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Béatrice Bonga*

Perimeter Institute for Theoretical Physics, Waterloo, Ontario N2L 2Y5, Canada

Eric Poisson†

Department of Physics, University of Guelph, Guelph, Ontario N1G 2W1, Canada

(Received 3 August 2018; revised manuscript received 17 December 2018; published 18 March 2019)

The flux of angular momentum in electromagnetism cannot be expressed entirely in terms of the field’s
radiative degrees of freedom. Its expression also involves Coulombic pieces of the field, in the form of a
charge aspect qðθ;ϕÞ, a function of polar angles whose integral gives the total charge of the system. Guided
by the strong analogy between radiative processes in electromagnetism and gravitation, we ask whether the
flux of angular momentum in general relativity might also involve Coulombic pieces of the gravitational
field. Further, we ask whether such terms might have been missed in the past by specializing the flux to
sources of gravitational waves that are at rest with respect to the frame in which the flux is evaluated. To
answer these questions, we bring together the Landau-Lifshitz formulation of the Einstein field equations,
which provides specific definitions for angular momentum and its associated flux, and the Bondi
formalism, which provides a systematic expansion of the metric of an asymptotically flat spacetime in
inverse powers of the distance away from the matter distribution. We obtain a new expression for the flux of
angular momentum, which is not restricted to sources of gravitational waves at rest nor to periodic sources.
We show that our new expression is equivalent to the standard formula used in the literature when these
restrictions are put in place. We find that, contrary to expectations based on the analogy between
electromagnetism and gravitation, the flux of angular momentum in general relativity can be expressed
entirely in terms of the field’s radiative degrees of freedom. In contrast to electromagnetism, no Coulombic
information is required to calculate the flux of angular momentum in general relativity.
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I. INTRODUCTION

A bounded distribution of electric charges undergoing a
dynamical process produces electromagnetic radiation that
carries off some of the distribution’s energy, linear momen-
tum, and angular momentum. It is natural to expect that the
fluxes of energy, linear momentum, and angular momen-
tum should be expressible entirely in terms of the radiative
degrees of freedom (d.o.f.) of the electromagnetic field. In a
given gauge, and far away from the source, these can be
encoded in a transverse vector potential Aa

t , where a is a
spatial vector index and the label “t” indicates that the
vector is geometrically transverse, that is, orthogonal to the
direction of wave propagation. While this expectation is
indeed verified for the fluxes of energy and linear momen-
tum, it is actually false in the case of angular momentum. A
recent investigation by Ashtekar and Bonga [1,2] (see also
[3]) reveals that in addition to the radiative d.o.f., the flux of
angular momentum also involves “Coulombic pieces” of
the electromagnetic field. These are encoded in a “charge
aspect” qðθ;ϕÞ, a function of the polar angles θ and ϕ

whose integral is equal to the system’s total charge. This
perhaps unexpected feature of the flux of angular momen-
tum is illustrated in a vivid way by a simple system
consisting of a charged sphere that rotates on an axis with
a variable angular velocity [4]. In this situation, the flux of
angular momentum is proportional to both the sphere’s
total charge and the second time derivative of its magnetic
moment; it reflects an interplay between radiative and
Coulombic pieces of the electromagnetic field.
Gravitation is strongly analogous to electromagnetism.

In the case of gravity, it is well understood that a
distribution of masses undergoing a dynamical process
produces gravitational radiation that carries off energy,
linear momentum, and angular momentum. The analogy
suggests that the flux of angular momentum in general
relativity might also involve more than just the radiative
d.o.f. of the gravitational field. Is it possible that a
dependence on “Coulombic pieces” of the field has hitherto
been missed? Given the crucial importance of balance laws
(for energy, linear momentum, and angular momentum) in
the dynamical modeling of gravitational-wave sources (see
[5] for example), it appeared to us imperative to find a
definitive answer to this question.
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Before revealing this answer, let us flesh out a plau-
sibility argument in favor of a dependence on Coulombic
pieces of the gravitational field. First, we argue that
Coulombic information may enter the flux of angular
momentum on the basis of the strong analogy between
gravitation and electromagnetism. Because the electromag-
netic flux involves a charge aspect qðθ;ϕÞ, we might
expect that the gravitational flux should involve some kind
of mass aspect mðθ;ϕÞ. A plausible candidate for this is
Mðu ¼ −∞; θ;ϕÞ, the Bondi mass aspect evaluated in the
remote past, in the limit in which retarded time u
approaches minus infinity. For example, the mass aspect
of a boosted source of gravitational waves is given by

Mðu ¼ −∞; θ;ϕÞ ¼ m
γ3ð1 − v cos θÞ3 ; ð1:1Þ

where m is the source’s mass, v is the boost velocity, and
γ ¼ ð1 − v2Þ−1=2. (For simplicity, we have taken the boost
to be directed along the polar axis, so that the mass aspect
does not depend on ϕ.) This expression was first displayed
in [6]—see their Eq. (72)—and we provide a derivation in
Appendix C.
Second, we examine a number of past derivations of the

angular-momentum flux in general relativity, and observe
that given the assumptions made in those derivations, it is
possible that Coulombic information could be missing from
the flux. Specifically, derivations based on the Landau-
Lifschitz formalism are implicitly or explicitly restricted to
sources of gravitational waves that are at rest with respect to
the frame in which the flux is evaluated. The expression for
the flux that is almost universally used in the gravitational-
wave literature is the one displayed in Sec. IV D of
Thorne’s seminal “Multipole expansions of gravitational
radiation” [7], and this expression is based on the Landau-
Lifschitz formalism. In his article, Thorne provides no
derivation, but refers to unpublished lecture notes by Bryce
DeWitt (which have since been published in [8]); a
derivation of the flux that reproduces Thorne’s result can
also be found in Sec. 12.2.4 of [9]. In the discussion that
follows his statement of the flux, Thorne explains that the
formula is meant to apply only to sources at rest, and this
restriction is implicit in the derivation detailed in [9].
Because the mass aspect Mðu ¼ −∞; θ;ϕÞ reduces to
the constant m when v ¼ 0, it is possible that terms that
otherwise would be present in the flux are omitted when the
source is at rest. This would leave us with an incomplete
description of angular-momentum flux in general relativity.
The standard formula might well apply to sources at rest,
but it would not be valid in more general situations. In
particular, in contexts involving a boosted source, or a
source recoiling because of the emission of gravitational
waves, the flux would miss terms that incorporate
Coulombic information about the gravitational field.

