
 

Direct CP violation in multi-body B decays with a00ð980Þ− f 0ð980Þ mixing
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We predict that a00ð980Þ − f0ð980Þ mixing would lead to large CP violation. We calculate the localized
direct CP asymmetry in the decays B� → f0ð980Þ½a00ð980Þ�π� → πþπ−π� via the a00ð980Þ − f0ð980Þ
mixing mechanism based on the hypothetical qq̄ structures of a00ð980Þ and f0ð980Þ in the QCD
factorization approach. It is shown that there is a peak for CP violation, which could be as large as 58%,
when the invariant mass of ππ is near the masses of a00ð980Þ and f0ð980Þ. Since the CP asymmetry is
sensitive to a00ð980Þ − f0ð980Þ mixing, measuring the CP-violating parameter in the aforementioned
decays could provide a new way to verify the existence of a00ð980Þ − f0ð980Þ mixing and be helpful in
clarifying the configuration of the light scalar mesons.
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CP violation is one of the most fundamental and
important properties of the weak interactions. Even though
it has been known since 1964 [1], we still do not know the
source of CP violation completely. In the standard model,
CP violation is originated from the weak phase in the
Cabibbo-Kobayashi-Maskawa matrix [2,3]. Besides the
weak phase, a large strong phase is also needed for direct
CP violation in decay processes. Usually, this large phase is
provided by the short-distance and long-distance inter-
actions. The short-distance interactions are caused by QCD
loop corrections, and the long-distance interaction—which
is more sensitive to the structure of the final states—can be
obtained through some phenomenological mechanisms. It
was suggested a long time ago that large CP violation
should be observed in the B-meson systems. In the past few
years, more attention has been focused on CP violation in
the multibody B-meson decays both theoretically and
experimentally. Inspired by the experimental progress,
more efforts should be carried out to precisely test the
standard model and look for new physics through CP
violation in these decay processes.

The scalars below 1 GeV play an important role in
understanding nonperturbative QCD. The a00ð980Þ and
f0ð980Þ mesons aroused considerable theoretical interest,
but their structures are still controversial. These two mesons,
which have different isospins but the same spin parity
quantum numbers and closed masses, lie near the threshold
of theKK̄ channel and both of them couple toKK̄. Due to the
fact that the amplitude of the isospin-breaking transition is
caused by the mass difference of KK̄, a mixing will occur
between the f0ð980Þ and a00ð980Þ intermediate states in the
multibody decays. a00ð980Þ − f0ð980Þ mixing was discov-
ered theoretically in the late 1970s [4] and has recently been
studied experimentally in several decays by the BESIII
Collaboration [5]. However, themixingmechanism between
these two mesons still lacks firm experimental evidence. In
previous works, it was found that ρ-ω mixing, which is also
introduced due to the isospinviolation, generates large strong
phases and thus enhances theCPviolationwhen the invariant
mass of the final ππ state is in the ρ-ω interference region.
Inspired by ρ-ω mixing, we expect that a00ð980Þ − f0ð980Þ
mixing may lead to large CP violation. Since the CP
asymmetry contains more information on the strong phase
than the decay width, we propose to test a00ð980Þ − f0ð980Þ
mixing by the muchmore subtle calculation ofCP violation.
Wewill investigate direct CP violation in three-body decays
of the B meson and discuss a00ð980Þ–f0ð980Þ mixing.
Both a00ð980Þ and f0ð980Þ can couple to KK̄. Due to the

nonzero difference between theKþK− andK0K̄0masses, the
isospin-breaking processes a00ð980Þ → ðKþK− þ K0K̄0Þ →
f0ð980Þ and f0ð980Þ → ðKþK− þ K0K̄0Þ → a00ð980Þ
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appear in thenarrow regionof theKK̄ thresholds,which are shown inFig. 1. TheseKK̄ loopswould lead to amixing amplitude.
In Ref. [4], this mixingmechanismwas investigated phenomenologically. The amplitude of a00ð980Þ − f0ð980Þmixing can be
written as [4,6]

