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The Ostrogradski ghost problem that appears in higher derivative theories containing constraints has
been considered here. Specifically, we have considered systems where only the second class constraints
appear. For these kinds of systems, it is not possible to gauge away the linear momenta that cause the
instability. To solve this issue, we have considered the P7” symmetric aspects of the theory. As an example,
we have considered the Galilean invariant Chern-Simons model in 2 4 1 dimensions which is a purely
second class system. By solving the constraints, in the reduced phase space, we have derived the P7
similarity transformed Hamiltonian and putting conditions on we found that the final form of the
Hamiltonian is free from any linear momenta and bounded from below.
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I. INTRODUCTION

Higher derivative (HD) theories are important when one
considers renormalization [1], regularization, and problems
like ultraviolet divergences. By higher derivative we refer
to those theories where the Lagrangian explicitly contains
higher time derivatives of the field variables. Sometimes
these HD theories are considered as some correction terms
or perturbative terms. In modern day theoretical physics,
application of HD theories are wide, e.g., cosmology [2,3],
supersymmetry [4,5], noncommutative theory [6], gravita-
tion [7-10], etc. Despite their wide range of usage these
theories are plagued by a crucial issue called the
“Ostrogradski instability.” HD theories are, in general,
degenerate in nature and for this reason, while quantizing,
one should very carefully choose the proper phase space. It
has been seen that the Hamiltonian of the HD theories
contains terms linear in some of the momenta. Now, when
quantization is done in the proper phase space, after
removing the constraints, these linear momenta terms give
rise to states with a negative norm. It is because the
Hamiltonian is not bounded from below and consequently
the quantized theory becomes unstable. This instability is
very serious and an open problem.

The concept of P7 quantum mechanics was introduced
by Bender [11]. It was mainly introduced to deal with the
non-Hermitian Hamiltonians that initially appeared in cases
like the quantum system of hard spheres [12], Reggeon
field theory [13], and Lee-Yang edge singularity [14,15].
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‘PT symmetric Hamiltonians, though complex and non-
Hermitian in nature, can have eigenvalues that are real [11].
Since then a series of investigations began on various
properties of the P7 symmetric Hamiltonians. They include
various disciplines like nonlinear lattices [16], wave guides
with small holes [17], graphene nanocarbons [18], quantum
dot [19], electrodynamics [20], quantum field theory
[21,22], etc. As soon as a theory is introduced there are
also various experimental confirmations of the P7 sym-
metry [23,24]. Despite the non-Hermitian nature of the P7°
Hamiltonians they were shown to have real spectra [11].
Usually, the FEuler-Lagrange equations of motion
for a higher derivative theory are calculated using the
Ostrogradski formulation [25]. In this method, all the
momenta corresponding to the higher derivatives are defined
in anontrivial way. However, recently it has been shown that
this nontrivial Hamiltonian formulation, for some models,
leads to an incorrect calculation of the phase space [26] and
hence gives a misinterpretation of the quantum states. To
bypass this issue, HD models were, rather, treated as first
order systems via a redefinition of the fields. According to
this first order formulation, momenta definitions are
usual. Surprisingly, in both the cases, the Ostrogradski
method as well as the first order formulation, the canonical
Hamiltonian, contain terms linear in some of the momenta.
Classically, these linear momenta can access both the
positive and negative axes of the phase space and the
Hamiltonian as a result of this become unbounded. After
quantization, these linear momenta terms give rise to
negative norm states which are called the ghost states
[27]. All these facts are well known for HD theories. The
problem becomes more complicated if the systems are
nondegenerate. According to the Ostrogradski theorem,
all the nondegenerate systems contain the ghost states.
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As a solution to this problem, there exist few but successful
model dependent procedures adopted by different authors
[28,29]. HD models with constraints may have first class and
second class constraints or both. In [30], the issue of the
ghost problem was addressed and solved for a system having
first class constraints. However, this procedure lacks any
scope for the systems only with second class constraints.

