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We calculate the correlation coefficients of the electron–energy and electron–antineutrino angular
distribution of the neutron β−-decay with polarized electron and unpolarised neutron and proton. The
calculation is carried out within the standard model (SM) with the contributions, caused by the weak
magnetism, proton recoil and radiative corrections of order of 10−3, Wilkinson’s corrections of order 10−5

[Wilkinson, Nucl. Phys. A377, 474 (1982) and Ivanov et al., Phys. Rev. C 95, 055502 (2017)] and the
contributions of interactions beyond the SM. The obtained results can be used for the analysis of
experimental data on searches of interactions beyond the SM at the level of 10−4 [Abele, Hyperfine Interact.
237, 155 (2016)]. The contributions of G–odd correlations are calculated and found at the level of 10−5 in
agreement with the results obtained by Gardner and Plaster [Phys. Rev. C 87, 065504 (2013)] and
Ivanov et al. [Phys. Rev. C 98, 035503 (2018)].
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I. INTRODUCTION

In Refs. [1–3] we have calculated the neutron lifetime and
correlation coefficients of the electron–energy and angular
distributions of the neutron β−-decaywith polarized neutron
and unpolarized electron and proton, and polarized neutron
and electron and an unpolarized proton, respectively. The
neutron lifetime and correlation coefficients are calculated at
the level of 10−3 of contributions of theweakmagnetism and
proton recoil of order OðEe=MÞ, where Ee is the electron
energy and M is an averaged nucleon mass, and radiative
corrections of order Oðα=πÞ, where α is the fine–structure
constant [4]. The radiative corrections of order Oðα=πÞ to
the neutron lifetime and correlation coefficients of the
neutron β−-decay with polarized neutron and unpolarized
electron and proton have been calculated by Sirlin [5] and
Shann [6] (for details of these calculations we relegate a
reader to [7] and [1]). In turn, the radiative corrections of

order Oðα=πÞ to the correlation coefficients of the neutron
β−-decay with polarized neutron and electron, and unpo-
larized proton have been calculated in [2]. Then, in [1,3] we
have taken into account the contributions of interactions
beyond the standard model (SM) to the neutron β−-decay
with polarized neutron and unpolarized electron and proton,
and polarized neutron and electron, and unpolarized proton,
respectively.
This paper is addressed to the calculation of the corre-

lation coefficients of the electron–energy and electron–
antineutrino angular distribution of the neutron β−-decay
with polarized electron and unpolarized neutron and proton.
We calculate a complete set of corrections of order 10−3

defined by the corrections of orderOðEe=MÞ, caused by the
weak magnetism and proton recoil and calculated to next–
to–leading order in the large nucleon mass expansion, and
radiative corrections of orderOðα=πÞ, calculated to leading
order in the large nucleon mass expansion. We discuss also
Wilkinson’s corrections of order 10−5 [8], which have been
adapted to the neutron β−-decay with polarized neutron and
electron and unpolarized proton in Ref. [2]. In addition we
take into account the contributions of interactions beyond
the SM [9–20] (see also [1,3]) including the contributions
of the second class currents (or the G–odd correlations)
[19,20]) (see also [3]).
The paper is organized as follows. In Sec. II we write

down the general expression for the electron–energy and
electron–antineutrino angular distribution of the neutron
β−-decay with polarized electron and unpolarized neutron
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and proton. In Sec. III we discuss the renormalization
procedure of the amplitude of the neutron β−-decay, caused
by the effective V − A weak interaction and radiative
corrections, calculated to order Oðα=πÞ in the one–photon
exchange approximation. In Sec. IV we calculate the
renormalized electron–energy and electron–antineutrino
angular distribution to orderOðEe=MÞ andOðα=πÞ, caused
by the weak magnetism, proton recoil, and radiative
corrections, dependent on the infrared cutoff μ and obtained
within the finite-photon mass regularization [1,5]. In Sec. V
using the Dirac wave function of the decay electron,
distorted in the Coulomb field of the decay proton, we
calculate the correlation coefficient LðEeÞ, responsible for
time reversal violation. In Sec. VI we write down the
observable electron-energy and electron-antineutrino angu-
lar distribution, calculated in the SM to order 10−3, caused
by the weak magnetism and proton recoil of order
OðEe=MÞ and radiative corrections of order Oðα=πÞ. We
show that the radiative corrections to the correlation
coefficients HðEeÞ and KðEeÞ are defined by the functions

ðα=πÞhð3Þn ðEeÞ and ðα=πÞhð4Þn ðEeÞ, calculated for the first
time in the present paper. The radiative corrections

ðα=πÞhð3Þn ðEeÞ and ðα=πÞhð4Þn ðEeÞ are calculated in the
Appendix and plotted in Fig. 3. In Sec. VII we adduce
the analytical expressions for the correlation coefficients
aðEeÞ, GðEeÞ, HðEeÞ, KeðEeÞ and LðEeÞ, calculated in the
SM to order 10−3, caused by the weak magnetism, proton
recoil, and radiative corrections. The obtained results can
be used for the analysis of the experimental data on the
neutron β−-decay with polarized electron and unpolarized
neutron and proton. In Sec. VIII we discuss Wilkinson’s
corrections of order 10−5, which have not been taken into
account for the calculation of the correlation coefficients in
Sec. VII. They are caused by (i) the proton recoil in the
Coulomb electron-proton final-state interaction, (ii) the
finite proton radius, (iii) the proton-lepton convolution,
and (iv) the higher-order outer radiative corrections [8]. We
calculate the contributions to the correlation coefficients,

induced by the change of the Fermi function caused by the
proton recoil in the electron-proton final-state Coulomb
interaction. We plot these corrections in the electron-energy
region 0.761 MeV ≤ Ee ≤ 0.966 MeV in Fig. 4. We point
out that Wilkinson’s corrections of order 10−5, caused by
(ii) the finite proton radius, (iii) the proton-lepton con-
volution and (iv) the higher-order outer radiative correc-
tions and calculated in [2], retain fully their shapes and
values for the correlation coefficients analysed in the
present paper. In Secs. IX and X we calculate the
contributions to the correlation coefficients, caused by
interactions beyond the SM [9–20] (see also [1,3]), and
give the correlation coefficients in the form suitable for the
analysis of experimental data on searches of contributions
of interactions beyond the SM [21] (see also [1,3]). In
Sec. XI we discuss the obtained results and perspectives
of the theoretical background to order 10−5, which goes
beyond the scope of Wilkinson’s corrections of order 10−5

[2,22]. In the Appendix we calculate the electron-energy
and electron-antineutrino angular distribution of the neu-
tron radiative β−-decay with polarized electron and unpo-
larized neutron and proton. We use these results for a
cancellation of the infrared divergences in the electron-
energy and electron-antineutrino angular distribution of the
neutron β−-decay with polarized electron and unpolarized
neutron and proton. The results, obtained in the Appendix
can be also used for the experimental analysis of the
neutron radiative β−-decay with polarized electron and
unpolarized neutron and proton.

II. ELECTRON-ENERGY AND ELECTRON-
ANTINEUTRINO ANGULAR DISTRIBUTION

The electron-energy and electron-antineutrino angular
distribution of the neutron β−-decay with polarized electron
and unpolarized neutron and proton can be written in the
following form [11,14]

d5λnðEe; k⃗e; ξ⃗e; k⃗νÞ
dEedΩedΩν

¼ ð1þ 3λ2ÞG
2
FjVudj2
32π5

ðE0 − EeÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

q
EeFðEe; Z ¼ 1ÞζðEeÞ

�
1þ aðEeÞ

k⃗e · k⃗ν
EeEν

þGðEeÞ
ξ⃗e · k⃗e
Ee

þHðEeÞ
ξ⃗e · k⃗ν
Eν

þ KeðEeÞ
ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ
ðEe þmeÞEeEν

þ LðEeÞ
ξ⃗e · ðk⃗e × k⃗νÞ

EeEν
þ � � �

�
: ð1Þ

where dΩe and dΩν are infinitesimal solid angles of the electron and antineutrino 3–momenta, λ ¼ −1.2750ð9Þ is
the axial coupling [23] (see also [24–26] and [1–3]), GF ¼ 1.1664 × 10−11 MeV−2 is the Fermi weak coupling
constant,Vud¼0.97417ð21Þ is the Cabibbo-Kobayashi-Maskawamatrix element [4], extracted from the 0þ → 0þ transitions,
E0 ¼ ðm2

n −m2
p þm2

eÞ=2mn ¼ 1.2926 MeV is the end–point energy of the electron spectrum, calculated for the neutron
mn¼939.5654MeV,protonmp ¼ 938.2721 MeV, andelectronme ¼ 0.5110 MeVmasses [4], ξ⃗e is a unit polarizationvector
of the electron, and FðEe; Z ¼ 1Þ is the relativistic Fermi function used in [1–3] and equal to [27–29]

FðEe; Z ¼ 1Þ ¼
�
1þ 1

2
γ

�
4ð2rpmeβÞ2γ
Γ2ð3þ 2γÞ

eπα=β

ð1 − β2Þγ
����Γ
�
1þ γ þ i

α

β

�����2; ð2Þ
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where β ¼ ke=Ee ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
=Ee is the electron velocity,

γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
− 1, rp is the electric radius of the proton. In the

numerical calculations we will use rp ¼ 0.841 fm [30].
The function ζðEeÞ and the correlation coefficients aðEeÞ

and GðEeÞ have been calculated in [1–3]. They are defined
by the contributions of order 10−3 of the SM interactions,
Wilkinson’s corrections of order 10−5 and interactions
beyond the SM (see [1–3] and [31]). In this paper we
calculate the correlation coefficients HðEeÞ, KeðEeÞ and
LðEeÞ, where the correlation coefficient LðEeÞ is respon-
sible for violation of invariance under transformation of
time reversal. We calculate (i) a complete set of corrections
of order 10−3, caused by the weak magnetism and proton
recoil of order OðEe=MÞ and radiative corrections of order
Oðα=πÞ, (ii) Wilkinson’s corrections of order 10−5 [8] (see
also [1,2]), (iii) contributions of interactions beyond the SM
[11–14] (see also [1,3]), and (iv) second class contributions
or G–odd correlations [19,20]) (see also [3]).