Πa0
0
f0ðm2Þ ¼

ga0
0
KþK−gf0KþK−

16π

�
i½ρKþK−ðm2Þ − ρK0K̄0ðm2Þ� − ρKþK−ðm2Þ

π
ln
1þ ρKþK−ðm2Þ
1 − ρKþK−ðm2Þ þ

ρK0K̄0ðm2Þ
π

ln
1þ ρK0K̄0ðm2Þ
1 − ρK0K̄0ðm2Þ

�

≈
ga0

0
KþK−gf0KþK−

16π
i½ρKþK−ðm2Þ − ρK0K̄0ðm2Þ�; ð1Þ

where ga0
0
ðf0ÞKþK− are the effective coupling constants,

ρKK̄ðm2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

K=m
2

p
when m (the invariant masses

of scalar resonances) ≥ 2mK , and ρKK̄ðm2Þ should be
replaced by ijρKK̄ðm2Þj in the region 0 ≤ m ≤ 2mK.
In recent years, the LHCb Collaboration has focused on

multibody final states in the decays of the B mesons and
used a novel strategy to probeCP asymmetries in the Dalitz
plots [7]. These multibody decays provide much more
information on strong phases than the two-body decays.
Naturally, a00ð980Þ − f0ð980Þ mixing, if it exists, would
affect the CP violation of the sequential three-body decay
B → f0ð980Þ½a00ð980Þ�P → ππP (where P represents a
pseudoscalar meson) when the invariant mass of the final
ππ is located around 980 MeV.
For the sequential decays B → f0ð980Þ½a00ð980Þ�P →

ππP, the decay width has the form

dΓ
dm

¼ m
16π3m2

B
jp�

1jjp3jjMj2; ð2Þ

wherem is the invariant mass of ππ,mB is the mass of the B
meson, p�

1½¼ ð1 − 4m2
π=m2Þ12�, and p3 ¼ ½m4

B − 2m2
Bðm2 þ

m2
PÞ þ ðm2

B −m2
PÞ2�=ð2mBÞ with mP being the mass of P.

The amplitudes can be expressed as

M ¼ hπþπ−PjHT jBi þ hπþπ−PjHPjBi
¼ hπþπ−PjHT jBi½1þ reiðδþϕÞ�; ð3Þ

where HT and HP are the tree and penguin operators,
respectively, and we also define the strong phase δ, the
weak phase ϕ, and the relative magnitude r. Considering
a00ð980Þ − f0ð980Þ mixing, one has

hπþπ−PjHT jBi ¼ gfππTf0

Df0

þ
gfππTa0

0
Πa0

0
f0

Da0
0
Df0 − Π2

a0
0
f0

;

hπþπ−PjHPjBi ¼ gfππPf0

Df0

þ
gfππPa0

0
Πa0

0
f0

Da0
0
Df0 − Π2

a0
0
f0

; ð4Þ

in which Ta0
0
ðf0Þ and Pa0

0
ðf0Þ correspond to the tree and

penguin diagram amplitudes for B → a00ð980Þ½f0ð980Þ�P,
respectively, gfππ is the effective coupling constant of
f0ð980Þ → πþπ−, and Da0

0
½Df0 � is the inverse propagator

of a00ð980Þ½f0ð980Þ� constructed with taking into account
the finite width. The expression forDa0

0
ðf0Þ can be written as

Da0
0
ðf0ÞðsÞ ¼ m2

a0
0
ðf0Þ −m2

þ
X
ab

½ℜeΠab
a0
0
ðf0Þðm

2
a0
0
ðf0ÞÞ − Πab

a0
0
ðf0Þðm

2
a0
0
ðf0ÞÞ�;