In this paper, we have considered the case of a purely
second class system where one cannot gauge away the
constraints to remove the linear unwanted momenta.
Actually, for the second class systems, the reduced phase
space is obtained by solving the constraints and treating
them just as the identity between the phase space variables.
Even in the reduced phase space, the linear momenta
remain in the Hamiltonian and consequently the system
becomes unbounded along that particular momenta. This
problem of irreducibility of the linear momenta has been
addressed in the present paper. For that we have considered
the approach of Bender et al. [31] where, by applying a
similarity transformation on the P7 symmetric HD
Hamiltonian, they have obtained a bounded from below
Hamiltonian. In the present paper we have generalized this
approach for the second class systems.

To implement the method discussed above we have
considered a model, namely the Galilean invariant Chern-
Simon’s model in 2 + 1 dimensions, which has only second
class constraints. First introduced by Lukiersky [32], this
Chern-Simon’s model in 2+ 1 dimensions has already
been explored by many authors which includes interesting
results relating noncommutative geometry [33,34], the
Berry phase [35], Hall effect [36], Newton-Hooke sym-
metry [37], twistors [38], anyon, etc. The model has the
symmetries of the Galilean group, i.e., time translation,
space translation, boost, and rotation [32]. These types of
Chern-Simon’s models have a central charge (in this case it
is m) and an additional central extension can provide only
for the D = 2 + 1 which forms the exotic Galilean algebra
[39]. In fact the model in [32] was shown to have the same
dynamics as a charged nonrelativistic planar particle in an
external homogeneous electric and magnetic field [40].

The organization of the paper is as follows. In Sec. I we
shall consider the HD theory and its first order formulation.
Section III deals with the P7” symmetric nature of these HD
theories. In Sec. IV we shall describe the 2 + 1 Galilean
invariant Chern-Simons model and its constraint analysis
by applying the Dirac method. In Sec. V we shall perform
the P7 symmetric transformations to obtain the bounded
from below Hamiltonian of the model. Finally, we conclude
with Sec. VL.

II. HIGHER DERIVATIVE MODELS

A typical higher derivative Lagrangian is written as

L=1(Q.0,0..0"). (1)

Here, “dot” represents the time derivative of the fields Q.
To avoid the Ostrogradski’s way of the Hamiltonian formu-
lation we redefine the configuration space by incorporating
new variables as Q = ¢, 0= q1.0=¢q,...0"") =¢q,.
So the new Lagrangian is

L' =L(q. 91, %) + Y _4ili- (2)

i=1l,n

Here the 1,’s are Lagrange multipliers incorporated to
account for the constraints

$i=4qi—qim (3)

in the new configuration space. It is evident that the Euler
Lagrange equation of motion for the Lagrangian (2) now
will be first order. The momenta can be found as

oL’
pi - 6ql ’ (4)
Py = 0. (5)

Not all the momenta defined above are invertible for a
constraint system. Hence, these momenta will, in general,
give rise to the primary constraints at this stage. The
Hamiltonian can be written as

Hcan = Z (piQi + pﬁi/ii) -L. (6)

i=1,n

It is to be noted that at this level the canonical Hamiltonian,
when simplified, will contain terms like p;_;q;. These
linear momenta will populate the positive as well as
negative regions of the phase space and hence will give
rise to states in quantized theory that have negative norms.
The interesting fact is that this is a model independent
outcome for all HD theories.
The total Hamiltonian of the theory is

HT :Hcan+Aiq)i- (7)

Here A;’s are Lagrange multipliers which act as coefficients
linear to the primary constraints. Next, we find out the time
evolution of the primary constraints. Depending on the
systems, two scenarios can appear:

(i) Poisson brackets of the primary constraints with the
Hamiltonian are equal to some function of the phase
space variables but they do not include any of the
Lagrange multiplier A;’s. In this case they are treated
as secondary constraints.

(ii) If the Poisson brackets of the primary constraints
with the Hamiltonian involve Lagrange multiplier
A;, then equating them to zero we can find out the
Lagrange multipliers.
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In order to find out all the constraints of the theory at the
secondary and tertiary levels, the iteration process goes on.
We may group all these constraints as first class and second
class based on the nature of the Poisson brackets among
themselves. In the present paper, we are interested in
systems with only second class systems. Evidently, in this
case, all the Lagrange multipliers are solved and can be
used in the total Hamiltonian. In the reduced phase space,
we can get rid of all the second class constraints by treating
them as identities. One can expect that these constraints
might involve momenta like p;; and in the reduced phase
space the Hamiltonian is free from these unwanted linear
momenta. Unfortunately, such is not the scenario in most of
the cases. Rather, the Hamiltonian still is plagued with the
linear momenta and is unbounded from below. A mere
reduction of the phase space by applying the Dirac
procedure is no help for us because the system has only
second class constraints.