Another statement of the angular-momentum flux, by
Ashtekar and Streubel [10], is independent of the Landau-
Lifshitz formalism, and is not restricted to sources at rest.
Their derivation, however, is based on the phase space of
radiative modes at null infinity, and it therefore excludes
Coulombic information from the start; this expression also
could be incomplete. Yet another derivation of the flux of
angular momentum, based on the covariant phase-space
methods of Wald and Zoupas [11], was provided by
Flanagan and Nichols [12]. While these methods do not
seem to be restricted to the radiative phase space of
asymptotically flat spacetimes, and therefore seem to
account for Coulombic information, their flux is a time-
integrated version of the instantaneous flux considered in
this paper, and it is difficult to determine whether the
instantaneous flux might depend on the Coulombic terms.
To find out if anything is indeed missing from the

standard formula for the flux of angular momentum in
general relativity, we present a new and independent
calculation of the flux, taking care to incorporate no
assumption regarding the state of motion of the source
of gravitational waves. This derivation combines two
essential ingredients. The first is the Landau-Lifshitz
formulation of the Einstein field equations [13], as
reviewed in Sec. VI. 1 of [9]. This formulation provides
a definition for the angular-momentum tensor Jab of an
asymptotically flat spacetime, and a definition for its
associated flux T ab. Conservation of angular momentum
is embodied in the balance law

d
du

Jab ¼ −T ab; ð1:2Þ

which follows as a direct consequence of the field equa-
tions. These definitions are by no means unique, but they
are convenient, widely used in the literature, and they
provide a firm basis for a discussion of angular-momentum
flux. The second ingredient is a systematic expansion of the
metric of an asymptotically flat spacetime in inverse powers
of r, the spatial distance from the matter distribution. This
is provided by the Bondi metric [6,14], which is presented
in geometrical coordinates ðu; r; θ;ϕÞ tied to the expanding
light cones of the spacetime.
Our derivation brings together the Landau-Lifshitz and

Bondi frameworks into a happy and fruitful marriage. In
this formulation, we obtain explicit expressions for Jab and
T ab, and verify explicitly that Eq. (1.2) follows as a
consequence of the field equations. Our expression for
the flux reduces to Thorne’s standard formula when it is
applied to a periodic source of gravitational waves at rest;
as we show in Sec. III, an average over a period of
oscillation is required to establish the equivalence of the
two results. Our new expression allows us to resolve the
issue of the Coulombic influence. Contrary to expectations
based on the plausibility argument, we find that the flux of
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angular momentum in general relativity can be written
entirely in terms of the radiative d.o.f. of the gravitational
field; Coulombic information, in the form of Mðu ¼
−∞; θ;ϕÞ or anything else of the sort, makes no appearance
in the flux. Our conclusion is, therefore, that nothing was
missed, and that the expected analogy between electro-
magnetic and gravitational fluxes of angular momentum
simply breaks down. Why this breakdown occurs is a deep
question, for which we currently have no answer.
Our new expression for the flux of angular momentum in

general relativity applies to situations that are more general
than those envisioned by Thorne in [7]. There is no
restriction to sources of gravitational waves that are at rest
with respect to the frame in which the flux is evaluated,
there is no restriction to periodic sources, and there is no
averaging over a period of oscillation. Our new formula
applies to all situations involving an asymptotically flat
spacetime with a bounded matter source.
The paper is organized as follows.We introduce theBondi

metric in Sec. II, present it in the original coordinates
ðu; r; θ;ϕÞ and in a related Lorentzian system ðt; x; y; zÞ,
expand it in powers of r−1, and write down field equations
for the various expansion coefficients. In Sec. III, we
introduce the flux T ab and calculate it with the help of
the Bondi metric. We show that the result can be expressed
entirely in terms of the field’s radiative d.o.f., and we
compare our expression to Thorne’s standard formula. In
Sec. IV, we introduce the angular momentum Jab, calculate
it with the help of the Bondimetric, and verify the validity of
the balance law in Eq. (1.2). In the course of this discussion,
we get compelled to alter the definitions slightly, and to
introduce alternative notions of angular momentum and flux
that are more closely in tune with the Bondi framework. We
also address the ambiguity that plagues the definition of
angular momentum in general relativity, which is associated
with supertranslations, a subgroup of the Bondi-Metzner-
Sachs (BMS) group of transformations that preserves the
form of the Bondi metric.While the balance equation can be
formulated in any Bondi frame, each side of the equation
changes (consistently) under a supertranslation. We further
explain that in typical situations in which the spacetime is
stationary in the remote past, the ambiguity can be elimi-
natedwith a choice of preferred Bondi frame. For the sake of
completeness, in our final Sec. V, we examine the balance
laws for energy and linear momentum in our combined
Landau-Lifshitz and Bondi formalisms.
Several technical developments are relegated to appen-

dices. In Appendix A, we calculate the transformation
of various quantities under infinitesimal supertranslations,
and show that Eq. (1.2) is preserved. In Appendix B, we
provide an explicit listing of components for various
tensors that are introduced in Sec. III. Finally, in
Appendix C we examine the spacetime of a boosted mass,
and provide a derivation of Eq. (1.1). Throughout the paper,
we use geometrized units and set G ¼ c ¼ 1.

II. METRIC

A. Bondi metric and field equations

The Bondi metric is an expansion of the metric of an
asymptotically flat spacetime in inverse powers of the
distance from the matter distribution. It was introduced in
[6,14] and [15] provides a comprehensive review. The
metric is presented in coordinates ðu; r; θ;ϕÞ attached to the
spacetime’s expanding null cones. The retarded-time coor-
dinate u is constant on each null cone, and the angles θA ¼
ðθ;ϕÞ are constant on the null generators; the radial
coordinate r is a nonaffine parameter on each generator.
The definition of the coordinates implies that guu ¼
guA ¼ 0. The metric functions U, V, WA and γAB are
defined in terms of the inverse metric; specifically, we have
that gur ¼ −1=U, grr ¼ V=U, grA ¼ WA=ðrUÞ, and
gAB ¼ γAB=r2, where γAB is the matrix inverse of γAB.
The metric is given by

ds2 ¼ −UVdu2 − 2Ududrþ γABðrdθA
þWAduÞðrdθB þWBduÞ: ð2:1Þ

The scaling of the radial coordinate is fixed by imposing
det½γAB� ¼ sin2 θ. The Minkowski metric is recovered
when U ¼ 1; V ¼ 1;WA ¼ 0, and γAB ¼ ΩAB, where
ΩAB ≔ diagð1; sin2 θÞ is the metric on the unit two-sphere.
We assume that the metric is smooth, and that there is no

matter outside a bounded region surrounding r ¼ 0. The
metric functions are expressed as asymptotic expansions in
powers of r−1, and the expansion coefficients are deter-
mined by the vacuum field equations. Two functions of
ðu; θAÞ are left undetermined by the field equations. These
are the radiative d.o.f. of the gravitational field, described
by

