5C, +5C,
BgB; 27t 16 +3G,
BB, 27" C,

B3, 0t te+ic
B;B; 1= Ve, +5c+46,
BB 2-F 1C, 416
BB 3 C,

we end up with the following contact-range potentials:

_ Bip —-Bip
V(0= (—BIE Bip ) )
_ BlD %BIE
v = (0 ) e
3P1E 1D
B -1iB
VBZ(1_>:< llD 3 1E>’ (47)
—3Bie Bip
_ Bip —-Big
Va(2) = <—31E Bip > )

16Cy+33C,+5C,  16C,—21C,+5C,
_ 54 54
17) = 4
ng ( ) 16C,—21C,+5C,  16Cy+33C,+5C, |’ ( 9)
54

54

ley+2c
VB}(Z_): <6 1 6 -2

lc, -1c
61762
1 | ) (50)
§C1—5C2

1CI+260

Examples of bases 1, 2, and 3 are the E.X, —E.A,,
E.X: —EiA,, and ELX; — BXX. systems.

2. SU3)-flavor structure

Besides HQSS, heavy baryon-antibaryon systems also
have SU(3)-flavor symmetry. In SU(3) flavor, the 7 and S
heavy baryons belong to the antitriplet and sextet repre-
sentation (3 and 6), respectively. For the TT, the HQSS
coupling is further divided into the SU(3)-flavor represen-
tations3 ®3 =16 8, a singlet and an octet. That is, there
are two independent SU(3)-flavor contact interactions

Ay > {A)), AP} (51)
For the ST case, we have 6 ® 3 = 8 @ 10:
Bip — {Bip.Bip}. (52)
B — {Bging(lg))}- (53)
Finally for the SS case we have 6 ® 6 = 1 @ 8 @ 27:

Cs, ~ {C3). €5 5}, (54)
The decomposition for a specific molecule can be found in
Table III, which has been obtained from the SU(3) Clebsch-
Gordan coefficients for the 3® 3, 6 ® 3, and 6 ® 6 of
Ref. [48]. Notice that we are not explicitly considering the
SU(2)-isospin structure as it is a subgroup of SU(3) flavor.

TABLE III. SU(3)-flavor decomposition of the contact-range
couplings depending on the type heavy baryon-antibaryon
molecule. Notice that the HQSS structure of the couplings is
independent of the SU(3) one, which is why we do not show the
light spin indices for the couplings. For the S heavy baryons we
show the decomposition for the lightest member of the HQSS
multiplet only.

System Type Isospin Ve

A, TT 0 LA 1 240)
E.E, TT 0 240 4 14@®)
E.E, TT 1 A®)

ACH ST 0 B®

ACH ST 1 1B® 4 2p010)
A, ST 1 2B®) 4 1p10)
Q.Q, s§ 0 Lo 4 8c®) 4 3 cen
ELE S8 0 Le 4 Le® 4 3cen
.z, S8 0 e 42¢® 4 L@
ELE s§ 1 1) 4 4c@)
Tz, SS 1 i) 4 1c@)
=2, SS 2 c@n
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FIG. 1. Diagrams for OPE potential between two heavy

hadrons. On the left we show the T'S potential and on the right
the SS potential, where 7' (S) is the heavy baryon with light spin
S =05, =D.

Finally, we remind the reader that the SU(3)-flavor
structure of the contact-range potential can be broken if
the finite-range potential is not SU(3)-flavor symmetric.
Whether this happens depends on two factors. The first is
the particular power counting we are using and the order we
are considering within the EFT expansion, e.g., if the
contact-range interaction is leading, but the exchange of
pions, kaons, and etas is subleading, the violations of SU(3)-
flavor symmetry if we ignore kaon and eta exchanges will be
subleading. The second factor is that kaon and eta exchanges
are parametrically small, as was explained in Sec. II D, and a
more detailed derivation can be found in Appendix B.

D. The one pion exchange potential

The OPE potential in momentum space reads

(T TV T4 Th) =0, (55)
< o) (v y g+ - d1-Gdr-§
(T18,|V IS’lT'z>——R1R22f211 [ e (56)
= d; - qdy-§
S5,V |818,) = —R\ R, 22T, - I, T2 4 (57
< 1 2| | > 22](% 1142 q2+”]2r ( )

where we have chosen the specific notation above to cover
all the possible combinations. The subscripts 1 and 2 are
used to denote the vertices 1 and 2 in the diagrams of Fig. 1.
In the equation above, R, and R, are numerical factors
which depend on the transition we are considering; see
Table IV (the bar indicates an antibaryon to antibaryon
transition). I, and 1, are isospin matrices, while @, and d,
spin matrices. For the couplings we have that g, is the axial
coupling for the §; =1 heavy baryon, g; the coupling
involved in 7T — Sz transitions, and f, the pion decay
constant. u, is the effective pion mass for the vertices
involved in the particular channel considered. Finally we
notice that OPE vanishes for the 77 molecules, which can

TABLE IV. Numerical, isospin, and spin factors associated
with each vertex in the (ST|V|TS) and (SS|V|SS) heavy baryon-
antibaryon potential. The arrows are used to indicate the final
baryon state in the vertex. The symbols 7; and i- represent the
Pauli matrices (in isospin space) and the isospin / = 1 matrices,
respectively, while ¢; is a special isospin matrix for connecting the
isoscalar A, with the isovector X. and the pion. The symbols &;
and fli are the Pauli matrices and the spin S = 3/2 matrices, while

§i is a 2 x 4 matrix that is used for the transitions involving a
spin-1/2 and spin-3/2 baryon. Notice that this table can also be
used to compute the heavy baryon-baryon potential.

Vertex R; R; I; a;
A, > 2, \/% _ % f; o;
Ao = X8 V2 V2 ti ST
"7 5w 1= e
B, - & \/% _\/% 37T o
—_ % 1 = =>4
e 7 Se \/i \/E 37Ti SJ
2 2 2 s

z“c - 2c 3 -3 Ti o;
DI I L 1 T. q.
c c \/§ ﬁ Tz Sl
DI 3 1 1 T ot
C \ég \/52 Tl Si
% - % Z -2 7 >
3 3 i i

=/ / 2 2 1= -
Se ™ S 3 3 2% G
A=) 1 L 17, S
e v ) - -
=N~ 1 1 1z ki
Se T e 73 /3 27Ti S;
= 3 -3 QT,‘ Zi

be described solely in terms of contact interactions at
lowest order.

Regarding the isospin structure of the OPE potential, we
have that 71 and 72 are the isospin matrices corresponding
to vertex 1 and 2. If we have a heavy baryon with i 1sosp1n
1/2 at vertex i, we can simply make the substitution I
where 7 are the Pauli matrices. If the heavy baryon at Vertex
i has isospin 1, we use the J =1 angular momentum
matrices in isospin space, for which we use the notation T,»;
i.e., we make the substitution I ;= f",». The exact isospin
factor for each type of vertex can be found in Table IV.

Regarding the spin structure, we note that the spin
operators a; and a, depend on which is the initial and
final spin of the heavy baryons at vertex 1 and 2. If the
initial and final heavy baryons at vertex 1(2) have spin 1/2,
we have 4, = 6, (4, = 6,). If the initial and final heavy
baryons at vertex 1 (2) have spin 3/2, we have 4, = fl
(@, = iz), where £ are the § = 3 /2 spin matrices. If the
initial and final heavy baryons at vertex 1 (2) switch from
then @, =S,
(d, = §2), where S are special 2 x 4 spin matrices that
describe the transition from a different initial to final spin
(see their definition in Appendix A). As with isospin, the

spin 1/2 to spin 3/2 (or vice versa),
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exact spin matrix to use in each type of vertex can be
checked in Table IV.

Regarding the axial couplings g, and g3, we notice that
the value of g; can be extracted from the 7T — Afz™
decay measured by Belle in Ref. [49], yielding g5 =
0.973100)3 [50] (notice that the previous reference
originally uses the convention of Yan et al. [51] to define
the axial couplings, instead of the one by Cho [46,52] that
we employ here, and we have consequently adapted the
numbers of Ref. [50] to our convention). In contrast, g, is
experimentally unavailable, but on the basis of quark model

relations one can estimate it to be g, = —v/2g; = —1.38.
If we consider the values of g, and g3 from the lattice
QCD calculation of Ref. [53], we obtain instead ¢, =
—0.84 +0.20 and g3 = 0.71 £ 0.13, where it is important
to mention that they are calculated in the m, = oo limit
(notice again that our convention for g, differs from the
definition used in Ref. [53] by a sign, which has been taken
into account). Had we applied the quark model relations to
the lattice QCD value of g;, we would have obtained
g» = —1.00, which is considerably larger than the lattice
QCD determination but yet within its error bar.

For the effective pion mass, we have that if the particles
in the vertex 1 and 2 have the same mass, then u, = m,. On
the other hand if they have different masses (e.g., S; = B,
S| = B’) and the mass splitting is given by A, then we have
that u2 = m2 — A? (a relation that assumes heavy, non-
relativistic baryons).

Finally we notice that we can also compute the heavy
baryon-baryon potential by making the change

R1R2 - R1R2 (58)

in Egs. (56) and (57) and checking the proper values in
Table IV.

The most explicit way to construct the potential for one
particular channel is to make use of Table IV, where all the
factors are listed. For instance if we are considering the
ErY,. — ELX potential, we can see that it contains a = —
Z/ transition in vertex 1 and a £, — X transition in vertex
2.If we use Table IV we find R, = 1/+/3,1, =7,/2,d, =
S, for vertex 1 and R, = 1/v/3, I, =T}, @, = S} for
vertex 2. Putting the pieces together, the potential reads

_ 1B 7-T,8-G5-G
327 2 ¢ Hu;

. (59)

where p2=m2—A?, with A~ (m(E}) —m(EL)) ~ (m(Z}) —
m(Z.))~70MeV and y, ~ 120 MeV. The other cases can
be obtained analogously.

1. The OPE potential in coordinate space

If we Fourier-transform the potential into coordinate
space we obtain

(T\ 8,V (7)|S,Th)

2
= —R\R,], ‘126973201253(7) + R\RyI, - L[CWe(r)
+ S (F)Wr(r)], (60)

(5152 Vy (7)1, 35)

R
= —R|Ry[, ‘126—;2C1253(") + RiRy 1, - L [CuWe(r)

ra

+ Sip(F)Wr(r)], (61)

where C;, and S}, are the spin-spin and tensor operators,
defined as

C]z = C_il . 52, (62)
Su(?) - 3(1_)1 . ?(_1)2 . ?' - Eil . 672. (63)

The OPE potential contains a Dirac-delta contribution
which can be reabsorbed into the contact-range potential
if one wishes to. The spin-spin and tensor pieces of the
potential W and Wy can be written as

_ Gy e
T 24nf pur

s ehe" 3 3
GiHz €
Wy =2 1+—+——=, 65
U 24nf2 por < +u,,r+(u,,r)2) (65)

(64)

where g; = ¢, or g3 depending on the case and u, is the
effective pion mass for the channel under consideration.
The spin-spin piece of the OPE potential is often referred to
as “central” OPE, a naming convention that often appears
in nuclear physics for historical reasons and which per-
meates the notation W and Wy. Central is used in
opposition to tensor to convey the idea that the central
piece carries no orbital angular momentum (while the
tensor piece carries two units of orbital angular momen-
tum). The term “central OPE” is indeed convenient and we
will use it in what follows (instead of the more accurate
spin-spin OPE). We notice that the OPE potential also
contains a contact-range contribution, which is mostly
harmless: it can be reabsorbed into the EFT contact-range
contribution to the potential by a redefinition of the
couplings. Hence it can be simply ignored.

2. Partial wave projection of the OPE potential

We consider now the projection of the coordinate space
potential into the partial wave basis. For that we work with
baryon-antibaryon states with well-defined total angular
momentum and parity J”. If the total strangeness of the
baryon-antibaryon state is zero, we will consider states with
well-defined C-parity (for neutral systems) or G-parity (if
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the system is not electrically neutral). Also, we will only
consider states that contain an S-wave, as they are the more
likely to form a bound state. If we use the spectroscopic
notation 25!, to denote the partial waves, we have the
following combinations:

1BoBs(07)) = {'So} (66)
[BoBs(17)) = {35,.°Dy }, (67)
|BoB5(17)) = {%51.°D1.°D, }, (68)
|BoB4(27)) = {°D1.%5,.°D2.°Ga}, (69)
|BsB5(07)) = {"So.°Do} (70)
|BsBe(17)) = {°81,°Dy1, "Dy, Gy}, (71)
|B5B4(27)) = {'D2.°8,.°D,,%G}, (72)

|BgB;(37)) = {°D3.3G3.785.'D;3.7Gy. I3}, (73)

with B, = Bj or Bg. The calculation of the matrix elements
is in general straightforward, where we refer to Appendix A
for the details. The result of these calculations is that the
C,, and S|,(7) operators can be expressed as matrices,
which we denote with the C;, and S, notation. With this in
mind for r > 0 we write the OPE potential as

VI(JO)(’”) = RRy1, '72[C12WC(V) +SuWr(r)],  (74)

where the dimension of the matrices is set by the number of
partial waves. The explicit matrices that apply in each case
can be found in Appendix A, where it is also explained how
they are calculated.

IV. HOW TO COUNT THE ONE PION
EXCHANGE POTENTIAL

The LO EFT heavy baryon-antibaryon potential can in
principle contain a contact- and a finite-range piece, where
the latter is the well-known OPE potential. While there is
no a priori way to determine if the contact-range potential
is perturbative, this is not the case for the OPE potential
where there exists a series of theoretical developments to
evaluate its strength. In this section we will check how these
ideas apply to the central and tensor pieces of the OPE
potential. Before starting the discussion it is important
to stress that we make a very explicit distinction
between iterated OPE (or reducible multipion exchange)
and irreducible multipion exchanges. The former is merely
the outcome of iterating the EFT potential within the
Schrodinger or Lippmann-Schwinger equations while the
latter is a genuine contribution to the EFT potential, though
a subleading one: the lowest order two pion exchange

irreducible diagrams enter at order Q7 in the chiral
expansion.

