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We construct the relativistic chiral Lagrangians for heavy-light mesons ðQq̄Þ to the Oðp4Þ order. From
Oðp2Þ to Oðp4Þ, there are 17, 67, and 404 independent terms in the flavor SUð2Þ case and 20, 84, and 655
independent terms in the flavor SUð3Þ case. The Lagrangians in the heavy quark limit are also obtained.
From Oðp2Þ to Oðp4Þ, there are 7, 25, and 136 independent terms in the flavor SUð2Þ case and 8, 33, and
212 independent terms in the flavor SUð3Þ case. The relations between low-energy constants based on the
heavy quark symmetry are also given up to the Oðp3Þ order.
DOI: 10.1103/PhysRevD.99.074018

I. INTRODUCTION

The spontaneous breaking of the global chiral symmetry
of QCD is an important feature in the low-energy non-
perturbative region of strong interactions. It has been
widely accepted that the low-lying pseudoscalar mesons
are those Goldstone bosons generated from the symmetry
breaking. The effective theory based on this symmetry and
its breaking is the chiral perturbation theory (ChPT) [1–3],
which originally describes only low-energy dynamics of
such mesons. Later, the theory was extended to cases
involving octet baryons [4], decuplet baryons [5,6], and
heavy quark hadrons [7,8]. The matter fields involved in the
present study are those heavy-light mesons whose quark
content is Qq̄ (Q ¼ c; b; q ¼ u, d, s).
Because of the light quark, the low-energy interactions

for the heavy-light mesons are governed by the chiral
symmetry. In addition, the interactions also obey the spin-
flavor heavy quark (HQ) symmetry in the limit MQ → ∞
[8–11]. The heavy quark flavor symmetry means that
different heavy flavors have the same dynamics while
the heavy quark spin symmetry results in degenerate
hadron doublets containing states with different spins. In
ChPT, increasing number of low-energy constants (LECs)
need to be determined when high order chiral corrections
are considered. For the case involving the heavy-light
mesons, the heavy quark symmetry may provide relations

between LECs [12]. Before we can determine their values
with other approaches, these constraints just from sym-
metry are certainly instructive. Of course, the corrections to
such relations due to finite quark mass may also be needed
for more detailed investigations.
With the chiral Lagrangians involving heavy-light mes-

ons, a wide range of problems can be studied [13–25], such
as properties of heavy-light mesons, mass difference
between heavy-light mesons in the same doublet, inter-
actions between the Goldstone bosons and the heavy-light
mesons, interactions between heavy-light mesons, proper-
ties of new open-flavor particles [26], and so on. Up to now,
the chiral Lagrangian in the sector of light pseudoscalar
mesons has been constructed up to the Oðp8Þ order
[27–35]. Recently, there have also been developments in
the sector of light baryons [36–42]. However, the existing
heavy-light meson chiral Lagrangian is still at low orders.
The leading order result was obtained long time ago
[7,8,12]. For higher order results, only parts of them were
constructed for special problems, which can be found in
Refs. [13–25]. Some similar works are about the SUð2Þ
pion-kaon chiral Lagrangian. This chiral Lagrangian has
the same structures as that for the heavy-light pseudoscalar
mesons. It has been constructed to the Oðp4Þ order
[43–45]. In the present work, we systematically construct
the relativistic chiral Lagrangians in the sector of heavy-
light mesons up to the fourth chiral order. To find some
relations of LECs by using the heavy quark symmetry, we
also construct directly chiral Lagrangians with the super-
field H containing the JP ¼ 0− and 1− Qq̄ mesons. By
comparing the relativistic Lagrangians with those in the HQ
limit, one obtains relations between LECs.
This paper is organized as follows. In Sec. II, we review

briefly the building blocks for the construction of chiral
Lagrangians. In Sec. III, from the structures of Lagrangians
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to linear relations between various ingredients, we intro-
duce the procedure to construct the heavy-light meson
chiral Lagrangians step by step. In Sec. IV, the way to find
relations between LECs with the heavy quark symmetry is
introduced. In Sec. V, we list our results. The last Sec. VI is
a short summary.

II. DEFINITIONS AND BUILDING BLOCKS

In this section, we give the building blocks necessary for
the construction of Lagrangians. Some simple properties
are also shown. These building blocks involve both
relativistic and HQ forms. One may find details about
them in Refs. [3,7,8,12,27,29,30,32,34,35,46–49].

A. Goldstone bosons and external sources

The QCD Lagrangian L0
QCD with Nf-flavor massless

quarks is

L ¼ L0
QCD þ q̄ð=vþ =aγ5 − sþ ipγ5Þq; ð1Þ

where q denotes the light quark field. s, p, vμ, and aμ are
scalar, pseudoscalar, vector, and axial-vector external
sources, respectively. The tensor source and the θ term
are ignored in this paper. As usual, both aμ and vμ are
considered traceless in the flavor SUð3Þ case, but only aμ is
traceless in the flavor SUð2Þ case to study the electroweak
interactions.
In ChPT, the low-lying pseudoscalar mesons are con-

sidered to be Goldstone bosons coming from the sponta-
neous breaking of the global symmetry SUðNfÞL×
SUðNfÞR into SUðNfÞV . The meson field u in matrix
form transforms as

u → gRuh† ¼ hug†L ð2Þ

under the chiral rotation, where gL and gR are group
elements of SUðNfÞL and SUðNfÞR, respectively, and h
is a compensator field which is a function of the pion fields.
Usually, the meson fields and external sources are

combined to building blocks whose forms are as follows,

uμ ¼ ifu†ð∂μ − irμÞu − uð∂μ − ilμÞu†g;
χ� ¼ u†χu† � uχ†u;

hμν ¼ ∇μuν þ∇νuμ;

fμνþ ¼ uFμν
L u† þ u†Fμν

R u;

fμν− ¼ uFμν
L u† − u†Fμν

R u ¼ −∇μuν þ∇νuμ; ð3Þ

where rμ ¼ vμ þ aμ, lμ ¼ vμ − aμ, χ ¼ 2B0ðsþ ipÞ,
Fμν
R ¼ ∂μrν − ∂νrμ − i½rμ; rν�, Fμν

L ¼ ∂μlν − ∂νlμ − i½lμ; lν�,
and B0 is a constant related to the quark condensate. The
covariant derivative for any building block X is defined
through

∇μX ¼ ∂μX þ ½Γμ; X�; ð4Þ

Γμ ¼ 1

2
fu†ð∂μ − irμÞuþ uð∂μ − ilμÞu†g: ð5Þ

The advantage of using these building blocks is that all of
them transform under the chiral rotation (R) in the same
way,

X⟶
R

X0 ¼ hXh†: ð6Þ

B. Heavy-light mesons

A heavy-light meson contains one heavy quark Q (c
or b) and one light antiquark q̄ (ū, d̄, or s̄). The lowest lying
heavy-light mesons are the pseudoscalar P with JP ¼ 0−

and vector P� with JP ¼ 1−. In the flavor SUð3Þ case (Q as
a flavor singlet), they are represented as row vectors,

P ¼
� ðD0; Dþ; Dþ

s Þ;
ðB̄−; B̄0; B̄0

sÞ;
P� ¼

� ðD�0; D�þ; D�þ
s Þ;

ðB̄�−; B̄�0; B̄�0
s Þ: ð7Þ

In the flavor SUð2Þ case, the third Qs̄ mesons need to be
removed. The Lagrangians in these two cases have different
independent chiral-invariant terms and we consider results
in both cases. The covariant derivative for P̃ (P or P�μ) is

DμP̃† ¼ ð∂μ þ ΓμÞP̃†; ð8Þ

DμP̃ ¼ P̃ð∂⃖μ þ Γμ†Þ; ð9Þ

Dμν���ρ ≡ 1

n!
ðDμDν � � �Dρ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

n

þ full permutation ofD’sÞ: ð10Þ

Equation (10) defines a totally symmetrical covariant
derivative like the πN case [36]. The reason for this
definition is that permutations of derivatives acting on a
building block do not change the chiral dimension (as
Eq. (23) below). The defined symmetrical derivative will
simplify some calculations (see Sec. IV). The chiral
transformations for heavy-light meson fields read

P̃⟶
R

P̃0 ¼ P̃h†; P̃†⟶
R

P̃0† ¼ hP̃†: ð11Þ

To adopt the heavy quark symmetry, one collects the
heavy-light mesons in a superfield as usual [50],

H ¼
ffiffiffiffiffi
M

p 1þ =v
2

ðP�
Q;μγ

μ þ δPQγ5Þ; H̄ ≡ γ0H†γ0; ð12Þ

where M ≡MP ¼ MP� is the heavy-light meson masses in
the HQ limit and vμ with v2 ¼ 1 is the velocity of heavy-
light mesons, P�

Q;μ and PQ only contain the annihilation
operator. Now, H contains only annihilation operators for
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Qq̄mesons and its mass dimension is 3=2. We here use δ to
denote the arbitrary relative phase between the mesons PQ

and P�
Q. Different conventions exist in the literature, e.g.,

δ ¼ 1 in [7], δ ¼ −1 in [47], and δ ¼ i in [51]. This phase
does not have physical effects and its choice does not
impact on the form of Lagrangians, either. Scaling the
superfield by e−iMv·x will modify the energy measure from
MQ to M and the covariant derivative on matter fields
becomes DμHðxÞ ¼ −iMvμHðxÞ. Obviously, the chiral
transformations for H and H̄ are the same as those for
P̃ and P̃†, respectively.

III. LAGRANGIAN CONSTRUCTION

This section shows the basic steps to construct the
Lagrangian for heavy-light mesons. First, one analyzes
the structures of chiral Lagrangians because they have
effects on some properties of building blocks. Second, one
establishes the P-parity, C-parity, and Hermitian properties
of all the building blocks. Third, one finds out available
linear relations in order to reduce linearly dependent terms.
Finally, one constructs all possible structures of the chiral
Lagrangian and gets independent terms by using the linear
relations.

A. Structures of chiral Lagrangians

The relativistic heavy-light meson chiral Lagrangian can
be written as

L ¼ LPP þ LP�P� þ LPP� ð13Þ

¼
X
n

CnP � � �P† þ
X
m

CmP� � � �P�†

þ
X
p

CpðP � � �P�† þ P� � � �P†Þ; ð14Þ

where LPP, LP�P� , and LPP� represent the interaction terms
involving only heavy pseudoscalar mesons, only heavy
vector mesons, and both heavy pseudoscalar and heavy
vector mesons, respectively. The symbol “� � �” includes
allowed combinations of building blocks given in Sec. II A
and appropriate coefficients (�1 or �i) to keep the
symmetry of L. For convenience, the LECs (Cn, Cm,
and Cp) are all assumed to be real constants and we use
the convention that all the possible covariant derivatives in
“� � �” act on the right side heavy-light meson fields.
To find out relations between LECs in the HQ limit, we

also construct chiral Lagrangians involving the superfield
H directly. The Lagrangian in this formalism looks like

L ¼
X
n

DnhH � � �ΓH̄i; ð15Þ

where Dn’s represent LECs in this case, Γ is an element of
the Clifford algebra, and h� � �i means trace in the spin

space. If flavor traces for building blocks are needed in
“� � �”, we also use this symbol h� � �i. The heavy quark
symmetry requires that the position of Γ should be after H
but before H̄.

B. Properties of building blocks

The properties of the building blocks have been dis-
cussed in a lot of references. Here we only collect
relevant results. One may find details about them in
Refs. [2,3,7,27,29–31,34–36,47,51].
Table I lists the chiral dimensions, parity transformations

(P), charge conjugation transformations (C), and Hermitian
transformations (H.c.) of the building blocks, the matter
fields, and the Levi-Civita tensor. Since the heavy-light
mesons are not purely neutral states, the phases for the
charge conjugation transformation of them are uncertain.
Choosing “+” for P is natural since JPC ¼ 0−− are exotic
quantum numbers. For P�, we use the convention “þ” and
will discuss another one.
Table II lists the corresponding properties of the Clifford

algebra and the velocity of heavy-light mesons, which are
considered between H and H̄ as (15). H, H̄, and vμ are
chiral dimensionless and their properties are considered
together with Clifford algebra, like the πN case in Ref. [36].
Table II only displays the extra signs. We do not show
anything about γ5 because hHγ5H̄i ¼ 0 gives no contri-
butions. H only contains the Qq̄ fields, but not Q̄q fields.
Hence the Lagrangian in heavy quark symmetry does not

TABLE I. Chiral dimension (Dim), parity (P), charge con-
jugation (C), and Hermiticity (H.c.) of the building blocks, the
matter fields, and the Levi-Civita tensor.

Dim P C H.c.

uμ 1 −uμ ðuμÞT uμ

hμν 2 −hμν ðhμνÞT hμν

χ� 2 �χ� ðχ�ÞT �χ�
fμν� 2 �f�μν ∓ ðfμν� ÞT fμν�
P 0 −P ðP†ÞT P†

P�μ 0 P�
μ ðP�μ†ÞT P�μ†

DμP 0 −DμP ðDμP†ÞT ðDμPÞ†
DμP�ν 0 DμP�

ν ðDμP�ν†ÞT ðDμP�νÞ†
εμνλρ 0 −εμνλρ εμνλρ εμνλρ

TABLE II. Chiral dimension (Dim), parity (P), charge con-
jugation (C), and Hermiticity (H.c.) of the Clifford algebra
elements and the velocity of heavy-light mesons.

Dim P C H.c.

1 0 þ þ þ
γμ 0 þ − þ
γ5γ

μ 0 − þ þ
σμν 0 þ − þ
vμ 0 þ − þ

CHIRAL LAGRANGIANS FOR MESONS WITH A … PHYS. REV. D 99, 074018 (2019)

074018-3



have to be C-invariant. The meaning of the charge con-
jugation in Table II will be discussed in Sec. IV.

C. Linear relations

Linear relations exist which are essential in reducing the
chiral-invariant terms to a minimal set. For details about
them, one may consult Refs. [27,29,30,34,35].

(i) Partial integration.
Ignoring higher order terms, one has

0 ≐ P̃D
↼μ

XP̃† þ P̃XDμP̃†; ð16Þ

where X is any building block or their products and
“≐” means that both sides are approximately equal
with their difference appearing at the order Oðp1Þ.
With this relation, we can move the covariant
derivatives to the right position so that they act only
on the field P̃†.

(ii) Schouten identity.
This is a relation about the Levi-Civita tensor,

ϵμνλρAσ − ϵσνλρAμ − ϵμσλρAν − ϵμνσρAλ

− ϵμνλσAρ ¼ 0; ð17Þ

where A is anything having Lorentz index (indices).
The five indices in the left-hand side are totally
antisymmetric.

(iii) Equations of motions (EOMs).
The EOMs and subsidiary condition for light

pseudoscalar and heavy-light mesons are

∇μuμ ≐
i
2

�
χ− −

1

Nf
hχ−i

�
; ð18Þ

ðD2 þM2
PÞP† ≐ 0; ð19Þ

ðD2 þM2
P�ÞP�†

μ ≐ 0; ð20Þ

DμP�†
μ ≐ 0; ð21Þ

vμP�†
Q;μ ¼ 0; ð22Þ

where Nf is the number of light quark flavors and
the conjugations of these equations are omitted.
Equation (22) only works in the heavy quark limit.
The right-hand sides of Eqs. (19)–(21) are at least at
the order Oðp1Þ. At the Oðp1Þ order, they contain
one uμ. Hence, D2P̃ can be changed to −M2

p̃P̃ and
does not happen in the Lagrangian. DμP�

μ is at the
order Oðp1Þ. It removes the redundant degree of
freedom of P�

μ field, andDμP�
μ does not appear in the

Lagrangian, either.