Xðu; θAÞ ≔ lim
r→∞

ðrhþÞ; Yðu; θAÞ ≔ lim
r→∞

ðrh×Þ; ð2:2Þ

where hþ and h× are the two polarizations of the gravi-
tational wave. We package these quantities into a sym-
metric two-tensor fAB defined on the tangent space of the
unit two-sphere:

fAB ≔
�

X Y sin θ

Y sin θ −X sin2 θ

�
: ð2:3Þ

The tensor fAB is tracefree, that is ΩABfAB ¼ 0, where
ΩAB ¼ diagð1; 1= sin2 θÞ is the matrix inverse of ΩAB. We
denote the covariant derivative on the unit two-sphere with
the symbol DA, with the understanding that the connection
is compatible with ΩAB. We also use the notation

f2 ≔ fABfAB ¼ 2ðX2 þ Y2Þ; ð2:4Þ
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where here and below, an upper-case latin index such as A
is raised with ΩAB; these indices are lowered with ΩAB.
To the order required to calculate the flux of angular

momentum in Sec. III, the metric functions are expanded as

U ¼ 1þ B=r2 þOðr−3Þ; ð2:5aÞ

V ¼ 1 − 2M=rþ N=r2 þOðr−3Þ; ð2:5bÞ

WA ¼ AA=rþ BA=r2 þOðr−3Þ; ð2:5cÞ

γAB ¼ ΩAB þ fAB=rþ
1

4
f2ΩAB=r2 þOðr−3Þ; ð2:5dÞ

γAB ¼ ΩAB − fAB=rþ 1

4
f2ΩAB=r2 þOðr−3Þ; ð2:5eÞ

with each coefficient a function of u and θA. In the
expansions, we have invoked the Einstein field equations
to eliminate a term at order r−1 in U, and to determine the
term at order r−2 in γAB. Additionally, the field equations
imply that

B ¼ −
1

16
f2; AA ¼ 1

2
DBfAB; ð2:6Þ

and up to initial conditions, the Bondi-mass aspect
Mðu; θAÞ is determined by

∂M
∂u ¼ −

1

8
_fAB _f

AB þ 1

4
DADB

_fAB; ð2:7Þ

in which _fAB ≔ ∂fAB=∂u. The celebrated Bondi mass-loss
formula follows from Eq. (2.7) after integration over the
unit two-sphere; the first term on the right describes the flux
of gravitational-wave energy, and the second term integra-
tes to zero.
The field equations further imply

∂BA

∂u ¼ DBΓAB −
1

2
_fACDBfBC þ 1

6
_fBCDBfAC; ð2:8Þ

where

ΓAB ≔ ΩAB

�
2

3
M −

1

16

∂f2
∂u

�
þ 1

6
DCðDAfBC −DBfACÞ:

ð2:9Þ

In the literature, BA is often referred to as an angular-
momentum aspect.1 Conventions differ, however, on the
precise definition of the angular-momentum aspect, and
some authors shift BA by terms proportional to fAB and its

derivatives, and/or multiply it by a numerical factor; see
Eq. (2.8) and (2.9) in [17] for a comparison between various
conventions used in the literature. In Sec. IV B, we will
reveal the link between Eq. (2.8) and the statement of
conservation of angular momentum.
An equation can also be written down for the remaining

function N, but this will not be required in our further
developments.

B. Transformation to Lorentzian coordinates

We transform the Bondi metric from the coordinates
ðu; r; θAÞ to a Lorentzian system ðt; x; y; zÞ defined by

t ¼ uþ r; xa ¼ rΩaðθAÞ; ð2:10Þ

in which xa ≔ ðx; y; zÞ and Ωa ≔ ðsin θ cosϕ; sin θ sinϕ;
cos θÞ. We introduce the notations

Ωa
A ≔ ∂AΩa; ΩA

a ≔ ΩABδabΩb
B; ð2:11Þ

and note that these objects satisfy the identities

ΩaΩa
A ¼ 0; ΩAB ¼ δabΩa

AΩb
B;

ΩABΩa
AΩb

B ¼ δab − ΩaΩb; DADBΩa ¼ −ΩaΩAB:

ð2:12Þ

We use the Euclidean metric δab to lower and raise all
lower-case latin indices.
When transforming a two-tensor like fAB to Cartesian

coordinates, it is convenient to omit factors of r and work
entirely on the unit two-sphere. One must then take care to
re-insert the factors of r at an appropriate later stage. We,
therefore, introduce the notation

Aa ≔ Ωa
AA

A; fab ≔ Ωa
AΩb

Bf
AB; ð2:13Þ

and so on. In a similar fashion, we let

fabjc ≔ Ωa
AΩb

BΩC
c DCfAB; ð2:14Þ

and so forth. In this notation, the second of Eqs. (2.6)
becomes Aa ¼ 1

2
fabjb, and we also note that f2 ¼ fabfab.

A straightforward calculation reveals that the inverse
metric becomes

gtt ¼ 1

U
ðV − 2Þ; gta ¼ 1

U
½ðV − 1ÞΩa þWa�;

gab ¼ 1

U
ðVΩaΩb þ ΩaWb þWaΩb þUγabÞ ð2:15Þ

in the Lorentzian coordinates. We have that
ffiffiffiffiffiffi−gp ¼ U, and

the components of gαβ ≔ ffiffiffiffiffiffi−gp
gαβ are

1The term “mass aspect” was coined in [6], but the term
“angular-momentum aspect” was introduced later in [16].
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gtt ¼ V − 2; gta ¼ ðV − 1ÞΩa þWa;

gab ¼ VΩaΩb þΩaWb þWaΩb þ Uγab: ð2:16Þ

Taking into account the expansions in powers of 1=r, we
obtain

gtt ¼ −1 −
2M
r

þ N
r2

þOðr−3Þ; ð2:17aÞ

gta ¼ ð−2MΩa þ AaÞ 1
r
þ ðNΩa þ BaÞ 1

r2
þOðr−3Þ;

ð2:17bÞ

gab ¼ δab þ ð−2MΩaΩb þ ΩaAb þ AaΩb − fabÞ 1
r

þ
�
NΩaΩb þ ΩaBb þ BaΩb

þ 3

16
f2ðδab − ΩaΩbÞ

�
1

r2
þOðr−3Þ: ð2:17cÞ

To the order required in Sec. III, the components of the
inverse metric are

gtt ¼ −1 −
2M
r

þOðr−2Þ; ð2:18aÞ

gta ¼ ð−2MΩa þ AaÞ 1
r
þOðr−2Þ; ð2:18bÞ

gab¼δabþð−2MΩaΩbþΩaAbþAaΩb−fabÞ1
r
þOðr−2Þ;

ð2:18cÞ

and those of the metric are

gtt ¼ −1þ 2M
r

þOðr−2Þ; ð2:19aÞ

gta ¼ ð−2MΩa þ AaÞ
1

r
þOðr−2Þ; ð2:19bÞ

gab ¼ δabþð2MΩaΩb −ΩaAb −AaΩbþfabÞ
1

r
þOðr−2Þ:

ð2:19cÞ

As stated previously, all lower-case latin indices on the
right-hand side of these equations are lowered with δab.
The expansion coefficients M, fab, Aa, and so on, are

still viewed as functions of u and θA, and the Lorentzian
components of gαβ are, therefore, viewed as functions of u,
r, and θA. The partial-derivative operator ∂γ, however,
refers to the Lorentzian coordinates, and derivatives of gαβ

are calculated as

∂γgαβ ¼
∂gαβ
∂u ∂γuþ ∂gαβ

∂r ∂γrþ
∂gαβ
∂θA ∂γθ

A: ð2:20Þ

We have that ∂tu ¼ 1, ∂au ¼ −Ωa, ∂tr ¼ 0, ∂ar ¼ Ωa,
∂tθ

A ¼ 0, and ∂aθ
A ¼ r−1ΩA

a .