A. The central potential

The perturbative nature of the central piece of OPE can
be determined from the comparison of tree-level versus
once-iterated central OPE, i.e., V and VG,V in operator
form. This type of comparison was made in Ref. [54] in the
context of nucleon-nucleon scattering.7 Here we are merely
adapting it to the particular case of the heavy baryon-
antibaryon system. The ratio of iterated vs tree-level OPE
can be expressed as a ratio of scales,

(plVGoVlp) _ QO (75)

(plVIp) Ac’

where Q is a light scale (either the external momentum p or
the pion mass m,) and A, is a scale that characterizes
central OPE. The evaluation of this ratio at p = 0 leaves the
pion mass as the only light scale left, in which case we
obtain the following value for the central scale:

1 24nf2

= s 76
€ lot| u|R Ryl g7 76)

with p the reduced mass of the system, o and 7 the
evaluation of the spin and isospin operators corresponding
to the particular case under consideration and where R; and
R, can be found in Table IV. For the charm and bottom
sectors the values are, respectively,

1060 MeV
A = = 77
(@=9) = RRlE )
450 MeV
A =bh)=——, 78
= R Rl 7

which depend on the value of the couplings g, and gs.

The discussion about the values of the axial couplings,
and in particular g,, is important because it can change the
value of A by a large factor. For the T'S and SS molecules,
the value of A, in the charm sector is

112017,0° MeV

AB(Q=¢)~ _ 79
C (Q C) |O'THR1R2| ( )

. 560 — 1500) MeV
AS(Q=c)~ ( =
Q=) RR]

, (80)

where A‘és can change almost by a factor of 3 owing to the
uncertainty of g, (notice that instead of a number with an

"Recently a more sophisticated method for determining the
perturbativeness of OPE has been developed in Ref. [55] for
peripheral waves with L > 1. Unfortunately it has not been
extended yet to S-waves.
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TABLE V. The central scale A (in units of MeV) for a few
selected heavy baryon-antibaryon molecules. For momenta above
this scale, p > A, the central force becomes nonperturbative.
The scale A is inversely proportional to o7, reaching its
minimum for the channels with the lowest total spin and isospin
and growing quickly for other configurations. The selection
includes the heavy baryon-antibaryon states for which

Ac < 0.5 GeV, most of which are of the Zg)ig> type. In
addition we include the Eg/ *)Eg/ *) molecule for which the
central force is strongest and the antitriplet-sextet molecules.
The uncertainty in the antitriplet-sextet case comes from the axial
coupling, which is taken to be g3 = 0.973700,0 in the charm
sector [50] and g3 = 0.71 & 0.13 in the bottom one [53]. For the
sextet-sextet case in the charm sector, the axial coupling is not
well determined and we take it in the range |g,| ~ 0.84-1.38,
while in the bottom sector we have g, = —0.84 + 0.20 [53]. For
comparison, in the deuteron channel of the two-nucleon system,

the central scale is Ac ~ 590 MeV.

Channel I Sign Ac Channel [ Sign A
EE(07F) 0 F 7200 E,E,(07F) 0 F 5807%)
AZ(07%) T £ 580139 AS,07F) 1+ 450729
BLEL(07F) 0 — 530-1420 EE(07F) 0 — 620739
£E(077) 0 —  210-560 x,5,(07F) 0 — 240710
55/ (1) 0 - 580-1560 5;;;,,(1*) 0 - 680550
TE.(17F) 00— 230-610 XE,(17) 0 — 260110
5 (177) 0 — 280750 x:E,(177) 0 — 320129
5E(277) 0+ 280750 xE,(27) O+ 320029
E:EN07F) 0 —  410-1100 E;E;(07F) 0 — 490130
LE07) 00— 160-440 XTH(07F) 0 — 1907140
LE(177) 00— 220-590 XE(17T) 0 — 26070
TE3) 0+ 270-740 x;E(377) 0+ 320770

error, we have simply indicated a range of possible values).
In the bottom sector it is instead more advisable to use the
lattice QCD determination for g, and g3, leading to

< 9001340 MeV
ATS — b ~ —260 _ , 81

SO v e

s 660130 MeV

SS _ ~
AC (Q - b) |O'THR1R2| (82)

The previous values have to be combined with the
|oz||R\R,| factor. The maximum value of this factor
happens for the channels with lowest spin and isospin.
In Table V we list the scale A. for a few representative
heavy baryon-antibaryon molecules. In general Ac ~
0.5 GeV (if not harder) in most cases, which means that
we expect central OPE to be perturbative. The exceptions
are the isoscalar 0~ %, and 0=, 17~ Z*Qi’é molecules,
at least in the bottom sector. In the charm sector the scale

A varies considerably as a consequence of the uncertainty
of the axial coupling g,. In particular if the absolute value of
the axial coupling |g,| is on the high end, i.e., the value
g» = —1.38 deduced from the quark model, central
OPE will be important for certain molecules in the hidden
charm sector. In the bottom sector the situation is more
clear: central OPE will be nonperturbative for the afore-
mentioned 2%, and X%, molecules. Finally for having
a comparison with a well-known state, we mention that
the central scale for OPE in the two-nucleon system
is Ac ~ 590 MeV.

B. The tensor potential

The tensor piece of the OPE potential requires a more
involved analysis. A direct comparison of V and VG,V is
not possible. The reason is that the iteration of the tensor
piece of OPE diverges; see, for instance, Refs. [32,55] for
a detailed explanation. Thus we must resort to a method
that does not involve the direct evaluation of the iterated
tensor OPE.

The type of power-law behavior of the tensor OPE
potential is analogous to the behavior of a few physical
systems studied in atomic physics. The potential between
two dipoles is of the 1/7° type, just like the tensor force.
The failure of standard perturbation theory for these
systems is well known in atomic physics, where alternative
techniques have been developed to deal with this type of
potential. The work of Cavagnero [56] explains that the
divergences of perturbation theory in these types of systems
is similar to the role of secular perturbations in classical
mechanics, i.e., a type of perturbation that is small at short
timescales but ends up diverging at large timescales. The
solution is to redefine (or, loosely speaking, renormalize®)
some quantity in order to obtain a finite result again. For the
perturbative series of the 1/ potentials, the quantity we
renormalize is the angular momentum. The zeroth order
term in the perturbative expansion of the wave function
is now

Jy(ka;)(kr)

0
¥ (r; k) = N

(83)

Jiz1ya(kr)

instead of the standard NG where J,(z) refers to the

Bessel function of order v. In the expression above, v is the
renormalized angular momentum, which happens to be a
function of the momentum k and a length scale a5 that is
related to the strength of the potential (it will be defined
later). The secular series is built not only by adding higher
order terms but also by making v(x) depend on k = kas. If

¥We simply adopt the terminology in use in the field of atomic
physics for these redefinitions in secular perturbation theory,
though it does not exactly correspond with the standard meaning
of renormalization.
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we switch off the potential and take ka; = 0, we have
v(0) = [+ 1 and we recover the free wave function. For
small enough values of k we expect v(k) to be expansible in
powers of x, i.e., to be perturbative. By reexpanding the
secular series and the renormalized angular momentum we
can recover the original perturbative series. However, the
interesting feature of the series above is that we can
determine the values of x for which v(k) is analytic.
When v(x) is not analytic, it does not admit a power series
in k anymore. This in turn means that there is no way to
rearrange the secular series into the standard perturbative
series, leading to its failure.

For the 1/7* potential, which is equivalent to the tensor
force for distances m,r < 1, the secular series has been
studied in detail by Gao [57] for the uncoupled channel
case. Birse [45] extended the previous techniques for the
coupled channel case and particularized them for the
nucleon-nucleon system. In a previous publication by
one of the authors [32], the analysis of Birse was applied
to the heavy meson-antimeson system. In this work we
extend it to the heavy baryon-antibaryon system.

We will consider the tensor force in the limit m, — 0, for
which the OPE potential can be written as

a
2uV(r) = r—gs i (84)

where the potential is a matrix in the coupled channel space
and S; is the tensor operator (in matrix form, as written in
Sec. III D), with j referring to the total angular momentum.
We have that y is the reduced mass of the heavy baryon-
antibaryon system and a; is the length scale that determines
the strength of the tensor piece of the potential. The
potential in this limit is amenable to the secular perturbative
series developed in Refs. [32,45,57]. The corrections
stemming from the finite value of m, were considered in
Ref. [32] and will be discussed later on in this section.

C. The renormalized angular momentum

Now we explain how the secular perturbation theory
looks like and most importantly, how to calculate the
renormalized angular momenta v. We begin by writing
the reduced Schrodinger equation in coupled channels (the
uncoupled channel can be found in Ref. [32]) for the
particular case of a pure 1/7° potential,

a; L3
_u;cl,j + |:S]r§+r2j:| uk’j(r) = kzukyj(r), (85)

where we are considering N angular momentum channels.
Notice that we have taken the chiral limit m, — 0, which
means that only the tensor piece of the OPE potential
survives; see Eq. (84). In the equation above, S; is the
tensor operator matrix, while L; is a diagonal matrix

representing the angular momentum operator L*:

L2 = diag(ly(, + 1), ... Iy(Iy + 1)) (86)

The reduced wave function u k.j 1s an N x N matrix, where
column j represents a solution that behaves as a free wave
with angular momentum /; when we take a3 — 0. The
solution of the Schrodinger equation is a linear combina-
tion of the functions € and #:

wi(r) = o & (1K) + B, (k)] (87)
{1}

where we sum over the possible values of the angular
momenta and with € and 57 N-component vectors that can be
written as sums of Bessel functions:

8,0 = 3 bulu)Widp, (k). (85)

m=—00

w (k) = > (b W, (k). (59)

m=—oo

where the v; s are functions of k = kas, i.e., v;, = v; (k).
The v;’s are the renormalized angular momenta that we
previously introduced in Eq. (83). In turn the expansion of
the reduced wave functions & and # in Egs. (88) and (89) is
simply the extension of Eq. (83) to arbitrary orders.” We
have N different solutions for € and # that we have labeled
with the subscript /; to indicate that for k = 0 they behave
as a free wave of angular momentum /;. The recursive
relation from which one can compute bm(ulj) can be found
in Ref. [45] but is of no concern if we are only interested in
the v, ’s. For x = 0, only the bm(v,j) coefficient for m = 0
survives.

The renormalized angular momenta v, = v, (k) (with
k = kas) can be calculated as follows. First we define the
following N x N matrix:

K2
Fi(v.x) =£;(0) = —[R, () =R, (=)}, (90)

which depends on two other matrices, f;(v) and R(v);
f;(v) is a diagonal matrix defined as

f(v) 1\? 1\?
INSNpT 2_ - 2_ -
5 _dlag<u <11+2> w7 <1N+2> > (91)

while R (v) is given by the recursive relation

R, () = [f,(n+) - SR, (S, (92)

*We note that Eq. (83) is written in terms of the standard wave
function, while Eqgs. (88) and (89) use the reduced wave function
instead.
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which can be accurately solved with between 20 and 30
iterations [45] (that is, one takes Ry = O for large enough
N, e.g., 20-30, and solves the recursion relation back-
wards). Once we have the matrix F;, we obtain ;. = v, (k)
by finding the zeros of

det (F;(v,x)) = 0. (93)

This equation admits N solutions, one for each value of the
angular momentum. For x = 0 these solutions behave as

1

v, (k =
with i =1,...,N. As « increases v, (k) moves slowly
downwards. Once we reach v, = [; at the critical value
K = K., we have that v;, splits into the complex conjugate
solutions v, (k) = I; & ip, (x). This is a nonanalyticity
which marks the point above which v, (x) cannot be
expressed as a perturbative series. This in turn defines
K., the critical value of x for which there is a v, () that
becomes nonanalytic in k. Usually the first v, to split is the
one that corresponds to the smallest angular momentum
and also the one that determines the breakdown of the
perturbative series.

For computing the critical momenta we need first the
matrix elements of the tensor operator in the channel under
consideration. For the B3B3, BgBg, and BjB; molecules
this is trivial: first we take the tensor force matrix S ;, which
can be found in Eq. (138) and Egs. (A147)-(A150) of
Appendix A, and then we plug this matrix into Eq. (92),
from which finally we solve Eq. (93) to obtain «,.. For the
B3Bg molecules the procedure is the same, with the tensor
force matrices defined in Eqs. (A167) and (A168). The
BB, molecules are the most complicated because they
contain both a direct and exchange tensor operators, which
mediate the BgB; — B¢B; and BgB; — BB, potential,
respectively. In addition the effective pion masses are
different for the direct and exchange tensor operators.
Here we ignore this effect: in the present calculation we
are making the approximation that HQSS is exact and
therefore there is no mass splitting between the B and By
heavy baryons. However, the length scale aj is different for
the direct and exchange operators, i.e.,

af op . 95 ox

It happens that both scales are proportional to each other,

a¥, (96)

3
E_ _°

as can be checked by inspecting the coupled-channel form
of the potential in Eq. (A106) from Appendix A. Thus in

TABLE VI. Reduced critical momenta k. for the different S-
wave heavy baryon-antibaryon systems B’B.
Channel K.
B3B4(07)/BgB(07)
B3Bs(17)/BsBs(17) 0.6835
B3B;(17) 1.412
B3B;(27) 1.934
BeBi(17T) 0.8533
BeB;(177) 0.7264
B6B (271) 0.5784
Bi(277) 0.6998
B Bg(O ) 0.6378
B;B;(177) 0.6674
BB;(27T) 0.6833
B;B;(377) 0.5922

the BeB;, system we will be computing the critical values of
the matrix

3

D. Critical momenta

The critical k.. values for which the convergence criterion
fails are listed in Table VI for the different possible heavy
baryon-antibaryon states that contain an S-wave. The
previous values have been obtained under the assumption
that the effective pion mass can be taken to be zero. The
effect of finite pion mass was considered in Ref. [32],
where it was found that it increases the range of momenta
where the tensor part of OPE is perturbative by the
following factor,

Ke(myg) = ket Meke, (98)

where R, is the radius below which we do not expect the
OPE potential to be valid. The value of this radius is rather
ambiguous. In Ref. [32] the estimation R, = 0.5-0.8 fm
was proposed, yielding

Kk.(my) =~ 1.5k,. (99)

Higher values might be more appropriate indeed, but here
we will stick to this value.

