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Given an observable and its operator product expansion, we present expressions that carefully
disentangle truncated sums of the perturbative series in powers of a from the nonperturbative (NP)
corrections. This splitting is done with NP power accuracy. Analytic control of the splitting is achieved and
the organization of the different terms is done along an super/hyperasymptotic expansion. As a test we
apply the methods to the static potential in the large f, approximation. We see the superasymptotic and
hyperasymptotic structure of the observable in full glory.
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I. INTRODUCTION

Nonperturbative (NP) effects are dominant for QCD
phenomena with characteristic energy of O(Aqgcp). Con-
sequently, the absence of analytic tools for dealing with NP
effects in QCD makes impossible to produce quantitative
semianalytic predictions in terms of Agcp and renormalized
quark masses for most low energy observables.

On the other hand, there are observables for which their
perturbative expansions in powers of a are reasonable
approximations. This typically happens when there is a
large scale, generically referred as Q (>Aqcp), in the
process. In principle, it is then possible to perform pertur-
bative calculations up to any finite order in a. Nevertheless,
such perturbative expansions are expected to be asymptotic
and divergent. Such divergent behavior is not arbitrary.
Besides the perturbative series in powers of a, one also
expects the observable to depend on, nonanalytic, NP,

functions of order e @ ~ (Aqep/ Q). These NP effects
and the perturbative series in powers of « are not indepen-
dent of each other. Indeed the former determines the late-
term behavior of the latter. Leaving aside instantons, that we
will neglect in what follows (as they yield smaller NP
corrections than those we consider in this paper), such
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relation can be quantified using the operator product
expansion (OPE) of the observable for large Q. The allowed
operators determine the allowed corrections in powers of
Aqcp (up to logarithms), and, therefore, the large order
behavior of the perturbative expansion, since the latter can
be related with singularities in the Borel plane (located in
the positive real axis), which mix with the NP corrections.
To these singularities (and the associated asymptotic per-
turbative expansion) we generically refer to as infrared
renormalons [1].

In a more general scenario one can consider more than
one large scale: Q) > 0, > Aqcp. Then the use of the
OPE and the factorization between the different scales
makes the perturbative expansions associated with each
scale to be asymptotic. In some cases one has renormalon
singularities associated with the scales Q; and Q, that
cancel among themselves. This is indeed the case for the
leading renormalon singularity of the pole mass and the
static potential, as first found in [2], and later in [3,4]. We
name these renormalon singularities spurious.

So, in general, we want to: .

(1) Predict observables with PRTY precision.

(2) Avoid spurious renormalon problems.

In this paper we focus on (1), though our results will be
relevant for (2) too.

Besides its intrinsic theoretical interest, the asymptotic
behavior of perturbative expansions in QCD is starting to
be seen in a series of observables, in particular, in heavy
quark physics. In this case, in order to handle the renor-
malon problem associated with the pole mass, different
threshold masses have been introduced [4-9]. Some of
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these threshold masses introduce (explicitly or implicitly) a
scale v, that acts as an infrared cutoff. Such infrared cutoff
kills the renormalon behavior of the perturbative series
producing a convergent perturbative series and introducing
a linear powerlike dependence in v;. In practice these
threshold masses work quite well. The error associated to
the fact that we have this linear cutoff is typically small
(see, for instance, [10—12]). Still, it is not optimal con-
ceptually.1 Other of these threshold masses use approxi-
mate expressions for the Borel transform of the pole mass
that partially incorporate the renormalon singularities in the
Borel plane. The inverse of the Borel transform (which we
will name Borel sum or Borel integral in the following) is
then ill defined. This requires using some prescription to
regulate the Borel integral. In this last case the perturbative
series is typically abandoned and one directly works with
the Borel integral expression. In this approach it is not
quantified what is the error made by using (the unavoid-
ably) approximated expressions for the Borel transform.

This discussion leads us to consider an alternative
method that is also often used to tame the asymptotic
behavior of the perturbative series: truncating the pertur-
bative sum at the minimal term. In mathematical literature,
such approximation is often named the superasymptotic
approximation of the original function (see [13]), whichis a
name we will also use in the following. This procedure has
long since been used (see [14], or [15], for references),
mainly in the context of solutions to one-dimensional
differential equations. Nevertheless, in that context, renor-
malons do not show up, nor it does the issue of scheme/
scale dependence.

In the context of four dimensional quantum gauge field
theories, truncation of the perturbative sum in different
formulations or using approximated expressions for the
Borel integrals has also been considered since the early
days of OPE/renormalon analyses to determine observables
with NP accuracy (see for instance, [15-22]). However, it
was not possible to make quantitative analyses beyond the
large-p, approximation, since the existing perturbative
series were only known to low orders. More recently,
perturbative expansions have been obtained to high enough
orders for some observables in the lattice scheme [23-26].
This has allowed us to quantitatively use perturbative sums
truncated at the minimal term and successfully determine
the gluon condensate and A in the quenched approximation
[27]. This success motivates us to try to improve this
approach, and to revisit with it observables already com-
puted in the MS scheme, even if only few coefficients are
known, since in the MS scheme (and in particular in heavy

'In the same way that there is nothing conceptually wrong in
using cutoff regularization in perturbative computations, but
regularizations that kill spurious powerlike divergences, like
dimensional regularization, and preserve more symmetries are
much more convenient.

quark physics) renormalon dominance shows up at rela-
tively low orders.

Whereas, by construction, the superasymptotic approxi-
mation does not explicitly introduce the factorization scale
vy, the dependence on the renormalization scale v remains
to be assessed. Therefore, to push this method forward we
need to get a quantitative understanding of the error on the
truncation of the sum and of its remaining scheme and scale
dependence. Similarly, the NP power corrections are
potentially dependent on how the divergent perturbative
series is regulated and on the renormalization scheme/scale
used to define the strong coupling: ax (). A major point of
this paper is to be able to control (in an analytic way) the
dependence of the power corrections in this generalized
scheme dependence. We will only then be able to add NP
power corrections to the perturbative series in a systematic
way, since the mixing between the perturbative series and
the leading NP terms (or between the perturbative series
associated to the scales Q; and Q,) makes it impossible to
determine them independently. An unambiguous definition
of the NP power corrections requires defining the pertur-
bative series with power accuracy. Such combined expan-
sion of perturbative series and NP terms will be called
hyperasymptotic expansion as in [13]. Organizing the
computation in this way allows us to precisely state the
parametric accuracy of the result at each step.

The mixing between perturbative and NP effects may
hinder estimating the real size of the NP effects. This
happens when using threshold masses. In this case the
problem is not severe. A more extreme example of this
problem appears in lattice regularization. The gluon con-
densate is, up to a factor, the expectation value of the
plaquette:

36 61

(6 =5 €5 (@) (Phuele) =5 o po. (1)

(98]

where py, = 4x/3. For f=3/(2za) =6.65 we have
(G?) 1 ~ 3.3 x 10*rg*, whereas the NP gluon condensate
is ~3.2ry 4 [27]. We see that the perturbative contribution
overwhelms the NP contribution by orders of magnitude.
Therefore, it is convenient to devise schemes where one has
extracted as much information as possible from perturbation
theory in such a way that the remaining NP object has a
minimal mixing with perturbation theory. This scheme
would provide a natural place to estimate the real size of
the NP corrections without the distortion due to perturbative
effects. We believe that in this scheme one could get a better
understanding of the real structure (size) of the NP effects.
This could be important, once the precision increases and to
set a standard for the future.

It is also our aim to relate the hyperasymptotic expansion
with the previously mentioned methods used to handle the
pole mass renormalon. This will allow us to parametrically
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quantify the error those methods have, in particular those
using approximate expressions for the Borel transform.
Finally, it is also worth mentioning that truncating the
perturbative series at the minimal term can be motivated in
the context of factorization of scales and effective field
theories, where one wants to factor out the physics associated
to O from the physics associated with Agcp. The point is that
in n-loop diagrams, new scales are effectively generated.
These scales are proportional to Q, but are modulated by
small factors ~e~%, where k is an integer. The dominant
contribution to the n-loop diagram is not then due to Q but to

n

Qe Fin, where k.;, is the smallest possible & for the process
athand. For the case of the pole mass k,;;;, = 1and Q = m.In
this case, for small n, we still have that me™ > Agcp.

Nevertheless, for n ~ ﬂzo—’;, we have me™ ~ Agcep. Doing
perturbation theory for n 2 /% would simply mean treating

me™" as much bigger than Agcp, which is incorrect.

The structure of the paper will be as follows. In Sec. 11
we discuss the general case when there are no ultraviolet
renormalons. In Sec. III we discuss the QCD static potential
in the large f, approximation. We use this quantity as a toy
model NP observable to test our methods. The inclusion of
ultraviolet renormalons and real QCD examples will be
discussed in followup papers.

II. DETERMINATION OF POWER CORRECTIONS
AND SUMMATION SCHEME DEPENDENCE

The generic form of the OPE of a dimensionless
observable is the following:

(Oa)
0"’
(2)

For observables that live in the Euclidean (like the Adler
function or the plaquette), O, generically represents a local
operator, but not necessarily so if the OPE is applied to EFTs
in the Minkowski (as it could be the case for the B meson
mass). In any case, the expectation values (O,), are of order
AgCD (up to some anomalous dimension). On the other hand
S(ax(Q)) can be computed as a Taylor expansion in powers
of ay(Q). This series is assumed to be asymptotic. Up to some
anomalous dimension, Cy 4(ax(Q)) can also be computed as
a Taylor expansion in powers of ay(Q) and the generated
series is also assumed to be asymptotic (we will not explicitly
elaborate much on this fact though, since this leads us to
consider subleading corrections in the OPE expansion, which
can be handled in an analogous way). Then, the observable is
often represented in the following way:

Observable( o >:S(aX(Q))+ZCo.d(ax(Q))
d

QCD

© © Ad
Observable( Q ) = Z pf(lx)a;'fl(Q) + <K + Z Pt(lx'd>a;'(+l(Q)>a§((Q> _ii +o
AQCD n=0 n=0 Q

n=0

— Zpﬁf)a;“(Q) + <K’ + Zp

=0

— N (x) (ﬁ) n+1 ( !
Pn ay" () + | K
2.7 (g)%

3 _ 2
,,(X’d)a?'l(Q))O{};(_db(Q)e ax@) ...

d 2n

+ Zpl‘l(x,d) (g) a§+1(ﬂ)>a§(—db(ﬂ) %e—dm bl (3)
n=0

where the dots stand for terms suppressed by higher powers of Agcp/Q, fy = 13—1C A —%TFN ¢» v is the anomalous

dimension of the operator O,, and

with
yo B BB
7 N apy
W0 B2 + B )
166745

and so on. Obviously, the three equalities in Eq. (3) are
symbolic representations of the observable, as the pertur-
bative series are asymptotic. We need to define first the
perturbative series with Agcp power accuracy. This defi-
nition of the perturbative series will, in turn, define

ool [ P i)}

=1

|
unambiguously the NP power correction. In realistic cases,
the only information that we will have of the OPE of the
observable will be:
(1) The exact knowledge of the coefficients p, up to
n = N, where N > 1 is large enough such that Zp” is
well approximated by its asymptotic behavior”;

Otherwise the perturbative expression is not accurate enough
(in principle) to be sensitive to NP corrections and it does not
make much sense the consideration of NP power corrections,
which is the aim of this paper.
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(2) The knowledge of the structure of the leading NP

power corrections: values of d, y and the very first

few terms of p,(f]);

(3) The knowledge of the asymptotic behavior of p,
(which relies on the previous item and demanding
consistency to the OPE):

(as) (MY _ Xy_dF(1+db—y+n)
Pr\Q) =20 0d T +db—7)

Po \" I\,
) oG @
(4) The knowledge of the y dependence of p,, and p;,(d>
dictated by the renormalization group invariance. In
realistic cases, only to some order.
Therefore, we will devise definition methods that only use
this information. This naturally leads us to consider the
perturbative series truncated at the minimal term N* (or
close by):

(N*+ bd—y)ﬁogixf(i'u): o T T OG)
TT
d2r 1
N*=m—5—db+y+0(ax(u)). (7)

Note that N* depends on yx and on the renormalization
scheme X used to define the strong coupling constant:

ax (ﬂ) .
Therefore, we define

S1(Q) = Sy (@) = 3 piY (g) (1), (8)
n=0

After truncating, S(Q) depends on small variations of N
around N*, on u, and on the scheme X (in this paper we will
consider perturbative expansions either in the lattice or in
the MS scheme but the expressions are valid for general
renormalization schemes). Overall, we generically label all
the summation scheme dependence by 7. The ambiguity
(freedom) of the truncated perturbative series is “of-the-
order” of the power correction. By this we mean that small

42
variations in N around N* are of O(e 7s™). We also
assume that the truncated sum S; for N~ N* to be
asymptotic to the full result in the following way

Observable( 0 ) -S7(0) = O(e_dW) 9)

QCD

where d is the dimension of the leading NP term of
the OPE.