ð5Þ

where Πab
a0
0
ðf0Þ are the diagonal matrix elements of the

polarization operator corresponding to the contribution of
the ab intermediate states, with ab ¼ ðππ; KK̄Þ for
f0ð980Þ and ab ¼ ðηπ; KK̄Þ for a00ð980Þ.
Substituting Eq. (4) into Eq. (3), we have

reiðδþϕÞ ¼ hπþπ−PjHPjBi
hπþπ−PjHT jBi ≈

Pf0Da0
0
þ Pa0

0
Πa0

0
f0

Tf0Da0
0
þ Ta0

0
Πa0

0
f0

: ð6Þ

It can be seen from Eq. (6) that a00ð980Þ − f0ð980Þ mixing
provides additional complex terms which may enlarge the
CP-even phase and lead to a peak for CP violation when
the invariant mass of ππ is near the a00ð980Þ and f0ð980Þ

FIG. 1. The Feynman diagram for a00ð980Þ − f0ð980Þ mixing.
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mesons. The differential CP-violating parameter can be
defined as

ACP ≡ jMj2 − jM̄j2
jMj2 þ jM̄j2 ¼

−2r sin δ sinϕ
1þ 2r cos δ cosϕþ r2

; ð7Þ

where m is near 980 MeV in our case, and M̄ is the decay
amplitude of the CP-conjugate process.
By defining

Pa0
0

Tf0

≡ r0eiðδqþϕÞ;
Ta0

0

Tf0

≡ αeiδα ;
Pa0

0

Pf0

≡ βeiδβ ; ð8Þ

to the leading order of Πa0
0
f0 we have

reiδ ¼ r0eiδq

Da0
0

½Πa0
0
f0 þ βeiδβðDa0

0
− αeiδαÞ�: ð9Þ

δα, δβ, and δq denote the remaining unknown strong phases
at short distance. In the absence of a00ð980Þ − f0ð980Þ
mixing, at least one of these phases would have to be
nonzero forCP asymmetry. In the ideal case, we neglect the
strong phases at short distance. One has reiδ ∝ Πa0

0
f0=Da0

0
.

The isospin breaking for ρ and ω is generated at the quark
level (between the u and d quarks), while a00ð980Þ −
f0ð980Þ mixing is caused by the mass difference between
K0K̄0 and KþK−. Therefore, the modulus of Πa0

0
f0

(jΠa0
0
f0 j ≈ 0.03 GeV2 [6]) is larger than that of ρ-ω mixing

(jΠρωj≈0.0045GeV2 [8]), that is to say, a00ð980Þ − f0ð980Þ

mixing can increase CP violation much more than ρ-ω
mixing. We also note that the phase of the mixing
amplitude varies from 0 to π=2 when the invariant mass
of πþπ− is near 980 MeV [6]. Thus, the CP-violating
parameter has a narrow peak located around 980 MeV in
the final πþπ− spectrum.
Without loss of generality, we will now evaluate CP

violation in the decays B� → f0ð980Þ½a00ð980Þ�π� →
πþπ−π�. Since we are studying local CP violation in
the narrow region near the masses of f0ð980Þ and
a00ð980Þ, the first step of the sequential decay B� →
f0ð980Þ½a00ð980Þ�π� respects a simple factorization rela-
tion. We shall use the quasi-two-body QCD factorization
approach to deal with the amplitudes [9]. It is known that
the underlying structures of the scalar mesons are not well
established. The mesons f0ð980Þ and a00ð980Þ can be
interpreted as conventional qq̄ mesons, qq̄qq̄ multiquark
states, or meson-meson bound states, and even scalar
glueballs. If the scalar mesons are four-quark states, one
more quark-antiquark pair is required to be produced in the
decay process compared with the two-quark picture. It is
thus expected that the amplitude would be smaller in the
four-quark picture than that in the two-quark picture when a
light scalar meson is produced. Therefore, we assume that
the qq̄ structure dominates in our process and calculate the
amplitude based on the qq̄ structure.
In the QCD factorization approach, with the qq̄

structure assumption, the amplitude of the decays B− →
f0ð980Þ½a00ð980Þ�π− can be written as [10,11]