III. EFFECTIVE LOW-ENERGY INTERACTIONS,
DEFINING AMPLITUDE OF NEUTRON β− -DECAY

TO ORDER 10− 3 IN THE SM

In the SM of electroweak interactions the neutron
β−-decays, defined in the one-loop approximation with
one–virtual-photon exchanges, are described by the follow-
ing interactions

LintðxÞ ¼ LWðxÞ þ LemðxÞ: ð3Þ

Here LWðxÞ is the effective Lagrangian of low-energy
V − A interactions with a real axial coupling constant
λ ¼ −1.2750ð9Þ [23] (see also [1,2])

LWðxÞ ¼ −
G0Fffiffiffi
2

p Vud

�
½ψ̄0pðxÞγμð1þ λγ5Þψ0nðxÞ�

þ κ

2M
∂ν½ψ̄0pðxÞσμνψ0nðxÞ�

�
× ½ψ̄0eðxÞγμð1 − γ5Þψ0νðxÞ�; ð4Þ

where ψ0pðxÞ, ψ0nðxÞ, ψ0eðxÞ, and ψ0νðxÞ are bare field
operators of the proton, neutron, electron, and antineutrino,
respectively, G0F is a bare Fermi weak coupling constant,
and γμ ¼ ðγ0; γ⃗Þ and γ5 are the Dirac matrices [32];

κ ¼ κp − κn ¼ 3.7058 is the isovector anomalous magnetic
moment of the nucleon, defined by the anomalous magnetic
moments of the proton κp ¼ 1.7928 and the neutron
κn ¼ −1.9130 and measured in nuclear magneton [4],
and M ¼ ðmn þmpÞ=2 is the average nucleon mass.
For the calculation of the radiative corrections to order

Oðα=πÞ the Lagrangian of the electromagnetic interaction
LemðxÞ we take in the following form [22]

LemðxÞ ¼ −
1

4
Fð0Þ
μν ðxÞFð0ÞμνðxÞ − 1

2ξ0
ð∂μAð0ÞμðxÞÞ2

þ ψ̄0eðxÞðiγμ∂μ −m0eÞψ0eðxÞ
− ð−e0Þψ̄0eðxÞγμψ0eðxÞAð0Þ

μ ðxÞ
þ ψ̄0pðxÞðiγμ∂μ −m0pÞψ0pðxÞ
− ðþe0Þψ̄0pðxÞγμψ0pðxÞAð0Þ

μ ðxÞ; ð5Þ

where Fð0Þ
μν ðxÞ ¼ ∂μA

ð0Þ
ν ðxÞ − ∂νA

ð0Þ
μ ðxÞ is the electromag-

netic field strength tensor of the bare (unrenormalized)

electromagnetic field operator Að0Þ
μ ðxÞ; ψ0eðxÞ and ψ0pðxÞ

are bare operators of the electron and proton fields with
bare masses m0e and m0p, respectively; −e0 and þe0 are
bare electric charges of the electron and proton, respec-
tively. Then, ξ0 is a bare gauge parameter. After the
calculation of the one-loop corrections of order Oðα=πÞ
a transition to the renormalized field operators, masses and
electric charges is defined by the Lagrangian

LemðxÞ ¼ −
1

4
FμνðxÞFμνðxÞ − 1

2ξ
ð∂μAμðxÞÞ2

þ ψ̄eðxÞðiγμ∂μ −meÞψeðxÞ
− ð−eÞψ̄eðxÞγμψeðxÞAμðxÞ
þ ψ̄pðxÞðiγμ∂μ −mpÞψpðxÞ
− ðþeÞψ̄pðxÞγμψpðxÞAμðxÞ þ δLemðxÞ; ð6Þ

where AμðxÞ, ψeðxÞ and ψpðxÞ are the renormalized
operators of the electromagnetic, electron and proton fields,
respectively;me and mp are the renormalized masses of the
electron and proton; e is the renormalized electric charge;
and ξ is the renormalized gauge parameter. The Lagrangian
δLemðxÞ contains a complete set of the counterterms [33],

δLemðxÞ ¼ −
1

4
ðZ3 − 1ÞFμνðxÞFμνðxÞ − Z3 − 1

Zξ

1

2ξ
ð∂μAμðxÞÞ2 þ ðZðeÞ

2 − 1Þψ̄eðxÞðiγμ∂μ −meÞψeðxÞ

− ðZðeÞ
1 − 1Þð−eÞψ̄eðxÞγμψeðxÞAμðxÞ − ZðeÞ

2 δmeψ̄eðxÞψeðxÞ þ ðZðpÞ
2 − 1Þψ̄pðxÞðiγμ∂μ −mpÞψpðxÞ

− ðZðpÞ
1 − 1ÞðþeÞψ̄pðxÞγμψpðxÞAμðxÞ − ZðpÞ

2 δmpψ̄pðxÞψpðxÞ; ð7Þ
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where Z3, Z
ðeÞ
2 , ZðeÞ

1 , ZðpÞ
2 , ZðpÞ

1 , δme, and δmp are the
counterterms. Here Z3 is the renormalization constant of
the electromagnetic field operator Aμ, Z

ðeÞ
2 and ZðeÞ

1 are the
renormalization constants of the electron field operator ψe
and the electron-electron-photon (e−e−γ) vertex, respec-
tively; ZðpÞ

2 and ZðpÞ
1 are the renormalization constants of

the proton field operator ψp and the proton-proton-photon
(ppγ) vertex, respectively. Then, ð−eÞ and ðþeÞ, me
and mp and δme and δmp are the renormalized electric
charges and masses and the mass-counterterms of the
electron and proton, respectively. Rescaling the field
operators [33,34]

ffiffiffiffiffi
Z3

p
AμðxÞ ¼ Að0Þ

μ ðxÞ;
ffiffiffiffiffiffiffiffi
ZðeÞ
2

q
ψeðxÞ ¼ ψ0eðxÞ;

ffiffiffiffiffiffiffiffi
ZðpÞ
2

q
ψpðxÞ ¼ ψ0pðxÞ ð8Þ

and denoting me þ δme ¼ m0e, mp þ δmp ¼ m0p, and Zξξ ¼ ξ0 we arrive at the Lagrangian

LemðxÞ ¼ −
1

4
Fð0Þ
μν ðxÞFð0ÞμνðxÞ − 1

2ξ0
ð∂μAð0ÞμðxÞÞ2 þ ψ̄0eðxÞðiγμ∂μ −m0eÞψ0eðxÞ

− ð−eÞZðeÞ
1 ðZðeÞ

2 Þ−1Z−1=2
3 ψ̄0eðxÞγμψ0eðxÞAð0Þ

μ ðxÞ þ ψ̄0pðxÞðiγμ∂μ −m0pÞψ0pðxÞ
− ðþeÞZðpÞ

1 ðZðpÞ
2 Þ−1Z−1=2

3 ψ̄0pðxÞγμψ0pðxÞAð0Þ
μ ðxÞ: ð9Þ

Because of the Ward identities ZðeÞ
1 ¼ ZðeÞ

2 and ZðpÞ
1 ¼ ZðpÞ

2 [32–34], we may replace ð−eÞZ−1=2
3 ¼ −e0 and

ðþeÞZ−1=2
3 ¼ þe0. This brings Eq. (9) to the form of Eq. (5). We would like to emphasize that to order Oðα=πÞ the

renormalization constant Z3 is equal to unity because of the absent of closed fermion loops [32–34], i.e., Z3 ¼ 1. This
means that in such an approximation the bare electric charge e0 coincides with the renormalized electric charge e, i.e.,
e0 ¼ e. After the rescaling of the proton and electron field operators Eq. (8) the Lagrangian of V − A weak interactions
Eq. (4) takes the form

LWðxÞ ¼ −
GFffiffiffi
2

p Vud

�
½ψ̄pðxÞγμð1þ λγ5ÞψnðxÞ� þ

κ

2M
∂ν½ψ̄pðxÞσμνψnðxÞ�

�
½ψ̄eðxÞγμð1 − γ5ÞψνðxÞ�; ð10Þ

where GF ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZðpÞ
2 ZðeÞ

2

q
G0F is the Fermi weak coupling constant renormalized by electromagnetic interactions to order

Oðα=πÞ. The bare neutron ψ0nðxÞ and antineutrino ψ0νðxÞ field operators are not renormalized by electromagnetic
interactions and coincide with the field operators ψnðxÞ and ψνðxÞ, respectively, i.e., ψ0nðxÞ ¼ ψnðxÞ and ψ0νðxÞ ¼ ψνðxÞ.

