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Standard model fields and their associated electroweak Lagrangian are equivalently expressed in a
shared spin basis. The scalar-vector terms are written with scalar-operator components acting on quark-
doublet elements, and shown to be parametrization-invariant. Such terms, and the t- and b-quark
Yukawa terms are linked by the identification of the common mass-generating Higgs operating upon the
other fields, after acquiring a vacuum expectation value v. Thus, the customary vector masses are related
to the fermions’, fixing the t-quark mass mt with the relation m2

t þm2
b ¼ v2=2, either for maximal

hierarchy, or given the b-quark mass mb. A sum rule is derived for all quark masses that generalizes this
restriction. An interpretation follows that electroweak bosons and heavy quarks belong in a multiplet.
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I. INTRODUCTION

The standard model (SM) describes elementary-particle
features and their interactions, which is praiseworthy, given
its relatively limited required input, consisting of specific
gauge and flavor symmetries, representations, and param-
eters, yet aspects remain within the model whose origin
and connection to other tenets is absent and that need to be
addressed.
Thus, among its successes, the SM predicts mass values

for the W and Z bosons [1] that carry the short-range
electroweak interaction, in terms of electroweak parame-
ters, through the Higgs mechanism [2,3]. However, one
salient SM problem is that the fermion sector and its masses
remain arbitrary, as they arise from Lagrangian terms,
independent from the boson elements.
The electroweak sector hints that it may provide this

link, given that the W and Z vectors have universal
couplings to SM fermions, and the Higgs field collec-
tively gives mass to fermions and bosons. In addition, the
similar order of magnitude of the measured masses [4]
of the W, Z, the recently discovered scalar excitation,
associated with the Higgs [5], and the top quark (with the
bottom quark’s the next highest), suggests connections
among them, and thus, a common energy scale.
Furthermore, fermions occupy the spin-1=2 and funda-
mental representations of the Lorentz and scalar groups,
respectively, as vector bosons belong to the adjoint

representation of each group,1,2 which implies bosons
can be constructed in terms of fermions, suggesting
composite structures and/or a common origin.
The above inspires looking for a formalism that takes

account of discrete degrees of freedom (d.o.f.) in a single
basis, including group representation properties, such as the
fermion-boson fundamental-adjoint duality for the Lorentz-
scalar representations, and that describes the combined
action of operators on fields.
A previously proposed SM extension [6], based on a

shared extended spin space, with a matrix formalism,
satisfies these requirements, as it replicates SM fields with
their features, and matrix multiplication accounts for
operator action on fields. This space contains a (3þ 1)-
dimensional subspace and one beyond 3þ 1, linked,
respectively, to Lorentz and scalar d.o.f. [7]. At each
dimension, a finite number of Lorentz-invariant partitions
are generated with specific symmetries and representations,
reproducing particular SM features, where the cases
with dimension 5þ 1 [8], 7þ 1 [9], and 9þ 1 [10] were
studied.
In this connection, it is worth recalling that a basis or

representation choice can be useful, even essential, in the
description of a system and its dynamics. It may reveal
otherwise-hidden connections between its components,
and provide a simpler framework to understand physical
properties. Such a basis may describe effective d.o.f.
[11] accounting for collective interactions, allowing for
a simpler near free-particle description, in a first
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1As the Higgs occupies the SULð2Þ fundamental representa-
tion.

2For the Abelian hypercharge group Uð1ÞY , gauge invariance
ensures boson-fermion quantum-number additivity.
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approximation. For example, nucleon and associated
boson interactive configurations give a tractable account
of nuclear-motion modes [12]. Within condensed matter
and low-temperature superconducting systems, a residual
attractive interaction related to phonons couples electrons
into Cooper pairs [13], which propagate freely, and lead to
frictionless currents. In an application of this theory to
quantum field theory and elementary particles [14], a four-
fermion interaction produces fermion and composite-boson
masses, linking their values. The quark model [15] con-
ceives mesons and baryons in terms of constituent (dressed)
quarks.
Leaving aside the more speculative nature of the spin SM

extension, but complementarily to it, in this paper, we use it
as a basis to derive SM connections, and the fields’ mass
values in particular: SM heavy-fermion (F), vector (V), and
scalar (S) fields are equivalently expressed in terms of the
obtained common basis [6] for both Lorentz and electro-
weak d.o.f., in turn, recasting their Lagrangian components
L ¼ LFV þ LSV þ LSF; the identification of the scalar
operator within the LSF and LSV vertices links univocally
its defining (mass) parameters. Indeed, such universal
electroweakly-invariant terms lead, under the Higgs mecha-
nism, to a scalar whose lowest-energy condensate state
pervades space, and generates particle masses through its
vacuum expectation value v. Within the spin basis, this
mechanism is similarly represented; as these fields shape
elements on a matrix space, with a single associated scalar
operator acting upon the others, their mass-generation
property relates their coefficients.
Next, as we give the paper’s organization, we sketch the

argument in more detail. Section II reviews the applied
spin-extended space for symmetry generators and states.
The paper focuses then on the (7þ 1)-dimensional case
that can describe the electroweak sector, and a quark
doublet. For all sectors, LFV , LSV , LSF, the conventional
and spin-space Lagrangian are equivalent, which is shown
term-by-term in Appendixes A and B. Section III chooses
one among two vector bases within LFV , in which vectors
with chiral properties are adequate. Section IV writes LSV
equivalently with combinations of the scalars and their
conjugates, with universal couplings to vectors, shown
explicitly in Appendix B, and similarly for the spin-base
representation, in which these two scalars induce a pro-
jection to flavor-doublet components (as t, b quarks).
Schematically, given the spin-space basis element Bf for
a field fðxÞ, we write LSV in terms of BS0 containing these
two scalar components, obtaining the vector mass squared
within LFV as ½BS0 ; BV �†½BS0 ; BV �. In Sec. V, we show that
the fermion masses within LSF can be written ½BS; BF�,
where BF contains two terms with appropriate Yukawa
coefficients. Within the spin-basis formalism, we derive
that BS0 , BS have the same operator structure; given their
mass-giving nature, the identification of these operators and
their coefficients translates a v-normalization restriction on

BS0 to BS, implying a relation for the t and b quark masses.
Section VI shows a procedure exists that generalizes
consistently this relation to all quarks in terms of a sum
rule for their masses, taking advantage of the chiral
projection properties of the scalar field in the spin basis.
In Sec. VII, we draw conclusions. We work in the classical
framework afforded by the Lagrangian, and at tree-level,
but also rely on a quantum-mechanical interpretation.

II. SYMMETRY GENERATORS AND STATES
IN SPIN-EXTENDED SPACE

In the following, we introduce the spin basis and its main
features, where more information may be found in previous
treatments [7–10]. Mainly, it describes SM discrete d.o.f. in
a single scheme, namely, for the Lorentz and scalar groups,
and for both symmetry generators and state representations,
using a common matrix space:

A. Matrix space

Such a space is rendered by a Clifford algebra CN ,
generated by a set of even-N 2N=2 × 2N=2 gamma matrices,
obeying the defining property [16]

γαγβ þ γβγα ¼ 2gαβ; ð1Þ

where gαβ is the metric tensor with signature ðþ;−; � � � ;−Þ
and3 α; β ¼ 0; 1;…3; 5;…; N, whose combinations pro-
duce a complex matrix-space with dimension 2N .
The gamma matrices have Hermiticity properties

γ†0 ¼ γ0;

γ†δ ¼ −γδ δ ¼ 1;…3; 5;…; N: ð2Þ

B. Operators and symmetry transformations

The Lorentz generators and transformations acting on
spinors have standard expressions in the 4-dimensional
Clifford algebra C4, namely,

σμν ¼
i
2
½γμ; γν� with μ; ν ¼ 0;…; 3; ð3Þ

SðΛÞ ¼ e−
i
4
σμνω

μν
; ð4Þ

with the (3þ 1)-dimensional gamma matrices γμ trans-
forming as vectors, while the remaining N − 4 gamma
matrices γa, a ¼ 5;…; N, and their products commuting
with σμν, so they are indeed Lorentz scalars identified
with generators of continuous symmetries, either gauge or
global. Together with the four-dimensional pseudoscalar

γ̃5 ≡ −iγ0γ1γ2γ3; ð5Þ

3Following standard practice, the label 4 is omitted.
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the scalars are accommodated in the unitary symmetry set

SN−4¼
1

2
ð1þ γ̃5ÞUð2ðN−4Þ=2Þ⊕1

2
ð1− γ̃5ÞUð2ðN−4Þ=2Þ; ð6Þ

where 1 stands for the N-dimensional identity matrix.
A projector operator P, obtained from elements of SN−4,

within a limited number partitions, is chosen to fit as
closely the SM. The combined operator that acts on both
the Lorentz generators J μν ¼ iðxμ∂ν − xν∂μÞ þ 1

2
σμν and

the SN−4 symmetry-operator space is likewise projected

J 0
μν ¼ PJ μν ¼ P

�
iðxμ∂ν − xν∂μÞ þ

1

2
σμν

�
;

S0
N−4 ¼ PSN−4: ð7Þ

Lorentz transformations are thus

SðΛÞ ¼ e−
i
4
Pωμνσμν ; ð8Þ

and scalar transformations have the form

U ¼ exp ½−iIaαaðxÞ�; ð9Þ

with Ia ∈ S0
N−4. Symmetry generators within this space are

described schematically in Fig. 1 in Ref. [9]. The inner
product of two fields is defined according to a matrix space

hϕjΨi ¼ trðϕ†ΨÞ: ð10Þ

Under a unitary transformation, Ψ → UΨU†, given the
ket-bra matrix structure [7], with the bras interpreted as
conjugate states. Thus, a Hermitian operatorOp within this
space characterizes a state Ψ with the eigenvalue rule

½Op;Ψ� ¼ λΨ; ð11Þ

for real λ. This definition is consistent with the action

of a derivative operator on a Hilbert space: ½∂⃗;Ψ� ¼
½−∂⃖;Ψ� ¼ ½Ψ; ∂⃖�. The direct product trΨ†

bΨa is also con-
sistent associativity-wise with the operator rule, as
tr½Op;Ψb�†Ψa ¼ trΨ†

b½Op†;Ψa�.

C. Field representation

Fields are usually assumed to exist on a Cartesian
basis; for example, a vector field has components
AμðxÞ ¼ gμνAνðxÞ; alternatively, in the spin basis, it is
expressed as AμðxÞðγ0γμÞαβ (the αβ indices now specify the
vector character.)
More generally, a physical field with scalar quantum

numbers is associated with elements of CN , classified by
operators from C4 ⊗ SN−4, so it has the structure

ðelements of 3þ 1 spaceÞ × ðelements of SN−4Þ: ð12Þ

Figure 2 in Ref. [9] shows the corresponding Lorentz
states: scalars, vectors, fermions, and antisymmetric ten-
sors, arranged in the same matrix space. Next, we provide
more details on the first three (physical) fields.

1. Fermion field

When ψ is a spin-1=2 particle, it may be seen schemati-
cally conformed as Ψ ∼ jψ1ijaiF1ihF2j, with the ket
carrying spin-1=2 and gauge-group fundamental represen-
tation ψi, ai quantum numbers, respectively, and both the
bra and ket carrying flavor group Fi.
More specifically, a fermion can have the form

ψa
αðxÞLαPFΓF

a ; ð13Þ

where ΓF
a is an element of S0

N−4, and Lα represents a spin
polarization component, e.g., L1 ¼ ðγ1 þ iγ2Þ. The oper-
ator PF is a projection operator, e. g., PF ¼ L5, where

R5 ¼
1

2
ð1þ γ̃5Þ; L5 ¼

1

2
ð1 − γ̃5Þ; ð14Þ

implying

PFγ
μ ¼ γμPc

F; ð15Þ

with Pc
F ¼ 1 − PF, so that Lorentz and gauge generators

act trivially on its rhs when evaluating commutators as in
Eq. (11), since Pc

FPF ¼ ð1 − PFÞPF ¼ 0.
Thus, for U accounting for the Lorentz representation in

Eq. (8) and the scalar transformation in Eq. (9), Ψ trans-
forms, unlike vector and scalar fields, as

Ψ → UΨ: ð16Þ

This leads to fermions transforming as the fundamental
representation of both the Lorentz and gauge groups.

2. Vector field

We may view vectors constructed as Ψ∼
jψ1ija1iha2jhψ2j, with the bra-ket configuration producing
Lorentz vector and gauge group adjoint configurations,
given the vector and scalar γμ, μ ¼ 0;…; 3 and γa,
a ¼ 5;…; N, respective transformation properties. Thus
a vector field has form

Aa
μðxÞγ0γμIa; ð17Þ

where γ0γμ ∈ C4 and Ia ∈ S0
N−4 is a generator of a given

unitary group.
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3. Scalar field

Ψ ∼ jψ1ija1iha2jhψ2j, with the bra-ket configuration
producing Lorentz scalar and gauge group fundamental
configurations. In this case, a ket contains right-handed and
a bra left-handed spin-1=2 components (or vice versa),
reproducing the mass term and Higgs quantum numbers.