III. FLUX OF ANGULAR MOMENTUM

The flux of angular momentum is calculated in the
Landau-Lifshitz formalism, without specializing to har-
monic coordinates. The densitized inverse metric of
Eqs. (2.17), the inverse metric of Eqs. (2.18), and the
metric of Eqs. (2.19) are inserted into the Landau-Lifshitz
pseudotensor tαβ ≔ ð−gÞtαβLL (see Eq. (6.5) of [9]), which is
expanded through orders r−2 and r−3. This is then sub-
stituted into the expression for the flux of angular momen-
tum (see Eq. (12.36) of [9]),

T ab ¼
I

ðxatbc − xbtacÞdSc: ð3:1Þ

The integral is evaluated in the limit r → ∞, and dSc ¼
Ωcr2dΩ (with dΩ ≔ sin θdθdϕ) is the surface element on a
coordinate sphere of constant u and r. After a rather long
calculation, we obtain

T ab ¼
Z

tabdΩ; ð3:2Þ

where

tab¼−
1

16π
Ω½að−2fb�c _Acþ2_fb�cAcþ _fb�cfcdjd−fb�cjd _f

cdÞ:
ð3:3Þ

A truly remarkable aspect of this result is that the flux
integrand tab depends only on the metric functions fab and
Aa; it is independent of the mass aspect M and all other
functions that appear in the metric at the relevant orders in
r−1. We have verified that these quantities also do not
appear in the Landau-Lifshitz pseudotensor expanded
through order r−3.
Incorporating the field equation Aa ¼ 1

2
fabjb and isolat-

ing a total u derivative, an equivalent expression for the flux
integrand is

tab ¼ ∂rab
∂u þ sab; ð3:4Þ

where

rab ≔
1

16π
Ω½afb�cfcdjd ¼

1

16π
Ω½aΩb�

B f
B
CDDfCD ð3:5Þ

and

COULOMBIC CONTRIBUTION TO ANGULAR MOMENTUM … PHYS. REV. D 99, 064024 (2019)

064024-5



sab ≔ −
1

16π
Ω½að3_fb�cfcdjd − fb�cjd _f

cdÞ

¼ −
1

16π
Ω½aΩb�

B ð3_fBCDDfCD − _fCDDCfBDÞ: ð3:6Þ

The “standard expression” for the flux integrand, used
everywhere in the literature on gravitational waves, is
given by

tabstandard ¼ −
1

16π
Ω½að _fb�cfcdjd þ fb�cjd _f

cdÞ þ 1

8π
f½ac _f

b�c

ð3:7aÞ

¼ −
1

16π
Ω½aΩb�

B ð _fBCDDfCD þ _fCDDCfBDÞ

þ 1

8π
Ω½a

AΩ
b�
B f

A
C
_fCB: ð3:7bÞ

The standard expression originates in Sec. IV D of [7]. In
the discussion, Thorne makes it clear that Eq. (3.7) is meant
to apply only to sources of gravitational waves that are at
rest relative to the reference frame in which the flux is
evaluated. Furthermore, the formula is meant to apply only
to periodic sources of gravitational waves, and it involves
an average over a period of oscillation.
The standard expression differs from our own expression

for the flux of angular momentum. The difference between
Eqs. (3.4) and (3.7) is

tab − tabstandard ¼
∂pab
∂u −DD

�
1

8π
Ω½aΩb�

B
_fBCfCD

�
; ð3:8Þ

where

pab ≔
1

16π
Ω½aðfb�cfcdjd þ 2fb�cjdfcdÞ

¼ 1

16π
Ω½aΩb�

B ðfBCDDfCD þ 2fCDDCfBDÞ: ð3:9Þ

The second term of this difference is a divergence on the
unit two-sphere, and its integral over the angles ðθ;ϕÞ
vanishes. The first term is a total time derivative, which
necessarily vanishes when averaged over a period of
oscillation. We conclude that Eq. (3.4) and the standard
expression are equivalent (after averaging) when applied to
a periodic source of gravitational waves.
In contrast to the standard expression, Eq. (3.4) is not

restricted to periodic sources of gravitational waves, and
there is no requirement that the source be at rest. Its domain
of applicability is, therefore, wider than the standard
expression. We note also that our derivation did not rely
on a post-Minkowskian expansion of the metric; our result
is, therefore, valid to all orders in G. It holds in full general
relativity, for any asymptotically flat spacetime.

An explicit listing of components for the tensors
rab; sab; tabstandard, and pab is provided in Appendix B.
The calculations in this section were carried out with the
help of GRTENSORIII [18] working under Maple and,
independently, in MATHEMATICA with the Riemannian
Geometry and Tensor Calculus package.

IV. ANGULARMOMENTUM AND BALANCE LAW

A. Angular momentum

In the Landau-Lifshitz formalism, the angular-momen-
tum tensor is defined as an integral over a two-sphere
ðu; rÞ ¼ constant in the limit r → ∞ (see Eq.(6.25) in [9]).
We have that

Jab ¼ 1

8π

Z
ðrΩ½a∂μHb�μtcΩc −Ht½ab�kΩkÞr2dΩ; ð4:1Þ

whereHμνκλ ≔ 2gμ½κgλ�ν, with gμν ≔ ffiffiffiffiffiffi−gp
gμν. We write this

as

Jab ¼
Z

jabdΩ; ð4:2Þ

and refer to jab as the angular-momentum integrand.
Inserting Eqs. (2.16) for gμν, we find that

jab ¼ r2

4π
½−Uðγcc − γcdΩcΩdÞΩ½aWb�

þ rΩ½a∂rWb� þ UΩ½aγb�cWc� ð4:3Þ

where ∂r is a partial derivative with respect to r that leaves
u alone, in spite of the relation u ¼ t − r. This expression
makes it clear that the leading-order part of jab in the limit
r → ∞ is sensitive to terms of order r−3 in the asymptotic
expansion of the metric.
The expansions of Eq. (2.5) must, therefore, be extended

to include additional terms that were not required in the
computation of tab. We write

U ¼ 1þ B=r2 þ C=r3 þOðr−4Þ; ð4:4aÞ

WA ¼ AA=rþ BA=r2 þ CA=r3 þOðr−4Þ; ð4:4bÞ

γAB ¼ ΩAB − fAB=rþ 1

4
f2ΩAB=r2 þ hAB=r3 þOðr−4Þ;

ð4:4cÞ

and note that hAB must be tracefree, ΩABhAB ¼ 0, to ensure
that det½γAB� ¼ 1= sin2 θ. Substituting these expansions into
Eq. (4.3), we find that
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jab ¼ −
1

4π
rΩ½aAb� −

1

8π
Ω½að3Bb� þ fb�cAcÞ þOðr−1Þ:

ð4:5Þ

Remarkably, the result turns out to be independent of all
Oðr−3Þ terms in the metric, and indeed, of most metric
functions at order r−1 and r−2; the only relevant ingredients
are fab and Aa ¼ 1