IV. ELECTRON-ENERGY AND ELECTRON-ANTINEUTRINO ANGULAR DISTRIBUTION WITH
RADIATIVE CORRECTIONS CAUSED BY ONE-VIRTUAL PHOTON EXCHANGES

Using the results, obtained in [1], the renormalized amplitude of the neutron β−-decay with contributions, caused by the
weak magnetism and proton recoil, calculated to next-to-leading order OðEe=MÞ in the large nucleon mass expansion, and
radiative corrections to orderOðα=πÞ, defined by the Feynman diagrams in Fig. 1 and calculated to leading order in the large
nucleon mass expansion, takes the form (see Eq. (D-52) of Ref. [1])

Mðn → pe−ν̄eÞ ¼ −2mn
GFffiffiffi
2

p Vud

��
1þ α

2π
fβ−c ðEe; μÞ

�
½φ†

pφn�½ūeγ0ð1 − γ5Þvν̄�

− λ̃

�
1þ α

2π
fβ−c ðEe; μÞ

�
½φ†

pσ⃗φn� · ½ūeγ⃗ð1 − γ5Þvν̄� −
α

2π
gFðEeÞ½φ†

pφn�½ūeð1 − γ5Þvν̄�

þ α

2π
λ̃gFðEeÞ½φ†

pσ⃗φn� · ½ūeγ0γ⃗ð1 − γ5Þvν̄� −
me

2M
½φ†

pφn�½ūeð1 − γ5Þvν̄�

þ λ̃

2M
½φ†

pðσ⃗ · k⃗pÞφn�½ūeγ0ð1 − γ5Þvν̄� − i
κ þ 1

2M
½φ†

pðσ⃗ × k⃗pÞφn� · ½ūeγ⃗ð1 − γ5Þvν̄�
�
; ð11Þ

where φp and φn are Pauli spinorial wave functions of the proton and neutron, ue and vν are Dirac wave functions of the

electron and electron antineutrino, σ⃗ are the Pauli 2 × 2 matrices, and λ̃ ¼ λð1 − E0=2MÞ and k⃗p ¼ −k⃗e − k⃗ν is the proton
3–momentum in the rest frame of the neutron. The functions fβ−c ðEe; μÞ and gFðEeÞ are equal to [see Eq. (D-51)]
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fβ−c ðEe; μÞ ¼
3

2
ln

�
mp

me

�
−
11

8
þ 2ln

�
μ

me

��
1

2β
ln

�
1þ β

1 − β

�
− 1

	
−
1

β
Li2

�
2β

1þ β

�
−

1

4β
ln2

�
1þ β

1 − β

�

þ 1

2β
ln

�
1þ β

1 − β

�
þ CWZ;

gFðEeÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
2β

ln
�
1þ β

1 − β

�
; ð12Þ

where μ is a photon mass, which should be taken in the limit μ → 0, and Li2ðxÞ is the Polylogarithmic function. A photon
mass μ is used for Lorentz invariant regularization of infrared divergences of radiative corrections [5]. The constant CWZ,
defined by the contributions of the W–boson and Z–boson exchanges and the QCD corrections [35] (see also [36,37]), is
equal to CWZ ¼ 10.249 (see also discussion below Eq. (D-58) of Ref. [1]).
The squared absolute value of the matrix element Eq. (12), summed over polarizations of massive fermions, we calculate

for polarized electron and unpolarized neutron and proton [2]. We get (see also Eq. (A-16) in Appendix A of Ref. [1])

X
pol

jMðn→ pe−νeÞj2
8m2

nG2
FjVudj2

¼
�
1þ α

π
fβ−c ðEe;μÞ

�
trfðk̂e þmeÞð1þ γ5ζ̂eÞγ0k̂νγ0ð1− γ5Þg− α

2π
gFðEeÞtrfðk̂e þmeÞð1þ γ5ζ̂eÞγ0k̂νð1þ γ5Þg

−
α

2π
gFðEeÞtrfðk̂e þmeÞð1þ γ5ζ̂eÞk̂νγ0ð1− γ5Þgþ λ̃2

�
1þ α

π
fβ−c ðEe;μÞ

�
δijtrfðk̂e þmeÞð1þ γ5ζ̂eÞγjk̂νγið1− γ5Þg

− λ̃2
α

2π
gFðEeÞδijtrfðk̂e þmeÞð1þ γ5ζ̂eÞγ0γik̂νγjð1− γ5Þgþ λ̃2

α

2π
gFðEeÞδijtrfðk̂e þmeÞð1þ γ5ζ̂eÞγik̂νγ0γjð1þ γ5Þg

−
me

2M
trfðk̂e þmeÞð1þ γ5ζ̂eÞγ0k̂νð1þ γ5Þg− me

2M
trfðk̂e þmeÞð1þ γ5ζ̂eÞk̂νγ0ð1− γ5Þg

−
λ̃2

2M
k⃗p · trfðk̂e þmeÞð1þ γ5ζ̂eÞγ⃗k̂νγ0ð1− γ5Þg− λ̃2

2M
k⃗p · trfðk̂e þmeÞð1þ γ5ζ̂eÞγ0k̂νγ⃗ð1− γ5Þg

þ iλ̃
κþ 1

2M
εljakaptrfðk̂e þmeÞð1þ γ5ζ̂eÞγlk̂νγjð1− γ5Þg− iλ̃

κþ 1

2M
εljakaptrfðk̂e þmeÞð1þ γ5ζ̂eÞγjk̂νγlð1− γ5Þg;

ð13Þ

where ζμe ¼ ðζ0e; ζ⃗eÞ is the 4-vector of an electron polarization defined by [2]

ζμe ¼ ðζ0e; ζ⃗eÞ ¼
�
k⃗e · ξ⃗e
me

; ξ⃗e þ
k⃗eðk⃗e · ξ⃗eÞ

meðEe þmeÞ
�
: ð14Þ

It obeys the constraints ζ2e ¼ −1 and ke · ζe ¼ 0, where ξ⃗e is a unit vector of the electron polarization [32]. We would like to
emphasize that in Eq. (13) following Sirlin [5] we have neglected the contributions of orderOðαEe=πMÞ. Having calculated
the traces over Dirac matrices we obtain

(a) (b) (c)

FIG. 1. The Feynman diagrams, defining the main contribution of the radiative corrections of order Oðα=πÞ, caused by one-virtual
photon exchanges, to the neutron β−-decay (see Sirlin [5]).
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X
pol

jMðn → pe−νeÞj2
32m2

nG2
FjVudj2EeEν

¼
�
1þ α

π
fβ−c ðEe; μÞ

��
1þ k⃗e · k⃗ν

EeEν
−
ξ⃗e · k⃗e
Ee

−
me

Ee

ξ⃗e · k⃗ν
Eν

−
ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ
ðEe þmeÞEeEν

�
−
α

π
gFðEeÞ

�
me

Ee
þ k⃗e · k⃗ν

EeEν
−
ξ⃗e · k⃗ν
Eν

−
Ee

me

ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ
ðEe þmeÞEeEν

�
þ λ̃2

�
1þ α

π
fβ−c ðEe; μÞ

��
3 −

k⃗e · k⃗ν
EeEν

− 3
ξ⃗e · k⃗e
Ee

þme

Ee

ξ⃗e · k⃗ν
Eν

þ ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ
ðEe þmeÞEeEν

�

− λ̃2
α

π
gFðEeÞ

�
3
me

Ee
þ ξ⃗e · k⃗ν

Eν
−
ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ
ðEe þmeÞEeEν

�
−
me

M

�
me

Ee
−
ξ⃗e · k⃗ν
Eν

þ ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ
ðEe þmeÞEeEν

�
þ λ̃2

M

��
E0 −

m2
e

Ee

�

þ E0

k⃗e · k⃗ν
EeEν

− E0

ξ⃗e · k⃗e
Ee

− Eν
me

Ee

ξ⃗e · k⃗ν
Eν

− ðE0 þmeÞ
ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ
ðEe þmeÞEeEν

�
þ λ̃

2ðκ þ 1Þ
M

��
E0 − 2Ee þ

m2
e

Ee

�

þ ð2Ee − E0Þ
k⃗e · k⃗ν
EeEν

þ ð2Ee − E0Þ
ξ⃗e · k⃗e
Ee

þ ðE0 − EeÞ
me

Ee

ξ⃗e · k⃗ν
Eν

þ ðE0 −meÞ
ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ
ðEe þmeÞEeEν

�
; ð15Þ

where we have used a relation Ee þ Eν ¼ E0. Now we have to take into account the contribution of the phase–volume [1]
and multiply Eq. (15) by the function

Φβ−c ðk⃗e; k⃗νÞ ¼ 1þ 3

M

�
Ee −

k⃗e · k⃗ν
Eν

�
: ð16Þ

This gives

Φβ−c ðk⃗e; k⃗νÞ
X
pol

jMðn → pe−νeÞj2
32m2

nG2
FjVudj2EeEν

¼ ð1þ 3λ2Þζ̃ðEeÞ
�
1þ ãðEeÞ

k⃗e · k⃗ν
EeEν

þ G̃ðEeÞ
ξ⃗e · k⃗e
Ee

þ H̃ðEeÞ
ξ⃗e · k⃗ν
Eν

þ K̃eðEeÞ
ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ
ðEe þmeÞEeEν

− 3a0
Ee

M

�ðk⃗e · k⃗νÞ2
E2
eE2

ν
−
1

3

k2e
E2
e

�
þ 3a0

me

M

�ðξ⃗e · k⃗νÞðk⃗e · k⃗νÞ
EeE2

ν
−
1

3

ξ⃗e · k⃗e
Ee

�

þ 3a0
1

M

�ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ2
ðEe þmeÞEeE2

ν
−
1

3
ðEe −meÞ

ξ⃗e · k⃗e
Ee

��
; ð17Þ

where we have denoted a0 ¼ ð1 − λ2Þ=ð1þ 3λ2Þ and

ζ̃ðEeÞ ¼
�
1þ α

π
fβ−c ðEe; μÞ −

α

π
gFðEeÞ

me

Ee

�
þ 1

M
1

1þ 3λ2

�
−2λðλ − ðκ þ 1ÞÞE0

þ ð10λ2 − 4ðκ þ 1Þλþ 2ÞEe − 2λðλ − ðκ þ 1ÞÞm
2
e

Ee

	
;