ϕaðxÞγ0ΓS
a; ð18Þ

with ΓS
a an element of S0

N−4.

D. Lagrangian formulation

Interactive Lagrangians [7] can be given in terms of
vector, scalar and fermion fields conforming to the general
structure of operator action as in Eq. (11) and the inner
product in Eq. (10). For example, a gauge-invariant
fermion-vector Lagrangian is given by

1

Nf
trΨ†f½i∂μ − gAa

μðxÞIa�γ0γμ −Mγ0gΨ; ð19Þ

where Ψ is a fermion field as in Eq. (13), g is the coupling
constant, M is an appropriate mass operator, and Nf

contains the normalization. In the next subsection, we
address the spin model in 7þ 1 dimensions in connection
with the SM, and whose basis states will allow to write
LFV , LSV , LSF in the next sections.

E. (7 + 1)-dimensional model

We next make a brief description of resulting states in
a (7þ 1)-dimensional spin space under a useful partition
for the SM description, sketching the way to obtain it, and
providing graphic description.

1. Operators

The Clifford algebra is generated by eight 16 × 16
matrices

γ0; γ1;…; γ8: ð20Þ

The matrices γ0, γi, i ¼ 1, 2, 3 correspond to the
Lorentz generators σμν, given in general in Eq. (3) and
the remaining four matrices, together with all their
different products, comprise the set SN−4 of scalars, with
a cardinality of 32. This set is, from Eq. (6), S4 ¼
PþUð4Þ ⊕ P−Uð4Þ, with P� ¼ 1

2
ð1� γ̃5Þ, 1 the 16 × 16

identity matrix and γ̃5 the four-dimensional chirality
matrix. The elements of Uð4Þ consist of four matrices
γa, a ¼ 5;…; 8, six pairs γab ≡ γaγb, a < b, four triplets
γabc ≡ γaγbγc, and one quadruplet γ5γ6γ7γ8. The Cartan
subalgebra h of SN−4 contains eight elements, and a
suitable choice is given by

1; γ̃5; γ5γ6; γ7γ8; γ5γ6γ7γ8; γ5γ6γ̃5; γ7γ8γ̃5; γ5γ6γ7γ8γ̃5:

ð21Þ

Since h is conformed of all simultaneously diagonaliz-
able operators, it is convenient to recast this basis in terms
of the projection operators

PR1 ¼
1

8
ð1þ γ̃5Þð1þ iγ5γ6Þð1þ iγ7γ8Þ;

PR2 ¼
1

8
ð1þ γ̃5Þð1þ iγ5γ6Þð1 − iγ7γ8Þ;

PR3 ¼
1

8
ð1þ γ̃5Þð1 − iγ5γ6Þð1þ iγ7γ8Þ;

PR4 ¼
1

8
ð1þ γ̃5Þð1 − iγ5γ6Þð1 − iγ7γ8Þ;

PL1 ¼
1

8
ð1 − γ̃5Þð1þ iγ5γ6Þð1þ iγ7γ8Þ;

PL2 ¼
1

8
ð1 − γ̃5Þð1þ iγ5γ6Þð1 − iγ7γ8Þ;

PL3 ¼
1

8
ð1 − γ̃5Þð1 − iγ5γ6Þð1þ iγ7γ8Þ;

PL4 ¼
1

8
ð1 − γ̃5Þð1 − iγ5γ6Þð1 − iγ7γ8Þ; ð22Þ

which run along the diagonal in the matrix space (Fig. 1).

FIG. 1. Matrix representation of the Cartan basis [cf. Eq. (21)]
in extended spin space in 7þ 1 dimensions. The eight-
dimensional basis is represented here in terms of the projection
operators PR;Li, i ¼ 1;…; 4. The subscripts R, L refer to the
chirality: R for operators containing 1þ γ̃5 (right-handed), and L
for operators containing 1 − γ̃5 (left-handed).
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The operators that classify the states, with examples in
terms of the projectors, consist of the baryon-number
operator

B ¼ 1

6
ð1 − iγ5γ6Þ ¼

1

3
ðPR3 þ PR4 þ PL3 þ PL4Þ; ð23Þ

the U(1) hypercharge generator

Yo ¼
1

3
ð4PR3 − 2PR4 þ PL3 þ PL4Þ;

¼ 1

6
ð1 − iγ5γ6Þ

�
1þ i

3

2
ð1þ γ̃5Þγ7γ8

�
; ð24Þ

and I3 within the SU(2) weak isospin generators

I1 ¼
i
8
ð1 − γ̃5Þð1 − iγ5γ6Þγ7;

I2 ¼
i
8
ð1 − γ̃5Þð1 − iγ5γ6Þγ8;

I3 ¼
1

2
ðPL3 − PL4Þ ¼

i
8
ð1 − γ̃5Þð1 − iγ5γ6Þγ7γ8: ð25Þ

The charge operator is defined in the standard way by the
Gell-Mann–Nishijima relation

Q ¼ I3 þ
Yo

2
: ð26Þ

There are also flavor operators, forming the groups
SUð2Þf, SUð2Þf̂, Uð1Þf, and Uð1Þf̂, and given by

f1 ¼
i
8
ð1þ γ̃5Þð1þ iγ5γ6Þγ7;

f2 ¼
i
8
ð1þ γ̃5Þð1þ iγ5γ6Þγ8;

f3 ¼
i
8
ð1þ γ̃5Þð1þ iγ5γ6Þγ7γ8; ð27Þ

f̂1 ¼
i
8
ð1 − γ̃5Þð1þ iγ5γ6Þγ7;

f̂2 ¼
i
8
ð1 − γ̃5Þð1þ iγ5γ6Þγ8;

f̂3 ¼
i
8
ð1 − γ̃5Þð1þ iγ5γ6Þγ7γ8; ð28Þ

respectively, for SUð2Þf and SUð2Þf̂, and

f0 ¼ iγ5γ6γ̃5; ð29Þ

f̂0 ¼ iγ5γ6; ð30Þ

for Uð1Þf, and Uð1Þf̂. The operators f3, f̂3, f0 and f̂0
belong to h. In Fig. 1, the matrix space is represented
schematically. The diagonal operators classify the states
(off-diagonal) acting from the left for states in the same
row, and from the right for states in the same column, which
is consistent with matrix multiplication. We also define a
combination of diagonal flavor operators that classify
states, given by

F̂ ¼ −
1

4
ðf̂0 − 4f̂3 − 8f3Þ ð31Þ

2. States

States contain scalars, fermions, and vectors. Only the
first two are considered in this section. The matrix space
admits two Higgs doublets ϕ1 and ϕ2 (Table I and Fig. 2).
They satisfy ϕ1 ¼ γ̃5ϕ2. Their connection to Hermitian
and SU(2) conjugates is clarified in Sec. IV C.
Non-Higgs scalars can also be constructed that contrib-

ute to the diagonalization of massive states. Reference [9]
provides further information on their nature and their
application to obtain fermion properties.
The massless-fermion states satisfy the general struc-

ture of Eq. (12) and have massless quark quantum num-
bers, when classified by baryon number, isospin, and

FIG. 2. Matrix representation of operators, massless quarks
(U1

iL;R,D
1
iL;R, i ¼ 1;…; 4) and Higgs (ϕþ

1;2, ϕ
0
1;2) d.o.f. in (7þ 1)-

dimensional spin space. The chiral projections of the diagonal
operators B, I3 and Yo are grouped together and represented by
the sets QR¼ 1

2
ð1þ γ̃5ÞðB;I3;YoÞ and QL ¼ 1

2
ð1 − γ̃5ÞðB; YoÞ.

Following matrix multiplication rules, operators act from the
left on states in the same row, and from the right on states in the
same column.
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hypercharge. The matrix space admits four generations of
quarks of different flavor (Fig. 2), arranged in four SUð2ÞL
doublets and eight right-handed singlets, shown in Tables II
and III, respectively. After electroweak symmetry breaking,
the Higgs generates a mass operator used in Sec. V to
obtain fermion mass states.

F. Fermion Yukawa elements

Bilinear fermion terms can be constructed that produce
scalar elements transforming quarks into their different
combinations. We use the (7þ 1)-dimensional space rep-
resented in Fig. 2, with particular and general properties
that can be distinguished.
There are two matrix configurations:

PFαβ
i ¼ Qα

iRQ̄
β
iL i ¼ 1; 2; 3 ð32Þ

is contained in the Dirac projector with (α, β)-spin
components and (positive or negative)-energy; the three
PFαβ
i are the same up to a phase; Q are U- or D-type

fermions obtained from Tables II and III, defining F, the R,
L case taken as an example, and Q̄α

iL ¼ Qα
iL

†γB0 ;

γB0 ¼ 2ðϕ0
1 þ ϕ0

1
†Þ; ð33Þ

with ϕ0
1 defined in Table I. The i, j imply we choose a three-

generation (arbitrary) projection to reproduce the SM; we

also note that Qα
iRQ̄

β
jL ¼ 0 for i ≠ j.

On the other hand,

YF
ij ¼ Q̄α

iRQ
α
jL i; j ¼ 1; 2; 3 ð34Þ

defines the Yukawa basis (full flavor transition matrix) to
be used in Sec. VI, for the complete scalar-fermion SM
Lagrangian component. One can check that YU

ij, Y
D
ij are the

same (up to phases), so they are commonly labelled YF
ij.

The set R, L, α is arbitrary and other choices will reproduce
(up to phases) the nine YF

ij terms. Indeed, although the
(7þ 1)-dimensional basis can accommodate four genera-
tions, the projection operator for, say, flavors 1,2,3

YF4 ¼ YF
11 þ YF

22 þ YF
33; ð35Þ

induces the three-generation subset with nine elements,
YF4†YF

ijY
F4. As the set is closed under matrix multiplica-

tion, the fourth generation is discarded (see Sec. VI.)
The resulting projection operators may be understood

from the products of a fermion with matrix structure
jspinihflavorj and an Hermitian conjugate one, resulting
in the form jspinihspinj for Eq. (32) and, inverting the
order, jflavorihflavorj in Eq. (34).

TABLE I. Scalar Higgs-like doublets.

Baryon number zero, Higgs-like scalars I3 Yo Q

ϕ1 ¼
�
ϕþ
1

ϕ0
1

�
¼
�

1
8
ð1 − iγ5γ6Þðγ7 þ iγ8Þγ0

1
8
ð1 − iγ5γ6Þð1þ iγ7γ8γ̃5Þγ0

�
1=2

1
1

−1=2 0

ϕ2 ¼
�
ϕþ
2

ϕ0
2

�
¼
�

1
8
ð1 − iγ5γ6Þðγ7 þ iγ8Þγ̃5γ0

i
8
ð1 − iγ5γ6Þð1þ iγ7γ8γ̃5Þγ7γ8γ0

�
1=2

1
1

−1=2 0

TABLE II. Massless left-handed quark weak isospin doublets. Gauge and Lorentz operators act from the left and trivially from the
right. To obtain the −1=2 polarization, the replacement must be made ðγ0 þ γ3Þ → ðγ1 − iγ2Þ, forQ1

1L,Q
1
2L, and ðγ0 − γ3Þ → ðγ1 − iγ2Þ,

for Q1
3L, Q

1
4L.

