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In this paper we show that Bose-Einstein enhancement generates strong correlations which, in the
Balitsky-Fadin-Kuraev-Lipatov (BFKL) evolution, increase with energy. This increase leads to double
gluon densities (Φ), which are much larger than the product of the single gluon densities (ϕ). However,
numerically, it turns out that the ratio Φ=ϕ2 ∝ ð1=xÞδ2 with δ2 ∼ ᾱS=ðN2

c − 1Þ2=3 ≪ 1, and so we do not
expect a large correction for the experimentally accessible range of energies. However, for Nc ¼ 3,
δ2 ¼ 0.07ΔBFKL, where ΔBFKL denotes the intercept of the BFKL Pomeron, and thus we can anticipate a
substantial increase for the range of rapidities Y ∼ 20. We show that all 1=ðN2

c − 1Þ corrections to the
double gluon densities stem from Bose-Einstein enhancement.

DOI: 10.1103/PhysRevD.99.054015

I. INTRODUCTION

For a long time the double parton distribution functions
(DPDFs) and their Dokshitzer-Gribov-Lipatov-Altarelli-
Parisi (DGLAP) evolution1 have been of interest to the
theoretical high energy community, and they have been
discussed in detail [2–32]. On the other hand the Balitsky-
Fadin-Kuraev-Lipatov (BFKL) evolution2 and related to
them the double gluon densities [transverse momentum
distributions (TMD2s)] have attracted less interest from the
theorists, in spite of the fact that they give the simplest way
to estimate the possible correlations in the QCD parton
cascade at high energies, where experimental observations
of the double parton interactions [39–45] were made.
In this paper we revisit the evolution equation in the

BFKL kinematic region of small x, where partons are either

gluons or colorless dipoles. In the coordinate representation
we use colorless dipoles as partons, while in the momentum
representation, it is more convenient to discuss the parton
cascade in terms of gluons. This evolution equation was
written in Ref. [34] (see also Ref. [35]) for the double gluon
densities Φðx1;p1;T ;x2;p2;TÞ≡ΦðY−y1;p1;T ;Y−y2;p2;TÞ
with respect to the rapidity (Y) of the initial hadron
(projectile). Note that we use the notation Φðx1; p1;T ;

x2; p2;TÞ for the double gluon density, and ϕðx; pTÞ for
the single gluon density. xi is the fraction of energy of the
gluon “i” while pi;T denotes its transverse momentum. In
the reference frame where the initial hadron is fast moving,
lnð1=xiÞ ¼ Y − yi, Y denotes the rapidity of the projectile
(hadron) and yi the rapidity of the parton i. This evolution
answers the question, what are the multiplicities of two
colorless dipoles in one parent dipole, that moves with
rapidity Y? We believe that in the spirit of the BFKL
evolution we need to answer a different question: what is
the multiplicity of two gluons with rapidities y1 and y2, if
we know their multiplicities at y1 ¼ y01 and y2 ¼ y02?
Therefore, the first goal of our paper is rewrite the evolution
equation in a convenient form to answer this question. It
turns out that such evolution has been discussed in
Refs. [36–38] in the framework of the color glass con-
densate (CGC) approach (see Ref. [46] for the review of
this approach). The evolution equations have been derived
in these papers in the desired form, for y1 ¼ y2. It was
shown that it is not necessary to take into account the
nonlinear corrections for the double gluon (and multigluon)
densities, and that the evolution equations reduce to the
BFKL evolution. In Ref. [38] this evolution was written
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1The DGLAP equation [1] describes the evolution in lnðQ2Þ,
where Q is the hardest transverse momentum in the process,
assuming that ᾱS lnðQ2Þ ∼ 1 but ᾱS ≪ 1 and ᾱS lnð1=xÞ ≪ 1.
This evolution was generalized for double parton distributions in
Refs. [2–7].

2The BFKL equation [33] is written for evolution in x (the
energy scale of the process) assuming that ᾱS lnð1=xÞ ∼ 1 but
ᾱS ≪ 1 and ᾱS lnðQ2Þ ≪ 1. This evolution has been considered
in Refs. [34–38] for the double gluon densities.
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taking into account the corrections of the order of 1=N2
c,

where Nc is the number of colors. The linear evolution
equations for the double gluon density are closely related to
the Bartels, Kwiecinski and Praszalowicz equations [47] for
the scattering amplitude, and 1=N2

c corrections to these
equations have been discussed in Refs. [48–54].
The second goal is to include the Bose-Einstein enhance-

ment coming from the correlations of identical gluons, in
the evolution. Bose-Einstein correlations have drawn con-
siderable attention recently, since they give essential con-
tributions to the azimuthal angle correlations [55–60]. It has
been shown (see Ref. [58] for example) that the Bose-
Einstein enhancement leads to a significant contribution to
the measured angle correlations. We believe that this fact
calls for a generalization of the evolution equation by
taking into account this enhancement. We show that the
Bose-Einstein enhancement is responsible for a term in the
linear evolution which is suppressed as 1=ðN2

c − 1Þ, which
has been found in Ref. [38]. In other words, we state that all
corrections of the order of 1=N2

c in the evolution equations
for the double gluon density stem from the Bose-Einstein
enhancement. In particular, the symmetry between the
azimuthal angle φ and the angle π − φ does not appear.
This symmetry, which is not based on the principle features
of our CGC approach, reveals itself in the scattering
amplitudes, but we do not find any indication of it in

the double gluon densities. We wish to stress that the Bose-
Einstein corrections are closely related to the Bartels,
Kwiecinski and Praszalowicz equations [47] and generate
the energy behavior of the twist four operator which
increases as sΔ4 , with Δ4 > 2Δ2, where Δ2 denotes the
intercept of the BFKL Pomeron (see Refs. [48–50]).
We have discussed the Bose-Einstein enhancement for

the DGLAP evolution [61] and have shown that it changes
considerably the high energy behavior of the DPDFs. In
particular it turns out that the widely used assumption

Φ
�
x1; p1;T þ 1

2
qT ; x2; p2;T −

1

2
qT

�

¼ FðqTÞρðx1; x2Þϕðx1; p1;TÞϕðx2; p3;TÞ ð1Þ

does not hold, even at small x1 and x2, due to the Bose-
Einstein correlations.3

Before describing the structure of the paper we
would like to introduce the observables of interest: the
parton density ϕðx; pt; qTÞ and the double parton density
Φðx1; p1;T ; x2; p2;T ; qTÞ. The single gluon density charac-
terizes the multiplicity of gluons with fraction of energy x
and transverse momentum pT at qT ¼ 0, and it can be
written as follows:

ϕðx; pT; qT ; bÞ ¼
X∞
n¼1

Z Yn
i¼1

dxi
xi

d2ki;T
X
ci

hΩþ
n jΨ�ðfxi; ki;T ; cigÞ

×

�
aþ

�
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2
qT ; b

�
a

�
x; pT −

1

2
qT ; b

��
Ψðfxi; ki;T ; cig; ÞjΩni ð2Þ

whereΨ denotes the partonic wave function of the fast hadron, jΩni ¼
Q

n
i a

þðxi; ki;T ; ciÞj0i (j0i denotes the vacuum state)
and aþðxi; ki;T ; ciÞ and aðxi; ki;T ; ciÞ denote the creation and annihilation operators for partons (gluons for small xi) with
fraction of energy xi, transverse momentum ki;T and color ci. The produced gluon has longitudinal momentum x and
transverse momentum pT , while b indicates its color.
The double transverse momentum densities describe the number of gluons with ðx1; p1;TÞ and ðx2; p2;TÞ in the parton

cascade, and it can be written with the aid of the wave function of the produced gluon Ψðfxi; ki;TgÞ as follows:

Φðx1; p1;T ; x2; p2;T ; qT ; b; cÞ ¼
X∞
n¼2

Z Yn
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dxi
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×
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1

2
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��
Ψðfxi; ki;T ; cigÞjΩni: ð3Þ

The paper is organized as follows. In the next section we
discuss the BFKL evolution of the double gluon density in
the region of low x. For completeness of presentation we
review the derivation of the evolution equations for the
double gluon densities which was done in Refs. [36–38] in
the framework of the dipole approach [64]. In spite of the

3In Refs. [62,63] it is shown that Eq. (1) is a good approxi-
mation to the solution of the DGLAP evolution equation for the
double parton distribution functions at small x and large pT , but
this claim is only correct when neglecting the contributions of the
order of 1=ðN2

c − 1Þ.
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fact that this derivation is only valid for y1 ¼ y2, it shows
that these evolution equations are linear BFKL equations
which are not affected by nonlinear shadowing corrections.
In Sec. III we rederive the BFKL equations for the double
gluon densities directly in the momentum representation. In
this representation, we generalize the equation for the case
of y1 ≠ y2 and rewrite the equations in the form which is
suitable for taking into account the Bose-Einstein enhance-
ment (BEE). In this section we find the solutions to the
equations without BEE. The interference diagrams that
are responsible for the BEE are discussed in Sec. IV. In
Sec. V the evolution equations with BEE are proposed, and
we find that Φ=ϕ2 ∝ ð1=xÞδ2 with δ2 ∼ ᾱS=ðN2

c − 1Þ2=3.
Section VI is also devoted to a discussion of the energy
behavior of the double gluon densities. In the Conclusions
we discuss our main results.