As the observable is summation scheme independent, the
T-scheme dependence of Sy(Q) should cancel with the
scheme dependence of the NP power corrections. We

would like to determine Eq. (9) with higher precision.
As we have mentioned, one can get right the dimension d of
the NP power correction by approaching N to N*. It is more
complicated to fix the overall coefficient (and its structure
in powers of a and Ina) that modulates the NP power
correction. This will heavily depend on the freedom in
truncating the perturbative series. It also needs some extra
information in the relation between the perturbative series
and the observable.

In order to quantify this difference, we first search for
generalized summation schemes of the perturbative sum
that are T-scheme independent, i.e., that they are indepen-
dent of u, X and N. The Borel integral of the Borel
transform is a natural candidate. In our case the inverse of
the Borel transform needs regularization, as it has singu-
larities in the real axis at positive values of the integration
variable. Here we take the principal value (PV) prescription
of the perturbative expansion:

Swl0)= [~ dretinWBisi. (10

PV

where one takes the arithmetic average of the integral above
and below the real axis and

Bisi() =32 FZ) . (11)

For values of ¢ larger than the radius of convergence of this
series, we take the analytic continuation of this function.
For instance (this function will be useful later on),

00 —t/a 1
I(db) = A,PV dte / (1 _ 2u/d)1+db—}’
= aDgy—, (=(27d)/(foa)) (12)
~°°F(l+db—7/+n) & na”“
; I(1 +db—y) (27:d> (). (13)

where u = f3yt/(4x). For this and related equations we
collect a useful set of equalities in the Appendix.

Now, our first task is to show that Spy is indeed T-
scheme independent.

In the large f3, approximation the PV Borel integral can
be shown to be factorization-scale and scheme independent
(actually in the large S, approximation both things are the
same) [28]. Beyond the large f, approximation things are
more complicated. Nevertheless, we can still show the
factorization and scheme independence of Spy under some
assumptions. We first consider the renormalization scale
dependence. We restrict the discussion to the inclusion of f3;
to the running of a. Then, renormalization scale independ-
ence gives the following relation between coefficients [28]:
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d d Bo
pooPo=0 H— i =2 P
7

du 2n
d Po P
—pr = —kpi_ —(k=1)p;_s; k>2. 14
ﬂdﬂl’k o Pk1+8ﬂ2( )Pk—2 (14)

Using these relations we can deduce that

dS b /°° J d = (Ar\J+2
dg P [ a4
Fau™™ = 7082 Jowy  du 2 \ o

I 1 .
X ]_’_—zﬁ pj(T)6_47”‘/(/}0(1X(/4>)u]+2. (15)

This is a total derivative and vanishes. It is possible to
include f, to the running of @. Renormalization scale
independence of the perturbative series now gives the
following relation between the coefficients of the perturba-
tive expansion

d ﬂO ﬁl
'udupk 2 Pi- +87r2( )Pi—2
b
+32”3 (k=2)p_3, k=3. (16)

Though much lengthier expressions show up, it is still
possible to deduce that

d /00 d /00 d
—Spy xA du—aqg;(u) +A du—ag,(u).
7 Al 15 by dugl( ) +Axp, by dugz( )

(17)

These are total derivatives. The behavior of g; (u) for small u
is g;(u) ~ u® with @ > 0. For large u, g;(u) ~ e™/*h(u),
where h(u) does not grow exponentially. Therefore,
¢(0) = 0 and g(e0) = 0, proving the renormalization scale
independence of Spy. The inclusion of higher order terms
seems to produce also total derivatives that vanish. Note that
our conclusion disagrees with [28].

We now turn to the scheme dependence. Given the
perturbative series in a given scheme:

Z peay (18)
k=0

we consider a general change of scheme (but regular
enough, such that, for instance, do not introduce spurious
singularities in the Borel plane):

ay = ay + djay, + dhay, + dyay, + . (19)

The independence on the coefficients d; of Eq. (18)
produces the following relation

= d d
Z{(ddipk>a§“ + pr(k + 1)a§d—diax =0. (20)

k=0

Note also that

d .
ad, ™ = ay ' (1+ O(ax)). (21)

Overall we get

d
d—dlpk = —kpy_y +2d, (k= 1)py_
— (5d} =2dy)(k=2)pys +--- (22)
d
d—dzpk = —(k=1)pg_p +3d, (k= 2)ps_3

= (9d} =3dy)(k=3)pjg + -+ (23)

For simplification one could work in schemes that make
higher order terms (the dots) vanish. Then, making a similar
computation to the one we did to get the scale dependence,
we get that the PV integral does not change under these
variations, as we get total derivatives, which vanish:

d d
didlSpV — O T@SPV — O (24)
Therefore, Spy is T-scheme independent.

We do not enter in this paper into global definitions of
the Borel integral of the observable itself, which may not
exist [1]. For the purposes of this paper, it is enough that we
can define the Borel transform of the perturbative series and
its Borel sum (with the PV prescription). We then assume
that difference between the Borel sum regulated using the
PV prescription and the complete NP result obtained from
full QCD can be absorbed in the NP terms of the OPE. An
analytic proof (of disproof) of that is tantamount to given a
NP proof of the OPE in QCD, which is, at present, beyond
reach. Since we assume that such generalized resummation
scheme preserves the structure of the NP OPE, the differ-
ence with the observable has to exactly scale as the NP
corrections of the OPE:

9)
Observable ( AQCD)
d
— Spv(a(Q)) + Kﬁfwa&(@g(l 1 O(ay(0)))
d/
+ O</Q\§,>, (25)

where the last term refers to higher order terms in the OPE

(d > d). Kgfw is independent of x and Q. We also demand

K;PV) to transform as Ay? under changes of scheme of the
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strong coupling, ay, i.e., the combination K§VA§ is scheme
independent. Indeed, since the structure of the NP OPE
should be preserved, alternative generalized summation
schemes should be different from the Spy by a term exactly
proportional to the ¢ and scheme independent quantity

d
x KPVal(0) g (1+0@x(Q).  (26)

Note also that the exponent y and the O(ax(Q)) can be
determined by RG analyses. In some cases RG analysis
says that there is no O(ax(Q)) corrections (the Wilson
coefficient is identically 1). This indeed would be the case
of the B-meson mass.

Spy has the handicap, though, that it needs the full
analytic structure of the Borel transform in the Borel
plane, i.e., it requires the knowledge of the perturbative
series to all orders. This can make them unpractical.’
Remarkably enough, however, this problem can be
bypassed by relating Spy with truncated versions of
the perturbative series. This is the strategy we follow:
devising truncated sums that we can relate with the PV
result. This allows us to control the scheme dependence
and error of using S7. Quite remarkably, this approach
also allows us to quantify the error of using approximate
expressions for Spy, since we do not know the complete
perturbative series.

For fixed p, the N — oo limit of S;(Q) diverges, since
the perturbative series is divergent. Therefore, if we want to
keep p finite, we have to keep N finite as well.
Alternatively, if we want to take N — oo, then we should
as well send ¢ — oo. Therefore, we explore two possibil-
ities. One is to take u ~ Q in N ~ N*, the other is to take
u — oo (correlated with N ~ N* — oo):

(1) N and u ~ Q large but finite:

N =Npla)=d—2" (1

oy (1= el (27)

(2) N - o and u — oo in a correlated way. We con-
sider two options:

— 2” .
A) N+1:NS(Q):dﬂoax(ﬂ)’
2r I
B) N=N,(a)= dm(l—c x(Q)), (28)

*In the resolution of one-dimensional differential equations
this cannot be much of a problem, since it is possible to compute
perturbation series to very high orders, and one has good analytic
control on the NP corrections, as they can be evaluated via
instantons. Nevertheless, this is much of an issue for us where in
realistic scenarios we will only have approximated evaluations of
the leading singularity in the Borel plane.

where ¢’ > 0 but ¢ is arbitrary otherwise. Note that in case
(1), ¢ can partially simulate changes on the scale and
scheme of ay.

We will study case (1) and (2) in the following two
subsections.

A. N large and u ~ Q > Agcp- Eq. (27). Case (1)

We first study option (1). Now the truncated sum reads
[Np is defined in Eq. (27)]

an ( ) AW, (29)

We want to estimate what is the leading contribution
to the difference between the PV sum and its truncated
sum. This difference is dominated by the leading renor-
malon. Therefore, we focus on the contribution associated
with it:

d
5Spy = OQ[(db)erI(db—l) -]
o T +db -y +n) db—y
B )552 (1+db—7y) [1 Ydb—y+n
(b —y)? N
+b2( +db—y)(n+db—y—1)+’ ]
Po .
(2 d) T (u) 4+ Q, (30)

where [ is defined in Eq. (12). The finite sum stands for the
contribution to Sp(Q) associated with the leading renor-
malon. Q is the terminant [14] of the asymptotic series

when we truncate at oVt

Q=AQ(db)+b,AQ(db—1)+w,AQ(db—-2)+--- (31)
where

o by(db —y)

== ¢ 32
w2 db—y—1 (32)

and AQ admits the following integral (but not a Borel
integral) representation

H 1 ﬁo N+l N+2
Qlan) = 25, Bt (%) o)

o db—y+N+1 ,—x
x / dx%. (33)
0.PV 1- x%

With these definitions Q has the desired asymptotic
expansion:
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' S T(1+db—y+n) db—y (db—y)? ](ﬂo

Q~Z% —— 1+b b
[ * lafb—}/ﬁLnTL 2(n—|—db—7/)(n—Hz’b—y—1)+ 2nd

0, Qd et 1’*(1 + db — )/) ) n+1(/")' (34)

Even if Eq. (33) is not in a Borel integral form, this integral is amenable for a saddle approximation analysis (still, note also
that we can evaluate it numerically exactly). We consider the integral

o xdb-rN+1p—x ( 2nd )
H= dx——=T(db—y+ N+ 1)Dy_ —, 35
0.PV 1- x/”o(z’Txé”) ( ) byt Poax (M) ( )

where D, (x) is defined in the Appendix. Setting (to avoid considering noninteger values of N, for a given value of x we will
restrict to values of c¢ that ensures that Np is integer)

2rd 3 2rdc
Poax(u) Po

N=Np= (36)

the integral H has the following expansion (this result is obtained by explicit computation and checked with an alternative
computation using the recursion relations one can find in [14])

