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Lifetimes of the doubly heavy baryons Bbb andBbc are analyzed within the framework of the heavy quark
expansion (HQE). Lifetime differences arise from the spectator effects such as W-exchange and Pauli
interference. For doubly bottom baryons, the lifetime pattern is τðΩ−

bbÞ ∼ τðΞ−
bbÞ > τðΞ0

bbÞ. TheΞ0
bb baryon is

shortest-lived owing to theW-exchange contribution, while Ξ−
bb and Ω−

bb have similar lifetimes as they both
receive contributions from destructive Pauli interference. We find the lifetime ratio τðΞ−

bbÞ=τðΞ0
bbÞ ¼ 1.26.

The largeW-exchange contribution to Ξ0
bc through the subprocess cd → us → cd and the sizable destructive

Pauli interference contribution to Ξþ
bc imply a substantial lifetime difference between Ξþ

bc and Ξ0
bc. In the

presence of subleading 1=mc and 1=mb corrections to the spectator effects, we find that τðΩ0
bcÞ becomes

longest-lived. This is because Γintþ and Γsemi for Ω0
bc are subject to large cancellation between dimension-6

and -7 operators. This implies that the subleading corrections are too large to justify the validity of the

HQE. Demanding that Γcs
intþðΩ0

bcÞ, ΓSL;cs
int ðΩ0

bcÞ be positive and Γcu
int−ðΞþ

bcÞ be negative, we conjecture that

1.68×10−13s<τðΩ0
bcÞ<3.70×10−13 s, 4.09×10−13s<τðΞþ

bcÞ<6.07×10−13 s, and 0.93×10−13s<τðΞ0
bcÞ<

1.18×10−13 s. Hence, the lifetime hierarchy of Bbc baryons is expected to be τðΞþ
bcÞ>τðΩ0

bcÞ>τðΞ0
bcÞ.

DOI: 10.1103/PhysRevD.99.073006

I. INTRODUCTION

After the discovery of the doubly charmed baryon Ξþþ
cc

in the Λþ
c K−πþπþ mass spectrum [1], LHCb proceeded to

measure its lifetime [2]:

τðΞþþ
cc Þ ¼ ð2.56þ0.24

−0.22 � 0.14Þ × 10−13s: ð1:1Þ

The theoretical predictions of doubly charmed baryon
lifetimes in the literature [3–9] listed in Table I spread
a large range, especially for Ξþþ

cc . It appears that the
early predictions of τðΞþþ

cc Þ were too large compared
to the experiment. The lifetime pattern is expected to
be τðΞþþ

cc Þ > τðΩþ
ccÞ > τðΞþ

ccÞ.
In this work, we would like to generalize our previous

study of doubly charmed baryon lifetimes [8] to the doubly
bottom baryons Bbb and charm-bottom baryons Bbc. Some
predictions available in the literature are shown in Table II.
It is well known that the lifetime differences stem mainly
from the spectator effects such as weak annihilation and
Pauli interference. Spectator effects are depicted in Figs. 1
and 2 for Bbb and Bbc baryons, respectively. Calculations in

[5,7,9,10] indicate that the lifetimes of Ξ0
bb and Ξ−

bb are
close to each other. However, we see from Fig. 1 that Ξ0

bb
has a positive contribution from the W-exchange box
diagram, while both Ξ−

bb and Ω−
bb receive destructive

Pauli interference contributions. Hence, it is anticipated
that τðΩ−

bbÞ ∼ τðΞ−
bbÞ > τðΞ0

bbÞ. We are going to show in
this study that this is indeed the case. Likewise, a large
W-exchange contribution to Ξ0

bc through the subprocess
cd → us → cd and a large destructive Pauli interference
contribution to Ξþ

bc (see Fig. 2) will imply a substantial
lifetime difference between Ξþ

bc and Ξ0
bc, which will be

checked in this work.

TABLE I. Lifetimes of doubly charmed baryons in units of
10−13 s. The results of [9] are based on the calculation of using
mc ¼ 1.73� 0.07 GeV and ms ¼ 0.35� 0.20 GeV from a fit to
the LHCb measurement of τðΞþþ

cc Þ.
Ξþþ
cc Ξþ

cc Ωþ
cc

Kiselev et al. (’99) [3] 4.3� 1.1 1.1� 0.3
Guberina et al. (’99) [4] 15.5 2.2 2.5
Kiselev et al. (’02) [5] 4.6� 0.5 1.6� 0.5 2.7� 0.6
Chang et al. (’04) [6] 6.7 2.5 2.1
Karliner, Rosner (’14) [7] 1.85 0.53
Cheng, Shi (’18) [8] 2.98 0.44 0.75–1.80
Berezhnoy et al. (’18) [9] 2.6� 0.3 1.4� 0.1 1.8� 0.2

Expt. [2] 2.56þ0.28
−0.26
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The study of Bbc lifetimes is more complicated than the
Bbb case for several reasons. First, besides the spectator
effects due to each heavy quark b or c, there also exist
W-exchange and Pauli interference in which both b and c
quarks get involved. Second, care must be taken when
considering the heavy quark expansion (HQE) for the
charm quark. It is known that the HQE in 1=mb works
well for bottom hadrons [12]. On the contrary, the HQE to

1=m3
c fails to give a satisfactory description of the lifetimes

of both charmed mesons and charmed baryons [12]. Since
the charm quark is not heavy, it is thus natural to consider
the effects arising from the next order 1=mc expansion.
This calls for the subleading 1=mQ corrections to the
spectator effects. It turns out that although the relevant
dimension-7 spectator effects are in the right direction for
explaining the large lifetime ratio of the charmed baryons

TABLE II. Predicted lifetimes of doubly bottom and charm-bottom baryons in units of 10−13 s.

Likhoded et al. [10] Kiselev et al. [11] Kiselev et al. [5] Karliner et al. [7] Berezhnoy et al. [9]

Ξ0
bb 7.9 7.9 3.7 5.2� 0.095

Ξ−
bb 8.0 8.0 3.7 5.3� 0.096

Ω−
bb 8.0 8.0 5.3� 0.093

Ξþ
bc 2.8 3.3� 0.8 3.0� 0.4 2.44 2.4� 0.2

Ξ0
bc 2.6 2.8� 0.7 2.7� 0.3 0.93 2.2� 0.18

Ω0
bc 2.1 2.2� 0.4 1.8� 0.088

b c b

udu

b

d d

bc

ū

b

s s

bc

c̄

(a) (b) (c)

FIG. 1. Spectator effects in the nonleptonic decays of the doubly bottom baryons: (a) W-exchange in Ξ0
bb decay and destructive Pauli

interference in (b) Ξ−
bb and (c) Ω−

bb decays.

(a)

(b)

(c)

FIG. 2. Spectator effects in the nonleptonic weak decays of the charm-bottom baryons: (a) Ξþ
bc, (b) Ξ0

bc, and (c)Ω0
bc. In (a) and (b) there

are two W-exchange diagrams, one constructive Pauli interference and one destructive Pauli interference. In (c) there are one W-
exchange, two constructive Pauli interferences and one destructive Pauli interference.
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such as τðΞþ
c Þ=τðΛþ

c Þ, the destructive 1=mc corrections to
the lifetime of Ω0

c are too large to justify the use of the
HQE, namely, the predicted Pauli interference and semi-
leptonic rates for the Ω0

c become negative, which certainly
does not make sense. Demanding these rates to be positive
for a sensible HQE, it has been conjectured in [12] that the
Ω0

c lifetime lies in the range of ð2.3–3.2Þ × 10−13 s. This is
indeed consistent with the new measurement of the Ω0

c
lifetime by LHCb [13] and the new lifetime pattern
τðΞþ

c Þ > τðΩ0
cÞ > τðΛþ

c Þ > τðΞ0
cÞ, contrary to the hier-

archy τðΞþ
c Þ > τðΛþ

c Þ > τðΞ0
cÞ > τðΩ0

cÞ given in the
PDG [14]. This indicates that the Ω0

c, which is naively
expected to be shortest-lived in the charmed baryon system
owing to the large constructive Pauli interference, could
live longer than the Λþ

c due to the suppression from next
order 1=mc corrections arising from dimension-7 four-
quark operators. By the same token, this effect should be
also taken into account in both Bbb and Bbc systems.
For the doubly heavy baryons Bbc, we shall follow the

traditional convention of unprimed states Ξbc and Ωbc with
the bc diquark being of the axial-vector type (Sbc ¼ 1) and
primed states Ξ0

bc and Ω0
bc with the scalar type of the heavy

diquark (Sbc ¼ 0). Theoretical calculations imply that B0
bc

is heavier than Bbc.
1 Hence, the primed B0

bc baryons are
dominated by the electromagnetic decay B0

bc → Bbcγ.
In this work we shall study the lifetimes of doubly heavy

baryons within the framework of the HQE. It is organized
as follows. In Sec. II we give the general HQE expressions
for inclusive nonleptonic and semileptonic widths. Special
attention is paid to the doubly heavy baryon matrix
elements of dimension-3 and -5 operators which are
somewhat different from the ones of singly heavy baryons.
We then proceed to discuss the relevant dimension-6 and -7
four-quark operators. Evaluation of doubly heavy baryon
matrix elements and numerical results are presented in
Sec. III. Conclusions are given in Sec. IV.