2
fabjb, which occur at order r−1, and Ba,

which occurs at order r−2.
The angular momentum is to be evaluated in the limit

r → ∞, and we observe that the first term in jab diverges in
this limit. This term, however, vanishes after angular
integration. To see this, we write

ΩaAb ¼ ΩaΩb
BA

B ¼ 1

2
ΩaΩb

BDCfBC

¼ 1

2
DCðΩaΩb

Bf
BCÞ − 1

2
Ωa

AΩb
Bf

AB; ð4:6Þ

and observe that the second term vanishes after antisym-
metrization with respect to a and b, and that the divergence
produces a vanishing contribution to the angular momen-
tum after integration. We may, therefore, discard the term of
order r in jab, take the limit r → ∞, and thereby obtain a
regularized angular-momentum integrand,

jabreg ¼ −
1

16π
Ω½að6Bb� þ fb�cfcdjdÞ

¼ −
1

16π
Ω½aΩb�

B ð6BB þ fBCDDfCDÞ

¼ −
3

8π
Ω½aBb� − rab: ð4:7Þ

In contrast to the flux of angular momentum, which is
entirely determined by the radiative aspects of the gravi-
tational field, jabreg depends on both radiative and
“Coulombic” aspects of the field, with the Coulombic
aspects encoded in Ba. In Appendix C, we show that jabreg is
nonzero for a spacetime describing a boosted black hole,
but that the angular momentum Jab properly vanishes.
Our expression Jab ¼ R

jabregdΩ for the total angular
momentum does not agree with analogous results that
can be found in the literature [11,12,19]. Because other
authors adopt different definitions for angular momentum,
for example by utilizing spinor or covariant phase-space
methods, there is no reason why these expressions should
all agree.2 Our own definition is grounded in the Landau-
Lifshitz formalism, which, as we explained back in Sec. I,
supplies us with a precise, sound, convenient, and widely

used notion of angular momentum, together with a balance
law that allows us to calculate its flux.

B. Balance law

With expressions in hand for the angular-momentum
flux and total angular momentum, we may return to the
statement of angular momentum balance,

d
du

Jab ¼ −T ab; ð4:8Þ

or, equivalently,

d
du

Z
jabregdΩ ¼ −

Z
tabdΩ: ð4:9Þ

We see that the rab term in jabreg is a perfect match for the rab

term in tab, as given by Eq. (3.4). These terms, therefore,
can simply be removed from the statement of angular-
momentum conservation. Introducing the new definitions

Jab ≔
Z

jabdΩ; jab ≔ −
3

8π
Ω½aBb� ð4:10Þ

and

Tab ≔
Z

tabdΩ;

tab ≔ sab ¼ −
1

16π
Ω½að3_fb�cfcdjd − fb�cjd _f

cdÞ; ð4:11Þ

the balance law can be expressed as dJab=du ¼ −Tab. Note
that jab is entirely determined by Ba, and this provides
justification for the interpretation of Ba as an angular-
momentum aspect. The new definition of angular momen-
tum is closely associated with the Bondi formalism, but we
see that it differs very little from the Landau-Lifshitz
definition.
The statement of angular-momentum balance, as rede-

fined here, can also be obtained directly from the vacuum
field equations. Indeed, Eqs. (2.8) and (2.9) imply that

∂jab
∂u ¼ −

3

8π
Ω½aΩb�

BDCΓBC − tab: ð4:12Þ

The identity

Ω½aΩb�
BDCΓBC ¼ DC

�
Ω½aΩb�

BΓBC þ 1

3
Ω½a

AΩ
b�
BD

AfBC

þ 1

3
Ω½aΩb�

B f
BC

�
ð4:13Þ

reveals that the first term vanishes after angular integration,
and we again arrive at dJab=du ¼ −Tab.

2Nonetheless, these different definitions all agree in non-
radiative regions of future null infinity, in a canonical Bondi
frame.
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C. Ambiguity under supertranslations

It is well known that the angular momentum of a
radiative spacetime is ambiguous, thanks to the Bondi-
Metzner-Sachs (BMS) group of transformations that pre-
serve the form of the Bondi metric [19–21]. The BMS
group contains a subgroup of rotations and boosts, and
another subgroup of supertranslations, which consist of
angle-dependent translations of the retarded-time coordi-
nate accompanied by angle-dependent translations of the
spatial coordinates. Because they are Cartesian tensors, the
transformation of jab and tab under rotations and boosts is
well understood, and there is no need to consider them here.
Our concern is instead with the supertranslations, which are
at the source of the ambiguity that plagues angular
momentum. In Appendix A, we show that jab and tab do
change under an infinitesimal supertranslation; this implies
that the angular momentum Jab and flux Tab both depend
on a choice of Bondi frame. We also show, however, that
these quantities change in a consistent way, such that the
balance law dJab=du ¼ −Tab is always preserved; the
balance law is, therefore, valid in any Bondi frame.
Under the typical assumption that the spacetime is

stationary in the remote past, it is possible to remove the
supertranslation ambiguity by adopting a preferred Bondi
frame. A prescription to achieve this is nicely described in
Sec. II D of [12]; it dates back to earlier work by van der
Burg and Bondi [22] and Newman and Penrose [23]. The
key element is to require that fAB vanishes in the remote
past (instead of being merely constant). This means that the
gravitational-wave polarizations are set to zero before any
dynamical process takes place. As Eq. (A2) shows, a
supertranslation would turn an initially zero fAB into a
nonzero fABðθ;ϕÞ, and this would produce a violation of
the requirement. In this way, the freedom to perform
supertranslations is eliminated, and the gauge is completely
fixed. In the preferred Bondi frame, Jab and Tab are
unambiguous.
By requiring that fAB ¼ 0 in the remote past, the

gravitational-wave polarizations—suitably identified as
the transverse-tracefree part of the metric at future null
infinity—become gauge-invariant, and they can therefore
be computed in any coordinate system; there is no necessity
to rely exclusively on Bondi coordinates. For example, in a
typical application the waveforms could be obtained to a
desired post-Newtonian order by working in harmonic
coordinates, provided that sufficient care is taken to express
them in terms of the correct retarded-time variable (the one
that is constant on outgoing null cones of the post-
Newtonian spacetime [24,25]). In another application,
the waveforms could be obtained from the Weyl scalar
Ψ4 by integrating the Teukolsky equation in the back-
ground of a Kerr spacetime. And once the gauge-invariant
waveforms are at hand, they can be freely inserted within
our expression for the angular-momentum flux.