Baryon number 1=3, hypercharge 1=3 and polarization 1=2 (operator 3
2
iBγ1γ2),

left-handed quark doublets I3 Q f3 f̂3 F

Q1
1L ¼

�
U1

1L
D1

1L

�
¼
�

1
16
ð1 − γ̃5Þðγ5 − iγ6Þðγ7 þ iγ8Þðγ0 þ γ3Þ

1
16
ð1 − γ̃5Þðγ5 − iγ6Þð1 − iγ7γ8Þðγ0 þ γ3Þ

�
1=2 2=3 1=2

0
3=2

−1=2 −1=3 1=2 3=2

Q1
2L ¼

�
U1

2L
D1

2L

�
¼
�

1
16
ð1 − γ̃5Þðγ5 − iγ6Þð1þ iγ7γ8Þðγ0 þ γ3Þ

1
16
ð1 − γ̃5Þðγ5 − iγ6Þðγ7 − iγ8Þðγ0 þ γ3Þ

� 1=2 2=3 − 1=2
0

−1=2
−1=2 −1=3 − 1=2 −1=2

Q1
3L ¼

�
U1

3L
D1

3L

�
¼
�

1
16
ð1 − γ̃5Þðγ5 − iγ6Þðγ7 þ iγ8Þγ0ðγ0 − γ3Þ

1
16
ð1 − γ̃5Þðγ5 − iγ6Þð1 − iγ7γ8Þγ0ðγ0 − γ3Þ

� 1=2 2=3
0

1=2 1
−1=2 −1=3 1=2 1

Q1
4L ¼

�
U1

4L
D1

4L

�
¼
�

1
16
ð1 − γ̃5Þðγ5 − iγ6Þð1þ iγ7γ8Þγ0ðγ0 − γ3Þ

1
16
ð1 − γ̃5Þðγ5 − iγ6Þðγ7 − iγ8Þγ0ðγ0 − γ3Þ

�
1=2 2=3

0
− 1=2

0−1=2 −1=3 −1=2
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III. FERMION-VECTOR LAGRANGIAN:
CHIRAL BASIS IN SPIN SPACE

Concentrating on the heaviest fermions, the SM two-
quark4 electroweak interaction Lagrangian [1] is5

LFV ¼ q̄LðxÞ
�
i∂μ þ

1

2
gτaWa

μðxÞ þ
1

6
g0BμðxÞ

�
γμqLðxÞ

þ t̄RðxÞ
�
i∂μ þ

2

3
g0BμðxÞ

�
γμtRðxÞ

þ b̄RðxÞ
�
i∂μ −

1

3
g0BμðxÞ

�
γμbRðxÞ; ð36Þ

where the spin-1=2 fields consist of qLðxÞ ¼
�
tLðxÞ
bLðxÞ

�
, a left-

handed hypercharge Y ¼ 1=3 SUð2ÞL-doublet, and tRðxÞ,
bRðxÞ, right-handed Y ¼ 4=3, −2=3 singlets, respectively;
each term contains two polarizations as, e.g., tLðxÞ ¼�
ψ1
tLðxÞ

ψ2
tLðxÞ
�
; ψα

qhðxÞ are wave functions6 for quarks q ¼ t, b,

with spin components α ¼ 1, 2, and chirality h ¼ L, R;
Wa

μðxÞ, a ¼ 1, 2, 3, and BμðxÞ, are associated gauge-group
weak and hypercharge vector bosons, with coupling con-
stants, g, g0, respectively; τa are the Pauli matrices repre-
senting the SUð2ÞL generators.
An extended (7þ 1)-dimensional Clifford algebra com-

prises a sufficiently large space to describe heavy SM
particles [7,9], with the 4-dimensional Lorentz symmetry

maintained, and spin-component generators 3
2
Bσμν, where

σμν ¼ i
2
½γμ; γν�, and μ; ν ¼ 0;…; 3; additional scalar gen-

erators use γ5;…; γ8, producing the baryon-number oper-
ator B in Eq. (23), which conforms a spin-space projection
partition, and gives quarks 1=3 (−1=3 for antiparticles,) and
bosons 0.
Other scalar-symmetry generators include the hyper-

charge Yo in Eq. (24), with γ̃5 ¼ −iγ0γ1γ2γ3, the weak
SUð2ÞL terms in Eq. (25) and flavor generators in
Eqs. (27)–(30); as required, ½Ii; Ij� ¼ iϵijkIk, ½Ii; Yo� ¼
½B; Yo� ¼ ½B; Ii� ¼ ½3Bσμν; Yo� ¼ ½3Bσμν; Ii� ¼ 0.
The (7þ 1)-dimensional space allows for a description

of quark fields,

ΨqLðxÞ ¼
X
α

ψα
tLðxÞTα

L þ ψα
bLðxÞBα

L;

ΨtRðxÞ ¼
X
α

ψα
tRðxÞTα

R;

ΨbRðxÞ ¼
X
α

ψα
bRðxÞBα

R; ð37Þ

with hypercharges 1=3, 4=3, −2=3, respectively, and spinor
components chosen in Table IV, given explicitly in Tables II
and III; the quantum numbers λ are obtained from the
operator structure ½Op;Ψ� ¼ λΨ for the weak component
I3, hypercharge Yo (or charge Q ¼ I3 þ 1

2
Yo,), and spin-

polarization 3i
2
Bγ1γ2 operators.

The SM Lagrangian LFV in Eq. (36) can be equivalently
written7 in this basis: as derived in Ref. [7], and examined
in Ref. [17],

TABLE III. Massless right-handed quark weak isospin singlets. Gauge and Lorentz operators act from the left and trivially from the
right. To obtain the −1=2 polarization, the replacement must be made ðγ0 þ γ3Þ → ðγ1 − iγ2Þ, for U1

1R, U1
2R, D1

1R, D1
2R, and

ðγ0 − γ3Þ → ðγ1 − iγ2Þ, for U1
3R, U

1
4R, D

1
3R, D

1
4R.

Baryon number 1=3 and polarization 1=2 (operator 3
2
iBγ1γ2),

right-handed quark singlets Yo Q f3 f̂3 F

U1
1R ¼ 1

16
ð1þ γ̃5Þðγ5 − iγ6Þðγ7 þ iγ8Þγ0ðγ0 þ γ3Þ 4=3 2=3 1=2

0
3=2

D1
1R ¼ 1

16
ð1þ γ̃5Þðγ5 − iγ6Þð1 − iγ7γ8Þγ0ðγ0 þ γ3Þ −2=3 −1=3 1=2 3=2

U1
2R ¼ 1

16
ð1þ γ̃5Þðγ5 − iγ6Þð1þ iγ7γ8Þγ0ðγ0 þ γ3Þ 4=3 2=3 −1=2

0
−1=2

D1
2R ¼ 1

16
ð1þ γ̃5Þðγ5 − iγ6Þðγ7 − iγ8Þγ0ðγ0 þ γ3Þ −2=3 −1=3 −1=2 −1=2

U1
3R ¼ 1

16
ð1þ γ̃5Þðγ5 − iγ6Þðγ7 þ iγ8Þðγ0 − γ3Þ 4=3 2=3

0
1=2 1

D1
3R ¼ 1

16
ð1þ γ̃5Þðγ5 − iγ6Þð1 − iγ7γ8Þðγ0 − γ3Þ −2=3 −1=3 1=2 1

U1
4R ¼ 1

16
ð1þ γ̃5Þðγ5 − iγ6Þð1þ iγ7γ8Þðγ0 − γ3Þ 4=3 2=3

0
−1=2

0
D1

4R ¼ 1
16
ð1þ γ̃5Þðγ5 − iγ6Þðγ7 − iγ8Þðγ0 − γ3Þ −2=3 −1=3 −1=2

4A single generation is used, and CKM mixing is neglected;
Eq. (36) describes the electroweak interaction for one quark color,
and a sum is assumed over each such term.

5We use units with ℏ¼c¼1, and metric gμν ¼ ð1;−1;−1;−1Þ
throughout.

6For simplicity, spin and scalar representations are assumed
that give the states’ form.

7The commutator is omitted as the operator acts trivially on
one side.
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LFV ¼ tr

�
Ψ†

qLðxÞ
�
i∂μ þ gIaWa

μðxÞ

þ 1

2
g0YoBμðxÞ

�
γ0γμΨqLðxÞ

þΨ†
tRðxÞ

�
i∂μ þ

1

2
g0YoBμðxÞ

�
γ0γμΨtRðxÞ

þΨ†
bRðxÞ

�
i∂μ þ

1

2
g0YoBμðxÞ

�
γ0γμΨbRðxÞ

	
Pf;

ð38Þ
while gauge and Lorentz symmetries can be checked with
the above transformation rule, or given the equivalence to the
traditional formulation. A projection operator Pf that con-
nects the two expressions [17] can be omitted by finding
phases for Ψ, which translates into finding an adequate γμ
basis. The trace coefficient is usually 1, as the field
normalization factor accounts for reducible representations.
A complete proof of the equivalence is given in Appendix A.
The W-fermion vertex in LFV , Eq. (38), contains the

matrix element hF0jWi
oμjFi, where the W contribution,

Wi
oμ ¼ gγ0γμIi; ð39Þ

describes the SUð2ÞL inherently chiral action on fermion
states jFi, jF0i, as it carries the projection L5 ¼ 1

2
ð1 − γ̃5Þ,

predicted by the spin basis [9]; it is thus the natural choice.
For example, this property is absent for W0i

oμ ¼ gγ0γμI0i,
where I0i are the SUð2ÞL generators without L5. Although
an equivalent interaction term results within this space,
it requires the inclusion of L5 within the vertex; worse,
½Yo; I01;2� ≠ 0.

IV. SCALAR-VECTOR LAGRANGIAN:
EXTENDED CHARGE-CONJUGATE SYMMETRY

A. Conventional LSV

In the SM, the Higgs particle is present [1] in the
SUð2ÞL × Uð1ÞY gauge-invariant interacting Lagrangian-
density component

LSV ¼ H†ðxÞFμ†ðxÞFμðxÞHðxÞ; ð40Þ
with

FμðxÞ ¼ i∂μ þ
1

2
gτ ·WμðxÞ þ

1

2
g0BμðxÞ; ð41Þ

WμðxÞ ¼ ðW1
μðxÞ;W2

μðxÞ;W3
μðxÞÞ, and the Y ¼ 1 complex-

doublet scalar

HðxÞ ¼ 1ffiffiffi
2

p
�
η1ðxÞ þ iη2ðxÞ
η3ðxÞ þ iη4ðxÞ

�
;

composed of two charged (upper), and two neutral (lower)
fields.

B. LSV with Higgs and conjugate

LSV can be equivalently written (with BμðxÞ → −BμðxÞ)
in terms of the orthogonal Y ¼ −1 combination H̃ðxÞ ¼
iτ2H�ðxÞ, which uses an antiunitary transformation C
expressing charge-conjugation invariance (in addition to
the CP symmetry in the electroweak sector, and approxi-
mate SUð2ÞL × SUð2ÞR symmetry [18]; a Hilbert space is
assumed;) this is also a consequence of the SU(2) property
that the conjugate representation is obtained from a
similarity transformation, which ensures independence of
the doublet choice. Appendix B shows that

LSV ¼ tr½F0
μH̄χtχbðxÞ�†F0μH̄χtχbðxÞ; ð42Þ

where H̄χtχbðxÞ ¼ ðχtHðxÞ; χbH̃ðxÞÞ is a 4 × 4 matrix, χt,
χb are complex, and jχtj2 þ jχbj2 ¼ 1, with

F0
μH̄χtχbðxÞ ¼

�
i∂μ þ

1

2
gτ ·WμðxÞ

�
H̄χtχbðxÞ

þ g0H̄χtχbðxÞBμðxÞτ3; ð43Þ

which is diagonal in HðxÞ, H̃ðxÞ, and hence does not mix
them. Moreover, LSV is a sum of weighted positive-definite
terms, meaning only the combination jχtj2 þ jχbj2 results.
This generalizes the expression [19,20] for LSV in terms of
H̄ 1ffiffi

2
p 1ffiffi

2
p ðxÞ. With the U(1) overall phase, a three-parameter

subspace of the norm-conserving constraint jχtj2 þ jχbj2 ¼
1 is generated. We associate this isometry with the LSV

invariance under C: −τ2KF0
μH̄χtχbðxÞτ2K ¼ F0

μH̄χ�bχ
�
t
ðxÞ,

with K the complex conjugate operator; LSV is also
invariant under the τ3 transformation defined as H̄χtχbðxÞ →
H̄χtχbðxÞτ3, together with the combination Cτ3.
Further extension can be made for the scalars in the spin

basis by attaching the γ̃5 operator. Using the projection
operators in Eq. (14), LSV in Eq. (42) is generalized with
the substitutions

F0
μ → ðL5Þ4×4F0

μ ð44Þ

H̄ → ðL5Þ4×4ðγ0Þ4×4H̄; ð45Þ

thus including spin d.o.f., leading to a combined spinor-
electroweak description. An intermediate expression that
connects to the spin basis, and ultimately to Yukawa
components, is obtained

LSV ¼ 1

2
tr½L5F0

μL5γ0H̄χtχbðxÞ�†L5F0μL5γ0H̄χtχbðxÞ ð46Þ

¼ 1

4
trð½L5F0

μL5γ0H̄χtχbðxÞ�† þ L5F0
μL5γ0H̄χtχbðxÞÞ

ðL5F0μL5γ0H̄χtχbðxÞ þ ½L5F0μL5γ0H̄χtχbðxÞ�†Þ;
ð47Þ
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with the trace also over spin d.o.f., the second equality
using hermitian conjugates, R5L5 ¼ L5R5 ¼ 0, and trace
properties which lead to only two identical nontrivial terms.
These forms will prove useful in comparing with Yukawa
terms below.