II. THEORETICAL FRAMEWORK

Under the heavy quark expansion, the inclusive non-
leptonic decay rate of a doubly heavy baryon BQQ0

containing two heavy quarks QQ0 is given by [17,18]

ΓðBQQ0 Þ ¼ 1

2mBQQ0
ImhBQQ0 jTjBQQ0 i

¼ 1

2mBQQ0
hBQQ0 j

Z
d4xT½L†

WðxÞLWð0Þ�jBQQ0 i;

ð2:1Þ

in analog to the case of a singly heavy baryon BQ. Through
the use of the operator product expansion, the transition
operator T can be expressed in terms of local quark
operators

ImT ¼ G2
Fm

5
Q

192π3
ξ

�
c3;QQ̄Qþ c5;Q

m2
Q
Q̄σ ·GQþ c6;Q

m3
Q
T6

þ c7;Q
m4

Q
T7 þ � � �

�
; ð2:2Þ

where ξ is the relevant Cabibbo-Kobayashi-Maskawa
(CKM) matrix element, the dimension-6 T6 consists of
the four-quark operators ðQ̄ΓqÞðq̄ΓQÞ with Γ representing
a combination of the Lorentz and color matrices, while a
subset of dimension-7 T7 is governed by the four-quark
operators containing derivative insertions. Hence,

ΓðBbcÞ ¼
G2

Fm
5
b

192π3
ξ

1

2mBbc

�
c3;bhBbcjb̄bjBbci

þ c5;b
m2

b

hBbcjb̄σ · GbjBbci þ
c6;b
m3

b

hBbcjT6jBbci

þ c7;b
m4

b

hBbcjT7jBbci þ � � �
�

þ G2
Fm

5
c

192π3
ξ

1

2mBbc

�
c3;chBbcjc̄cjBbci

þ c5;c
m2

c
hBbcjc̄σ ·GcjBbci þ

c6;c
m3

c
hBbcjT6jBbci

þ c7;c
m4

c
hBbcjT7jBbci þ � � �

�
: ð2:3Þ

In the following we shall discuss the contributions from
dimension-3, -5, -6 and -7 operators separately.

A. Dimension-3 and -5 operators

In heavy quark effective theory (HQET), the dimension-
3 operator Q̄Q in the rest frame has the expression

Q̄Q ¼ Q̄γ0Q −
Q̄ðiD⃗Þ2Q
2m2

Q
þ Q̄σ ·GQ

4m2
Q

þO
�

1

m3
Q

�
; ð2:4Þ

with the normalization

hBQQ0 jQ̄γ0QjBQQ0 i
2mBQQ0

¼ 1: ð2:5Þ

Hence,

hBbcjc̄cjBbci
2mBbc

¼ 1 −
μ2π;c
2m2

c
þ μ2G;c
2m2

c
þO

�
1

m3
c

�
; ð2:6Þ

where

1Almost all the calculations available in the literature lead to
mΞ0

bc
> mΞbc

(see, e.g., Fig. 18 of [15]) except the QCD sum-rule
calculation of [16] and the lattice QCD calculation of [15]. Note
that the definition of primed and unprimed Bbc states in [15] is
opposite to the conventional one.
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μ2π;c ≡ 1

2mBbc

hBbcjc̄ðiD⃗Þ2cjBbci

¼ −
1

2mBbc

hBbcjc̄ðiD⊥Þ2cjBbci ¼ −λc1;

μ2G;c ≡ 1

2mBbc

hBbcjc̄
1

2
σ ·GcjBbci ¼ dHλc2: ð2:7Þ

The nonperturbative parameters λ1 and λ2 are independent
of mQ and have the same values for all particles in a given
spin-flavor multiplet.
We first consider the nonperturbative parameter μ2π. In

general, μ2π;Q ¼ hp2i ¼ hm2
Qv

2
Qi. The average kinetic

energy of the diquark bc and the light quark q is
T ¼ 1

2
mdiv2di þ 1

2
mqv2q, where mdi (mq) is the mass of

the diquark (light quark). This together with the momentum
conservation mdivdi ¼ mqvq leads to

v2di ¼
2mqT

ðmb þmcÞðmb þmc þmqÞ
: ð2:8Þ

As shown in [3], the average kinetic energy T 0 of heavy
quarks inside the diquark given by 1

2
mbðṽ2b þ ṽ2cÞ is equal to

T=2 due to the color wave function of the diquark. Hence,
the average velocity ṽb of the heavy quark b inside the
diquark is ṽ2b ¼ mcT=½mbðmb þmcÞ�, where we have
applied the momentum conservation mbṽb ¼ mcṽc. As a
result, the average velocity vQ of the heavy quark inside the
baryon Bbc is [5]

v2b≈ ṽ2bþv2di¼
mcT

mbðmbþmcÞ
þ 2mqT

ðmbþmcÞðmbþmcþmqÞ
;

v2c≈ ṽ2cþv2di¼
mbT

mcðmbþmcÞ
þ 2mqT

ðmbþmcÞðmbþmcþmqÞ
:

ð2:9Þ
Hence,

μ2π;bðBbcÞ≃m2
b

�
mcT

mbðmbþmcÞ
þ 2mqT

ðmbþmcÞðmbþmcþmqÞ
�
;

μ2π;cðBbcÞ≃m2
c

�
mbT

mcðmbþmcÞ
þ 2mqT

ðmbþmcÞðmbþmcþmqÞ
�
:

ð2:10Þ

We next turn to the parameter μ2G. For the doubly heavy
baryon BQQ0 , if the heavy diquark acts as a pointlike
constitute, its mass is of the form

mBbc
¼ mb þmc þ Λ̄Bbc

þ μ2π;b
2mb

þ μ2π;c
2mc

−
μ2G;b
2mb

−
μ2G;c
2mc

þO
�

1

m2
Q

�
: ð2:11Þ

There are two distinct chromomagnetic fields inside the
Bbc: one is the chromomagnetic field produced by the light
quark and the other by the heavy quark. To proceed, let us
consider a simple quark model of De Rújula et al. [19]:

Mbaryon ¼ M0 þ � � � þ 16

9
παs

X
i>j

S⃗i · S⃗j
mimj

jψð0Þj2;

Mmeson ¼ M0 þ � � � þ 32

9
παs

S⃗1 · S⃗2
m1m2

jψð0Þj2: ð2:12Þ

It is well known that the fine structure constant is − 4
3
αs for

q̄q pairs in a meson and − 2
3
αs for qq pairs in a baryon [19].

This is because the q̄q pair in a meson must be a color
singlet, while the qq pair in a baryon is in color antitriplet
state. The mass of the doubly heavy baryon Bbc is given by

mBbc
¼mbþmcþ���þ16

9
παs

��
S⃗b · S⃗q
mbmq

þ S⃗c · S⃗q
mcmq

�
jψq;bcð0Þj2

þ S⃗b · S⃗c
mbmc

jϕbcð0Þj2
�
; ð2:13Þ

where ψq;bcð0Þ is the light quark wave function at the origin
of the bc diquark and ϕbcð0Þ is the diquark wave function at
the origin.
The matrix elements of spin-spin interactions are given by

hBbcjS⃗b · S⃗qjBbci ¼
1

2
½SbqðSbq þ 1Þ − SbðSb þ 1Þ

− SqðSq þ 1Þ�;

hBbcjS⃗c · S⃗qjBbci ¼
1

2
½ScqðScq þ 1Þ − ScðSc þ 1Þ

− SqðSq þ 1Þ�; ð2:14Þ

whereSbq (Scq) is the spin of the diquarkbq (cq). To evaluate
the diquark spins Sbq and Scq, we need to change the basis
from jS; Sbci to jS; Sbqi or jS; Scqi with S being the spin of
the heavy baryon:

jS;Sbci¼
X
Sbq

ð−1ÞðSþSbþScþSqÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2Sbqþ1Þð2Sbcþ1Þ

q

×

�
Sq Sb Sbq
Sc S Sbc

�
jS;Sbqi;

jS;Sbci¼
X
Scq

ð−1ÞðSþSbþScþSqÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2Scqþ1Þð2Sbcþ1Þ

q

×

�
Sq Sc Scq
Sb S Sbc

�
jS;Scqi: ð2:15Þ

We find:
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mΞbc
¼ mb þmc þ � � � þ 16