ζ̃ðEeÞãðEeÞ ¼ a0

�
1þ α

π
fβ−c ðEe; μÞ

�
þ 1

M
1

1þ 3λ2
½2λðλ − ðκ þ 1ÞÞE0 − 4λð3λ − ðκ þ 1ÞÞEe�;

ζ̃ðEeÞG̃ðEeÞ ¼ −
�
1þ α

π
fβ−c ðEe; μÞ

�
þ 1

M
1

1þ 3λ2
½2λðλ − ðκ þ 1ÞÞE0 − ð10λ2 − 4ðκ þ 1Þλþ 2ÞEe�

ζ̃ðEeÞH̃ðEeÞ ¼
me

Ee

�
−a0

�
1þ α

π
fβ−c ðEe; μÞ −

α

π
gFðEeÞ

Ee

me

�
þ 1

M
1

1þ 3λ2
½−2λðλ − ðκ þ 1ÞÞE0

þ ð4λ2 − 2ðκ þ 1Þλ − 2ÞEe�
�
;
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ζ̃ðEeÞK̃ðEeÞ ¼ −a0
�
1þ α

π
fβ−c ðEe; μÞ −

α

π
gFðEeÞ

Ee

me

�
þ 1

M
1

1þ 3λ2
½−2λðλ − ðκ þ 1ÞÞE0

þ 4λð3λ − ðκ þ 1ÞÞEe þ ð8λ2 − 2ðκ þ 1Þλþ 2Þme�: ð18Þ

The use of the Dirac wave function of a free decay electron leads to a vanishing correlation coefficient L̃ðEeÞ ¼ 0. In order
to get a non–vanishing correlation coefficient L̃ðEeÞwe have to use the Dirac wave function of a decay electron, distorted in
the Coulomb field of the decay proton [28,29,38].

V. CORRELATION COEFFICIENT LðEeÞ
For the calculation of the correlation coefficient we use the Dirac wave function of the electron, distorted by the Coulomb

proton-electron final state interaction. It is equal to [28,29,38]

ueðk⃗e; σeÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ee þmeð1 − γÞ

1 − γ

s � 1

ð1þ i αZme
ke

Þ σ⃗ · k⃗e
Eeþmeð1−γÞ

�
⊗ φσe ; ð19Þ

where γ ¼ 1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2Z2

p
. The electron wave function Eq. (19) satisfies the Dirac equation [38]



k̂e −með1 − γÞ þ i

αZme

ke
γ0γ⃗ · k⃗e

�
ueðk⃗e; σeÞ ¼ 0: ð20Þ

We normalize the wave function Eq. (19) in a standard way ūeðk⃗e; σ0eÞueðk⃗e; σeÞ ¼ 2meδσ0eσe. Since γ ¼ Oðα2Þ, keeping the
contributions of orderOðαÞwe have to set γ ¼ 0. The contribution of the Coulomb distortion to the right-hand side (r.h.s) of
Eq. (15), multiplied by the contribution of the phase-volume Eq. (15) is defined by the trace

Φβ−c ðk⃗e; k⃗νÞ
X
pol

jMðn → pe−νeÞj2
32m2

nG2
FjVudj2EeEν

≕
1 − λ2

1þ 3λ2
i
αZme

ke

trf½ðσ⃗ · k⃗eÞ; ðσ⃗ · ξ⃗eÞ�ðσ⃗ · k⃗νÞg
4EeEν

¼ 1 − λ2

1þ 3λ2
αZme

ke

ξ⃗e · ðk⃗e × k⃗νÞ
EeEν

: ð21Þ

We would like to emphasize that the contribution of the Coulomb distortion of the Dirac wave function of a decay electron
to the correlation coefficient comes from the traces of V × V and A × A products only, i.e., trfV×VþA×Ag∼
ð1−λ2Þ. Thus, we get

Φβ−c ðk⃗e; k⃗νÞ
X
pol

jMðn → pe−νeÞj2
32m2

nG2
FjVudj2EeEν

¼ ð1þ 3λ2Þζ̃ðEeÞ
�
1þ ãðEeÞ

k⃗e · k⃗ν
EeEν

þ G̃ðEeÞ
ξ⃗e · k⃗e
Ee

þ H̃ðEeÞ
ξ⃗e · k⃗ν
Eν

þ K̃eðEeÞ
ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ
ðEe þmeÞEeEν

þ L̃ðEeÞ
ξ⃗e · ðk⃗e × k⃗νÞ

EeEν
− 3a0

Ee

M

�ðk⃗e · k⃗νÞ2
E2
eE2

ν
−
1

3

k2e
E2
e

�

þ 3a0
me

M

�ðξ⃗e · k⃗νÞðk⃗e · k⃗νÞ
EeE2

ν
−
1

3

ξ⃗e · k⃗e
Ee

�
þ 3a0

1

M

�ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ2
ðEe þmeÞEeE2

ν
−
1

3
ðEe −meÞ

ξ⃗e · k⃗e
Ee

��
: ð22Þ

The correlation coefficient ζ̃ðEeÞL̃ðEeÞ is equal to

ζ̃ðEeÞL̃ðEeÞ ¼ α
me

ke
a0; ð23Þ
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where we have set Z ¼ 1. Thus, the electron-energy and electron-antineutrino angular distribution of the neutron β−-decay
with polarized electron and unpolarized neutron and proton is

d5λβ−c ðEe; k⃗e; ξ⃗e; k⃗νÞ
dEedΩedΩν

¼ ð1þ 3λ2ÞG
2
FjVudj2
32π5

ðE0 − EeÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

q
EeFðEe; Z ¼ 1Þζ̃ðEeÞ

�
1þ ãðEeÞ

k⃗e · k⃗ν
EeEν

þ G̃ðEeÞ
ξ⃗e · k⃗e
Ee

þ H̃ðEeÞ
ξ⃗e · k⃗ν
Eν

þ K̃eðEeÞ
ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ
ðEe þmeÞEeEν

þ L̃ðEeÞ
ξ⃗e · ðk⃗e × k⃗νÞ

EeEν
− 3a0

Ee

M

�ðk⃗e · k⃗νÞ2
E2
eE2

ν
−
1

3

k2e
E2
e

�

þ 3a0
me

M

�ðξ⃗e · k⃗νÞðk⃗e · k⃗νÞ
EeE2

ν
−
1

3

ξ⃗e · k⃗e
Ee

�
þ 3a0

1

M

�ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ2
ðEe þmeÞEeE2

ν
−
1

3
ðEe −meÞ

ξ⃗e · k⃗e
Ee

��
: ð24Þ

The radiative corrections to the correlation coefficients, defined by the function fβ−c ðEe; μÞ, depend on the infrared cutoff μ.
In order to remove such a dependence we have to add the contribution of the neutron radiative β−-decay [5] (see also [1,2]).

VI. ELECTRON-ENERGY AND ELECTRON-ANTINEUTRINO ANGULAR DISTRIBUTION
OF NEUTRON β− -DECAY WITH POLARIZED ELECTRON AND UNPOLARIZED NEUTRON

AND PROTON TO ORDER 10 − 3

Summing the electron-energy and electron-antineutrino angular distributions Eq. (24) and Eq. (A5) in the Appendix we
obtain the electron-energy and electron-antineutrino angular distribution of λn ¼ λβ−c þ λβ−γ equal to

d5λnðEe; k⃗e; ξ⃗e; k⃗νÞ
dEedΩedΩν

¼ ð1þ 3λ2ÞG
2
FjVudj2
32π5

ðE0 − EeÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

q
EeFðEe; Z ¼ 1ÞζðEeÞ

�
1þ aðEeÞ

k⃗e · k⃗ν
EeEν

þ GðEeÞ
ξ⃗e · k⃗e
Ee

þHðEeÞ
ξ⃗e · k⃗ν
Eν

þ KeðEeÞ
ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ
ðEe þmeÞEeEν

þ LðEeÞ
ξ⃗e · ðk⃗e × k⃗νÞ

EeEν
− 3a0

Ee

M

�ðk⃗e · k⃗νÞ2
E2
eE2

ν
−
1

3

k2e
E2
e

�

þ 3a0
me

M

�ðξ⃗e · k⃗νÞðk⃗e · k⃗νÞ
EeE2

ν
−
1

3

ξ⃗e · k⃗e
Ee

�
þ 3a0

1

M

�ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ2
ðEe þmeÞEeE2

ν
−
1

3
ðEe −meÞ

ξ⃗e · k⃗e
Ee

��
: ð25Þ

The correlation coefficients are equal to

ζðEeÞ ¼
�
1þ α

π
gnðEeÞ

�
þ 1

M
1

1þ 3λ2

�
−2λðλ − ðκ þ 1ÞÞE0 þ ð10λ2 − 4ðκ þ 1Þλþ 2ÞEe − 2λðλ − ðκ þ 1ÞÞm

2
e

Ee

	
;