III. P7 SYMMETRIES

In this section we point out only the basic features of
PT -symmetric quantum mechanics required to reach our
goal of finding out a bounded from below Hamiltonian for
the Higher derivative models only with second class
constraints.

Consider a linear operator P that effects any other
operator, some function of position and momentum,
through spatial reflection. The effect of P on the basic
operators like space X and momentum p is

Pk = %, (8)
Pp = —p. ©)

Also consider another operator which is antilinear and
effects the position and momentum as

Tp=-p, (10)
Tk = &. (11)

So, it is evident that a combination of the P7 operation left
the momentum operator p unchanged but the position
operator X changes sign. States which are eigenstates of the
Hamiltonian are also simultaneously eigenstates of P7.
We know that the Hamiltonian of a theory gives the
energy eigenvalues of a system. If the Hamiltonian is real
and symmetric, consequently, the energy eigenvalues are
also real. Although, there is a stronger condition for this
reality of the energy spectrum and it is called the
Hermiticity of the Hamiltonian. For real spectrum of
the theory in [41] C. M. Bender showed the Hermiticity
of the Hamiltonian as a sufficient but not necessary
condition. In wusual theories it is expected that the
Hamiltonian is bounded from below but the higher

derivative theories are usually devoid of this boundedness
due to the existence of the Ostrogradski ghosts. In the
general form, as in Eq. (6), which contains linear momenta
terms like py;q,;, it is not bounded from below. This linear
momenta, in coordinate space, will make the Hamiltonian a
complex operator and consequently will become non-
Hermitian, H # H'. To overcome this condition, Bender
et al. [11] proposed the concept that if the Hamiltonian is
complex and if it is not Hermitian then for the real energy
spectrum it should be P7 symmetric, i.e., H = H"”. To
dig more facts and for the outcome of P7 theory, the reader
may refer to [41,42].

One might be curious about the state vectors and how the
Hilbert space is defined [43]. The state vectors for these
complex Hamiltonians give rise to negative norm states
while for a viable physical theory it is required that the
norm of the state vectors must be positive. For these types
of complex Hamiltonians, there exist a previously unno-
ticed symmetry operator denoted by C with the properties

c?=1, [C,PT] =0, [C,H] = 0. (12)
In PT theory the operator C is defined in such a way so that
the inner product

(wly) = / dx[CPTy (0l (x) (13)

is positive definite. This C operator has similarities with the
charge conjugation operator. C can be written as [44]

C = 2P, (14)

where Q is a real function of the dynamical variable or the
phase space variables.

IV. THE 2+1 CHERN-SIMON’S MODEL: FIRST
ORDER TREATMENT

As shown in [32] we consider the Galilean invariant
model in D =2 + 1 dimensions
%)
mx; -

L :Tl—keijxixj (15)
where k has a physical dimension of [M][T]. We convert the
Lagrangian into a first order form by redefining the field
variables as

q1i = Xi» (16)
Gai = X;. (17)
So in terms of these variables the Lagrangian becomes
2
mqs; . .
L= 221 — ke;;qriq5; + 4i(q1i — q2:)- (18)

Corresponding to this Lagrangian, the momenta are
given by
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P =0. (20)

Hence we get the primary constraints which are

D, =py; —4~0, (21)
¥, = pyi — keijgr; ~ 0, (22)
B =pu~0. (23)

Poisson brackets among these primary constraints are

{®;,¥;} =0, (24)
(W} = —2ke;;. (25)
{<I>,-,Ej} = -4}, (26)
(9.5} =0. (27)

The canonical Hamiltonian is

Hen = P1iqui + P2iqoi + piidi — L = —5‘1%,' + 4iq2is
(28)
whereas the total Hamiltonian is
Hp = Hen + A ®@; + AW + AgE. (29)

At this level we want to find out the various Lagrange
multipliers by computing the Poisson brackets of the
primary constraints with the total Hamiltonian and equating
them to zero, which gives

A3i = O? (30)