9
παs

�
−
1

2

mb þmc

mbmcmq
jψq;bcð0Þj2 þ 1

4mbmc
jϕbcð0Þj2

�
;

mΞ�
bc
¼ mb þmc þ � � � þ 16

9
παs

�
1

4

mb þmc

mbmcmq
jψq;bcð0Þj2 þ 1

4mbmc
jϕbcð0Þj2

�
: ð2:16Þ

The term proportional to jψq;bcð0Þj2 can be expressed in terms of the hyperfine mass splitting of Ξbc:

mΞ�
bc
−mΞbc

¼ 4

3
παs

mb þmc

mbmcmq
jψq;bcð0Þj2: ð2:17Þ

Identifying the last two terms in the parentheses of Eq. (2.16) with −μ2G;b=ð2mbÞ − μ2G;c=ð2mcÞ, we obtain

μ2G;bðcÞðΞbcÞ ¼
2

3
ðmΞ�

bc
−mΞbc

ÞmbðcÞ −
4

9
παs

jϕbcð0Þj2
mcðbÞ

: ð2:18Þ

It has been known that HQET is not the appropriate effective field theory for hadrons with more than one heavy quark.
For a singly heavy hadron, the heavy quark kinetic energy is neglected as it occurs as a small 1=mQ correction. For a bound
state containing two or more heavy quarks, the heavy quark kinetic energy is very important and cannot be treated as a
perturbation. The appropriate theory for dealing such a system is nonrelativistic QCD (NRQCD), in which one has

Q̄gsσ ·GQ ¼ −2ψ†
Qgsσ⃗ · B⃗ψQ −

1

mQ
ψ†
QgsD⃗ · E⃗ψQ þ � � � ð2:19Þ

in terms of the two-spinor ψQ. According to the counting rule, the Darwin term for the interaction with the chromoelectric
field is of the same order of magnitude as the chromomagnetic term [20]. Hence, we get an additional contribution to μ2G:

μ2G;b ¼
2

3
ðmΞ�

bc
−mΞbc

Þmb −
1

9
g2s

jϕbcð0Þj2
mc

−
1

6
g2s

jϕbcð0Þj2
mb

;

μ2G;c ¼
2

3
ðmΞ�

bc
−mΞbc

Þmc −
1

9
g2s

jϕbcð0Þj2
mb

−
1

6
g2s

jϕbcð0Þj2
mc

: ð2:20Þ

The last term in μ2G;b and μ2G;c can be obtained by using the equation of motion for the chromoelectric field. It follows that

hΞbcjc̄cjΞbci
2mΞbc

¼ 1 −
1

2
v2c þ

1

3

mΞ�
bc
−mΞbc

mc
−

1

18
g2s

jϕbcð0Þj2
mbm2

c
−

1

12
g2s

jϕbcð0Þj2
m3

c
: ð2:21Þ

This expression is different from the one given in [5]:

hΞbcjc̄cjΞbci
2mΞbc

¼ 1 −
1

2
v2c þ

1

3
g2s

jϕbcð0Þj2
mbm2

c
−
1

6
g2s

jϕbcð0Þj2
m3

c
: ð2:22Þ

We notice that the third term in Eq. (2.21) is absent in the above expression. This is because the authors of [5] considered the
charm-bottom baryon Ξ0

bc with the scalar bc diquark so that Sbc ¼ 0. It is straightforward to show that

hΞ0
bcjS⃗b · S⃗qjΞ0

bci ¼ hΞ0
bcjS⃗c · S⃗qjΞ0

bci ¼ 0. Hence, the chromomagnetic interaction of the heavy quark with the light quark
does not contribute to Ξ0

bc. However, since Ξ0
bc is heavier than Ξbc, it is dominated by the electromagnetic decay Ξ0

bc → Ξbcγ.
The nonleptonic and semileptonic decay rates of the Bbc baryons are then given by

ΓdecðBbcÞ ¼
G2

Fm
5
c

192π3
ξ

�
cNL3;c

�
1 −

μ2π;c
2m2

c
þ μ2G;c
2m2

c

�
þ 2cNL5;c

μ2G;c
m2

c

�
þ G2

Fm
5
b

192π3
ξ

�
cNL3;b

�
1 −

μ2π;b
2m2

b

þ μ2G;b
2m2

b

�
þ 2cNL5;b

μ2G;b
m2

b

�
ð2:23Þ

and

ΓSLðBbcÞ ¼
G2

Fm
5
c

192π3
ξ

�
cSL3;c

�
1 −

μ2π;c
2m2

c
þ μ2G;c
2m2

c

�
þ 2cSL5;c

μ2G;c
m2

c

�
þ G2

Fm
5
b

192π3
ξ

�
cSL3;b

�
1 −

μ2π;b
2m2

b

þ μ2G;b
2m2

b

�
þ 2cSL5;b

μ2G;b
m2

b

�
; ð2:24Þ

where the expressions of the coefficients c3;bðcÞ and c5;bðcÞ can be found, e.g., in [12]. For doubly bottom baryons Bbb, the
expressions of ΓdecðBbbÞ and ΓSLðBbbÞ are the same as Eqs. (2.23) and (2.24), respectively, except that the charm quark is
replaced by the bottom quark.

LIFETIMES OF DOUBLY HEAVY BARYONS … PHYS. REV. D 99, 073006 (2019)

073006-5



B. Dimension-6 operators

Defining

T 6 ¼
G2

Fm
2
Q

192π3
ξcNL6;QT6; ð2:25Þ

the dimension-6 four-quark operators in Eq. (2.3) for spectator effects in inclusive decays of doubly charmed baryons Bbc
are given by (only Cabibbo-allowed decays being listed here) [11]:

T Bbc
6;ann;bc ¼

G2
Fm

2
b

2π
jVcbj2ð1þ ffiffiffiffiffi

xb
p Þ2ð1 − xbþÞ2fðc21 þ c22Þðb̄bÞðc̄cÞ þ 2c1c2ðb̄cÞðc̄bÞg;

T Bbc
6;ann;bu ¼

G2
Fm

2
b

2π
jVcbj2ð1 − xbÞ2fðc21 þ c22Þðb̄bÞðūuÞ þ 2c1c2ðb̄uÞðūbÞg;

T Bbc
6;ann;cd ¼

G2
Fm

2
c

2π
jVcsj2ð1 − xcÞ2fðc21 þ c22Þðc̄cÞðd̄dÞ þ 2c1c2ðc̄dÞðd̄cÞg;

T Bbc
6;int−;cu ¼ −

G2
Fm

2
c

6π
jVcsj2ð1 − xcÞ2

�
c21

��
1þ 1

2
xc

�
ðc̄cÞðūuÞ − ð1þ 2xcÞc̄αð1 − γ5Þuβūβð1þ γ5Þcα

�

þ ð2c1c2 þ Ncc22Þ
��

1þ 1

2
xc

�
ðc̄uÞðūcÞ − ð1þ 2xcÞc̄ð1 − γ5Þuūð1þ γ5Þc

��
;

T Bbc
6;int−;bd ¼ −

G2
Fm

2
b

6π
jVcbj2ð1 − xbÞ2

�
c21

��
1þ 1

2
xb

�
ðb̄bÞðd̄dÞ − ð1þ 2xbÞb̄αð1 − γ5Þdβd̄βð1þ γ5Þbα

�

þ ð2c1c2 þ Ncc22Þ
��

1þ 1

2
xb

�
ðb̄dÞðd̄bÞ − ð1þ 2xbÞb̄ð1 − γ5Þdd̄ð1þ γ5Þb

��
;

T Bbc
6;int−;bs ¼ −

G2
Fm

2
b

6π
jVcbj2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4xb

p
fc21½ð1 − xbÞðb̄bÞðs̄sÞ − ð1þ 2xbÞb̄αð1 − γ5Þsβs̄βð1þ γ5Þbα�

þ ð2c1c2 þ Ncc22Þ½ð1 − xbÞðb̄sÞðs̄bÞ − ð1þ 2xbÞb̄ð1 − γ5Þss̄ð1þ γ5Þb�g;

T Bbc
6;intþ;cs ¼ −

G2
Fm

2
c

6π
jVcsj2ð1 − ffiffiffiffiffi

xc
p Þ2fc22½ðc̄cÞðs̄sÞ − c̄αð1 − γ5Þsβs̄βð1þ γ5Þcα�

þ ð2c1c2 þ Ncc21Þ½ðc̄sÞðs̄cÞ − c̄ð1 − γ5Þss̄ð1þ γ5Þc�g;

T Bbc
6;intþ;bc ¼ −

G2
Fm

2
b

6π
jVcbVcsj2ð1 − ffiffiffiffiffi

xb
p Þ2ð1 − xb−Þ2

�
c22

��
1þ 1

2
xb−

�
ðb̄bÞðc̄cÞ − ð1þ 2xb−Þb̄αð1 − γ5Þcβc̄βð1þ γ5Þbα

�

þ ð2c1c2 þNcc21Þ
��

1þ 1

2
xb−

�
ðb̄cÞðc̄bÞ − ð1þ 2xb−Þb̄ð1 − γ5Þcc̄ð1þ γ5Þb

��

−
G2

Fm
2
b

6π
jVcbVudj2ð1 − ffiffiffiffiffi

xb
p Þ2f� � � with xb− → 0g; ð2:26Þ

where ðq̄1q2Þ≡ q̄1γμð1 − γ5Þq2, and α, β are color indices, xc ¼ m2
s=m2

c, xb ¼ m2
c=m2

b, and xb� ¼ m2
c=ðmb �mcÞ2.