II. BFKL EVOLUTION OF DOUBLE DIPOLE
DENSITIES IN THE CGC APPROACH

In this section we discuss the evolution equation for the
double gluon densities in the framework of the CGC
approach. As mentioned this equation has been derived
in Refs. [36–38]; here we give a brief review both for the
completeness of the presentation and to display the main
features of the multigluon densities, which are not the main
subject of these papers. The partonic wave function can be
expanded as the sum of Fock states with fixed multiplicity
of partons (colorless dipoles):

Ψðfri; bigÞ ¼
X
n

αnjΩni: ð4Þ

The colorless dipole is characterized by two variables: its
size ri and its impact parameter bi. However, in this paper
we will sometimes use a different set of variables: xi for
the position of the quark and yi for the position of the
antiquark in the dipole. One can see that ri ¼ xi − yi and
bi ¼ 1

2
ðxi þ yiÞ. α2n is the probability to find n dipoles with

the same value of rapidity Y:

α2n ¼ PnðY; fri; bigÞ: ð5Þ

The QCD cascade can be written as the linear functional
equation for the following functional [36,64]:

ZðỸ ¼ Y − y; ½ui�Þ≡
X
n¼1

Z
PnðY; fri; bigÞ

×
Yn
i¼1

uðri; biÞd2rid2bi ð6Þ

where uðri; biÞ≡ ui is an arbitrary function of ri and bi and
y ¼ y1 ¼ y2. It follows immediately from Eq. (5) that the
functional obeys the condition: at ui ¼ 1

ZðỸ; ½ui ¼ 1�Þ ¼ 1: ð7Þ

The physical meaning of Eq. (7) is that the sum over all
probabilities is 1.

A. Balitsky-Kovchegov parton cascade

To write the evolution equation, we need to specify the
QCD processes with color dipoles. The parton cascade that
leads to the Balitsky-Kovchegov nonlinear equation for the
scattering amplitude stems from the process of the decay of
one dipole to two dipoles, which gives the main contribu-
tion at the leading order of perturbative QCD at large Nc
[64]. The probability of this decay is equal to

P1→2ðjr1 þ r2j → r1 þ r2Þ ¼
ᾱS
2π

ðr1 þ r2Þ2
r21r

2
2

: ð8Þ

Bearing Eq. (8) in mind, we can write the linear equation
for Z:

∂Z
ᾱS∂Ỹ ¼ −

Z
d2rd2bV1→1ðr; b; ½u�ÞZ

þ
Z

d2rd2r0d2bV1→2ðr; r0; b; ½u�ÞZ ð9Þ

with the definitions

V1→1ðr; b; ½u�Þ ¼ ωðrÞuðr; bÞ δ

δuðr; bÞ with

ωðrÞ ¼
Z

d2r0P1→2ðr → r0 þ jr − r0jÞ

¼ ᾱS
2π

Z
d2r0

r2

r02ðr − r0Þ2 ð10Þ

and

V1→2ðr; r0; b; ½u�Þ ¼
ᾱS
2π

r2

r02ðr − r0Þ2 u
�
r0; bþ 1

2
ðr − r0Þ

�

× u

�
r − r0; b −

1

2
r

�
δ

δuðr; bÞ : ð11Þ

The functional derivative with respect to uðr; bÞ plays the
role of an annihilation operator for a dipole of size r, at
impact parameter b. The multiplication by uðr; bÞ corre-
sponds to a creation operator for this dipole. Therefore,
Eq. (9) is a typical cascade equation in which the first term
describes the depletion of the probability due to splitting
into nþ 1 dipoles, while the second term is responsible for
the growth due to splitting of (n − 1) dipoles into n dipoles.
From Eq. (6), one can see that the multidipole density
ρðnÞðY − Y0; fri; bigÞ can be found as follows:
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ρðnÞðY − y; fri; bigÞ ¼
1

n!

Yn
i¼1

δ

δui
ZðY − y; ½ui�Þju¼1

¼
X∞
k¼n

k!
ðk − nÞ!n!

Z
PkðY − y; r1; b1;…; rn; bn; ffri; bigÞ

Yk
i¼nþ1

d2rid2bi ð12Þ

which gives the probability of finding n-dipoles with the given kinematics.
From Eq. (9) we obtain

∂ρðnÞðỸ; r1; b1…; rn; bnÞ
ᾱS∂Ỹ ¼ −

Xn
i¼1

ωðriÞρðnÞðY − y; r1; b1…; rn; bnÞ

þ 2
Xn
i¼1

Z
d2r0

2π

r02

r2i ðri − r0Þ2 ρ
ðnÞ
�
Y − y;… r0; bi −

1

2
r0;…

�

þ
Xn−1
i¼1

ðri þ rnÞ2
ð2πÞr2i r2n

ρðn−1ÞðY − y;…; ri þ rn; bin;…Þ: ð13Þ

For ρð2Þ we have

∂ρð2ÞðỸ; r1; b1; r2; b2Þ
ᾱS∂Ỹ ¼ −

X2
i¼1

ωðriÞρð2ÞðỸ; r1; b1; r2; b2Þ

þ 2

�Z
d2r0

2π

r02

r21ðr1 − r0Þ2 ρ
ð2Þ
�
Ỹ; r0; b1 −

1

2
r0; r2; b2…

�
þ ð1 ⇆ 2Þ

�

þ ðr1 þ r2Þ2
ð2πÞr21r22

ρð1ÞðỸ; ri þ r2; b12Þ: ð14Þ

There are two main features of the equation: (i) there are no
nonlinear corrections, and (ii) we have two contributions,
the BFKL evolution of ρð2Þ and the contribution to ρð2Þ from
single parton showers. This structure is the same as in the
DGLAP evolution (see Refs. [2–7]).

B. 1=N2
c corrections to the Balitsky-Kovchegov cascade

In Ref. [38] it was suggested to add the following term to
Eq. (9):
Z Y2

i¼1

d2xid2yid2z
1

N2
c − 1

× P1→2ðjx2 − y1j → jx2 − zj þ jz − y1jÞ
× ð1 − uðx1; y2ÞÞðuðx2; y1Þ − uðz; y1Þuðx2; zÞÞ

×
δ

δuðx1; y1Þ
δ

δuðx2; y2Þ
ZðY; ½ui�Þ: ð15Þ

Theprocess that is described byEq. (15) is shown in Fig. 1. If
we have two parent dipoles composed of quarks and
antiquarks of the same color, then the additional dipole
createdwhich is composed of a quark fromone parent dipole
and an antiquark from the other parent dipole, can create an
additional dipolewhich decays into a quark an antiquark and
a gluon. The term of Eq. (15) generates the 1=ðN2

c − 1Þ
corrections to Eq. (14) which have the following form:

1

N2
c − 1

fP1→2ððx1; y2Þ → ðx1; y1Þ

þ ðx2; y1ÞÞδð2Þðx2 − y1Þρð1ÞðỸ; x2; y2Þ
þ P1→2ððx2; y1Þ → ðz; y1Þ þ ðx2; zÞÞ
× ðρð2ÞðỸ; x1; y2; z; y1Þ þ ρð2ÞðỸ; x1; y2; x2; zÞ
− ρð2ÞðỸ; x1; y2; x2; y1ÞÞ þ ð1 ⇆ 2Þg: ð16Þ

One can see that the structure of Eq. (16) is similar to that
of Eq. (14): i.e., the production of two dipoles from the
single parton cascade, and the evolution of the double
density with a kernel which is different from Eq. (14),

x  (y )2 1

x  (y )4 2

x3

r1

r2

x1 x1
x  (y )2 1
x3

z

x  (y )4 2

b−1/2(x  − x )1 3b−1/2(x  − x )2 4 b

FIG. 1. A graphical representation of the decay of two dipoles
to three dipoles: x12 þ x34 → x23 þ x14 → xz2 þ x3z þ x14. The
lines of the same colors indicate the colorless dipole which
decays into two dipoles due to the emission of a gluon with
coordinate z.
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although it consists of the same elements. We need to
rewrite Eq. (14) with the additional term of Eq. (16) in the
momentum representation, to obtain the more familiar form
of the double gluon density evolution equation. However,
we chose a different strategy: we derive the equation
directly in the momentum representation. First, we believe
that we can relax the assumption that y1 ¼ y2 and second,
we hope that this derivation will clarify the physical
meaning of the additional term of Eq. (16).
We would like to stress that the derivation, which we

have discussed, is very instructive for understanding the
different contributions to the evolution due to the clear
physics interpretation of the dipole approach in perturba-
tive QCD.