V. ENERGY AND LINEAR MOMENTUM

In this section, we examine, for the sake of completeness,
the statements of energy and linear-momentum balance in
the Landau-Lifshitz formalism. We once more rely on the
Bondi metric to calculate all quantities that appear in these
equations. We show that energy balance takes the form of
the celebrated Bondi mass-loss formula, and we recover the
familiar expression of momentum balance.
Our starting point is the Landau-Lifshitz statements of

energy and linear-momentum balance, as given by
Eqs. (12.31)–(12.34) in [9]. For energy, we have

dE
du

¼ −P ¼ −
Z

pdΩ; p ≔ r2t0bΩb; ð5:1Þ

where E ¼ R
edΩ is defined by Eq. (6.36b) in [9]. For

momentum, we have

dPa

du
¼ −F a ¼ −

Z
fadΩ; fa ≔ r2tabΩb; ð5:2Þ

with Pa ¼ R
padΩ defined by Eq. (6.37b) in [9]. We recall

that tαβ ≔ ð−gÞtαβLL is the Landau-Lifshitz pseudotensor.
Involving the Bondi metric and calculating as previously,

we find that

p ¼ 1

32π
_fAB _f

AB; fa ¼ 1

32π
_fAB _f

ABΩa: ð5:3Þ

These reproduce the standard expressions for energy
and momentum fluxes, as listed in Eqs. (12.45) and
(12.46) of [9]. We also find that the energy and momentum
integrands are

e ¼ 1

4π
M −

1

32π
DADBfAB;

pa ¼ 1

4π
MΩa −

1

32π
DAðΩaDBfABÞ: ð5:4Þ

The balance equations can be derived directly from the
Einstein field equations. Taking the first derivative of the
first of Eqs. (5.4) and inserting Eq. (2.7), we obtain

∂e
∂u ¼ −

1

32π
_fAB _f

AB þ 1

32π
DADB

_fAB; ð5:5Þ

angular integration then returns dE=du ¼ −P. Similarly,
we find that

∂pa
∂u ¼ −

1

32π
_fAB _f

ABΩa þ 1

16π
ðDADB

_fABÞΩa

−
1

32π
DAðΩaDB

_fABÞ; ð5:6Þ

which can be written in the alternative form
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∂pa
∂u ¼ −

1

32π
_fAB _f

ABΩa þ 1

32π
DAðΩaDB

_fABÞ

−
1

16π
DBðΩa

A
_fABÞ: ð5:7Þ

Angular integration yields dPa=du ¼ −F a.
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APPENDIX A: SUPERTRANSLATIONS

The Bondi-Metzner-Sachs (BMS) group of transforma-
tions [20] that preserve the Bondi form of the metric
includes rotations, boosts and supertranslations. In this
appendix, we examine the effect of an infinitesimal super-
translation on the angular momentum Jab and the flux of
angular momentum Tab. We show explicitly that the
balance equation dJab=du ¼ −Tab is preserved by a super-
translation; both sides of the equation change in a con-
sistent manner.

1. Infinitesimal supertranslation

An infinitesimal supertranslation is characterized by
an arbitrary function αðθAÞ, which represents an angle-
dependent translation of the retarded-time coordinate,
accompanied by an angle-dependent translation of the
spatial coordinates. The transformation is generated by
the vector ξα with components

ξu ¼ α; ðA1aÞ

ξr ¼ 1

2
D2α −

1

4r
½2αADBfAB þ fABDAαB� þOðr−2Þ;

ðA1bÞ

ξA ¼ −
1

r
αA þ 1

2r2
fABαB −

1

16r3
f2αA þOðr−4Þ; ðA1cÞ

where αA ≔ DAα, D2α ≔ DAαA, and f2 ≔ fABfAB.
The infinitesimal supertranslation produces a change in

the metric (and its inverse). A straightforward calculation
reveals the corresponding changes in the metric functions
fAB, M, and BA. We obtain3

δfAB ¼ α _fAB − 2DAαB þ ΩABD2α; ðA2aÞ

δM ¼ α _M þ 1

4
_fABDAαB þ 1

2
αADB

_fAB; ðA2bÞ

δBA ¼ α _BA þ 2MαA þ fABαB þ 1

2
fABDBD2α

þ 1

4
DAðfBCDBαCÞ þ

1

2
DAðDCfBCαBÞ

þ 1

2
DCfBCDBα

A −
1

2
DBðDCfACαBÞ −

1

16

∂f2
∂u αA:

ðA2cÞ

We recall that an overdot indicates differentiation with
respect to u.

2. Change in flux

In the definition of Eq. (4.11), the flux of angular
momentum is given by

Tab ≔
Z

tabdΩ; tab ≔ −
1

16π
Ω½aΩb�

A s
A; ðA3Þ

where

sA ≔ 3_fABDCfBC − _fBCDBfAC: ðA4Þ

We wish to calculate δtab, the change in tab under an
infinitesimal supertranslation. To obtain δsA we make use
of Eq. (A2), and simplify the result by permuting covariant
derivatives with the Riemann tensor RA

BCD ¼ δACΩBD −
δADΩBC and using the identity _fAC _f

CB ¼ 1
2
ð _fCD _fCDÞΩAB,

which applies to any symmetric-tracefree tensor. After a
straightforward computation we find that

3We note that our expression for δBA does not agree with Eq.
(2.18c) of [12], even when we account for different notations and
specialize their expression to a pure supertranslation.
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δsA ¼ α_sA þ _fBC _f
BCαA − 8_fABαB − 4_fABDBD2α

þ 2_fBCDADBαC: ðA5Þ

It then follows that

−16πδtab ¼ Ω½aΩb�
A ðα_sA þ _fBC _f

BCαA − 8_fABαB

− 4_fABDBD2αþ 2_fBCDADBαCÞ; ðA6Þ

and δTab is obtained after integration over the unit two-
sphere.

3. Change in angular momentum

In the definition of Eq. (4.10), the total angular momen-
tum is given by

Jab ≔
Z

jabdΩ; jab ≔ −
1

16π
Ω½aΩb�

A ð6BAÞ; ðA7Þ

and we wish to calculate the change in jab under an
infinitesimal supertranslation. Because δjab is to be inte-
grated over the unit two-sphere to yield δJab, we shall
calculate it up to terms that vanish upon integration. For this
purpose, it is useful to introduce the following notion of
equivalence: Two quantities AabðθAÞ and BabðθAÞ shall be
declared equivalent when they differ by a third quantity that
vanishes after angular integration. In symbols, we write
Aab ∼ Bab when Aab ¼ Bab þDACabA for some CabAðθAÞ.
Combining Eqs. (2.8) and (A2c), we have that

6δBA ¼ αDBð6ΓABÞ þ αð−3_fACDBfBC þ _fBCDBfACÞ þ 12MαA þ 6fABαB þ 3fABDBD2αþ 3

2
DAðfBCDBαCÞ

þ 3DAðDCfBCαBÞ þ 3DCfBCDBα
A − 3DBðDCfACαBÞ −

3

8

∂f2
∂u αA; ðA8Þ

and we obtain δjab by multiplying this by Ω½aΩb�
A . We shall simplify the resulting expression by exploiting the notion of

equivalence; our general strategy is to let the derivative operators act on α instead of fAB.
We begin with an examination of the first term in δjab. After shifting the derivative operator away from ΓAB, inserting

Eq. (2.9), moving derivatives from fAB to α, and making extensive use of Eqs. (2.12), we find that