Spectator effects in the weak decays of the doubly charmed baryons Ξþ
bc, Ξ0

bc, and Ω0
bc are depicted in Fig. 2. The first

amplitude T Bbc
6;ann;bc in (2.26) corresponds to the first W-exchange diagram in Figs. 2(a)–2(c), which is common to all Bbc

baryons. Similarly, the amplitude T Bbc
6;ann;bu corresponds to the second W-exchange diagram in Fig. 2(a). The amplitude

T Bcc
6;intþ;bc arises from the constructive Pauli interference of the c quark produced in the b quark decay with the c quark in the

wave function of Bbc. It corresponds to the third diagram in Figs. 2(a) and 2(b), and the second diagram in Fig. 2(c). The
term T Bbc

6;int−;cu is due to the destructive interference of the u quark, and it occurs in the fourth diagram in Fig. 2(a).
For inclusive semileptonic decays of Bbc baryons, there is a spectator effect originating from the constructive Pauli

interference of the c or s quark [21]; that is, the c (s) quark produced in b → cl−ν̄l (c → slþνl) has an interferencewith the c
(s) quark in the wave function of Bbc (Ω0

bc). This amounts to replacing the loop quarks sc̄ and dū (ud̄) in the second (third)
diagram of Fig. 2(c) by l−ν̄l (lþνl). It is now ready to deduce this term from T Bbc

6;intþ;cs and T
Bbc
6;intþ;bc in Eq. (2.26) by putting

c1 ¼ 1, c2 ¼ 0, and Nc ¼ 1:
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T Bbc;SL
6;int;bc ¼ −

G2
Fm

2
b

6π
jVcbj2ð1 −

ffiffiffiffiffi
xb

p Þ2
��

1þ 1

2
xbl

�
ðb̄cÞðc̄bÞ − ð1þ 2xblÞb̄ð1 − γ5Þcc̄ð1þ γ5Þb

�
;

T Bbc;SL
6;int;cs ¼ −

G2
Fm

2
c

6π
jVcsj2ð1 − ffiffiffiffiffi

xc
p Þ2

��
1þ 1

2
xcl

�
ðc̄sÞðs̄cÞ − ð1þ 2xclÞc̄ð1 − γ5Þss̄ð1þ γ5Þc

�
; ð2:27Þ

where xcl ¼ m2
l=m

2
c and xbl ¼ m2

l=m
2
b.

For doubly bottom baryons Bbb, the expressions of T Bbb
6;ann;bu, T

Bbb
6;int−;bd, and T Bbb

6;int−;bs (see Fig. 1) have the same
expressions as T Bbc

6;ann;bu, T
Bbc
6;int−;bd, and T

Bbc
6;int−;bs, respectively, in Eq. (2.26). However, there is no additional spectator effect

in semileptonic decays of Bbb baryons.

C. Dimension-7 operators

To the order of 1=m4
Q in the heavy quark expansion in Eq. (2.3), we need to consider dimension-7 operators. For our

purposes, we shall focus on the 1=mQ corrections to the spectator effects discussed in the last subsection and neglect the
operators with gluon fields. Dimension-7 terms are either the four-quark operators times the spectator quark mass or the
four-quark operators with one or two additional derivatives [22,23].
We obtain [12]

T Bbc
7;ann;bc¼

G2
Fm

2
b

2π
jVcbj2ð1þ

ffiffiffiffiffi
xb

p Þ2ð1−xbþÞ2f2c1c2½2ð1þxbÞPbc
3 þð1−xbÞPbc

5 �þðc21þc22Þ½2ð1þxbÞP̃bc
3 þð1−xbÞP̃bc

5 �g;

T Bbc
7;ann;bu¼

G2
Fm

2
b

2π
jVcbj2ð1−xbÞ2f2c1c2½2ð1þxbÞPbu

3 þð1−xbÞPbu
5 �þðc21þc22Þ½2ð1þxbÞP̃bu

3 þð1−xbÞP̃bu
5 �g;

T Bbc
7;ann;cd¼

G2
Fm

2
c

2π
jVcsj2ð1−xcÞ2f2c1c2½2ð1þxcÞPcd

3 þð1−xcÞPcd
5 �þðc21þc22Þ½2ð1þxcÞP̃cd

3 þð1−xcÞP̃cd
5 �g;

T Bbc
7;int;cu¼

G2
Fm

2
c

6π
jVcsj2ð1−xcÞ2

�
ð2c1c2þNcc22Þ

�
−ð1−xcÞð1þ2xcÞðPcu

1 þPcu
2 Þþ2ð1þxcþx2cÞPcu

3 −12x2cPcu
4

−ð1−xcÞ
�
1þ1

2
xc

�
Pcu
5 þð1−xcÞð1þ2xcÞPcu

6

�
þc21

�
−ð1−xcÞð1þ2xcÞðP̃cu

1 þ P̃cu
2 Þþ2ð1þxcþx2cÞP̃cu

3

−12x2cP̃cu
4 −ð1−xcÞ

�
1þ1

2
xc

�
P̃cu
5 þð1−xcÞð1þ2xcÞP̃cu

6

��
;

T Bbc
7;int;bd¼T Bbc

7;int;cuðc→b;u→d;Vcs→VcbÞ;
T Bbc

7;int;bs¼T Bbc
7;int;bdðd→ sÞ;

T Bbc
7;int;cs¼

G2
Fm

2
c

6π
jVcsj2ð1−

ffiffiffiffiffi
xc

p Þ2fð2c1c2þNcc21Þ½−Pcs
1 −Pcs

2 þ2Pcs
3 −Pcs

5 þPcs
6 �þc22½−P̃cs

1 − P̃cs
2 þ2P̃cs

3 − P̃cs
5 þ P̃cs

6 �g;

T Bbc
7;int;bc¼

G2
Fm

2
b

6π
jVcbj2ð1−

ffiffiffiffiffi
xb

p Þ2fð2c1c2þNcc21Þ½−Pbc
1 −Pbc

2 þ2Pbc
3 −Pbc

5 þPbc
6 �þc22½−P̃bc

1 − P̃bc
2 þ2P̃bc

3 − P̃bc
5 þ P̃bc

6 �g;
ð2:28Þ

where dimension-7 four-quark operators are defined by [24]2

PQq
1 ¼ mq

mQ
Q̄ð1 − γ5Þqq̄ð1 − γ5ÞQ; PQq

2 ¼ mq

mQ
Q̄ð1þ γ5Þqq̄ð1þ γ5ÞQ;

PQq
3 ¼ 1

m2
Q
Q̄D⃖ργμð1 − γ5ÞDρqq̄γμð1 − γ5ÞQ; PQq

4 ¼ 1

m2
Q
Q̄D⃖ρð1 − γ5ÞDρqq̄ð1þ γ5ÞQ;

PQq
5 ¼ 1

mQ
Q̄γμð1 − γ5Þqq̄γμð1 − γ5ÞðiDÞQ; PQq

6 ¼ 1

mQ
Q̄ð1 − γ5Þqq̄ð1þ γ5ÞðiDÞQ; ð2:29Þ

2The T7 term in the HQE is suppressed by a factor of 1=mQ relative to T6 [see Eq. (2.2)]. However, this suppression factor is absorbed
in the definition of PQq

i for later convenience. We shall see below that the hadronic matrix elements of dimension-7 operators are
suppressed relative to that of dimension-6 ones by order mq=mQ.
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and P̃i denotes the color-rearranged operator that
follows from the expression of Pi by interchanging the
color indices of the Qi and qj Dirac spinors, e.g.,

P̃Qq
1 ¼ mq

mQ
Q̄ið1 − γ5Þqjq̄jð1 − γ5ÞQi.