III. BFKL EVOLUTION WITHOUT BOSE-
EINSTEIN ENHANCEMENT

A. Equations for ᾱSjy2 − y1j ≫ 1

In this section we rewrite Eq. (14) in the momentum
representation using two lessons from the derivation of the
previous section. The double parton density is not affected
by the shadowing (screening) corrections and obeys the
linear BFKL equations, and the equation should match
Eq. (14) at y1 ¼ y2.
In the BFKL region we consider that ᾱS ln ð1=xiÞ ¼

Y − yi ≫ 1 while ᾱS lnðp2
i;T=Q

2
0Þ ≪ 1, and ᾱS ≪ 1 and the

evolution equations sum the contributions of the order of
ðᾱS lnð1=xÞÞn [leading log(1=x) approximation (LLA)].
In the region of small xi only a gluon can be produced

[46], and for the double gluon density we expect to have
two equations of the following forms (see Fig. 2):

∂ΦðY − y1; p1;T ;Y − y2; p2;T ; qTÞ
∂ðY − y1Þ

¼ ᾱS

Z
d2kT
2π

Kðp1;T ; kT ; qTÞΦðY − y1; kT ;Y − y2; p2;T ; qTÞ

þ ᾱSϕðY − y0; p1;T þ p2;TÞΓðp1; p2; y1; y2Þ; ð17Þ

∂ΦðY − y1; p1;T ;Y − y2; p2;T ; qTÞ
∂ðY − y2Þ

¼ ᾱS

Z
d2kT
2π

Kðp2;T ; kT ; qTÞΦðY − y1; p1;T ;Y − y2; kTÞ

þ ᾱSϕðY − y0; p1;T þ p2;TÞΓðp1; p2; y2; y1Þ; ð18Þ

where KðpT; kTÞ is the BFKL kernel which is equal to [33]

KðpT; kT ; qTÞ

¼ 1

ðpT − kTÞ2
�ðpT − 1

2
qTÞ2

ðkT − 1
2
qTÞ2

þ ðpT þ 1
2
qTÞ2

ðkT þ 1
2
qTÞ2

�

−
q2T

ðkT þ 1
2
qTÞ2ðkT − 1

2
qTÞ2

−
�
ωG

�
pT þ 1

2
qT

�
þ ωG

�
pT −

1

2
qT

��
δð2ÞðpT − kÞ

ð19Þ

ωGðpTÞ ¼
1

2
p2
T

Z
d2kT
2π

1

ðpT − kTÞ2k2T
ð20Þ

KðpT; kT ; qT ¼ 0Þ ¼ 2

ðpT − kTÞ2
p2
T

k2T
− 2ωGðpTÞδð2ÞðpT − kTÞ: ð21Þ

The nonhomogeneous term takes into account the possi-
bility to produce two gluons from a single gluon cascade.
The expression for these terms is written directly from the
second diagram of Fig. 2. Function Γðp1T; p2T ; y1; y2Þ has
to be found. It is clear that for ᾱSjy2 − y1j ≫ 1 two emitted
gluons in Fig. 2 with rapidities y1 and y2 can emit gluons,
and the observed gluons will be amongst them. Therefore,
the general diagram which determines the nonhomogene-
ous term is the triple BFKL Pomeron diagram of Fig. 3(a).
This diagram can be written in the following general

form:

Φ3IPðY; y1; y2; p1;T ; p2;T ; qTÞ

¼ ᾱS

Z
Y

y2≥y1
dy0d2pTϕprðY − y0; pTÞΓ3IPðpTÞ

× ϕðy0 − y1; pT; p1;T ; qTÞϕðy0 − y2; pT; p2;T ; qTÞ ð22Þ
where Γ3IP denotes the triple BFKL Pomeron vertex which
we will discuss below. The single gluon densities in
Eq. (22) ϕpr and ϕ are different, since ϕpr is the density
of the gluons in the projectile (hadron), while ϕ is the
density of the gluons in the cascade of the single gluon with
rapidity Y − y0. This term in the evolution was considered
for the first time in Ref. [34]. We refer our readers to this
paper for more detail.

FIG. 2. The graphical representation of the evolution equation [see Eqs. (17) and (18)].
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The contributions of this diagram to the evolution equation have the following form for y2 > y1:

1.
∂Φ3IPðY;y1;y2;p1;T ;p2;T ;qTÞ

∂y1 ¼ ᾱS

Z
Y

y2≥y1
dy0d2pTϕprðY−y0;pTÞΓ3IPðpTÞ

∂ϕ
∂y1 ðy

0−y1;pT;p1;T ;qTÞϕðy0−y2;pT;p2;T ;qTÞ;

2.
∂Φ3IPðY;y1;y2;p1;T ;p2;T ;qTÞ

∂y2 ¼ ᾱS

Z
Y

y2≥y1
dy0d2pTϕprðY−y0;pTÞΓ3IPðpTÞϕðy0−y1;pT;p1;T ;qTÞ

∂ϕ
∂y2 ðy

0−y2;pT;p2;T ;qTÞ

þ ᾱS

Z
d2pTϕprðY−y2;pTÞΓ3IPðpTÞϕðy2−y1;pT;p1;T ;qTÞϕð0;pT;p2;T ;qTÞ: ð23Þ

From Eqs. (17) and (18) one can see that the first term in
both equations is included in the first terms of the evolution
equations since

∂ϕ
∂yi ðy

0 − yi; pT; p2;T ; qTÞ

¼ −ᾱS
Z

d2kTKðpi;T; kT ; qTÞϕðy0 − yi; pT; p2;T ; qTÞ:

ð24Þ

We also see that Eq. (23) does not generate the
nonhomogeneous term in Eq. (17) if y1 < y2, in the case

which we consider here: y2 > y1. We need to specify the
triple BFKL Pomeron vertex and ϕð0; pT; p2;T ; qTÞ in
Eq. (23). Actually

ϕð0; pT; p2;T ; qTÞ ¼ δð2ÞðpT − p2;TÞ: ð25Þ

In the diagram of Fig. 3(a) the triple Pomeron vertex enters
with the momentum transferred along the upper Pomeron
being equal to zero. We believe that we can find this vertex
directly from the nonlinear Balitsky-Kovchegov evolution
equation [65] for the scattering dipole amplitude:

∂NðY; x12; bÞ
∂Y ¼ ᾱS

Z
d2x3
π

x212
x213x

2
23

�
N

�
Y; x13; b −

1

2
x23

�
þ N

�
Y; x23; b −

1

2
x13

�
− NðY; x12; bÞ

− N

�
Y; x13; b −

1

2
x23

�
N

�
Y; x23; b −

1

2
x13

��
ð26Þ

where xik ¼ xi − xk and b denotes the impact factor. Equation (26) in the momentum representation, which we define as

NðY; x12; bÞ ¼ x212

Z
d2kT
2π

d2qT
2π

eix12·kTþib·qTϕðY; kT; qTÞ; ð27Þ

has the following form:

∂ϕðY; kT; qT ¼ 0Þ
∂Y ¼ ᾱS

Z
d2k0T
2π

KðkT; k0T ; qT ¼ 0ÞϕðY; k0T; qT ¼ 0Þ − ᾱS

Z
d2qT
2π

ϕðY; kT; qTÞϕðY; kT;−qTÞ: ð28Þ

(a) (b)

FIG. 3. (a) The graphical representation of the triple BFKL Pomeron diagrams. For simplicity we show the evolution at qT ¼ 0.
(b) The structure of the partonic wave function in the light-cone perturbative approach for the production of two gluons from the single
parton cascade at x1 ¼ x2 (y1 ¼ y2). We denote by Dn the dominator of the propagator for the state that has n-gluons.