2md N\ e 112 By? 1 BT 1 1
H = — _— foa — — _ _——
<ﬂoax(ﬂ)> e (1) i [ T 3| +ax () L | =5 T agMe T 1og0

+052(ﬂ)‘5)7/2 e g e = = 5| O (1)
X257 | 7160 T 96 T 144 T 96" T 6a0 e T 241092 W

where 7, = —bd+%c+y— 1. Thus

zyn 2ad\ W e 12 1
AQ(bd) = ———0 (7€ g /by [0
0 F(1+bd—y)Qd(ﬂo> o N |73
BT 1 1 N | 1 Lo 1 25
x| "1t 28 " Tos0) W) 27 | TTe0™ 96" T 1aa" To6™ ~6a0’" 24102
o) |
and Q reads
. Boax(u)\ ~db _ _
0 = V(K e w8 (P g ) (14 Kt + KA + 0@ (47)
or in terms of Agcp,
Q= ay KX— (1) (1 + K () + K3 () + O (k). (38)
where
—zX 27d\ a1+ [ B\ P4 [ By /2 1
(P _ 04 r 0 0
K\ = e+ 39
O e y< ) ( 3 <d> Ws] ®
(P ﬂo/( 1 1 1
K = - — ) R — — 4
) _ w(p) _bPods)
kM =k 41
X,1 X,1 o' ( )
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2 2
_p B2 (xd) 1 5 1 1, 5 23 1
k) P (bd—y = 1) (bd =) =5, + ) £ by (bd =) [ =1 — =i = oy — ) = ——
2= T wy(bd —y —1)(bd —y) 2t ) T 1(bd —y) 24nc 2~ 18" ~Tos0) " Teo™
1 1 1 1 25
_ _ e —n, - ——— 42
96" T 12z T o6 " gan”le 24192] (42)
KY) = (87r2K — 4bdzs\BoRY) + BPAESIBE + 2b7ds,52). (43)

Let us note that Eq. (38) also has a factor o’ (i) besides the prefactor /a(u). In this paper we will only consider situations
where y = 0. To properly account for this factor one has to perform a resummation of In(x/Q) terms that effectively
transform o () into o (Q) in Eq. (38). For one example of a case with y # 0 where this is done, see, for instance, [29].

In the large f, it is possible to write Q in a Borel integral form. It reads

d —r+1 N+1 —y+N+1
w1 [\t P\N+1 foo e uT
Q=27% ~— () ay(p < du eforxn : 44
%0011 -7) \So x) d 0.PV 12 (44)
After integration we obtain (/) = 2/;"1 ct+y-1)
Z A% (2md\ 1+ By’ 1 I 1 1
Q- — 7l ~rna 1/2+y Yo | _ Eﬁo) - 0 . 5/10)3 o Eﬁo) _
r(1 —y)Qd<ﬂo> O BT B I e I T L VUL T
o/ 1 1 1 1 1 25
2 0 o Bo)s _  (Bo)d b (Bo)3 b (Bo)2 Y (o) O
+ax() 27 [ 160]10 96 TTaa Toe Tean’ 24192] + (O‘X(”))}'
Obviously this result coincides with the full result when setting by = f; = --- = 0.

Subleading NP renormalons give subleading power corrections. A function with a finite radius of convergence in the
plane yields a Borel transform that is an analytic function in the whole complex u plane. Such function generates corrections

_ o o
smaller than any NP correction (i.e., of order (K/N)N ~ ¢ Ko ln(ﬂoaxw))
Since Q gives the leading NP correction to Spy we can write

Overall we obtain

Spv(Q) = Sp(Qsp) + K Qd oy (p (1 + Kgﬁax(,u) + Kﬁf%a%(,u) + O(ai(u))) + NP power corrections
(46)
or
Poax(u)\
S = S K 'u /1 ay y e
pv(Q) = Sp(Qsp) + ax(w)Ky ' Sre < . ay(u) 47)
x (1+ Kg(}ax(ﬂ) + Kx,zax(ﬂ) + O(ax(u))) + NP power corrections

Note that with this method we do not expect a bad behavior when we take ¢ — 0O: The result is smooth, unlike
what will happen with method 2B). Remarkable enough, this result quantifies the error of determinations of NP corrections

obtained by truncating the sum at (or around) the minimal term, which is of O(/ (Z(ﬂ)A‘éCD) irrespective of the scale and

scheme (in particular this applies to the analysis in [27]). We now can do better, as we now can compute these subleading
terms that before went into the error. Therefore, we can increase the precision with which the genuine NP term can be
determined.
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If the precision of the computation is high enough one
may consider going beyond the leading power accuracy and
include the first correction to the above equations in the
hyperasymptotic expansion. It would read

= SP(Q'#) +Q(u)

+ Z pn

n=Np+1

SPV(Q)

) () + Q)+, (48)

d P Ad 34
o 5n(0i) = =K T (< 14 20) 4 )

1
+ ax (u) 64
N,

—ﬂdi Y (P e )+

We will typically take 4 = kQ, where k is a constant of
order 1 to avoid large factors. Note also that the Taylor
expansion in powers of a of the last term in Eq. (48) starts at
n = Np + 1. This effectively transform this term in a NP
power correction. Moreover, the fact that the leading
renormalon is subtracted from the perturbative series
expansions further suppress this contribution. A naive
estimate can be obtained by saturating the coefficients
by the next renormalon. For the case of the static potential,
the next renormalon is located at u = 3/2. This produces
that the series roughly scales as

W rom 2 141
N(g e Poxt = e /foﬂx(#)( n(3 )>’ (50)

which is obviously subleading, but still more important
than the next NP correction. We will visualize the size of
the different terms of the hyperasymptotic expansion in
more detail in Sec. III B for the case of the static potential in
the large f, approximation.

The correction associated with an analytic function in the
whole complex Borel plane (of order @V ~ e #¥I(V)y jg
smaller than any NP correction (of order e #V, where # is
finite and bigger the further away the renormalon singu-
larity is from the origin). Still, one can also worry about
the role played by the logs generated in the perturbative
computation: In(u/Q). Assuming they are large, the lead-
ing contribution to the order &" is of O(a" In™ (1/ Q)). Since
it is still 1/N! suppressed compared with the renormalon
contributions, it can be written as e~ *¥"(V/(#/2)) Obviously
if k is made parametrically big it could jeopardize the
hierarchy of the corrections that we have here. Therefore, we
will always keep k parametrically of O(1).

1672

where N, stands for the power in a where the pertur-
bative series will mix with the subleading renormalon
and Q' can be easily deduced from Eq. (37) adapting
dimension and anomalous dimension to the next
renormalon.

The truncated sum Sp(Q;u) depends on u but not Spy.
This has the important consequence that we can determine
the u dependence of Sp(Q;u) with Agcp power accuracy,
and also to control the scheme dependence. We obtain

( 127, X1_8”ﬁ07’Kx1 B - 2ﬁl7’)

(=2Boy = P — Sﬂ'ﬂl}’K;’I?; - 12”ﬂ1K§(1 327[2,3071()(2 8074, xz) + O( x (m )))

(49)

We now illustrate the above general discussion
using the particular case of the heavy quark mass (we
neglect ultraviolet renormalons). We then have mpy =
m[l + Sp(m;p) +Q, (1) + - -], where m = myg(myg),
we set d = 1, and also set the Wilson coefficient of the
nonperturbative correction to 1 [30] in Sp and Q,,.

We now compare our analysis with existing threshold
masses. We focus on the RS mass [6] and relatives.” The RS
mass is defined in the following way:

N
0 1 n
mrs(vy) = mos = dmys = m+ > S (uivg)a (u),
(51)
where

mos = M+ Y ry(u)a (), (52)
n=0

and (in [6] Z¥ was named N,,)

N
5mRS> Z st ( f)v

_x, (P C(s+1+b—k)
) = Z”f(zfz) ;C" riro-n O

4Conceptually they are equivalent to the kinetic [5] or PS mass
[4], as they have an explicit cutoff as well. These other schemes
are different at low orders but they share the same asymptotic
behavior.
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where one typically takes N = N ,,,= the maximal number
of coefficients of the perturbative expansion that are known
exactly (we assume that N,,,, is not that high that we have
to worry about subleading renormalon). In order to lessen
the v, scale dependence, the RS’=RS() was also defined:
Mg (Vy) = mos — dmgg
N
= + roa(u) + Z S (v w).  (54)

n=1

It is obvious that one could generalize to RS") where the
subtraction starts at order o' *!:

Mgsm (”f) Mg —OMpgm

n
—m+ § S+1
s=0

Mz

/4 Vf s+1(

“
Il
3

(55)

Nevertheless, we can not increase »n arbitrarily, otherwise
the renormalon is not canceled. Moreover, the value of n for
which there is no cancellation of the renormalon will
depend on u. Therefore, when including higher orders
one should do it with care once approaching to the minimal
term. Another issue is the v, dependence. To connect with
the approach used in this paper we should take vy = p.

Note that then 75" (4) = r,(u) — r\* (4). In the original
applications of the RS schemes this could be a problem,
since the natural scale in the pole mass is different from the
natural scale in the static potential.” To connect with the
approach used in this paper, we control the scale depend-
ence by fixing n = N = Np(u). This smoothly connect the
RS schemes with the schemes where the series is truncated
at the minimal term. One can then add €,, and higher
orders terms in the hyperasymptotic expansion of mpy.
We now consider the threshold mass named mpgg,
defined in [7] (see also [32]). The author directly works
with the Borel transform and then regulate the Borel
integral using the PV prescription. The complete expres-
sion of the Borel transform is not known. Therefore, in
practice, an approximated expression is used that agrees
with the known terms of the pole mass perturbative
expansion till N = N, = 2 (the known coefficients at
that time) and incorporates the leading singularity in the
Borel plane. The author also makes a conformal mapping
of the Borel transform. The p dependence of mpr was
usually fixed to u =m, except in [33]. To make a
quantitative comparison with our analysis, we leave aside
the conformal mapping and make explicit the u scale

’If the scales are widely separated, this problem could be
overcome using the resummation of logarithms of vy, as first
worked out in [31].

M.

dependence in mggr. The key point then is the comparison
of N(=2) with Np. If N < Np(u) there is powerlike u
dependence that gets uncanceled with the contribution of
Sp. In other words

(N)

i Iy | = S e )
N+1

(56)

Note that this produces an strong (linear) renormalization

scale dependence (o) ~ u) that is missed if one sets
u = m. This problem is potentially more severe in top
physics (see for instance [34]), since one includes orders in
perturbation theory beyond those presently known if the
perturbative expansion is made with a(m,).

For N = Np we exactly have that

<)y 5, () —sz(u)] —0. (57)

For N > Np we have

m

[mg\l;_)(y) — 1= Sp(isp) — Q(”)]

N
= 3 (= rha (). (58)

n=Np+1

Overall, the only problematic situation would be if
N < Np. For N > Np, mgg and mpy are equal within
the approximation used, and our analysis reorganizes the
result within a hyperasymptotic expansion. This allows us
to quantitatively control the x dependence, and to para-
metrically state the error, of the result (for a given
truncation) with NP power accuracy using a hyperasymp-
totic counting.