C. LSV in (7 + 1)-dimensional spin space

In the spin basis, the four-scalar doublet structure
above is reproduced. Indeed, it emerges naturally in the
(7þ 1)-dimensional spin basis, with the Higgs potential
not altered under different definitions (chiral ones or not.)
Table I presents two of these scalar elements (with two
additional as their conjugates.) Together with coordinate
dependence, they are

ϕ1ðxÞ ¼
1ffiffiffi
2

p ½η1ðxÞ þ iη2ðxÞ�ϕþ
1 þ 1ffiffiffi

2
p ½η3ðxÞ þ iη4ðxÞ�ϕ0

1

ϕ2ðxÞ ¼
1ffiffiffi
2

p ½η1ðxÞ þ iη2ðxÞ�ϕþ
2 þ 1ffiffiffi

2
p ½η3ðxÞ þ iη4ðxÞ�ϕ0

2;

ð48Þ

and whose quantum numbers associate them to the Higgs
doublet. These are unique within the (7þ 1)-dimensional
space [9]. Although new scalar fields are introduced in
principle, here we concentrate on the SM-equivalent
projections. Given the SM Higgs conjugate representation
H̃ðxÞ the scalar components are interpreted through the
assignments (see Table I),

HðxÞ → ϕ1ðxÞ − ϕ2ðxÞ
H̃†ðxÞ → ϕ1ðxÞ þ ϕ2ðxÞ: ð49Þ

This leads to the equivalent expressions,

LSV ¼ trf½F00ðxÞ;HafðxÞ�†�½F00ðxÞ;HafðxÞ��gsym ð50Þ

¼ 1

2
trf½F00ðxÞ;HafðxÞ þH†

afðxÞ�†�½F00ðxÞ;HafðxÞ
þH†

afðxÞ��gsym; ð51Þ

where we introduced HafðxÞ ¼ aϕ1ðxÞ þ fϕ2ðxÞ, and

F00ðxÞ ¼
�
i∂μ þ gWi

μðxÞIi þ
1

2
g0BμðxÞYo

�
γ0γ

μ; ð52Þ

the subindex sym means only symmetric γμγν components
are taken, to avoid the Pauli components; and the � index
means the commutator and the anticommutator should be
used for the temporal and spatial γμ components, respec-
tively. The equality for LSV implies that it accommodates
SM parity-conserving scalar representations. The complex
parameters a, f, are constrained by the normalization rule

jaj2 þ jfj2 ¼ 1. These properties for LSV are shown
explicitly in Appendix B.

D. LSV mass components in conventional
and (7 + 1)-dimensional spin space

The spin representation can be connected with that
of H̄χtχbðxÞ with the expression HafðxÞ ¼ 1ffiffi

2
p ðχtHtðxÞþ

χbHbðxÞÞ, where

HtðxÞ ¼ ϕ1ðxÞ þ ϕ2ðxÞ
HbðxÞ ¼ ϕ1ðxÞ − ϕ2ðxÞ; ð53Þ

withϕi defined in Eq. (48), and this parametrization applies
the unitary transformation χt ¼ 1ffiffi

2
p ðaþ fÞ, χb¼ 1ffiffi

2
p ða−fÞ.

Under the Higgs mechanism, the SM scalars acquire
[2,3] a vacuum expectation value v, and only the neutral
field η3ðxÞ survives: hη3ðxÞi ¼ v, hHðxÞi ¼ vffiffi

2
p ð0

1
Þ, while

the charged and imaginary components are absorbed into
vector bosons, as seen explicitly in the unitary gauge. Idem
in the spin basis, as can be proved by the Lagrangian
equivalence or directly; then,

hHafðxÞi ¼ Hn ¼
v
2
ðχtH0

t þ χbH0
bÞ; ð54Þ

where the normalized Higgs operator Hn is defined, with
the same 0, þ component conventions as for the ϕi,
implying, as trH0†

i H
0
j ¼ 2δij, i, j ¼ t, b,

hH†
afðxÞHafðxÞi ¼ ðjaj2 þ jfj2Þv2=2

¼ ðjχtj2 þ jχbj2Þv2=2 ¼ v2=2: ð55Þ

The vector-Higgs vertex in LSV determines the vector-
boson masses, and within the spin basis, the trace is taken
consistently with Hn. Thus, the mass component, extracted
from Eq. (50), taking for F00 the W, Z field terms, and for
Haf its vacuum expectation value in Eq. (54),

LSVm ¼ tr

��
Hn; gWm

0 ðxÞIm þ g0

2
YoB0ðxÞ

�†
�
Hn; gWl

0ðxÞIl þ
g0

2
YoB0ðxÞ

�

þ
�
Hn;

�
gWk

i ðxÞIk þ
g0

2
YoBiðxÞ

�
γ0γ

i

	†

�
Hn;

�
gWl

jðxÞIl þ
g0

2
YoBjðxÞ

�
γ0γ

j

	�
ð56Þ

is produced. For the neutral massive vector boson, one
derives the normalized ZμðxÞ ¼ ð−gW3

μðxÞ þ g0BμðxÞÞ=ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p
, and massless photon AμðxÞ ¼ ðg0W3

μðxÞþ
gBμðxÞÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p
, giving, e.g., the 0-component
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LSZm0 ¼ tr

�
Hn;W3

0ðxÞgI3 þ B0ðxÞ
1

2
g0Yo

�†
�
Hn;W3

0ðxÞgI3 þ B0ðxÞ
1

2
g0Yo

�

¼ Z2
0ðxÞ

1

g2 þ g02
tr

�
Hn; g2I3 −

1

2
g02Yo

�†
�
Hn; g2I3 −

1

2
g02Yo

�
¼ 1

2
Z2
0ðxÞm2

Z; ð57Þ

implying

tr
1

g2þg02

� ffiffiffi
2

p
Hn;g2I3−

1

2
g02Yo

�†� ffiffiffi
2

p
Hn;g2I3−

1

2
g02Yo

�
¼v2ðg2þg02Þ=4; ð58Þ

thus, mZ ¼ v
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p
=2, mA ¼ 0.

Similarly, for LSWm, the Wi
oμ basis in Eq. (39) emerges,

and defines the masses of the charged boson fields
W�

μ ðxÞ ¼ 1ffiffi
2

p ðW1
μðxÞ ∓ iW2

μðxÞÞ. Thus, the charged-vector

boson component,

LSWm0 ¼ Wi
0ðxÞWj

0ðxÞtr½Hn;Wi
o0�†½Hn;W

j
o0�

¼ m2
WW

þ
0 ðxÞW−

0 ðxÞ; ð59Þ

i, j ¼ 1, 2, contains m2
W ¼ tr½Hn;W

þ
o0�†½Hn;W

þ
o0�¼v2g2=4,

with W�
oμ ¼ 1ffiffi

2
p gγ0γμI�, I� ¼ I1 � iI2. This assignment is

unique as this is the only way to maintain not only the
vertex condition (gauge invariance,) but also normalization
(above.) When written in terms of H ¼ Hn þH†

n, inter-
preted as a fermion Hamiltonian,m2

W ¼ tr½H;Wþ
o0�†½H;Wþ

o0�
and the other part is not affected, as ½H†

n;Wþ
oμ� ¼ 0.

V. SCALAR-FERMION LAGRANGIAN:
HEAVY-QUARKDOUBLET’SMASS CONSTRAINT

The Yukawa fermion-scalar interaction can be similarly
parametrized in the Clifford basis,

−LSF ¼ tr

ffiffiffi
2

p

v
½mtΨ

†
tRðxÞHtðxÞΨqLðxÞ

þmbΨ†
qLðxÞHbðxÞΨbRðxÞ� þ fH.c.g; ð60Þ

where mt and mb are the top and bottom masses, respec-
tively, and the fermion fields Ψ are defined in Eq. (37).
We note that the Higgs scalar components have the
correct chiral action over fermions: under the projection
operators in Eq. (14) L5, and R5, e.g., R5HtðxÞL5 ¼ HtðxÞ,
L5HbðxÞR5 ¼ HbðxÞ, L5HtðxÞR5 ¼ 0, R5HbðxÞL5 ¼ 0.
For Eq. (60), the underlying mass operator is HmðxÞ ¼ffiffi
2

p
v ðmtHtðxÞ þmbHbðxÞÞ, giving, under the Higgs
mechanism,

hHmðxÞi ¼ Hm ¼ mtH0
t þmbH0

b: ð61Þ

Examples of quark massive basis states are summarized on
Table V (see Tables II–IV), for both u- and d-type quarks,
with their quantum numbers. Only one polarization and one
flavor are shown, as a more thorough treatment of the
fermion-flavor states is given elsewhere [9].
This results in, e.g.,

Hh
mT1

M ¼ mtT1
M; Hh

mTc1
M ¼ −mtTc1

M;

Hh
mB1

M ¼ mbB1
M; Hh

mBc1
M ¼ −mbBc1

M; ð62Þ

where Hh
m ¼ Hm þH†

m, and Tc1
M , Bc1

M correspond to
negative-energy solution states (and similarly for opposite
spin components) and Eq. (62) justifies themt andmb mass
interpretation.
Under the assumption of a single mass-producing field

operator, we match a reparametrized Hn in Eq. (58) that
gives the Z mass, to the fermion-mass termHm, in Eq. (62),
resulting in

ffiffiffi
2

p
Hn ¼ Hm; a multiplet structure is sug-

gested. In other words, the operator identification derives
from their mass eigenvalues, expressed schematically as
jhZj ffiffiffi2p

HnjZij2 ¼ m2
Z and htjHm þH†

mjti ¼ mt, and the
proportionality constant is derived accordingly. In this
association, the simple real-field ZμðxÞ nature justifies its
use [similarly for each Wi

μðxÞ�, as opposed to the complex
W�

μ ðxÞ. Similarly, Eq. (50) is chosen over Eq. (51),
as the latter adds the Higgs conjugate representation,

TABLE IV. (a) Quantum numbers of massless left-handed
quark weak isospin doublet, and (b) right-handed singlets, with
momentum along �ẑ, given explicitly in Tables II and III. The
spin component along ẑ, 3i

2
Bγ1γ2, is used.

(a) Hypercharge 1=3 left-handed
doublet I3 Q 3i

2
Bγ1γ2�

T1
L

B1
L

�
¼
�
U1

1L
D1

1L

�
1=2 2=3 1=2
−1=2 −1=3 1=2

(b) I3 ¼ 0 right-handed singlets Y Q 3i
2
Bγ1γ2

T1
R ¼ U1

1R 4=3 2=3 1=2

B1
R ¼ D1

1R −2=3 −1=3 1=2

TABLE V. Massive quark eigenstates of Hh
m given after

Eq. (62).

Massive quarks Hh
m Q 3i

2
Bγ1γ2

T1
M ¼ 1ffiffi

2
p ðT1

L þ T1
RÞ mt 2=3 1=2

B1
M ¼ 1ffiffi

2
p ðB1

L − B1
RÞ mb −1=3 1=2

Tc1
M ¼ 1ffiffi

2
p ðT1

L − T1
RÞ −mt 2=3 1=2

Bc1
M ¼ 1ffiffi

2
p ðB1

L þ B1
RÞ −mb −1=3 1=2
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unlike the SM. Thus, the vacuum expectation value
reproduces the parametrization in Eq. (54) and identifies
χt, χb as Yukawa parameters:

χt ¼ mt=
vffiffiffi
2

p ; χb ¼ mb=
vffiffiffi
2

p : ð63Þ

The same argument can be made using the second scalar
form in Eq. (51), as it also leads to Eq. (58). This results in

−LSF¼ tr
ffiffiffi
2

p
½Ψ†

tRðxÞHafðxÞΨqLðxÞ
þΨ†

qLðxÞHafðxÞΨbRðxÞ�þfH.c.g: ð64Þ

Using Eq. (55), we obtain the relation for the t, b quark
masses:

ðjaj2 þ jfj2Þv2=2 ¼ jmtj2 þ jmbj2 ¼ v2=2: ð65Þ

The commutator arrangement in Eq. (57) is used in the
above comparison; as it is set on the demand of a
normalized scalar, the argument strengthens on the use
of the same Z operator acting on fermions in Eq. (38). The
coefficient matching in LSF derives from the underlying
freedom of choice in LSV , and, in turn, from the underlying
three-parameter τ3-C symmetry that can be equally imple-
mented in the spin basis. Looking at the matrix structure,
the γ0 operator within Hm makes it a rank-2 reducible-
representation operator, as expressed in Eq. (54) and can be
read in Eq. (46); indeed, Hm connects two fermion spin
polarizations, but hits a single W state’s components twice
asHm duplicates the scalar representations, requiring the 1ffiffi

2
p

normalization factor. In yet another interpretation, this
relation is obtained from the normalization restriction in
the Yukawa term in Eq. (55), dividing out the energy scale
set by the vacuum expectation. To the extent that these
arguments rely on a common metric vector space, they are
geometric.
Equation (65) assumes the parity-conserving con-

dition, constraining the quark masses.8 For maximal
hierarchy [7], with a, f dependence on one com-
parable large scale OðaÞ ≃ OðfÞ, (mb ≪ mt), we get
1ffiffi
2

p v ≃ 173.95, for v ¼ 246 GeV, mb ¼ 0; alternatively,

the quark-b mass input predicts the top quark-mass as

mt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2=2 −m2

b

q
≃ 173.90 GeV, for [4] mb ¼ 4 GeV

(while renormalization effects give [21] mbðmtÞ∼
2 GeV.) These two calculations are consistent with the
measured top pole mass [4] m̄t ¼ 173.21� 0.51�
0.71 GeV, where systematic and statistic errors are
quoted, respectively. Future precision improvements will

test the limits of this tree-level calculation, with view of
the bottom-quark influence.