(iv) Covariant derivatives and Bianchi identity.
The commutative relation for the covariant deriv-

atives acting on any building block X is

½∇μ;∇ν�X ¼ ½Γμν; X�; ð23Þ

Γμν ¼ 1

4
½uμ; uν� − i

2
fμνþ : ð24Þ

Rewriting it explicitly, one has

∇μ∇νX −∇ν∇μX −
1

4
uμuνX þ 1

4
uνuμX þ i

2
fμνþ X

þ 1

4
Xuμuν −

1

4
Xuνuμ −

i
2
Xfμνþ ¼ 0: ð25Þ

Another relation about covariant derivatives is
Bianchi identity

∇μΓνλ þ∇νΓλμ þ∇λΓμν ¼ 0: ð26Þ

Its explicit form is

∇μfνλþ þ∇νfλμþ þ∇λfμνþ þ i
2
½uμ; fνλ− �

þ i
2
½uν; fλμ− � þ i

2
½uλ; fμν− � ¼ 0: ð27Þ

These two explicit relations are for determining the
strict relations of LECs which will be discussed
in Sec. IV.

(v) Cayley-Hamilton relations.
Any 2 × 2 matrices A and B have the relation

ABþ BA − AhBi − BhAi − hABi þ hAihBi ¼ 0:

ð28Þ

Any 3 × 3 matrices A, B, and C have the relation

0¼ ABCþACBþBACþBCAþCABþCBA

−ABhCi−AChBi−BAhCi−BChAi−CAhBi
−CBhAi−AhBCi−BhACi−ChABi− hABCi
− hACBi þAhBihCi þBhAihCi þChAihBi
þ hAihBCi þ hBihACi þ hCihABi− hAihBihCi:

ð29Þ

(vi) Contact terms.
The contact terms need to be picked up inde-

pendently. Such terms appear only at the Oðp4Þ
order. To show their irrelevance with pion fields, we
change the building blocks from uμ, hμν, fμν� , and χ�
to Fμν

R;L, χ, and χ†. The relevant relations are
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Fμν
L ¼ 1

2
u†ðfμνþ þ fμν− Þu; ð30Þ

Fμν
R ¼ 1

2
uðfμνþ − fμν− Þu†; ð31Þ

χ ¼ 1

2
uðχþ þ χ−Þu; ð32Þ

χ† ¼ 1

2
u†ðχþ − χ−Þu†: ð33Þ

We show the properties of these building blocks
(LR-basis) [27,34] in Table III. The number of
resultant contact terms is found small. They are
listed at the end of each part for LPP, LP�P� , and
LPP� in Table IX and such terms in the HQ limit are
given at the end of Table X.

The process to pick up independent terms is very boring
and is done by computer. The details about the operation
have been presented in Refs. [34,39,40].

IV. LEC RELATIONS IN THE
HEAVY QUARK LIMIT

According to the heavy quark symmetry, relations exist
among LECs for PP† terms, those for P�P�† terms, and
those for PP�† terms. In order to find them, we firstly
redefine the independent terms and their corresponding
LECs in Eq. (14) to be

Õn ¼ On=Mr; C̃n ¼ CnMr; ð34Þ

where r is the number of covariant derivative acting on the
heavy-light meson fields. Now, all C̃n’s at a given order
have the same mass dimension.
At least two methods can be used to get the LEC

relations. The first one is to change the relativistic
Lagrangians to the HQ form. With Eq. (12), one obtains

ffiffiffiffiffi
M

p
PQ ¼ 1

2
δ�hHγ5i;

ffiffiffiffiffi
M

p
P�
Q;μ ¼

1

2
hHγμi;

ffiffiffiffiffi
M

p
P†
Q ¼ −

1

2
δhH̄γ5i;

ffiffiffiffiffi
M

p
P�†
Q;μ ¼

1

2
hH̄γμi: ð35Þ

These fields contain only operators to annihilate or generate
Qq̄ mesons, but no operators for Q̄q mesons. If we assume

that the fields in Eq. (14) also describe onlyQq̄mesons, the
Lagrangian there can be changed to that in Eq. (15) by
using the Fierz identity. Retaining only terms satisfying the
heavy quark symmetry and comparing independent terms,
one can obtain relations between Cn’s and Dn’s.
The second method is opposite by changing the form of

Eq. (15) to that of Eq. (14),

hHH̄i → Mð−2PQP
†
Q þ 2P�μ

Q P�†
Q;μÞ; ð36Þ

hHγ5H̄i → 0; ð37Þ

hHγμH̄i → Mð−hHvμH̄iÞ ¼
ffiffiffiffiffi
M

p
ð−2iPQDμP†

Q=M

þ 2iP�ν
QDμP�†

Q;ν=MÞ; ð38Þ

hHγ5γ
μH̄i → Mð−2εμνλρP�

Q;λDνP
�†
Q;ρ=M þ 2δPQP

�†μ
Q

þ 2δ�P�μ
Q P†

QÞ; ð39Þ

hHσμνH̄i → Mð2iP�μ
Q P�†ν

Q − 2iP�ν
Q P�†μ

Q

þ 2iεμνλρδPQDλP
�†
Q;ρ=M

þ 2iεμνλρδ�P�
Q;ρDλP

†
Q=MÞ; ð40Þ

where we have used the definition hγμγνγλγργ5i ¼ −4iεμνλρ.
The factor M comes from the definition in Eq. (12). From
the above equations, one finds that only structures hHH̄i,
hHγ5γ

μH̄i, and hHσμνH̄i exist in the final results, a feature
consistent with the pion-nucleon case [36]. In order to
obtain the relativistic Lagrangian, the right-hand sides of
the above equations also needC invariant. If one substitutes
P̃Q → P̃ and chooses the “C-parity” of the Clifford algebra
and the velocity as those in Table II, these terms automati-
cally contain the C-invariant.
To get the exact relations between C̃k and Dl, the strict

linear relations are needed. In Sec. III C, we have found
them in the relativistic case. Hence, we choose the second
method to do the calculation. This method also avoids
complex calculation from the Fierz identity. The relations
are

C̃k ¼ M
X
l

DlAlk; ð41Þ

where M is a usual normalization factor coming from
Eq. (12). All elements in matrix Alk are dimensionless.
Since the number of Dl is much less than the number of C̃k
(see the results in Sec. V), Dl may be obtained more easily
in other ways. If all Dl are known, Eq. (41) gives a rough
estimation of C̃k. It also gives some constraint conditions of
C̃k in the heavy quark limit.
To calculate Eq. (41), we avoid the approximate relations

(marked by “≐”) in Sec. III C as far as possible. Higher
order contribution of the EOM for pseudoscalar mesons

TABLE III. Chiral rotations (R), parity (P), charge conjugation
(C), and Hermiticity (H.c.) of the LR-basis.

R P C H.c.

χ gRχg
†
L χ† χT χ†

χ† gLχ†g
†
R

χ χ†T χ

Fμν
L gLF

μν
L g†L Fμν

R −ðFμν
R ÞT Fμν

L

Fμν
R gRF

μν
R g†R Fμν

L −ðFμν
L ÞT Fμν

R
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[Eq. (18)] does not work to the Oðp2Þ order, and higher
order contribution of the EOMs for heavy-light mesons
does not work to the Oðp3Þ order. Hence, all relations in
Sec. III C are strict ones to the Oðp3Þ order.

V. RESULTS

Following the above steps, we get the final results
expressed as

LðmÞ ¼
X
n

CðmÞ
n OðmÞ

n ¼
X
n

C̃ðmÞ
n ÕðmÞ

n ; Nf ¼ 3 ð42Þ

LðmÞ ¼
X
n

cðmÞ
n oðmÞ

n ¼
X
n

c̃ðmÞ
n õðmÞ

n ; Nf ¼ 2 ð43Þ

LðmÞ
HQ ¼

X
n

DðmÞ
n PðmÞ

n ; Nf ¼ 3 ð44Þ

LðmÞ
HQ ¼

X
n

dðmÞ
n pðmÞ

n ; Nf ¼ 2: ð45Þ

where m is the chiral dimension.

A. Results at the Oðp1Þ and Oðp2Þ orders
The obtained relativistic result at the leading order,

Lð1Þ ¼DμPDμP† −M2
PPP

†

−
1

2
ðDμP�ν−DνP�μÞðDμP

�†
ν −DνP

�†
μ ÞþM2

P�P�μP�†
μ

þ 1

2
fQðPuμP�†

μþH:c:Þ

þ 1

4
gQεμνλρðP�

ρuλðDμP
�†
ν −DνP

�†
μ ÞþH:c:Þ; ð46Þ

is the same as that in Ref. [7]. The form obeying the heavy
quark symmetry is [8]

Lð1Þ
HQ ¼ hHivμDμH̄i − 1

2
ghHuλγ5γλH̄i: ð47Þ

The relations between fQ, gQ, and g are found to be

fQ ¼ 2gQM ¼ −2gM: ð48Þ

TABLE IV. The Oðp2Þ order relativistic results. The columns 2, 3, and 4 (5, 6, and 7) are for the flavor SUð2Þ
[SU(3)] case. When a termOn is not given a label in the 2nd (5th) column, it is not independent and can be expressed
with terms having a label in the 2nd (5th) column. “I” means that the structures of those terms are chosen as
independent ones in the HQ limit.

On SUð2Þ c̃ð2Þn c̃ð2Þn
SUð3Þ C̃ð2Þ

n C̃ð2Þ
n

PuμuμP† 1 −2dð2Þ1
I 1 −2Dð2Þ

1
I

PuμuνDμνP† 2 2dð2Þ2
I 2 2Dð2Þ

2
I

PhuμuμiP† 3 −2Dð2Þ
4

I

PhuμuνiDμνP† 4 2Dð2Þ
5

I

PχþP† 3 −2dð2Þ6
I 5 −2Dð2Þ

7
I

PhχþiP† 4 −2dð2Þ7
I 6 −2Dð2Þ

8
I

P�μuμuνP�†
ν 5 −2dð2Þ3

I 7 −2Dð2Þ
3

I

P�μuνuμP�†
ν 6 2dð2Þ3 −c̃ð2Þ5

8 2Dð2Þ
3 −C̃ð2Þ

7

P�μuνuνP�†
μ 7 2dð2Þ1 −c̃ð2Þ1

9 2Dð2Þ
1 −C̃ð2Þ

1

P�μuνuλDνλP�†
μ 8 −2dð2Þ2 −c̃ð2Þ2

10 −2Dð2Þ
2 −C̃ð2Þ

2

P�μhuμuνiP�†
ν 11 0 0

P�μhuνuνiP�†
μ 12 2Dð2Þ

4 −C̃ð2Þ
3

P�μhuνuλiDνλP�†
μ 13 −2Dð2Þ

5 −C̃ð2Þ
4

iP�μfþμ
νP�†

ν 9 4dð2Þ4
I 14 4Dð2Þ

6
I

iP�μhfþμ
νiP�†

ν 10 4dð2Þ5
I

P�μχþP�†
μ 11 2dð2Þ6 −c̃ð2Þ3

15 2Dð2Þ
7 −C̃ð2Þ

5

P�μhχþiP�†
μ 12 2dð2Þ7 −c̃ð2Þ4

16 2Dð2Þ
8 −C̃ð2Þ

6

εμνλρPuμuνDλP�†
ρ þ H:c: 13 −2dð2Þ3 c̃ð2Þ5

17 −2Dð2Þ
3 C̃ð2Þ

7

Pf−μνDμP�†
ν þ H:c: 14 0 0 18 0 0

PhμνDμP�†
ν þ H:c: 15 0 0 19 0 0

iεμνλρPfþμνDλP�†
ρ þ H:c: 16 2dð2Þ4

1
2
c̃ð2Þ9

20 2Dð2Þ
6

1
2
C̃ð2Þ
14

iεμνλρPhfþμνiDλP�†
ρ þ H:c: 17 2dð2Þ5

1
2
c̃ð2Þ10

JIANG, LIU, and YANG PHYS. REV. D 99, 074018 (2019)

074018-6



The results at this order are applicable for both two- and
three- flavor cases.
We show the Oðp2Þ Lagrangian in the relativistic form

and HQ form in Tables IV and V, respectively. The 2nd
and 5th columns of Table IV (2nd and 3rd columns of
Table V) give the labels for each term in the flavor SUð2Þ
case and SUð3Þ case, respectively. The 3rd and 6th columns
of Table IV list the corresponding LECs in the HQ limit.
The 4th and 7th columns of Table IV display the LEC
relations between the relativistic terms according to the
heavy quark symmetry, where “I” means that correspond-
ing terms can be treated as the independent ones. Some
monomials only happen in the either SUð2Þ or SUð3Þ case
because of the Cayley-Hamilton relations and the con-
vention of the trace of the vector source vμ. Hence, the other
column is not labeled. Only a few analogous results in the
references are found. The Oðp2Þ order LPP is the same as
that in Ref. [20].

B. Results at the Oðp3Þ and Oðp4Þ orders
The Oðp3Þ and Oðp4Þ order results are too long and we

give them in Appendix A. The relativistic results are
collected in Tables VII and IX while those in the HQ limit
are listed in Tables VIII and X. The 3rd and 6th columns of
Table VII show the corresponding LECs in the HQ limit
while the 4th and 7th columns of the same table display the
LEC relations between the relativistic terms obtained from
the heavy quark symmetry. “I” in Tables VII and IX again
means that the relevant terms are considered independent in

the HQ limit. Some long expressions marked with “*” in
Table VII are given explicitly below the table.
At present, we are not able to give the strict LEC

relations for terms at the Oðp4Þ order. The Oðp1Þ order
EOMs will appear because of the Schouten identity.
Schouten identity can change the positions of some indexes
and will give the factors as DμP�†

μ or D2P̃. Hence the
LECs at theOðp1Þ order will appear in these relations. The
exact relations need the determination of the inverse of a
large symbolic matrix. Hence, we only mark the indepen-
dent terms in the HQ limit in Table IX. In the table, the
52–57, 241–253, and 402–404 terms in the two-flavor case
(97–99, 413–418, and 655 terms in the three-flavor case)
are contact terms. In Table X, the 128–136 terms in the two-
flavor case (209–212 terms in the three-flavor case) are
contact terms.

C. Discussions

We have chosen the convention δ ¼ 1 in presenting our
final results. If one wants to use another convention, all the
results need not be changed. For the C-parity transforma-
tion of P�, we also use the “þ” convention. Another
convention only has an impact on LPP� . Let us consider any
C-, P- and H.c.-invariant LPP� term

ðPOμP�†μ þ δCP�μOC;μP†Þ; ð49Þ

where Oμ is any possible structure, OC;μ is an appropriate
structure keeping the symmetry, and δC is the C-parity
transformation factor of P�. If one chooses an opposite sign
of δC, an extra i factor is needed to keep Hermiticity.