We can also connect our results with myrg, defined in
[9], in the following way (the expression of 7 can be found
in Eq. (2.17) of [9)).

myrs = mgs(m) +J (m)
N

Z Ym))at (m) + T (). (59)

In this definition, p has been fixed to m. By doing so we
cannot estimate the error associated with the y dependence
of myrs. Therefore, we introduce it and generalize the
definition of myg in the following way [we could indeed
write a more general definition by putting a different scale
for the renormalon term: mygs(vy) = mgs(vy) + J (vy).
This would still achieve renormalon cancellation]:
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Dat () + T (). (60)

N
mMRS E r, — rn

n=0

which makes explicit the p scale dependence of the
definition. In principle one could think that, since it is
related with RS mass, this would make a linear dependence
in u appear. Remarkably enough this is not the case. We can

relate this expression with the quantities defined above.

Indeed the difference between ml(\flvﬁs(u) and mg;;) (n) is

proportional to Agcp:

47l (-D)
2l+bﬂ0

This quantity diverges in the large f, limit, which makes it
not possible to take the large S, limit of ml(\ﬁlvﬁs (1) (alter-
native definitions were then proposed in [9]). The pos-
sibility to subtract this term from the PV regulated Borel
integral was also considered in [32], though with a different
(but related) motivation. In this respect, we note that
subtracting this quantity from the PV result has been
criticized in [35], on the basis of analytic properties of
the observable. Nevertheless, this discussion is not directly
relevant for us,’ as adding or subtracting this term would
just be equivalent to a change of resummation scheme that
can be absorbed in the genuine NP power correction. Note
though that this difference is parametrically bigger than
mg,,, since the latter scales like O(\/aAqcp). In any case,
since the difference with the PV result is a scale/scheme
independent quantity proportional to Agcp, the comparison
with our analysis runs in complete parallel to the previous
discussion of mgp with respect to N. Again, problems will
show up if N < Np, but for N > Np, myrs is equal to mpy
within the accuracy of the computation, except for Eq. (61).
Therefore, it can be written in terms of a modified version
of the hyperasymptotic expansion discussed in this section.

A more extensive discussion and a quantitative analysis
for the case of the top, bottom and charm quark masses will
be carried out in [36].

(V)

myg (1) o)

— myrs (1) = —cos(zb) ZyAx.  (61)

B. (N.n) - 0. Eq. (28). Case (2A)

As promising as method (1) is, it is worth it to explore
alternatives that yield results that are explicitly N (and
therefore p) independent. They may also lead to a better
analytic understanding of the observable. This can be
achieved by taking ¢ and N going to infinity in a correlated
way. The simplest possibility one may consider is taking
the limit as in 2A) in Eq. (28).

The case (2A) was studied in the large S limit in [37,38]
for the case of the static potential (a more general case,

®It would be if we were able to relate the PV Borel integral with
a NP definition of the observable.

including subleading corrections to the running of a, was
also considered in [38]). It was observed that S, was
logarithmically divergent in N and the proportionality
coefficient found. Nevertheless, it was not possible to get
adirect connection of this coefficient with the normalization
of the leading renormalon in the Borel plane. This problem
has been solved in [39], where it has been shown how to
relate the coefficient of the In N term with the normalization
of the renormalon. This analysis has also been done for the
Adler function. Unfortunately, the validity of these findings
is restricted to the large /3, approximation.

Beyond the large f, approximation only the static
potential has been studied [37,38]. Remarkably enough
the In N [and an associated In(In rAqcp )] behavior survives,
albeit with different coefficients. This may point to a certain
universality (beyond large f3) of this result. Unfortunately, it
is not known now how to relate such coefficient with the
normalization of the renormalon. This would be very useful
for analyses beyond the large /.

We will discuss all this in more detail in Sec. III C 1 where
we study the static potential in the large 3, approximation in
this limit.

C. (Nu) - . Eq. (28). Case (2B)

We have seen that S; was logarithmic divergent in N
when taking the limit (2A). It was also not possible to
connect Sy with its Borel sum. We now consider the limit
(2B). In this case one truncates before reaching the

minimum, i.e., for N < N* = d2’<’) This will yield a

finite result. The other point we address is the relation
of St in the limit (2B) with its Borel sum.

For some specific models of sign alternating perturbative
series, it was soon realized that the N — oo limit of their
associated truncated sums could be related with a modified
version of the Borel integral [40,41], if such N — oo limit s
performed in an specific way. For instance, it was shown that

N—-1 4 —t/a
: k1 _ [P €
Jim ;Pk(T(N))a (z(N)) = s Lt (62)
where
_bo Po
T= EIH(M/A) =— (N) = 1 xoN +O(nN) (63)
with
4 P
Yo fﬁoo.zm pi(to) = (=1) Wk!. (64)

Later work generalized this result to a more general
series expansions, even to some that show a nonsign
alternating series (but assuming that their Borel transform
has a finite radius of convergence), and for arbitrary y (as
far as it satisfies some conditions). Their results can be
summarized in the following equation:
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Jlim Zpk o1 (z(N))
/io)( _/ = p](TO
tatw) N " L= tdi (65)
=0 J
where
M e ) oW =P (e6)

)

and we require y to be such that Z‘” 2i( ’j ¢/ is analytic for

|| < /%. Therefore, we can indeed sum the Borel series

unambiguously inside the disc.

This was originally proven in [28,42] by brute force
computation. It was also proven using a different method
(integration in the complex plane) in [43] (in this last
reference the O(1/+v/N) corrections were also computed).
In both cases the running of the strong coupling is restricted
to follow the large S, approximation.

Whereas the above result applies to arbitrary perturbative
series (with the qualifications mentioned above), the run-
ning of a is constrained to follow the large S, approxima-
tion. This is an important constraint if we want to consider
the case of QCD, where the perturbative expansion of the
beta function is not a monomial but has more terms. One
can bypass this constraint if Eq. (2) in [43] is understood as
a change of scheme instead of a change of a renormaliza-
tion scale. It is also possible to generalize the derivation of
[43] for a strong coupling with a general beta function. In
this generalization new 1/N terms are generated.
Alternatively, one can slightly modify how the y — oo is
taken in Eq. (28). Instead of case (2B) one can take

The difference with N, vanishes when u — oco. With this
modified scaling it is possible to show that Eq. (5) in [43]
holds taking k = Ny with y = d/(1 — c’a(Q)). The deri-
vation is then analogous to the derivation in [43]. Overall,
we are then able to obtain [taking the u — oo limit
according to (2B) of Eq. (28)]

lim S7(Q)= O"(’ﬂ* dte=/=(Q)B[S](r)  (68)

p—00;2B)

Sa(Q) =

beyond the large f, approximation, where )l(< ‘% In

particular, we will take 1/y close to d/2, and parametrize
it in the following way:

1 d d

)—(:E—ECG(Q) (69)
where ¢’ > 0 [this is the reason we took ¢’ > 0in Eq. (28)].
The reason for the sign of ¢’ is that we have to approach to
the closest singularity to the origin in the Borel plane from
the left. Indeed, in [28,42], in the context of the large f,
approximation, it was shown that in order for the integral to
be well defined one needed )l( < 4. Tt was also noticed that

by taking the limit )l( — 4 the correct exponent (of the NP
power correction) is obtained, i.e., the difference is of the
order of the leading NP term of the OPE. Nevertheless, one
does not get the right prefactor. This was quantified in [43],
where it was first shown that using Eq. (69), and expanding
in a, the ambiguity is of the order of the higher order
condensate with the right @ dependence of the prefactor.

The leading renormalon (the singularity in the Borel
plane closest to the origin) gives the main contribution to
the difference between Spy and S,:

2r
N\ (a)=d 1 - cayx(Q ® e 1
A( ) ﬁoax(ﬂ) ( X( )) SPV_SAﬂ” PvdteaX(Q)ZXW—’_-”' (70)
2 Pox’ 2xd
—d——— (1 = cax(Q)). (67)
Poax(Q) * This yields
|
Al —db
Sov =51+ K S @01 + Ofan)) = 5+ e (WD) Pog )1 4 0| 1)
where
(A) 2ﬂ'd ﬁo o —2zxdx 1
K= Po B X < —' PV dxe W' 72)
Subleading corrections to the leading renormalon are of the form (1 +n > 0)
0 - 1 _ax_(Boax (Q )) 0 itn
dte“X<Q — Y~ e “hoax (@ (Xy . 73
/;;lpv (1- t)db — ( ir o (0) (73)

This gives O(a'*") corrections.
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All subleading renormalons potentially contribute to the
same order:

d2r

& ¢ T Tay(Q). (74)

This contribution is O(a'*9*~7) suppressed with respect the
leading term. This is a problem if one wants to obtain
subleading corrections to the leading NP term, as one
would need to know the normalization coefficient of all
subleading renormalons.

An issue observed in [43], in the context of the large S,
approximation, was that when 1/y — d/2, i.e., when the
integrand approaches the singularity of the Borel transform,
the truncated PV integral diverges, and it is not a good
approximation of the PV integral (for instance see Figs. 2
and 3 in [43]). Therefore, it is better not to make the
combination ¢’a(Q) very small. We study this problem in
the example we will consider in the following section.

This observation also makes that we can not use the
results obtained in this section to the case (2A) obtained in
the previous section, as it means setting y = 2/d, i.e.,
exactly at the singularity in the Borel plane. (Yet it would
be very interesting a dedicated study to see if the analysis of
this section can be generalized to the case y = 2/d).

D. Strategy

In summary, we have two alternative expressions
[Egs. (46) and (71)] to determine Spy(Q) with Agcp
powerlike precision. Remarkably enough, we can achieve
such precision even though we do not know the complete
perturbative series expansion. The reason is that we can
relate Spy(Q) with the truncated sum of the perturbative
series for both methods. We also obtain an analytic
expression for the leading power correction that accounts
for the difference between the truncated sum and the PV
result. One important feature of this result is that, in both
cases, the leading power correction can be determined if the
strength and structure of the leading singularity in the Borel
plane is known. This result is also true beyond the large f,
approximation. Such results are scheme independent.

There are important differences between both methods
beyond the above general properties. The first one is that
the method (2B) (the “u — oo method”) yields a finite
NP correction in the limit Q — oco. This is not so for the
method 1) (the “4 = Q method”). For the latter, the leading

NP correction gets multiplied by the small factor y/a(Q),
which vanishes (albeit weakly) in the Q — oo limit. In
principle, this makes the second method better.
Nevertheless, one should also keep in mind that, in order
to profit from this property, one needs to have physical data
for as large as possible Q. Since in both cases the leading
corrections are known analytically this could not make a
practical difference. A numerical analysis can check which
one is better. A more serious problem with the “u — o
method” is that, in order to take the 4 — oo limit, one needs

the running of a with higher and higher precision. In the
large f, limit, the running of @ is known exactly, so this is
not a problem, but it will be once we move beyond this
approximation. One also needs higher and higher order
coefficients of the perturbative expansion as one takes
the 4 — oo limit. Again in the large /3, limit the coefficients
can be generated to any arbitrary finite order’ but not
beyond the large f, limit. In the real case, the most we
will have is the asymptotic behavior of the high order
coefficients.

Another important issue is that with the “u = Q method”
we are potentially capable of computing corrections to the
leading NP effect. The O(Aa) corrections are still related
with the leading renormalon and can be computed. The
effect of subleading renormalons give power suppressed
corrections. For the “u — co method” the O(A%a) correc-
tions receive corrections from all subleading renormalons.
In practice, this makes it impossible to compute these
corrections in a controlled way.

In general it is impossible to obtain closed results for the
PV regulated perturbative sum on which to test the above
results. This is only possible in the large S, approximation
for a few cases. Here, we use one of them as a laboratory to
check the methods we will apply to physical cases. The
question here is to quantify the difference between the
PV result (which we take as a “fake” NP data), and the
truncated perturbative expansions (for large values of N).
Obviously such comparison is made in the short distance
limit where the OPE should apply. In Sec. III, we check our
formulas (in the large ff, approximation) for the case of the
static potential. This example will allow us to quantify
(in practice) when the complete result is well approximated
by Eqgs. (46) and (71). In particular, we try to answer the
following questions: How large Q has to be in both cases,’
how large y has to be for Eq. (71) to hold. We also study the
dependence of the answer to the scale/scheme used for the
strong coupling (we use lattice and MS scheme).