E. GOTSMAN and E. LEVIN PHYS. REV. D 99, 054015 (2019)

054015-6



We can build the diagram of Fig. 3(a) by iterating Eq. (28), using the nonlinear term as the first iteration. Returning to
Eq. (23), we see that the nonhomogeneous term has the form

ᾱS

Z
d2pTϕprðY − y2; pTÞΓ3IPðpTÞϕðy2 − y1; pT; p1;T ; qTÞϕð0; pT; p2;T ; qTÞ

¼ ᾱSϕprðY − y2; p2;TÞϕðy2 − y1; p2;T ; p1;T ; qTÞ: ð29Þ

Finally, the set of evolution equations can be rewritten in the following form for ᾱSjy1 − y2j ≫ 1:

∂ΦðY − y1; p1;T ;Y − y2; p2;T ; qTÞ
∂ðY − y1Þ

¼ ᾱS

Z
d2kT
2π

Kðp1;T ; kT ;qTÞΦðY − y1; kT ;Y − y2; p2;T ;qTÞ

þ ᾱSϕprðY − y2; p2;TÞϕðy1 − y2; p2;T ; p1;T ; qTÞϑðy1 − y2Þ; ð30Þ

∂ΦðY − y1; p1;T ;Y − y2; p2;T ; qTÞ
∂ðY − y2Þ

¼ ᾱS

Z
d2kT
2π

Kðp2;T ; kT ;qTÞΦðY − y1; p1;T ;Y − y2; kT ;qTÞ

þ ᾱSϕprðY − y2; p2;TÞϕðy2 − y1; p2;T ; p1;T ; qTÞϑðy2 − y1Þ; ð31Þ

where ϑðy12Þ is the step function. Comparing Eqs. (30) and
(31) with Eqs. (17) and (18), we see that we have found
the exact form of the function Γðp1T; p2T ; y1; y2Þ for
ᾱSjy1 − y2j ≫ 1.
Recall that ϕðy2 − y1; p2;T ; p1;T ; qTÞ denotes the multi-

plicity of gluons with rapidities y1 and transverse momenta
p1;T in the gluon with rapidity y2 and transverse momen-
tum p2;T .
These equations are written for y2 ≫ y1 ≫ 1. For y2 ∼

y1 we can replace ϕðy2 − y1; p2;T ; p1;T ; qTÞ by the DGLAP
single parton density. However, we discuss the Bose-
Einstein correlation which is essential at y1 ¼ y2. In the

kinematic region ᾱSjy2 − y1j ≪ 1 we need to rewrite the
nonhomogeneous term.

B. Equations for ᾱSjy2 − y1j ≪ 1

In the framework of the LLA, the gluon with the fraction
of energy x can produce two gluons with x1 ≈ x2 ≪ x in the
subsequent decay gðx; pTÞ → gðx0; p0

TÞ þ gðx1; p1;TÞ and
gðx0;p0

TÞ→gðx00;p00
TÞþgðx2;p2;TÞ as is shown in Fig. 3(b).

We calculate the contributions of these decays to the
partonic wave function using light-cone perturbative theory
(see Refs. [46,63,66]). The wave function of Fig. 3(b) can
be written in the following form:

Ψðfxi; pi;Tg; x00; p00
T ; x1; p1;T ; x2; p2;TÞ ¼ Γσ;δ

β ðp0 → p00 þ p2Þϵ�λ2δ ðp2Þϵλ00σðp00Þθðp00þÞθðpþ
2 Þ

1

Dnþ2

× Γα;β;γðp → p0 þ p1ÞϵλαðpÞϵ�λ1β ðp1Þθðp0þÞθðpþ
1 Þ

1

Dnþ1

1

pþ Ψðfxi; pi;Tg; ; x; pTÞ

ð32Þ

where polarization vectors ϵλμðpÞ are defined as

ϵλμðpÞ ¼
�
0;
2ϵλ⊥ · pT
η · p

; ϵλ⊥
�
; η ¼ ð0; 1; 0; 0Þ and ϵ�⊥ ¼ 1ffiffiffi

2
p ð�1; iÞ: ð33Þ

The light-cone denominators are defined as

Dnþ1 ¼ p−
1 þ p0− þ

Xn−1
i¼1

p−
i − P−⟶

x1≪x p2
1;T

x1Pþ ; Dnþ2 ¼ p−
1 þ p−

2 þ p00− þ
Xn−1
i¼1

p−
i − P−⟶

x1¼x2≪x p2
1;T

x1Pþ þ p2
2;T

x2Pþ ; ð34Þ

where P− is the light-cone energy of the incoming hadron. In Eq. (32) we have omitted the color indices.
Γα;β;γðk3 → k2 þ k1Þ is the triple gluon vertex for the decay gðx3; k3Þ → gðx1; k1Þ þ gðx2; k2Þ which takes the following

form (see Table 2 of Ref. [66]):
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Γþ→þþ¼2igx3v�21; Γþ→þ−¼2igx1v�32; Γþ→−þ¼2igx2v�13; with vij¼ϵþ⊥ ·
�
ki;⊥
xi

−
ki;⊥
xi

�
; v�ij¼ ϵ−⊥ ·

�
ki;⊥
xi

−
ki;⊥
xi

�
: ð35Þ

Plugging Eq. (32) into Eq. (2) and summing over all polarizations and colors, we obtain

ΦspðY − y1; p1;T ;Y − y2; p2;T ; qTÞ ¼ ᾱ2S

Z
Y

y2

dy0Vðp1;T ; p2;T ; qTÞϕðY − y0; p1;T þ p2;TÞ ð36Þ

where

Vðp1;T ; p2;T ; qTÞ ¼
ðp1;T þ 1

2
qTÞ · ðp1;T − 1

2
qTÞ

ðp1;T þ 1
2
qTÞ2ðp1;T − 1

2
qTÞ2

ðp2;T þ 1
2
qTÞ · ðp2;T − 1

2
qTÞ

ðp2;T þ 1
2
qTÞ2ðp2;T − 1

2
qTÞ2

: ð37Þ

It should be noted that we obtain Eq. (37) by adding the diagram with a different order of emission for gluons with ðx1; p1;TÞ
and ðx2; p2;TÞ.
Bearing in mind that Eq. (36) generates the nonhomogeneous term for y2 ¼ y1, we note that Eqs. (17) and (18) can be

rewritten as one equation which has the following form:

∂ΦðY − y; p1;T ;Y − y; p2;T ; qTÞ
∂ðY − yÞ ¼ ᾱS

Z
d2kT
2π

fKðp1;T ; kT ; qTÞΦðY − y; kT ;Y − y; p2;T ; qTÞ

þ Kðp2;T ; kT ; qTÞΦðY − y; p1;T ;Y − y; kT ; qTÞg
þ ᾱ2SVðp1;T ; p2;T ; qTÞϕðY − y; p1;T þ p2;TÞ: ð38Þ

C. Solution in the region of ᾱSjy2 − y1j ≪ 1

We solve Eq. (38) at qT ¼ 0, considering its Mellin transform:

Φðω; γ1; γ2Þ ¼
Z

∞

0

dðY − yÞeωðY−yÞ
Z

d2p1;T

2π

d2p2;T

2π
ðp2

1;TÞ−γ1ðp2
2;TÞ−γ2ΦðY − y; p1;T ;Y − y; p2;T ; qT ¼ 0Þ: ð39Þ

For Φðω; γ1; γ2Þ Eq. (38) can be rewritten in the form

ωΦðω; γ1; γ2Þ ¼ ᾱSðχðγ1Þ þ χðγ2ÞÞΦðω; γ1; γ2Þ þHðγ1; γ2Þϕðγ1 þ γ2Þ ð40Þ

where [33,46]

χðγÞ ¼ 2ψð1Þ − ψðγÞ − ψð1 − γÞ⟶γ→
1
2
ω0 þD

�
γ −

1

2

�
2

þO
��

γ −
1

2

�
4
�

← diffusion approximation ð41Þ

where ψðzÞ ¼ d lnΓðzÞ=dz is the Euler psi-function [see formula (8.36) of Ref. [67]], ω0 ¼ 4 ln 2, and D ¼ 14ζð3Þ, where
zðxÞ is Riemann zeta function [see formulas (9.51)–(9.53) of Ref. [67]].
Function Hðγ1; γ2Þ is equal to

Hðγ1; γ2Þδðγ − γ1 − γ2Þ ¼
Z

d2p1;T

2π

d2p2;T

2π
ðp2

1;TÞ−γ1ðp2
2;TÞ−γ2Vðp1;T ; p2;T ; pT ¼ 0Þððp1;T þ p2;TÞ2Þγ−1: ð42Þ

Equation (42) can be rewritten after taking the integrals over the angle and p1;T as

Hðγ1; γ2Þ ¼
Z

1

0

dxðx2γ1−1 þ x2γ2−1Þ

×

�
ð1 − xÞ2ðγ1þγ2Þ

2F1

�
1

2
;−γ1 − γ2; 1;−

4x
ð1 − xÞ2

�
þ ð1þ xÞ2ðγ1þγ2Þ

2F1

�
1

2
;−γ1 − γ2; 1;

4x
ð1þ xÞ2

��
: ð43Þ
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We illustrate the behavior of this function in Fig. 4. Note that Hðγ1; γ2Þ is symmetric with respect to the change
γ1 → γ2 [Hðγ1; γ2Þ ¼ Hðγ2; γ1Þ].
The particular solution to Eq. (40) has a simple form:

Φðω; γ1; γ2Þ ¼
Hðγ1; γ2Þϕðω; γ1 þ γ2Þ
ω − ᾱSðχðγ1Þ þ χðγ2ÞÞ

¼ Hðγ1; γ2Þϕinðγ1 þ γ2Þ
ðω − ᾱSðχðγ1Þ þ χðγ2ÞÞÞðω − ᾱSχðγ1 þ γ2ÞÞ

ð44Þ

where ϕin can be found from the initial conditions for the single gluon density.
From Eq. (44) we obtain the particular solution for ΦðY − y; p1;T ;Y − y; p2;T ; qTÞ:

ΦpartðY − y; p1;T ;Y − y; p2;T ;qTÞ ¼
Z

ϵþi∞

ϵ−i∞

dγ1
2πi

Z
ϵþi∞

ϵ−i∞

dγ2
2πi

eγ1ξ1þγ2ξ2
ᾱ2SHðγ1; γ2Þϕinðγ1 þ γ2Þ

ᾱSðχðγ1Þ þ χðγ2Þ − χðγ1 þ γ2ÞÞ
× feᾱSðχðγ1Þþχðγ2ÞÞðY−yÞ − eᾱSχðγ1þγ2ÞðY−yÞg ð45Þ

where ξ1 ¼ lnðp2
1;TÞ and ξ2 ¼ lnðp2

2;TÞ. The general solution will be a sum of the particular solution and the solution to the
homogeneous equation, and it has the following form:

ΦðY − y; p1;T ;Y − y; p2;T ; qTÞ ¼ ΦpartðY − y; p1;T ;Y − y; p2;T ; qTÞ

þ
Z

ϵþi∞

ϵ−i∞

dγ1
2πi

Z
ϵþi∞

ϵ−i∞

dγ2
2πi

eγ1ξ1þγ2ξ2Φinðγ1; γ2ÞeᾱSðχðγ1Þþχðγ2ÞÞðY−yÞ

¼
Z

ϵþi∞

ϵ−i∞

dγ1
2πi

Z
ϵþi∞

ϵ−i∞

dγ2
2πi

eγ1ξ1þγ2ξ2

×

��
ᾱSHðγ1; γ2Þϕinðγ1 þ γ2Þ

ðχðγ1Þ þ χðγ2Þ − χðγ1 þ γ2ÞÞ
þΦinðγ1; γ2Þ

�
eᾱSðχðγ1Þþχðγ2ÞÞðY−yÞ

−
ᾱSHðγ1; γ2Þϕinðγ1 þ γ2Þ

ðχðγ1Þ þ χðγ2Þ − χðγ1 þ γ2ÞÞ
eᾱSχðγ1þγ2ÞðY−yÞ

�
: ð46Þ

The integrals over γ1 and γ2 in the first term of Eq. (46) can be evaluated using the method of steepest descent with the
saddle point for both γ’s close to 1

2
, where we can use the diffusion approximation [see Eq. (41)] for χðγÞ. The values of γ’s at

the saddle point are the following:

γSP1 ¼ 1

2
−

ξ1
2ᾱSDðY − yÞ ; γSP2 ¼ 1

2
−

ξ2
2ᾱSDðY − yÞ : ð47Þ

After integration over γ1 and γ2 in the vicinities of these saddle points we obtain the contribution:

ΦðY − y; p1;T ;Y − y; p2;T ; qTÞ ¼
1

4π

1

ᾱSDðY − yÞ ½…�γ1¼γSP
1
;γ2¼γSP

2
exp

�
2ᾱSω0ðY − yÞ − ξ21 þ ξ22

4ᾱSDðY − yÞ
�
: ð48Þ

This contribution is proportional to ϕðY−y;ξ1ÞϕðY−y;ξ2Þ
and in agreement with Eq. (1).
In the second term the integration over γ1 þ γ2 can be

taken using the method of steepest descent, leading to

ðγ1 þ γ2ÞSP ¼
1

2
−

ξ1 þ ξ2
2ᾱSDðY − yÞ : ð49Þ

This integration generates the contribution which is pro-
portional to expðᾱSω0ðY−yÞ−ðξ1þξ2Þ2=ð4ᾱSDðY−yÞÞÞ.
Comparing this contribution with Eq. (95), one can see that
it is suppressed at large values of (Y − y). FIG. 4. The behavior of function Hðγ1; γ2Þ.
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IV. THE INTERFERENCE DIAGRAM IN THE
BFKL EVOLUTION

The interference diagram is shown in Fig. 5(a). In this
diagram the t-channel gluons with the same color and with
rapidities larger than y0 are in colorless states. For rapidities
that are less than y0, t-channel gluons with rapidities y1 and
with y2 are in a colorless state. The arguments for such a
color structure of this diagram stem from the first diagram
with the exchange of two identical gluons, shown in
Fig. 5(b). In this diagram all emitted gluons with rapidities
larger than y0 can be absorbed in the solution of the
evolution equation without the Bose-Einstein enhancement
and can be used as a solution of Eq. (1). In this solution the
double gluon density can be viewed as the exchange of two
BFKL Pomerons, shown in Fig. 5(b).
These Pomerons carry transferred momenta Q0

T and
−Q0

T , respectively, where Q0
T ¼ k − p2;T . Therefore, we

first need to deal with the BFKL Pomeron with nonzero

transfer momentum. However, before discussing this prob-
lem we calculate the diagram of Fig. 5(c), which is the
diagram of Fig. 5(b) in the Born approximation. We denote
the wave function of the colorless dipole (the onium state of
a heavy quark and antiquark) by ΨðqT; zÞ, where qT is the
transverse momentum of the quark and z its fraction of the
energy. We obtain that the component of the gluonic wave
function with one emitted gluon with transverse momen-
tum p1;T and rapidity y1 is equal to [46,64]

Ψð1ÞðqT; z; p1;T ; y1Þ ¼ gλa
p1;T · ϵλ1
p2
1;T

× ðΨðqT; zÞ − ΨðqT þ p1;T ; zÞÞ ð50Þ

where λa denotes the Gell-Mann matrix and ϵλ is the
polarization vector of the gluon with the helicity λ. The
single gluon density has the form

ϕðy1; p1;TÞ ¼
Z

1

0

dz
zð1 − zÞ

Z
d2qT jΨð1ÞðqT; z; p1;T ; y1Þj2 ¼

αSCF

π

1

p2
1;T

ðGð0Þ −Gð4p2
TÞÞ: ð51Þ

In the integral over z, the lower limit is e−Yþy, but we assumed that this integral is convergent and we can safely take this
limit equal to zero:

GðpTÞ ¼
Z

dz
zð1 − zÞ

Z
d2reipT ·rjΨðr; zÞj2 where

Z
d2r

Z
dz

zð1 − zÞ jΨðr; zÞj
2 ¼ 1: ð52Þ

The emission of the second gluon with y2 and p2;T leads to the wave function

Ψð1;1ÞðqT; z; p1;T ; y1; p2;T ; y2Þ ¼ g2λaλb
p1;T · ϵλ1
p2
1;T

p2;T · ϵλ2
p2
2;T

ðΨðqT; zÞ − ΨðqT þ p1;T ; zÞ

− ΨðqT þ p2;T ; zÞ þΨðqT þ p1;T þ p2;T ; zÞÞ: ð53Þ

y’

y

y y y2

p
2

p
1

p 
2

(x,k)

(x’,k’)

1 2

colourless state

P

l

l ’

p
1

y1

(y , p   )
1 1,T

(y , p   )
1 1,T

(y , p    )
2 2,T

k ky

Q’T Q’T

V
k’ k’’

V

V

V

I(k’,k’’)

(y , p    )
1 1,T

(y , p   )
2 2,T

(y , p   )
2 2,T(y , p   )

1 1,T

k
y’

(a) (b) (c)

FIG. 5. The interference diagram. (a) For gluons with rapidities larger than y0, the t-channel gluons, which are shown by the same color
helical lines, are in a colorless state in the t-channel. The gluons with y1 and with y2 are in colorless states as indicated by arrows in
Fig. 1. The black circles denote the Lipatov vertex Γμ. (b) The diagram of Fig. 1(a) redrawn with the BFKL Pomerons denoted by wavy
lines. Their colors in the figure indicate the gluons that constitute the Pomerons. The gluons with y1, p1;T as well as gluons with y2, p2;T

are in colorless states. Q0
T ¼ k − p2;T . V denotes the vertices of gluon-Pomeron interaction. (c) The Born approximation of the diagram

of Fig. 5(b) in the case of an onium target. This diagram is in accord with Eq. (1).
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Using the expression for the Lipatov vertex Γμ which has
the form [33,46]

Γμðk0; kÞ ¼ 2gfabc
�
k0T;μ −

k02T
l2T

lT;μ

�
ð54Þ

where lμ ¼ k0T;μ − kT;μ is the momentum of the emitted
gluon, as well as Eq. (53), we obtain for Fig. 5(c) the
following contribution:

A½Fig: 5ðcÞ�

∝
Z

d2kTIðp2;T ;kTÞ
ðkT · p2;TÞ2
ðp2

2;Tk
2
TÞ2

k2Tp
2
1;T

ðkT − p1;TÞ2|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
ΓμΓμ

1

p4
1;T

¼
Z

d2kTIðp2;T ;kTÞ
ðkT · p2;TÞ2
ðp2

2;Tk
2
TÞ2

k2Tp
2
1;T

ðkT − p2;T −Δp12;TÞ2
1

p4
1;T

ð55Þ

where Δp12;T ¼ p1;T − p2;T and ðp2;T ; kTÞ is equal to (see
Ref. [59])