VI. SUMMARY

In the present paper, we extend our previous studies and
construct the relativistic chiral Lagrangians for mesons with
a heavy quark to one loop, both for the flavor SUð3Þ case
and for the flavor SUð2Þ case. The chiral Lagrangians in the
heavy quark limit are also obtained. The number of
independent terms in the heavy quark limit is much less
than that in the relativistic case, which is illustrated in
Table VI. By comparing independent terms in the relativ-
istic form and those in the HQ limit, one finds LEC
relations at each order which result from the heavy quark
symmetry. These relations would get corrections once the
breaking of heavy quark symmetry is considered.

TABLE V. The Oðp2Þ order results in the HQ limit. When a
term Pn is not given a label in the 2nd (3rd) column, it is not
independent and can be expressed with terms having a label in the
2nd (3rd) column.

Pn SUð2Þ SUð3Þ
hHuμuμH̄i 1 1
hHuμuνvμvνH̄i 2 2
ihHuμuνσμνH̄i 3 3
hHhuμuμiH̄i 4
hHhuμuνivμvνH̄i 5
hHfþμνσμνH̄i 4 6
hHhfþμνiσμνH̄i 5
hHχþH̄i 6 7
hHhχþiH̄i 7 8

TABLE VI. Number of independent terms at each chiral order.

Relativistic HQ limit

Chiral order Oðp1Þ Oðp2Þ Oðp3Þ Oðp4Þ Oðp1Þ Oðp2Þ Oðp3Þ Oðp4Þ
SUð2Þ 1 17 67 404 1 7 25 136
SUð3Þ 1 20 84 655 1 8 33 212
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APPENDIX: Oðp3Þ AND Oðp4Þ ORDER RESULTS

The long relations in the fourth column of Table VII
are

c̃ð3Þ44 ¼ ðc̃ð3Þ10 þ 2c̃ð3Þ11 − c̃ð3Þ26 Þ − 2c̃ð3Þ14 ;

c̃ð3Þ45 ¼ −ðc̃ð3Þ10 þ 2c̃ð3Þ11 − c̃ð3Þ26 Þ;
c̃ð3Þ53 ¼ c̃ð3Þ24 þ c̃ð3Þ25 − c̃ð3Þ26 : ðA1Þ

TABLE VII. The Oðp3Þ order relativistic results. The columns 2, 3, and 4 (5, 6, and 7) are for the flavor SUð2Þ [SU(3)] case. When a
termOn is not given a label in the 2nd (5th) column, it is not independent and can be expressed with terms having a label in the 2nd (5th)
column. “I”means that the structures of those terms are chosen as independent ones in the HQ limit. Relations marked with “*” are given
below this table.

On SUð2Þ c̃ð3Þn c̃ð3Þn SUð3Þ C̃ð3Þ
n C̃ð3Þ

n

εμνλρPuμuνuλDρP† 1 −2dð3Þ5
I 1 −2Dð3Þ

9
I

εμνλρPhuμuνuλiDρP† 2 −2Dð3Þ
10

I

Puμf−μνDνP† þ H:c: 2 −2dð3Þ17
I 3 −2Dð3Þ

24
I

PuμhμνDνP† þ H:c: 3 −2dð3Þ20
I 4 −2Dð3Þ

27
I

PuμhνλDμνλP† þ H:c: 4 2dð3Þ21
I 5 2Dð3Þ

28
I

iεμνλρPfþμνuλDρP† þ H:c: 5 2dð3Þ12
I 6 2Dð3Þ

18
I

iεμνλρPhfþμνiuλDρP† 6 2dð3Þ13
I

iεμνλρPhfþμνuλiDρP† 7 2Dð3Þ
19

I

iP∇μfþμ
νDνP† 7 2dð3Þ23

I 8 2Dð3Þ
33

I

iPh∇μfþμ
νiDνP† 8 2dð3Þ24

I

iPuμχ−DμP† þ H:c: 9 2dð3Þ16
I 9 2Dð3Þ

23
I

εμνλρP�
μuνuλuσDρP�†

σ þ H:c: 10 −2dð3Þ2
I 10 � I

εμνλρP�
μuνuλuσDσP�†

ρ þ H:c: 11 dð3Þ2 þ dð3Þ4
I 11 � I

εμνλρP�
μuνuσuλDρP�†

σ þ H:c: 12 −2dð3Þ2 − 3dð3Þ5
3
2
c̃ð3Þ1 þ c̃ð3Þ10

12 −Dð3Þ
9

1
2
C̃ð3Þ
1

εμνλρP�
μuνuσuσDλP�†

ρ þ H:c: 13 −2dð3Þ1 − dð3Þ2
I 13 � I

εμνλρP�
μuσuνuλDρP�†

σ þ H:c: 14 � −C̃ð3Þ
1 − C̃ð3Þ

10

εμνλρP�
μuνuσuδDλσδP�†

ρ þ H:c: 14 2dð3Þ3 þ dð3Þ4
I 15 � I

εμνλρP�
μhuνuλuσiDρP�†

σ þ H:c: 16 3Dð3Þ
10 − 3

2
C̃ð3Þ
2

εμνλρP�
μhuνuσiuλDρP�†

σ þ H:c: 17 −2Dð3Þ
5 þDð3Þ

6
I

εμνλρP�
μhuνuσiuλDσP�†

ρ 18 � I
εμνλρP�

μhuνuσiuσDλP�†
ρ 19 −2Dð3Þ

5 þ 3Dð3Þ
6

I

εμνλρP�
μhuνuσiuδDλσδP�†

ρ 20 2Dð3Þ
7 − 3Dð3Þ

8
I

P�μuμf−νλDνP�†
λ þ H:c: 15 −2dð3Þ18

I 21 −2Dð3Þ
25

I

P�μuνf−μλDνP�†
λ þ H:c: 16 4dð3Þ19

I 22 4Dð3Þ
26

I

P�μuνf−μλDλP�†
ν þ H:c: 17 −2dð3Þ18 c̃ð3Þ15

23 −2Dð3Þ
25 C̃ð3Þ

21

P�μuνf−νλDλP�†
μ þ H:c: 18 2dð3Þ17 −c̃ð3Þ2

24 2Dð3Þ
24 −C̃ð3Þ

3

P�μuμhνλDνP�†
λ þ H:c: 19 2dð3Þ22

I 25 2Dð3Þ
29

I

P�μuνhμλDνP�†
λ þ H:c: 20 0 0 26 0 0

P�μuνhμλDλP�†
ν þ H:c: 21 −2dð3Þ22 −c̃ð3Þ19

27 −2Dð3Þ
29 −C̃ð3Þ

25

P�μuνhνλDλP�†
μ þ H:c: 22 2dð3Þ20 −c̃ð3Þ3

28 2Dð3Þ
27 −C̃ð3Þ

4

(Table continued)
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TABLE VII. (Continued)

On SUð2Þ c̃ð3Þn c̃ð3Þn SUð3Þ C̃ð3Þ
n C̃ð3Þ

n

P�μuνhλρDνλρP�†
μ þ H:c: 23 −2dð3Þ21 −c̃ð3Þ4

29 −2Dð3Þ
28 −C̃ð3Þ

5

P�μhuμf−νλiDνP�†
λ þ H:c: 30 −2Dð3Þ

30
I

P�μhuνf−μλiDνP�†
λ 31 4Dð3Þ

31
I

P�μhuμhνλiDνP�†
λ þ H:c: 32 2Dð3Þ

32
I

εμνλρP�
μ∇νf−λσDρP�†

σ þ H:c: 24 2dð3Þ9
I 33 2Dð3Þ

15
I

εμνλρP�
μ∇νf−λσDσP�†

ρ 25 −2dð3Þ9 þ 2dð3Þ10
I 34 −2Dð3Þ

15 þ 2Dð3Þ
16

I

εμνλρP�
μ∇νhσδDλσδP�†

ρ 26 2dð3Þ11
I 35 2Dð3Þ

17
I

iεμνλρP�
μfþνλuσDρP�†

σ þ H:c: 27 −2dð3Þ12 −c̃ð3Þ5
36 −2Dð3Þ

18 −C̃ð3Þ
6

iεμνλρP�
μfþνλuσDσP�†

ρ þ H:c: 28 −dð3Þ7
I 37 −Dð3Þ

12
I

iεμνλρP�
μfþν

σuλDρP�†
σ þ H:c: 29 4dð3Þ12 2c̃ð3Þ5

38 4Dð3Þ
18 2C̃ð3Þ

6

iεμνλρP�
μfþν

σuσDλP�†
ρ þ H:c: 30 2dð3Þ6

I 39 2Dð3Þ
11

I

iεμνλρP�
μhfþνλiuσDρP�†

σ þ H:c: 31 −dð3Þ13 − 1
2
c̃ð3Þ6

iεμνλρP�
μhfþν

σiuλDρP�†
σ þ H:c: 32 2dð3Þ13 c̃ð3Þ6

iεμνλρP�
μhfþνλuσiDρP�†

σ þ H:c: 40 −Dð3Þ
19 − 1

2
C̃ð3Þ
7

iεμνλρP�
μhfþν

σuλiDρP�†
σ þ H:c: 41 2Dð3Þ

19 C̃ð3Þ
7

iP�μ∇μfþνλDνP�†
λ þ H:c: 33 0 0 42 0 0

iP�μ∇νfþν
λDλP�†

μ 34 −2dð3Þ23 −c̃ð3Þ7
43 −2Dð3Þ

33 −C̃ð3Þ
8

iP�μh∇μfþνλiDνP�†
λ þ H:c: 35 0 0

iP�μh∇νfþν
λiDλP�†

μ 36 −2dð3Þ24 −c̃ð3Þ8

εμνλρP�
μuνχþDλP�†

ρ þ H:c: 37 −2dð3Þ14
I 44 −2Dð3Þ

20
I

εμνλρP�
μhuνχþiDλP�†

ρ 38 −2dð3Þ15
I 45 −2Dð3Þ

21
I

εμνλρP�
μhχþiuνDλP�†

ρ 46 −2Dð3Þ
22

I

iP�μuνχ−DνP�†
μ þ H:c: 39 −2dð3Þ16 −c̃ð3Þ9

47 −2Dð3Þ
23 −C̃ð3Þ

9

iεμνλρP�
μ∇νχ−DλP�†

ρ 40 −2dð3Þ25
I 48 −2Dð3Þ

13
I

iεμνλρP�
μh∇νχ−iDλP�†

ρ 41 −2dð3Þ8
I 49 −2Dð3Þ

14
I

PuμuμuνP�†
ν þ H:c: 42 4dð3Þ1 c̃ð3Þ10 − 2c̃ð3Þ13

50 2Dð3Þ
1

�
PuμuνuμP�†

ν þ H:c: 43 2dð3Þ2 −c̃ð3Þ10
51 2Dð3Þ

2
�

PuμuνuνP�†
μ þ H:c: 52 2Dð3Þ

1
�

PuμuνuλDμνP�†
λ þ H:c: 44 −4dð3Þ3 − 2dð3Þ11

� 53 � �
PuμuνuλDμλP�†

ν þ H:c: 45 −2dð3Þ4 þ 2dð3Þ11
� 54 � �

PuμuνuλDνλP�†
μ þ H:c: 55 � �

PhuμuμiuνP�†
ν þ H:c: 56 2Dð3Þ

5 − 3
2
C̃ð3Þ
17 þ 1

2
C̃ð3Þ
19

PhuμuμuνiP�†
ν þ H:c: 57 2Dð3Þ

6 −C̃ð3Þ
17 þ C̃ð3Þ

19

PhuμuνiuλDμνP�†
λ þ H:c: 58 Dð3Þ

7
�

PhuμuνuλiDμνP�†
λ þ H:c: 59 2Dð3Þ

7 − 2Dð3Þ
8

�
εμνλρPuμf−νλP�†

ρ þ H:c: 46 −2dð3Þ19 − 1
2
c̃ð3Þ16

60 −2Dð3Þ
26 − 1

2
C̃ð3Þ
22

εμνλρPf−μνuλP�†
ρ þ H:c: 47 −dð3Þ18

1
2
c̃ð3Þ15

61 −Dð3Þ
25

1
2
C̃ð3Þ
21

εμνλρPuμf−νσDλσP�†
ρ þ H:c: 48 2dð3Þ18 − 4dð3Þ19 −c̃ð3Þ15 − c̃ð3Þ16

62 2Dð3Þ
25 − 4Dð3Þ

26 −C̃ð3Þ
21 − C̃ð3Þ

22

εμνλρPf−μνuσDλσP�†
ρ þ H:c: 49 −dð3Þ18 þ 2dð3Þ19

1
2
c̃ð3Þ15 þ 1

2
c̃ð3Þ16

63 −Dð3Þ
25 þ 2Dð3Þ

26
1
2
C̃ð3Þ
21 þ 1

2
C̃ð3Þ
22

εμνλρPuμhνσDλσP�†
ρ þ H:c: 50 2dð3Þ22 c̃ð3Þ19

64 2Dð3Þ
29 C̃ð3Þ

25

εμνλρPhμσuνDλσP�†
ρ þ H:c: 51 −2dð3Þ22 −c̃ð3Þ19

65 −2Dð3Þ
29 −C̃ð3Þ

25

εμνλρPhuμf−νλiP�†
ρ þ H:c: 66 −2Dð3Þ

31 − 1
2
C̃ð3Þ
31

εμνλρPhuμf−νσiDλσP�†
ρ þ H:c: 67 2Dð3Þ

30 − 4Dð3Þ
31 −C̃ð3Þ

30 − C̃ð3Þ
31

(Table continued)

CHIRAL LAGRANGIANS FOR MESONS WITH A … PHYS. REV. D 99, 074018 (2019)

074018-9



TABLE VII. (Continued)

On SUð2Þ c̃ð3Þn c̃ð3Þn SUð3Þ C̃ð3Þ
n C̃ð3Þ

n

εμνλρPhuμhνσiDλσP�†
ρ þ H:c: 68 2Dð3Þ

32 C̃ð3Þ
32

P∇μf−μνP�†
ν þ H:c: 52 2dð3Þ9 c̃ð3Þ24

69 2Dð3Þ
15 C̃ð3Þ

33

P∇μf−νλDμνP�†
λ þ H:c: 53 2dð3Þ10 − 2dð3Þ11

� 70 2Dð3Þ
16 − 2Dð3Þ

17
�

P∇μhνλDμνP�†
λ þ H:c: 54 −2dð3Þ11 −c̃ð3Þ26

71 −2Dð3Þ
17 −C̃ð3Þ

35

iPfþμνuμP�†
ν þ H:c: 55 2dð3Þ6 c̃ð3Þ30

72 2Dð3Þ
11 C̃ð3Þ

39

iPuμfþμ
νP�†

ν þ H:c: 56 −2dð3Þ6 −c̃ð3Þ30
73 −2Dð3Þ

11 −C̃ð3Þ
39

iPfþμνuλDμλP�†
ν þ H:c: 57 2dð3Þ7 − 2dð3Þ11 −c̃ð3Þ26 − 2c̃ð3Þ28

74 2Dð3Þ
12 − 2Dð3Þ

17 −C̃ð3Þ
35 − 2C̃ð3Þ

37

iPuμfþνλDμνP�†
λ þ H:c: 58 −2dð3Þ7 þ 2dð3Þ11 c̃ð3Þ26 þ 2c̃ð3Þ28

75 −2Dð3Þ
12 þ 2Dð3Þ

17 C̃ð3Þ
35 þ 2C̃ð3Þ

37

iPhfþμνiuμP�†
ν þ H:c: 59 0 0

iPhfþμνiuλDμλP�†
ν þ H:c: 60 0 0

iPhfþμνuμiP�†
ν þ H:c: 76 0 0

iPhfþμνuλiDμλP�†
ν þ H:c: 77 0 0

iεμνλρP∇μfþν
σDλσP�†

ρ þ H:c: 61 0 0 78 0 0
iεμνλρPh∇μfþν

σiDλσP�†
ρ þ H:c: 62 0 0

PuμχþP�†
μ þ H:c: 63 2dð3Þ14 −c̃ð3Þ37

79 2Dð3Þ
20 −C̃ð3Þ

44

PχþuμP�†
μ þ H:c: 64 2dð3Þ14 −c̃ð3Þ37

80 2Dð3Þ
20 −C̃ð3Þ

44

PhuμχþiP�†
μ þ H:c: 65 2dð3Þ15 −c̃ð3Þ38

81 2Dð3Þ
21 −C̃ð3Þ

45

PhχþiuμP�†
μ þ H:c: 82 2Dð3Þ

22 −C̃ð3Þ
46

iP∇μχ−P�†
μ þ H:c: 66 2dð3Þ25 −c̃ð3Þ40

83 2Dð3Þ
13 −C̃ð3Þ

48

iPh∇μχ−iP�†
μ þ H:c: 67 2dð3Þ8 −c̃ð3Þ41

84 2Dð3Þ
14 −C̃ð3Þ

49

TABLE VIII. The Oðp3Þ order results in the HQ limit. When a term Pn is not given a label in the 2nd or 5th (3rd or 6th) column, it is
not independent and can be expressed with terms having a label in the 2nd and 5th (3rd and 6th) columns.