The method that leads to Eq. (71) requires u — oo.
Formally, this means that we need all the coefficients p,,.
As in realistic cases we do not have this information, we
check the dependence on approximating the exact pertur-
bative coefficients (starting at different orders) by their
asymptotic expansions in the large f, approximation. In
this case we will be able to see the error introduced by
considering different orders from which one approximates
the coefficients by the asymptotic behavior. What we will
not be able to test in the large f, approximation is the
dependence on the higher order coefficients of the beta

"For the static potential this is indeed so, but even for the pole
mass this is numerically demanding.

$This is expected to be dependent on 7. The bigger ny the
smaller the renormalon effect. Therefore, any discussion with
ng = 0 should be understood as an upper bound of the impor-
tance of renormalons.
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function, which are needed for Eq. (71) (since we need to
run a(u) to u = oo). This is relegated to subsequent work.
Note that all the scheme dependence (in the broad sense:

T = {N,X,u}) has disappeared up to terms beyond the
|

accuracy we achieve. We also obtain expressions for the
difference between different truncation schemes.

Overall, we express the observable in the following two
alternative ways

Y &, s
Obervab1e< Q ) = 5p(0i) + KGO X (14 0ax (@) +20) + S (pw— PN )+ .| (75)
QCD 0 n=Np+1
0\ . PV) | oA 7y AN
Observable =S4(Q3x) + (Ky ~ + Ky ' )ay(Q) =5 (1 + O(ax(Q))) + - - (76)
Aqcp 0

up to exponentially suppressed terms. Note that Q2 scales like
O(v/ax(0) g—%) Both methods have Agcp power accuracy

but with the method 1) we have enough theoretical precision
to determine the subleading O(ay) corrections or even
subleading terms in the OPE (hyperasymptotic) expansion
(provided the “experimental” data is precise enough).

III. THE STATIC POTENTIAL IN THE
LARGE g, APPROXIMATION

The large f, approximation cannot be obtained from a
well defined limit of the parameters of QCD. Still, it is
useful to test techniques that can be used beyond the large
Py approximation in a place where we know the exact
solution. In this respect the static potential is an ideal
object, since we have a lot of analytic control for it.

A. Vpy(r)

The QCD static potential is written in terms of its Fourier
transform as

singr

2Cp [
ZF d

V(r)=-
T 0 qr

a,(q). (77)

This equation defines a,(q) in the V-scheme. In the large-
Po approximation, we know the behavior of a,(q) as a
series in powers of ay = ay(u)

= 1
n=0

(78)

where L =242 In(< %) 1f X = MS then cgzg = —5/3 (in
the large f, approximation). If X =V then ¢y =0. If
X = latt, we take the ny = 0 number for a Wilson action:
Clar = —8.38807 [44], as we will only use this scheme for
checking the consistency between the results obtained with
different schemes. We also define A = Aye /2 and
p = Ar. Note that A is scheme independent.

Equation (77) is ill defined but not its Borel transform. It
reads [45]

BIV|(1(1) = Blt(w) = e

—cxu ”2},2 ”F(l/Z—u)
< 4 ) C(1+u) ’

(79)
which is a meromorphic function in the # complex plane.

We then define (where the single poles of the Borel
transform are regulated using the PV prescription)

Vey(r) = / ¥ dte BV (). (80)
0,PV
We can also regulate Eq. (77) via
2Cp [ singr
Vey(r) ==—= [ dg a,(q).  (81)
7 Jopv qr

We have checked that the numerical determinations of
both definitions give the same. We can then use this PV
prescription as a NP definition of the observable, to which
to test our methods and approximations. Note that this
definition is indeed scheme independent. On the other hand
the result is an oscillating function of r, which violates
general properties of the static potential (energy) of two
static sources in the fundamental representation [46]. These
state that the potential should be concave (we should also
keep in mind that we are working in the large S, limit,
which is not a well-defined limit of QCD).

We now consider the short distance limit (r — 0) of
Vpy (7). In other words, we analyze its OPE. First, we study
how well we can approximate Vpy(r) by its perturbative
expansion at weak coupling. Thus, we approximate the
potential by the truncated perturbative sum:

N
Vy= Z V,at . (82)
n=0
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For fixed p, the N — oo limit of V) diverges since the
perturbative expansion is asymptotic. Therefore, we have to
be careful in the definition used for the truncated sum. For
such object, we use the two definitions discussed in Sec. II
(with Q = 1/r). For both of them we will need the
normalization of the leading renormalon. In the large f,
it reads

Zy =27, (83)

It agrees with the result from the pole mass [47] after using
that the renormalon of the pole mass cancels with the
renormalon of the static potential [2].

We will perform computations with ny = 0 and n; = 3.
In the first case we will work in lattice units (aiming to
compare with quenched lattice simulations) and use
Asgs(ny = 0) = 0.602r5" ~ 238 MeV [48]. In the large
po approximation (with n,=0), this yields a(M,) ~ 0.29.
In the second case we take Ayg(ny = 3) = 174 MeV. This
last number we fix such that it gives a reasonable value at the
7 mass in the large 3, approximation: a(M,) ~ 0.3 (see for
instance [49]).

We then confront Vpy with the results obtained with
these methods.

B. N large and p ~ 1/r > Agcp- Eq. (27). Case (1)

We truncate at N = Np [Np is defined in Eq. (27)] in
Eq. (82).

Np
Vp= Z V't (84)
n=0
Applying Eq. (48) to the static potential in the large f,
approximation, the relation between Vpy and Vp reads
1 3Np
Vey =Vp +— Qv+ Z = Vszm) o

n=Np+1

1
+ - Q’V + o(AQCDrZ) (85)
where Qy reads for this case

v = Vax(WKY rag(1+ K ax () + O(a})).  (86)
with

4cFe—0x/2(-w + 4)
= 3,61/2

2nc
) P+
1 67tc
4m(= e+ 4)

/30 (Zm 1)

and so on. Note that in the large f, we identically have
Ay = pe~?7/Poax) . This makes that K;}?i) kA

similar expression applies to Q}, ~ \/ay(u)(rAqcp)?.

By incorporating the last two terms in Eq. (85) we are
sensitive to the next renormalon. Note that subleading
renormalons give Agcp power-suppressed corrections. The
further away the singularity in the Borel plane, the more
suppressed the correction is. For the next-to-leading sin-
gularity we have

b

S5V ~ /oo due‘ﬁ(_ ~ Z$/2»X>Axe—4ﬂ/<ﬂoax<l/r))_
0.PV 1—3u

(88)

Unlike in the limit (2) (see expressions in Sec. III C), in
the limit case (1), Eq. (27), we do not have direct analytic
control in the relation between Vpy and Vp [unlike what
will happen in Sec. III C when using the limit case (2),
Eq. (28)]. Nevertheless, we can numerically compute both
and check that their difference complies with the theoretical
expectations. We can study (even if in the large f,
approximation) up to which values of r the OPE is a good
approximation of Vpy. Remarkably enough we can actually
check more than one term of the OPE (hyperasymptotic)
expansion. We also explore the scheme dependence by
performing the computation in the lattice and the MS scheme
(actually in the large f, approximation this is equivalent to a
change of scale). We will do these analyses for the cases with
ny =0 and n; = 3. The first in view of comparing with
quenched lattice simulations, the second to simulate a
more physical scenario, for which we can draw some
conclusions that could be applied beyond the large-f limit.
In Figs. 1-3 we plot Vpy, Vpy — Vp, Vpy — Vp — %QV,
VPV_VP_%QV_ZZQ}I)VPH (Vn_VS’laS))an-i_l’ and  Vpy —

—1Q, -y (V= Vi)t — 1, with 1, =0
light flavors. We do such computation in the lattice (Fig. 1)
and the MS (Fig. 2). In Fig. 3 we compare the results in the
lattice and MS scheme. We observe a very nice convergent
patter in all cases down to surprisingly small scales. To
visualize the dependence on ¢ for each case, we show the
band generated by the smallest positive and negative possible
values of ¢ that yields integer values for N p. The size of the
band generated by the different values of ¢ (the ¢ depend-
ence) decreases as we introduce more terms in the hyper-
asymptotic expansion. This is particularly so when including
Qy (€2}) to its associated sum.

Let us discuss the results in more detail. We first observe
that the r dependence of Vpy is basically eliminated in
Vpy — Vp, as expected. This happens both in the lattice and
MS scheme. The latter shows an stronger ¢ dependence.
This is to be expected, as in the MS, we truncate at smaller
orders in N. This makes the truncation error bigger. Note
that the lattice scheme can be understood (in the large f,
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1.0 1.2 1.4

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

rin rO units
0.0 0.1 0.2 0.3 0.4 0.5
0.2
(d) 10.1
3 /_A\
— 0.0
-0} -
(c)
—-0.2 -0.2
0.0 0.1 0.2 0.3 0.4 0.5
rin rO units

FIG. 1. Upper panel: We plot Vpy (black line) and the
differences: (a) Vpy — Vp (cyan), (b) Vpy — Vp — %QV (orange),
© Vey =Vp=1Qy = 30N 1 (V, = Vi)™ (green), and
(d) Voy = Vp =10y =30 (V, = Vi)™ — 1Y, (blue)
in the lattice scheme with ny = 0 light flavors. For each differ-
ence, the bands are generated by the difference of the prediction
produced by the smallest positive or negative possible values of ¢
that yields integer values for Np. Lower panel: As in the upper
panel but in a smaller range. ry! ~ 400 MeV.

approximation) as the MS scheme with a larger factoriza-
tion scale. As we can see in the upper panel of Fig. 3, both
schemes yield consistent predictions for Vpy — Vp. We can
draw some interesting observations out of this analysis. For
Vpy — Vp it is better to choose a larger factorization scale,
if we have enough coefficients of the perturbative expan-
sion. This is particularly so at large distances: We can still
get sound results up to very large distances in the lattice
scheme.

We now turn to Vpy — Vp—1Q,. Adding the new
correction produces a better agreement with expectations
(which we recall is to get zero). After the introduction of
%QV, the MS scheme yields more accurate results than the
lattice scheme. This can already be seen in the upper panel
of Fig. 3, and in greater detail in the lower panel of Fig. 3.

Vv = Vp — }QV shows some dependence on 1/r,

which is more pronounced in the lattice than in the MS

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

2 \(a) @

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
rin rO units

0.0 0.1 0.2 0.3 0.4 0.5

_0.2
0.0 0.1 0.2 03 0.4 0.5

rin rO units

FIG. 2. As in Fig. 1 but in the MS scheme.

scheme. As in the large f, the difference between both
schemes is equivalent to a change of scale, this results
points to that 4 = 1/r in MS is close to the natural scale
and minimize higher order corrections. Note that the lattice
scheme computation is equivalent to the MS scheme

choosing p = pyge
30(). Once Y00 (V=
the prediction most of the difference disappears and the
lattice scheme is marginally better. Nevertheless, after
introducing €/, the MS becomes marginally better again.
In any case, the difference between schemes gets smaller
and smaller as we go to higher orders in the hyper-
asymptotic expansion, in particular at short distances.

We also want to stress that this analysis opens the
window to apply perturbation theory at rather large dis-
tances. Note that in the upper panel plots in Figs. 1-3, we
have gone to very large distances.