1
Ay :ﬁ(m%j‘hlj)eﬁ, (31)
Ay = —q;. (32)

Thus, we see that there is no generation of new constraints.
The chain of constraints stops here with the second class
constraints. However, we can remove these constraints as
they are second class in nature. The constraints ®; and E;
can be removed by simply putting them to be zero.
Corresponding Dirac brackets between the phase space
variables remain unchanged and hence all the Poisson
brackets that were computed earlier remain the same under
these Dirac brackets. Now we are left with the second class
constraints ¥;. For their removal and construction of the
Dirac brackets we consider the matrix

and its inverse
o1
Aij zﬁeij. (34)

Removing the second class constraints we get
Hyp = H . (35 )

We observe that the Hamiltonian still contains the term
linear in the momenta which actually gives rise to ghost
states, i.e., the negative norm states. It is a purely second
class theory and for that reason we do not have any way to
get rid of the ghost fields by just incorporating new
constraints in the form of gauge conditions.

In the next section we shall try to see if the theory is P7
symmetric or not. This will enable us to apply the treatment
of [31] to form a ghost free Hamiltonian.

V. P7 SYMMETRY OF THE GALILIAN
INVARIANT CHERN-SIMON MODEL

In this section we shall try to fix this problem of
removing the ghost fields by considering the P7 version
of the model. After solving the second class constraints the
total Hamiltonian (29), in the reduced phase space,
becomes

m
H = _qui + P1iq2i- (36)
This Hamiltonian contains a term p;;q,; which is linear in
momenta. The Hamiltonian thus is not bounded from
below. We consider the isospectral (similarity) transforma-
tion as

q1; = iz, (37)

Pii = —ips (38)

Replacing these in the Hamiltonian, we find out the new
Hamiltonian which is

~ m .
H= _qui — 1Pz q2i- (39)

Now, if we apply the transformations of (9) and (11) it can
easily be seen that the Hamiltonian obtained above is P7
symmetric. This Hamiltonian, however, is neither bounded
from below nor real. Also, this Hamiltonian is not even
Dirac Hermitian. To check if the removal of these ghost
fields are really possible or not, we shall analyze as follows.
We consider the usual transformation of the fields as

751721' = —DPai-
(40)

Pzi=zin Ppi= P> P2 =—q:
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Whereas, under the time reversal operator the transforma-
tions are

7A—P2i = —Dai-
(41)

Tzi=-%, Tpi=ri Tqi=qu

The effect of the combined P7 transformation A leaves the
invariant

PTH(PT)™' = H. (42)

Although the Hamiltonian (39) is not Dirac Hermitian, it is
P7T symmetric. The reason for considering the P7
symmetric Hamiltonian is that it gives a real spectrum
despite the fact that the unitarity is violated.

To find the C operator as defined in (14) we first find out
Q. Although Q can be obtained perturbatively, we adopt the
definition given in [31] which is a bilinear function of
the phase space variables, which, for the present model of
the paper with the phase space {q,;, p1i» ¢2i» P2i } becomes

O = ap.ipsi + Pziqa (43)

where a,  are some parameters yet to be determined.

A. Finding «, f

To find the parameters « and  we recall the relations in
(12). The first two relations give an idea about the
properties of the C operator [see [41] for a detailed
explanation]. The third relation is interesting as one can
see that the C commutes with the Hamiltonian. Using this
identity and the non-Hermitian nature of the Hamiltonian
we can easily write

e_QHeQ :HO_HI' (44)

The Hamiltonian as always, for unbroken P7 theories, can
be decomposed into two parts with H, being the usual
kinetic part which is Hermitian by construction and the H
contains the non-Hermitian term.

Now we calculate the similarity transformations of the
phase space variables, which are

S
e 9z,e¢ = 7,C+ DSpy;, e 9pe? =p,C+—qy.

D
(45)
e 9qye? = q5,C+ DSpy;, (46)
_ S
e 9pye? = py,C+ D (47)

where we have taken D = \/é, S = sin hv/ap,

C = coshy/ap. Using these transformation rules, one
can easily calculate the transformations for the functions.
The Hamiltonian transforms as

2
ePHe ™0 = _% (Q%i cosh2 aﬂ—%Dz(cos h2\/ap — 1))
B Pl
+ (%sinhZ\/a —%Dsinh%/a/})
— Pz (%D sinh2+/ap + cosh2\/aﬁ).