Pn SUð2Þ SUð3Þ Pn SUð2Þ SUð3Þ
hHuμuμuνγ5γνH̄i þ H:c: 1 1 εμνλρhHhfþμνiuλvρH̄i 13
hHuμuνuμγ5γνH̄i 2 2 εμνλρhHhfþμνuλivρH̄i 19
hHuμuνuλγ5γμvνvλH̄i þ H:c: 3 3 hHuμχþγ5γμH̄i þ H:c: 14 20
hHuμuνuλγ5γνvμvλH̄i 4 4 hHhuμχþiγ5γμH̄i 15 21
hHhuμuμiuνγ5γνH̄i 5 hHhχþiuμγ5γμH̄i 22
hHhuμuμuνiγ5γνH̄i 6 hHuμχ−vμH̄i þ H:c: 16 23
hHhuμuνiuλγ5γμvνvλH̄i 7 ihHuμf−μνvνH̄i þ H:c: 17 24
hHhuμuνuλiγ5γμvνvλH̄i 8 hHuμf−νλσμνvλH̄i þ H:c: 18 25
iεμνλρhHuμuνuλvρH̄i 5 9 hHuμf−νλσνλvμH̄i þ H:c: 19 26
iεμνλρhHhuμuνuλivρH̄i 10 ihHuμhμνvνH̄i þ H:c: 20 27
ihHfþμνuμγ5γνH̄i þ H:c: 6 11 ihHuμhνλvμvνvλH̄i þ H:c: 21 28
ihHfþμνuλγ5γμvνvλH̄i þ H:c: 7 12 hHuμhνλσμνvλH̄i þ H:c: 22 29
ihH∇μχ−γ5γμH̄i 13 hHhuμf−νλiσμνvλH̄i 30
ihHh∇μχ−iγ5γμH̄i 8 14 hHhuμf−νλiσνλvμH̄i 31
hH∇μf−μνγ5γνH̄i 9 15 hHhuμhνλiσμνvλH̄i 32
hH∇μf−νλγ5γνvμvλH̄i 10 16 hH∇μfþμ

νvνH̄i 23 33
hH∇μhνλγ5γμvνvλH̄i 11 17 hHh∇μfþμ

νivνH̄i 24
εμνλρhHfþμνuλvρH̄i þ H:c: 12 18 ihH∇μχ−γ5γμH̄i 25

JIANG, LIU, and YANG PHYS. REV. D 99, 074018 (2019)

074018-10



TABLE IX. The Oðp4Þ order relativistic results. The columns 2, 3, 7, and 8 (4, 5, 9, and 10) are for the flavor SUð2Þ [SU(3)] case.
When a termOn is not given a label in the 2nd or 7th (4th or 8th) column, it is not independent and can be expressed with terms having a
label in the SUð2Þ (SUð3Þ) case. “I” means that the structures of those terms are chosen as independent ones in the HQ limit. “P.” stands
for parity-transformed part.

On SUð2Þ c̃ð4Þn SUð3Þ C̃ð4Þ
n

On SUð2Þ c̃ð4Þn SUð3Þ C̃ð4Þ
n

PhuμuμiuνuνP† 1 I 1 I iP�μ∇μ∇νfþλρDνλP�†
ρ þ H:c: 182 I 334 I

PhuμuνiuμuνP† 2 I 2 I iP�μ∇ν∇λfþμ
ρDνλP�†

ρ 183 I 335 I
PhuμuμiuνuλDνλP† 3 I 3 I P�μfþμ

νfþν
λP�†

λ 184 I 336 I
PhuμuνiuμuλDνλP† þ H:c: 4 I 4 I P�μfþνλfþμνP�†

λ 185 337
PhuμuνiuλuλDμνP† 5 I P�μfþνλfþνλP�†

μ 186 338
PhuμuνiuλuρDμνλρP† 5 I 6 I P�μfþμ

νfþλρDνλP�†
ρ 187 I 339 I

PhuμuμuνiuνP† 7 I P�μfþνλfþμ
ρDνρP�†

λ 188 340
PhuμuμuνiuλDνλP† 8 I P�μfþνλfþν

ρDλρP�†
μ 189 341

PhuμuνuλiuμDνλP† 9 I P�μhfþμ
νifþν

λP�†
λ þ H:c: 190

PhuμuνuλiuρDμνλρP† 10 I P�μhfþνλifþνλP�†
μ 191

PhuμuμuνuνiP† 11 I P�μhfþμ
νifþλρDνλP�†

ρ þ H:c: 192
PhuμuνuμuνiP† 12 I P�μhfþνλifþν

ρDλρP�†
μ 193

PhuμuμuνuλiDνλP† 13 I P�μhfþμ
νfþν

λiP�†
λ 342 I

PhuμuνuμuλiDνλP† 14 I P�μhfþνλfþνλiP�†
μ 343

PhuμuνuλuρiDμνλρP† 15 I P�μhfþμ
νfþλρiDνλP�†

ρ 344 I
PuμuμuνuνP† 16 I P�μhfþνλfþν

ρiDλρP�†
μ 345

PuμuνuμuνP† 17 I P�μuμuνχþP�†
ν þ H:c: 194 I 346 I

PuμuμuνuλDνλP† þ H:c: 18 I P�μuνuμχþP�†
ν þ H:c: 195 347

PuμuνuμuλDνλP† þ H:c: 19 I P�μuνuνχþP�†
μ þ H:c: 196 348

εμνλρPuμuνf−λρP† þ H:c: 6 I 20 I P�μuμχþuνP�†
ν 197 I 349 I

εμνλρPuμuνf−λσDρσP† þ H:c: 7 I 21 I P�μuνχþuμP�†
ν 198 350

εμνλρPuμuσf−νλDρσP† þ H:c: 8 I 22 I P�μuνχþuνP�†
μ 199 351

εμνλρPuμf−νλuσDρσP† þ H:c: 9 I 23 I P�μuνuλχþDνλP�†
μ þ H:c: 200 352

εμνλρPuμuνhλσDρσP† þ H:c: 10 I 24 I P�μuνχþuλDνλP�†
μ 201 353

εμνλρPhuμf−νλiuρP† 25 I P�μhuμuνiχþP�†
ν 354 I

εμνλρPhuμf−νσiuλDρσP† 26 I P�μhuμuνχþiP�†
ν 202 I 355 I

εμνλρPhuμuσif−νλDρσP† 27 I P�μhuνχþiuμP�†
ν þ H:c: 356 I

εμνλρPhuμuσf−νλiDρσP† þ H:c: 28 I P�μhχþiuμuνP�†
ν 357 I

εμνλρPhuμhνσiuλDρσP† 29 I P�μhuνuμχþiP�†
ν 358

Pf−μνf−μνP† 30 I P�μhχþiuνuμP�†
ν 359

Pf−μνf−μλDνλP† 31 I P�μhuνuνiχþP�†
μ 360

Pf−μνhμλDνλP† þ H:c: 11 I 32 I P�μhuνuνχþiP�†
μ 203 361

PhμνhμνP† 12 I 33 I P�μhuνχþiuνP�†
μ 362

PhμνhμλDνλP† 13 I 34 I P�μhχþiuνuνP�†
μ 363

PhμνhλρDμνλρP† 14 I 35 I P�μhuνuλiχþDνλP�†
μ 364

Puμ∇νf−μνP† þ H:c: 15 I 36 I P�μhuνuλχþiDνλP�†
μ 204 365

Puμ∇νf−μλDνλP† þ H:c: 16 I 37 I P�μhuνχþiuλDνλP�†
μ 366

Puμ∇νf−νλDμλP† þ H:c: 17 I 38 I P�μhχþiuνuλDνλP�†
μ 367

Puμ∇μhνλDνλP† þ H:c: 18 I 39 I εμνλρP�
μf−νλχþP�†

ρ þ H:c: 205 I 368 I
Puμ∇νhλρDμνλρP† þ H:c: 19 I 40 I εμνλρP�

μhνσχþDλσP�†
ρ þ H:c: 206 I 369 I

Phf−μνhμλiDνλP† 41 I εμνλρP�
μuν∇λχþP�†

ρ þ H:c: 207 I 370 I
PhhμνhμνiP† 42 I εμνλρP�

μuν∇σχþDλσP�†
ρ þ H:c: 208 I 371 I

PhhμνhμλiDνλP† 43 I P�μ∇μ∇νχþP�†
ν 209 I 372 I

PhhμνhλρiDμνλρP† 44 I P�μ∇ν∇νχþP�†
μ 210 373

Phuμ∇νf−μνiP† 45 I P�μ∇ν∇λχþDνλP�†
μ 211 374

Phuμ∇νf−μλiDνλP† 46 I P�μh∇μ∇νχþiP�†
ν 212 I 375 I
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TABLE IX. (Continued)

On SUð2Þ c̃ð4Þn SUð3Þ C̃ð4Þ
n

On SUð2Þ c̃ð4Þn SUð3Þ C̃ð4Þ
n

Phuμ∇νf−νλiDμλP† 47 I P�μh∇ν∇νχþiP�†
μ 213 376

Phuμ∇μhνλiDνλP† 48 I P�μh∇ν∇λχþiDνλP�†
μ 214 377

Phuμ∇νhλρiDμνλρP† 49 I iP�μfþμ
νχþP�†

ν þ H:c: 215 I 378 I
iPfþμνuμuνP† þ H:c: 20 I 50 I iP�μhfþμ

νiχþP�†
ν 216 I

iPuμfþμ
νuνP† 21 I 51 I iP�μhfþμ

νχþiP�†
ν 217 I 379 I

iPfþμνuμuλDνλP† þ H:c: 22 I 52 I iP�μhχþifþμ
νP�†

ν 218 I 380 I
iPfþμνuλuμDνλP† þ H:c: 53 I P�μχ2þP�†

μ 219 381
iPuμfþμ

νuλDνλP† þ H:c: 23 I 54 I P�μhχþiχþP�†
μ 382

iPhfþμνuμuνiP† 55 I P�μhχ2þiP�†
μ 220 383

iPhfþμνuμuλiDνλP† þ H:c: 56 I P�μhχþihχþiP�†
μ 384

iεμνλρPfþμνf−λρP† þ H:c: 24 I 57 I iεμνλρP�
μuνuλχ−P�†

ρ þ H:c: 221 I 385 I
iεμνλρPfþμνf−λσDρσP† þ H:c: 25 I 58 I iεμνλρP�

μuνχ−uλP�†
ρ 222 I 386 I

iεμνλρPfþμνhλσDρσP† þ H:c: 26 I 59 I iεμνλρP�
μuνuσχ−DλσP�†

ρ þ H:c: 387 I
iεμνλρP∇μfþν

σuλDρσP† þ H:c: 27 I 60 I iεμνλρP�
μhuνuλχ−iP�†

ρ 388 I
PfþμνfþμνP† 28 I 61 I iεμνλρP�

μhχ−iuνuλP�†
ρ 389 I

Pfþμνfþμ
λDνλP† 29 I 62 I iP�μf−μνχ−P�†

ν þ H:c: 223 I 390 I
PhfþμνifþμνP† 30 I iP�μhμνχ−P�†

ν þ H:c: 224 I 391 I
Phfþμνifþμ

λDνλP† 31 I iP�μhνλχ−DνλP�†
μ þ H:c: 225 392

PhfþμνfþμνiP† 63 I iP�μuμ∇νχ−P�†
ν þ H:c: 226 I 393 I

Phfþμνfþμ
λiDνλP† 64 I iP�μuν∇μχ−P�†

ν þ H:c: 227 394
PuμuμχþP† þ H:c: 32 I 65 I iP�μuν∇νχ−P�†

μ þ H:c: 228 395
PuμχþuμP† 33 I 66 I iP�μuν∇λχ−DνλP�†

μ þ H:c: 229 396
PuμuνχþDμνP† þ H:c: 34 I 67 I iP�μhhμνχ−iP�†

ν 230 I 397 I
PuμχþuνDμνP† 35 I 68 I iP�μhχ−ihμνP�†

ν 398 I
PhuμuμiχþP† 69 I iP�μhhνλχ−iDνλP�†

μ 231 399
PhuμuμχþiP† 36 I 70 I iP�μhχ−ihνλDνλP�†

μ 400
PhuμχþiuμP† 71 I iP�μhuμ∇νχ−iP�†

ν þ H:c: 232 I 401 I
PhχþiuμuμP† 72 I iP�μh∇νχ−iuμP�†

ν þ H:c: 402 I
PhuμuνiχþDμνP† 73 I iP�μhuν∇νχ−iP�†

μ 233 403
PhuμuνχþiDμνP† 37 I 74 I iP�μh∇νχ−iuνP�†

μ 404
PhuμχþiuνDμνP† 75 I iP�μhuν∇λχ−iDνλP�†

μ 234 405
PhχþiuμuνDμνP† 76 I iP�μh∇νχ−iuλDνλP�†

μ 406
P∇μ∇μχþP† 38 I 77 I εμνλρP�

μfþνλχ−P�†
ρ þ H:c: 235 I 407 I

P∇μ∇νχþDμνP† 39 I 78 I εμνλρP�
μhfþνλiχ−P�†

ρ 236 I
Ph∇μ∇μχþiP† 40 I 79 I εμνλρP�

μhfþνλχ−iP�†
ρ 237 I 408 I

Ph∇μ∇νχþiDμνP† 41 I 80 I εμνλρP�
μhχ−ifþνλP�†

ρ 238 I 409 I
Pχ2þP† 42 I 81 I P�μχ2−P�†

μ 239 410
PhχþiχþP† 82 I P�μhχ−iχ−P�†

μ 240 411
Phχ2þiP† 43 I 83 I P�μhχ−ihχ−iP�†

μ 412
PhχþihχþiP† 84 I iP�μhDμDνFLν

λiP�†
λ þ P:þ H:c: 241 I

iPhμνχ−DμνP† þ H:c: 44 I 85 I iP�μhDμDνFL
λρiDνλP�†

ρ þ P:þ H:c: 242 I
iPuμ∇μχ−P† þ H:c: 45 I 86 I P�μhFLμ

νFLν
λiP�†

λ þ H:c: 243 413 I
iPuμ∇νχ−DμνP† þ H:c: 46 I 87 I P�μhFL

νλFLνλiP�†
μ þ H:c: 244 414

iPhhμνχ−iDμνP† 47 I 88 I P�μhFLμ
νFL

λρiDνλP�†
ρ þ H:c: 245 415 I

iPhχ−ihμνDμνP† 89 I P�μhFL
νλFLν

ρiDλρP�†
μ þ H:c: 246 416

iPhuμ∇μχ−iP† 48 I 90 I P�μhFLμ
νihFLν

λiP�†
λ þ H:c: 247

iPh∇μχ−iuμP† 91 I P�μhFL
νλihFLνλiP�†

μ þ H:c: 248
iPhuμ∇νχ−iDμνP† 49 I 92 I P�μhFLμ

νihFL
λρiDνλP�†

ρ þ H:c: 249

(Table continued)
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TABLE IX. (Continued)