As some concluding remarks let us emphasize the
following points. The truncated sum is more or less
constant with relatively large uncertainties. This is to be
expected, as the next correction in magnitude is €, which

aw NS

_MS . .
2 ¢72 . This gives around a factor

Vﬁ,as))oc’“rl is incorporated in

is approximately constant [mildly modulated by /a(u)].
After introducing this term the error is much smaller and we
can see more structure. In particular we are sensitive to
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4 4
2
0
-2
MS blatt
4 Voy ) B
-6 —6
00 02 04 06 08 1.0 12 1.4
rin r0 units
0.0 0.1 0.2 0.3 0.4 0.5
0.2
dlatt) (AMS)
/'/\bl it (bMS) “
att) 0.1
"""""""" £0.0

-0.1
(cMS)
-0.2 _
0.0 0.1 0.2 0.3 0.4 0.50'2
rin rO units
FIG. 3. Comparison of lattice and MS scheme results for

ny =0. Upper panel: We plot Vpy and the differences:
(@) Vpy — Vp, and (b) Vpy — Vp —1Qy in the lattice and MS
scheme with n, = 0 light flavors. Lower panel: Figs. 1 and 2
combined.

ZZZ’,”VP (V- Vi)t Here we find (at the level of
precision we have now) a sizable difference between

lattice and MS. This can be expected. Y 2% . (V, —

Vﬁ,as))ov’“rl is the object we expect to be more sensitive to
the scale.

In the lattice and MS scheme, we observe a very nice
convergence pattern up to (surprisingly) rather large scales.
The agreement with the theoretical prediction (which is
zero) is perfect at short distances. The estimated error is
also expected to be small. It would be interesting to see if
this also happens beyond the large f.

Another interesting observation is that truncated sums
behave better in the lattice scheme than in the MS scheme.
Nevertheless, this could be misleading. The sums are
truncated at the minimal term. Therefore, one needs more
terms in the lattice scheme. If the number of terms is not an
issue (which could be the case with dedicated numerical
stochastic perturbation theory (NSPT) [50,51] computa-
tions in the lattice scheme) then the lattice scheme looks
better. But as soon as Qy is introduced in the computation
MS behaves better (at least in the large S, approximation).

00 02 04 06 08 10 12 14
1 (@ (b 1

0 0
-1 —1
Vey () ()
-2 —2
-3 -3
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
rin Gev™'

0.2 0.4 0.6 0.8 1.0

{%\0.01
0.00

0.
0.02

0.01

000 —

~0.01 : ~0.01
~0.02 ~0.02
0.0 0.2 0.4 0.6 08 10

rin Gev™'

FIG. 4. As in Fig. 1 but with n, = 3 light flavors.

We now turn to the ny = 3 case. We note that Agep for
the physical case (n; = 3) is smaller than for the n; =0
case (if one sets the physical scale according to
ry! #400 MeV). On top of that the running is less
important. All this points to that the convergence should
be even better than in the ny = 0 case (and it was quite
good already there). We show our results in Figs. 4-6 (these
are the analogous of Figs. 1-3 but with n; = 3). These
plots confirm our expectations. Down to scales as low as
667 MeV we see no sign of breakdown of the hyper-
asymptotic expansion. This is so in both the lattice and the
MS schemes. Note that the precision we get is extremely
high as we go to small scales: Using truncation (c):

Vp+1Qy + Ziﬁfvp+1(v,, —VEN G+ one gets Vpy in
both schemes with a precision well below 1 MeV at scales
of the order of the mass of the bottom. Using truncation (d):
Ve +1Qy + Zfﬁf\,?“ (V, = VDt 4 10, the error
is astonishingly small (see Fig. 8 for an extra zoom in this
region). The rest of the discussion follows parallel the one
for ng = 0. In the above numerics, we have used the exact
expression for Qy and Q. In full QCD, we will not know
the exact expression. Therefore, it makes sense to study
how well the exact result is reproduced by the semiclassical
expansion obtained in Eq. (37). We compare in Tables I
and II for an illustrative set of values the exact result and the
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0 /4 =0
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rin Gev™'
0.0 0.2 0.4 0.6 0.8 1.0
0.04 0.04
0.03 0.03
0.02 0.02
0.01 0.01
0.00 ) 0.00
~0.01 / / -0.01
-0.02 © @ —0.02
-0.03 —0.03
0.0 0.2 0.4 0.6 0.8 1.0
rin Gev™
FIG.5. AsinFig. I but with n; = 3 light flavors and in the MS
scheme.

truncated semiclassical expansion. We observe that the
exact result is very well saturated by the first terms of
the expansion computed in Eq. (37). Truncating the
expansion produces differences much smaller than the
typical precision of the different terms of the hyperasymp-
totic expansion. As expected ny = 3 is better than ny = 0.
Note that in the large f, approximation we exactly
have A = pe=27/(boal))

An alternative, very effective, presentation of the
above results can be done by plotting the relative
accuracy of the prediction at each order in a and at
each order of the superasymptotic expansion. We note
that we have one observable for each value of r.
Therefore, for illustration, we make the comparison
with the observable for r = 0.1 GeV~!, and for the
theoretical prediction we take the smallest positive
value of ¢ corresponding to lattice or MS. We show
the results in Fig. 7. We stress that several terms of the
hyperasymptotic expansion are included. We can also
see gaps each time the NP exponential terms are
included. Indeed to reach the precision where Qf is
relevant, we used the exact (numerical) expression of
Qy, since the NNLO truncated expression is not precise
enough. We also nicely see that, once reached the
minimum, both schemes yield similar precision, but in

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

1 1

0 / A e —— o

(aMsS)  (alatt)
-1 -1
(bMS) (blatt)
2 —2
-3 -3
00 02 04 06 08 10 12 14
rin Gev™'

0.0 0.2 0.4 0.6 0.8 1.0
0.04 0.04
0.03 0.03
0.02 0.02
0.01 ‘ 0 01
0.00K= 0 00

~0.01 / / -0.01
(clatt) ] -
-0.02 (cMS) o ! (dlatt) _0.02
0.03 (dMS) 0.03
0.0 0.2 0.4 0.6 0.8 1.0

rin Gev™'

FIG. 6. Comparison of lattice and MS scheme results for
ny =3. Upper panel: We plot Vpy and the differences:
(@) Vpy — Vp, and (b) Vpy — Vp —1Qy in the lattice and MS
scheme with n; = 3 light flavors. Lower panel: Figs. 4 and 5
combined.

the lattice scheme (bigger factorization scale x) more
terms of the perturbative expansions are needed to
reach the same precision. One important lesson one
may extrapolate from this exercise is that, for a fixed
order computation, the smaller the renormalization
scale p, the better. One can obtain much better preci-
sion for an equal number of perturbative coefficients.
Another observation is that the minimal term deter-
mined numerically need not to coincide with the
minimal term computed using n = Np (though it should
not be much different). The difference reflects how
much the exact coefficient is saturated by the asymp-
totic expression.

C. (N u) - . Eq. (28). Case (2)

The potential advantage of this method is that we can
obtain analytic results that are p independent. We profit
from earlier analyses in [37,38] adapted to our case. In all
cases the ¢ integrals will be done in the complex plane
along similar lines as the computation done in those
references.
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TABLEL 1/rQy forny; =0inry ! units compared with Eq. (86) truncated at different powers of a. Upper panel computed in the MS
scheme. Lower panel in the lattice scheme. Lattice seems to be better but both schemes yield very good results.

MS-Scheme (n; = 0)

rin ry c 1 QExact o0 — 1] x 10? O _ 11 % 10° SO _ 1] x 10*

1.5 0.178 629 8.3643 22.4162 47.5334 1969.22

1.2 0.569 288 2.9883 0.403 29 24.9029 253.624

1.0 0.888 48 1.8767 3.9895 17.132 24.530

0.8 1.279 14 1.1346 4.616 87 3.820 12 43.2013

0.6 0.032079 23128 5.14476 0.979725 9.61123

0.4 0.741 928 1.2686 1.150 11 2.54579 1.8752

0.2 0.204 72 1.4294 1.53909 0.352 876 1.594 71

0.1 1.41822 0.51943 1.165 26 0.275 048 1.36791

0.01 0.197 248 0.914 80 0.654 315 0.073 017 0.120936
Lattice-Scheme (n; = 0)

rin ry ¢ 1 QExact Sho. | x 10 GNLO _ | x 10* LILO _ 1] x 10°

1.5 0.810 107 0.782 53 6.493 13 4.43451 0.078 7894

1.2 1.200 77 0.562 37 9.541 84 1.298 76 4.369 81

1.0 1.5200 0.395 25 7.3017 3.2941 5.5745

0.8 0.159911 1.0434 9.33533 0.811786 2.31443

0.6 0.663 557 0.765 43 3.004 01 2.81903 0.726 526

0.4 1.373 41 0.419 46 7.027 49 0.698 35 2.696 81

0.2 0.836 198 0.61277 4.4603 1.742 06 0.162 621

0.1 0.298 99 0.790 56 3.426 96 0.824 86 0.671 662

0.01 0.828 727 0.49592 2.87157 0.729 908 0.047 8304

TABLE 1. 1/rQy for n; = 3 in GeV units compared with Eq. (86) truncated at different powers of a. Upper panel computed in the

MS scheme. Lower panel in the lattice scheme. Lattice seems to be better but both schemes yield very good results.

MS-Scheme (n; = 3)

rin GeV~! c %QExact Q%&?a — 1] x 10? gg!;g — 1] x 103 %I\gg‘c? — 1| x 10*
1.5 0.491 648 0.50579 0.447 496 2.600 06 423428
1.2 0.811277 0.35770 1.88563 1.83577 1.809 28
1.0 1.0724 0.25779 1.9932 0.169 27 4.6228
0.8 1.392 06 0.15183 0.834 303 2.4094 4.06597
0.6 0.371743 0.42591 0.250 112 0.811721 1.164 51
0.4 0.952529 0.240 35 1.301 66 0.350 684 1.003 95
0.2 0.512995 0.31554 0.2984 0.466 805 021132
0.1 0.073 4605 0.38329 1.171 0.02592 0.228 532
0.01 0.506 882 0.23072 0.15953 0.132 861 0.029 0686
Lattice-Scheme (n; = 3)
rin GeV~! ¢ 1 QExact o — 1] x 10° OO _ 1| x 10* LIWLO _ 1] x 10°
1.5 0.645 661 0.22392 3.994 52 1.809 93 0.0121182
1.2 0.965 291 0.163 63 6.1928 0.589 165 1.1845
1.0 1.2264 0.116 68 4.9332 1.3597 1.5880
0.8 0.113682 0.30451 6.740 04 0.327704 0.714 606
0.6 0.525757 0.22732 1.874 99 1.336 36 0.251716
0.4 1.106 54 0.127 52 5.01592 0.288 87 0.935909
0.2 0.667 008 0.18826 3.14974 0.950 153 0.048 8073
0.1 0.227474 0.24525 2.880 66 0.447 528 0.294 791
0.01 0.660 895 0.15997 222517 0.485 566 0.017 5813
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last order in a

FIG.7. |Vpy — VpyPe™Poue| for - — (.1 GeV~". Points above
the horizontal dotted line are |Vpy — Vyl. Points between the

horizontal dotted and horizontal dashed lines are |Vpy —Vp—
1Q, =SV o (V= Vi )am! | with ¢ = 0.073 and ¢ = 0.227
(the smallest positive values that yield integer Np) in the MS
and lattice scheme respectively. Points below the horizontal
dashed lines are |Vpy —Vp—1Qy — Zi}iﬁ,PH (V, = Va1 -
1, = oy, (V= Vi#))a+1|, where in the last sum the two
first renormalons are subtracted. Jumps correspond to the
inclusion of Qy and €. Full points have been computed in
the MS scheme and empty points in the lattice scheme. We work
with ny = 3.