For doubly bottom baryons Bbb, the spectator effects

T Bbb
7;ann;bu,T

Bbb
7;int;bd, andT

Bbb
7;int;bs have the same expressions as

T Bbc
7;ann;bu, T

Bbc
7;int;bd, and T Bbc

7;int;bs in Eq. (2.28), respectively.
As for the dimension-7 contributions to semileptonic

decays, it can be obtained from T Bbc;bc
7;int and T Bbc;cs

7;int by
setting c1 ¼ 1, c2 ¼ 0, and Nc ¼ 1. Taking into account
the lepton mass corrections, it reads [12]

T SL;bc
7;int ¼ G2

Fm
2
b

6π
jVcbj2ð1 − ffiffiffiffiffi

xb
p Þ2½−ð1 − xblÞ2

× ð1þ 2xblÞðPbc
1 þ Pbc

2 Þ þ 2ð1 − xblÞ
× ð1þ xbl þ x2blÞPbc

3 − 12x2blð1 − xblÞPbc
4 �;

T SL;cs
7;int ¼ G2

Fm
2
c

6π
jVcsj2ð1 −

ffiffiffiffiffi
xc

p Þ2½−ð1 − xclÞ2

× ð1þ 2xclÞðPcs
1 þ Pcs

2 Þ þ 2ð1 − xclÞ
× ð1þ xcl þ x2clÞPcs

3 − 12x2clð1 − xclÞPcs
4 �;
ð2:30Þ

where xQl ¼ ðml=mQÞ2.

III. LIFETIMES OF DOUBLY
HEAVY BARYONS Bbc AND Bbb

A. Baryon matrix elements

The spectator effects in inclusive decays of the
charm-bottom baryons Bbc arising from dimension-6 and
dimension-7 operators are given by Eqs. (2.26)–(2.28) and
Eq. (2.30), respectively. We shall rely on the quark
model to evaluate the baryon matrix elements of four-
quark operators. Since the heavy bc diquark of Bbc is
of the axial-vector type, its flavor-spin wave function is
given by

Bbc ¼
1

6
ð2b↑c↑q↓ − b↑c↓q↑ − b↓c↑q↑ þ 2c↑b↑q↓

− c↑b↓q↑ − c↓b↑q↑ þ ð13Þ þ ð23ÞÞ: ð3:1Þ

In the nonrelativistic quark model we have (see
Appendix B of [12] for the detail)

hΞbcjðc̄cÞðq̄qÞjΞbci ¼ 6mΞbc
jψq;bcð0Þj2; ð3:2Þ

where we have taken into account the normalization of the
matrix element hBQQ0 jQ=vQjBQQ0 i or hBQQ0 jQ0=vQ0jBQQ0 i
to 2mBQQ0 . The relevant Bbc baryon matrix elements of

dimension-6 operators are

hBbcjðQ̄qÞðq̄QÞjBbci¼−6mBbc
jψq;bcð0Þj2;

hBbcjðQ̄QÞðq̄qÞjBbci¼ 6mBbc
jψq;bcð0Þj2B̃;

hBbcjQ̄ð1− γ5Þqq̄ð1þ γ5ÞQjBbci¼−mBbc
jψq;bcð0Þj2;

hBbcjQ̄αð1− γ5Þqβq̄βð1þ γ5ÞQαjBbci¼mBbc
jψq;bcð0Þj2B̃;

ð3:3Þ

with Q ¼ b, c. The parameter B̃ is defined by

hBbcjðQ̄QÞðq̄qÞjBbci ¼ −B̃hBbcjðQ̄qÞðq̄QÞjBbci: ð3:4Þ

Since the color wave function for a baryon is totally
antisymmetric, the matrix element of ðQ̄QÞðq̄qÞ is the
same as that of ðQ̄qÞðq̄QÞ except for a sign difference. That
is, B̃ ¼ 1 under the valence-quark approximation.
For the Bbc matrix elements of four-quark operators

involved with both b and c quarks, we obtain

hBbcjðb̄cÞðc̄bÞjBbci ¼ 0;

hBbcjðb̄bÞðc̄cÞjBbci ¼ 0;

hBbcjb̄ð1 − γ5Þcc̄ð1þ γ5ÞbjBbci ¼ 2mBbc
jϕbcð0Þj2;

hBbcjb̄αð1 − γ5Þcβc̄βð1þ γ5ÞbαjBbci ¼ −2mBbc
jϕbcð0Þj2B̃:

ð3:5Þ

It should be remarked that the Bbc matrix elements of the
four-quark operators ðb̄cÞðc̄bÞ and ðb̄bÞðc̄cÞ vanish in the
nonrelativistic quark model but not in the MIT bag model.
However, for the reason of consistency, we will stick to the
former model. Note that our expressions of the Bbc matrix
elements of dimension-6 operators Eqs. (3.3) and (3.5) are
different from that given in [5,11], in which the spin of the
bc diquark is treated to be zero.
Likewise, the Bbc matrix elements of the dimension-7

operators PQq
i read
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hBbcjPQq
1 jBbci ¼ hBbcjPQq

2 jBbci

¼ 3

2
mBbc

jψq;bcð0Þj2
� m2

Bbc
−m2

fbcg
mQðmb þmcÞ

�
ηq1;2;

hBbcjPQq
3 jBbci ¼ 3hBbcjPQq

4 jBbci

¼ −3mBbc
jψq;bcð0Þj2

� m2
Bbc

−m2
fbcg

mQðmb þmcÞ
�
ηq3;4;

ð3:6Þ

where the parameters ηqi are expected to be of order
unity, and mfbcg is the mass of the axial-vector bc
diquark. In the derivation of Eq. (3.6) we have applied
the relations pb ≈mbv and pc ≈mcv as the bc system
has been treated as a diquark. It is then straightforward to
show that

pb · pq

m2
b

≈
1

2

m2
Bbc

−m2
fbcg

mbðmb þmcÞ
;

pc · pq

m2
c

≈
1

2

m2
Bbc

−m2
fbcg

mcðmb þmcÞ
: ð3:7Þ

Therefore, the matrix elements of dimension-7 operators are
suppressed by a factor of mq=mQ relative to that of dimen-
sion-6 ones. Matrix elements of the dimension-7 operators
Pbc
i read

hBbcjPbc
1 jBbci ¼ hBbcjPbc

2 jBbci

¼ 2mBbc

�
mc

mb

�
jϕbcð0Þj2ηq1;2;

hBbcjPbc
3 jBbci ¼ 0;

hBbcjPbc
4 jBbci ¼ −4mBbc

�
mc

mb

�
jϕbcð0Þj2ηq4: ð3:8Þ

They are suppressed by a factor of mc=mb relative to the
matrix elements of dimension-6 operators. For the matrix
elements of the operators P̃Qq

i , we introduce a parameter β̃qi in
analog to Eq. (3.4):

hBbcjP̃Qq
i jBbci ¼ −β̃qi hBbcjPQq

i jBbci; ð3:9Þ

so that β̃qi ¼ 1 under the valence quark approximation.
The flavor-spin wave function of Bbb is given by

Bbb ¼
1ffiffiffiffiffi
18

p ð2b↑b↑q↓ − b↑b↓q↑ − b↓b↑q↑ þ ð13Þ þ ð23ÞÞ:

ð3:10Þ

Then the relevant Bbb matrix elements have the
expressions

hBbbjðb̄qÞðq̄bÞjBbbi¼−12mBbb
jψq;bbð0Þj2;

hBbbjðb̄bÞðq̄qÞjBbbi¼ 12mBbb
jψq;bbð0Þj2B̃;

hBbbjb̄ð1− γ5Þqq̄ð1þ γ5ÞbjBbbi¼−2mBbb
jψq;bbð0Þj2;

hBbbjb̄αð1− γ5Þqβq̄βð1þ γ5ÞbαjBbbi¼ 2mBbb
jψq;bbð0Þj2B̃;

ð3:11Þ

and

hBbbjPbq
1 jBbbi ¼ hBbbjPbq

2 jBbbi ¼
3

2
mBbb

jψq;bbð0Þj2
�m2

Bbb
−m2

fbbg
m2

b

�
ηq1;2;

hBbbjPbq
3 jBbbi ¼ 6hBbbjPbq

4 jBbbi ¼ −3mBbb
jψq;bbð0Þj2

�m2
Bbb

−m2
fbbg

m2
b

�
ηq3;4: ð3:12Þ

In numerical calculations, we shall take mfbcg to be 6526 MeV and mfbbg 9978 MeVobtained from the relativistic quark
model [25].
We are ready to evaluate the spectator effects in Bbc decays given by

ΓspecðBbcÞ ¼
hBbcjT 6 þ T 7jBbci

2mBbc

: ð3:13Þ
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The results are

ΓBbc
ann;bc¼−

G2
Fm

2
b

2π
jVcbj2ð1þ

ffiffiffiffiffi
xb

p Þ2ð1þxbÞð1−xbþÞ2ðβ̃ðc21þc22Þ−2c1c2Þη
�
mc

mb

�
jϕbcð0Þj2;