On SUð2Þ c̃ð4Þn SUð3Þ C̃ð4Þ
n

On SUð2Þ c̃ð4Þn SUð3Þ C̃ð4Þ
n

iPh∇μχ−iuνDμνP† 93 I P�μhFL
νλihFLν

ρiDλρP�†
μ þ H:c: 250

Pχ2−P† 50 I 94 I iεμνλρP�
μhFLνλFL

σδiDρσP�†
δ þ P:þ H:c: 251 I 417 I

Phχ−iχ−P† 51 I 95 I P�μhχχ†iP�†
μ 252 418

Phχ−ihχ−iP† 96 I P�μ det χP�†
μ þ H:c: 253

PhFL
μνFLμνiP† þ H:c: 52 I 97 I εμνλρPuμuνuλuσDρP�†

σ þ H:c: 254 419
PhFL

μνFLμ
λiDνλP† þ H:c: 53 I 98 I εμνλρPuμuνuλuσDσP�†

ρ þ H:c: 255 420
PhFL

μνihFLμνiP† þ H:c: 54 I εμνλρPuμuνuσuλDρP�†
σ þ H:c: 421

PhFL
μνihFLμ

λiDνλP† þ H:c: 55 I εμνλρPuμuνuσuλDσP�†
ρ þ H:c: 422

Phχχ†iP† 56 I 99 I εμνλρPuμuνuσuσDλP�†
ρ þ H:c: 256 423

P det χP† þ H:c: 57 I εμνλρPuμuσuνuλDρP�†
σ þ H:c: 424

P�μhuμuνiuνuλP�†
λ þ H:c: 58 I 100 I εμνλρPuμuσuνuλDσP�†

ρ þ H:c: 425
P�μhuμuνiuλuνP�†

λ þ H:c: 59 101 I εμνλρPuμuσuνuσDλP�†
ρ þ H:c: 426

P�μhuμuνiuλuλP�†
ν 60 I 102 I εμνλρPuμuσuσuνDλP�†

ρ þ H:c: 427
P�μhuνuνiuμuλP�†

λ 61 103 I εμνλρPuμuνuσuδDλσδP�†
ρ þ H:c: 257 428

P�μhuνuνiuλuμP�†
λ 104 εμνλρPuμuσuνuδDλσδP�†

ρ þ H:c: 429
P�μhuνuνiuλuλP�†

μ 62 105 εμνλρPuμuσuδuνDλσδP�†
ρ þ H:c: 430

P�μhuνuλiuνuλP�†
μ 63 106 εμνλρPhuμuσiuνuλDρP�†

σ þ H:c: 431
P�μhuμuνiuλuρDνλP�†

ρ þ H:c: 64 I 107 I εμνλρPhuμuσiuνuλDσP�†
ρ þ H:c: 432

P�μhuμuνiuλuρDνρP�†
λ þ H:c: 65 108 I εμνλρPhuμuσiuνuσDλP�†

ρ þ H:c: 433 I
P�μhuμuνiuλuρDλρP�†

ν 66 I 109 I εμνλρPhuμuσiuνuδDλσδP�†
ρ þ H:c: 434 I

P�μhuνuνiuλuρDλρP�†
μ 67 110 εμνλρPhuμuνuλiuσDρP�†

σ þ H:c: 435
P�μhuνuλiuμuρDνλP�†

ρ 68 111 I εμνλρPhuμuνuλiuσDσP�†
ρ þ H:c: 436

P�μhuνuλiuνuρDλρP�†
μ þ H:c: 69 112 Phuμuμif−νλDνP�†

λ þ H:c: 258 I 437
P�μhuνuλiuρuμDνλP�†

ρ 113 Phuμuνif−μλDνP�†
λ þ H:c: 259 I 438

P�μhuνuλiuρuρDνλP�†
μ 114 Phuμuνif−μλDλP�†

ν þ H:c: 260 I 439
P�μhuνuλiuρuσDνλρσP�†

μ 70 115 Phuμuνif−λρDμνλP�†
ρ þ H:c: 261 I 440

P�μhuμuνuνiuλP�†
λ þ H:c: 116 PhuμuμihνλDνP�†

λ þ H:c: 262 I 441
P�μhuμuνuλiuνP�†

λ 117 I PhuμuνihμλDνP�†
λ þ H:c: 263 I 442

P�μhuμuνuλiuλP�†
ν 118 PhuμuνihμλDλP�†

ν þ H:c: 264 I 443
P�μhuνuνuλiuλP�†

μ 119 PhuμuνihλρDμνλP�†
ρ þ H:c: 265 I 444

P�μhuμuνuλiuρDνλP�†
ρ þ H:c: 120 PhuμuνihλρDμλρP�†

ν þ H:c: 266 I 445
P�μhuμuνuλiuρDνρP�†

λ 121 I Phuμf−μνiuλDλP�†
ν þ H:c: 267 I 446

P�μhuμuνuλiuρDλρP�†
ν 122 Phuμf−μνiuλDνP�†

λ þ H:c: 268 I 447
P�μhuνuνuλiuρDλρP�†

μ 123 Phuμf−νλiuμDνP�†
λ þ H:c: 269 I 448

P�μhuνuλuρiuνDλρP�†
μ 124 Phuμf−νλiuνDμP�†

λ þ H:c: 270 I 449
P�μhuνuλuρiuσDνλρσP�†

μ 125 Phuμf−νλiuνDλP�†
μ þ H:c: 271 I 450

P�μhuμuνuνuλiP�†
λ 126 I Phuμf−νλiuρDμνρP�†

λ þ H:c: 272 I 451
P�μhuμuνuλuνiP�†

λ 127 I PhuμhμνiuλDλP�†
ν þ H:c: 273 I 452

P�μhuμuνuλuλiP�†
ν 128 PhuμhμνiuλDνP�†

λ þ H:c: 274 I 453
P�μhuνuνuλuλiP�†

μ 129 PhuμhνλiuμDνP�†
λ þ H:c: 275 I 454

P�μhuνuλuνuλiP�†
μ 130 PhuμhνλiuνDμP�†

λ þ H:c: 276 I 455
P�μhuμuνuλuρiDνλP�†

ρ 131 I PhuμhνλiuνDλP�†
μ þ H:c: 277 I 456

P�μhuμuνuλuρiDνρP�†
λ 132 I PhuμhνλiuρDμνρP�†

λ þ H:c: 278 I 457
P�μhuμuνuλuρiDλρP�†

ν 133 PhuμhνλiuρDμνλP�†
ρ þ H:c: 279 I 458

P�μhuνuνuλuρiDλρP�†
μ 134 PhuμhνλiuρDνλρP�†

μ þ H:c: 280 I 459
P�μhuνuλuνuρiDλρP�†

μ 135 Phuμuμf−νλiDνP�†
λ þ H:c: 460

P�μhuνuλuρuσiDνλρσP�†
μ 136 Phuμuνf−μλiDνP�†

λ þ H:c: 281 461
P�μuμuνuνuλP�†

λ 137 Phuμuνf−μλiDλP�†
ν þ H:c: 282 462
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TABLE IX. (Continued)

On SUð2Þ c̃ð4Þn SUð3Þ C̃ð4Þ
n

On SUð2Þ c̃ð4Þn SUð3Þ C̃ð4Þ
n

P�μuμuνuλuνP�†
λ þ H:c: 138 Phuμuνf−νλiDμP�†

λ þ H:c: 463
P�μuνuμuλuνP�†

λ 139 Phuμuνf−νλiDλP�†
μ þ H:c: 464

P�μuνuμuλuλP�†
ν þ H:c: 140 Phuμuνf−λρiDμνλP�†

ρ þ H:c: 465
P�μuνuνuλuλP�†

μ 141 PhuμuμhνλiDνP�†
λ þ H:c: 466

P�μuνuλuνuλP�†
μ 142 PhuμuνhμλiDνP�†

λ þ H:c: 283 467
P�μuμuνuλuρDνλP�†

ρ 143 I PhuμuνhμλiDλP�†
ν þ H:c: 284 468

P�μuμuνuλuρDνρP�†
λ þ H:c: 144 PhuμuνhνλiDμP�†

λ þ H:c: 469
P�μuνuμuλuρDνρP�†

λ 145 PhuμuνhνλiDλP�†
μ þ H:c: 470

P�μuνuμuλuρDλρP�†
ν þ H:c: 146 PhuμuνhλρiDμνλP�†

ρ þ H:c: 471
P�μuνuνuλuρDλρP�†

μ þ H:c: 147 PhuμuνhλρiDμλρP�†
ν þ H:c: 285 472

P�μuνuλuνuρDλρP�†
μ þ H:c: 148 PhuμuνhλρiDνλρP�†

μ þ H:c: 473
εμνλρP�

μuνuλf−ρσP�†
σ þ H:c: 71 149 Puμuμf−νλDνP�†

λ þ H:c: 474
εμνλρP�

μuνuσf−λρP�†
σ þ H:c: 72 150 Puμuνf−μλDνP�†

λ þ H:c: 475
εμνλρP�

μuνuσf−λσP�†
ρ þ H:c: 73 I 151 I Puμuνf−μλDλP�†

ν þ H:c: 476
εμνλρP�

μuσuνf−λρP�†
σ þ H:c: 74 152 Puμuνf−νλDμP�†

λ þ H:c: 477
εμνλρP�

μuσuνf−λσP�†
ρ þ H:c: 153 I Puμuνf−νλDλP�†

μ þ H:c: 478
εμνλρP�

μuσuσf−νλP�†
ρ þ H:c: 154 I Puμuνf−λρDμνλP�†

ρ þ H:c: 479
εμνλρP�

μuνuλf−σδDρσP�†
δ þ H:c: 75 155 PuμuμhνλDνP�†

λ þ H:c: 480
εμνλρP�

μuνuσf−λδDρσP�†
δ þ H:c: 76 156 PuμuνhμλDνP�†

λ þ H:c: 481
εμνλρP�

μuνuσf−λδDρδP�†
σ þ H:c: 77 157 PuμuνhμλDλP�†

ν þ H:c: 482
εμνλρP�

μuνuσf−λδDσδP�†
ρ þ H:c: 158 I PuμuνhνλDμP�†

λ þ H:c: 483
εμνλρP�

μuνuσf−σδDλδP�†
ρ þ H:c: 78 I 159 I PuμuνhνλDλP�†

μ þ H:c: 484
εμνλρP�

μuσuνf−λδDρδP�†
σ þ H:c: 79 160 PuμuνhλρDμνλP�†

ρ þ H:c: 485
εμνλρP�

μuσuνf−σδDλδP�†
ρ þ H:c: 161 I PuμuνhλρDμλρP�†

ν þ H:c: 486
εμνλρP�

μuνuλhρσP�†
σ þ H:c: 80 I 162 I PuμuνhλρDνλρP�†

μ þ H:c: 487
εμνλρP�

μuνuσhλσP�†
ρ þ H:c: 81 I 163 I Puμf−μνuλDνP�†

λ þ H:c: 488
εμνλρP�

μuσuνhλσP�†
ρ þ H:c: 164 I Puμf−μνuλDλP�†

ν þ H:c: 489
εμνλρP�

μuνuλhσδDρσP�†
δ þ H:c: 82 165 Puμf−νλuμDνP�†

λ þ H:c: 490
εμνλρP�

μuνuλhσδDσδP�†
ρ þ H:c: 83 I 166 I Puμf−νλuνDμP�†

λ þ H:c: 491
εμνλρP�

μuνuσhλδDρσP�†
δ þ H:c: 84 I 167 I Puμf−νλuνDλP�†

μ þ H:c: 492
εμνλρP�

μuνuσhλδDρδP�†
σ þ H:c: 85 168 Puμf−νλuρDμνρP�†

λ þ H:c: 493
εμνλρP�

μuνuσhλδDσδP�†
ρ þ H:c: 169 I PuμhμνuλDνP�†

λ þ H:c: 494
εμνλρP�

μuνuσhσδDλδP�†
ρ þ H:c: 86 I 170 I PuμhμνuλDλP�†

ν þ H:c: 495
εμνλρP�

μuσuνhλδDρδP�†
σ þ H:c: 87 171 PuμhνλuμDνP�†

λ þ H:c: 496
εμνλρP�

μuσuνhσδDλδP�†
ρ þ H:c: 172 I PuμhνλuνDμP�†

λ þ H:c: 497
εμνλρP�

μuσuσhνδDλδP�†
ρ þ H:c: 173 I PuμhνλuνDλP�†

μ þ H:c: 498
εμνλρP�

μuνuσhδαDλσδαP�†
ρ þ H:c: 174 I PuμhνλuρDμνλP�†

ρ þ H:c: 499
εμνλρP�

μuνf−λρuσP�†
σ þ H:c: 88 175 PuμhνλuρDμνρP�†

λ þ H:c: 500
εμνλρP�

μuνf−λσuρP�†
σ þ H:c: 176 I PuμhνλuρDνλρP�†

μ þ H:c: 501
εμνλρP�

μuνf−λσuδDρσP�†
δ þ H:c: 89 177 Pf−μνuμuλDνP�†

λ þ H:c: 502
εμνλρP�

μuνf−λσuδDρδP�†
σ þ H:c: 90 178 Pf−μνuμuλDλP�†

ν þ H:c: 503
εμνλρP�

μuνf−σδuλDρσP�†
δ þ H:c: 179 I PhμνuμuλDνP�†

λ þ H:c: 504
εμνλρP�

μuνhλσuρP�†
σ þ H:c: 180 I PhμνuμuλDλP�†

ν þ H:c: 505
εμνλρP�

μuνhλσuδDρσP�†
δ þ H:c: 91 I 181 I PhμνuλuρDμνλP�†

ρ þ H:c: 506
εμνλρP�

μuνhλσuδDρδP�†
σ þ H:c: 92 I 182 I εμνλρPuμ∇νf−λσDρP�†

σ þ H:c: 286 507
εμνλρP�

μuνhλσuδDσδP�†
ρ þ H:c: 183 I εμνλρPuμ∇νf−λσDσP�†

ρ þ H:c: 287 508
εμνλρP�

μuνhσδuλDρσP�†
δ þ H:c: 184 I εμνλρPuμ∇σf−νσDλP�†

ρ þ H:c: 288 509
εμνλρP�

μhuνuσif−λρP�†
σ þ H:c: 185 εμνλρPuμ∇σf−νδDλσδP�†

ρ þ H:c: 289 510
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TABLE IX. (Continued)