ζðEeÞaðEeÞ ¼ a0

�
1þ α

π
gnðEeÞ þ

α

π
fnðEeÞ

�
þ 1

M
1

1þ 3λ2
½2λðλ − ðκ þ 1ÞÞE0 − 4λð3λ − ðκ þ 1ÞÞEe�;

ζðEeÞGðEeÞ ¼ −
�
1þ α

π
gnðEeÞ þ

α

π
fnðEeÞ

�
þ 1

M
1

1þ 3λ2
½2λðλ − ðκ þ 1ÞÞE0 − ð10λ2 − 4ðκ þ 1Þλþ 2ÞEe�

ζðEeÞHðEeÞ ¼
me

Ee

�
−a0

�
1þ α

π
gnðEeÞ þ

α

π
hð3Þn ðEeÞ

�
þ 1

M
1

1þ 3λ2
½−2λðλ − ðκ þ 1ÞÞE0 þ ð4λ2 − 2ðκ þ 1Þλ − 2ÞEe�

�
;

ζðEeÞKeðEeÞ ¼ −a0
�
1þ α

π
gnðEeÞ þ

α

π
hð4Þn ðEeÞ

�
þ 1

M
1

1þ 3λ2
½−2λðλ − ðκ þ 1ÞÞE0 þ 4λð3λ − ðκ þ 1ÞÞEe

þ ð8λ2 − 2ðκ þ 1Þλþ 2Þme�;
ζðEeÞLðEeÞ ¼ α

me

ke
a0 ð26Þ

The radiative corrections of order Oðα=πÞ to the correlation coefficients are defined by the functions gnðEeÞ, fnðEeÞ and
the functions hð3Þn ðEeÞ and hð4Þn ðEeÞ. The functions gnðEeÞ and fnðEeÞ have been calculated by Sirlin [5] and Shann [6]
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(see also [7] and Appendices B, C, D, E and F in Ref. [1]), respectively. The contributions of the electroweak–boson
exchanges and QCD corrections to the function gnðEeÞ have been calculated in [35–37]. In turn, the radiative corrections

ðα=πÞhð3Þn ðEeÞ and ðα=πÞhð4Þn ðEeÞ are calculated in Appendix A. The functions ðα=πÞhð3Þn ðEeÞ and ðα=πÞhð4Þn ðEeÞ, together
with the function ðα=πÞfnðEeÞ, are plotted in Fig. 3 in the electron-energy region me ≤ Ee ≤ E0.

VII. CORRELATION COEFFICIENTS aðEeÞ, GðEeÞ, HðEeÞ, AND KeðEeÞ TO ORDER 10− 3

The correlation coefficients aðEeÞ and GðEeÞ have been calculated in [1,2], respectively. They are equal to

aðEeÞ ¼
�
1þ α

π
fnðEeÞ

��
a0 þ

1

M
1

1þ 3λ2
½2λðλ − ðκ þ 1ÞÞE0 − 4λð3λ − ðκ þ 1ÞÞEe�

þ 1

M
a0

1þ 3λ2

�
−ð10λ2 − 4ðκ þ 1Þλþ 2ÞEe þ ð2λ2 − 2ðκ þ 1ÞλÞ

�
E0 þ

m2
e

Ee

�	�
;

GðEeÞ ¼ −
�
1þ α

π
fnðEeÞ

��
1þ 1

M
1

1þ 3λ2
ð2λ2 − 2ðκ þ 1ÞλÞm

2
e

Ee

�
: ð27Þ

For the correlation coefficients HðEeÞ and KeðEeÞ we obtain the following expressions

FIG. 3. Radiative corrections ðα=πÞfnðEeÞ, ðα=πÞhð3Þn ðEeÞ, and ðα=πÞhð4Þn ðEeÞ to the correlation coefficients GðEeÞ, HðEeÞ and
KeðEeÞ of the electron-antineutrino energy and angular distribution Eq. (25).

(a) (b) (c)

FIG. 2. The Feynman diagrams, defining the contribution to the amplitude of the neutron radiative β−-decay in the tree-approximation
to order e.
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HðEeÞ ¼
�
1þ α

π
hð3Þn ðEeÞ

�
me

Ee

�
−a0 þ

1

M
1

1þ 3λ2
½−2λðλ − ðκ þ 1ÞÞE0 þ ð4λ2 − 2ðκ þ 1Þλ − 2ÞEe�

−
1

M
a0

1þ 3λ2
½−ð10λ2 − 4ðκ þ 1Þλþ 2ÞEe þ ð2λ2 − 2ðκ þ 1ÞλÞ

�
E0 þ

m2
e

Ee

�	�
ð28Þ

and

KeðEeÞ ¼
�
1þ α

π
hð4Þn ðEeÞ

��
−a0 þ

1

M
1

1þ 3λ2
½−2λðλ − ðκ þ 1ÞÞE0 þ 4λð3λ − ðκ þ 1ÞÞEe þ ð8λ2 − 2ðκ þ 1Þλþ 2Þme�

−
1

M
a0

1þ 3λ2
½−ð10λ2 − 4ðκ þ 1Þλþ 2ÞEe þ ð2λ2 − 2ðκ þ 1ÞλÞ

�
E0 þ

m2
e

Ee

�	�
ð29Þ

The obtained correlation coefficients are calculated to order 10−3, taking into account the complete set of corrections of
order OðEe=MÞ and Oðα=πÞ, caused by the weak magnetism, proton recoil, and one-photon exchanges, respectively.

FIG. 4. Relative corrections to the correlation coefficients ζðEeÞ, aðEeÞ,GðEeÞ,HðEeÞ, andKeðEeÞ induced by the proton recoil to the
Fermi function, caused by the Coulomb electron-proton final-state interaction and calculated for the experimentally observable electron
energy region 0.761 MeV ≤ Ee ≤ 0.966 MeV [1].
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VIII. WILKINSON’S CORRECTIONS

According to Wilkinson [8], the higher order corrections
with respect to those calculated in Sec. VII should be
caused by (i) the proton recoil in the Coulomb electron-
proton final-state interaction, (ii) the finite proton radius,
(iii) the proton-lepton convolution, and (iv) the higher-
order outer radiative corrections.
The relative corrections to the correlation coefficients

ζðEeÞ, aðEeÞ, GðEeÞ, HðEeÞ, and KeðEeÞ, caused by the
proton recoil in the final state electron-proton Coulomb
interactions, are equal to

δζðEeÞ
ζðEeÞ

¼ −
πα

β

Ee

M
−
1

3

1 − λ2

1þ 3λ2
πα

β

E0 − Ee

M
;

δaðEeÞ
aðEeÞ

¼ 1

3

1 − λ2

1þ 3λ2
πα

β

E0 − Ee

M
−
1þ 3λ2

1 − λ2
πα

β3
E0 − Ee

M
;

δGðEeÞ
GðEeÞ

¼ −
1

3

1 − λ2

1þ 3λ2
ð1 − β2Þ πα

β3
E0 − Ee

M
;

δHðEeÞ
HðEeÞ

¼ 1

3

1 − λ2

1þ 3λ2
πα

β

E0 − Ee

M
;

δKeðEeÞ
KeðEeÞ

¼ 1

3

1 − λ2

1þ 3λ2
πα

β

E0 − Ee

M

−
1þ 3λ2

1 − λ2
πα

β3
E0 − Ee

M
ð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p Þ: ð30Þ

In the experimental electron energy region 0.761 MeV ≤
Ee ≤ 0.966 MeV the corrections Eq. (30) are plotted in
Fig. 4 and take the values adduced in Table I. The proton
recoil corrections to the correlation coefficient aðEeÞ, caused
by the electron-proton final-state Coulomb interactions, are

of order 10−4 and should be taken into account for the
analysis of the experimental data on searches of contributions
of interactions beyond the SM at the level of 10−4 [21].
In turn, Wilkinson’s corrections, caused by (ii) the finite

proton radius, (iii) theproton-leptonconvolution, and (iv) the
higher-order outer radiative corrections, retain their expres-
sion for calculated in [2] and the order jδζðEeÞ=ζðEeÞj∼
10−5, jδaðEeÞ=aðEeÞj ∼ jδKeðEeÞ=KeðEeÞj ∼ 10−4, and
jδGðEeÞ=GðEeÞj∼jδHðEeÞ=HðEeÞj∼10−7, respectively.