VI. EXTENDED QUARK-MASS RELATION

We place the heavy-quark mass relation in Eq. (65) in the
larger SM context, and argue for a plausible generalization
for all quarks, based on it. For these purposes, we first
derive some SM field properties using the spin basis,
assuming they can be also derived within the conventional
SM basis, given their equivalent application. Needless
to say, we demand consistency with the SM, and with
experiment. At the section’s end, we identify some under-
laying general assumptions.
Thus, we concentrate on the SM three-generation subset

of the (7þ 1)-dimensional model [9], as can be effected by
the Yukawa operators in Eq. (34). Equation (65) uses that
the same single-scalar operator acts on the fermions and the
vector bosons: such an operator is reproduced in the SV
and SF terms, as the SV term admits a basis expression
that applies the associated C-symmetries in Sec. IV. This
connection implies the equivalent expression that can be
read from the Appendixes,

LSV ¼ jχtj2LSVu þ jχbj2LSVd; ð66Þ
which shows separation of quark i ¼ u- and d-type LSVi
components, depending on scalars, and no mixing among
them. We focus on the mass-generating scalar elements
corresponding to the neutral H0

t , H0
b, from Eqs. (53) and

(54), and their hermitian conjugates. As mass relations are
considered, we assume fields after the Higgs mechanism is
applied.
In particular, a connection emerges between the normal-

ized bilinear Higgs term that gives masses to the vector
bosons, as the Z mass in Eq. (58), and the fermions.

1

2
trHm

†Hm ¼ 2tr½ðHmTα
LT

α
R
†Þ†HmTα

LT
α
R
†

þ ðHmBα
RB

α
L
†Þ†HmBα

RB
α
L
†�

¼ 2tr½H†
mHmTα

LT
α
R
†Tα

RT
α
L
†

þH†
mHmBα

RB
α
L
†Bα

LB
α
R
†�

¼ v2ðχ2t þ χ2bÞ; ð67Þ
where Hm is defined in Eq. (61), Tα

R, T
α
L, B

α
R, B

α
L, are

quarks at rest, defined in Table IV, χt, χb are H0
t , H0

b
coefficients, as given in Eq. (54), in the second equality
we use the trace property, and the third expresses the Hm
normalization condition. Factor 2 comes as only one spin
fermion component is used. Thus, LSV elements can be
written as a sum of inner products between Yukawa and
SM scalar components. This relation derives from the
projective nature of Higgs normal and dual terms, accom-
panied by a fermion chirality operator in HtðxÞ, HbðxÞ
in Eq. (53).

8We neglect t-b mixing as the CKM matrix is nearly diagonal
[4], confirming this method can be applied here.
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Equation (67) can also be understood from the sub-
stitutions in trHm

†Hm

H0
t → H0

t Tα
LT

α
R
† ¼ 1

χt
yUqtH0

t Tα
LY

F
qtTα

R
†

H0
b → H0

bB
α
RB

α
L
† ¼ 1

χb
yDbqH

0
bB

α
RY

F
bqB

α
L
†; ð68Þ

with terms extracted from LSF in Eq. (60), using the trace
permutation property. The identity in each substitution
provides the link to the t, bYukawa constants for the q ¼ tb
doublet, t, b singlet cases. The arguments leading to the
mass relation in Eq. (65) imply yUqt ¼ χt, yDbq ¼ χb, as given
in Eq. (63), namely, a diagonal mass basis is assumed.
Since one can pick any fermion generation on Tables II

and III, the interpretation of the χt, χb coefficients as Yukawa
constants within the SV term leads to a generalization to
other families and nondiagonal Yukawa elements. We now
consider the extension of LSF in Eqs. (60) and (64) with a
fermion expansion that uses all Yukawa coefficients,

−LSFT ¼ tr

�X
iq

yUiqΨ
†
iRðxÞHtðxÞΨqLðxÞYF

qi

þ
X
jq

yDqjΨ
†
qLðxÞHbðxÞΨjRðxÞYF

jq

�
þ fH.c.g;

ð69Þ

where the Yukawa operators YF from Eq. (34) are necessary
to connect the u- and d-type quark fields defined in Eq. (37),
and yUqi, y

D
qj are Yukawa coefficients, with the up, down,

charm and strange quarks, also included, relabelling singlets
i ¼ u, c, t, j ¼ d, s, b, and doublets q ¼ ud, cs, tb.
The allowed Yukawa terms, diagonal and mixed, can

be included using all combinations of a three-generation set
of normalized fermions on Table II, where a projection
operator as in Eq. (35) is applied. We evaluate the trace of
bilinear FU ¼ 1

χt
yUqiU

α
qLY

F
qiU

α
iR

†, FD ¼ 1
χb
yDjq0D

α
jRY

F
jq0D

α
q0L

†

terms with LSV components, extending Eq. (67), producing

2tr½ðHmFUÞ†HmFU þ ðHmFDÞ†ðHmFDÞ�

¼ 1

2
v2ðjyUqij2trH0†

t H0
t þ jyDjq0 j2trH0†

bH
0
bÞ

¼ v2ðjyUqij2 þ jyDjq0 j2Þ; ð70Þ

which may be also obtained by the substitution of the
associated scalar coefficients in bilinear neutral Higgs
terms trHm

†Hm,

HtðxÞ → H0
t FU ¼ H0

t
1

χt
yUqiU

α
qLY

F
qiU

α
iR

†

HbðxÞ → H0
bFD ¼ H0

b
1

χb
yDjq0D

α
jRY

F
jq0D

α
q0L

†: ð71Þ

The correspondence of LSF in Eqs. (60) and (64) to LSFT in
Eq. (69) induces the sum of square mass-matrix elements in
Eq. (70), which is equal (given the property trM†M ¼
trM0†M0,M a matrix,M0 its diagonal form) to the sum over
the square masses,

v2
�X

qi

jyUqij2 þ
X
qj

jyDqjj2
�

¼ 2

�X
i

m2
i þ

X
j

m2
j

�
: ð72Þ

A generalization with such a sum is induced, similar to
relation Eq. (65), with the Higgs normalization condition,
Eq. (55). Since Eq. (70) maintains the same structure as
Eq. (67), following the generalization of LSF to LSFT ,

m2
t þm2

c þm2
u þm2

b þm2
s þm2

d ¼ v2=2: ð73Þ

Implicitly, we used the SV-fermion symmetry, namely, no
fermion preference. With today’s uncertainties in the quark-
mass values, this relation is phenomenologically consistent
with Eq. (65), as the same maximal hierarchy or quark
b-mass input argument follows, and the rest of the quarks
have comparably negligible masses. As this relation is
independent of the mass diagonalization matrix, it is also of
the CKM matrix [22].
The two quark-mass conditions in Eqs. (65) and (73) are

interpreted. This paper shows SM features support a boson
and fermion connection leading to the t, b quark mass
condition in Eq. (65). If only such quarks belong in the
same class as the other massive SM bosons, a different
mass-generating mechanism is expected for the other
fermions; one concludes that they are not affected by such
dynamics, as their masses are comparably negligible. On
the other hand, if there is a common dynamics, as suggested
by the similar fermion-boson inner product, the all-quark
condition Eq. (73) applies, given the fermion symmetry,
and the structure similarity between Eqs. (67) and (70).
Initial fermion states within the three-generation set for

LSFT in Eq. (69) remain within such a subspace, given the
commuting property of the projection operator YF4 in
Eq. (35) with baryon-number, Lorentz, gauge and mass
operators (B, Bσμν Ii, Yo, ϕi, i ¼ 1, 2.) In other words,
within the three-generation states, the substitution
YF4†YF

ijY
F4 in LSFT is valid. This implies that no operator

will connect the initial fermions outside the three gener-
ations. So is the case for the three-generation extension of
LFV in Eq. (38), requiring a sum over the (electroweak)
flavors. We conclude the three-generation spin-basis pro-
jection consistently describes the SM.
By construction, Eqs. (68) and (71) imply masses

represent Oðmq=mtÞ corrections. This is also the order
of the Hamiltonian needed to obtain the other fermion
masses. More assumptions are necessary to get further
information on masses, and CKM matrix elements. For
example, hierarchy arguments on the masses’ order of
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magnitude difference were derived [9] that explain how the
associated W, Z, t, b, large scale mostly cancels for the
other fermions at the vertical level (within a doublet) and
horizontal level (between families). This leads to a con-
sistent description in which such mechanisms coexist with
the Higgs-generated one. While we produce above further
consistency arguments for their parameters, more stringent
constraints from the (7þ 1)-dimensions will be tested
elsewhere. Other arguments leading to hierarchy exist as
textures [23].
We conclude Yukawa coefficients, contained in rest

fermions as a device, connect to bilinear scalar combina-
tions containing mass-generating Higgs terms in LSV ,
keeping the Lorentz or gauge structure of SV unmodified,
and ultimately consistently with the SM. We show above
LSFT in Eq. (69) induces a generalized sum rule for the
square quark masses in Eq. (73). The latter is a plausible
extension of Eq. (65), based on a subset of LSV terms, after
the Higgs mechanism. The same type of argument can be
made for leptons, but given their smaller masses, their
influence will be lesser, while similar conditions as in
Eq. (67) will also lead to PNRS matrix [24] independence.

VII. CONCLUSIONS AND OUTLOOK

In summary, the formalism used places fields on a basis
that simultaneously contains SM bosons and fermions. SV
and SF terms are linked through the mass rendering of the
scalar operator within them, using the electroweak SV
vertex independence of its components acting on different
fermion-doublet elements, implicitly expected, but which
we now expose. Supporting a SM prediction of a unique
scalar, input from the normalized scalar-vector vertex, and
the mass-parameter interpretation in the SF vertex, relates v
and mt, cf Eq. (65), the main result in the paper. The same
relation can be argued by considering the scalar operator’s
matrix rank, or assuming normalized Yukawa components.
Based on chiral properties, the same Higgs-operator rule,
and a correspondence between fermion-boson inner prod-
ucts and Yukawa terms, a plausible extended sum rule for
the fermion square masses is proposed, given in Eq. (73).
Both relations are consistent with the SM, given today’s
particle-mass uncertainties. We conclude the spin basis is a
useful platform to obtain, within the SM, the quark-mass
electroweak relations.
The central argument input can be also read when V

terms in LFV , attached with the projector L5 in Eq. (14), are
carried into the intermediate LSV chiral version in Eq. (46)
and, after the 1=2 factor cancellation in its mass compo-
nent, relate to F terms in the Yukawa LSF. The spin-basis
gives it further support as it classifies discrete degrees and
produces SM features. Thus, the matrix space restricts
representations, in turn, exhausting the space; electroweak
V fields belong to the adjoint, and S, F fields to the

fundamental representations. Additionally, the chiral prop-
erty in the FV electroweak term, associated to V, translates
naturally to the SV interaction components. Normalized
fields define the Lagrangian terms, setting the trace
coefficient, and the stage for the LSV , LSF comparison.
In the spin-basis context, the S field’s chiral property is
nominal, but consistent, as LSV contains the L5 projector
from V, and within LSF, S acts on chiral fermion
components.
The scalar operator acting on vectors and fermions

links their matrix elements, connecting parameters. The
particles’ simultaneous participation in mass generation
through the Higgs mechanism and related SM vertices,
with assigned representations, implies a description with
common dynamics, and at a given energy scale, already at
the classical level, and suggests fields belong in a multiplet,
supporting a common-origin unification assumption [7].
It follows that the arguments provide a geometric

approach to address problems as the electroweak-symmetry
breaking origin. The formalism facilitates the fields’
composite description, as boson d.o.f. may be written in
terms of two fermions’. Expansions in such fields may be
useful, independently of whether compositeness is physical
or only a device.
Naturalness is hinted at in the ϕ1, ϕ2 associated single

scale, which produces a hierarchy effect [7]. Thus, while this
symmetry-breaking effect applies for heavy-quark masses, it
could be valid also horizontally between generations in
accordance with the fermions’ low masses. While here we
considered the top-quark mass, the other fermions, besides
the b-quark, may be included in this scheme, namely,
considering bilinear fermion components for scalar particles,
but they will have little influence on this result, as their SF
interaction is proportional to their masses.
As the spin basis connects the vector and quark sectors,

constraints may be derived for SM extensions as super-
symmetry [25], composite models that require dynamical
symmetry breaking [14] as technicolor [26] or, in an
extension of such models, top and bottom quarks [27] that
conform condensate-producing massive particles.
Besides the fields’ spin representation connecting the

scalar operator in two vertices, it highlights chiral compo-
nents of particles and interactions that maintain their SM
equivalence. Indeed, we showed two such valid chiral and
nonchiral scalar bases for the SV Lagrangian. This freedom
could be clarified in other vertices, as with a SM extension
with additional scalar d.o.f., whereas in this paper, we
considered only their SM projection.
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APPENDIX A: FERMION-VECTOR LFV
FERMION-SCALAR −LSV LAGRANGIANS