Iðp2;T ; kTÞ ¼ 2þGð2ðkT þ p2;TÞÞ þGð2ðkT − p2;TÞÞ
−Gð2kTÞ − Gð−2kTÞ
−Gð2p2;TÞ −Gð−2p2;TÞ: ð56Þ

In Eq. (53) for simplicity, we have omitted all color
coefficients and coupling constants.
We see that the largest contribution stems from the

region jp2;T − kT j ∝ 1=r, where r is the size of the dipoles.
Assuming that p1;T and p2;T are larger than 1=r this region
leads to the contribution which is equal to

A½Fig: 5ðcÞ�∝ 1

p2
1;Tp

2
2;T

Z
d2kT

ðkT −p2;T −Δp12;TÞ2
Iðp2;T ;kTÞ

∼
1

p2
1;Tp

2
2;T

π

Z
dq2

1

jq2− jΔp12;T j2j
IðqÞ ð57Þ

with q ¼ kT − p2;T . Equation (57) generates jqj ∼ 1=r ≪
pi;T and shows that the Bose-Einstein enhancement is
essential for jΔp12;T j ≪ pi;T and the value of jΔp12;T j is
determined by the scale of the initial conditions for the
double gluon density.
In other words we conclude that the first diagram leads to

the double gluon density, which can be written in the form

Φint ∝ ϕðy1; p1;TÞϕðy2; p2;TÞ
�∝ Const for jΔp12;T jr ≤ 1;

1
r2jΔp12;T j2 for jΔp12;T jr ≥ 1;

∼
ϕðy1;p1;TÞϕðy2; p2;TÞ

r2jΔp12;T j2 þ 1
: ð58Þ

In other words, the Bose-Einstein enhancement increases
the double gluon densities for p1;T → p2;T, as is expected
and has been demonstrated in the correlation functions
[55–60].
Returning to the diagram of Fig. 5(b) we see that

generally the integration over kT enters the integration
over the momentum transfer of the BFKL Pomeron:
Q0

T ¼ p2;T − kT , and the integration over kT that character-
izes the size of the dipole in the Pomeron vertices. The
typical transverse momentum in the BFKL Pomeron
vertices is about p1;Tðp2;TÞ or about that of the saturation
scale, at the rapidity of the vertex. On the other hand, the
typical Q0

T ∼ 1=r where r is the size of the largest dipole of
the two interacting dipoles, which constitute the exchange
of the BFKL Pomeron. For the diagram of Fig. 5(b) this
largest dipole has the size of the hadron, whose double
parton density we discuss.
The Green function of the BFKL PomeronGðr;R;QT ;YÞ

is known in the mixed representation, where r and R are the
sizes of two interacting dipoles,QT denotes the momentum
transferred by the Pomeron, and Y the rapidity between
the two dipoles. This Green function has the following
form [68,69]:

Gðr;R;QT ;YÞ ¼
1

16

X∞
n¼−∞

Z
∞

−∞
dν

×
1

ðν2 þ 1
4
ðn − 1Þ2Þðν2 þ 1

4
ðnþ 1ÞÞ

× Vν;nðr;QTÞV�
ν;nðR;QTÞeωðν;nÞY ð59Þ

where

ωðν; nÞ ¼ 2ᾱSRe

�
ψ

�
1

2
þ 1

2
jnj þ ν

�
− ψð1Þ

�
and

ωðν; 0Þ ¼ ᾱSχ

�
1

2
þ iν

�
; ð60Þ

with n ¼ 0; 1; 3… and χðγÞ from Eq. (41).
Each term in Eq. (59) has a very simple structure, being

the typical contribution of a Regge pole exchange: the
product of two vertices, which depend on the size of the
dipole and QT , and the Regge-pole propagator eωðν;nÞY.
From Eq. (60) one can see that at large Y the main
contribution comes from the term with n ¼ 0, and in what
follows we will concentrate on this particular term.
The vertices with n ¼ 0 have been determined in

Refs. [68,69], and they have a simple form in the complex
number representation for the point on the two-dimensional
plane, viz.,

for rðx; yÞ∶ ρ ¼ xþ iy; ρ� ¼ x − iy;

for QTðQx;QyÞ∶ q ¼ Qx þ iQy; q� ¼ Qx − iQy: ð61Þ
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Using this notation the vertices have the following
structure:

Vνðr;QTÞ ¼ rðQ2
TÞiνΓ2ð1 − iνÞ

�
J−iν

�
1

4
q�ρ

�
J−iν

�
1

4
qρ�

�

− Jiν

�
1

4
q�ρ

�
Jiν

�
1

4
qρ�

��
: ð62Þ

At QT → 0 this vertex takes the form

Vνðr;QTÞ ⟶
QTr≪1

r

��
r2

26

�−iν
− ðQ2Þiν

�
Q2r2

26

�
iν
�
: ð63Þ

Using that

J−iνðzÞ⟶z≫1
sin

�
1

4
π þ zþ 1

2
iπν

� ffiffiffi
2

π

r ffiffiffi
1

z

r
ð64Þ

at ν ≪ 1 we obtain for Q2
Tr

2 ≫ 1

Vνðr;QTÞ ⟶
QTr≫1ðQ2

TÞiνΓ2ð1 − iνÞ cos
�
1

2
QT · r

�
4iν
QT

: ð65Þ

Returning to Eq. (59), one can see that the exchange of
the BFKL Pomeron turns out to be small for RQT > 1,

where R is the size of the larger of the two interacting
dipoles. In the diagram of Fig. 5(b), the size of the smallest
dipole is about r ∝ 1=p2;T , while R is the dipole in the
hadron which has a size of the order 1=μsoft, where μsoft
denotes the soft scale. In other words, we expect that QT of
the BFKL Pomerons is rather small, QT ≤ μsoft. Since
jQ0

T j ¼ jkT − p2;T j ≤ μsoft ≪ p2;T we safely use for vertex
Vνðr;QTÞ Eq. (63) which gives for the vertex in the
momentum representation

VνðkT;QTÞ ¼ r2
Z

d2re−ir·kTVνðr;QTÞ ð66Þ

the following expression:

VνðkT;QTÞ ¼ 2π

�
Γð1

2
þ iνÞ

Γð1
2
− iνÞ ð2k

2
TÞ−1

2
þiν

−
Γð1

2
− iνÞ

Γð1
2
þ iνÞ ðQ

2
TÞ2iνð2k2TÞ−

1
2
þiν

�
: ð67Þ

Actually, the second term does not contribute to the
scattering amplitude at small QT (see Refs. [68,70]), and
therefore the diagram of Fig. 5(b) gives the following
contribution:

∂ΦintðY − y; p1;T ; p2;TÞ
∂ðY − yÞ ¼ ᾱS

N2
c − 1

Z
−iϵþ∞

−iϵ−∞

dν1
2π

Z
−iϵþ∞

−iϵ−∞

dν2
2π

eᾱSðχðν1Þþχðν2ÞÞðY−yÞ ð68Þ

×
Z

d2k0Td
2k00T

ð2πÞ4 Iðk0T; k00TÞVν1ðk0T;Q0
TÞVν2ðk00T;Q0

TÞ
Z

d2Q0
T

ðΔp12;T − Q0
TÞ2

ð2k2TÞ−1þiν1þiν2

¼ ᾱS
N2

c − 1

Z
d2Q0

T

ðΔp12;T − Q0
TÞ2

Φ2IPðY − y; p2;T ; p2;T ;Q0
TÞ ð69Þ

where Φ2IP denotes the double gluon density due to the
exchange of two BFKL Pomerons. All other notations are
shown in Fig. 5(b). The second line of the equation is
written assuming that ν1 ≪ 1 and ν2 ≪ 1 at high energies,
in accord with the diffusion approximation [see Eq. (41)]. It
is easy to see that this contribution is the Fourier transform
of the emission term with ρð2Þ in Eq. (16) in momentum
representation. We need to add the gluon Reggeization term
to Eq. (68) which is the Fourier transform of the second
term with ρð2Þ in Eq. (16). Therefore, we do not see any
other contribution except the Bose-Einstein enhancement
in the first diagrams. In the last line of the equation we
consider Q0

T ≪ p2T and replace kT by p2;T. From Eq. (69)
one can see that the double parton density with qT ¼ 0 [see
Eq. (3)] can be obtained only if we know the double parton
density for qT ≠ 0. For qT ≠ 0 the diagram of Fig. 5(b) can
be rewritten in the form

∂ΦintðY − y; p1;T ; p2;T ; qTÞ
∂ðY − yÞ

¼ ᾱS
N2

c − 1

Z
d2Q0

T

ðΔp12;T − Q0
T − qTÞ2

×Φ2IPðY − y; p2;T ; p2;T ;Q0
TÞ: ð70Þ

V. BFKL EVOLUTION WITH BOSE-EINSTEIN
ENHANCEMENT

We need to change Eq. (38) by adding the interference
diagram. To do this we have to change Eq. (68), replacing
Φ2IPðY − y; kT; p2;T ;Q0