IX. ELECTRON-ENERGY AND ELECTRON-
ANTINEUTRINO ANGULAR DISTRIBUTION

BEYOND THE SM

For the calculation of contributions of interactions
beyond the SM we use the effective low–energy
Hamiltonian of weak nucleon-lepton four-fermion local
interactions, taking into account all phenomenological
couplings beyond the SM [9–20] in the notations of [1,3]:

HWðxÞ ¼
GFffiffiffi
2

p Vud

�
½ψ̄pðxÞγμψnðxÞ�½ψ̄eðxÞγμðCV þ C̄Vγ

5ÞψνeðxÞ� þ ½ψ̄pðxÞγμγ5ψnðxÞ�½ψ̄eðxÞγμðC̄A þ CAγ
5ÞψνeðxÞ�

þ ½ψ̄pðxÞψnðxÞ�½ψ̄eðxÞðCS þ C̄Sγ
5ÞψνeðxÞ� þ ½ψ̄pðxÞγ5ψnðxÞ�½ψ̄eðxÞðCP þ C̄Pγ

5ÞψνeðxÞ�

þ 1

2
½ψ̄pðxÞσμνψnðxÞ�½ψ̄eðxÞσμνðCT þ C̄Tγ

5ÞψνeðxÞ
�
: ð31Þ

This is the most general form of the effective low-energy weak interactions, where the phenomenological coupling
constants Ci and C̄i for i ¼ V, A, S, P, and T can be induced by the left-handed and right-handed hadronic and leptonic
currents [9–14]. They are related to the phenomenological coupling constants, analogous to those which were introduced by
Herczeg [13], as follows

CV ¼1þahLLþahLRþahRRþahRL; C̄V ¼−1−ahLL−ahLRþahRRþahRL; CA¼−λþahLL−ahLRþahRR−ahRL;

C̄A¼ λ−ahLLþahLRþahRR−ahRL; CS¼Ah
LLþAh

LRþAh
RRþAh

RL; C̄S¼−Ah
LL−Ah

LRþAh
RRþAh

RL;

CP¼−Ah
LLþAh

LRþAh
RR−Ah

RL; C̄P¼Ah
LL−Ah

LRþAh
RR−Ah

RL; CT ¼2ðαhLLþαhRRÞ; C̄T ¼2ð−αhLLþαhRRÞ; ð32Þ
where the index h means that the phenomenological coupling constants are introduced at the hadronic level but not at the
quark level as it has been done by Herczeg [13]. In the SM the phenomenological coupling constantsCi and C̄i for i ¼ V, A,
S, P and T are equal to CS ¼ C̄S ¼ CP ¼ C̄P ¼ CT ¼ C̄T ¼ 0, CV ¼ −C̄V ¼ 1 and CA ¼ −C̄A ¼ −λ [1]. The
phenomenological coupling constants ahij, A

h
ij and αhjj for iðjÞ ¼ L or R are induced by interactions beyond the SM.

The contribution of interactions beyond the SM, given by the Hamiltonian of weak interactions Eq. (6), to the amplitude
of the neutron β−-decay, calculated to leading order in the large nucleon mass expansion, takes the form

TABLE I. Wilkinson’s corrections, induced by the change of
the Fermi function caused by the electron-proton final-state
Coulomb interaction, in the energy region 0.761 MeV ≤ Ee ≤
0.966 MeV.

Ee ¼ 0.761 MeV δXðEeÞ=XðEeÞ Ee ¼ 0.966 MeV

−2.5 × 10−5 ≥ δζðEeÞ=ζðEeÞ ≥ −2.8 × 10−5

þ3.0 × 10−4 ≥ δaðEeÞ=aðEeÞ ≥ þ1.1 × 10−4

þ5.1 × 10−7 ≥ δGðEeÞ=GðEeÞ ≥ þ1.3 × 10−7

−6.2 × 10−7 ≤ δHðEeÞ=HðEeÞ ≤ −3.3 × 10−7

þ5.0 × 10−4 ≥ δKeðEeÞ=KeðEeÞ ≥ þ1.9 × 10−4
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Mðn → pe−ν̄eÞ ¼ −2mn
GFffiffiffi
2

p Vudf½φ†
pφn�½ūeγ0ðCV þ C̄Vγ

5Þvν̄� − ½φ†
pσ⃗φn� · ½ūeγ⃗ðC̄A þ CAγ

5Þvν̄�

þ ½φ†
pφn�½ūeðCS þ C̄Sγ

5Þvν̄� þ ½φ†
pσ⃗φn� · ½ūeγ0γ⃗ðC̄T þ CTγ

5Þvν̄�g: ð33Þ

The Hermitian conjugate amplitude is

M†ðn → pe−ν̄eÞ ¼ −2mn
GFffiffiffi
2

p V�
udf½φ†

nφp�½v̄ν̄γ0ðC�
V þ C̄�

Vγ
5Þue� − ½φ†

nσ⃗φp� · ½v̄ν̄γ⃗ðC̄�
A þ C�

Aγ
5Þue�

þ ½φ†
nφp�½v̄ν̄ðC�

S − C̄�
Sγ

5Þue� − ½φ†
nσ⃗φp� · ½v̄ν̄γ0γ⃗ðC̄�

T − C�
Tγ

5Þue�g: ð34Þ

The contributions of interactions with the strength, defined by the phenomenological coupling constants CP and C̄P, may
appear only of order OðCPEe=MÞ and OðC̄PEe=MÞ and can be neglected to leading order in the large nucleon mass
expansion. We have also neglected the contributions of the neutron-proton mass difference. The squared absolute value of
the amplitude Eq. (8), summed over polarizations of massive fermions, is equal to

X
pol:

jMðn→ pe−ν̄eÞj2
8m2

nG2
FjVudj2EνEe

¼
�
1

2
ðjCV j2þ jC̄V j2þ 3jCAj2þ 3jC̄Aj2þjCSj2þjC̄Sj2þ 3jCT j2þ 3jC̄T j2Þþ

me

Ee
ReðCVC�

Sþ C̄VC̄�
S− 3CAC�

T − 3C̄AC̄�
TÞ

þ k⃗e · k⃗ν
EeEν

1

2
ðjCV j2þjC̄V j2 − jCAj2− jC̄Aj2− jCSj2 − jC̄Sj2þjCT j2þ jC̄T j2Þþ

ξ⃗e · k⃗e
Ee

ReðCVC̄�
V þ 3CAC̄�

A−CSC̄�
S

− 3CTC̄�
TÞþ

ξ⃗e · k⃗ν
Eν

Re

�
CVC̄�

Sþ C̄VC�
SþCAC̄�

T þ C̄AC�
T þ

me

Ee
ðCVC̄�

V −CAC̄�
AþCSC̄�

S−CTC̄�
TÞ
�

þðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ
ðEeþmeÞEeEν

ReðCVC̄�
V −CAC̄�

AþCSC̄�
S−CTC̄�

T −CVC̄�
S − C̄VC�

S −CAC̄�
T − C̄AC�

TÞ

þ ξ⃗e · ðk⃗e× k⃗νÞ
EeEν

ImðCSC�
V þ C̄SC̄�

V þCTC�
Aþ C̄TC̄�

AÞ
�
: ð35Þ

The structure of the correlation coefficients in Eq. (35) agrees well with the structure of the corresponding expressions
obtained in [11]. In the linear approximation for coupling constants of vector and axial-vector interactions beyond the SM
[1] we get

X
pol:

jMðn → pe−ν̄eÞj2
8m2

nG2
FjVudj2EνEeð1þ 3λ2Þ

¼
��

1þ 1

2

1

1þ 3λ2
ðjCSj2 þ jC̄Sj2 þ 3jCT j2 þ 3jC̄T j2Þ

	
þme

Ee

1

1þ 3λ2
ReððCS − C̄SÞ þ 3λðCT − C̄TÞÞ

þ k⃗e · k⃗ν
EeEν

�
a0 −

1

2

1

1þ 3λ2
ðjCSj2 þ jC̄Sj2 − jCT j2 − jC̄T j2Þ

	
þ k⃗e · ξ⃗e

Ee

�
−1 −

1

1þ 3λ2
ReðCSC̄�

S þ 3CTC̄�
TÞ
	

þ ξ⃗e · k⃗ν
Eν

�
−
me

Ee
a0 −

1

1þ 3λ2
ReððCS − C̄SÞ − λðCT − C̄TÞÞ þ

me

Ee

1

1þ 3λ2
ReðCSC̄�

S − CTC̄�
TÞ
	

þ ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ
ðEe þmeÞEeEν

�
−a0 þ

1

1þ 3λ2
ReððCS − C̄SÞ − λðCT − C̄TÞÞ þ

1

1þ 3λ2
ReðCSC̄�

S − CTC̄�
TÞ
	

þ ξ⃗e · ðk⃗e × k⃗νÞ
EeEν

1

1þ 3λ2
ImððCS − C̄SÞ − λðCT − C̄TÞÞ

�
; ð36Þ

where we have replaced Cj and C̄j with j ¼ V, A byCV ¼ 1þ δCV, C̄V ¼ −1þ δC̄V , CA ¼ −λþ δCA, and C̄A ¼ λþ δC̄A

[1] and neglected also the contributions of the products δCjCk, δC̄jCk and so on for j ¼ V, A and k ¼ S, T. Following
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[16,17] (see also [1]) we have absorbed the contributions the vector and axial vector interactions beyond the SM by the axial
coupling constant λ and the Cabibbo-Kobayashi-Maskawa matrix element Vud.
Thus, the electron-energy and electron-antineutrino angular distribution Eq. (1), taking into account the contributions of

interactions beyond the SM, can be transcribed into the form

d3λnðEe; k⃗e; ξ⃗n; ξ⃗eÞ
dEedΩe

¼ ð1þ 3λ2ÞG
2
FjVudj2
8π4

ðE0 − EeÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

q
EeFðEe; Z ¼ 1ÞζðSMÞðEeÞ × ð1þ ζðBSMÞðEeÞÞ

×

�
1þ b

me

Ee
þ aeffðEeÞ

k⃗e · k⃗ν
EeEν

þ GeffðEeÞ
ξ⃗e · k⃗e
Ee

þHeffðEeÞ
ξ⃗e · k⃗ν
Eν

þ Ke;effðEeÞ
ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ
ðEe þmeÞEeEν

þ LeffðEeÞ
ξ⃗e · ðk⃗e × k⃗νÞ

EeEν
− 3a0

Ee

M

�ðk⃗e · k⃗νÞ2
E2
eE2

ν
−
1

3

k2e
E2
e

�
þ 3a0

me

M

�ðξ⃗e · k⃗νÞðk⃗e · k⃗νÞ
EeE2

ν
−
1

3

ξ⃗e · k⃗e
Ee

�

þ 3a0
1

M

�ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ2
ðEe þmeÞEeE2

ν
−
1

3
ðEe −meÞ

ξ⃗e · k⃗e
Ee

��
: ð37Þ

where the indices “SM” and “BSM” mean “standard model” and “beyond standard model,” respectively. The correlation
coefficient ζðSMÞðEeÞ is given in Eq. (25). The Fierz interference term b and the correlation coefficients XeffðEeÞ with
X ¼ a, G, H and Ke are defined by

b¼ bF
1þ ζðBSMÞðEeÞ

; aeffðEeÞ ¼
aðSMÞðEeÞþaðBSMÞðEeÞ

1þ ζðBSMÞðEeÞ
; GeffðEeÞ ¼

GðSMÞðEeÞþGðBSMÞðEeÞ
1þ ζðBSMÞðEeÞ

;