Ω½aΩb�
A αDBð6ΓABÞ ∼Ω½aΩb�

A

�
−4MαA − 4fABαB þ 3

8

∂f2
∂u αA þ fABDBD2α − fBCDADBαC

�
− 4Ω½a

AΩ
b�
B f

ACDBαC: ðA9Þ

In a similar way, we obtain the following intermediate results:

Ω½aΩb�
AD

Ah ∼ 0; ðA10aÞ
6Ω½aΩb�

A ðDAαBÞðDCfBCÞ ∼ 6Ω½aΩb�
A f

ABαB − 6Ω½a
AΩ

b�
B f

ACDBαC − 6Ω½aΩb�
A f

BCDADBαC; ðA10bÞ
−3Ω½aΩb�

A α
BDBDCfAC ∼ 3Ω½aΩb�

A f
ABαB þ 3Ω½a

AΩ
b�
B f

ACDBαC − 3Ω½aΩb�
A f

ABDBD2α; ðA10cÞ
−3Ω½aΩb�

A ðD2αÞðDBfABÞ ∼ 3Ω½aΩb�
A f

ABDBD2α; ðA10dÞ
where h ¼ hðu; θAÞ is any scalar function. Collecting results and simplifying, we arrive at

−16πδjab ∼ Ω½aΩb�
A ð−αsA þ 8MαA þ 8fABαB4fABDBD2α − 4fBCDADBαCÞ − 4Ω½a

AΩ
b�
B f

ACDBαC; ðA11Þ
where sA was introduced in Eq. (A4). Integration over the unit two-sphere yields δJab.

4. Balance law

We differentiate Eq. (A11) with respect to u, and make use of Eq. (2.7) to express _M in terms of _fAB. We simplify the
result with

2Ω½aΩb�
A α

ADBDC
_fBC ∼ 4Ω½a

AΩ
b�
B
_fACDCα

B þ 2Ω½aΩb�
A
_fBCDADBαC; ðA12Þ

and obtain

−16πδ
∂jab
∂u ∼Ω½aΩb�

A ð−α_sA − _fBC _f
BCαA þ 8_fABαBÞ þΩ½aΩb�

A ð4_fABDBD2α − 2_fBCDADBαCÞ: ðA13Þ
Integration over the unit two-sphere gives δðdJab=duÞ.
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Inspection of Eqs. (A6) and (A13) reveals that both sides
of the balance equation,

d
du

Jab ¼ −Tab; ðA14Þ

change under an infinitesimal supertranslation. The
changes, however, are mutually consistent: we have that
δðdJab=duÞ ¼ −δTab holds as a matter of identity, so that
the balance law remains valid after the transformation.
There is of course no surprise in this statement, because the

balance equation is itself an identity derived from the
Landau-Lifshitz formulation of the Einstein field
equations.

APPENDIX B: TENSOR COMPONENTS

In this appendix, we give an explicit listing of compo-
nents for the tensors introduced in Sec. III. We recall that
the angular-momentum flux integrand tab can be decom-
posed as tab ¼ ∂rab=∂uþ sab. For the components of rab,
we have

rxy ¼ 1

32π

�
sin θY

∂X
∂θ þ X

∂X
∂ϕ − sin θX

∂Y
∂θ þ Y

∂Y
∂ϕ

�
; ðB1aÞ

ryz ¼ 1

32π sin θ

�
− sin θðsinϕX þ cos θ cosϕYÞ ∂X∂θ − ðcos θ cosϕX − sinϕYÞ ∂X∂ϕ

þ sin θðcos θ cosϕX − sinϕYÞ ∂Y∂θ − ðsinϕX þ cos θ cosϕYÞ ∂Y∂ϕ − 2 cos θ sinϕðX2 þ Y2Þ
�
; ðB1bÞ

rzx ¼ 1

32π sin θ

�
sin θðcosϕX − cos θ sinϕYÞ ∂X∂θ − ðcos θ sinϕX þ cosϕYÞ ∂X∂ϕ

þ sin θðcos θ sinϕX þ cosϕYÞ ∂Y∂θ þ ðcosϕX − cos θ sinϕYÞ ∂Y∂ϕþ 2 cos θ cosϕðX2 þ Y2Þ
�
: ðB1cÞ

For those of sab, we have

sxy ¼ 1

16π

�
−
�∂X
∂ϕ − 2 sin θ

∂Y
∂θ − 2 cos θY

� ∂X
∂u −

�∂Y
∂ϕþ 2 sin θ

∂X
∂θ þ 2 cos θX

� ∂Y
∂u

�
; ðB2aÞ

syz¼ 1

16π sinθ

��
sinθsinϕ

∂X
∂θþcosθcosϕ

∂X
∂ϕ−2sinθcosθcosϕ

∂Y
∂θþ2sinϕ

∂Y
∂ϕþ2cosθð2sinϕX−cosθcosϕYÞ

�∂X
∂u

þ
�
sinθsinϕ

∂Y
∂θþcosθcosϕ

∂Y
∂ϕþ2sinθcosθcosϕ

∂X
∂θ −2sinϕ

∂X
∂ϕþ2cosθð2sinϕYþcosθcosϕXÞ

�∂Y
∂u

�
; ðB2bÞ

szx¼ 1

16π sinθ

��
−sinθcosϕ

∂X
∂θþcosθsinϕ

∂X
∂ϕ−2sinθcosθsinϕ

∂Y
∂θ−2cosϕ

∂Y
∂ϕ−2cosθð2cosϕXþcosθsinϕYÞ

�∂X
∂u

þ
�
−sinθcosϕ

∂Y
∂θþcosθsinϕ

∂Y
∂ϕþ2sinθcosθsinϕ

∂X
∂θþ2cosϕ

∂X
∂ϕ−2cosθð2cosϕY−cosθsinϕXÞ

�∂Y
∂u

�
: ðB2cÞ

The standard expression tabstandard for the angular-momentum flux integrand comes with components

txystandard ¼ −
1

16π

�∂X
∂ϕ

∂X
∂u þ ∂Y

∂ϕ
∂Y
∂u

�
; ðB3aÞ

tyzstandard ¼
1

16π sinθ

��
sinθ sinϕ

∂X
∂θ þ cosθ cosϕ

∂X
∂ϕ− 2cosϕY

�∂X
∂u þ

�
sinθ sinϕ

∂Y
∂θ þ cosθ cosϕ

∂Y
∂ϕþ 2cosϕX

�∂Y
∂u

�
;

ðB3bÞ

tzxstandard ¼ −
1

16π sinθ

��
sinθ cosϕ

∂X
∂θ − cosθ sinϕ

∂X
∂ϕþ 2 sinϕY

�∂X
∂u þ

�
sinθ cosϕ

∂Y
∂θ − cosθ sinϕ

∂Y
∂ϕ− 2 sinϕX

�∂Y
∂u

�
:

ðB3cÞ
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Part of the difference between tabstandard and tab is encoded in pab, whose components are

pxy ¼ 1

32π

�
− sin θY

∂X
∂θ þ 3X

∂X
∂ϕ þ sin θX

∂Y
∂θ þ 3Y

∂Y
∂ϕ

�
; ðB4aÞ

pyz ¼ −
1

32π sin θ

�
sin θð3 sinϕX − cos θ cosϕYÞ ∂X∂θ þ ð3 cos θ cosϕX þ sinϕYÞ ∂X∂ϕ

þ sin θð3 sinϕY þ cos θ cosϕXÞ ∂Y∂θ þ ð3 cos θ cosϕY − sinϕXÞ ∂Y∂ϕ − 2 cos θ sinϕðX2 þ Y2Þ
�
; ðB4bÞ

pzx ¼ 1

32π sin θ

�
sin θð3 cosϕX þ cos θ sinϕYÞ ∂X∂θ − ð3 cos θ sinϕX − cosϕYÞ ∂X∂ϕ

þ sin θð3 cosϕY − cos θ sinϕXÞ ∂Y∂θ − ð3 cos θ sinϕY þ cosϕXÞ ∂Y∂ϕ − 2 cos θ cosϕðX2 þ Y2Þ
�
: ðB4cÞ

APPENDIX C: BOOSTED SCHW
ARSCHILD METRIC

In this appendix, we identify the “Coulombic pieces” of
the gravitational field of a boosted black hole, and show
how they are encoded in the Bondi mass aspect, previously
obtained in [6]. Moreover, we show that the angular-
momentum integrand is nonzero for a boosted black hole,
but that the total angular momentum properly vanishes.

1. Black hole frame

The metric of a Schwarzschild black hole in its own rest
frame, expressed in Eddington-Finkelstein coordinates
ðū; r̄; θ̄; ϕ̄Þ, is given by

ds2 ¼ −ð1 − 2m=r̄Þdū2 − 2dū r̄þr̄2dΩ̄2; ðC1Þ
where m is the black hole’s mass and dΩ̄2 ≔ dθ̄2þ
sin2 θ̄dϕ̄2. In these coordinates, the metric admits a
Kerr-Schild form

gᾱ β̄ ¼ g0
ᾱ β̄

þ 2m
r̄

kᾱkβ̄; ðC2Þ

where

g0
ᾱ β̄
dxᾱdxβ̄ ¼ −dū2 − 2dūdr̄þ r̄2dΩ̄2 ðC3Þ

is the metric of flat spacetime, and

kᾱdxᾱ ¼ −dū ðC4Þ
is a null vector field. (The vector is null in both metrics.)
The Kerr-Schild form is particularly convenient to obtain
the boosted version of the metric.

2. Laboratory frame

To the system ðū; r̄; θ̄; ϕ̄Þ we associate Lorentzian
coordinates ðt̄; x̄; ȳ; z̄Þ, with t̄ ¼ ūþ r̄ and x̄a ¼ r̄Ωaðθ̄AÞ.

We consider an observer that is boosted with respect to the
black-hole frame, and attach a “laboratory frame” to this
observer. The laboratory-frame coordinates ðt; x; y; zÞ are
related to those of the black-hole frame by the Lorentz
transformation

t̄ ¼ γðt − vzÞ; x̄ ¼ x; ȳ ¼ y; z̄ ¼ γðz − vtÞ;
ðC5Þ

where v is the boost velocity, and γ ≔ ð1 − v2Þ−1=2. For
simplicity, and without loss of generality, we choose the
boost to be directed along the z axis. In the laboratory
frame, we introduce the retarded time u ≔ t − r and the
spherical coordinates ðr; θAÞ with xa ¼ rΩaðθAÞ.
The metric of the boosted black hole continues to take

the Kerr-Schild form

gαβ ¼ g0αβ þ
2m
r̄

kαkβ; ðC6Þ

where g0αβ is the metric of flat spacetime and kα is a null
vector field.

3. Retarded coordinates

In the retarded coordinates ðu; r; θ;ϕÞ, the Minkowski
metric in Eq. (C6) is given by

g0αβdx
αdxβ ¼ −du2 − 2dudrþ r2dΩ2; ðC7Þ

and the distance to the black hole is r̄ ¼ γsðu; r; θÞ with

s ≔ ½ð1 − v cos θÞ2r2 þ 2vðv − cos θÞurþ v2u2�1=2: ðC8Þ

We also have that ū ¼ γ½uþ ð1 − cos θÞv − s�, and the
nonvanishing components of kα ¼ −∂αū are
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ku ¼ −γ
�
1 −

v
s
½ðv − cos θÞrþ vu�

�
; ðC9aÞ

kr¼−γ
�
1−vcosθ−

1

s
½ð1−vcosθÞ2rþvðv−cosθÞu�

�
;

ðC9bÞ

kθ ¼ −γvr sin θ
�
1 −

1

s
½ð1 − v cos θÞrþ u�

�
: ðC9cÞ

From all this it follows that the metric components at
large r (and fixed u) are given by

guu ¼ −1þ 2m
γ3ð1 − v cos θÞ3

1

r
þOðr−2Þ; ðC10aÞ

gur ¼ −1þOðr−3Þ; ðC10bÞ

guθ ¼ −
2mv sin θ

γ3ð1 − v cos θÞ4
u
r
þOðr−2Þ; ðC10cÞ

grr ¼ Oðr−5Þ; ðC10dÞ

grθ ¼ Oðr−3Þ; ðC10eÞ

gθθ ¼ r2 þOðr−1Þ; ðC10fÞ

gϕϕ ¼ r2 sin2 θ þOðr−1Þ: ðC10gÞ

We note that the ðu; r; θ;ϕÞ coordinates are not Bondi
coordinates—u is not null—and the metric is, therefore, not
in the Bondi form. This failure, however, is measured by

guu ¼ Oðr−5Þ and guθ ¼ Oðr−5Þ, and we see that the Bondi
form is recovered to a sufficient degree of accuracy to
reveal the identity of the leading-order metric functions. A
comparison with Eqs. (2.1) and (2.5) reveals that fAB ¼
0 ¼ AA (as expected, given the absence of gravitational
waves in this spacetime), and that

M¼ m
γ3ð1−vcosθÞ3 ; Bθ¼−

2mvsinθ
γ3ð1−vcosθÞ4u: ðC11Þ

These quantities are related by the Einstein field equations:
Eqs. (2.8) and (2.9) imply that ∂uBA ¼ 2

3
ΩAB∂BM when

fAB ¼ 0. The behavior of BA is therefore determined byM,
and all “Coulombic pieces” of the gravitational field are
encoded in the Bondi mass aspect M.

4. Angular momentum of the boosted
black hole spacetime

Given that the boosted black hole does not radiate, we
have that fAB ¼ 0 and the flux of angular momentum
vanishes. The angular-momentum integrand of Eq. (4.7),
however, is nonzero. Inserting fAB ¼ 0 and the above
expression for BA into jabreg, we obtain

jxyreg ¼ 0; jyzreg ¼ −
3

8π

mv
γ3

sin θ sinϕ
ð1 − v cos θÞ4 u;

jzxreg ¼
3

8π

mv
γ3

sin θ cosϕ
ð1 − v cos θÞ4 u: ðC12Þ

This integrand grows linearly with u, but as expected, the
integrated angular momentum vanishes: Jab ¼ 0.
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