To obtain the critical momenta we multiply .(m,) by
the relation k., = k.(m,) is the tensor length
scale. If we match the m,r — 0 limit of the OPE potential
to the 1/r° form we have used to derive k., we find that

2

5 | MY
= |R|R . 100
|as| = R, 27\4][72[ (100)
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TABLE VIL

The tensor scale Ay (in units of MeV) for a series of heavy baryon-antibaryon molecules. For momenta above this scale,

p > Arp, the tensor force becomes nonperturbative. The tensor scale depends on the pion mass: A7(0) and Ay (m,;) represent the value in
the chiral limit and physical pion mass, respectively. The values of Ay are shown for the antitriplet-sextet and sextet-sextet molecules. In

the latter case we concentrate on the isoscalar 28) i(Q*>
of Ay is twice that of the isoscalar case). For the E<Q/ *)E(Q/ *)

molecules, for which pion exchanges are stronger (for the isovector case, the value

molecules we only show the channel in which the tensor force is strongest.

For comparison purposes, in the deuteron channel of the two-nucleon system the tensor scale is Ar(0) = 66 MeV and

Ar(m;) =99 MeV, respectively.

Channel I A7(0) Arp(my) Channel 1 A7(0) Ar(my)
EEL(17%) 0 24613 36817 E,E,(17%) 0 2007190 3007553°
AZ(17F) 1 196178 29547] ApZ,y(17%) 1 150730 2301330
BLEL(17) 0 180490 270-740 =& (1) 0 2107480 320150
25 (17) 0 70-190 110-290 2, 5,(17) 0 80750 120+
518l (2) 0 150-410 230-610 =8, (27) 0 18024° 27015°
E (1) 0 90-240 130-350 5,17 0 100759 1507110
= 5.(177) 0 70-200 110-300 5,(177) 0 90+ 130130
%2 (27F) 0 60-160 90-240 E,(27) 0 70150 100159
%E.(27) 0 70-190 110-290 2 Z,(277) 0 807 130730
BXEL(37) 0 160420 230-630 B35 (37) 0 190753° 2807550
:EH(07F) 0 60-170 100-260 255 (07) 0 80130 11080
TiEH(17) 0 70-180 100-270 %S (1) 0 80160 120590
iEH(27) 0 70-190 100-280 S (27) 0 80160 12090
T3 0 60-160 90-240 5 (37) 0 70439 10015
where 7 =T, - T, and g; = g5, g5 depending on whether _ 100139 MeV
L o _ —40
we are considering the SS or the 7'S potential. The factors A (g, Q = b) =k (my) ——"=——, (105)

R, and R, and the proper isospin operator to use can be
checked in Table IV. For the Bg¢B; case we will use the
factors corresponding to the direct channels, i.e., Bg — By
and B{ — B¢, in agreement with the convention that we
have used in Eq. (97) for writing their tensor matrices.
From the previous, we can define the tensor scale as

4 2
Ay = 50) _ Km) 4z
las|  [RiRyt| pg;
which is useful because it allows a direct comparison with
the central scale A, that we defined in Eq. (76). If we
particularize for the 7S and SS in the charm sector,

. 186118 MeV
AL (g, Q = ¢) xky(mg) — =5t (102)
|R1R27|
2 90 — 250 MeV
ASS (. Q = ¢) i, (my) —— S (103)
|R|R,7|
while for the bottom sector we obtain
. 140180 MeV
A (my, @ = b) =k (my) — 955 (104)

|R1R27| ’

|R1R27|

where we have used the lattice QCD values of g, and g3
[53]. These scales look rather soft at first sight but the
factors R,, R,, and 7 will increase the values of Aj
considerably in most cases. A few representative values
of Ay are compiled in Table VII both for the chiral limit and
the physical pion mass. In general we find that tensor OPE is
considerably stronger than central OPE. For the EQE’Q and
AQEQ molecules we find that A7 is markedly softer than A,
and in the bottom sector the tensor force probably requires a
nonperturbative treatment. For the isoscalar £,%,, Z*QEQ,
Z*Qiz) molecules the tensor scale Ay is moderately soft,
particularly in the bottom sector. We notice that the same
comments are also valid in the two-nucleon system, in which
A7(0) = 66 MeV in the chiral limit [45] and A(m,) =
99 MeV for the physical pion mass.

V. POWER COUNTING FOR HEAVY BARYON
MOLECULES

In this section we discuss the different possible power
counting rules for the heavy baryon-antibaryon states. We
are interested in the case where there are bound states. This
excludes NDA, for which
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TABLE VIII. Possible power countings for the heavy baryon-antibaryon system: NDA and the three scenarios (a), (b), (c) that we
consider in Sec. V. Q refers to the soft scales in each power counting, which include the momenta p of the heavy baryons and pions, the
mass m,, of the pions, the binding momentum +/2uB, of a heavy baryon-antibaryon bound state (with y the reduced mass and B, the
binding energy) and the central and tensor scales A and A7 defined in Egs. (76) and (101) and listed in Tables V and VII for a series of
heavy baryon-antibaryon systems. The LO and NLO columns indicate the counting Q" of the leading order and first subleading
correction. In the V© and VN0 columns we write the contributions to the EFT potential in each case. C and D(p? + p'?) refer to a
contact-range potential without derivatives and with two derivatives of the heavy baryon field, respectively. Vpg is the OPE potential,
Vope(c) its central piece, and Vopg(r) its tensor piece. Finally Vipg refers to the two pion exchange potential (i.e., irreducible diagrams
containing two pions), which we have not considered in this work.

Power counting 0 LO yLo NLO yNLO

NDA p, my Q° C, Vope 0? D(p* + p?), Vreg
(a) P> My, / 2/432 -1 c Q0 D(p2 + p/Z)’ VOPE
() Ps My, Ae 0! Vore(c) Q° C, Vopgm)

(C) P, My, AT Q_] C’ VOPE Q3/2 D(p2 + p’z)

V(@) ~0°, VP~ (106)
as this counting leads to purely perturbative heavy baryon-
antibaryon interactions. The existence of bound states
requires that at least one of the components of the potential
is promoted to Q‘l; see the discussion in Sec. IIB for
details. There are different choices depending on which
piece of the interaction is promoted. We will consider three
scenarios:

(a) promotion of the contact terms,

(b) promotion of central OPE, and

(c) promotion of tensor OPE.

Each scenario represents a different binding mechanism:
(a) short range,

(b) long range, and

(c) a combination of both,

where we notice that (c) is not obvious but a consequence
of the technicalities of power counting, as we will explain.
We present an overview of these scenarios in Table VIII.
But we stress that the discussion here will be theoretical: in
the absence of experimental data it is not particularly useful
to consider the subleading orders of the EFT expansion.
The exploration in this section provides information about
the theoretical uncertainties that are to be expected from a
LO calculation in each scenario,

@ (Q/M),

(b) (Q/M),

© (Q/M):,

where we will explain in detail how we obtain these
uncertainties and also what is the general form of the first
subleading corrections, which can actually be found in
Table VIII. For a more in-depth discussion of the power
counting of heavy meson-antimeson in particular and two-
body systems in general we refer the reader to Refs. [32,44].

A. Counting with perturbative pions

The first possibility—scenario (a)—is that the binding
mechanism for heavy baryon-antibaryon molecules is of a

short-range nature. Within the EFT language this amounts
to the promotion of the contact-range potential from Q° to
©Q~'. Within this power counting, the leading order
(LO= Q7! in this case) potential will be composed of
contact terms, while the next-to-leading order potential
(NLO = Q% will contain the OPE potential plus a few
additional contact interactions:

vio = yih, (107)

VALO = O |y e (108)
We do not have to promote all the possible contact
interactions that we obtain from the heavy-light spin
decomposition: in general a subset of it will be enough.
There is one important detail with this counting. If we
consider the S-wave contact-range interactions in EFT, they
admit the momentum expansion
(P'|Velp) =C+D(p? +p*) + ... (109)
where the dots denote couplings involving more derivatives
of the baryon fields. Here we use C and D as a generic
notation for the couplings of a contact-range potential with
no derivatives (C) or with two derivatives (D). The naive
expectation for the scaling of the C and D couplings is

1 1

e P

C~ o (110)

But if we promote the coupling C to LO, the coupling D
must also be promoted [39-41]:

1 1

0" (111)

As a consequence the ordering of the contact-range
potential will be
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(P'IVEp) = C. (112)

(P'IVECIp) = D(p” + p?). (113)
That is, the NLO potential will contain a contact-range
interaction with two derivatives on the baryon fields. As a
consequence if we promote a particular C coupling to Q~!,
the corresponding derivative coupling with D will be
promoted to Q. We notice that in this work we have
not explicitly considered a contact-range potential with
derivatives. The take-home message is that in this scenario
the theoretical uncertainty of the calculations is Q/M
because the first correction to a LO calculation is sup-
pressed by one order in the EFT expansion.

B. Counting with nonperturbative central OPE

The second possibility is that the binding mechanism
depends also on the attraction provided by the central OPE.
We can distinguish two cases: (i) the binding depends on
central OPE alone, i.e., scenario (b), and (ii) the binding
depends on the interplay of the contact terms and central
OPE, i.e., scenario (a -+ b).

In the first case—scenario (a)—we have a relatively
simple power counting in which

VIO = Vopg (o) (114)
where OPE(C) means the central piece of OPE. The
NLO potential contains the tensor OPE and the contact
interactions

VNLO — Ve + VY, (115)

where

(P'Ve'p) = Co. (116)
Contacts with 2n derivatives on the baryon fields will enter
at order Q%". In this scenario the relative uncertainty of a
LO calculation is Q/M because the first correction to the
EFT potential enters at NLO.

The second case—scenario (a + b)—is identical to the
power counting of scenario (a) except for the fact that we
include OPE in the LO:

VEO = VEO + Vopg(o)- (117)

VNEO = VEO + Vopg(r) (118)
where Vopg(r) is the tensor piece of OPE, while V%O and

VIO are the contact-range potentials of Egs. (112) and
(113). The uncertainty of the LO calculation is Q/M.

C. Counting with nonperturbative tensor OPE

The third possibility—scenario (c)—arises when tensor
OPE is nonperturbative. This is the most involved of the
three power countings considered. Tensor OPE is a singular
potential, which means that it diverges as fast as (or faster
than) 1/7? for r — 0. Singular potentials in general lead to
nontrivial consequences in EFT [58-63]. The tensor force
is not only singular, but also attractive for the case at hand:
for an S-wave heavy baryon-antibaryon state that mixes
with a D-wave, there is always a configuration for which
the tensor force is attractive.'” For attractive singular
potentials short-range physics is enhanced: the nonpertur-
bative treatment of attractive singular potentials requires the
inclusion of a contact-range interaction at LO [60,61].

The application of these ideas for a heavy baryon-
antibaryon S-wave molecule implies that a nonperturbative
tensor force requires a nonperturbative contact potential. As
a consequence, the LO potential will be

VIO = Vopg 4+ V' (119)
with Vf:_l) the lowest order contact-range potential.“

The counting of the contacts will be modified as
follows [44.,45]:

CNMLQ’ ~ M7/21Q1/2’ (120)

or equivalently we can write
(Pve'lp) =c. (121)
(PIVE™lp) = D(p” + p?). (122)

where the contacts with derivatives get promoted by half an
order. Thus the theoretical uncertainty of a LO calculation
is (Q/M)>? (the first subleading correction, a derivative
contact interaction, enters Q5/ 2 orders after LO), which is
considerably better than for the other scenarios.

The previous analysis is a simplification though: tensor
forces mix channels with different orbital angular momen-
tum, which might lead to complications in certain cases (in
particular the power counting of contact interactions mix-
ing partial waves). We have not addressed these problems
here: they depend on the particular system under consid-
eration and the aim of the present discussion is to provide

'OThis can be seen by inspecting the partial wave projection of
the tensor operator S;,, which can be found in Appendix A. It
happens that for these matrices there is always at least one
positive and one negative eigenvalue.

""We have simply included the full OPE potential in LO
because the addition of central OPE does not further modify the
power counting induced by tensor OPE.
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an overview of power counting rather than a detailed
account.

VI. PREDICTING HEAVY BARYON MOLECULES

In this section we investigate the question of whether we
can predict heavy baryon molecules. The answer to this
question depends on which is the binding mechanism. If the
binding mechanism is of a short-range nature, the pre-
diction of bound states will rely on phenomenology. Within
the EFT framework this is illustrated by the fact that the
contact-range couplings are free parameters. If there is no
preexisting experimental information about the heavy
baryon-antibaryon system, we will have to determine the
contact-range couplings by matching to a phenomenologi-
cal model. Conversely if the binding mechanism is of a
long-range nature, the prediction of bound states is possible
within EFT. Examples are the A, Z, [29] and DD},/D*D},
[64] systems, which interact via a long-range Yukawa
potential that is strong enough to bind. This is not the
standard situation though and more often than not we will
need phenomenological input.