TÞ by ΦðY − y; kT; p2;T ;Q0
TÞ and

taking into account the complete BFKL kernel of
Eq. (19). Therefore, the contribution of the interference
diagram to the evolution equation takes the form
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∂ΦintðY − y; p1;T ; p2;T ; qTÞ
∂ðY − yÞ ¼

Z
d2kTKðp1T − qT; kT ;Q0

TÞΦðY − y; kT; p2;T ;Q0
TÞ ð71Þ

where K denotes the kernel of Eq. (19). In Eq. (72) we have taken into account that qT ≠ 0. Substituting this kernel we
reduce Eq. (72) to the form

∂ΦintðY − y; p1;T ; p2;T ; qTÞ
∂ðY − yÞ

¼ 2ᾱS
N2

c − 1

�Z
d2kT

1

ðkT − p1;T − qTÞ2|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
emission kernel

ΦðY − y; kT; p2;T ;Q0
TÞ − ωGðp2;T − qTÞ|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

Reggeization kernel

ΦðY − y; p2;T ; p2;T ; qTÞ
�
: ð72Þ

As we have discussed in the previous section, the typical Q0
T is determined by the soft scale from the initial condition, as

in Fig. 5(b), or by the saturation scale at rapidity y0 > y. Both are much smaller than piT , or the saturation momentum at
rapidity y. Hence, we can neglect Q0

T ¼ kT − p1T , as it is much smaller than pi;T . Finally, Eq. (72) takes the form

∂ΦintðY − y; p1;T ; p2;T ; qTÞ
∂ðY − yÞ ¼ ᾱS

N2
c − 1

Z
d2Q0

T

ðΔp12;T − Q0
T − qTÞ2

fΦðY − y; p2;T ; p2;T ;Q0
TÞ

− ωGðp2;TÞΦðY − y; p2;T ; p2;T ; qTÞg: ð73Þ

The second term in f…g stems from the gluon Reggeization, in which we neglect qT in comparison with pi;T . Bearing
Eq. (73) in mind, Eq. (38) takes the form

∂ΦðY − y; p1;T ;Y − y; p2;T ; qTÞ
∂ðY − yÞ ¼ ᾱS

Z
d2kT
2π

fKðp1;T ; kT ; qTÞΦðY − y; kT ;Y − y; p2;T ; qTÞ þ ð1 ↔ 2Þg

þ ᾱS
N2

c − 1

�Z
d2Q0

T

2π

1

ðΔp12;T − Q0
T − qTÞ2

ΦðY − y; p1;T ;Y − y; p1;T ;Q0
TÞ

− ωGðp2;TÞΦðY − y; p2;T ; p2;T ; qTÞ þ ð1 ↔ 2Þ
�

þ ᾱ2SVðp1;T ; p2;T ; qTÞϕðY − y0; p1;T þ p2;TÞ: ð74Þ

We simplify the equation by first neglecting the qT dependence of the BFKL kernel in the first two terms of the rhs of the
equation, since as has been discussed, qT ≪ kTðpi;TÞ. As the second step we go to the impact parameter representation:

ΦðY − y; p1;T ;Y − y; p2;T ; qTÞ ¼
Z

d2beiqT ·bΦðY − y; p1;T ;Y − y; p2;T ; bÞ: ð75Þ

Equation (74) then has the form

∂ΦðY − y; p1;T ;Y − y; p2;T ; bÞ
∂ðY − yÞ ¼ ᾱS

Z
d2kT
2π

fKðp1;T ; kTÞΦðY − y; kT ;Y − y; p2;T ; bÞ

þ Kðp2;T ; kTÞΦðY − y; p1;T ;Y − y; kT ; bÞg
þ ᾱS
N2

c − 1
fðSðbp1;TÞeib·Δp12;T − Sð0ÞÞΦðY − y; p1;T ;Y − y; p1;T ;bÞ þ ð1 ↔ 2Þg

þ ᾱ2SVðp1;T ; p2;T ; bÞϕðY − y0; p1;T þ p2;TÞ: ð76Þ

We need to rewrite the kernel 1=ðΔp12;T − Q0
T − qTÞ2 to regularize the infrared singularity and to take into account that

jQ0
T j ≪ pi;T . The last constraint was used in deriving the equation. We now replace the kernel by the expression
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1

ðΔp12;T − Q0
T − qTÞ2

→
1

ðΔp12;T − Q0
T − qTÞ2 þ μ2

−
1

ðΔp12;T − Q0
T − qTÞ2 þ p2

1;T
: ð77Þ

One can see that the term with μ2 regularizes the infrared divergency, and the second term guarantees that only Q0
T and qT

less than p1;T , contribute to the integral. Calculating the Fourier transform of Eq. (77) we obtain

Sðbp1;TÞ ¼ K0ðμbÞ − K0ðp1;TbÞ: ð78Þ

Since at b → 0 ðbp1;TÞ → ln ðp2
1;T=μ

2Þ, the Reggeization term with ωGðp1;tÞ ¼ ln ðp2
T=μ

2Þ cancels the infrared
divergency in the difference (Sðbp1;TÞeib·Δp12;T − Sð0Þ).
We first find the solution to the homogeneous equation by rewriting it in the Mellin transform of Eq. (39). It has the form

ωΦðω; γ1; γ2; bÞ ¼ ᾱSðχðγ1Þ þ χðγ2ÞÞΦðω; γ1; γ2; bÞ þ δ

�Z
ϵþi∞

ϵ−i∞

dγ01
2πi

Kðγ2; γ1 − γ01;bÞ
Z

ϵþi∞

ϵ−i∞

dγ0

2πi
Φðω; γ0; γ01 − γ0; bÞ

þ
Z

ϵþi∞

ϵ−i∞

dγ01
2πi

Kðγ1; γ2 − γ02; bÞ
Z

ϵþi∞

ϵ−i∞

dγ0

2πi
Φðω; γ0; γ02 − γ0; bÞ

�
ð79Þ

where δ ¼ ᾱS=ðN2
c − 1Þ. Kðγ2; γ1 − γ01; bÞ is equal to

Kðγ2; γ1 − γ01; bÞ ¼ K̃ðγ2; γ1 − γ01; bÞ − K̂ðγ2; γ1 − γ01Þ;

K̃ðγ2; γ1 − γ01; bÞ ¼
Z

p1;Tdp1;Tp2;Tdp2;Tðp2
1;TÞ−γ1ðp2

2;TÞ−γ2J0ðbp1;TÞJ0ðbp2;TÞSðbp1;TÞðp2
1;TÞγ

0
1
−1

K̂ðγ2; γ1 − γ01Þ ¼
Z

p1;Tdp1;Tp2;Tdp2;Tðp2
1;TÞ−γ1ðp2

2;TÞ−γ2ωGðp1;TÞðp2
1;TÞγ

0
1
−1: ð80Þ

For Kðγ2; γ1 − γ01; b ¼ 0Þ we have

Kðγ2; γ1 − γ01; b ¼ 0Þ ¼ −
1

4

1

1 − γ2

1

ðγ01 − γ1Þ2
: ð81Þ

Integrating over γ01ðγ02Þ we get the following equation:

ωΦðω; γ1; γ2; bÞ ¼ ᾱSðχðγ1Þ þ χðγ2ÞÞΦðω; γ1; γ2; bÞ

−
δ

4

�
1

1 − γ2

Z
ϵþi∞

ϵ−i∞

dγ0

2πi
Φ0

γ1ðω; γ0; γ1 − γ0; bÞ þ 1

1 − γ1

Z
ϵþi∞

ϵ−i∞

dγ0

2πi
Φ0

γ2ðω; γ0; γ2 − γ0; bÞ
�
:

We solve this equation using the iteration procedure with respect to the small parameter δ, assuming that the solution
without the interference term is equal to

Φð0Þðω; γ1; γ2Þ ¼
1

ω − ᾱSðχðγ1Þ þ χðγ2ÞÞ
: ð82Þ

Plugging this solution into Eq. (79), we obtain the following equation for the spectrum of the homogeneous equation:

1 ¼ −
δ

4

�
1

1 − γ2

Z
ϵþi∞

ϵ−i∞

dγ0

2πi
Φð0Þ0

γ1 ðω; γ0; γ1 − γ0Þ þ 1

1 − γ1

Z
ϵþi∞

ϵ−i∞

dγ0

2πi
Φð0Þ0

γ2 ðω; γ0; γ2 − γ0Þ
�
: ð83Þ

In general for the BFKL kernel [see Eq. (19)] we cannot integrate the integral analytically. Instead, we use the diffusion
approximation to obtain the analytical result:
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Z
ϵþi∞