In this appendix we show the Lagrangians’ equivalence
in the conventional and spin bases by considering explicit
expressions with accompanying wave functions (or fields).
With hindsight, we use the same Lagrangian label in
both bases.
First, we use an iterative procedure [16] to obtain a

(7þ 1)-dimensional γμ representation. Starting with the
Paulimatrices σ1, σ2, and σ3, we get the (3þ 1)-dimensional
representation

α0 ¼ σ1 ⊗ σ3 α1 ¼ −iσ2 ⊗ σ3;

α2 ¼ I2 ⊗ iσ1 α3 ¼ I2 ⊗ iσ2; ðA1Þ

then, the (5þ 1)-dimensional representation

β0 ¼ α0 ⊗ σ3 β1 ¼ α1 ⊗ σ3;

β2 ¼ α2 ⊗ σ3 β3 ¼ α3 ⊗ σ3;

β5 ¼ I4 ⊗ iσ1 β6 ¼ I4 ⊗ iσ2; ðA2Þ

and finally, the (7þ 1)-dimensional representation

γ0 ¼ β0 ⊗ σ3 γ1 ¼ β1 ⊗ σ3 ;

γ2 ¼ β2 ⊗ σ3 γ3 ¼ β3 ⊗ σ3 ;

γ5 ¼ β5 ⊗ σ3 γ6 ¼ β6 ⊗ σ3;

γ7 ¼ I8 ⊗ iσ1 γ8 ¼ I8 ⊗ iσ2: ðA3Þ

The commuting property of the Lorentz and scalar
symmetry operators implies that they can be represented
as a tensor product. To compare with the spin-space
basis, we write the conventional-basis generators as tensor
products, choosing the (7þ 1)-dimensional space to re-
present them; thus the spin-1=2 and SUð2ÞL terms,
expressed by the 4 × 4 Clifford basis, and Pauli matrices,
respectively, generalize to, e.g., τ3 ⊗ 1s2×2 ∼ I3 and
1w2×2 ⊗ ½i

2
PLγ1γ2�2×2 ∼ i

2
PLγ1γ2, with τ3 the 3-Pauli

matrix, and corresponding spin and weak isospin unit
operators 1s2×2, 1w2×2, respectively.
Similarly, states in the conventional basis can be

obtained that are represented in (7þ 1)-dimensional space.
For example, a left-handed (L), spin-1=2 polarization (1),
top (T), state jL1Ti satisfies 1

2
ð1 − γ̃5ÞjL1Ti ¼ −jL1Ti,

i 1
2
PLγ1γ2jL1Ti ¼ 1

2
jL1Ti, I3jL1Ti ¼ 1

2
jL1Ti.

Equation (36) implies spinors are labeled by the 4 × 4

spin operator in the Dirac representation i
2
γ1γ2, and the

weak SU(L)L τ3 component. While most of the results in
the paper are representation independent, a unitary trans-
formation may be applied to the (7þ 1)-dimensional
matrices to show the conventional-basis description used
in Eq. (36). Indeed, i

2
PLγ1γ2 has a Dirac form with

the unitary transformation γμD ¼ U†
Dγ

μUD with UD ¼
1ffiffi
2

p ð1 − γ1γ3Þγ0γ2γ3 (actually, it exchanges γ1 and γ3) and

jL1Ti is represented, after the unitary transformation
U†

D, by ð0;0;0;0;0;0;0;0;0;0;0;0;0;0;i;0Þ. Next, we write
all the conventional-basis states in this basis, and their
association to the spin-extended basis states, with corre-
sponding quantum numbers (notation used in Table IV and
Ref. [7], written inbetween):

ð0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; i; 0Þ ↔ T1
L; U1

1L

ðA4Þ

ð0;0;−i;0;0;0;0;0;0;0;0;0;0;0;0;0Þ↔ T2
L;U2

1L

ðA5Þ

ð0;0;0;0;0;0;−i;0;0;0;0;0;0;0;0;0Þ↔ T1
R;U1

1R

ðA6Þ

ð0; 0; 0; 0; 0; 0; 0; 0; 0; 0; i; 0; 0; 0; 0; 0Þ ↔ T2
R; U2

1R

ðA7Þ

ð0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;−iÞ↔ B1
L;D1

1L

ðA8Þ

ð0; 0; 0; i; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0Þ ↔ B2
L;D2

1L

ðA9Þ

ð0; 0; 0; 0; 0; 0; 0; i; 0; 0; 0; 0; 0; 0; 0; 0Þ ↔ B2
R;D2

1R

ðA10Þ

ð0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0;−i; 0; 0; 0; 0Þ ↔ B2
R;D2

1R;

ðA11Þ

where the spin-basis states are shown in extenso in Tables II
and III.
For the fermion wave functions ψα

qhðxÞ, we use polar
coordinates, where the conventional and spin terms contain,
respectively,
ψα

qhðxÞ exp ½ipα
qhðxÞ� ↔ ψα

qhðxÞ exp ½icαqhðxÞ�, for
quarks q ¼ t, b, with spin components α ¼ 1, 2,
and chirality h ¼ L, R. The magnitude part can be shown
to be the same for both cases, as can be derived by
comparing, e.g., the mass term. The vectors Wa

μðxÞ,
BμðxÞ are real fields.
The phases appear in each term in both bases. For

example, for the conventional basis and for the two

polarizations tLðxÞ ¼ ðψ1
tLðxÞ

ψ2
tLðxÞÞ within the left-handed hyper-

charge Y ¼ 1=3 SUð2ÞL-doublet, we use the association
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tLðxÞ → ψ1
tLðxÞ exp ½ip1

tLðxÞ�UD

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

0

0

0

0

0

0

0

0

0

0

0

0

0

0

i

0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

þ ψ2
tLðxÞ exp ½ip2

tLðxÞ�UD

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

0

0

−i
0

0

0

0

0

0

0

0

0

0

0

0

0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

;

with UD applied to transform back from the Dirac representation, and we used the terms in Eqs. (A4) and (A5); for the spin
basis, ΨtLðxÞ ¼ ψ1

tLðxÞ exp ½ic1tLðxÞ�T1
L þψ2

tLðxÞ exp ½ic2tLðxÞ�T2
L.

The Lagrangians’ identity is shown, by checking that the same terms are reproduced in both bases, and finding
independent constant phases that connect the two representations. In the following, we present the fermion-vector LFV
Lagrangian components: interactive (weak and hypercharge), kinetic, and also the fermion-scalar (Yukawa)LSF Lagrangian.
The subtitle contains the two-basis Lagrangian expressions in a concise notation, and then one component is given in an
expanded form; the equations that link the phases in the two representations are written as they derive from the terms.

1. Weak

q̄LðxÞ 12 gτaWa
μðxÞγμqLðxÞ ↔ trfΨqLðxÞ†gIaWa

μðxÞγ0γμΨqLðxÞg
g
2
ððW3

3ðxÞ −W3
0ðxÞÞψ1

bLðxÞ 2 − 2ððcosðp1
bLðxÞ − p1

tLðxÞÞW1
0ðxÞ

− cosðp1
bLðxÞ − p1

tLðxÞÞW1
3ðxÞ þ sinðp1

bLðxÞ − p1
tLðxÞÞðW2

0ðxÞ −W2
3ðxÞÞÞψ1

tLðxÞ
þ ðsinðp1

bLðxÞ − p2
bLðxÞÞW3

2ðxÞ − cosðp1
bLðxÞ − p2

bLðxÞÞW3
1ðxÞÞψ2

bLðxÞ
− ðcosðp1

bLðxÞ − p2
tLðxÞÞW1

1ðxÞ − ðsinðp1
bLðxÞ − p2

tLðxÞÞW1
2ðxÞ

þ sinðp1
bLðxÞ − p2

tLðxÞÞW2
1ðxÞ þ cosðp1

bLðxÞ − p2
tLðxÞÞW2

2ðxÞÞψ2
tLðxÞÞψ1

bLðxÞ
þW3

0ðxÞψ1
tLðxÞ 2 −W3

3ðxÞψ1
tLðxÞ 2 − ðW3

0ðxÞ þW3
3ðxÞÞψ2

bLðxÞ 2

þW3
0ðxÞψ2

tLðxÞ 2 þW3
3ðxÞψ2

tLðxÞ 2

− 2 cosðp1
tLðxÞ − p2

tLðxÞÞW3
1ðxÞψ1

tLðxÞψ2
tLðxÞ

þ 2 sinðp1
tLðxÞ − p2

tLðxÞÞW3
2ðxÞψ1

tLðxÞψ2
tLðxÞ

− 2ψ2
bLðxÞððcosðp2

bLðxÞ − p2
tLðxÞÞW1

0ðxÞ þ cosðp2
bLðxÞ − p2

tLðxÞÞW1
3ðxÞ

þ sinðp2
bLðxÞ − p2

tLðxÞÞðW2
0ðxÞ þW2

3ðxÞÞÞψ2
tLðxÞ

− ðcosðp1
tLðxÞ − p2

bLðxÞÞW1
1ðxÞ − sinðp1

tLðxÞ − p2
bLðxÞÞW1

2ðxÞ
− sinðp1

tLðxÞ − p2
bLðxÞÞðW2

1ðxÞ − cosðp1
tLðxÞ − p2

bLðxÞÞW2
2ðxÞÞψ1

tLðxÞÞÞ. ðA12Þ

Comparing the corresponding expression in the spin basis, we derive the following phase relations (which retroactively
provide such an expression):
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c1bLðxÞ ¼ pW1 þ p1
bLðxÞ þ

π

2
ðA13Þ

c1tLðxÞ ¼ pW2 þ p1
tLðxÞ þ π ðA14Þ

c2bLðxÞ ¼ pW3 þ p2
bLðxÞ þ

π

2
ðA15Þ

c2tLðxÞ ¼ pW4 þ p2
tLðxÞ þ π ðA16Þ

c2bRðxÞ ¼ pZ1 þ p2
bRðxÞ ðA17Þ

c2tRðxÞ ¼ pZ2 þ p2
tRðxÞ ðA18Þ

c1bRðxÞ ¼ pZ1 þ p1
bRðxÞ þ π ðA19Þ

c1tRðxÞ ¼ pZ2 þ p1
tRðxÞ þ π; ðA20Þ

for arbitrary real constants pW1, pW2, pW3, pW4, pZ1, pZ2, requiring the identities pW1 ¼ pW3 ¼ pW4 ¼ pW2.

2. Hypercharge

q̄LðxÞ 16 g0BμðxÞγμqLðxÞ þ t̄RðxÞ½23 g0BμðxÞ�γμtRðxÞ þ b̄RðxÞ½− 1
3
g0BμðxÞ�γμbRðxÞ ↔ trfΨqLðxÞ† 1

2
g0YoBμðxÞγ0γμΨqLðxÞþ

Ψ†
tRðxÞ 12 g0YoBμðxÞγ0γμΨtRðxÞ þΨ†

bRðxÞ 12 g0YoBμðxÞγ0γμΨbRðxÞg

g0

6
ððB0ðxÞ − B3ðxÞÞψ1

bLðxÞ2 − 2ðcosðp1
bLðxÞ − p2

bLðxÞÞB1ðxÞ
− sinðp1

bLðxÞ − p2
bLðxÞÞB2ðxÞÞψ2

bLðxÞψ1
bLðxÞ − 2B0ðxÞψ1

bRðxÞ2 − 2B3ðxÞψ1
bRðxÞ2

þ B0ðxÞψ1
tLðxÞ2 − B3ðxÞψ1

tLðxÞ2 þ 4B0ðxÞψ1
tRðxÞ2 þ 4B3ðxÞψ1

tRðxÞ2 þ ðB0ðxÞ þ B3ðxÞÞψ2
bLðxÞ2

− 2B0ðxÞψ2
bRðxÞ2 þ 2B3ðxÞψ2

bRðxÞ2 þ B0ðxÞψ2
tLðxÞ2 þ B3ðxÞψ2

tLðxÞ2 þ 4B0ðxÞψ2
tRðxÞ2 − 4B3ðxÞψ2

tRðxÞ2
þ 4 cosðp1

bRðxÞ − p2
bRðxÞÞB1ðxÞψ1

bRðxÞψ2
bRðxÞ − 4 sinðp1

bRðxÞ − p2
bRðxÞÞB2ðxÞψ1

bRðxÞψ2
bRðxÞ

− 2 cosðp1
tLðxÞ − p2

tLðxÞÞB1ðxÞψ1
tLðxÞψ2

tLðxÞ þ 2 sinðp1
tLðxÞ − p2

tLðxÞÞB2ðxÞψ1
tLðxÞψ2

tLðxÞ
− 8 cosðp1

tRðxÞ − p2
tRðxÞÞB1ðxÞψ1

tRðxÞψ2
tRðxÞ þ 8 sinðp1

tRðxÞ − p2
tRðxÞÞB2ðxÞψ1

tRðxÞψ2
tRðxÞÞ: ðA21Þ

3. Kinetic

q̄LðxÞi 12 ∂μ

↔
γμqLðxÞ þ t̄RðxÞi 12 ∂μ

↔
γμtRðxÞ þ b̄RðxÞi 12 ∂μ

↔
γμbRðxÞ ↔ tr 1

2
fΨ†

qLðxÞi∂μ

↔
γ0γμΨqLðxÞ þΨ†

tRðxÞi∂μ

↔
γ0γμΨtRðxÞþ

Ψ†
bRðxÞi∂μ

↔
γ0γμΨbRðxÞg

Using the fields’ integrability property (belonging to Hilbert space), integration by parts has been applied to make the
derivative substitution i∂μ → i 1