At this point it is interesting to notice the relation
between power counting and the predictability of heavy
baryon-antibaryon molecules. In Sec. V we proposed three
power counting scenarios: (a), (b), and (c). Scenario
(a) corresponds to a short-range binding mechanism, which
requires phenomenological input. Scenario (b) corresponds
to a long-range binding mechanism, which allows for EFT
predictions. Finally scenario (c) is a mixture of short- and
long-range binding, which in a few cases will lead to
predictions. The heavy baryon-antibaryon system belongs
to scenario (a) or (c) depending on the particular state and
quantum numbers considered.

Theoretical studies of hadronic molecules have attributed
the binding mechanism to either short- or long-range
causes. In the pioneering work of Voloshin and Okun
[1] it is the exchange of light mesons (7, o, p, and @) which
generates heavy hadron molecules, i.e., a mixture of short-
and long-range physics. Early speculations [2-5] often
predicted binding from the OPE potential (long-range
physics) alone. It is notable to mention that Ericson and
Karl [4] indicated that hadronic molecules should be
possible in the charm sector and that Tornqvist [5]
predicted the existence of an isoscalar 17+ D*D bound
state. The experimental discovery of the X (3872) a decade
after [6] suggests that these theoretical speculations were
on the right track. At this point we find it interesting to
notice that a molecular X(3872) also arises naturally from
short-range physics [65]. Before the discovery of the
P.(4450) by the LHCb [11], which is suspected (but not
confirmed) to be a D*X,. molecule [14,16—18], there were
theoretical predictions of its existence too. The authors of
Refs. [66,67] used contact-range interactions derived from
vector meson exchange saturation to make quantitative
predictions of an I =1, J® =3~ D*3. molecule (among

others). Meanwhile the authors of Ref. [68] used the OPE
potential instead to make qualitative predictions about
probable hadronic molecules, including a possible I = %,
JP =3~ D*3. molecule. Finally EFT and EFT-inspired
works have explained the properties of shallow molecular
states solely on the basis of short-range interactions
[31,36,69], without making explicit assumptions about
the binding mechanism.

In this section we will examine the short- and long-range
binding mechanisms for heavy baryon-antibaryon mole-
cules. The most obvious short-range mechanism is the
saturation of the EFT contact-range couplings from scalar
and vector meson exchange, while the most important long-
range mechanism is the OPE potential. Now we will
explain these binding mechanisms in detail.

A. Short-range binding dynamics

First we explore the short-range dynamics, in particular
scalar and vector meson exchange. For taking this effect
into account we saturate the contact-range couplings of the
EFT with the exchange of a meson with mass mg of the
order of the hard scale of the EFT (mg ~ M); see Ref. [70]
for a detailed exposition of this idea. For this we expand the
exchange potential V¢ for momenta g> < mg and match it
with the expansion of the EFT contact-range potential

Vi(G) = Vo + Vog* + ..., (123)
Ve(§) =C+Dg + ..., (124)

from which we arrive to
C(A~mg) ~Vo=Vs(|g| =0), (125)

where A is the cutoff. Notice that we take A ~ myg: this is
because the saturation hypothesis is only expected to work
if the cutoff is of the order of the mass of the exchange
meson [70]. For a Yukawa-like meson exchange potential

g
g +m3’

Vs(q) = (126)

the saturated contact-range coupling is proportional to
(127)

where the proportionality constant will depend on the
details of the regularization process. This argument is
independent of the nature of the exchanged meson; it only
matters that the mass of this meson is of the order of the
hard scale.

Next we calculate the scalar and vector meson exchange
contribution to the saturation of the EFT coupling. We
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TABLE IX. Contact-range coupling from saturation of vector
and scalar meson exchange in units proportional to g3/m3} and
9oqql/ m2, with g, ~2.9 and g,4, ~3.4. Scalar and vector meson
exchange saturations of the spin—% sextet heavy baryons (£, Ep,
Q*Q) are identical to their spin-% partners (£g, E¢, Qo) and are not
listed independently. The contributions to vector meson exchange
are also listed separately as Cy = C, + C,, + C;. Though not
listed, the saturation for the heavy baryon-baryon system can be
obtained from the heavy baryon-antibaryon case by changing the
sign of the @ and ¢ contributions. For comparison purposes we
also include the NN (two-nucleon), D*D, and D*X, systems,
which are related to the deuteron, the X(3872), and the P..(4450),
respectively.

System Isospin Cy Cy C, C, Cy
NN 0 -9 +6 -3 +9 0
NN 1 -9 +10 +1 +9 0
DD 0 -1 -4 -3 -1 0
DD 1 -1 0 +1 -1 0
>.D ! -2 -2 —4 +2 0
>.D 2 -2 +4 +2 +2 0
ApAg 0 —4 —4 0 —4 0
EQ§Q 0 -1 -6 -3 -1 -2
EpEp 1 -1 -2 +1 -1 -2
E’Q$Q 0 -1 —6 -3 -1 -2
EbEo 1 -1 -2 +1 -1 -2
T Ap 1 -4 -4 0 -4 0
QQy 0 0 -8 0 0 -8
EQ?Q 0 -1 -6 -3 -1 -2
EQ?Q 1 -1 -2 +1 -1 -2
ZoXy 0 —4 -12 -8 —4 0
Zo2o 1 -4 -8 -4 —4 0
020 2 -4 0 +4 -4 0

begin by considering scalar meson exchange. The sigma
meson exchange potential is

2
9o
)—_

V(@) = (128)

—

g +my’

with g, the sigma coupling. We can determine g, from the
quark model, in which g, is simply proportional to the
number of u and d quarks in the hadron. Here we take
the sigma-nucleon-nucleon coupling as input, which in the
nonlinear sigma model [71] is gyny = V2M y ) fr ~10.2,
where My is the nucleon mass and f, the pion decay
constant. From this we have g, = g,yy/3 ~ 3.4 for £y, B,
and B, and g, = 2g,yy/3 ~ 6.8 for Ay, Xy, and Zj,. The
contributions of the scalar meson to the saturation of the
contact-range couplings are listed in Table IX.

We continue with the vector meson exchange potential,
for which the starting point is the heavy baryon-vector-
meson Lagrangian for the SSV and TTV vertices (where V
represents the vector meson). If we consider interactions
with no derivatives, which allow for saturation of the lowest
order EFT couplings, we can write the following
Lagrangians:

Lrrv = AT€iki€jkm TZQ Uy (Vﬂ)j‘TQm9 (129)

Lssy = ﬂsSanvﬂ(V");S”ij, (130)

where the latin indices indicate the sum over the SU(3)
components.'> The vector meson nonet field is given by

e I e Sl R(EN
K+ I_('*O ¢

where the Lorentz index p is implicitly understood. The
vector meson exchange contribution to the potential can be
worked out along the lines of Appendix A. A few
representative examples are

_ _ B (75 -3)
(B0, VIEQEy) = =~ . (132)
0=0 0=0 qz—l—m%, 2
(EEolVIEpRe) = o R =Y 3y
0 0 §2+m%, 4
= = s (71 -3)
ELE,|VIEREL) = =2 : 134
(Ep=p|VIEGED) 7+ 3 (134)
- - 2 (T, -T,-1)
ToZo|VIZpE,) = 55— , 135
(ZoZo|V[ZgZp) Tl 5 (135)

which have been calculated in the SU(3) limit. We have
taken m, = m, = my = my with my the vector meson
mass. Notice that we do not have to write explicitly the
potential for the sextet spin-3/2 heavy baryons: the vector

meson potentials for the Z*Q, E*Q and Q*Q are identical to the
ones for X, E’Q and Q. The couplings Ag and A; are not
arbitrary: they can be determined from the universality of
the p coupling constant [72]. If we consider the p-meson
exchange potential between two isospin-1/2 baryons

2
o g > o
Vp(‘]) =" 71" T2,

136
g* +m; (136)

“Notice that we are not considering TSV vertices because they
involve derivatives and do not saturate the LO contact-range
couplings.
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with m, =770 MeV, the universality of the p coupling
implies that g, =m,/2f, ~2.9. If we match to the
potentials in Egs. (132) to (135), we find
dr =V2g, and 15 =2V2g,. (137)
The saturation of the EFT contact couplings by the vector
mesons is easy to obtain and can be found in Table IX. We
mention that it is possible to consider the contributions of
the different vector mesons separately:
Cy=C,+C,+Cy. (138)
This form is interesting because it makes it easy to deduce
the strength of the heavy baryon-baryon short-range
interaction from the heavy baryon-antibaryon one. This
merely involves changing the sign of the contributions from
the negative G-parity mesons, the @ and the ¢, yielding
Cy = C, - C, — C,. Though the vector meson saturations
of the heavy baryon-baryon system is not listed here, they
can be obtained from Table IX where the C,, C,, and C,
contributions are listed.

Finally we add the contribution to the EFT contact
couplings from scalar and vector meson exchange satu-
ration, that is,

C(Ava,mU)NCS+Cv, (139)
where Cg and Cy, are the scalar and vector meson
contributions. At this point it is interesting to compare
saturation in the heavy baryon-antibaryon system with the
heavy meson-antimeson and heavy meson-antibaryon
cases. The X(3872) and P.(4450) are D*D and D*Z,.
molecular candidates for which we can apply the saturation
argument as well, as can be seen in Table IX. If we compare
the saturated contact-range couplings of the X(3872) and
P.(4450) with the ones for the heavy baryon-antibaryon
system, we can identify the most promising molecular
candidates. Heavy baryon-antibaryon systems for which
the short-range interaction is expected to be more attractive
than the X(3872) include

to which we have to add the molecules containing the
excited sextet baryons, i.e., the molecules we obtain from
the substitutions Ey — Ej, and £, — Xj,. The systems for
which there is more short-range attraction than for the
P.(4450) include
where we notice that they are a subset of Eq. (140). The
obvious conclusion is that the heavy baryon-antibaryon

pairs listed in Eq. (141) are the strongest candidates
to bind. The particular case of A.A, has been recently
studied in Ref. [73], leading to binding in agreement with
our conclusions.

If we consider the heavy baryon-baryon system instead,
the contribution of the @ and ¢ mesons is repulsive and in
general there is less attraction than in the heavy baryon-
antibaryon case. Yet for the following heavy baryon-baryon
system,

ZpZp(I =0), (142)
there is more short-range attraction than in the X(3872) and
the P.(4450). Further candidates for binding can be
inferred from a comparison with the deuteron, for which
the short-range interaction is repulsive. In Table IX we see
that for the nucleon-nucleon system there is a strong short-
range repulsion from the exchange of the @ meson but also
a strong attraction coming from the exchange of the o
meson. The existence of the deuteron indicates that
attraction wins in this case. This is not surprising if we
notice that m, < m,, and (g,yn/3) > g,, which suggests
that ¢ meson saturation overcomes @ meson saturation
(|Cs| > |C,|). Here it is worth noticing that binding in
nonrelativistic systems depends on the reduced potential,
the product of the potential by twice the reduced mass of
the system. This in turn implies that for the following
systems,
the net effect of the short-range attraction from the ¢ meson
will be larger than in the two-nucleon system, i.e.,

2u|Cs| > 2unn|CYN

, (144)

with ¢ and pyy the reduced masses of the systems listed in
Eq. (143) and the two-nucleon system, respectively, and Cy
and CN their o-saturated couplings. But we warn that this
argument is incomplete: common wisdom in nuclear
physics attributes binding in the deuteron to the interplay
of short- and long-range physics, in particular the short-
range repulsion from the @ meson, the attraction from the o
meson, and the tensor force from OPE. This suggests that,
with the exception of the isoscalar X .X. system, the other
molecular candidates listed in Eq. (143) require a more
thorough theoretical exploration to determine if there is
binding.

The saturation argument probably provides incomplete
information about the LO contact-range couplings. The
saturated couplings are independent of the total light spin of
the heavy hadron-antihadron system. This is compatible
with HQSS—it represents a subset of the possible inter-
actions that respect HQSS—but not necessarily with
experiments. If we review the heavy meson-antimeson
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TABLE X. Critical radius R, for which OPE is able to bind certain heavy baryon-antibaryon molecules, where [ refers to the isospin of
the system. For the £, Z(0~"), where there is no tensor force, the notation 0% indicates that there is only binding for R, < 0.23 fmif
the coupling g, lies on the high end of the lattice calculations. For comparison purposes, the critical radius for the deuteron and the

P[(4450) pentaquark are 1.00 fm and 0.30-0.49 fm, respectively. If the system does not bind, we indicate it with the “...” notation.
Channel I1=0 I=1 I1=2 Channel I=0 I=1 =2
E.(07) %,%,(07) 0+023
=2 (1) 0.42-0.94 0.22-0.55 0.19-0.48 2,5,(177) 0.86103) 0.4910%3 0.43107
52 (17) 0.39-1.00 0.19-0.53 0.15-0.36 ,5,(177) 0.887035 0.46703 0.327013
.55 (1) 0.44-1.11 0.22-0.59 0.18-0.44 ,25(177) 0.991940 0.52:09 0.39%¢
zE2) 0.46-1.01 0.24-0.59 0.25-0.64 T, 55(27) 0911031 0.51192 0.561073
%55 (27) 0.39-0.85 0.21-0.50 0.20-0.55 2,55 (277) 077403 045018 0.48+023
z;g;@(o—ﬂ 0.56-1.36 0.27-0.75 0.18-0.41 z;;?; (07) 1205946 0.641037 0.361049
TE(1) 0.52-1.24 0.26-0.68 0.18-0.42 55 (17) 1.0959:8 0.59105% 0.371513
T2 0.44-1.02 0.22-0.57 0.20-0.50 5 (27 0.91593¢ 0.501 033 0.43101%
»:5:(37) 0.45-0.91 0.25-0.55 0.28-0.69 2 (37) 0.821027 0.4870% 0.601 052

system, to which the X(3872) is suspected to belong, scalar
and vector meson exchange saturation predicts exactly the
same potential for DD, D*D, DD*, and D*D* irrespec-
tively of the spin and C-parity quantum numbers. That is,
the saturation argument leads to the prediction of six
isoscalar heavy meson-antimeson molecules. This is to
be compared with only one obvious molecular candidate,
the X(3872). Analogously, the application of this argument
to the heavy meson-antibaryon molecules leads to the
prediction of seven DX, DX}, D*X,, and D*X} molecules
but only one experimental candidate, the P.(4450). This
situation also happens in other theoretical approaches that
derive heavy hadron interactions from vector meson
saturation [65-67]. The probable conclusion is that we
are probably missing something in the resonance saturation
arguments we are using to derive the LO couplings. Be that
as it may, for the set of molecules in Eq. (141) the short-
range attraction is expected to be remarkably stronger than
in the X(3872) and P.(4450).