On SUð2Þ c̃ð4Þn SUð3Þ C̃ð4Þ
n

On SUð2Þ c̃ð4Þn SUð3Þ C̃ð4Þ
n

εμνλρP�
μhuνuσif−λδDρσP�†

δ þ H:c: 186 εμνλρPuμ∇νhσδDλσδP�†
ρ þ H:c: 290 511

εμνλρP�
μhuνuσif−λδDρδP�†

σ þ H:c: 187 εμνλρP∇μf−νσuλDρP�†
σ þ H:c: 291 512

εμνλρP�
μhuνuσihλδDρσP�†

δ þ H:c: 188 I εμνλρP∇μf−νσuλDσP�†
ρ þ H:c: 292 513

εμνλρP�
μhuνuσihλδDρδP�†

σ þ H:c: 189 I εμνλρP∇μf−νσuσDλP�†
ρ þ H:c: 293 514

εμνλρP�
μhuνf−λρiuσP�†

σ þ H:c: 190 εμνλρP∇μf−νσuδDλσδP�†
ρ þ H:c: 294 515

εμνλρP�
μhuνf−λσiuρP�†

σ þ H:c: 191 εμνλρPf−μνf−λσDρP�†
σ þ H:c: 295 516

εμνλρP�
μhuσf−νλiuρP�†

σ þ H:c: 192 εμνλρPf−μνf−λσDσP�†
ρ þ H:c: 296 517

εμνλρP�
μhuνf−λσiuδDρδP�†

σ þ H:c: 193 εμνλρPf−μνhλσDρP�†
σ þ H:c: 297 518

εμνλρP�
μhuνf−λσiuδDρσP�†

δ þ H:c: 194 εμνλρPf−μνhλσDσP�†
ρ þ H:c: 298 519

εμνλρP�
μhuνf−σδiuλDρσP�†

δ þ H:c: 195 εμνλρPf−μνhσδDλσδP�†
ρ þ H:c: 299 520

εμνλρP�
μhuσf−νλiuδDρδP�†

σ þ H:c: 196 εμνλρP∇μhσδuνDλσδP�†
ρ þ H:c: 300 521

εμνλρP�
μhuνhλσiuρP�†

σ þ H:c: 197 I εμνλρPhμσf−νλDρP�†
σ þ H:c: 301 522

εμνλρP�
μhuνhλσiuδDρδP�†

σ þ H:c: 198 I εμνλρPhμσf−νλDσP�†
ρ þ H:c: 302 523

εμνλρP�
μhuνhλσiuδDρσP�†

δ þ H:c: 199 εμνλρPhμσf−νδDλσδP�†
ρ þ H:c: 303 524

εμνλρP�
μhuνhσδiuλDρσP�†

δ þ H:c: 200 εμνλρPhμσhνσDλP�†
ρ þ H:c: 304 525

εμνλρP�
μhuσhνδiuλDρδP�†

σ þ H:c: 201 εμνλρPhμσhνδDλσδP�†
ρ þ H:c: 305 526

εμνλρP�
μhuνuλf−ρσiP�†

σ þ H:c: 202 I εμνλρPhuμ∇νf−λσiDρP�†
σ þ H:c: 527 I

εμνλρP�
μhuνuλf−σδiDρσP�†

δ þ H:c: 203 I εμνλρPhuμ∇νf−λσiDσP�†
ρ þ H:c: 528 I

εμνλρP�
μhuνuλhρσiP�†

σ þ H:c: 204 I εμνλρPhuμ∇σf−νσiDλP�†
ρ þ H:c: 529 I

εμνλρP�
μhuνuλhσδiDρσP�†

δ þ H:c: 205 I εμνλρPhuμ∇σf−νδiDλσδP�†
ρ þ H:c: 530 I

εμνλρP�
μhuνuλhσδiDσδP�†

ρ 206 I εμνλρPhuμ∇νhσδiDλσδP�†
ρ þ H:c: 531 I

P�μhuμ∇νf−νλiP�†
λ þ H:c: 93 I 207 I εμνλρPhf−μνhλσiDρP�†

σ þ H:c: 532 I
P�μhuν∇μf−νλiP�†

λ þ H:c: 94 I 208 I εμνλρPhf−μνhλσiDσP�†
ρ þ H:c: 533 I

P�μhuν∇λf−νλiP�†
μ 95 209 εμνλρPhf−μνhσδiDλσδP�†

ρ þ H:c: 534 I
P�μhuμ∇νf−λρiDνλP�†

ρ þ H:c: 96 I 210 I P∇μ∇μf−νλDνP�†
λ þ H:c: 306 I 535 I

P�μhuν∇μf−λρiDνλP�†
ρ þ H:c: 97 I 211 I P∇μ∇νf−μλDνP�†

λ þ H:c: 307 I 536 I
P�μhuν∇λf−νρiDλρP�†

μ 98 212 P∇μ∇νf−λρDμνλP�†
ρ þ H:c: 308 I 537 I

P�μhuν∇λf−λρiDνρP�†
μ 99 213 P∇μ∇νhλρDμνλP�†

ρ þ H:c: 309 I 538 I
P�μhuν∇μhνλiP�†

λ þ H:c: 100 I 214 I iεμνλρPfþμνuλuσDρP�†
σ þ H:c: 310 539

P�μhuμ∇νhλρiDνλP�†
ρ þ H:c: 101 I 215 I iεμνλρPfþμνuλuσDσP�†

ρ þ H:c: 311 540
P�μhuν∇μhλρiDνλP�†

ρ þ H:c: 102 I 216 I iεμνλρPfþμνuσuλDρP�†
σ þ H:c: 312 541

P�μhuν∇νhλρiDλρP�†
μ 103 217 iεμνλρPfþμνuσuλDσP�†

ρ þ H:c: 313 542
P�μhuν∇λhρσiDνλρσP�†

μ 104 218 iεμνλρPfþμνuσuσDλP�†
ρ þ H:c: 314 543

P�μhf−μνhνλiP�†
λ þ H:c: 105 I 219 I iεμνλρPfþμνuσuδDλσδP�†

ρ þ H:c: 315 544
P�μhf−μνhλρiDνλP�†

ρ þ H:c: 106 I 220 I iεμνλρPuμfþνλuσDρP�†
σ þ H:c: 316 545

P�μhf−νλhνρiDλρP�†
μ 107 221 iεμνλρPuμfþνλuσDσP�†

ρ þ H:c: 317 546
P�μhhμνhνλiP�†

λ 108 I 222 I iεμνλρPuμfþν
σuλDρP�†

σ þ H:c: 318 547
P�μhhνλhνλiP�†

μ 109 223 iεμνλρPuμfþν
σuλDσP�†

ρ þ H:c: 319 548
P�μhhμνhλρiDνλP�†

ρ 110 I 224 I iεμνλρPuμfþν
σuσDλP�†

ρ þ H:c: 320 549
P�μhhμνhλρiDλρP�†

ν 111 I 225 I iεμνλρPuμfþν
σuδDλσδP�†

ρ þ H:c: 321 550
P�μhhνλhνρiDλρP�†

μ 112 226 iεμνλρPuμuνfþλ
σDρP�†

σ þ H:c: 322 551
P�μhhνλhρσiDνλρσP�†

μ 113 227 iεμνλρPuμuνfþλ
σDσP�†

ρ þ H:c: 323 552
P�μuμ∇νf−νλP�†

λ þ H:c: 114 228 I iεμνλρPhfþμνiuλuσDρP�†
σ þ H:c: 324

P�μuν∇μf−νλP�†
λ þ H:c: 115 229 I iεμνλρPhfþμνiuλuσDσP�†

ρ þ H:c: 325
P�μuν∇νf−μλP�†

λ þ H:c: 230 I iεμνλρPhfþμνiuσuσDλP�†
ρ þ H:c: 326

P�μuν∇λf−μλP�†
ν þ H:c: 231 iεμνλρPhfþμνiuσuδDλσδP�†

ρ þ H:c: 327
P�μuν∇λf−νλP�†

μ þ H:c: 232 iεμνλρPuμuσfþνλDρP�†
σ þ H:c: 553

P�μuμ∇νf−λρDνλP�†
ρ þ H:c: 116 233 I iεμνλρPuμuσfþνλDσP�†

ρ þ H:c: 554

(Table continued)

CHIRAL LAGRANGIANS FOR MESONS WITH A … PHYS. REV. D 99, 074018 (2019)

074018-15



TABLE IX. (Continued)

On SUð2Þ c̃ð4Þn SUð3Þ C̃ð4Þ
n

On SUð2Þ c̃ð4Þn SUð3Þ C̃ð4Þ
n

P�μuν∇μf−λρDνλP�†
ρ þ H:c: 117 234 I iεμνλρPuμuσfþνσDλP�†

ρ þ H:c: 555
P�μuν∇λf−μρDνλP�†

ρ þ H:c: 235 I iεμνλρPuμuσfþν
δDλσδP�†

ρ þ H:c: 556
P�μuν∇λf−μρDλρP�†

ν þ H:c: 236 iεμνλρPhfþμνuλiuσDρP�†
σ þ H:c: 557

P�μuν∇λf−νρDλρP�†
μ þ H:c: 237 iεμνλρPhfþμνuλiuσDσP�†

ρ þ H:c: 558
P�μuν∇λf−λρDνρP�†

μ þ H:c: 238 iεμνλρPhfþμνuσiuλDρP�†
σ þ H:c: 559

P�μuν∇μhνλP�†
λ þ H:c: 239 I iεμνλρPhfþμνuσiuλDσP�†

ρ þ H:c: 560
P�μuμ∇νhλρDνλP�†

ρ þ H:c: 118 240 iεμνλρPhfþμνuσiuσDλP�†
ρ þ H:c: 561

P�μuν∇μhλρDνλP�†
ρ þ H:c: 241 I iεμνλρPhfþμνuσiuδDλσδP�†

ρ þ H:c: 562
P�μuν∇μhλρDλρP�†

ν þ H:c: 242 iεμνλρPhfþμνuλuσiDρP�†
σ þ H:c: 563

P�μuν∇νhλρDλρP�†
μ þ H:c: 243 iεμνλρPhfþμνuλuσiDσP�†

ρ þ H:c: 564
P�μuν∇λhρσDνλρσP�†

μ þ H:c: 244 iεμνλρPhfþμνuσuλiDρP�†
σ þ H:c: 565

P�μf−μνf−νλP�†
λ 119 I 245 I iεμνλρPhfþμνuσuλiDσP�†

ρ þ H:c: 566
P�μf−νλf−μνP�†

λ 246 iεμνλρPhfþμνuσuσiDλP�†
ρ þ H:c: 567

P�μf−νλf−νλP�†
μ 247 iεμνλρPhfþμνuσuδiDλσδP�†

ρ þ H:c: 568
P�μf−μνf−λρDνλP�†

ρ 120 I 248 I iPfþμνf−μλDνP�†
λ þ H:c: 328 569

P�μf−νλf−μρDνρP�†
λ 249 iPfþμνf−μλDλP�†

ν þ H:c: 329 570
P�μf−νλf−νρDλρP�†

μ 250 iPf−μνfþμ
λDνP�†

λ þ H:c: 330 571
P�μf−μνhνλP�†

λ þ H:c: 121 251 I iPf−μνfþμ
λDλP�†

ν þ H:c: 331 572
P�μf−νλhμνP�†

λ þ H:c: 252 iPfþμνhμλDνP�†
λ þ H:c: 332 573

P�μf−μνhλρDνλP�†
ρ þ H:c: 122 253 I iPfþμνhμλDλP�†

ν þ H:c: 333 574
P�μf−μνhλρDλρP�†

ν þ H:c: 123 I 254 I iPhμνfþμ
λDνP�†

λ þ H:c: 334 575
P�μf−νλhμρDνρP�†

λ þ H:c: 255 iPhμνfþμ
λDλP�†

ν þ H:c: 335 576
P�μf−νλhνρDλρP�†

μ þ H:c: 256 iPfþμνhλρDμλρP�†
ν þ H:c: 336 577

P�μhμνhνλP�†
λ 124 257 I iPhμνfþλρDμνλP�†

ρ þ H:c: 337 578
P�μhνλhμνP�†

λ 258 iP∇μfþμ
νuλDνP�†

λ þ H:c: 338 579
P�μhνλhνλP�†

μ 259 iP∇μfþμ
νuλDλP�†

ν þ H:c: 339 580
P�μhμνhλρDνλP�†

ρ 125 260 I iP∇μfþνλuμDνP�†
λ þ H:c: 340 581

P�μhμνhλρDλρP�†
ν þ H:c: 261 I iP∇μfþνλuνDμP�†

λ þ H:c: 341 582
P�μhνλhμρDνρP�†

λ 262 iPuμ∇μfþνλDνP�†
λ þ H:c: 342 583

P�μhνλhνρDλρP�†
μ 263 iPuμ∇νfþμ

λDνP�†
λ þ H:c: 343 584

P�μhνλhρσDνλρσP�†
μ 264 iPuμ∇νfþν

λDμP�†
λ þ H:c: 344 585

εμνλρP�
μ∇ν∇σf−λδDρσP�†

δ þ H:c: 126 I 265 I iPuμ∇νfþν
λDλP�†

μ þ H:c: 345 586
εμνλρP�

μ∇σ∇δf−νλDρσP�†
δ þ H:c: 127 I 266 I iP∇μfþνλuρDμνρP�†

λ þ H:c: 346 587
iP�μhfþμ

νiuνuλP�†
λ þ H:c: 128 I iPuμ∇νfþλρDμνλP�†

ρ þ H:c: 347 588
iP�μhfþμ

νiuλuνP�†
λ þ H:c: 129 iPhfþμνif−μλDνP�†

λ þ H:c: 348
iP�μhfþμ

νiuλuλP�†
ν 130 I iPhfþμνihμλDνP�†

λ þ H:c: 349
iP�μhfþνλiuνuλP�†

μ 131 iPhfþμνihμλDλP�†
ν þ H:c: 350

iP�μhfþμ
νiuλuρDνλP�†

ρ þ H:c: 132 I iPhfþμνihλρDμλρP�†
ν þ H:c: 351

iP�μhfþμ
νiuλuρDνρP�†

λ þ H:c: 133 iPh∇μfþμ
νiuλDνP�†

λ þ H:c: 352
iP�μhfþμ

νiuλuρDλρP�†
ν 134 I iPh∇μfþμ

νiuλDλP�†
ν þ H:c: 353

iP�μhfþνλiuνuρDλρP�†
μ þ H:c: 135 iPh∇μfþνλiuμDνP�†

λ þ H:c: 354
iP�μhfþμ

νuνiuλP�†
λ þ H:c: 136 I 267 I iPh∇μfþνλiuνDμP�†

λ þ H:c: 355
iP�μhfþμ

νuλiuνP�†
λ þ H:c: 137 I 268 I iPh∇μfþνλiuρDμνρP�†

λ þ H:c: 356
iP�μhfþμ

νuλiuλP�†
ν 138 I 269 I iPhfþμνf−μλiDνP�†

λ þ H:c: 589
iP�μhfþμ

νuλiuρDνλP�†
ρ þ H:c: 139 I 270 I iPhfþμνhμλiDνP�†

λ þ H:c: 590
iP�μhfþμ

νuλiuρDνρP�†
λ þ H:c: 140 I 271 I iPhfþμνhμλiDλP�†

ν þ H:c: 591
iP�μhfþμ

νuλiuρDλρP�†
ν 141 I 272 I iPhfþμνhλρiDμλρP�†

ν þ H:c: 592
iP�μhfþμ

νuνuλiP�†
λ þ H:c: 142 I 273 I iPh∇μfþμ

νuλiDνP�†
λ þ H:c: 593
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TABLE IX. (Continued)