2
∂μ

↔
.
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−ψ2
tLðxÞ 2ð ∂zp2

tLðxÞÞ þψ2
tRðxÞ 2ð ∂zp2

tRðxÞÞ − 2 sin½p1
bRðxÞ − p2

bRðxÞ�ψ1
bRðxÞψ2

bRðxÞð ∂yp1
bRðxÞÞ

− 2 sin½p1
bRðxÞ − p2

bRðxÞ�ψ1
bRðxÞψ2

bRðxÞð ∂yp2
bRðxÞÞ þ 2 cos½p1

bRðxÞ − p2
bRðxÞ�ψ2

bRðxÞð ∂yψ1
bRðxÞÞ

þ cos½p1
tLðxÞ − p2

tLðxÞ�ψ2
tLðxÞð ∂yψ1

tLðxÞÞ þ cos½p1
tRðxÞ − p2

tRðxÞ�ψ2
tRðxÞð ∂yψ1

tRðxÞÞ
− 2 cos½p1

bRðxÞ − p2
bRðxÞ�ψ1

bRðxÞð ∂yψ2
bRðxÞÞ þ 2 cos½p1

bRðxÞ − p2
bRðxÞ�ψ1

bRðxÞψ2
bRðxÞð ∂xp1

bRðxÞÞ
þ 2 cos½p1

bRðxÞ − p2
bRðxÞ�ψ1

bRðxÞψ2
bRðxÞð ∂xp2

bRðxÞÞ þ 2 sin½p1
bRðxÞ − p2

bRðxÞ�ψ2
bRðxÞð ∂xψ1

bRðxÞÞ
þ sin½p1

tLðxÞ − p2
tLðxÞ�ψ2

tLðxÞð ∂xψ1
tLðxÞÞ þ sin½p1

tRðxÞ − p2
tRðxÞ�ψ2

tRðxÞð ∂xψ1
tRðxÞÞ

− 2 sin½p1
bRðxÞ − p2

bRðxÞ�ψ1
bRðxÞð ∂xψ2

bRðxÞÞ −ψ1
tLðxÞðcos½p1

tLðxÞ − p2
tLðxÞ�ð ∂yψ2

tLðxÞÞ
þψ2

tLðxÞðsin½p1
tLðxÞ − p2

tLðxÞ�ð ∂yp1
tLðxÞÞ þ sin½p1

tLðxÞ − p2
tLðxÞ�ð ∂yp2

tLðxÞÞ
− cos½p1

tLðxÞ − p2
tLðxÞ�ð ∂xp1

tLðxÞ þ ∂xp2
tLðxÞÞÞ þ sin½p1

tLðxÞ − p2
tLðxÞ�ð ∂xψ2

tLðxÞÞÞ
−ψ1

tRðxÞðcos½p1
tRðxÞ − p2

tRðxÞ�ð ∂yψ2
tRðxÞÞ þψ2

tRðxÞðsin½p1
tRðxÞ − p2

tRðxÞ�ð ∂yp1
tRðxÞÞ

þ sin½p1
tRðxÞ − p2

tRðxÞ�ð ∂yp2
tRðxÞÞ − cos½p1

tRðxÞ − p2
tRðxÞ�ð ∂xp1

tRðxÞ þ ∂xp2
tRðxÞÞÞ

þ sin½p1
tRðxÞ − p2

tRðxÞ�ð ∂xψ2
tRðxÞÞÞ − 2ψ1

bRðxÞ 2ð ∂tp1
bRðxÞÞ

−ψ1
tLðxÞ 2ð−ð ∂zp1

tLðxÞÞ þ ∂tp1
tLðxÞÞ −ψ1

tRðxÞ 2ð ∂zp1
tRðxÞ þ ∂tp1

tRðxÞÞ
− 2ψ2

bRðxÞ 2ð ∂tp2
bRðxÞÞ −ψ2

tLðxÞ 2ð ∂tp2
tLðxÞÞ −ψ2

tRðxÞ 2ð ∂tp2
tRðxÞÞ. ðA22Þ

4. Yukawa

ffiffi
2

p
v ½mtt̄RðxÞH̃†ðxÞqLðxÞþmbq̄LðxÞHðxÞbRðxÞ�þfH:c:g↔tr

ffiffi
2

p
v ½mtΨ

†
tRðxÞHtðxÞΨqLðxÞþmbΨ†

qLðxÞHbðxÞΨbRðxÞ�þfH:c:g
The representation of scalars in the conventional and spin bases uses the association, e.g.,Hγ04×4 → Ht; the conventional

phases, written explicitly in Appendix B, are set to fit the spin basis, as both operators act equally on fermions, and we
applied the gamma-matrix representation freedom of choice.

1

v
½cosðpW2 −pZ1 −pη1ðxÞ−p1

bRðxÞþp1
tLðxÞÞmbη

r
1ðxÞψ1

bRðxÞψ1
tLðxÞþ cosðpW2−pZ2−pη0ðxÞ

þp1
tLðxÞ−p1

tRðxÞÞmtη
r
0ðxÞψ1

tRðxÞψ1
tLðxÞþψ1

bLðxÞðsinðpW2−pZ2þpη1ðxÞþp1
bLðxÞ−p1

tRðxÞÞmtη
r
1ðxÞψ1

tRðxÞ
− sinðpW2−pZ1þpη0ðxÞþp1

bLðxÞ−p1
bRðxÞÞmbη

r
0ðxÞψ1

bRðxÞÞ− cosðpW2−pZ1−pη1ðxÞ−p2
bRðxÞ

þp2
tLðxÞÞmbη

r
1ðxÞψ2

bRðxÞψ2
tLðxÞ− cosðpW2 −pZ2 −pη0ðxÞþp2

tLðxÞ
−p2

tRðxÞÞmtη
r
0ðxÞψ2

tLðxÞψ2
tRðxÞþψ2

bLðxÞðsinðpW2−pZ1þpη0ðxÞþp2
bLðxÞ−p2

bRðxÞÞmbη
r
0ðxÞψ2

bRðxÞ
− sinðpW2−pZ2þpη1ðxÞþp2

bLðxÞ−p2
tRðxÞÞmtη

r
1ðxÞψ2

tRðxÞÞ�; ðA23Þ
requiring the identities pZ1 − π ¼ pZ2 − π

2
¼ pW1.

APPENDIX B: SCALAR-VECTOR LAGRANGIAN LSV; CONJUGATE-HIGGS INVARIANCE

For the scalar components, we also use expressions in polar coordinates, and in which the phase is written explicitly, to
see its workings. Thus, for the conventional basis,

HðxÞ ¼ 1ffiffiffi
2

p
 
ηr1ðxÞeip1

tþipη1ðxÞ

ηr0ðxÞeip0
tþipη0ðxÞ

!
ðB1Þ

H̃ðxÞ ¼ 1ffiffiffi
2

p
 
−iηr0ðxÞeip0

b−ipη0ðxÞ

iηr1ðxÞeip1
b−ipη1ðxÞ

!
; ðB2Þ
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where p1
b; p1

t; p0
b; p0

t are charged and neutral phases, respectively, and H̄χt;χbðxÞ ¼ ðχtHðxÞ; χbH̃ðxÞÞ is a 4 × 4 matrix,
χt, χb can be assumed to be real and their dependence in all terms is through the factor χ2t þ χ2b, so their explicit form
constitutes a likewise demonstration for LSV.
For the spin basis, we use a generalized expression for the scalar term with conjugated terms weighted by a multiplicative

parameter λ, to keep track of terms, and with a normalization that makes LSV λ independent:

Htotλ
ab ðxÞ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ λ2

p ½χt½ηr1ðxÞeiϕ
1
tþipη1ðxÞðϕþ

1 þ ϕþ
2 Þ þ ηr0ðxÞeiϕ

0
tþipη0ðxÞðϕ0

1 þ ϕ0
2Þ� þ χb½ηr1ðxÞeiϕ

1
b−ipη1ðxÞðϕþ

1 − ϕþ
2 Þ†

þ ηr0ðxÞeiϕ
0
b−ipη0ðxÞðϕ0

1 − ϕ0
2Þ†� þ λχt½ηr1ðxÞeiϕ

1
λt−ipη1ðxÞðϕþ

1 þ ϕþ
2 Þ† þ ηr0ðxÞeiϕ

0
λt−ipη0ðxÞðϕ0

1 þ ϕ0
2Þ†�

þ λχb½ηr1ðxÞeiϕ
1
λbþipη1ðxÞðϕþ

1 − ϕþ
2 Þ þ ηr0ðxÞeiϕ

0
λbþipη0ðxÞðϕ0

1 − ϕ0
2Þ��; ðB3Þ

where ϕþ
1;2, ϕ

0
1;2 are defined in Table I, and ϕ1

t;ϕ1
b;ϕ0

t;ϕ0
b are charged and neutral phases, respectively, and those with λ

correspond to the Hermitian-conjugate function [see Eqs. (50), (51)]. Given the chiral nature of the scalar components, they
do not mix with their Hermitian-conjugate components.
Thus, LSV ¼ H†ðxÞFμ†ðxÞFμðxÞHðxÞ, with FμðxÞ ¼ i∂μ þ 1

2
gτ ·WμðxÞ þ 1

2
g0BμðxÞ, WμðxÞ ¼ ðW1

μðxÞ;W2
μðxÞ;W3

μðxÞÞ
(cf. Eqs. (42) and (43)) is compared with 1

2
trf½F00ðxÞ;Htotλ

ab ðxÞ�†�½F00ðxÞ;Htotλ
ab ðxÞ��gsym, where F00ðxÞ ¼ ½i∂μ þ gWi

μðxÞIiþ
1
2
g0BμðxÞYo�γ0γμ; the subindex sym means only symmetric γμγν components are taken.