B. Long-range binding dynamics
The long-range dynamics of the heavy baryon-anti-
baryon system is driven by OPE. We assess the relative
strength of the OPE potential for each channel in the
following way: first we modify the OPE potential by
including a cutoff
Vope(r;7e) = Vope(r)0(r —r.), (145)
where r, is the cutoff. Then we calculate the largest r,. for
which OPE alone is able to bind a molecule. We call this
radius r. = R, the “critical radius.” Notice that we are in
fact assuming that (i) OPE is valid from infinity till the
critical radius and (ii) there is no short-range physics. If this
critical radius turns out to be large enough, we will

consider that the system is likely to bind. By large enough
we mean for instance that the critical radius is larger than
the size of the hadrons or the range of other contributions to
the hadron-hadron potential that have not been taken into
account (e.g., two pion exchange).

It is important to notice that most heavy baryon-anti-
baryon molecules bind if r, is sufficiently small because of
the tensor force. Thus the crucial factor is not whether there
is a critical radius for which the molecule binds, but
whether the critical radius R, is reasonable or not. The
reason why the tensor force is able to bind in most cases is
because for S-wave molecules it behaves as an attractive
singular potential; see the discussion in Sec. V C. This is
why it is important to consider whether the distance at
which OPE binds is reasonable or not.

We list the critical radii for the Z(Q*)ig) molecules in

Table X. We have chosen the Zg) i(Q*) system because this is
the case in which the OPE potential is expected to be
stronger owing to the higher isospin of the X,’s. Besides,
from scalar and vector meson exchange saturation we
expect a very strong short-range attraction. The isoscalar
molecules are the ones showing more attraction and higher
critical radii, reaching in a few cases 1 fm. For the hidden
charm molecules the uncertainty is really big as the value of
g» 1s not experimentally known. To give a sense of scale we
mention that for the deuteron the critical radius is 1.00 fm.
For the P,(4450) pentaquarklike state as a £.D* molecule,
the critical radius is 0.30-0.49 fm (where the uncertainty is
again a consequence of g,). In comparison, for the heavy
meson-antimeson molecular candidates, the radii are 0.30,
0.10, and 0.26 fm for the X(3872), Z.(3900), and
Z,(10610), respectively. The rather small critical radii of
the X, the Z., and the Z, suggest that these hadron
molecules depend on the short-range attraction (instead
of OPE) to bind. For the deuteron the critical radius is
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significantly larger, indicating that OPE is an important
component of the binding mechanism. Lastly, the situation
for the P.(4450)" pentaquark seems to be in the middle.
From Table X it is apparent that for the heavy baryon-
antibaryon system OPE can provide as much attraction as
in the deuteron. If we combine this observation with what
we know about short-range physics according to Table IX,
the conclusion is that there will be a rich Z(Q*)ig) molecular
spectrum, particularly in the / = 0, 1 configurations.

VII. CONCLUSIONS

In this work we have presented a general EFT framework
for the heavy baryon-antibaryon system. EFTs exploit the
existence of a separation of scales to express the observable
quantities of a low energy system as a power series. In the
case at hand the size of a hadron molecule is expected to be
larger than the hadrons forming it. As a consequence this
type of system is amenable to an EFT description. Also,
heavy hadron molecules are constrained by chiral, SU(2)-
isospin, SU(3)-flavor, and HQSS symmetries. This degree
of symmetry translates into a few interesting regularities in
their spectrum.

EFT explains the heavy baryon-antibaryon interaction in
terms of contact-range interactions and pion exchanges.
The relative importance of these two contributions changes
from system to system. In general the LO EFT description
involves four-baryon contact-range interactions and pion
exchanges (OPE), but this depends on the molecule. Pion
exchanges are expected to be particularly important in the
isoscalar £,%,), Z*QEZQ, and Z*QE*Q molecules (but less
important for other configurations). In contrast, OPE
vanishes in the 2,5, and AyA, molecules, which can
be described in terms of a contact theory at LO. For the
E’QE’Q, E*QE’Q, and E* E*Q molecules, particularly in the
hidden charm sector, OPE is probably a NLO effect. We
warn that the conclusions about the relevance of the OPE
potential are only well established for the bottom sector. In
the charm sector, the value of the g, axial coupling that
appears in the X. — X,z amplitude is not known exper-
imentally, and a determination either in a future experiment
or in the lattice will be welcomed. Particle coupled
channels, i.e., transitions in which a heavy baryon changes
from the ground to the excited state (Bg — Bg), are
subleading if the molecules are not too tightly bound,
i.e., for binding momenta y = \/Mg|Ep| < 350-400 MeV.
The previous findings regarding pion exchanges and
coupled channels are analogous to the ones in the heavy
meson-antimeson molecules [32]. It is also worth mention-
ing that right now the LO EFT is more than enough for the
description of heavy hadron-antihadron molecules, where
the scarcity of experimental data makes it superfluous to
calculate subleading orders.

The EFT potential is constrained by HQSS. This is
particularly evident for S-wave interactions, such as the LO

contact-range potential and central OPE. Symmetries in the
S-wave interaction are likely to translate into symmetries in
the spectrum. For the TT case, the LO EFT potential does
not depend on the total spin of the system:

(TT|V,(0)|TT) = (TT|V,(17)|TT).  (146)
where the subscript s is used to indicate S-wave. That is, the
TT heavy baryon molecules are expected to come in pairs.
For the TS/ST molecules we have the following two
relations:

(TS|V5(075)|TS) = (TS|V,(275)|TS).  (147)

(TBs|V,(17)|TBq) = (TB;|V,(177)|TBy).  (148)
where in the second line we have explicitly indicated
whether the sextet heavy baryon is in the ground or excited
state. The conclusion is again that 7S molecules appear in
pairs. For SS molecules the contacts have a far richer
structure, with only one obvious symmetry relation:

(S8|Vs(277)[S8S) = (SS|V,(377)ISS).  (149)
Tensor OPE mixes partial waves and will induce deviations
from the previous relations, which will be moderate if the
bound states are shallow. At this point it is worth noticing
the analogy with the heavy meson-antimeson case, where
this type of twin structure also happens for (i) the 17~ D*D
and 17~ D*D* and (ii) the 1** D*D and 2** D*D*
molecules. The first of these relations explains why the Z,.’s
and Z,,’s resonances appear in pairs [31,74], while the latter
predicts that the X(3872) should have a 2" partner, the
X(4012) [32,33]. In the heavy meson-antimeson system
there is a series of dynamical effects (besides the afore-
mentioned tensor OPE) that might break these patterns,
which include decays into nearby channels [75], coupled
channel dynamics [76], the existence of nearby quarkonia
[77], and annihilation [78]. Though they have not been
studied in the heavy baryon-antibaryon case, these effects
could be relevant.

Finally there is the important question of whether the
existence of heavy baryon molecules can be predicted.
EFTs are generic frameworks that usually require preexist-
ing experimental input to make predictions. The EFT
potential is composed of a long-range and short-range
piece. The short-range piece involves unknown couplings,
which have to be determined from external information. In
the absence of experimental data, there is the possibility of
using phenomenological arguments to estimate the contact-
range couplings. If we assume the saturation of these
couplings from p-, w-, ¢-, and o-meson exchange, the most
probable candidates for a heavy baryon-antibaryon bound
state are the isoscalar A.A,, X Z. Z:E. and T}
molecules, located at 4573, 4906, 4970, and 5035 MeV
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and the isovector A.Z, and A.Z; molecules at 4740
and 4805 MeV. If we consider the heavy baryon-baryon
system instead, saturation indicates that the isoscalar,
doubly-charmed X.X., X;¥., and X;X} molecules are
good candidates for binding, followed by their isovector
counterparts, the isoscalar A.A. and isovector A.X. and
A X} systems. For the heavy baryon-antibaryon system we
supplement the saturation argument with an estimate of
the relative strength of the OPE potential, which we assess
by calculating the radius for which OPE would be able
to bind the system by itself. This second argument also
points to isoscalar molecules as the most likely to bind. It
might be possible to observe these heavy baryon-anti-
baryon molecules in experiments such as LHCb and
PANDA, which is expected to be particularly suited for
the precision study of hidden charm exotic states [79], or
alternatively in the lattice.
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APPENDIX A: THE ONE PION EXCHANGE
POTENTIAL IN HEAVY HADRON CHIRAL
PERTURBATION THEORY

The OPE potential is the LO piece of the finite-range
EFT potential. In this Appendix we explain how to
compute it. The idea is to obtain nonrelativistic amplitudes
for processes involving an incoming and outgoing heavy
baryon and a pion, which we write as

A(B - B'm;q), (A1)
where B(B') are the initial/final baryon and g the momen-
tum of the pion if outgoing (if incoming we change the
momentum to —g). If written in a suitable normalization
these amplitudes can be combined to compute the OPE
potential (or for that matter any one boson exchange
potential) as follows:

A1(9) A (=9)

B'B.|V|B,B,) = =
<]2||12> C]2+lfi72r

, (A2)

where 1 and 2 refer to the pion vertices 1 and 2 and y, is
the effective pion mass for this particular transition (which
is not necessarily the physical pion mass because
mp —mpg, # 0 and gives the pion a nonvanishing zeroth

component to its 4-momentum). The amplitudes A, and A,
may refer to baryons or antibaryons indistinctively. In the
following lines we will explain how to do the derivation in
detail.

1. The heavy baryon field

Heavy baryons contain a heavy quark and two light
quarks; i.e., they have the structure |Qqq). The total spin of
the light quark pair is S; = 0, 1. If the light quark spin is
S; =0, we have an antitriplet spin-1/2 heavy baryon,
which we denote by the Dirac field

Wi, (A3)

If the light quark spin is S; = 1, we have spin-1/2 and
spin-3/2 heavy baryons which we denote by the Dirac and
Rarita-Schwinger fields

Yoo, Yoou- (A4)
Notice that the Rarita-Schwinger field contains a Lorentz
index: it is the external product of a Minkowsky vector and
a Dirac spinor. The product contains a spurious spin-}
component that can be removed with the condition

P = 0.

60u = (AS)

Within heavy hadron EFT it is customary to use the fields
T(v) and S,(v) instead, which have good transformation
properties under rotations of the spin of the heavy quark
(where v refers to the velocity of the heavy quark). For the
W5, heavy baryon, the definition is

To(v) = 7 Y30, (A6)
_ - 1+ 9
The superfield Ty (v) transforms as
To(v) = e_iE'S"TQ(v), (A8)

where S, is related to SU(2),, the SU(2) spin group of the
heavy quark Q moving at velocity v. For the Wy and ¥¢,,

sextet heavy baryons, the definition is

1 1+ ¢ 1+7.,.
SQﬂ(”) = ﬁ (y/t + 0;1)75 D) \P6Q + D) lPﬁQ;p (A9)
. I o 144 o 1+
Sou(v) = —%‘Psg TVS(VM +v,) + lP6QﬂT’
(A10)
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where y,, ys are the Dirac matrices. The Sg, (v) superfield
contains a Lorentz index that comes from the Rarita-
Schwinger field W¢,,. It obeys a constraint analogous to
Eq. (A5):

Spu(v) =0 and  ¥Sy,(v) = Sg,(v). (A11)
The Sp,(v) superfield transforms as
Sou(v) = €758, (v). (A12)

In general we take the velocity parameter to be v = (1, 6)

We are interested in heavy baryon-antibaryon molecules;
i.e., we need the antibaryon fields. Here it is important to
notice that

To(v) = ThH(v)r0. (A13)

Sou(v) = STQ};(”)]’O? (Al4)
are the operators for creating heavy baryons, which are
unrelated to the antibaryon fields. Heavy antibaryons
require the definition of new Ty (v), Tp(v), Sp(v), and
Sp(v) fields. We will not need to define them explicitly
though. Instead we will use C- and G-parity transforma-
tions to deduce the interactions of the heavy antibaryons
with the pions.

The heavy baryon fields have SU(2)-isospin and SU(3)-
flavor structure. If we add SU(3)-flavor indices for the
heavy baryons with Q = b and §; = 0, we have

=b
vy, = | -2 (AL5)
A)
while for Q = b, S; = 1 we have
+ 1 v0 1 =0/
X, 55 5
Yo = | 55 I 55|, (Al6)
1 =07 _1 m=—/ —
VRl Y ) Q,

where the corresponding expressions for the spin—% heavy
baryons W;, are identical. For the SU(3)-flavor structure of
the O = ¢ charmed baryons we refer to Egs. (20) and (21).
In the following we will mostly consider the SU(2)-isospin
structure: when we talk about the T, we could either be
referring to Ay (isoscalar) or E, (isospinor), while when
we talk about S, it could be £, (isovector), E’Q (isospinor),
or Q (isoscalar).

Notice that we are interested in the OPE potential: the
isoscalar Q, cannot exchange a single pion and will not be
further considered here. The isoscalar Ay and the isospinor
E can only exchange pions in vertices involving a £, and

a = respectively; i.e., there is no EpEym or AgAgn

vertex but there are EQE(Q*) 7 and AQZS)ﬂ vertices.