(48)

Putting this expression in (44) and using the expressions of
H, and H; we get an identity. Comparing the imaginary on
both sides we get a simplified form

cosh aﬂ:—% %sinh\/(;ﬁ. (49)

This is a very important relation we have obtained
between a and f.

B. The bounded from below Hamiltonian

It is clear that the linear momenta terms are still present
in Eq. (48). These terms can be removed if either they are
constraints of the system or the coefficients are such that
they yield to zero. The Dirac constraint analysis performed
in the previous section suggests that in the present system
D2iq»; do not form any constraint. On the other hand, since
it is a purely second class system, we cannot remove them
by introducing these terms as gauge conditions. Contrary to
this approach of a Dirac constraint analysis, since this is a
PT symmetric system, we can apply a similarity trans-
formation to (36) and using (49) we get

H = ¢ 2/?He9?

2 2
, (M S Pui(m 2
=qi|—DS+—= )+ |D(C-1)+—=C).

qz’(4 D> 2 <2 ( ) m >

(50)

It is evident that all the terms involving phase space
variables are in the squared form and consequently the
above transformed Hamiltonian is bounded from below.
Thus, the P7 transformations helped us to get rid of the
unwanted linear momenta that can give rise to negative
norm states. The eigenstates |j) of the Hamiltonian (50)
have a positive inner product and are normalized (7|) = 1
in the Dirac sense. This is guaranteed because the
states of the original Hamiltonian (39) are connected via
) = e=92|y). In PT theory these eigenstates are nor-
malized as

Sl =1.
(51)

Thus, for the second class systems, the above algorithm
may be useful for other models also. Provided that, after the

(wale™@lw) = 8(m.n),
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similarity transformation (38), the Hamiltonian should be
PT symmetric. For those models, the unboundedness may
be just an artifact which can be removed by taking into
account a more physical symmetry viz. the P7 symmetry.

VI. CONCLUSIONS

Higher derivative theories have been seen in active use in
various branches of physics including gravity, string theory,
condensed matter physics, etc. One might argue the validity
of these theories as there are adequate reasons to question and
one of them is the Ostrogradski ghost problem [25,27]. To
remove these unphysical sectors from the theory, earlier
attempts were purely system dependent [28,30]. In general,
these HD models always contain constraint which includes
both first class and second class constraints. The problem for
solving the first class systems is proposed in [30] but the
method cannot deal with systems with only second class
constraints. This issue was addressed here and a way to solve
by considering the P7 symmetries of the system was shown.

We have converted the HD theory into a first order theory
by redefining the field variables and incorporating appro-
priate constraints at the Lagrangian level. While performing
the Hamiltonian analysis, we have found out all the con-
straints in the theory. We have considered the problem of
systems only with second class constraints. As an example,
the Galilean invariant Chern-Simons model was considered
in 2+ 1 dimensions. These second class constraints were
removed by treating them to be zero and consequently
replacing all the Poisson brackets of the theory by

appropriate Dirac brackets. The main concern of the theory
was with the Hamiltonian which contained a term p;;q;.
This term, linear in momenta, gives rise to negative norm
state when one goes for quantization of the theory. It is
evident from the constraint structure that none of the
constraints, which are second class indeed, contain the
momenta and hence we have no way to reduce this to get
the reduced phase space. To solve this issue of the linear
momenta we have considered P7 symmetric aspects of the
model. Because of the existence of the linear momenta, after
performing an isospectral similarity transformation, the
Hamiltonian becomes imaginary. We noticed that although
the Hamiltonian now became non-Hermitian it is P7
symmetric. We calculated the P7 transformations of the
phase space variables. The P7 transformation of the
Hamiltonian is shown to be real and all the terms in the
transformed Hamiltonian are bounded from below.

Though it is a higher derivative theory, finally we got the
real and bounded from below Hamiltonian which is not
usual for this class of theories. Despite its constraint
structure, the inherent P7 symmetric nature of the theory
was indeed a help to get rid of the linear momenta terms
causing the instability of the quantum version. Now the
Hamiltonian does not contain the Ostrogradski ghost term
and is free from the instabilities. The method described
above is applicable for systems where only second class
constraints appear. It would be worth investigating the
applicability of this method on more complex and physi-
cally viable models.
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