ΓBbc
ann;bu¼

3

2

G2
Fm

2
b

π
jVcbj2ð1−xbÞ2jψq;bcð0Þj2

�
ðB̃ðc21þc22Þ−2c1c2Þþð1þxbÞðβ̃ðc21þc22Þ−2c1c2Þη

�m2
Bbc

−m2
fbcg

mbðmbþmcÞ
��

;

ΓBbc
ann;cd¼

3

2

G2
Fm

2
c

π
jVcsj2ð1−xcÞ2jψq;bcð0Þj2

�
ðB̃ðc21þc22Þ−2c1c2Þþð1þxcÞðβ̃ðc21þc22Þ−2c1c2Þη

�m2
Bbc

−m2
fbcg

mcðmbþmcÞ
��

;

ΓBbc
int−;cu

¼−
G2

Fm
2
c

12π
jVcsj2ð1−xcÞ2jψq;bcð0Þj2

�
ðB̃c21−2c1c2−Ncc22Þð5þxcÞ

−9ðβ̃c21−2c1c2−Ncc22Þ
�
1þxc−

2

3
x2c

�
η

�m2
Bbc

−m2
fbcg

mcðmbþmcÞ
��

;

ΓBbc
int−;bd

¼−
G2

Fm
2
b

12π
jVcbj2ð1−xbÞ2jψq;bcð0Þj2

�
ðB̃c21−2c1c2−Ncc22Þð5þxbÞ

−9ðβ̃c21−2c1c2−Ncc22Þ
�
1þxb−

2

3
x2b

�
η

�m2
Bbc

−m2
fbcg

mbðmbþmcÞ
��

;

ΓBbc
int−;bs

¼−
G2

Fm
2
b

12π
jVcbj2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−4xb

p
jψ s;bcð0Þj2

�
ðB̃c21−2c1c2−Ncc22Þð5þxbÞ

−9ðβ̃c21−2c1c2−Ncc22Þ
�
1þxb−

2

3
x2b

�
η

�m2
Bbc

−m2
fbcg

mbðmbþmcÞ
��

;

ΓBbc
intþ;cs¼

G2
Fm

2
c

12π
jVcsj2ð1−

ffiffiffiffiffi
xc

p Þ2jψ s;bcð0Þj2
�
5ð2c1c2þNcc21− B̃c22Þ−9ð2c1c2þNcc21− β̃c22Þη

�m2
Bbc

−m2
fbcg

mcðmbþmcÞ
��

;

ΓBbc
intþ;bc¼

G2
Fm

2
b

6π
jVcbVcsj2ð1− ffiffiffiffiffi

xb
p Þ2jϕbcð0Þj2

�
ð2c1c2þNcc21− B̃c22Þð1−xb−Þ2ð1þ2xb−Þ−2ð2c1c2þNcc21− β̃c22Þη

�
mc

mb

��

þG2
Fm

2
b

6π
jVcbVudj2ð1− ffiffiffiffiffi

xb
p Þ2jϕbcð0Þj2f��� with xb−→0g; ð3:14Þ

and

ΓSL;bc
int ¼ G2

Fm
2
b

6π
jVcbj2ð1 − ffiffiffiffiffi

xb
p Þ2jϕbcð0Þj2

�
1 − 2

�
mc

mb

��
;

ΓSL;cs
int ¼ G2

Fm
2
c

12π
jVcsj2ð1 − ffiffiffiffiffi

xc
p Þ2jψ s;bcð0Þj2

�
5 − 9

�m2
Bbc

−m2
fbcg

mcðmb þmcÞ
��

: ð3:15Þ

Except for theweak annihilation term, the expression of Pauli
interference will be very lengthy if the hadronic parameters
ηqi and β̃

q
i are all treated to be different from each other. Since

in realistic calculations we will set β̃qi ðμhÞ ¼ 1 under the
valence quark approximation and put ηqi to unity, we shall
assume for simplicity that ηqi ¼ η and β̃qi ¼ β̃.
For the Wilson coefficients in Eqs. (3.14) and (3.15),

we choose the scale μ to be mb (mc) for the b (c)
quark decay and for the spectator effect involved
the b (c) quark. For example, we choose μ ≈mb for

the Wilson coefficients in ΓBbc
int−;bd

and μ ≈mc for the

Wilson coefficients in ΓBbc
intþ;cs. For the spectator effect

involved both b and c quarks, e.g., ΓBbc
intþ;bc, we shall

follow [20] to set μ ¼ 2mr with mr being the reduced
mass mbmc=ðmb þmcÞ.
There are two quantities in Eqs. (3.14) and (3.15) which

we need to know, namely jψq;bcð0Þj and jϕbcð0Þj. From
Eq. (2.17) we see that the wave function of the light quark
at the origin of the bc diquark jψq;bcð0Þj is related to the
hyperfine mass splitting of Ξbc. To remove the dependence
on the light quark mass mq, we notice that the hyperfine
mass splitting of B mesons is given by

mB� −mB ¼ 32

9
αsπ

jψbq̄
B ð0Þj2
mbmq

: ð3:16Þ
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Hence,

jψq;bcð0Þj2 ¼ 8

3

αsðmbÞ
αsð2mrÞ

mc

mb þmc

mΞ�
bc
−mΞbc

mB� −mB
jψbq̄

B ð0Þj2

≡ rΞbc
jψbq̄

B ð0Þj2

jψ s;bcð0Þj2 ¼ 8

3

αsðmbÞ
αsð2mrÞ

mc

mb þmc

mΩ�
bc
−mΩbc

mB�
s
−mBs

jψbs̄
Bs
ð0Þj2

≡ rΩbc
jψbs̄

Bs
ð0Þj2; ð3:17Þ

where the Bmeson wave functions at the origin squared are
given by

jψbq̄
B ð0Þj2 ¼ 1

12
f2BmB; jψbs̄

Bs
ð0Þj2¼ 1

12
f2Bs

mBs
: ð3:18Þ

As for the wave function of the diquark QQ0 at the origin,
we shall use [26]

jϕccð0Þj2 ¼ 0.039GeV3;

jϕbcð0Þj2 ¼ 0.065GeV3; jϕbbð0Þj2¼ 0.152GeV3:

ð3:19Þ

For the doubly bottom Bbb baryons, we have

ΓΞ0
bb

ann;bu ¼ 3
G2

Fm
2
b

π
jVcbj2ð1 − xbÞ2jψq;bbð0Þj2

�
ðB̃ðc21 þ c22Þ − 2c1c2Þ þ

1

2
ð1þ xbÞðβ̃ðc21 þ c22Þ − 2c1c2Þη

�m2
Ξbb

−m2
fbbg

m2
b

��
;

ΓΞ−
bb

int−;bd
¼ −

G2
Fm

2
b

6π
jVcbj2ð1 − xbÞ2jψq;bbð0Þj2

�
ðB̃c21 − 2c1c2 − Ncc22Þð5þ xbÞ

−
9

2
ðβ̃c21 − 2c1c2 − Ncc22Þ

�
1þ xb −

2

3
x2b

�
η

�m2
Ξbb

−m2
fbbg

m2
b

��
;

ΓΩ−
bb

int−;bs
¼ −

G2
Fm

2
b

6π
jVcbj2ð1 − xbÞ2jψ s;bbð0Þj2

�
ðB̃c21 − 2c1c2 − Ncc22Þð5þ xbÞ

−
9

2
ðβ̃c21 − 2c1c2 − Ncc22Þ

�
1þ xb −

2

3
x2b

�
η

�m2
Ωbb

−m2
fbbg

m2
b

��
; ð3:20Þ

where the wave function of the light quark at the origin of
the bb diquark jψq;bbð0Þj is given by

jψq;bbð0Þj2 ¼ 4

3

mΞ�
bb
−mΞbb

mB� −mB
jψbq̄

B ð0Þj2 ≡ rΞbb
jψbq̄

B ð0Þj2;

jψ s;bbð0Þj2 ¼ 4

3

mΩ�
bb
−mΩbb

mB�
s
−mBs

jψbs̄
Bs
ð0Þj2 ≡ rΩbb

jψbs̄
Bs
ð0Þj2:

ð3:21Þ

B. Numerical results

To compute the decay widths of doubly heavy baryons,
we have to specify the values of B̃ and rBQQ0 . Since B̃ ¼ 1 in
the valence-quark approximation and since the wave func-
tion squared ratio rBQQ0 defined in Eq. (3.17) or Eq. (3.21) is
evaluated using the quark model, it is reasonable to assume
that the nonrelativistic quark model and the valence-quark
approximation are most reliable when the baryon matrix
elements are evaluated at a typical hadronic scale μhad. As
shown in [27], the parameters B̃ and r renormalized at two
different scales are related via the renormalization group
equation to be

B̃ðμÞrðμÞ ¼ B̃ðμhadÞrðμhadÞ;