On SUð2Þ c̃ð4Þn SUð3Þ C̃ð4Þ
n

On SUð2Þ c̃ð4Þn SUð3Þ C̃ð4Þ
n

iP�μhfþμ
νuλuνiP�†

λ þ H:c: 274 iPh∇μfþμ
νuλiDλP�†

ν þ H:c: 594
iP�μhfþμ

νuλuλiP�†
ν 275 I iPh∇μfþνλuμiDνP�†

λ þ H:c: 595
iP�μhfþνλuνuλiP�†

μ 143 276 iPh∇μfþνλuνiDμP�†
λ þ H:c: 596

iP�μhfþμ
νuλuρiDνλP�†

ρ þ H:c: 144 I 277 I iPh∇μfþνλuρiDμνρP�†
λ þ H:c: 597

iP�μhfþμ
νuλuρiDνρP�†

λ þ H:c: 278 iεμνλρP∇μ∇σfþνσDλP�†
ρ þ H:c: 357 598

iP�μhfþμ
νuλuρiDλρP�†

ν 279 I iεμνλρP∇μ∇σfþν
δDλσδP�†

ρ þ H:c: 358 599
iP�μhfþνλuνuρiDλρP�†

μ þ H:c: 145 280 εμνλρPfþμνfþλ
σDρP�†

σ þ H:c: 359 600
iP�μhuμuνifþν

λP�†
λ þ H:c: 146 I 281 I εμνλρPfþμνfþλ

σDσP�†
ρ þ H:c: 360 601

iP�μhuνuνifþμ
λP�†

λ 147 I 282 I εμνλρPhfþμνifþλ
σDρP�†

σ þ H:c: 361 I
iP�μhuμuνifþλρDνλP�†

ρ þ H:c: 148 I 283 I εμνλρPhfþμνifþλ
σDσP�†

ρ þ H:c: 362 I
iP�μhuνuλifþμ

ρDνλP�†
ρ 149 I 284 I εμνλρPuμuνχþDλP�†

ρ þ H:c: 363 602
iP�μfþμ

νuνuλP�†
λ þ H:c: 285 I εμνλρPuμχþuνDλP�†

ρ þ H:c: 364 603
iP�μfþμ

νuλuνP�†
λ þ H:c: 286 I εμνλρPχþuμuνDλP�†

ρ þ H:c: 365 604
iP�μfþμ

νuλuλP�†
ν þ H:c: 287 I εμνλρPhuμuνχþiDλP�†

ρ þ H:c: 605
iP�μfþνλuμuνP�†

λ þ H:c: 288 εμνλρPhuμχþiuνDλP�†
ρ þ H:c: 606 I

iP�μfþνλuνuμP�†
λ þ H:c: 289 εμνλρPhχþiuμuνDλP�†

ρ þ H:c: 607
iP�μfþνλuνuλP�†

μ þ H:c: 290 Pf−μνχþDμP�†
ν þ H:c: 366 608

iP�μfþμ
νuλuρDνλP�†

ρ þ H:c: 291 I Pχþf−μνDμP�†
ν þ H:c: 367 609

iP�μfþμ
νuλuρDνρP�†

λ þ H:c: 292 I PhμνχþDμP�†
ν þ H:c: 368 610

iP�μfþμ
νuλuρDλρP�†

ν þ H:c: 293 I PχþhμνDμP�†
ν þ H:c: 369 611

iP�μfþνλuμuρDνρP�†
λ þ H:c: 294 Puμ∇νχþDμP�†

ν þ H:c: 370 612
iP�μfþνλuνuρDλρP�†

μ þ H:c: 295 Puμ∇νχþDνP�†
μ þ H:c: 371 613

iP�μfþνλuρuμDνρP�†
λ þ H:c: 296 P∇μχþuνDμP�†

ν þ H:c: 372 614
iP�μfþνλuρuνDλρP�†

μ þ H:c: 297 P∇μχþuνDνP�†
μ þ H:c: 373 615

iP�μuμfþνλuνP�†
λ þ H:c: 298 I Phf−μνχþiDμP�†

ν þ H:c: 374 I 616 I
iP�μuνfþν

λuλP�†
μ 299 Phχþif−μνDμP�†

ν þ H:c: 617 I
iP�μuμfþνλuρDνρP�†

λ þ H:c: 300 PhhμνχþiDμP�†
ν þ H:c: 375 I 618 I

iP�μuνfþν
λuρDλρP�†

μ þ H:c: 301 PhχþihμνDμP�†
ν þ H:c: 619 I

iεμνλρP�
μ∇νfþλ

σuρP�†
σ þ H:c: 150 302 Phuμ∇νχþiDμP�†

ν þ H:c: 376 I 620 I
iεμνλρP�

μ∇νfþλ
σuσP�†

ρ þ H:c: 151 I 303 I Ph∇μχþiuνDνP�†
μ þ H:c: 621 I

iεμνλρP�
μ∇σfþνσuλP�†

ρ þ H:c: 152 I 304 I Phuμ∇νχþiDνP�†
μ þ H:c: 377 I 622 I

iεμνλρP�
μ∇νfþλ

σuδDρσP�†
δ þ H:c: 153 305 Ph∇μχþiuνDμP�†

ν þ H:c: 623 I
iεμνλρP�

μ∇νfþλ
σuδDρδP�†

σ þ H:c: 154 306 iεμνλρPfþμνχþDλP�†
ρ þ H:c: 378 624

iεμνλρP�
μ∇νfþλ

σuδDσδP�†
ρ þ H:c: 155 I 307 I iεμνλρPχþfþμνDλP�†

ρ þ H:c: 379 625
iεμνλρP�

μ∇νfþσδuλDρσP�†
δ þ H:c: 156 308 iεμνλρPhfþμνiχþDλP�†

ρ þ H:c: 380
iεμνλρP�

μ∇νfþσδuσDλδP�†
ρ þ H:c: 157 I 309 I iεμνλρPhfþμνχþiDλP�†

ρ þ H:c: 381 626
iεμνλρP�

μ∇σfþνσuδDλδP�†
ρ þ H:c: 158 I 310 I iεμνλρPhχþifþμνDλP�†

ρ þ H:c: 382 627
iεμνλρP�

μfþνλf−ρσP�†
σ þ H:c: 159 311 iPuμuνχ−DμP�†

ν þ H:c: 383 I 628
iεμνλρP�

μfþν
σf−λρP�†

σ þ H:c: 160 312 iPuμuνχ−DνP�†
μ þ H:c: 384 629

iεμνλρP�
μfþν

σf−λσP�†
ρ þ H:c: 161 I 313 I iPuμχ−uνDμP�†

ν þ H:c: 385 630
iεμνλρP�

μfþνλf−σδDρσP�†
δ þ H:c: 162 314 iPuμχ−uνDνP�†

μ þ H:c: 386 631
iεμνλρP�

μfþν
σf−λδDρδP�†

σ þ H:c: 163 315 iPχ−uμuνDμP�†
ν þ H:c: 387 632

iεμνλρP�
μfþν

σf−σδDλδP�†
ρ þ H:c: 164 I 316 I iPχ−uμuνDνP�†

μ þ H:c: 633
iεμνλρP�

μfþνλhρσP�†
σ þ H:c: 165 I 317 I iPhuμuνiχ−DμP�†

ν þ H:c: 634 I
iεμνλρP�

μfþν
σhλσP�†

ρ þ H:c: 166 I 318 I iPhuμuνχ−iDμP�†
ν þ H:c: 388 I 635

iεμνλρP�
μfþνλhσδDρσP�†

δ þ H:c: 167 319 iPhuμχ−iuνDνP�†
μ þ H:c: 636 I

iεμνλρP�
μfþνλhσδDσδP�†

ρ þ H:c: 168 I 320 I iPhχ−iuμuνDμP�†
ν þ H:c: 637

iεμνλρP�
μfþν

σhλδDρδP�†
σ þ H:c: 169 321 iPhuμuνχ−iDνP�†

μ þ H:c: 638
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The long relations in the sixth column of Table VII are

C̃ð3Þ
10 ¼ −Dð3Þ

2 −Dð3Þ
6 þDð3Þ

9 ; C̃ð3Þ
11 ¼ Dð3Þ

2 þDð3Þ
4 þDð3Þ

6 þDð3Þ
8 ; C̃ð3Þ

13 ¼ −2Dð3Þ
1 −Dð3Þ

2 − 3Dð3Þ
6 ;

C̃ð3Þ
14 ¼ Dð3Þ

2 þDð3Þ
6 þDð3Þ

9 ; C̃ð3Þ
15 ¼ 2Dð3Þ

3 þDð3Þ
4 þ 3Dð3Þ

8 ; C̃ð3Þ
18 ¼ 2Dð3Þ

5 −Dð3Þ
6 −Dð3Þ

8 ;

C̃ð3Þ
53 ¼ C̃ð3Þ

55 ¼ −2Dð3Þ
3 − 2Dð3Þ

7 −Dð3Þ
17 ; C̃ð3Þ

54 ¼ −2Dð3Þ
4 − 2Dð3Þ

7 þ 2Dð3Þ
17 : ðA2Þ

TABLE IX. (Continued)

On SUð2Þ c̃ð4Þn SUð3Þ C̃ð4Þ
n

On SUð2Þ c̃ð4Þn SUð3Þ C̃ð4Þ
n

iεμνλρP�
μfþν

σhσδDλδP�†
ρ þ H:c: 170 I 322 I iPhuμχ−iuνDμP�†

ν þ H:c: 639 I
iεμνλρP�

μh∇νfþλ
σiuρP�†

σ þ H:c: 171 I iPhχ−iuμuνDνP�†
μ þ H:c: 640

iεμνλρP�
μh∇νfþλ

σiuσP�†
ρ 172 I iεμνλρPf−μνχ−DλP�†

ρ þ H:c: 389 641
iεμνλρP�

μh∇νfþλ
σiuδDρσP�†

δ þ H:c: 173 I iεμνλρPχ−f−μνDλP�†
ρ þ H:c: 390 642

iεμνλρP�
μh∇νfþλ

σiuδDρδP�†
σ þ H:c: 174 I iεμνλρPuμ∇νχ−DλP�†

ρ þ H:c: 391 643
iεμνλρP�

μh∇νfþλ
σiuδDσδP�†

ρ 175 I iεμνλρP∇μχ−uνDλP�†
ρ þ H:c: 392 644

iεμνλρP�
μhfþνλif−ρσP�†

σ þ H:c: 176 I iεμνλρPhf−μνχ−iDλP�†
ρ þ H:c: 393 I 645 I

iεμνλρP�
μhfþνλihρσP�†

σ þ H:c: 177 I iεμνλρPhχ−if−μνDλP�†
ρ þ H:c: 646 I

iεμνλρP�
μhfþνλihσδDρσP�†

δ þ H:c: 178 I iεμνλρPhuμ∇νχ−iDλP�†
ρ þ H:c: 394 I 647 I

iεμνλρP�
μhfþνλihσδDσδP�†

ρ 179 I iεμνλρPh∇μχ−iuνDλP�†
ρ þ H:c: 648 I

iεμνλρP�
μh∇νfþλ

σuρiP�†
σ þ H:c: 323 I iP∇μ∇νχ−DμP�†

ν þ H:c: 395 I 649 I
iεμνλρP�

μh∇νfþλ
σuσiP�†

ρ 324 I iPh∇μ∇νχ−iDμP�†
ν þ H:c: 396 I 650 I

iεμνλρP�
μh∇νfþλ

σuδiDρσP�†
δ þ H:c: 325 I Pfþμνχ−DμP�†

ν þ H:c: 397 651
iεμνλρP�

μh∇νfþλ
σuδiDρδP�†

σ þ H:c: 326 I Pχ−fþμνDμP�†
ν þ H:c: 398 652

iεμνλρP�
μh∇νfþλ

σuδiDσδP�†
ρ 327 I Phfþμνiχ−DμP�†

ν þ H:c: 399
iεμνλρP�

μhfþνλf−ρσiP�†
σ þ H:c: 328 I Phfþμνχ−iDμP�†

ν þ H:c: 400 653
iεμνλρP�

μhfþνλhρσiP�†
σ þ H:c: 329 I Phχ−ifþμνDμP�†

ν þ H:c: 401 654
iεμνλρP�

μhfþνλhσδiDρσP�†
δ þ H:c: 330 I iεμνλρPhDμDσFLνσiDλP�†

ρ þ P:þþH:c: 402
iεμνλρP�

μhfþνλhσδiDσδP�†
ρ 331 I iεμνλρPhDμDσFLν

δiDλσδP�†
ρ þ P:þþH:c: 403

iP�μ∇μ∇νfþν
λP�†

λ þ H:c: 180 I 332 I iPhFL
μνFLμ

λiDνP�†
λ þ P:þ H:c: 404 655

iP�μ∇ν∇νfþμ
λP�†

λ 181 I 333 I

TABLE X. TheOðp4Þ order results in the HQ limit. When a term Pn is not given a label in the 2nd or 5th (3rd or 6th) column, it is not
independent and can be expressed with terms having a label in the 2nd and 5th (3rd and 6th) columns.