2. The heavy baryon chiral Lagrangian at LO

The interaction of heavy baryons and pions can be
written as [46,52]

ETT;[ - O, (A17)
Lsrz = g3 [eijkTiQ (A”){S]gﬂ + eiij”ka (A”);TQi]v (A18)
‘CSSJZ - i92€yualgﬂQikvy(Ag);(Sl)ij7 (A19)

where the latin indices i, j, k, [ indicate either the SU(2)-
isospin or the SU(3)-flavor components; g,, g3 are coupling
constants; and €,,,; is the four-dimensional Levi-Civita
symbol. In the equation above, A* is the pseudo Goldstone
boson field,

ar =L (E e ), (A20)
where £ is defined as
E=els (A21)
with the matrix M
S K*
M=| =  —Htk K (a2
K~ KO - %}1

which entails that we are taking the normalization
choice f, ~ 132 MeV.

If we consider the SU(2) subgroup of SU(3), the A field
reduces to the following expansion in the pion field:

1 1
AF = —f—ﬂ@"ﬂ'—i—6—f;[7r, [z, 00z]] + ...,

where 7 refers to the SU(2) submatrix in the equation
above (after removing the contribution from the ), i.e.,

(A23)

(A24)
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3. The nonrelativistic limit

The potential is well defined in the nonrelativistic limit,
where the heavy baryon fields reduce to

Wy, — /20, <)i) ) (A25)
ww—+¢ﬂ@(ﬁ>, (A26)

LI]*

o e (A1)

where %, y, are standard spinors, while ¥; = (y,1, X2, Xs3)
is a vector in which each component is a spinor. The vector
% fulfills the condition

67, =0, (A28)
i.e., the nonrelativistic version of Eq. (AS5), which ensures
that e 601 is a genuine sp1n—— field. We have that M3 is the
S, = 0 heavy baryon mass, while M¢, M are the S; =1
heavy baryon masses. In the heavy quark limit the §; =1
baryon masses are identical:

Mg = Mg for my — co. (A29)
However, this does not happen with the M5 mass, which
remains different from Mg and M7 in the heavy quark limit.
Putting all the pieces together, in the nonrelativistic limit
the S; = 0 heavy field reduces to

\/2173TQ(71) - (%), (A30)
21M3 To(v) = (Bg 0), (A31)

while the S; = 1 heavy fields read

l—» =9
= (\A"BﬁBﬁ) (A32)

0

TP So(v) — (\/%532 + Bg' 0), (A33)

with B3, Bg, and B{ the nonrelativistic heavy baryon fields.
The notation can be further simplified (i) by noticing that
there is no difference between the 7/ S o and TZ) / Sg fields
in the nonrelativistic limit, (ii) by ignoring the antibaryon
components and (iii) by absorbing the normalization
factors /2M5 and \/2My in a field redefinition. In this
case we end up with

Ty = Bs, (A34)
T}, = B, (A35)
- 1. -,
SQ = gO’Bﬁ + B6’ (A36)
o 1o =y
Sh = \/;Bga + B, (A37)

The pion field A, reduces in the heavy baryon non-

relativistic limit to

. 1 = i
Ao -vz+o< )
Sz f3

where we ignore the zeroth component of A, because it
couples to the zeroth component of S, (v), which vanishes
in the nonrelativistic limit. From this we can rewrite the
Lagrangian as

(A38)

Ltz = —gsle ukTﬁ( A)] - SQ +€”kSQk1 (A ) Toil, (A39)

Lssy = —igaTr[Sh - (A x Sp)], (A40)

where the trace is over isospin space. Alternatively we can
expand the Lagrangian in terms of the fields Bs, B¢, and Bg:

93 T2 /
Lsrr = —=— 6 ViBg + —2— Bgo VJTB
o %%n ’ %ﬂn
f,, BiVx-B; + fﬂBg‘ VB; (A41)
c . 92 = 6—) .92 * 6—) =
sse =iz Bso - (VIxo)Bg+i—=Bs - (V7 xBg)
3fx S
) F= = > Dk
4+ o-(VixB
\/g : 6 ( 6)
P oo
+ i V 7 x6)Bg, A42
B (V)8 (a42)

where we have removed the isospin/flavor indices to make
the expressions shorter.

4. The spin and isospin factors

Now we calculate the matrix elements of the different
vertices, which depend on a series of spin and isospin
factors. In the charm sector (Q = c¢), the relations between
the isospin and particle basis are

B3(A.) = Af (A43)
ch
BiE) = (3, ), (Ad4)
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=t
B = (5 ): (A45)
Tt sz
Bs(2) = | | o, ﬁo : (A46)
1y 3
\/E c c

for the A, E,, E., and Z. baryons, respectively. The
relations for the excited HQ* and X} sextet baryons are
identical to those of the B and X baryons. Alternatively if

we consider isospin vectors we can write

Af = |00>1’

=+ 501 — 11
Cc c 2a2 I’

(A47)

;,—;>1}, (A43)

L1\ |1 1
2 EN =L o) L2 -2 A4
< C} {‘2’2>1’ 2’ 2>1}’ ( 9)

D, L=1)}

The isospin factors can be extracted by first expanding the
isospin/flavor indices in the particle basis and later rein-
terpreting the result in terms of matrices in the isospin
space. We begin with the STz Lagrangian, for which

1,0},

(AS0)

Aln®E, = 1%, (A51)
=t am ¢

girg =1, A52
7 5 ( )

where 7¢ is the pion field in the Cartesian basis, 7 are the
Pauli matrices, and 7* are given by

=1 0 [, (A53)
1
V2
\/LE
r=101[, (A54)
\/Li
0
f=11]. (A55)
0
In the SS7 case we have
=/t ¢
B = ——, A56
Wi (A56)

-
\/Es

where T, are the J =1 angular momentum matrices in
isospin space. The isospin factors for the Z} and X baryons
are identical to those of the E. and X, baryons.

Next we factor out the spin in terms of angular
momentum matrices or equivalent expressions. For the
STr vertices the factors are

»iais, = (A57)

BiG-GBs=5-3q. (A58)
BiG-B;=5-3. (A59)
while for the SSz vertices we have
Bi5 - (§ x 5)Bg = —i25 - §, (A60)
B - (G x By) = —%i-q, (A61)
BiG-(§xBy) =—iS-q. (A62)
B (§x5)Bs=—iS"-§. (A63)
where ¢ are the Pauli matrices, T are the J =3 angular

momentum matrices, and S are 2 x 4 matrices that connect

the spin-1 and spin-3 baryons. These S matrices read

> , (A64)

1 1
50 -L o0
S1: 0

S

V6
~= 0 = 0
S2_<ﬁ o ) (A65)
0 7 0 7
0 -2 0 0
S; = , (A66)
o 0 - % 0
which are normalized as follows:
26,
58" = # (A67)
Now we define the nonrelativistic amplitudes as
A(B — Brn“) = —i(Bxn®|L|B), (A68)

with B = B3, B, B;. For the transitions involving A, we
have
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AN, — 1) = \/ggi}zua -3, (A69)
A(A, - Zint) = jgr—%aﬁ g, (A70)
* ay 93 ag .z
A(ZE - A.n) _]Tt S-q. (AT1)
For the transitions involving E. we have
A(E, > B,74) = \/%—3][%8 -3, (A72)
A(E, > Etz4) = %%3‘* 3, (A73)
A(E: > Blat) = %%§ i (A74)

For the ones with the E|. and E}, the amplitudes read

29, T L

A(E, - E.n%) = 3—f}12—\/§6 -q, (A75)
AEr > B29) = ;{izi@i i, (A76)
AEY > Ept) = \/%zf 2’;§§ G (ATT)
A(E, — int) = \/gng;—ﬂ§ G (A78)

Finally for the transitions with the £, and X}, we have the
following amplitudes:

_292Ta_> N

Aze = 2ort) =32 2551 (A79)
AT — Sind) = ;gi\%i . (A80)
R %S 3 (as1)
A(Z, = Zint) \/gg ﬂ\T/—;ﬁ G (A82)

5. G-parity and heavy antibaryons

The amplitudes in Eqgs. (A69)—(A82) are for the heavy
baryons. Here we deduce the amplitudes for the heavy
antibaryons by working in the isospin basis and applying
a G-parity transformation, which is a combination of
a C-parity transformation and a rotation in isospin
space [47]:

G = Ce'™, (A83)
with I, the second Cartesian component of the isospin
matrix. Now we will determine how G operates on the
different fields we consider here. For instance, pions have
well-defined G-parity:

Glr) = —|x). (A84)
We can write it in terms of the components of the pion field
for completeness:

") 77)
Gl |=°) | =—| I=) (A85)
|7”) 77)

If we consider baryons instead, G will transform a baryon
into an antibaryon in the same isospin state. If we consider
nucleons or other isospin-% baryons, the G-parity trans-
formation works as follows:

G(E;)_ <—||1i>>

Now we can identify antiparticle states with isospinors as
follows:

_ 1 1

m=l3+3),

PN
Pr==1372/,

where we use the subscript / to indicate that we are indeed
referring to isospinors. From the nucleon/antinucleon
example we can appreciate that the idea of a G-parity
transformation is to have a good mapping between the
isospin and the particle/antiparticle basis. The crucial point
in the G-parity transformation for the baryons is the relative
minus sign between the isospin vectors of the antineutron
and antiproton, which in turn allows for the use of the same
SU(2) Clebsch-Gordan coefficients in the baryon and
antibaryon cases.

For the heavy baryons the idea is the same as for the
nucleons. But there is a subtlety: we are considering different
C-parity conventions for the spin—% and spin—% fields,

(A86)

(A87)

(A88)

C|B) = |B), (A89)

C|Bg) = —|Bg). (A90)

where B = Bj, Bg. For the antitriplet and sextet spin- % heavy
cascades, the transformation works exactly as in nucleons,
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20y 500y
G| ™ = ¢ , A91
E?_(’)) _|E;(/)> ( )

while for the sextet spin-3/2 heavy cascades we have

o(Z)-(2)
) —[EZ)
For the isotriplet heavy baryons {E/T, X1 20}, we have
instead

(A92)

[ZE) |1Z2)
Gl IZ5) | =] -1Z0) |- (A93)
=2) 1Z7)

plus the transformation for the excited isotriplet heavy
baryons, which will carry an extra minus sign.

With the G-parity transformation we can deduce the
amplitudes for the antibaryons from the ones we already
know for the baryons:

A(B - Brn) = —A(B - Brn“), (A94)
A(B - Bin®) = +A(B — Bin®), (A95)
A(B; - Brn") = +A(B; — Brn%), (A96)
A(B; — Bizn") = —A(B; — Bin®), (A97)
|
0 30140,
1= N -
I 1 3014024 0
Vore(d) = gi = ’ e
f +/’lﬂ 0 13 [ qu q
151 35,-3 0
where the isospin factor 7 is
t(AE,)
(B ) =

The effective pion mass in the heavy quark limit is given by u2 = m

respectively. For the SS potential we use the bases

B = =S s

SeZe

BEL.EL. = {Zcic’ Zciﬁv Zzic’ Zjif}’

in which the potential reads

":*
— u_acuc, HCHC, oy —e—e

where B = Bj3, Bg. The signs simply reflect the sign for the
G-parity transformation of the pion, plus the extra sign
involved in the B;/Bs — B{ and By — B3/B transitions.
For a detailed example we consider

A(Bs — Ben") = i(Ben"|L|Bg)
—i(G(Bsn")|L|GBg)
—i(Bgn|G" LG|Bq)
—i{Bsn"|L|Bg)
_A(Bg — Ber?), (A98)

where we have used that G?|Bg) =
2p), G?|n) = +1, and G'LG = L.

+1 (-1 for E _Q, +1 for

6. The OPE potential

With the amplitudes of Egs. (A69)—(A82) we can derive
the potential by using Eq. (A2). For simplicity we will
consider the heavy quark limit, in which the B¢ and B;
heavy baryons are degenerate. For the TS = A, AZ:
and TS = E,E., E E potentials, we write the potential in
the bases,

0 %311 4o, - q
1 = -3 -
%01:45°q 0 1
Vi N v o<—>, (A101)
0 NER A Mo
S1-35,4 0
=1, (A102)
Tl Tz
A103
; (A103)
Izr - (mzc - m/\(.)2 or ”721 = mzzr - (ms;, - mE,,)Z’

ok ';'/ =k :*

(A104)

(A105)
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+61:G62 4 —AG1 - 4S;

S5 (= 29% 1 —151-G5,-G 46 G%,

VOPE(q> 9f2 —>2 + m —>.(. [N - 2—>T -2
+AS1-q02-q  —A781-45

~281-48,-3 +28] 3%

where 4 = \/Tg and where the isospin factor is

(=) = 4’2, (A107)
1(22) =T, -T>. (A108)

7. Coordinate space

The general form of the ST and SS potential in
momentum space can be written as

- > -

5 = dy-qdy-q
VIS = —R\R, =1, - I, 121 (A109)
OBE — f2 q2 +//l,2;

- dy-qdy- g
VSS. = —R|R B A e B A110
OPE — 22f2 2 qz_l_ﬂ,zz ( )

where R, and R, are numerical factors; u, is the effective
pion mass at the vertices (as explained in the previous
section); I, I, the appropriate isospin matrices; and d;, d;
are the spin matrices acting on vertex 1 and 2. The specific
factors can be worked out easily from Eqs. (A101) and
(A106) to obtain the results of Table IV. The coordinate
space potential is obtained by Fourier transforming the
momentum space potential:

2
g5 = = .
}211'12(01

0) (*)e—iij?

e,"l

V)@ V).

T

where g; = g, or g3 depending on the case. From this we
obtain the expressions we already wrote in Egs. (61)—(65).
|

0
%512(31,32,?) 0
0

F#51(81,52,7) 0

%512(51,52,;’)

%SIZ(Elvsgv ?)