AðB− → f0π−Þ ¼ −
GFffiffiffi
2

p
X
p¼u;c

λp

�
ða1δpu þ ap4 − rπχa

p
6 þ ap10 − rπχa

p
8 Þfu

0
π

× fπF
Bfu

0

0 ðm2
πÞðm2

B −m2
f0
Þ þ

�
ap6 −

1

2
ap8

�
πfu

0

r̄f0χ f̄uf0F
Bπ
0 ðm2

f0
Þðm2

B −m2
πÞ

− fB½ðb2δpu þ b3 þ b3;EWÞfu
0
π þ ðb2δpu þ b3 þ b3;EWÞπfu

0
�
�
; ð10Þ

AðB− → a00π
−Þ ¼ −

GF

2

X
p¼u;c

λp

�
ða1δpu þ ap4 − rπχa

p
6 þ ap10 − rπχa

p
8 Þa0π

× fπF
Ba0
0 ðm2

πÞðm2
B −m2

a0Þ −
�
ap6 −

1

2
ap8

�
πa0

r̄a0χ f̄a0ðm2
B −m2

πÞFBπ
0 ðm2

a0Þ

− fB½ðb2δpμ þ b3 þ b3;EWÞa0π − ðb2δpμ þ b3 þ b3;EWÞπa0 �
�
; ð11Þ

where λp ¼ VpbV�
pd, fB;π;f0;a0 , and mπ;f0;a0 are the decay constants and the masses of the corresponding mesons, f̄S ¼

fS
2m2

π
mbðμÞðmuðμÞþmsðμÞÞ (where μ is the scale parameter), F

Bfu
0
;Ba0;Bπ

0 are form factors, and

r̄a0χ ¼ 2ma0

mbðμÞ
; r̄f0χ ¼ 2mf0

mbðμÞ
; rπχ ¼

2m2
π

mbðμÞðmuðμÞþmsðμÞÞ
: ð12Þ
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The general form of the coefficients api ðM1M2Þ at the next-
to-leading order in αs are

api ðM1M2Þ ¼ ci þ
ci�1

Nc
þ ci�1

Nc

CFαs
4π

×

�
ViðM2Þ þ

4π2

Nc
HiðM1M2Þ þ Pp

i ðM2Þ
�
;

ð13Þ
where ci are the Wilson coefficients, the upper (lower)
sign of � corresponds to i being odd (even), CF ¼ ðN2

c −
1Þ=ð2NcÞwithNc ¼ 3,M2 is the emitted meson,M1 shares
the same spectator quark with the B meson, and ViðM2Þ,
PiðM2Þ, and HiðM1;M2Þ are vertex corrections, penguin
corrections, and hard spectator corrections, respectively,
which are listed in the Appendix. As for the weak
annihilation contributions, we follow the expressions given
in Refs. [10,11],

b1¼
CF

N2
c
c1Ai

1; b1¼
CF

N2
c
½c3Ai

1þc5ðAi
3þAf

3ÞþNcc6A
f
3 �;

b1¼
CF

N2
c
c2Ai

1; b1¼
CF

N2
c
½c4Ai

1þc6A
f
2 �;

b3;EW¼CF

N2
c
½c9Ai

1þc7ðAi
3þAf

3ÞþNcc8A
f
3 �;

b4;EW¼CF

N2
c
½c10Ai

1þc8Ai
2�; ð14Þ

where the subscripts 1, 2, 3 of Ai;f
n denote the annihilation

amplitudes induced from ðV−AÞðV−AÞ, ðV − AÞðV þ AÞ,
and ðS − PÞðSþ PÞ operators, respectively, and i and f
denote the gluon emission from the initial- and final-state
quarks, respectively.
In the naive qq̄ model, f0ð980Þ is a pure ss̄ state.

However, several experiments indicate that there is a
mixture between the light and strange quarks:

jf0ð980Þi ¼ jss̄i cos θ þ jnn̄i sin θ;
jf0ð500Þi ¼ −jss̄i sin θ þ jnn̄i cos θ;

where nn̄≡ ðuūþ dd̄Þ= ffiffiffi
2

p
and θ is the mixing angle. We

take θ ¼ 20° as in Refs. [10,11]. In the expressions for the
spectator and annihilation corrections, there are end-point
divergences XHðAÞ ≡ R

1
0 dx=ð1 − xÞ. The QCD factoriza-

tion approach suffers from these end-point divergences,
which can be parametrized as [10,11]

XHðAÞ ¼ ln
mB

Λh
½1þ ρHðAÞeiϕHðAÞ �; ð15Þ

where one may take ρHðAÞ ≤ 0.5 and arbitrary strong phases
ϕHðAÞ [10]. In practice, we calculate the CP violation when
ρHðAÞ ¼ 0.25, 0.5 andϕHðAÞ ¼ 0; π=2; π; 3π=2, respectively.