He;effðEeÞ ¼
HðSMÞ

e ðEeÞþHðBSMÞ
e ðEeÞ

1þ ζðBSMÞðEeÞ
; KeffðEeÞ ¼

KðSMÞðEeÞþKðBSMÞðEeÞ
1þ ζðBSMÞðEeÞ

; LeffðEeÞ ¼
LðSMÞðEeÞþLðBSMÞðEeÞ

1þ ζðBSMÞðEeÞ
;

ð38Þ
where the correlation coefficients with index “SM” are adduced in Eqs. (27)–(29). They should be also supplemented by
Wilkinson’s corrections Eq. (30) and those obtained in [2] (see Chapter III of Ref. [2]). The correlation coefficients bF and
the correlation coefficients with index “BSM” are given by

bF ¼ 1

1þ 3λ2
ReððCS − C̄SÞ þ 3λðCT − C̄TÞÞ;

ζðBSMÞðEeÞ ¼
1

2

1

1þ 3λ2
ðjCSj2 þ jC̄Sj2 þ 3jCT j2 þ 3jC̄T j2Þ;

aðBSMÞðEeÞ ¼ −
1

2

1

1þ 3λ2
ðjCSj2 þ jC̄Sj2 − jCT j2 − jC̄T j2Þ;

GðBSMÞðEeÞ ¼ −
1

1þ 3λ2
ReðCSC̄�

S þ 3CTC̄�
TÞ;

HðBSMÞðEeÞ ¼
me

Ee

1

1þ 3λ2
ReðCSC̄�

S − CTC̄�
TÞ −

1

1þ 3λ2
ReððCS − C̄SÞ − λðCT − C̄TÞÞ

KðBSMÞ
e ðEeÞ ¼

1

1þ 3λ2
ReðCSC̄�

S − CTC̄�
TÞ þ

1

1þ 3λ2
ReððCS − C̄SÞ − λðCT − C̄TÞÞ;

LðBSMÞ
e ðEeÞ ¼

1

1þ 3λ2
ImððCS − C̄SÞ − λðCT − C̄TÞÞ: ð39Þ

The correlation coefficient XeffðEeÞwith X ¼ a,G,H and Ke are given in the form suitable for the analysis of experimental
data of experiments on the searches of interactions beyond the SM [21]. The structure of the correlation coefficients in
Eq. (39) agrees well with the structure of corresponding expressions calculated in [11]. The averaged values of the
correlation coefficients XeffðEeÞ with X ¼ a, G, H, and Ke can be obtained with the electron-energy density [3]

ρeðEeÞ ¼ ρðSMÞ
e ðEeÞð1þ ζðBSMÞðEeÞÞ ¼ ρðSMÞ

e ðEeÞ
�
1þ 1

2

1

1þ 3λ2
ðjCSj2 þ jC̄Sj2 þ 3jCT j2 þ 3jC̄T j2Þ

�
; ð40Þ

where the electron-energy density ρðSMÞ
e ðEeÞ is defined by Eq. (D-59) of Ref. [1].
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X. G-ODD CORRELATIONS

The G-parity transformation, i.e., G ¼ CeiπI2 , where C and I2 are the charge conjugation and isospin operators, was
introduced by Lee and Yang [39] as a symmetry of strong interactions. According to the G-transformation properties of
hadronic currents, Weinberg divided hadronic currents into two classes, which are G–even first class and G-odd second
class currents [40], respectively. FollowingWeinberg [40], Gardner and Zhang [19], and Gardner and Plaster [20] theG-odd
contribution to the matrix element of the hadronic n → p transition in the V − A theory of weak interactions can be taken in
the following form

hpðk⃗p; σpÞjJðþÞ
μ ð0Þjnðk⃗n; σnÞiG-odd ¼ ūpðk⃗p; σpÞ

�
qμ
M

f3ð0Þ þ i
1

M
σμνγ

5qνg2ð0Þ
�
unðk⃗n; σnÞ; ð41Þ

where JðþÞ
μ ð0Þ ¼ VðþÞ

μ ð0Þ − AðþÞ
μ ð0Þ, ūpðk⃗p; σpÞ and unðk⃗n; σnÞ are the Dirac wave functions of the proton and neutron [41];

f3ð0Þ and g2ð0Þ are the phenomenological coupling constants defining the strength of the second class currents in the weak
decays. The contributions of the second class currents Eq. (41) to the amplitude of the neutron β−-decay in the
nonrelativistic baryon approximation is defined by [3]

Mðn → pe−ν̄eÞG-odd ¼ −2mn
GFffiffiffi
2

p Vud

�
f3ð0Þ

me

M
½φ†

pφn�½ūeð1 − γ5Þvν̄� þ g2ð0Þ
1

M
½φ†

pðσ⃗ · k⃗pÞφn�½ūeγ0ð1 − γ5Þvν̄�

− g2ð0Þ
E0

M
½φ†

pσ⃗φn� · ½ūeγ⃗ð1 − γ5Þvν̄�
�
; ð42Þ

where we have kept only the leading 1=M terms in the large baryon mass expansion. The Hermitian conjugate
contribution is

M†ðn → pe−ν̄eÞG-odd ¼ −2mn
GFffiffiffi
2

p Vud

�
f�3ð0Þ

me

M
½φ†

nφp�½v̄νð1þ γ5Þue� þ g�2ð0Þ
1

M
½φ†

nðσ⃗ · k⃗pÞφp�½v̄νγ0ð1 − γ5Þue�

− g�2ð0Þ
E0

M
½φ†

nσ⃗φp� · ½v̄νγ⃗ð1 − γ5Þue�
�
: ð43Þ

The contributions of the G-odd correlations to the squared absolute value of the amplitude of the neutron β−-decay of
polarized electron and unpolarized neutron and proton, summed over polarizations of massive fermions, are equal toX

pol:

ðM†ðn → pe−ν̄eÞMðn → pe−ν̄eÞG-odd þM†ðn → pe−ν̄eÞG-oddMðn → pe−ν̄eÞÞ

¼ 8m2
nG2

FjVudj2
�
2Ref3ð0Þ

me

M

�
me

Ee
þ
�
ζ0e

k⃗e · k⃗ν
EeEν

−
ζ⃗e · k⃗ν
Eν

�	
þ 2Imf3ð0Þ

me

M
ξ⃗e · ðk⃗e × k⃗νÞ

EeEν

þ 2λReg2ð0Þ
�
1

M

�
Eν þ

k2e
Ee

�
þ Ee þ Eν

M
k⃗e · k⃗ν
EeEν

−
Ee þ Eν

M
me

Ee
ζ0e −

me

M
ζ0e

k⃗e · k⃗ν
EeEν

−
me

M
Eν

Ee

ζ⃗e · k⃗ν
Eν

þ E0

M

�
3 − 3

me

Ee
ζ0e −

k⃗e · k⃗ν
EeEν

þme

Ee

ζ⃗e · k⃗ν
Eν

�	
þ 2λImg2ð0Þ

me

M
ξ⃗e · ðk⃗e × k⃗νÞ

EeEν

�
: ð44Þ

For the relative G-odd contributions to the correlation coefficients we obtain the following expressions

δζðEeÞG-odd
ζðSMÞðEeÞ

¼ 2

1þ 3λ2
1

M

�
Ref3ð0Þ

m2
e

Ee
þ λReg2ð0Þ

�
4E0 −

m2
e

Ee

��
;

δaðEeÞG-odd
aðSMÞðEeÞ

¼ −δζðEeÞG-odd;

δGðEeÞG-odd
GðSMÞðEeÞ

¼ 2λ

1þ 3λ2
4E0

M
Reg2ð0Þ − δζðEeÞG-odd;

δHðEeÞG-odd
HðSMÞðEeÞ

¼ 2

1 − λ2
Ee

M
ðRef3ð0Þ − λReg2ð0ÞÞ − δζðEeÞG-odd;

δKeðEeÞG-odd
KðSMÞ

e ðEeÞ
¼ 2

1 − λ2
me

M
ð−Ref3ð0Þ þ λReg2ð0ÞÞ − δζðEeÞG-odd;

δLðEeÞG-odd
LðSMÞ
e ðEeÞ

¼ 2

1 − λ2
ke
αM

ðImf3ð0Þ þ λImg2ð0ÞÞ:

ð45Þ
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These expressions agree well with the G-odd correlations obtained in [3] and as well as with those by Gardner and Plaster
[20]. For λ ¼ −1.2750 [23] we get