1. Square W

trH̄†ðxÞ 1
2
gτ ·WμðxÞ 12 gτ ·WμðxÞH̄ðxÞ ↔ 1

2
trf½gWn

0ðxÞInγ0γ0;Htotλ
ab ðxÞ�†½gWm

0 ðxÞImγ0γ0;Htotλ
ab ðxÞ� þ fgWn

j ðxÞInγ0γj;
Htotλ

ab ðxÞg†fgWm
k ðxÞImγ0γk;Htotλ

ab ðxÞgg
1

8
g2ðχ2t þ χ2bÞðηr0ðxÞ2 þ ηr1ðxÞ2ÞWn

μðxÞWnμðxÞ. ðB4Þ

2. Square B

trH̄†ðxÞ 1
2
g0BμðxÞ 1

2
g0BμðxÞH̄ðxÞ ↔ 1

2
trf½1

2
g0B0ðxÞYoγ0γ

0; Htotλ
ab ðxÞ�†½12 g0B0ðxÞYoγ0γ

0; Htotλ
ab ðxÞ� þ f1

2
g0BjðxÞYoγ0γ

j;
Htotλ

ab ðxÞg†f12 g0BkðxÞYoγ0γ
k; Htotλ

ab ðxÞgg

1

8
g02ðχ2t þ χ2bÞðηr0ðxÞ2 þ ηr1ðxÞ2ÞBμðxÞBμðxÞ. ðB5Þ

3. Cross B-W

trfH̄†ðxÞ1
2
gτ ·WμðxÞ12g0BμðxÞH̄ðxÞþH̄†ðxÞ1

2
g0BμðxÞ1

2
gτ ·WμðxÞH̄ðxÞg↔ 1

2
trf½1

2
g0B0ðxÞYoγ0γ

0;Htotλ
ab ðxÞ�†½gWn

0ðxÞInγ0γ0;
Htotλ

ab ðxÞ�þ½gWn
0ðxÞInγ0γ0;Htotλ

ab ðxÞ�†½12g0B0ðxÞYoγ0γ
0;Htotλ

ab ðxÞ�þf1
2
g0BjðxÞYoγ0γ

j;Htotλ
ab ðxÞg†fgWn

kðxÞInγ0γk;Htotλ
ab ðxÞgþ

fgWn
j ðxÞInγ0γj;Htotλ

ab ðxÞg†f12g0BkðxÞYoγ0γ
k;Htotλ

ab ðxÞgg
1

4
gg0ðχ2t þχ2bÞð−B0ðxÞW3

0ðxÞηr0ðxÞ2þB1ðxÞW3
1ðxÞηr0ðxÞ2þB2ðxÞW3

2ðxÞηr0ðxÞ2þB3ðxÞW3
3ðxÞηr0ðxÞ2

þ2cos½p0
t−p1

b−pη0ðxÞþpη1ðxÞ�B0ðxÞW1
0ðxÞηr0ðxÞηr1ðxÞ−2sin½p0

t−p1
b−pη0ðxÞþpη1ðxÞ�B0ðxÞW2

0ðxÞηr0ðxÞηr1ðxÞ
−2cos½p0

t−p1
b−pη0ðxÞþpη1ðxÞ�B1ðxÞW1

1ðxÞηr0ðxÞηr1ðxÞþ2sin½p0
t−p1

b−pη0ðxÞþpη1ðxÞ�B1ðxÞW2
1ðxÞηr0ðxÞηr1ðxÞ

−2cos½p0
t−p1

b−pη0ðxÞþpη1ðxÞ�B2ðxÞW1
2ðxÞηr0ðxÞηr1ðxÞþ2sin½p0

t−p1
b−pη0ðxÞþpη1ðxÞ�B2ðxÞW2

2ðxÞηr0ðxÞηr1ðxÞ
−2cos½p0

t−p1
b−pη0ðxÞþpη1ðxÞ�B3ðxÞW1

3ðxÞηr0ðxÞηr1ðxÞþ2sin½p0
t−p1

b−pη0ðxÞþpη1ðxÞ�B3ðxÞW2
3ðxÞηr0ðxÞηr1ðxÞ

þB0ðxÞW3
0ðxÞηr1ðxÞ2−B1ðxÞW3

1ðxÞηr1ðxÞ2−B2ðxÞW3
2ðxÞηr1ðxÞ2−B3ðxÞW3

3ðxÞηr1ðxÞ2Þ: ðB6Þ

4. Cross W-derivative

trfH̄†ðxÞ 1
2
gτ · WμðxÞi∂μH̄ðxÞ − H̄†ðxÞi∂⃖μ 1

2
gτ · WμðxÞH̄ðxÞg ↔ 1

2
trf½−i∂⃖0γ0γ

0;Htotλ
ab ðxÞ�†½gWn

0ðxÞInγ0γ0;Htotλ
ab ðxÞ�þ

½gWn
0ðxÞInγ0γ0;Htotλ

ab ðxÞ�†½i∂0γ0γ
0;Htotλ

ab ðxÞ� þ f−i∂⃖jγ0γ
j;Htotλ

ab ðxÞg†fgWn
kðxÞInγ0γk;Htotλ

ab ðxÞg þ fgWn
j ðxÞInγ0γj;

Htotλ
ab ðxÞg†fi∂kγ0γ

k;Htot
abλðxÞgg
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As for the kinetic term in LFV , the fields’ integrability property leads to derivatives in the form i 1
2
∂μ

↔
; similarly for the

cross B-derivative and d’Alembert terms next.

1

2
gðχ2t þχ2bÞðηr1ðxÞ2ðW3

3ðxÞð∂zpη1ðxÞÞþW3
2ðxÞð∂ypη1ðxÞÞþW3

1ðxÞð∂xpη1ðxÞÞ−W3
0ðxÞð∂tpη1ðxÞÞÞ

−ηr1ðxÞðW2
3ðxÞðsin½p0

b−p1
b−pη0ðxÞþpη1ðxÞ�ηr0ðxÞð∂zpη0ðxÞþ∂zpη1ðxÞÞ

þ cos½p0
b−p1

b−pη0ðxÞþpη1ðxÞ�ð∂zη
r
0ðxÞÞÞ

þW1
3ðxÞð−cos½p0

b−p1
b−pη0ðxÞþpη1ðxÞ�ηr0ðxÞð∂zpη0ðxÞþ∂zpη1ðxÞÞþ sin½p0

b−p1
b−pη0ðxÞþpη1ðxÞ�ð∂zη

r
0ðxÞÞÞ

−cos½p0
b−p1

b−pη0ðxÞþpη1ðxÞ�W1
2ðxÞηr0ðxÞð∂ypη0ðxÞÞþ sin½p0

b−p1
b−pη0ðxÞþpη1ðxÞ�W2

2ðxÞηr0ðxÞð∂ypη0ðxÞÞ
−cos½p0

b−p1
b−pη0ðxÞþpη1ðxÞ�W1

2ðxÞηr0ðxÞð∂ypη1ðxÞÞþ sin½p0
b−p1

b−pη0ðxÞþpη1ðxÞ�W2
2ðxÞηr0ðxÞð∂ypη1ðxÞÞ

þ sin½p0
b−p1

b−pη0ðxÞþpη1ðxÞ�W1
2ðxÞð∂yη

r
0ðxÞÞþ cos½p0

b−p1
b−pη0ðxÞþpη1ðxÞ�W2

2ðxÞð∂yη
r
0ðxÞÞ

−cos½p0
b−p1

b−pη0ðxÞþpη1ðxÞ�W1
1ðxÞηr0ðxÞð∂xpη0ðxÞÞ

þ sin½p0
b−p1

b−pη0ðxÞþpη1ðxÞ�W2
1ðxÞηr0ðxÞð∂xpη0ðxÞÞ− cos½p0

b−p1
b−pη0ðxÞþpη1ðxÞ�W1

1ðxÞηr0ðxÞð∂xpη1ðxÞÞ
þ sin½p0

b−p1
b−pη0ðxÞþpη1ðxÞ�W2

1ðxÞηr0ðxÞð∂xpη1ðxÞÞþ sin½p0
b−p1

b−pη0ðxÞþpη1ðxÞ�W1
1ðxÞð∂xη

r
0ðxÞÞ

þ cos½p0
b−p1

b−pη0ðxÞþpη1ðxÞ�W2
1ðxÞð∂xη

r
0ðxÞÞþ cos½p0

b−p1
b−pη0ðxÞþpη1ðxÞ�W1

0ðxÞηr0ðxÞð∂tpη0ðxÞÞ
− sin½p0

b−p1
b−pη0ðxÞþpη1ðxÞ�W2

0ðxÞηr0ðxÞð∂tpη0ðxÞÞþ cos½p0
b−p1

b−pη0ðxÞþpη1ðxÞ�W1
0ðxÞηr0ðxÞð∂tpη1ðxÞÞ

− sin½p0
b−p1

b−pη0ðxÞþpη1ðxÞ�W2
0ðxÞηr0ðxÞð∂tpη1ðxÞÞ− sin½p0

b−p1
b−pη0ðxÞþpη1ðxÞ�W1

0ðxÞð∂tη
r
0ðxÞÞ

−cos½p0
b−p1

b−pη0ðxÞþpη1ðxÞ�W2
0ðxÞð∂tη

r
0ðxÞÞÞþηr0ðxÞð−W3

3ðxÞηr0ðxÞð∂zpη0ðxÞÞ
þ sin½p0

b−p1
b−pη0ðxÞþpη1ðxÞ�W1

3ðxÞð∂zη
r
1ðxÞÞ

þ cos½p0
b−p1

b−pη0ðxÞþpη1ðxÞ�W2
3ðxÞð∂zη

r
1ðxÞÞ−W3

2ðxÞηr0ðxÞð∂ypη0ðxÞÞ
þ sin½p0

b−p1
b−pη0ðxÞþpη1ðxÞ�W1

2ðxÞð∂yη
r
1ðxÞÞ

þ cos½p0
b−p1

b−pη0ðxÞþpη1ðxÞ�W2
2ðxÞð∂yη

r
1ðxÞÞ−W3

1ðxÞηr0ðxÞð∂xpη0ðxÞÞ
þ sin½p0

b−p1
b−pη0ðxÞþpη1ðxÞ�W1

1ðxÞð∂xη
r
1ðxÞÞ

þ cos½p0
b−p1

b−pη0ðxÞþpη1ðxÞ�W2
1ðxÞð∂xη

r
1ðxÞÞþW3

0ðxÞηr0ðxÞð∂tpη0ðxÞÞ
− sin½p0

b−p1
b−pη0ðxÞþpη1ðxÞ�W1

0ðxÞð∂tη
r
1ðxÞÞ− cos½p0

b−p1
b−pη0ðxÞþpη1ðxÞ�W2

0ðxÞð∂tη
r
1ðxÞÞÞÞ; ðB7Þ

from which one derives the phase connections

ϕ1
λt ¼ p0

t − p1
t þ ϕ0

λt −
π

2
ðB8Þ

ϕ1
b ¼ p0

t − p1
t þ ϕ0

b −
π

2
ðB9Þ

ϕ1
t ¼ p0

b − p1
b þ ϕ0

t þ
π

2
ðB10Þ

ϕ1
λb ¼ p0

b − p1
b þ ϕ0

λb þ
π

2
: ðB11Þ

5. Cross B-derivative

trfH̄†ðxÞ 1
2
g0BμðxÞi∂μH̄ðxÞ − H̄†ðxÞi∂⃖μ 1

2
g0BμðxÞH̄ðxÞg ↔ 1

2
trf½−i∂⃖0γ0γ

0; Htotλ
ab ðxÞ�†½12 g0B0ðxÞYoγ0γ

0; Htotλ
ab ðxÞ� þ

½1
2
g0B0ðxÞYoγ0γ

0; Htotλ
ab ðxÞ�†½i∂0γ0γ

0; Htotλ
ab ðxÞ� þ f−i∂⃖jγ0γ

j; Htotλ
ab ðxÞg†f12 g0BkðxÞYoγ0γ

k; Htotλ
ab ðxÞg þ f1

2
g0BjðxÞYoγ0γ

j;
Htotλ

ab ðxÞg†fi∂kγ0γ
k; Htotλ

ab ðxÞgg
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1

2
ðχ2b þ χ2t Þg0ððB3ðxÞð∂zpη0ðxÞÞ þ B2ðxÞð∂ypη0ðxÞÞ þ B1ðxÞð∂xpη0ðxÞÞ − B0ðxÞð∂tpη0ðxÞÞÞηr0ðxÞ2 þ ðB3ðxÞð∂zpη1ðxÞÞ
þ B2ðxÞð∂ypη1ðxÞÞ þ B1ðxÞð∂xpη1ðxÞÞ − B0ðxÞð∂tpη1ðxÞÞÞηr1ðxÞ2Þ: ðB12Þ

In addition to the above equations, we derive

p0
t ¼ −p0

b þ p1
b þ p1

t: ðB13Þ

As the similarity transformation phases in e.g. H, H̃, this relation accounts for the sign change for complex conjugate
components.

6. d’Alembert

trH̄†ðxÞ∂⃖μ∂μH̄ðxÞ ↔ − 1
2
trf½∂⃖0γ0γ

0;Htotλ
ab ðxÞ�†½∂0γ0γ

0;Htotλ
ab ðxÞ� − f∂⃖jγ0γ

j;Htotλ
ab ðxÞg†f∂kγ0γ

k;Htotλ
ab ðxÞgg

1

2
ðχ2bþ χ2t Þðð∂zη

r
1ðxÞÞ2þηr0ðxÞ2ð∂zpη0ðxÞÞ2þηr1ðxÞ2ð∂zpη1ðxÞÞ2þð∂zη

r
0ðxÞÞ2þð∂yη

r
1ðxÞÞ2þηr0ðxÞ2ð∂ypη0ðxÞÞ2

þηr1ðxÞ2ð∂ypη1ðxÞÞ2þð∂yη
r
0ðxÞÞ2þð∂xη

r
1ðxÞÞ2þηr0ðxÞ2ð∂xpη0ðxÞÞ2þηr1ðxÞ2ð∂xpη1ðxÞÞ2þð∂xη

r
0ðxÞÞ2− ð∂tη

r
1ðxÞÞ2

−ηr0ðxÞ2ð∂tpη0ðxÞÞ2−ηr1ðxÞ2ð∂tpη1ðxÞÞ2− ð∂tη
r
0ðxÞÞ2Þ: ðB14Þ

Each of the LSV terms is indeed proportional to the combination χ2b þ χ2t , which manifests the t-b symmetry of this
component, as the phases that connect the two representations were obtained.
We thus completed the demonstration of the SM Lagrangian terms’ equivalence in two bases; we conclude the spin-space

representation reproduces the same properties of SM generators.
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