Then, considering a00ð980Þ − f0ð980Þ mixing, the total
amplitude of the decay B− → f0ð980Þ½a00ð980Þ�π− →
πþπ−π− can be written as

MðB− → πþπ−π−Þ ¼ gfππ
Df0ðmÞAðB

− → f0ð980Þπ−Þ

þ
gfππΠa0

0
f0ðmÞ

Da0
0
ðmÞDf0ðmÞ − Π2

a0
0
f0
ðmÞ

× AðB− → a00ð980Þπ−Þ; ð16Þ
and the differential CP-violating parameter is

ACP ¼ jMðB− → πþπ−π−Þj2 − jMðBþ → πþπ−πþÞj2
jMðB− → πþπ−π−Þj2 þ jMðBþ → πþπ−πþÞj2 :

ð17Þ
One can see that λpðλ�pÞ provides a weak CP-violation
phase and the strong phases occur in the mixing ampli-
tude, the scalar propagators, and ViðM2Þ, PiðM2Þ, and
HiðM1;M2Þ in the decays B� → f0ð980Þ½a00ð980Þ�π�.
Since we focus on local CP violation in the narrow region
near 980 MeV, it is plausible to assume that the inter-
mediate states f0ð980Þ and a00ð980Þ are on shell. According
to the kinematics of the sequential decay, the amplitudes
and the CP-violating parameter are dependent on the
invariant mass of πþπ−, m. Substituting Eqs. (10), (11),
(13), (14), and (16) into Eq. (17), the differential
CP-violating parameter is obtained, which is displayed
in Fig. 2 as a function of m. In the effective region
of a00ð980Þ − f0ð980Þ mixing, we can see that the CP-
violating parameter can reach as large as 58 percent and an
obvious peak exists, which can be used to test the existence
of a00ð980Þ − f0ð980Þ mixing. Also, it is shown that the
presence of the peak is not sensitive to the strong phases at
short distances mentioned in Eq. (9). If a peak for CP
violation is observed in the experiments, it will be a strong
evidence for a00ð980Þ − f0ð980Þ mixing.
At present, a00ð980Þ − f0ð980Þ mixing is examined by

the mixing intensities in some isospin-violating decay
processes. For example, the BESIII Collaboration recently
investigated the mixing intensities, which are defined as

ξfa ¼
BðJ=ψ → ϕf0ð980Þ → ϕa00ð980Þ → ϕηπÞ

BðJ=ψ → ϕf0ð980Þ → ϕππÞ ; ð18Þ

ξaf ¼
Bðχc1 → πa00ð980Þ → πf0ð980Þ → πππÞ

Bðχc1 → πa00ð980Þ → πππÞÞ : ð19Þ

In those studies, the mixing intensities were measured from
the decay amplitudes. On the other hand, the CP asym-
metry is proportional to the sine of the strong phases, which
depends on a00ð980Þ − f0ð980Þ mixing more sensitively
than the amplitudes. We propose to test a00ð980Þ − f0ð980Þ
mixing by measuring the CP-violating parameter. If the
branching ratio for B� → f0ð980Þ½a00ð980Þ�π� is of the
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order of 10−6 [12], then the number of BB̄ pairs needed is
roughly