B̃ðμÞ ¼ B̃ðμhadÞ
κ þ 1

Nc
ðκ − 1ÞB̃ðμhadÞ

; ð3:22Þ

with

κ ¼
�
αsðμhadÞ
αsðμÞ

�
3Nc=2β0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αsðμhadÞ
αsðμÞ

s
ð3:23Þ

and β0 ¼ 11
3
Nc − 2

3
nf. The parameter κ takes care of the

evolution from mQ to the hadronic scale. We consider the
hadronic scale in the range of μhad ∼ 0.65–1 GeV. Taking
the scale μhad ¼ 0.9 GeV as an illustration, we obtain
B̃ðμÞ ¼ ð0.75; 0.67; 0.57ÞB̃ðμhadÞ ≃ ð0.75; 0.67; 0.57Þ and
rðμÞ ≃ ð1.33; 1.50; 1.74ÞrðμhadÞ. The parameter β̃ is treated
in a similar way.
We shall discuss the lifetimes of the doubly bottom

baryons Bbb first for their simplicity. Following [12], we
will use the kinetic b quark mass mb ¼ 4.546 GeV as the
calculated inclusive semileptonic B rate to the leading order
(LO); using this kinetic mass is very close to the exper-
imental measurement [12]. For numerical calculations, we
use the LO Wilson coefficients c1ðμÞ¼1.104 and c2ðμÞ ¼
−0.243 evaluated at the scale μ¼4.546GeV,mΞ�

bb
−mΞbb

¼
35 MeV, and mΩ�

bb
−mΩbb

¼ 30 MeV from [25], the wave

function jψbbð0Þj2 ¼ 0.151 GeV3 [26] and the average
kinetic energy T ¼ 0.37 GeV [3]. For the decay constants,
we use fB ¼ 186 MeV and fBs

¼ 230 MeV. For the charm
quark mass we use mc ¼ 1.56 GeV fixed from the exper-
imental values for Dþ and D0 semileptonic widths [12].

LIFETIMES OF DOUBLY HEAVY BARYONS … PHYS. REV. D 99, 073006 (2019)

073006-11



The total widths read

ΓðΞ0
bbÞ ¼ ΓdecðΞ0

bbÞ þ ΓSLðΞ0
bbÞ þ ΓBbb

ann;bu;

ΓðΞ−
bbÞ ¼ ΓdecðΞ−

bbÞ þ ΓSLðΞ−
bbÞ þ ΓBbb

int−;bd
;

ΓðΩ−
bbÞ ¼ ΓdecðΩbbÞ þ ΓSLðΩbbÞ þ ΓBbb

int−;bs
: ð3:24Þ

The results of calculations to order 1=m4
b are shown in

Table III. The lifetime pattern is τðΩ−
bbÞ ∼ τðΞ−

bbÞ > τðΞ0
bbÞ.

The Ξ0
bb baryon is shortest-lived owing to the W-exchange

contributions, while Ξ−
bb and Ω−

bb have similar lifetimes as
they both receive contributions from destructive Pauli
interference. We find the lifetime ratio τðΞ−

bbÞ=τðΞ0
bbÞ ¼

1.26.
For the numerical calculations in the charm-bottom

Bbc system, we also need the LO Wilson coefficients
c1ðμÞ ¼ 1.211 and c2ðμÞ ¼ −0.430 at the charm scale
μ ¼ 1.56 GeV, and the Wilson coefficients c1ðμÞ ¼
1.172 and c2ðμÞ ¼ −0.366 at μ ¼ 2mr ¼ 2.32 GeV. We
use mΞ�

bc
−mΞbc

¼ 47 MeV, mΩ�
bc
−mΩbc

¼ 42 MeV from

[25], and the wave function jψbcð0Þj2 ¼ 0.065 GeV3 [26].
The total inclusive rates for the charm-bottom baryons
Bbc read

ΓðΞþ
bcÞ ¼ ΓdecðΞþ

bcÞ þ ΓSLðΞþ
bcÞ þ ΓBbc

ann;bc þ ΓBbc
ann;bu

þ ΓBbc
intþ;bc þ ΓBbc

int−;cu
þ ΓSL;bc

int ;

ΓðΞ0
bcÞ ¼ ΓdecðΞ0

bcÞ þ ΓSLðΞ0
bcÞ þ ΓBbc

ann;bc þ ΓBbc
ann;cd

þ ΓBbc
intþ;bc þ ΓBbc

int−;bd
þ ΓSL;bc

int ;

ΓðΩ0
bcÞ ¼ ΓdecðΩ0

bcÞ þ ΓSLðΩ0
bcÞ þ ΓBbc

ann;bc þ ΓBbc
intþ;bc

þ ΓBbc
intþ;cs þ ΓBbc

int−;bs
þ ΓSL;bc

int þ ΓSL;cs
int : ð3:25Þ

The results of calculations to order 1=m3
b and 1=m3

c are
exhibited in Table IV. The lifetime hierarchy now reads

Oð1=m3
QÞ ⇒ τðΞþ

bcÞ > τðΩ0
bcÞ > τðΞ0

bcÞ: ð3:26Þ

Since the CKM matrix element Vcs is much larger than Vcb

in magnitude so that m2
cjVcsj2 ≫ m2

bjVcbj2, it is obvious
that the spectator effects due to W-exchange, constructive
and destructive Pauli interferences are dominated by
the charm quark, namely ΓBbc

ann;cd, ΓBbc
intþ;cs, and ΓBbc

int−;cu,

respectively. Therefore, the large W-exchange contribution
to Ξ0

bc through the subprocess cd → us → cd and the
sizable destructive Pauli interference contribution to Ξþ

bc
(see Fig. 2) implies a substantial lifetime difference
between Ξþ

bc and Ξ0
bc. Numerically, we see from

Table IV that ΓBbc
ann;cd > ΓBbc

intþ;cs > jΓBbc
int−;cuj. This explains

the lifetime hierarchy Eq. (3.26). Our lifetime pattern for
Bbc baryons to order 1=m3

Q is different from that predicted
in [5,9] (see Table II). Note that Ωbc has a larger semi-
leptonic rate due to an additional contribution from con-
structive Pauli interference.
As shown in [12], the heavy quark expansion in 1=mc

does not work well for describing the lifetime pattern of
singly charmed baryons. Since the charm quark is not
heavy enough, it is sensible to consider the subleading
1=mc and 1=mb corrections to spectator effects as depicted
in Eqs. (2.28) and (3.14). The numerical results are shown in
Table V. By comparing this table with Table IV, we see that
the lifetimes ofΞþ

bc andΞ0
bc become shorter, whereas τðΩ0

bcÞ
becomes the longest one. The lifetime hierarchy to order
1=m4

Q in the HQE ismodified to τðΩ0
bcÞ > τðΞþ

bcÞ > τðΞ0
bcÞ.

This is similar to the case of singly charmed baryons where
the calculatedΩ0

c lifetime becomes entirely unexpected: the
shortest-lived Ω0

c to Oð1=m4
cÞ turns out to be the longest-

lived one toOð1=m4
cÞ. This is because Γintþ and Γsemi forΩ0

bc
are subject to a large cancellation between dimension-6
and -7 operators. We see from Table V that Γintþ ðΩ0

bcÞ even
becomes negative, while Γint

− ðΞþ
bcÞ becomes positive. This is

because the dimension-7 contribution Γint
þ;7ðΩ0

bcÞ is destruc-
tive and its size is so large that it overcomes the dimension-6
one and flips the sign. This implies that the subleading
corrections are too large to justify the validity of the HQE.
In order to allow a description of the 1=m4

c corrections to
ΓðB0

bcÞ within the realm of perturbation theory, we follow

TABLE III. Various contributions to the decay rates (in units of
10−13 GeV) of doubly bottom baryons Bbb to order 1=m4

b in the
HQE with the hadronic scale μhad ¼ 0.825 GeV.

Γdec Γann Γint
− Γsemi Γtot τð10−13sÞ

Ξ0
bb 5.800 1.698 2.090 9.587 6.87

Ξ−
bb 5.800 −0.283 2.090 7.607 8.65

Ω−
bb 5.802 −0.312 2.092 7.583 8.68

TABLE IV. Various contributions to the decay rates (in units of
10−12 GeV) of doubly charm-bottom baryons Bbc to order 1=m3

b

and 1=m3
c in the HQE with the hadronic scale μhad ¼ 0.900 GeV.

Γdec Γann Γintþ Γint
− Γsemi Γtot τð10−13sÞ

Ξþ
bc 1.505 0.034 0.060 −0.737 0.351 1.212 5.43

Ξ0
bc 1.505 3.807 0.060 −0.008 0.351 5.714 1.15

Ω0
bc 1.505 1.795 −0.010 0.757 4.047 1.63

TABLE V. Various contributions to the decay rates (in units of
10−12 GeV) of doubly charm-bottom baryons Bbc to order 1=m4

Q

in the HQE with the hadronic scale μhad ¼ 0.900 GeV.