We first truncate the sum of the a, coupling:

N 1 — [N+1

n=0

(89)

Following [37,38] we can isolate the N-dependence from
the leading contribution to the potential at short distances:

2C o
Va(r) = - ”A dq

_ “ﬁﬁi\[vlw) +o(Ar N+ 1)), (90)

singr1 — LN+
qgr  1-L

where

1 ©
vy _—N/ dxe‘xarctan< T ) (91)
ri Jo 2In(*2)

arctan(x) is defined in the branch [0, z), and
vy = —ﬁcosp—/ dk
P 0.PV

We then have that

sinkp 1 1 [N+
1+ In—
kp Inl/k N+1 k

(92)

4CpA (-
VPV - VN = ﬂ:; (p” COoSp — 1)2) . (93)

Note that this equality allows us to write Vpy in the
following way (ve = v (p) — £ with the notation of [37]):

ACA
Vpy = ;ZA (vc—/—)(cosp— )) (94)

N

In this explicit representation of Vpy each term scales
differently in powers of p: O(v¢) ~ p~!, the p° term is set to
zero (or incorporated in vc), and each O(p*"*!) term is
encoded in %(cosp —1). Still, Eq. (94) cannot be under-
stood as an explicit representation of the OPE, since the NP
power corrections scale with odd powers of p, and indeed
there are no O(p*") terms. However, this splitting naturally
leads to define a short distance coupling:

asp(l/r) = —rﬁiof\vc(r). (95)

This definition has nice properties. It is an smooth function
Vr € (0, ), with the right short distance limit:

asp(l/r) = fi_zm(lpr) r—0. (96)

A detailed study of this quantity can be found in [38]. Note
also that in this definition the whole O(Aqcp) correction

has been included in %]\vc(r). The other thing that one

could study, since we have the analytic behavior, is the
behavior of agp beyond the regime where it was originally
defined, i.e., at long distances. In this respect, it is
interesting to notice that the long distance limit

47

asp(0) = ﬂ_o

97)

is exactly equal to the value obtained in [52], within
the context of analytic perturbation theory analyses.
Nevertheless, one could as well argue that all O(p*'*!)
terms are short distances and should be incorporated in agp.
If one does so, agp does not have an smooth limit for p — 0
anymore. Finally, one could also study the f function of agp.

It is interesting to compare Eq. (85), the hyperasymptotic
expansion using method (1), with Eq. (94). We can make
the comparison at o(Aqcp) and at o(Adcpr?) in the
hyperasymptotic expansion. We show such comparison
in Fig. 8. At 0o(Aqcp), the leading power correction in
Eq. (94) is of O(p). We find that Eq. (85) is more
convergent, which is consistent with the estimated made
in Eq. (50). Either way, the convergence is extremely good.
The precision is much below the MeV.
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FIG. 8. Upper panel: o(Aqcp) precision figure. Vpy — 4C€A §

(black line), and Vpy — Vp — %QV (orange bands) in the lattice
and MS scheme with n; = 3 (as drawn in Fig. 6). Lower panel:

()(A%CDrZ) precision figure. VPV—%(UC-FH[)/Z) (black

line), and Vpy = Vp —=1Qy = S0M (V- Vi)t - 1@,
(blue bands) in the lattice and MS scheme with ny = 3 (as drawn

in Fig. 6). Note that in this last figure the vertical axis is in MeV
and the precision is at the level of 1072 MeV.

In real life we will not have such complete analytic
control and must rely on the methods discussed in Sec. II.
Therefore, we now apply the limit (2A) and (2B) discussed
in Eq. (28) to V.

1. Case (2A)
We now take
2w
N+1= . 98
B 58)

The large N limit of v, yields

_ﬂ+/ood e —1+x0(1 —x) In2
vy = — X
2 0 x2 In?2 4 7% /4

1 1 7’
—5(—7’5 +In2+In(N +1)) +21n<1n2p +4)

(99)

up to terms that vanish when N — oo. Note that the N — oo
limit of », (logarithmically) diverges. Note also that when
p — 0 the integral term tends to zero. Thus, the p ~ 0 limit
of v, is

-7

1 1
vp=——=(—yp+mI2+In(N+1))+Inln— p~0.
p 2 P

(100)

The difference between the PV and the truncated series
can be computed by complex variable integration following
similar lines as in [37,38]. We find (for large N)

Vey = Vy
4CpA\ <77.' /00 e —1+0(1-x)x
= —(I —cos(p)) — dx
Po P( ( )) 0 x?

+;(—}’E+ln2+ln(N+1))> + o(1/N). (101)

For large values of N and small values of r (care should
be taken when taking the » — 0 limit) the above expression
simplifies to

_4CeN <—1n1nG)> +%(—n~+ln2+ln(N+ 1)))

+o(1/N,r). (102)
For completeness, we have also obtained the In(N)
behavior in a different way. We follow the method recently
proposed in [39]. There, a summation integral relation was
found for a general observable. We applied it to the case of
the first IR renormalon of the potential and pole mass. The
advantage of this new method is that the In N term can be
determined if the normalization of the leading renormalon
in the Borel plane is known. It would be very interesting to
try to generalize this result beyond the large f, approxi-
mation, as well as to extend the analysis to the In ln(%) term.

The fact that we have certain analytic control of the
result allows us to address some issues. The first one is to
make explicit that truncated sums around the minimal term
do not guarantee, per se, that they are finite. In particular,
one can see that V) is divergent in the N — oo0. Therefore,
it would be wrong to assign V) to the leading term in
the hyperasymptotic expansion of Vpy. On the other
hand, we have analytic control on the divergence, which
is found to be logarithmic in N’ In principle, one can

°It is worth mentioning again that this In N behavior also
appears beyond the large f3, approximation in the context of the
static potential [38].
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subtract this In N divergence from V) (this is completely
analogous to subtracting 1/¢ divergences in perturbative
computations using dimensional regularization) to obtain
the first term of the hyperasymptotic expansion.
Nevertheless, the difference does not still scale like
Aqcp- Instead one has

4CpA

0

ACR (Y T
= ( lnln<p>+2( ;/E+ln2)>+0(1/N,r),

Vy — [VN + In(N + 1)]

(103)

which, at short distances, scales as Agcp In ln(%) (this
behavior is also seen beyond the large f, approximation
in the context of the static potential [38]). Therefore, to get
the proper scaling in Agcp of the different terms of the
hyperasymptotic expansion requires that the Agep In 1n(/l))

should be identified and subtracted first from V. One then
has the freedom to subtract O(Aqcp) finite pieces, which
can be absorbed in the next term of the hyperasymptotic
expansion.

We do not do a numerical analysis here, as the method
cannot, at present, be generalized beyond the large },
approximation.

Under these conditions, we can take the N — oo limit (the
result does not diverge in this limit). Adapting [38]
derivation to our case we obtain

© X _1
limvzz@:—z—p“"z/ dx & -
N—co P 0 X
2cos(5[1 = s]) +InZsin(5[1 - s])

x 2 : 2p 2
£ z~
In x+4

(105)

Therefore, we define [using the relation Eq. (104)]10

VA = lim VN =1 =+ V3. (106)
N—-oo

Note that this far, the expressions for »; and v are valid

V r. It is also possible, and most relevant for us, to relate

the truncated sum (in the limit 4 — oo) with Vpy. We obtain

ACEA (n © -]
Vey =Va = ﬂz <;[1 —cos(p)] + (P)S_ZA dx e
7/2cos(5[1 = s]) +InZsin(5[1 - s])>
X .
In?2+ 2
(107)

Again this result is valid V r. We now focus on the p — 0
limit. This will allows us to connect with the limit (2B) of
Eqg. (28). Nevertheless, this connection has to be done with
care. One has to take the limit r - 0 and s - 2 in a

2. Case (2B) correlated way, following the limit (2B) of Eq. (28).
We now take Therefore, we take
o s=2=ca(l/r). (108)
N+1= (s—1) with s<2. (104)
Boa(u) Then, the previous expression reads
|
Vev=V4
A —x n n Ar\ cin (T
2 (1 —cos(Rn) + (et [P S GO I AL el
o \Ar o x2eall/n) In?(Ar) +2Z-
(109)
. P o) -t
We can now obtain the p — 0 limit: Ei(x) = — / dt eT . (111)
—x,PV

—4CpA . [27c
VPV - VA = Ei

2 m)+““ (110)

where, for x € R,

9Gince the result we obtain is finite, we could as well taken
N+ 1 — N = N, in Eq. (104), and the result does not change. In

other words, VE(} 2 does not depend on adding or subtracting an

extra term to the sum. This is a pleasant property.

Nicely enough Eq. (110) agrees with the prediction of
Eq. (71) applied to Vpy.

For future reference, we are also interested in the next
correction in powers of a(1/r) of Eq. (110). We obtain

—4CpA ([ (2xc! 2 f3
VPV_VA: ﬂOF (El( ﬂo )-eﬁo é(@/,;—l)a(l/r)

+mﬂvm)

(112)
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Note though that Eq. (71) cannot predict the O(a)
correction.

We have already emphasized that obtaining the p — 0
limit was delicate. Let us illustrate this. If we take the p — 0
limit with s fixed (but close to 2), such that s < 2, we obtain

T_ 2 [y e —1lnpsin(5[1 - s])
e In?
0 p

s=2gin(Z[1 — oo |
BRI Yo
0

p Inp x°
s=2¢in(Z[1 —
__r Gl =gy (113)
p Inp

up to contributions that vanish when p — 0. If we now take
s =2—c'a(1/r) and take again p — 0 we obtain

2GR
—2CeA

lim lim Eq.(107) = en (114)

s—=2 p—0 c
which is obviously different that Eq. (110). In short

lim lim Eq.(107) # lim

Eq.(107).
s—2 p—0 s—2&p—0(correlated) q( )

(115)

If we rephrase this discussion in terms of the ¢’ behavior,
what we have is that Eq. (110) is not obtained by taking the
limit ¢’ — 0 before taking the limit r — 0 of Eq. (109).
Indeed, the limit ¢’ — O before taking the limit r — 0
produces Eq. (114), which does not correspond to the limit
(2B) we are following in this paper. As we can see from
the explicit computation, both limits yield NP power
corrections with the right scaling (pointing out that there
is not unique procedure to get/define the NP correction).
Nevertheless, the overall coefficient is different, whereas
Eq. (110) diverges logarithmically in ¢/, Eq. (114) diverges
like 1/¢’ for small ¢’. In this paper we stick to method (2B)
as it allows us to go beyond the large 5, approximation and
to relate the normalization of the power correction with the
normalization of the renormalon.

Finally, note that this method has the pleasant feature
that the generated O(Aqgcp) correction complies with the
OPE. It also yields results that do not depend on N (and y)
anymore. Still, it has some errors and does not reach the
precision of method (1). There is a residual scheme
dependence associated with uncomputed terms of
O(aAqcp). Part of it can be estimated by the residual
dependence in ¢’. In order to estimate it, we compute V4 for
different values of ¢’. On the one hand ¢’ cannot be very
large, as ¢’a(1/r) should be relatively close to zero. On the
other hand we cannot make ¢’a(1/r) to get arbitrary close to
zero, as the O(Aqcp) correction diverges logarithmically in
¢’. We also note that there is a value of ¢’ = ¢/, that makes
that K;?) =0 so that the O(Aqcp) correction vanishes.
Therefore, we compute V, for different values of ¢’.