ϵ−i∞

dγ0

2πi
Φð0Þðω; γ0; γ − γ0Þ ¼

Z
ϵþi∞

ϵ−i∞

dγ0

2πi
1

ω − ᾱS


2ω0 þD




γ0 −

1

2

�2 þ


γ − γ0 −

1

2

�2��
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

diffusion approximation

¼ 1

2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ᾱSDðω − 2ᾱSðω0 þDðγ

2
− 1

2
Þ2ÞÞ

q ¼ 1

2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ᾱSDðω − 2ᾱSχdiff appð12 γÞÞ

q ð84Þ

where χdiff app is the BFKL kernel in the diffusion approximation of Eq. (41).
Plugging Eq. (84) into Eq. (83), we reduce this equation to the form for γ1 ¼ γ2

1 ¼ δ

4
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffi
ᾱSD

p 1

ðω − 2ᾱSðω0 þDðγ
2
− 1

2
Þ2ÞÞ3=2 : ð85Þ

Searching for the solution with the new intercept ω − 2ᾱSω0 ¼ ωð1Þðγ1; γ2Þ, we obtain the solution for γ1 ¼ γ2 → 1:

ωð1Þðγ1; γ2Þ ¼
�

δ

4
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffi
ᾱSD

p �
2=3

¼ ᾱS
ðN2

c − 1Þ2=3
�
D
32

�
1=3

≈ 0.8
ᾱS

ðN2 − 1Þ2=3 ¼ 0.2ᾱS for Nc ¼ 3: ð86Þ

Therefore, we see that the value of the intercept for the double parton density (Y − y) dependence is larger than that for
the product of single parton densities [see Eq. (1)], which is equal to

ΦðY − y; p1;T ;Y − y; p2;T ; qTÞ ∝ eΔ2ðY−yÞ; with Δ2 ¼ 2ᾱSω0 þ
ᾱS

ðN2
c − 1Þ2=3

�
D
32

�
1=3

: ð87Þ

Therefore, the difference Δ2 − 2ᾱSω0 turns out to be proportional to 1=ðN2
c − 1Þ2=3, which is a small number at large Nc.

However, for Nc ¼ 3 [see Eq. (87)] Δ2 − 2ᾱSω0 ≈ 0.2ᾱS ≈ 0.07ᾱSω0. This value of the correction leads to an effect of the
order of 1 at Y ≈ 20.
We can calculate the corrections of the order of δ2 to the intercept, using for the iteration Φð1Þðω; γ1; γ2Þ the form

Φð1Þðω; γ1; γ2Þ ¼
1

ω − 2ω0 −Dððγ1 − 1
2
Þ2 þ ðγ2 − 1

2
Þ2Þ − ωð1Þðγ1; γ2Þ

: ð88Þ

However, we expect negligible values for this correction, and we proceed to find the solution of Eq. (74) using Eq. (88),
as the solution for the homogeneous equation.

VI. HIGH ENERGY BEHAVIOR OF THE DOUBLE GLUON DENSITIES

Using the result of Eq. (88) we can write Eq. (40) in the following form:

ωΦðω; γ1; γ2Þ ¼ ᾱSðχðγ1Þ þ χðγ2Þ þ ωð1Þðγ1; γ2ÞÞΦðω; γ1; γ2Þ þHðγ1; γ2Þϕðγ1 þ γ2Þ: ð89Þ
Equation (89) generates the following particular solution, which is a direct generalization of Eq. (45):

ΦpartðY − y; p1;T ;Y − y; p2;T ; qTÞ ¼
Z

ϵþi∞

ϵ−i∞

dγ1
2πi

Z
ϵþi∞

ϵ−i∞

dγ2
2πi

eγ1ξ1þγ2ξ2
ᾱSHðγ1; γ2Þϕinðγ1 þ γ2Þ

ωðγ1Þ þ ωðγ2Þ þ ωð1Þðγ1; γ2Þ − ωðγ1 þ γ2Þ
× feðωðγ1Þþωðγ2Þþωð1Þðγ1;γ2ÞÞðY−yÞ − eᾱSχðγ1þγ2ÞðY−yÞg: ð90Þ

The general solution can be written in the same form as Eq. (46), leading to the following expression:

ΦðY − y; p1;T ;Y − y; p2;T ; qTÞ ¼
Z

ϵþi∞

ϵ−i∞

dγ1
2πi

Z
ϵþi∞

ϵ−i∞

dγ2
2πi

eγ1ξ1þγ2ξ2

��
ᾱ2SHðγ1; γ2Þϕinðγ1 þ γ2Þ

ðωðγ1Þ þ ωðγ2Þ þ ωð1Þðγ1; γ2Þ − ωðγ1 þ γ2ÞÞ

þΦinðγ1; γ2Þ
�
eðωðγ1Þþωðγ2Þþωð1Þðγ1;γ2ÞÞðY−yÞ

−
ᾱ2SHðγ1; γ2Þϕinðγ1 þ γ2Þ

ðωðγ1Þ þ ωðγ2Þ þ ωð1Þðγ1; γ2Þ − ωðγ1 þ γ2ÞÞ
eᾱSχðγ1þγ2ÞðY−yÞ

�
: ð91Þ
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As has been discussed previously, we can use the method
of steepest descent to evaluate the integrals over γ1 and γ2 in
the first term of Eq. (91). To do this we need to know the
dependence of ωð1Þðγ1; γ2Þ in γ1 and γ2. Solving Eq. (85)
we see that

ωð1Þðγ; γÞ ¼ ωð1Þ
0 −

3

2
ᾱSDγ

�
γ −

2

3

�
ð92Þ

where ωð1Þ
0 is given by Eq. (87).

The values of the saddle point turn out to be close to 1
2
for

both γ’s. In the vicinity γ1 →
1
2
and γ2 →

1
2
we have the

following expansion:

ωðγ1Þ þ ωðγ2Þ þ ωð1Þðγ1; γ2Þ
¼ 2ᾱSω0 þ ωð1Þ

0 þ ᾱSD
4

ðð1 − γ1Þ2 þ ð1 − γ2Þ2Þ: ð93Þ

From Eq. (93) we obtain that the values of γ’s at the saddle
point are the following:

γSP1 ¼ 1 −
2ξ1

ᾱSDðY − yÞ ; γSP2 ¼ 1 −
2ξ2

ᾱSDðY − yÞ : ð94Þ

After integration over γ1 and γ2 in vicinities of these
saddle points we obtain the contribution:

ΦðY − y; p1;T ;Y − y; p2;T ; qTÞ

¼ 1

4π

2

ᾱSDðY − yÞ ½…�γ1¼γSP
1
;γ2¼γSP

2

× exp

�
2ᾱSΔ2ðY − yÞ − 2

ξ21 þ ξ22
ᾱSDðY − yÞ

�
: ð95Þ

One can see that this contribution is not proportional to
ϕðY − y; ξ1ÞϕðY − y; ξ2Þ and contradicts Eq. (1). It should
be stressed that Eq. (1) violates both the Y − y dependence
due to the intercept Δ2 > 2ᾱSω0, and the ξ1ðξ2Þ depend-
ence [compare this equation with Eq. (95)]. Note that the
change in the ξ shape of the distribution has no suppression
of 1=ðN2

c − 1Þ.

VII. CONCLUSIONS

In this paper we found that in the BFKL evolution, the
Bose-Einstein enhancement leads to a faster increase of the
double parton densities than the product of two single
parton distributions. This effect has been discussed by us
for the DGLAP evolution in the region of low x [61]. On
the qualitative level, the DGLAP and BFKL evolution lead
to large correlations at high energies, due to the correlations
of the identical gluons. It should be noted that all 1=ðN2

c − 1Þ
corrections in the double gluon densities stem from the
Bose-Einstein enhancement.
The BFKL evolution generates the power dependence on x

(Φ ∝ ð1=xÞΔ2) withΔ2 − 2ω0 > 0, whereω0 is the intercept
of the BFKL Pomeron; this difference turns out to be
numerically small, since it is proportional to ᾱS=ðN2

c − 1Þ2=3.
In particular, these correlations clarify the physical mean-

ing of the increase of the anomalous dimension of the twist
four operator that has been discussed in Refs. [10,11,48–
50,71]. It should be stressed that we obtain the intercept for
the double gluon density as proportional to 1=ðN2

c − 1Þ2=3,
which is quite different from that of the twist four intercept,
which is proportional to 1=ðN2

c − 1Þ2. However, in the case
of the anomalous dimensions, corrections other than the
Bose-Einstein enhancement, of the order of 1=ðN2

c − 1Þ,
contribute, making the calculation of the energy behavior of
the twist four operator a different problem.
We view this paper as the next step in understanding the

role of the identical parton correlations in the parton
evolution. The next project that we plan to consider is to
include the identical parton correlations in the DGLAP
evolution at finite x. We believe that the most interesting
question in his part of the program is to include the Pauli
blocking for quarks and antiquarks (see Ref. [72]).
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