Γdec Γann Γintþ Γint
− Γsemi Γtot τð10−13sÞ

Ξþ
bc 1.505 −0.044 0.014 0.028 0.346 1.848 3.56

Ξ0
bc 1.505 5.911 0.014 −0.005 0.346 7.770 0.85

Ω0
bc 1.505 −0.086 −0.759 −0.005 0.165 0.819 8.03
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[12] to introduce a parameter α so that Γcs
intþ;7ðΩ0

bcÞ,
ΓSL;cs
int;7 ðΩ0

bcÞ, Γcu
int−;7ðΞþ

bcÞ, and Γcd
ann;7ðΞ0

bcÞ are multiplied
by a factor of (1 − α); that is, α describes the degree of
suppression. In Table VI we show the variation of the Ω0

bc

lifetime with α. At α ¼ 0.31, Γintþ ðΩ0
bcÞ starts to become

positive and τðΩ0
bcÞ ¼ 3.64 × 10−13 s. Since we do not

know what the value of α is, we can only conjecture that it
lies in 0.31 < α < 1 and the Ω0

bc lifetime lies in the range

1.68 × 10−13s < τðΩ0
bcÞ < 3.70 × 10−13s: ð3:27Þ

Likewise,

4.09 × 10−13s < τðΞþ
bcÞ < 6.07 × 10−13s;

0.93 × 10−13s < τðΞ0
bcÞ < 1.18 × 10−13s; ð3:28Þ

with the lifetime pattern τðΞþ
bcÞ > τðΩ0

bcÞ > τðΞ0
bcÞ. The

predicted lifetimes of Bbb and Bbc baryons in this work are
summarized in Table VII.

C. Comparison with other works

Comparing Table VII with Table II, we see that our
lifetime pattern τðΩ−

bbÞ ∼ τðΞ−
bbÞ > τðΞ0

bbÞ for Bbb baryons
is different from the one τðΞ−

bbÞ ≈ τðΞ0
bbÞ in [7] and the one

τðΩ−
bbÞ ≈ τðΞ−

bbÞ ∼ τðΞ0
bbÞ in [5,9,10]. The Ξ0

bb baryon is
shortest-lived owing to the W-exchange contributions,
while Ξ−

bb and Ω−
bb have similar lifetimes as they both

receive contributions from destructive Pauli interference.
We find the lifetime ratio τðΞ−

bbÞ=τðΞ0
bbÞ ¼ 1.26, while it is

predicted to be of order unity in [5,7,9,10] (see Table II) due
to the smallness of the W-exchange in Ξ0

bb and destructive
Pauli interference in Ξ−

bb. For example, the ratio of
ΓannðΞ0

bbÞ=Γdec is calculated to be only one percent (see
Table III of [9]), whereas it is of order 0.3 in our case (see
Table III).

For Bbc baryons, our lifetime hierarchy τðΞþ
bcÞ >

τðΩ0
bcÞ > τðΞ0

bcÞ differs from that of [5,9,10] in which
one has τðΞþ

bcÞ > τðΞ0
bcÞ > τðΩ0

bcÞ. Since the bc diquark is
treated to be a scalar one with Sbc ¼ 0 by the authors of
[5,9,10], their Bbc quark matrix elements of four-quark
operators and chromomagnetic interactions differ from
ours. However, irrespective of the way of treating the
Bbc quark matrix elements, an inspection of Fig. 2 leads to
the pattern ΓannðΞ0

bcÞ > ΓannðΞþ
bcÞ > ΓannðΩ0

bcÞ. All three
Bbc baryons receive a common W-exchange contribution
through the subprocess bc → cs → bc, but Ξþ

bc gets an
additional W-exchange between the b and u quarks, while
Ξ0
bc receives a large W-exchange contribution through the

subprocess cd → su → cd. Hence, it is not clear to us why
Ωbc has the largest W-exchange in [5,9,10] (see e.g.,
Table II of [9]).
As to the Pauli interference, the destructive contribution

to Ξþ
bc should be larger than the constructive one in

magnitude due to the large CKM matrix element Vcs.
As a consequence, the net Pauli interference in Ξþ

bc should
be negative, while it was calculated to be positive
in [5,9,10].

IV. CONCLUSIONS

In this work we have analyzed the lifetimes of the doubly
heavy baryons Bbb and Bbc within the framework of the
heavy quark expansion. It is well known that the lifetime
differences stem from spectator effects such asW-exchange
and Pauli interference. We rely on the quark model to
evaluate the hadronic matrix elements of dimension-6
and -7 four-quark operators responsible for spectator effects.
The main results of our analysis are as follows.
(i) Special attention is paid to the doubly heavy baryon

matrix elements of dimension-3 and -5 operators
which are different from the ones of singly heavy
baryons. The doubly heavy baryon matrix element
of the σ · G operator receives three distinct contri-
butions: the interaction of the heavy quark with the
chromomagnetic field produced from the light quark
and from the other heavy quark, and the so-called
Darwin term in which the heavy quark interacts with
the chromoelectric field. For Bbc baryons, the first
contribution is proportional to the hyperfine mass
splitting of Bbc. However, it vanishes if the bc

TABLE VI. Various contributions to the decay rates (in units of 10−12 GeV) of the Ω0
bc after including subleading 1=mc corrections to

spectator effects. However, the dimension-7 contributions Γcs
intþ;7ðΩ0

bcÞ, ΓSL;cs
int;7 ðΩ0

bcÞ, Γcu
int−;7ðΞþ

bcÞ, and Γcd
ann;7ðΞ0

bcÞ are multiplied by a
factor of (1 − α) with α varying from 0 to 1.

α Γdec Γann Γintþ Γint
− Γsemi Γtot τðΩ0

bcÞ × 1013 Γint
− ðΞþ

bcÞ Γcd
ann;7ðΞ0

bcÞ
0 1.505 −0.086 −0.759 −0.005 0.165 0.820 8.03 0.019 5.911
0.31 1.505 −0.086 0.019 −0.005 0.347 1.780 3.70 −0.209 5.232
0.45 1.505 −0.086 0.370 −0.005 0.429 2.213 2.97 −0.316 4.925
1 1.505 −0.086 1.750 −0.005 0.752 3.916 1.68 −0.737 3.721

TABLE VII. Predicted lifetimes (in units of 10−13 s) of Bbb and
Bbc baryons in this work.

Ξ0
bb Ξ−

bb Ω−
bb Ξþ

bc Ξ0
bc Ω0

bc

6.87 8.65 8.68 4.09–6.07 0.93–1.18 1.68–3.70
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diquark is wrongly assigned to be of the scalar type
as often assumed in the previous studies.

(ii) For doubly bottom baryons, the lifetime pattern is
τðΩ−

bbÞ∼τðΞ−
bbÞ>τðΞ0

bbÞ. The Ξ0
bb baryon is shortest-

lived owing to the W-exchange contributions, while
Ξ−
bb and Ω−

bb have similar lifetimes as they both
receive contributions from destructive Pauli inter-
ference. We find the lifetime ratio τðΞ−

bbÞ=τðΞ0
bbÞ¼

1.26.
(iii) The study of Bbc lifetimes is more complicated than

the Bbb case for several reasons. First, besides the
spectator effects due to each heavy quark b or c,
there also exist W-exchange and Pauli interference
in which both b and c quarks get involved. Second,
care must be taken when considering the heavy
quark expansion for the charm quark.

(iv) The largeW-exchange contribution toΞ0
bc through the

subprocess cd→us→cd and the sizable destructive
Pauli interference contribution to Ξþ

bc imply a sub-
stantial lifetime difference between Ξþ

bc and Ξ0
bc.

(v) In the presence of subleading 1=mc and 1=mb
corrections to the spectator effects, we find that

τðΩ0
bcÞ becomes longest-lived. This is because Γintþ

and Γsemi for Ω0
bc are subject to large cancellation

between dimension-6 and -7 operators. This implies
that the subleading corrections are too large to
justify the validity of the HQE. Demanding that
Γcs
intþðΩ0

bcÞ, ΓSL;cs
int ðΩ0

bcÞ be positive and Γcu
int−ðΞþ

bcÞ be
negative, we conjecture that 1.68×10−13s<τðΩ0

bcÞ<
3.70×10−13s, 4.09×10−13s<τðΞþ

bcÞ<6.07×10−13s,
and 0.93 × 10−13s < τðΞ0

bcÞ < 1.18 × 10−13 s.
(vi) The lifetime hierarchy in the Bbc system is expected

to be τðΞþ
bcÞ > τðΩ0

bcÞ > τðΞ0
bcÞ. We have compared

our work with others.
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