0.0 0.1 0.2 0.3 o -
1.5 V/w/ﬂ/ﬂ 1-5
(alatt) | - x

" / \ 1-0

0.5

0.0 0.1 0.2 0.3 0.4 0.5
rin rO units

FIG.9. Weplot(a) Vpy —V, — Kg?)AX for ny = O in the lattice
and MS scheme. For each case, we generate bands by computing
Va with ¢/ =1 and ¢ =c},,. We also compare with
(b) Vpy — Vp —1Qy obtained with method (1) with the bands
generated for Fig. 3.

For illustration we show some results in Figs. 9 and 10.
We draw lines for Vpy — V4 — K§?>AX at ¢’ =1and ¢ =
Cmin generating a band. We also explore the dependence on
the scheme by comparing the results in the lattice and MS
scheme. We stress again that in the large f, approximation
lattice and MS schemes just correspond to a redefinition of y,
but quite large indeed. On the other hand the final result is p
independent. Nevertheless, the way the u — oo limit is taken
is fixed by N, as defined in Eq. (28), which is dependent on
u. This explains why different results are obtained.

In Figs. 9 and 10, we also compare with results obtained
using method (1), more specifically we compare with
Vey = Vp — %QV, as they both have analogous power
accuracy [though method (1) is parametrically more pre-
cise]. For Q, we take the exact expression but using its
approximated expression does not change the discussion,

0.0 0.1 02 05 g 5
05 )
alatt
0.4 (alatt) - "
0osf g "
yd
/ -
s (aMS)  (blatt)  (bMS) 0.2
0.1
0.0L—
0.0

FIG. 10. We plot (a) Vpy — V4 — K¢ Ay for ny =3 in the
lattice and MS scheme. For each case, we generate bands by
computing V4 with ¢/ = 1 and ¢’ = ¢/;,. We also compare with
(b) Vpy = Vp — }QV obtained with method (1) with the bands
generated for Fig. 6.

074019-23



AYALA, LOBREGAT, and PINEDA

PHYS. REV. D 99, 074019 (2019)

0.0 0.1 0.2 0.3 0.4 0.5
0.6 latt- Scheme 0.6
0.5 0.5
0.4

S
o == . - Var KX
""""" —— Vev- Vagour- KE'Ax
02 Ve Vioou1- K Ax 02
- Voy- Vigu- K'Ax
0.1 Vv~ Vasr- KA 0.1
0.0 0.0

0.0 0.1 0.2 0.3 0.4 0.5

rin GeV™' units

0.0 0.1 0.2 0.3 0.4 0.5
0.6 MS- Scheme Voy- Ve KOy 0.6

—— Vev- Vaoou- KP'Ax
0.5 Vov- Vigour- KA x 0.5
FaN - e Vo Vigu- K
04f T Vev- Vags- Ky\'/\x 0.4
o3k T e 0.3
02 e 0.2
0.1 04
0.0 0.0
0.0 0.1 0.2 0.3 0.4 0.5

rin GeV' ' units

FIG. 11. Upper panel: We plot Vpy — V, — KE(MAX forny =3
in the lattice scheme with ¢’ =1 vs the truncated sums
Voy =S¥ Va1 (1) — K\ Ay, where u is fixed using N,
defined in Eq. (28). Lower panel: As in the upper panel but in the
MS scheme.

as the difference is very small. What we see is that the MS
scheme yields more precise predictions than the lattice
scheme, and that method (1) yields considerable better
results than method (2B).

Another issue specific to method (2B) is to determine
how large we need to take N (and consequently y) of the
truncated sum such that it approximates well V,. For
illustrative purposes we show the convergence in Fig. 11
for ny = 3 in the lattice and MS scheme. We find that we
have to go to relatively large values of i (and N) to get it
precise. This can be a problem if one wants to go beyond
the large f,. This problem would be less severe if one can
use the asymptotic expression for the coefficients beyond
certain n. Nicely enough, we find that the use of the
asymptotic expression for the coefficients for n > N* (~3
in the MS and ~8 in the lattice scheme) is very efficient and
basically yields the same results as the exact result. Finally,
we also recall that to approximate well V4 by the truncated
sum is more costly for small values of ¢’.

IV. CONCLUSION

We aim to accurately describe observables characterized
by having a large scale Q > Aqcp. For those it is believed

that the OPE is a good approximation (we do not enter in
this paper on the issue of duality violations). We want to
make the most of available perturbative expressions of the
observable. Our aim is to organize the computation and its
associated accuracy within a hyperasymptotic expansion.
For this, we carefully study the connection between
truncated sums of the perturbative expansions in powers
of a and the associated NP corrections. In practice, we
relate those truncated sums with the Borel sum of the
perturbative series regulated using the PV prescription. This
object has the nice properties of being scale and scheme
independent. It may also open the window to connect with
studies directly aiming to the NP regime. We then hypoth-
esize that the difference between the Borel sum and the full
NP evaluation of the observable complies with the structure
of the NP OPE (at least for the first terms of the NP power
expansion). Such computational scheme allows us to get a
hyperasymptotic expansion of the observable, and, con-
sequently, to unambiguously state the magnitude of the
different terms of the hyperasymptotic expansion.

Relating truncated sums of the perturbative expansion
with NP definitions of them is not trivial in general.
However, this is possible for the case of the PV prescrip-
tion. We have studied two methods that achieve this goal
and explored how reliable they are in practice. We have
given analytic formulas (with exponential accuracy) that
relate the truncated sum with the PV-regulated Borel sum.
We emphasize that these formulas are valid beyond the
large-f3, approximation.

These methods allow us to efficiently disentangle the pure
perturbative term from the first NP corrections of an arbitrary
observable that admits an OPE at large energies. General
expressions for arbitrary observables are given (for this paper
we neglect ultraviolet renormalons). Nevertheless, the accu-
racy we achieve for each case is different:

(i) The method (2B) [see Eq. (76)] has the handicap
that (in principle) needs the perturbative expansion
of the observable and the running of « to all orders.
On top of that we are only able to obtain the

7 d|
O(e_%a_%(Q)) term of the Borel sum, which
then sets the precision of the analysis. On the other
hand, it has the nice feature that the leading NP
power correction of the Borel sum has exactly the
same scaling as the NP corrections dictated by the
OPE, and that the result is explicitly x independent.
(i) On the other hand, method (1) [see Eq. (75)] shows
to be much more powerful. At low orders it is just
standard perturbation theory. At high orders (quan-
tified by Np) the series is truncated. This corre-
sponds to the superasymptotic approximation. We
can quantify the error committed in summations
truncated at the minimal term and state the inde-
pendence of the result on the scale and scheme used
for the perturbative expansion to a given accuracy.
This allows us to state the parametric accuracy of
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determinations of genuine NP power corrections
obtained by subtracting the perturbative series from
the full observable (the latter being obtained either
from lattice simulations or directly from experi-
ment). We then incorporate the NP corrections to the
truncated sum associated with the renormalons using
the PV regularization prescription. The procedure
uses the theory of terminants discussed in [14]. The
scale and scheme dependence of this merging is
under control in the whole process. This process is,
in principle, systematically improvable. Subleading
power corrections can be incorporated in the analy-
sis, reaching hyperasymptotic accuracy. This analy-
sis also allows us to visualize that truncating the
perturbative sum at the minimal term produces, in
general, terms that cannot be absorbed in the NP
terms of the OPE, because of prefactors proportional
to /a. Overall, one obtains an smooth connection
between the standard (pure) perturbative computa-
tion and the OPE (hyperasymptotic) expansion that
includes the NP power corrections.

With these methods it is possible to determine the
leading difference between the perturbative series truncated
at the minimal term with the Borel integral regulated using
the PV prescription in terms of the closest singularity to the
origin of the Borel transform. This is very good because it
allows us to determine such leading NP correction in terms
of the normalization of the leading renormalon, Z’(gd, for
which approximate determinations can be obtained if the
perturbative series is known to high enough orders. It is also
worth mentioning that the dependence on Z’éd of the

hyperasymptotic approximation to the Borel sum is min-
imal, since it only appears in Q. Finally note that there is no
need of introducing an infrared cutoff v.

We plan to apply these methods to general observables,
but before we want to study the methods in test-objects for
which the approximations are under control. In this paper
we take the static potential in the large S, approximation,
regulating the asymptotic perturbative expansion using the
PV prescription, as the observable. It has nice properties: A
lot of analytic control is known for it, its Borel transform is
known exactly, and it does not have ultraviolet renorma-
lons. In this case we know what the genuine NP corrections
are. They are zero by construction.

Whereas the general expressions we give in this paper
are valid for any scheme, for the specific analysis worked
out in this paper (the static potential in the large f,
approximation), we use two different schemes: the lattice
and the MS schemes. In the large f3, this is equivalent to a
redefinition of the renormalization scale. Nevertheless, let
us stress that it corresponds to a rather large change in the
scale. Different values of ¢ [see Eq. (27)] can also be
understood as a change in the renormalization scale. The
result is independent on the scheme and factorization
scale used for the a (within the error of the computation).

The scheme/scale dependence is a higher order effect. The
important thing is that both schemes converge. This does
not mean that all schemes converge equally fast. We
observe that MS appears to be more convenient for method
(2B). It is also interesting to see the dependence of the
observables/methods with n;. Indeed we observe that the
range of validity of the hyperasymptotic expansion is
sensitive to the value of n;. Changing from n;=0to n;=3
significantly enlarges the range of validity of the OPE. This
is a relevant discussion when trying to determine up to
which scale one can apply perturbation theory and the OPE.
Concerning how well method (1) and (2B) perform in
practice for this observable, we find that both methods
converge to the expected result. Method (2B) is not
particularly precise though. Method (1) appears to converge
faster (besides being systematically improvable). Finally,
and specific to method (2B), one issue that we address is
how large the renormalization scale u has to be such that the
perturbative expansion simulates well the truncated integral
in Eq. (68). For the case of the static potential in the large /3,
approximation, we observe that we have to go to relatively
high scales. This makes this method not very useful.

The application of these analyses to QCD observables
(beyond the large /3, approximation) and the incorporation
of ultraviolet renormalons (if necessary) is left to forth-
coming papers.
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APPENDIX: D, (-x)

We define
& 1
D,(—x) = due ™™ ——
b(=x) X/O,PV ue (1 _u)1+b
1 )
= dee® e ¢, Al
r(b+1) Jopy - (A1)

where x > 0. Note that this integral has a cut in the
integration line starting at u = 1. We have to define how
we handle the singularity. We demand D, (—x) to be real for
real and positive x. The first expression can be understood
as the analytic continuation in b of the second expression
(which is first defined for arbitrary positive integer values),
and in the second expression we use the PV prescription.
Both expressions produce the same asymptotic expansions.
Finally, we obtain the following expression
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Dy(=x) = xe™*(=x)"[[(=b) = [(=b, —x)]

— cos(zb)T(=b)x!TPe=, (A2)
where (['(b) =T'(b,0))
(b, x) = / VAl (A3)

is the incomplete Gamma function. The second term in
Eq. (A2) is explicitly real, not so for the first term. Note that
the last term in Eq. (A2) is proportional to Agcp. From
these expressions is difficult to take the b — 0 limit. It is
more convenient to set b = 0 before computing.

D,(=x) is long known: D,(—x) = A,(—x), where
A, (=x) is defined in [14]. Variants of that formula read
(originally generated with a > 0)

o0 1 a oo 1
dye™* . = x”/ dyylex s
A UE T+ T Y

(A4)
o0 N
/ dee™® ()
0,PV 1—ae
_ ,N—-1 i —e/a
= F(N+b+a) ()Pvdee / W (AS)
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