N ¼ n2

BR � A2
CP

ð1 − A2
CPÞ;

which is 2 × 107 for 3σ significance and 5 × 107 for 5σ
significance. With the increased data provided by the LHC
and the forthcoming Belle II experiment, the study of CP
violation in the B meson will reach a high level of
precision. The number of BB̄ pairs at LHCb could be
around 1012 per year [13] and the Belle detector has
collected 8 × 108 BB̄ pairs [14], which is sufficient to
investigate the a00ð980Þ − f0ð980Þ mixing mechanism
through CP violation.
Like ρ-ωmixing, a00ð980Þ − f0ð980Þmixing could occur

in a lot of multibody decay modes that contain the S-wave
ππ final states in the B- orD-meson decays. We predict that
a00ð980Þ − f0ð980Þ mixing would lead to large CP viola-
tion. Since the strong phase is more sensitive to a00ð980Þ −
f0ð980Þmixing than the decay widths, ACP is a more useful
parameter to test a00ð980Þ − f0ð980Þ mixing. We calculated
localized direct CP asymmetries in the three-body decays
B� → f0ð980Þ½a00ð980Þ�π� → πþπ−π� based on the hypo-
thetical qq̄ structure of a00ð980Þ and f0ð980Þ in the QCD
factorization approach. It was shown that there is a peak
for CP violation when the invariant mass of ππ is
near 980 MeV. This would be a new way to verify
a00ð980Þ − f0ð980Þ mixing. Some input parameters were

not well determined in our calculation, and thus there are
some uncertainties. One may also wonder if a00ð980Þ and
f0ð980Þ produced in B decays are dominated by the qq̄
configuration and whether a00ð980Þ − f0ð980Þ mixing
could also provide a large strong phase and lead to large
CP violation when a00ð980Þ and f0ð980Þ have other
structures. This will need further investigation.
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APPENDIX: THE EXPRESSIONS OF ViðM2Þ,
PiðM2Þ, HiðM1;M2Þ, AND Ai;f

n

In order to clearly show how we calculated the ampli-
tudes, in this appendix we present explicit formulas for the
vertex corrections ViðM2Þ, penguin corrections PiðM2Þ,
hard spectator corrections HiðM1;M2Þ, and Ai;f

n in the
weak annihilation contributions.
The twist-2 light-cone distribution amplitude (LCDA)

for the scalar meson S, ΦS, has the form [10]

ΦMðx; μÞ ¼ fM6xð1 − xÞ
�
1þ

X∞
n¼1

αMn ðμÞC3=2
n ð2x − 1Þ

�
;

ðA1Þ
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(a)
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FIG. 2. The differential CP-violating parameter as a function of m in the decays B� → f0ð980Þ½a00ð980Þ�π� → πþπ−π�. (a) For
ρHðAÞ ¼ 0.25: the dashed, dotted, dot-dashed, and solid lines correspond to the cases when ϕHðAÞ ¼ 0; π=2; π; 3π=2, respectively. (b) The
same as (a) but for ρHðAÞ ¼ 0.5.
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where αn ¼ μSBn with Bn being the Gegenbauer moments and C3=2
n the Gegenbauer polynomials. For twist-3 LCDAs,

we have Φs
SðxÞ ¼ f̄S and Φσ

SðxÞ ¼ f̄S6xð1 − xÞ. The twist-2 and twist-3 distribution amplitudes for the pseudoscalar
meson P are

ΦPðxÞ ¼ fP6xð1 − xÞ; Φp
PðxÞ ¼ fP; Φσ

PðxÞ ¼ fP6xð1 − xÞ: ðA2Þ
The expressions for the vertex corrections ViðM2Þ are (apart from the decay constant fM2

) [10]

ViðM2Þ ¼ 12 ln
mb

μ
− 18 −

1

2
− 3πiþ

�
11

2
− 3πi

�
αM1 −

21

20
αM2 þ

�
79

36
−
2πi
3

�
αM3 þ � � � ; ðA3Þ

for i ¼ 1–4, 9, 10,

ViðM2Þ ¼ −12 ln
mb

μ
þ 6 −

1

2
− 3πi −

�
11

2
− 3πi

�
αM1 −

21

20
αM2 −

�
79

36
−
2πi
3

�
αM3 þ � � � ; ðA4Þ

for i ¼ 5, 7. and ViðM2Þ ¼ −6 for i ¼ 6, 8 in the naive dimensional regularization scheme for γ5.
The hard spectator corrections read [10]