+A8,:G6,-4 225,48, 4
—28,-G80-G 4+1S,-3%,-3 1
ot TodT +O<—>, (A106)
+X1-900-q —AX-qSy-q Mo
—AZ - ZIS; g +X 'Zjiz -q

Here we will write the coordinate space potential in coupled
channels, in which case we obtain

V() = 39]32 CT8(7) - 1[CIWe(r) + S5 (H)W(r)],
(A112)
R 2
V) = 52 i
— oS [CEWe(r) + SERW, ), (AI13)

where W and W, are defined in Eqgs. (64) and (65), and
with the central and tensor matrices given by

-

0 16,06, 0 %S
2 = - R )
0 15,55 0 St s)
%3’{ -5, 0 505, 0
(A114)
+51 ‘52 —/1(?1 '§2 +/1§1 '52 —/125;1 ‘S2
CSS: —251 '§2 +5:1 '22 —125:1 §; +A§1 '22
Pl 1S, 2505, 456 a5 -5,
—AZS‘}; . §2 +i§-{ . iz —iil . S:; +i1 iz
(A115)
0 %512(51’52,’")
1 - e A
= S12(61, 85, 7) 0
E e , (A116)
0 S12(81, 83, 7)
512(51 Sy, 7) 0
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8. The partial wave projection

Heavy baryon-antibaryon bound states have well-
defined J* quantum numbers. Hence we can simplify
the OPE potential by projecting it into partial waves with
well-defined parity and angular momentum. For this we
define the states

[ST(jm)) = > Y, ()|sm)(Imysmy|jm),  (A118)
Imysmy
|SS'(]m)> = Z Ylm,<?)|sms><lm1sms|jm>v (A119)

Imysmy

where j, m is the total angular momentum and its third
component for the heavy baryon-antibaryon pair, while
[,m; and s, m; refer to the angular momentum and spin of
the pair. The product (Im;sm|jm) is the Clebsch-Gordan
coefficient for that particular combination of total, orbital,
and spin angular momentum (notice that, when applied to
the coupling of angular momentum, the Clebsch-Gordan
coefficients are independent of whether we have particles
or antiparticles). The spin wave function can be further
decomposed as

[smy) = z|S1m1>|52m2><51m1S2m2|Smx>’ (A120)

myms;

with s, and s, the spin of the heavy baryon 1 and 2 (either
% or %).
In this basis we can compute the partial wave projection

of C;, and S, as
("1 m Oy | (s1) jm)
= [ @5 1)701003) (1) m)
:6jj'/5mm/0és/ll" (A121)
where the total angular momentum and its third component

are conserved. The central force Cy, conserves in addition
the orbital angular momentum and the spin:
Cisllll == 655/511/(:?‘?. (A122)

The tensor force is more involved. Owing to conservation
of parity, |/ —1| must be an even number. The spin

481251, 55. 7)

0| ) +812(61. 5. 7)
+AS12(87.5,.7)  —22815(S]. 5. 7)
281 (8], %5, 7)

~22815(81.55. %)

) HAS(S), 0. 7)
815152 7)) —2815(E). 55, 7)
> +812(21.55.7)

(A117)

transitions are more complicated because in the general
case |s —s'| can be even or odd. The exceptions are the
B3B3, BB, and B;B;, systems: these systems usually have
well-defined C- or G-parity, which implies that |s — 5’| is
even. Even when C-/G-parity is not well defined, like in the
Er¥% system, the tensor operator involves identical spin-
matrices and is symmetrical under the exchange of particles
1 and 2:

SH™ = SiP =35, 6,515, (A123)
BB, .2 A2 A o <
S50 =35, 7%, P -5, - 5, (A124)

As a consequence, the matrix elements for the tensor
operator vanish for odd |s —s'|. But if we consider the
B3B; and B¢B;, systems (for example, the E.E; and X%
systems), it is perfectly possible to have a mix of even
and odd spin. The odd |s—s'| transitions have a
particularity that it is worth mentioning. The matrix
element for the tensor operator for odd |s — s’| changes
sign as follows:

(BB 11y |BBg) = —(BiBIS) 11 |B¢B),  (A125)

(BBYIS] .1 |BeB) = —(BiBIS] ., |BB;), (A126)

sV sED)I

with B = B3 or Bg. In fact, the previous two equations
indicate that it is actually a good idea to take explicitly

into account the particle coupled channel structure. Now
if we consider the bases
B = {B3B}, B:B5}, (A127)

then for B’ we can write the central and tensor operators

as
, _( 0 SI-SZ>
12 — - =4 )

5,-8 o
< SlZ(S”l-’S:Zv?)
S12(81, 55, #) 0

(A129)

S1a(7) = ) (A130)
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while for B they read

—% 0 0 O
G, -%, S-S
Cp, = (il q_}z_ _,1 j)! (A131) CBEBE(I‘) _ 0 —% 0 0 (A144)
S1-8 -0y 12 0 0 +3 0|
- e o 9
S350, %) Si(S], 55, 7 00 0 +3
Sp(F) = ( 12(?"1 _}: A) 12(: f A) ) (A132)
S12(81,82. %) Si2(Z4. 62, 7)
. . . -5 0 0 o0
This increases the complexity of the partial wave pro- 4
jection. However, in most cases we can define states with BB 0 -2 0 0
: : : Coe(27) = 4 Al45
good C- or G-parity, which effectively amounts to 12 (27) = 0 o -2 o | ( )
reducing the previous coupled channel systems to a 4
single channel problem. 0 0 0 -3
The calculation of the matrix elements is straightforward
in most cases. We begin with the BB system (with B = Bx
or Bg), for which we have the partial waves —14—1 0 o o0 o0 o
_u
BB(07) = {'S,}: (A133) pome 0 00
BB 0 0 43 0 0 0
B(1- 3g, 3 C5(37) = 4 ,
|BB(17)) = {35,,°D, }, (A134) 12 0 0 0 42 0 0
which lead to the matrix elements 0 0 0 0 ‘h% 0
- o0 0 0 0 0 +2
Ci7(07) = =3, A135
(0) (A135) (AL46)
- 1 0
CrE(1) = , (A136)
0 1 BB 0 -3
, st = (5 ) @
SBB(0-) = 0, (A137) -3 -3
5 0 22 17 3V7
R A B
17 13 \ﬁ _9. /s
. . _ BB 52 0 5V7 5V7
In terms of complexity, the next case is the BgBg system, — S,57¢(17) = ,
for which the partial waves are —%7 %\@ - % %g
- 9 /6 93 45
B0 = S, Dp), (A139) 0 =35 % -8
(A148)
BiBi(17)) = {7S,,°D1,'D,’G}, (A140)
- 0 -3 3,/ -9,/2
|BiB:(27)) = {'D,.°5,.°D,,%G,},  (Al41) Vs 7 3
i % 0 3/F o0
- B 0
|B;B;(37)) = {*D3.%G5.785.7D5.7Gs. 715}, (A142)  Sy5°(27) = " :
NENCEE T
which translate into the following matrices: 5
9, /2 0 18 _15
15 35 75 7
BB, -3 0
CtO)={, _3) (A143) (A149)

4
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_17 5IV3 3V 36 366 0
35 35 5 35 35
51v/3 33
WS 0o =% 5 YR
_3V3 93
GBes (3-) — ° ’ 05 ) ° A150
e IV BV S R S (A150)
35 35 5 70 35
_3ee 9 /2 o ke _2z 9 f3
335 7\ 35 77 11\/2
0 3/F o 0 A -8
|
We will continue with the B3Bg system, where we have  where C = 5(—1)+5, we find the combinations
the partial waves
. 1 |B3Bg(17%)) = {381(=).°D1 (=).°Dy ()}, (Al61)
|B3B5(07)) = {'So}, (A151)
. |B3B5(277)) = {"Da(=).S2(+). "Da(+).°Go(+) }.
|B3Bs(17)) = {35,.°Dy }. (A152)
(A162)
For these systems OPE is nondiagonal: the B3B3z vertex is .
zero and OPE involves the B; B, — BgBj5 transition. In fact |B3B;(177)) = {381(+).°Dy(+).°Dy(-)},  (A163)

there is only one case, the 2.5, system, in which OPE does
not cancel. For this system either C- or G-parity is well
defined, for which we define the standard states

1
V2

with C =n(-1)E"S. With this definition in mind, the
projection of the central and tensor operators read

|B3B(n)) = —=[|B3Bs) + n|BsB3)]. (A153)

P 07) = 31, (A154)

. 10
C%&Uf)=n( ), (A155)

0 1
s%Ps(0-) = 0, (A156)

" 0 2V2

§%8s (1) = ( ) Al57
=0, Y (A157)

The next case is the Bng system. As happened with the
B3Bg case, the Bng system involves only nondiagonal
OPE transitions, i.e., 331_32 - B§B6. We have the partial
waves

|B;B;(17)) = {S,.°D,,°D, }, (A158)

|B§B2<2_)> = {3D1’55275D275G2}' (A159)

If we are considering states with well-defined C-parity

BBi) = 1B3B;) + BB (Al

|B3B5(277)) = {’Dy(+).752(=)."D1(=),°Ga (=)} (A164)

where the number in parentheses is the value of n = £1.
That is, there is the complication that each partial wave in a
particular channel can have a different 7. Concrete calcu-
lations yield the following matrices:

-1 0 o0
Ch™) == 0 -1 o, (A165)
0 0 1
-1 000
0O 1 0 0
CE(Q2*) =+ , Al166
he = | e
0 0 0 1
5 1
.
ShiH) =+[3% -§ 3| (Al67)
1 1 1
22 2
REYe YRV
_\/Z 0 _\/i 0
10 10
SE(2*) ==+ (A168)
/3 _. /1 _3 __6_
2\/; 10 14 75
2E 0 =R
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Here we have departed from the previous notation of
indicating the channel with a superindex. Instead, we
use the superindex £ to indicate that it is exchange or
nondiagonal OPE.

Lastly, the most complex cases are the BsB}; system. The
partial wave and C-parity structure is identical to the B3 B}
case, but now there is also a diagonal or direct piece of OPE
(besides the nondiagonal piece). The vertex factors R; and
R, are different for the direct and exchange pieces, which
has to be taken into account when writing down the
potential:

Vorg = VgPE + VgPE
= RPRYI, - LICY,We + ST, Wy

+ RERET, - L[CEWe +SEW,].  (A169)

If we ignore the fact that the direct and exchange pieces can
have a different effective pion mass u,, we can merge
together the direct and exchange central and tensor matri-
ces. For this we notice the relation

_ 3
RFRY = 7 RPRY. (A170)

This implies that we can reexpress the OPE potential as

Vore = VgPE + VgPE

:R?Rlz)il L[CpuWe +S1pWol, (A171)

where the central and tensor matrices C;, and S, are a sum
of the direct and exchange pieces

3
Ci(I") = CHI™) = SCHUT). (AI172)

3
S12(J7€) = SRUP) = 1SHU).  (A173)

The CP, and S¥, are identical to the ones we discussed in
the Bng case; see Egs. (A165)-(A168). The direct
matrices are given by

-3 0 0
cha=®) =10 -3 0], (A174)
0o o 3
-3 0 0 0
0 +2 0 0
Ch(2%) = S , (A175)
0 0 +3 0
0 0 0 +3

1 3
O - 7
s =1-5 3 3| (A176)
3 3 -3
V2 2 2
e R
CVER O N
SHh(2™) =
z\ﬁ 3\/1 o 8
2\ 7 10 14 V5
ojE 0 % ¥
(A177)

Now there is a B¢B; system for which good G-parity
states cannot be defined, which is

B = {E5 55, (A178)

This system is more involved than usual because we have to
consider the two particle channels a = Z.Z; and g = E:%,
separately. We can define the central and tensor matrices in
the particle basis as

12 S12

In this particle basis, the diagonal central matrices are

Ci(17) = Ch(1m) =CR(17),  (A180)
Cy(27) =C(27) =Ch(27).  (AI81)
while the nondiagonal are given by
1o o0
CH(I) =C3(1) =0 1 o]  (AI82)
0 0 1
1'oo0 o0
01 0 0
C?(27) =l 2) = A183
12()12()0010 (A183)
0 0 0 1

For the tensor matrices we have
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S§5(17) =
SH(17) =
0
SE017) = | =37
1
NG
sty = | -
_% -3
-3 %
SH27) = .
5v7 3
6y/35
5 _
6
aff (A—\ __ \/%
S12(2)_
_l\ﬂ _
2 7
_2\/%
\/Z
10
- 0
Si3(27) =

0 3

(9% (9]
o 5

[[S][o8)

e} [3e]
- -5

=

—
oo

5

wn

~|

’

’

(A184)

(A185)

(A186)

(A187)

(A188)

(A189)

(A190)

SRR Y
3 l% 0 3 % 0
$1h(27) = (A191)
3. /33 /1 9 18
2\/7 10 14 NG
“oys 0 gz o

APPENDIX B: THE ONE PSEUDOSCALAR
MESON EXCHANGE POTENTIAL IN HEAVY
HADRON CHIRAL PERTURBATION THEORY

1. General form of the potential

The potential generated from the exchange of the kaon
and the eta can be derived from the same rules we have used
to calculate the OPE potential. We will not present a
complete derivation here, but simply a quick overview. The
one pseudoscalar meson exchange (OME) potentials are
formally identical to the OPE potential. For a general
pseudo Nambu-Goldstone boson P we can write

2 - N -
5 5 ay-qa - q
VIS p = —RPRE 93 prpp@ 49229 gy
OME 1 22f%’ 1 2 2+ %,
S PpP 9% P Pal - 4as - g
VOME:_R1R22f2F1F272+ 5 (B2)
P P

with fp the weak decay constant for the meson P; RY, RY
numerical factors that depend on the meson P; F¥ and F%
flavor factors (which for P = z are the isospin factors
we have previously used for OPE); d; and a, spin
operators; and up the effective mass of the meson P,
which is p3 = m% — A%, where mp is the mass of the
meson. Notice the analogy between Eqgs. (B1) and (B2) and
Egs. (A109) and (A110) of Appendix A.