Pn SUð2Þ SUð3Þ Pn SUð2Þ SUð3Þ
hHhuμuμiuνuνH̄i 1 1 hHhfþμνuλiuρσμρvνvλH̄i 72
hHhuμuνiuμuνH̄i 2 2 hH∇μ∇μχþH̄i 111
hHhuμuμiuνuλvνvλH̄i 3 3 hH∇μ∇νχþvμvνH̄i 112
hHhuμuνiuμuλvνvλH̄i þ H:c: 4 4 hHh∇μ∇μχþiH̄i 113
hHhuμuνiuλuλvμvνH̄i 5 hHh∇μ∇νχþivμvνH̄i 114
hHhuμuνiuλuρvμvνvλvρH̄i 5 6 hHhfþμνuμuλiσνλH̄i þ H:c: 115
hHhuμuμuνiuνH̄i 7 hHhfþμνuλuλiσμνH̄i 116
hHhuμuμuνiuλvνvλH̄i 8 hHhfþμνuλuρiσμνvλvρH̄i 117
hHhuμuνuλiuμvνvλH̄i 9 hHhfþμνuλuρiσμλvνvρH̄i þ H:c: 118
hHhuμuνuλiuρvμvνvλvρH̄i 10 ihHuμfþμ

νuνH̄i 119
hHhuμuμuνuνiH̄i 11 ihHuμfþμ

νuλvνvλH̄i þ H:c: 120
hHhuμuνuμuνiH̄i 12 hHhuμuμifþνλσνλH̄i 73 121
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TABLE X. (Continued)

Pn SUð2Þ SUð3Þ Pn SUð2Þ SUð3Þ
hHhuμuμuνuλivνvλH̄i 13 hHhuμuνifþμ

λσνλH̄i 74 122
hHhuμuνuμuλivνvλH̄i 14 hHhuμuνifþλρσμλvνvρH̄i 75 123
hHhuμuνuλuρivμvνvλvρH̄i 15 hHhuμuνifþλρσλρvμvνH̄i 76 124
ihHhuμuμiuνuλσνλH̄i 6 16 hHfþμνuμuλσνλH̄i þ H:c: 125
ihHhuμuνiuμuλσνλH̄i þ H:c: 7 17 hHfþμνuλuμσνλH̄i þ H:c: 126
ihHhuμuνiuλuρσμλvνvρH̄i þ H:c: 8 18 hHfþμνuλuλσμνH̄i þ H:c: 127
ihHhuμuνiuλuρσλρvμvνH̄i 9 19 hHfþμνuλuρσμνvλvρH̄i þ H:c: 128
ihHhfþμνiuμuνH̄i 10 hHfþμνuλuρσμλvνvρH̄i þ H:c: 129
ihHhfþμνiuμuλvνvλH̄i þ H:c: 11 hHfþμνuλuρσμρvνvλH̄i þ H:c: 130
ihHhuμuνuλiuμσνλH̄i 20 hHfþμνfþμνH̄i 77 131
ihHhuμuνuλiuρσμνvλvρH̄i 21 hHfþμνfþμ

λvνvλH̄i 78 132
ihHhuμuμuνuλiσνλH̄i 22 ihHfþμνfþμ

λσνλH̄i 79 133
ihHhuμuνuλuρiσμνvλvρH̄i 23 ihHfþμνfþλρσμλvνvρH̄i 80 134
hHuμuμuνuνH̄i 24 hHhfþμνifþμνH̄i 81
hHuμuνuμuνH̄i 25 hHhfþμνifþμ

λvνvλH̄i 82
hHuμuμuνuλvνvλH̄i þ H:c: 26 hHhfþμνfþμνiH̄i 135
hHuμuνuμuλvνvλH̄i þ H:c: 27 hHhfþμνfþμ

λivνvλH̄i 136
ihHuμuμuνuλσνλH̄i þ H:c: 28 hHuμuμχþH̄i þ H:c: 83 137
ihHuμuνuμuλσνλH̄i þ H:c: 29 hHuμχþuμH̄i 84 138
ihHuμuνuλuρσμνvλvρH̄i þ H:c: 30 hHuμuνχþvμvνH̄i þ H:c: 85 139
ihHuμuνuλuρσμλvνvρH̄i þ H:c: 31 hHuμχþuνvμvνH̄i 86 140
ihHhfþμνuμuνiH̄i 12 32 ihHuμuνχþσμνH̄i þ H:c: 87 141
ihHhfþμνuμuλivνvλH̄i þ H:c: 13 33 ihHuμχþuνσμνH̄i 88 142
hHhfþμνiuμuλσνλH̄i þ H:c: 14 hHhuμuμiχþH̄i 143
hHhfþμνiuλuλσμνH̄i 15 hHhuμuμχþiH̄i 89 144
hHhfþμνiuλuρσμνvλvρH̄i 16 hHhuμχþiuμH̄i 145
hHhfþμνiuλuρσμλvνvρH̄i þ H:c: 17 hHhχþiuμuμH̄i 146
hHhfþμνihλργ5γμvνvλvρH̄i 18 hHhuμuνiχþvμvνH̄i 147
ihHfþμνuμuνH̄i þ H:c: 34 hHhuμuνχþivμvνH̄i 90 148
ihHfþμνuμuλvνvλH̄i þ H:c: 35 hHhuμχþiuνvμvνH̄i 149
ihHfþμνuλuμvνvλH̄i þ H:c: 36 hHhχþiuμuνvμvνH̄i 150
hHhfþμνuμiuλσνλH̄i 37 ihHhuμuνχþiσμνH̄i 151
hHhfþμνuλiuμσνλH̄i 38 ihHhχþiuμuνσμνH̄i 152
hHhfþμνuλiuλσμνH̄i 39 hHfþμνχþσμνH̄i þ H:c: 91 153
hHhfþμνuλiuρσμνvλvρH̄i 40 hHhfþμνiχþσμνH̄i 92
hHhfþμνuλiuρσμλvνvρH̄i 41 hHhfþμνχþiσμνH̄i 93 154
hHhfþμνuλiuρσμρvνvλH̄i 42 hHhχþifþμνσμνH̄i 94 155
hHfþμνhλργ5γμvνvλvρH̄i þ H:c: 43 hHχ2þH̄i 95 156
hH∇μfþμ

νuλγ5γνvλH̄i þ H:c: 44 hH∇μ∇μχþH̄i 96
hH∇μfþμ

νuλγ5γλvνH̄i þ H:c: 45 hH∇μ∇νχþvμvνH̄i 97
hH∇μfþνλuμγ5γνvλH̄i þ H:c: 46 hHh∇μ∇μχþiH̄i 98
hH∇μfþνλuνγ5γμvλH̄i þ H:c: 47 hHh∇μ∇νχþivμvνH̄i 99
hH∇μfþνλuργ5γνvμvλvρH̄i þ H:c: 48 hHhχþiχþH̄i 157
hHhfþμνf−μλiγ5γνvλH̄i 49 hHhχ2þiH̄i 100 158
hHhfþμνhμλiγ5γνvλH̄i 50 hHhχþihχþiH̄i 159
hHhfþμνhμλiγ5γλvνH̄i 51 hHuμuνχ−γ5γμvνH̄i þ H:c: 101 160
hHhfþμνhλρiγ5γμvνvλvρH̄i 52 hHuμuνχ−γ5γνvμH̄i þ H:c: 161
hHh∇μfþμ

νuλiγ5γνvλH̄i 19 53 hHuμχ−uνγ5γμvνH̄i þ H:c: 102 162
hHh∇μfþμ

νuλiγ5γλvνH̄i 20 54 hHhuμuνχ−iγ5γμvνH̄i þ H:c: 163
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TABLE X. (Continued)

Pn SUð2Þ SUð3Þ Pn SUð2Þ SUð3Þ
hHh∇μfþνλuμiγ5γνvλH̄i 21 55 hHhχ−iuμuνγ5γμvνH̄i þ H:c: 164
hHh∇μfþνλuνiγ5γμvλH̄i 22 56 ihHfþμνχ−γ5γμvνH̄i þ H:c: 103 165
hHh∇μfþνλuρiγ5γνvμvλvρH̄i 23 57 ihHhfþμνiχ−γ5γμvνH̄i 104
hHhfþμνf−μλiγ5γνvλH̄i 24 ihHhfþμνχ−iγ5γμvνH̄i 105 166
hHhfþμνhμλiγ5γνvλH̄i 25 ihHhχ−ifþμνγ5γμvνH̄i 106 167
hHhfþμνhμλiγ5γλvνH̄i 26 hHχ2−H̄i 107 168
hHhfþμνhλρiγ5γμvνvλvρH̄i 27 hHhχ−iχ−H̄i 108 169
iεμνλρhHfþμνf−λρH̄i þ H:c: 28 58 hHhχ−ihχ−iH̄i 170
iεμνλρhHfþμνf−λσvρvσH̄i þ H:c: 29 59 ihHhuμuνf−μλiγ5γνvλH̄i þ H:c: 109 171
iεμνλρhHfþμνhλσvρvσH̄i þ H:c: 30 60 ihHhuμuνf−μλiγ5γλvνH̄i þ H:c: 110 172
iεμνλρhH∇μfþν

σuλvρvσH̄i þ H:c: 31 61 ihHhuμuνhμλiγ5γνvλH̄i þ H:c: 111 173
ihHf−μνχþγ5γμvνH̄i þ H:c: 32 62 ihHhuμuνhμλiγ5γλvνH̄i þ H:c: 112 174
ihHhμνχþγ5γμvνH̄i þ H:c: 33 63 ihHhuμuνhλρiγ5γμvνvλvρH̄i þ H:c: 113 175
ihHuμ∇νχþγ5γμvνH̄i þ H:c: 34 64 ihHuμuμf−νλγ5γνvλH̄i þ H:c: 176
ihHuμ∇νχþγ5γνvμH̄i þ H:c: 35 65 ihHuμuνf−μλγ5γνvλH̄i þ H:c: 177
hHf−μνχ−σμνH̄i þ H:c: 36 66 ihHuμuνf−μλγ5γλvνH̄i þ H:c: 178
ihHhμνχ−vμvνH̄i þ H:c: 37 67 ihHuμuνf−νλγ5γμvλH̄i þ H:c: 179
ihHuμ∇μχ−H̄i þ H:c: 38 68 ihHuμuνf−νλγ5γλvμH̄i þ H:c: 180
ihHuμ∇νχ−vμvνH̄i þ H:c: 39 69 ihHuμuνf−λργ5γλvμvνvρH̄i þ H:c: 181
hHuμ∇νχ−σμνH̄i þ H:c: 40 70 ihHuμuμhνλγ5γνvλH̄i þ H:c: 182
ihHhhμνχ−ivμvνH̄i 41 71 ihHuμuνhμλγ5γνvλH̄i þ H:c: 183
ihHhχ−ihμνvμvνH̄i 72 ihHuμuνhμλγ5γλvνH̄i þ H:c: 184
ihHhuμ∇μχ−iH̄i 42 73 ihHuμuνhνλγ5γμvλH̄i þ H:c: 185
ihHh∇μχ−iuμH̄i 74 ihHuμuνhνλγ5γλvμH̄i þ H:c: 186
ihHhuμ∇νχ−ivμvνH̄i 43 75 ihHuμuνhλργ5γμvνvλvρH̄i þ H:c: 187
ihHh∇μχ−iuνvμvνH̄i 76 ihHuμuνhλργ5γνvμvλvρH̄i þ H:c: 188
hHhuμ∇νf−μνiH̄i 44 77 ihHuμuνhλργ5γλvμvνvρH̄i þ H:c: 189
hHhuμ∇νf−μλivνvλH̄i 45 78 ihHuμf−μνuλγ5γνvλH̄i þ H:c: 190
hHhuμ∇νf−νλivμvλH̄i 46 79 ihHuμf−μνuλγ5γλvνH̄i þ H:c: 191
hHhuμ∇μhνλivνvλH̄i 47 80 ihHuμhμνuλγ5γνvλH̄i þ H:c: 192
hHhuμ∇νhλρivμvνvλvρH̄i 48 81 ihHuμhμνuλγ5γλvνH̄i þ H:c: 193
hHhf−μνhμλivνvλH̄i 49 82 ihHuμhνλuργ5γμvνvλvρH̄i þ H:c: 194
hHhhμνhμνiH̄i 50 83 εμνλρhHuμuνf−λρH̄i þ H:c: 114 195
hHhhμνhμλivνvλH̄i 51 84 εμνλρhHuμuνf−λσvρvσH̄i þ H:c: 115 196
hHhhμνhλρivμvνvλvρH̄i 52 85 εμνλρhHuμuσf−νλvρvσH̄i þ H:c: 116 197
hHuμ∇νf−μνH̄i þ H:c: 86 εμνλρhHuμf−νλuσvρvσH̄i þ H:c: 117 198
hHuμ∇νf−μλvνvλH̄i þ H:c: 87 εμνλρhHuμuνhλσvρvσH̄i þ H:c: 118 199
hHuμ∇νf−νλvμvλH̄i þ H:c: 88 hHh∇μfþμ

νiuλγ5γνvλH̄i 119
hHuμ∇μhνλvνvλH̄i þ H:c: 89 hHh∇μfþμ

νiuλγ5γλvνH̄i 120
hHuμ∇νhλρvμvνvλvρH̄i þ H:c: 90 hHh∇μfþνλiuμγ5γνvλH̄i 121
hHf−μνf−μνH̄i 91 hHh∇μfþνλiuνγ5γμvλH̄i 122
hHf−μνf−μλvνvλH̄i 92 hHh∇μfþνλiuργ5γνvμvλvρH̄i 123
hHf−μνhμλvνvλH̄i þ H:c: 93 hHhfþμνif−μλγ5γνvλH̄i 124
hHhμνhμνH̄i 94 hHhfþμνif−μλγ5γλvνH̄i 125
hHhμνhμλvνvλH̄i 95 hHhfþμνihμλγ5γνvλH̄i 126
hHhμνhλρvμvνvλvρH̄i 96 hHhfþμνihμλγ5γλvνH̄i 127
ihHuμ∇μf−νλσνλH̄i þ H:c: 53 97 εμνλρhHhuμf−νλiuρH̄i 200
ihHuμ∇νf−νλσμλH̄i þ H:c: 54 98 εμνλρhHhuμf−νσiuλvρvσH̄i 201
ihHuμ∇νf−λρσμλvνvρH̄i þ H:c: 55 99 εμνλρhHhuμuσif−νλvρvσH̄i 202

(Table continued)
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The long relations in the seventh column in Table VII are

C̃ð3Þ
50 ¼ C̃ð3Þ

52 ¼ 1

2
C̃ð3Þ
1 þ C̃ð3Þ

10 − C̃ð3Þ
13 þ C̃ð3Þ

17 − C̃ð3Þ
19 ; C̃ð3Þ

51 ¼ −C̃ð3Þ
1 − 2C̃ð3Þ

10 þ C̃ð3Þ
17 − C̃ð3Þ

19 ;

C̃ð3Þ
53 ¼ C̃ð3Þ

55 ¼ 1

2
C̃ð3Þ
1 þ C̃ð3Þ

10 þ C̃ð3Þ
11 − C̃ð3Þ

15 þ C̃ð3Þ
17 þ C̃ð3Þ

18 − C̃ð3Þ
20 −

1

2
C̃ð3Þ
35 ;

C̃ð3Þ
54 ¼ −C̃ð3Þ

1 − 2C̃ð3Þ
10 − 2C̃ð3Þ

11 þ C̃ð3Þ
17 þ C̃ð3Þ

18 − C̃ð3Þ
20 þ C̃ð3Þ

35 ; C̃ð3Þ
58 ¼ −

3

2
C̃ð3Þ
17 −

3

2
C̃ð3Þ
18 þ 1

2
C̃ð3Þ
20 ;

C̃ð3Þ
59 ¼ −C̃ð3Þ

17 − C̃ð3Þ
18 þ C̃ð3Þ

20 ; C̃ð3Þ
70 ¼ C̃ð3Þ

33 þ C̃ð3Þ
34 − C̃ð3Þ
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