HiðM1M2Þ ¼
1

fM2
FBM1

0 ð0Þm2
B

Z
1

0

dρ
ρ
ΦBðρÞ

Z
1

0

dξ

ξ̄
ΦM2

ðξÞ
Z

1

0

dη
η̄

�
ΦM1

ðηÞ þ rM1
χ

ξ̄

ξ
Φm1

ðηÞ
�
; ðA5Þ

for i ¼ 1–4, 9, 10,

HiðM1M2Þ ¼ −
1

fM2
FBM1

0 ð0Þm2
B

Z
1

0

dρ
ρ
ΦBðρÞ

Z
1

0

dξ
ξ
ΦM2

ðξÞ
Z

1

0

dη
η̄

�
ΦM1

ðηÞ þ rM1
χ

ξ

ξ̄
Φm1

ðηÞ
�
; ðA6Þ

for i ¼ 5, 7, andHi ¼ 0 for i ¼ 6, 8, where ξ̄≡ 1 − ξ and η̄≡ 1 − η,ΦM (Φm) is the twist-2 (twist-3) light-cone distribution
amplitude of the meson M.
The explicit expressions for Ai;f

n in the weak annihilations are given by [10]

Ai
1 ¼

Z
� � �

8>>><
>>>:

�
ΦM2

ðxÞΦM1
ðyÞ

�
1

yð1−xȳÞ þ 1
x̄2y

�
− rM1

χ rM2
χ Φm2

ðxÞΦm1
ðyÞ 2

x̄y

�
for M1M2 ¼ PS;

�
ΦM2

ðxÞΦM1
ðyÞ

�
1

yð1−xȳÞ þ 1
x̄2y

�
þ rM1

χ rM2
χ Φm2

ðxÞΦm1
ðyÞ 2

x̄y

�
for M1M2 ¼ SP;

Ai
2 ¼

Z
� � �

8>>><
>>>:

�
−ΦM2

ðxÞΦM1
ðyÞ

�
1

x̄ð1−xȳÞ þ 1
x̄y2

�
þ rM1

χ rM2
χ Φm2

ðxÞΦm1
ðyÞ 2

x̄y

�
for M1M2 ¼ PS;

�
−ΦM2

ðxÞΦM1
ðyÞ

�
1

x̄ð1−xȳÞ þ 1
x̄y2

�
− rM1

χ rM2
χ Φm2

ðxÞΦm1
ðyÞ 2

x̄y

�
for M1M2 ¼ SP;

Ai
3 ¼

Z
� � �

8>>><
>>>:

�
rM1
χ ΦM2

ðxÞΦm1
ðyÞ 2ȳ

x̄yð1−xȳÞ þ rM2
χ ΦM1

ðyÞΦm2
ðxÞ 2x

x̄yð1−xȳÞ

�
for M1M2 ¼ PS;

�
−rM1

χ ΦM2
ðxÞΦm1

ðyÞ 2ȳ
x̄yð1−xȳÞ þ rM2

χ ΦM1
ðyÞΦm2

ðxÞ 2x
x̄yð1−xȳÞ

�
for M1M2 ¼ SP;

Af
3 ¼

Z
� � �

8>>><
>>>:

�
rM1
χ ΦM2

ðxÞΦm1
ðyÞ 2ð1þx̄Þ

x̄2y − rM2
χ ΦM1

ðyÞΦm2
ðxÞ 2ð1þyÞ

x̄y2

�
for M1M2 ¼ PS;

�
−rM1

χ ΦM2
ðxÞΦm1

ðyÞ 2ð1þx̄Þ
x̄2y − rM2

χ ΦM1
ðyÞΦm2

ðxÞ 2ð1þyÞ
x̄y2

�
for M1M2 ¼ SP;

Af
1 ¼ Af

2 ¼ 0; ðA7Þ
where

R � � � ¼ παs
R
1
0 dxdy, x̄≡ 1 − x, and ȳ≡ 1 − y.
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