The numerical, flavor, and isospin factors of the one eta
exchange potential are listed in Table XI for all vertices in
which eta exchange is allowed. The format is similar to
Table IV, which was dedicated to OPE. There is a difference
worth mentioning: the G-parity of the # meson is positive
(in contrast to the negative G-parity of the pion), which
implies that the signs of the numerical factors R? and R are
not the same as for the pion factors R; and R; of Table IV. In
particular we have that
and vice versa. Besides this, it is easy to see that the
strength of the flavor factors F'F} is in general much
weaker than the corresponding isospin factors for OPE. For
example, in the £.Z, system we have that FF} = 1/3 for
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TABLE XI. Numerical, isospin, and spin factor associated with
each vertex of the one eta exchange potential for the ST and SS
systems. The arrows are used to indicate the final baryon state in
the vertex and P indicates the pseudo Goldstone meson in that
vertex. The numerical factors Rf and Rf are for baryons and
antibaryons respectively, while F¥ are the flavor factors. 6, are
the Pauli matrices, ii are the spin S = 3/2 matrices, and §i are
the 2 x 4 matrices that are used for the transitions from a spin-1/2
to a spin-3/2 baryon.

Vertex P RP R? 7i a
B, — &, n \ﬁ \/i V3 G
3 3

E. — & n V2 -2 V3 S
R T S R
* 1 1 1 rd
S R T S
* ns L € of
o : : L E
B, > &, n : 2 e %
= =/ 1 L 1 <
AN bE _L 1 il
=k =k 2 2 1 <
e T 5 n 3 3 ENE) %
Qc - Qc n % % % gi
- o L - 2 §,
* e L 2 of

Qe = 1 V3 V3 V3 i
Q- n 3 3 2 g,
eta exchange in contrast to 7"1 -Tz = -2, —1 and 1 for

I =0, 1, 2 with the OPE potential.

For the one kaon exchange potential we list the different
factors in Table XII for half the nonvanishing vertices. We
write the vertices in order of decreasing strangeness for the
heavy baryons, with a final kaon. The vertices with an
initial antikaon are indeed identical:

A(B — B'K) = AKB — B), (B4)

where B and B’ denote the initial and final heavy baryons.
The flavor factors in Table XII are listed as numbers, or as
the symbol 8¢, which is a matrix in isospin space. When the
flavor factor is a number, it is implicitly understood that
they are multiplied by the identity in isospin space (all
vertices conserve isospin). The matrices 6¢, where a = + 4
refers to the isospin state of the kaon, mediate the
transitions from isospin-1 to isospin—% baryons (e.g.,

3. = ELK). Their explicit expressions are

TABLE XII. Numerical, isospin, and spin factor associated
with each vertex of the one kaon exchange potential for the ST
and SS systems. The arrows are used to indicate the final baryon
state in the vertex and P indicates the pseudo Goldstone meson in
that vertex. The numerical and spin factors (R”, R and 5,, 3, 5,)
are as in Table XI. The flavor factors F¥ are in most cases a
number (implicitly multiplied by the identity in isospin space to
guarantee isospin conservation). The exceptions are the £, — E.
family of transitions in which the flavor factors are 2 x 3 matrices
67, with a denoting which of the two isospin states of the kaon
have been exchanged.

Vertex P RP RP F? a;
Ac - Elc K \/% % 1 ai
A, — E} K V2 -2 1 §’
ZL. - E‘c K \/2 \/i _91 51
3 3
T > 8, K V2 V2 -0, S,
B, - Q, K \/Z h 1 Gi
3 3
2, - Q, K V2 -2 1 S"J
T, > K 2 2 0, 3
* =/ 1 _ 1 . I
Zc - = K V3 V3 9’ Si
=k 1 _ 1 ) =f
I, > &L K 7 5 0; S
3 & K 2 2 6, s,
=, = Q( K % % 1 31'
= 1 — L i
- Q. K " " 1 S,
= * 4 — L of
= - QF K " 5 1 S
B - Q K 2 2 1 )
1
9+1/2_ 100 9—1/2_ 0 ﬁ 0 B5
2

The evaluation of the product of two 6% matrices can be
done in terms of isospin matrices

5 1. =
>oores =S ot 1) (B6)

a

where 7, and 7"2 refer to the isospin matrices as evaluated
for the initial or final state.

2. Strength of the eta and kaon exchange potentials

The strength of eta and kaon exchange can be compared
to that of OPE using the techniques of Sec. I'V. The central
scale AL for the OME potential can be defined as follows:

AP = ! 24z fp
|oF{ FL| u|RYRY| g7

(B7)
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which is analogous to Eq. (76), except for the changes

fr—fp and 7 FPFL, (BS)
while |R|R,| = |RYRE|. The comparison is in fact direct if
we write it as
7] /7
Ag (|FPFP| X —ﬂ X Ac, (Bg)

which merely involves the evaluation of a few numerical
factors. For the eta meson we have

2
s,
fa

T

7]

m:3,6,9 and

(B10)
where we have taken f, ~ fx ~ 160 MeV. By multiplying
these factors it is apparent that Al is considerably harder
than A.. The conclusion is that one eta exchange is very

suppressed with respect to OPE. For one kaon exchange the
factors are

7l
[FYFS |

fK

7[

=12 and £~15, (B11)

which are not particularly large. The flavor factor suppres-
sion is larger for the lower isospin states, for which the OPE
is stronger. The outcome is that the one kaon exchange
potential is perturbative.

The comparison of the tensor scales AL and A is similar
except for the existence of factors of the type e”*Re and
e"R: that are included to take into account that the OME
and OPE potentials cease to be valid below a certain
distance; see Eq. (98). If we add these factors, we end up
with

A;(mp) — < || ) X <_123> X <—emPR(.> x Ar(m,),
|FYFS| VE: eMaRe g
(B12)

where e(mr=m)Re ~3_5 and 2.5-4 for the eta and kaon,
respectively. The addition of this factor means that the
tensor scale A% is in general considerably larger than the
one for OPE. In particular it can be regarded as a hard scale.

APPENDIX C: THE CONTACT-RANGE
POTENTIAL

The calculation of the contact-range potential will use a
different set of techniques than the one of the OPE
potential. While we derived the OPE potential from the
lowest-dimensional Lagrangian compatible with HQSS and
chiral symmetry, for the contact-range potential we will use
HQSS without any explicit reference to a Lagrangian. We
will first take into account that the lowest order contact-
range potential is simply a constant in momentum space,

(Ve p) = (1)
where p and p’ are the initial and final center-of-mass
momentum of the heavy baryon-antibaryon pair and C a
coupling. In principle the coupling C depends on a specific
baryon-antibaryon system and its quantum numbers. But
HQSS precludes C to depend on the heavy quark spin,
which will translate into a reduction of the number of
couplings. We will explain in the following lines how to
do that.
Heavy baryons are |Qqq) states with the structure

B3 = 10(q9),,~0) j-L- (C2)
Bg = |Q(QCI)SL=1>J‘:51 (C3)
Bg = |Q(QCI)SL:1>,‘:%’ (C4)

with s; = 0, 1 the light quark pair spin and j the total spin.
The application of HQSS to the contact-range couplings C
1mphes that they depend on the total hght spm
SL =571 + 512, but not on the total spin Jj= ]1 —|—]2 or
the total heavy spin SH = 5y + Sio. To determine the
exact structure we have to study the coupling of the light
quark spin for different types of heavy baryon-antibaryon
molecules. In the following lines we will explain how to do
this for the Bé*)Bé*), BgBé*) systems, ordered by decreasing
degree of complexity. We did not list the system

BsB; = S, =0, (C5)
for which the light spin structure is trivial because
S =812 = 0.

1. The SS contact potential

For a heavy SS baryon-antibaryon system (i.e., §; = 1
for both baryons) we can decompose the spin wave
function into heavy and light components as follows:

BBy = > Ds,s,(

Su.St

J)Sy ® Sil;. (C6)

where D are the coefficients for this change of basis. They
fulfill the condition

Z |DSH,SL (J)|2 =1L

Su.St

()

From this decomposition we can calculate the light spin
components of the contact-range potential:
(S ® S1|VISy ® S.) = 8s,,5,05,5, Vs,»  (C8)

where the light and heavy spin decouple.
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The general way to carry on the heavy-light spin
decomposition is to consider the spin wave function of
the heavy hadrons

|Hy) = [Su,52,/1) |Hy) = |su,51,72),  (C9)
where SH,» SH, is the heavy spin; 5L, SL, the light spin; and
J1» j» the angular momenta of the two hadrons. When we
couple the two hadrons, we have:

|H Hy) = |sp, S0, J1)|SH,51,J2)

= ZDSH,SL (J)|(SHISHZ)SH(SLISLZ)SL(j1j2)J>7
Su.SL

(C10)

which is merely a detailed version of Eq. (C6), where
the notation indicates that the heavy spins coupled to Sy,
the light spins to §;, and the angular momenta to J. The
coefficients Dg, s, (J) can in fact be expressed in terms of
9-J symbols:

Dy, 5,(J)
= (S, 5L, J15m, 5L, 2| (51, 51,) St (s, 51,)SL(7172)T)
Sm1 SL, i
=V 2+ D)2+ 1D)2Sy+1)2S +1)S su2 sz, Jo
Sy S J
(C11)

Finally if we are considering antihadrons, we should
consider their behaviors under C-parity to define their spin
wave functions consistently: they might differ by a sign
from the ansatz |sys; j).

If we go back to the SS heavy baryon-antibaryon system,
for the B¢Bg case we find the following:

B 0-)y — L 2
|BsBs(07)) = \/§OH ®0, + \/;IH Q1 Y (C12)
_ V2 1
B:Bs(17))=—0 1, ——=1 0
|BeBo(17)) 3 @1 33 7 ®0;
2 /5
+§\£1H®2L N (C13)

For the B¢B}; and BB cases, we include a minus sign in
front of the states containing a B;, to highlight the C-parity
convention that we employ here:

_ 1 2 /2
—|BeBi(17)) = +§0H ®1;, —g\/;lﬁ ®0,

1 1 /5
+—15®1 __\ﬂl ®2 ,
V2 T L 3Ve T
(C14)
- 1 2 /2
+|BEB6(1_)>:—3OH®1L+3\/;1H®0L
1 1 /5
+—=1y®1 +—\ﬁ1 ®2;
V2 L T3V e T
(C15)
BeB:(2)) = + 0y ®2, ———1, & 1
1
+—17®2 , Cl6
S n®n (Cl16)
HIBLB(2)) = 0y @2, 41y @ 1
1
+—=1p®2 C17
S H®c (C17)
Finally, for the B;B; case we have
* D% — 2 1
—[B§Bs(07)) = §0H®0L_%1H R 1, , (C18)
J=0
: V5 1 10
—|BsBs(17)) = -0y @ 1, + 21/ 1u ® O
3 3V 3
1\F
-A\/Fle®2| (C19)
3V3 _
BB:(27)) = ——0, ® 2 +\F1 o1 (C20)
656 =B 3t ® L
—|BsBs(37)) = 1y ® 2,13, (C21)

where we have included the minus sign to stress the
convention.

Finally for the BﬁBg we can also write the decomposition
in the basis with well-defined C-parity for those cases
where it applies:

|B{Bs(177)) = 1y ® 11],. (C22)
_ V2 4
BiB:(177)) = —0 1, ———1 0
|BgBs(177)) 3H®L3\/§H®L
1 /5
_§\/;1H ®2 o~ (C23)
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1
—=lp®1

_ 2
* ) 5 _
|BgBs(277)) = \/;OH ® 2 NG oy

1BiB6(277)) = 1y ® 2.],. (C24)
From the previous decomposition and applying Eq. (C8)
we obtain the contact-range potentials of Sec. III.

2. The TS/ST contact potential

For a heavy T'S/ST baryon-antibaryon system we have
to pay attention to the fact that one baryon has §; = 0 and
the other S; = 1. The expectation is that there will be a
direct (exchange) contact term for the transition 7S — TS
(TS — ST). The heavy-light decomposition of the potential
is in this case

(Sh ® (S, ®S7,)s [VISy ® (S, ® SL,)s,)

= 0s,,5,05,5,(S1,51,1Vs, 150,81, ). (C25)
where now we have take into account that the light quark
spin of particles 1 and 2 is different. If we have a particle-
antiparticle system, C-parity implies

(St 81,1V, [S2,SL.) = (81,52, Vs, IS, 51,0 (C26)
As a consequence, for the TS/ ST case there are two contact
couplings corresponding to

(01|V;]01) = (10]V,|10), (C27)

(01]v{]10) = (10|V,|01). (C28)
That is, a contact term that conserves the spin of particles 1
and 2 and a contact that exchanges it. For the BsB4 and
BgBj the heavy-light spin decomposition reads

[B5Bs(07)) = +15 ® 15405, (C29)
|36B3(0_)> = _lH ® 1qq|J=0’ (C30)
_ 1 2
_ 1 2
|B6B§(l )>:+7§OH®qu+ §1H®1qq 1:1’ (C32)

while for the B5B; and B;Bj; we include the minus sign in
front of the states to make the C-parity convention manifest:

—|B§Bg(1‘)>:\/§0H®1qq+%1,{®1,—m e
BB () = 2o ® =2l ® | . (€34
J=1
=|B5B;(27)) = 1y ® 1550, (C35)
+|BgB5(27)) = 11 ® 144ly—- (C36)

In the decomposition above only the quark pair with §; =1
is written. The other quark pair is implicitly understood, i.e.,

lgg = lgg ® 035, (C37)
133 = 04 ® 135- (C38)
From the decomposition and the definitions
Bp = <1qq|V|1qq> = <1qq|v|1qq>7 (C39)
Bg = <1qq|V|1qq> = <1qq|V|1qq>7 (C40)

we obtain the contact-range potentials of Sec. III.
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