δζðEeÞG-odd
ζðSMÞðEeÞ

¼1.85×10−4Ref3ð0Þ
me

Ee
þ
�
−2.39×10−3þ2.36×10−4

me

Ee

�
Reg2ð0Þ;

δaðEeÞG-odd
aðSMÞðEeÞ

¼−1.85×10−4Ref3ð0Þ
me

Ee
þ
�
2.39×10−3−2.36×10−4

me

Ee

�
Reg2ð0Þ;

δGðEeÞG-odd
GðSMÞðEeÞ

¼−1.85×10−4Ref3ð0Þ
me

Ee
−2.36×10−4Reg2ð0Þ

me

Ee
;

δHðEeÞG-odd
HðSMÞðEeÞ

¼
�
−4.40×10−3

Ee

E0

−1.85×10−4
me

Ee

�
Ref3ð0Þþ

�
2.39×10−3−5.61×10−3

Ee

E0

−2.36×10−4
me

Ee

�
Reg2ð0Þ;

δKeðEeÞG-odd
KðSMÞ

e ðEeÞ
¼
�
1.74×10−3−1.85×10−4

me

Ee

�
Ref3ð0Þþ

�
4.61×10−3−2.36×10−4

me

Ee

�
Reg2ð0Þ;

δLðEeÞG-odd
LðSMÞðEeÞ

¼ ke
E0

ð−0.603Imf3ð0Þþ0.769Img2ð0ÞÞ: ð46Þ

Following Gardner and Plaster [20] and setting f3ð0Þ ¼ 0
and jReg2ð0Þj < 0.01 we obtain the contributions of the
G-odd correlations at the level of 10−5. Of course, the same
order of magnitude of the G-odd correlations one may get
also for jRef3ð0Þj < 0.01 [3].

XI. DISCUSSION

We have analyzed the electron-energy and electron-
antineutrino angular distribution of the neutron β−-decay
with polarized electron and unpolarized neutron and pro-
ton. The correlation coefficients are calculated in the SM to
order 10−3, caused by the weak magnetism and proton
recoil of order OðEe=MÞ and radiative corrections of order
Oðα=πÞ Eqs. (27)–(29). The radiative corrections to the
correlation coefficients HðEeÞ and KeðEeÞ are defined

by the functions ðα=πÞhð3Þn ðEeÞ and ðα=πÞhð4Þn ðEeÞ [see
Eq. (A8) in the Appendix], respectively, which have been
never calculated in literature. The correlation coefficients
are also supplemented by Wilkinson’s higher order cor-
rections Eq. (30) (see also Chapter III of Ref. [2]), which
have not been taken in Eqs. (27)–(29) and are induced by
(i) the proton recoil in the Coulomb electron-proton final-
state interaction, (ii) the finite proton radius, (iii) the proton-
lepton convolution, and (iv) the higher-order outer radiative
corrections [8].
Taking into account the contribution of interactions

beyond the SM we have arrived at the set of correlation
coefficients XeffðEeÞ with X ¼ a, G, H, and Ke, given in
Eqs. (38) and (39). The structure of these contributions
agrees well with the results obtained in [11–14]. These
correlation coefficients are presented in the form suitable
for the analysis of experimental data on searches of
interactions beyond the SM at the level of 10−4 [21]

(see also [1,3]). The analysis of the superallowed 0þ →
0þ transitions, carried out by Hardy and Towner [42] and
González–Alonso et al. [43], has shown that in the
approximation of real scalar coupling constants such as
CS ¼ −C̄S, i.e., the neutron and proton couple to right–
handed electron and antineutrino, the scalar coupling
constants are constrained by jCSj ¼ 0.0014ð13Þ and
jCSj ¼ 0.0014ð12Þ. Such a small value of the scalar
coupling constants commensurable with zero can be
justified by the property of the scalar density ψ̄pψn with
respect to the G–transformation [39,40] (see also [41,44]).
Indeed, the scalar density ψ̄pψn ¼ ψ̄Nτ

ðþÞψN, where ψN is
the field operator of the nucleon isospin doublet with
components ðψp;ψnÞ and τðþÞ ¼ ðτ1 þ iτ2Þ=2 is the iso-
spin 2 × 2 Pauli matrix such as τ⃗ ¼ ðτ1; τ2; τ3Þ [32], is
G-odd [41,44]. According to Weinberg [40], the contribu-
tions of G-odd hadronic currents or second class
hadronic currents to the weak decays are suppressed with
respect to the contributions ofG-even or first class hadronic
currents. As a result one may expect that in the neutron
β−-decays the contributions of the tensor density
ψ̄pσμνψn ¼ ψ̄Nσμντ

ðþÞψN , which is G-even [41,44], should
be larger than the contribution of the scalar density
ψ̄pψn ¼ ψ̄Nτ

ðþÞψN , which is G-odd [41,44]. These esti-
mates agree well with the contributions of order 10−5 of
G–odd terms in the matrix element of the hadronic n → p
transition to the correlation coefficients, which we have
calculated in Sec. X in agreement with the results obtained
by Gardner and Plaster [20] and Ivanov et al. [3].
It is obvious that the analysis of experimental data of

experiments on the searches of contributions of interactions
beyond the SM at the level of 10−4 or even better [21]
demands a robust SM theoretical background with
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corrections at the level of 10−5. These are (i) Wilkinson’s
corrections [2] and (ii) corrections of order OðE2

e=M2Þ
defined by the weak magnetism and proton recoil, calcu-
lated to next-to-next-to-leading order in the large nucleon
mass expansion, the radiative corrections of order
OðαEe=MÞ, calculated to next-to-leading order in the large
nucleon mass expansion, and the radiative corrections of
order Oðα2=π2Þ, calculated to leading order in the large
nucleon mass expansion [22]. These theoretical corrections
should provide for the analysis of experimental data of
“discovery” experiments the required 5σ level of exper-
imental uncertainties of a few parts in 10−5 [2]. An
important role of strong low–energy interactions for a
correct gauge invariant calculation of radiative corrections
of order OðαEe=MÞ and Oðα2=π2Þ as functions of the
electron energy Ee has been pointed out in [22]. This agrees
with Weinberg’s assertion about important role of strong
low-energy interactions in decay processes [45]. A pro-
cedure for the calculation of these radiative corrections to
the neutron β−-decays with a consistent account for
contributions of strong low-energy interactions, leading
to gauge invariant observable expressions dependent on the
electron energy Ee determined at the confidence level of
Sirlin’s radiative corrections [5], has been proposed in [22].
As we have shown that the contributions of the G-odd
correlations are at the level of 10−5. Hence, the SM
corrections of order 10−5 should be important also as a
theoretical background for the analysis of experimental
data on the search of the contributions of the G-odd
correlations in the neutron β−-decays.
Finally, we would like to make some comments on the

radiative corrections of order Oðα=πÞ, which we have
calculated to the correlation coefficients of the electron-
energy and electron-antineutrino angular distribution of the
neutron β−-decay with polarized electron and unpolarized
neutron and proton. Such a calculation has been performed
in analogy to the calculation of radiative corrections to the
neutron lifetime and the correlation coefficients of the
electron-energy and electron-antineutrino angular distribu-
tions of the neutron β−-decay with polarized neutron and
unpolarized proton and electron, carried out by Sirlin [5]
and Shann [6] (see also [1,7]), and of the neutron β−-decay
with polarized neutron and electron and unpolarized proton
[2]. The radiative corrections to the correlation coefficients

define the level of accuracy of the theoretical background
for the measurements of these correlation coefficients.
However, as has been pointed out by Glück [46], these
results may not be applicable to precise analyses of recoil
measurements, dealing with recoil energy and angular
distributions. For the neutron β−-decay with polarized
neutron and unpolarized proton and electron the radiative
corrections to the proton recoil-energy and angular dis-
tribution have been calculated in [31] (see also [7]). The
calculation of radiative corrections to the electron-proton
recoil-energy and angular distribution for the neutron β−-
decay with polarized electron and unpolarized neutron and
proton demands a special consideration (see, e.g., [31]) and
goes beyond the scope of this paper. We are planning to
perform such a calculation in our forthcoming publication.
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APPENDIX: NEUTRON RADIATIVE β− -DECAY
WITH POLARIZED ELECTRON AND

UNPOLARIZED NEUTRON, PROTON, AND
PHOTON

In this Appendix we calculate the electron-energy and
angular distribution of the rate of the neutron radiative β−-
decay n → pþ e− þ ν̄e þ γ with polarized electron and
unpolarized neutron, proton, and photon. Such a distribu-
tion is important for the cancellation of infrared divergen-
ces in the neutron lifetime and correlation coefficients of
the neutron β−-decay [1,2,5]. The Feynman diagrams of the
neutron radiative β−–decay are shown in Fig. 2.
Following [1,2] (see also [22,31]) the energy and angular

distribution of the neutron radiative β−-decay with polar-
ized electron and unpolarized neutron and proton is

d8λβ−c γðEe; k⃗e; ξ⃗e; k⃗ν; q⃗Þλλ0
dωdEedΩedΩνdΩγ

¼ α

2π
ð1þ 3λ2ÞG

2
FjVudj2
ð2πÞ6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

q
FðEe; Z ¼ 1Þ ðE0 − Ee − ωÞ2

ðEe − n⃗q⃗ · k⃗eÞ2
1

ω

×
1

16

�
trfðk̂e þmeγ

5ζ̂eÞQλγ
0Q̄λ0 ð1 − γ5Þg þ a0

k⃗ν
Eν

· trfðk̂e þmeγ
5ζ̂eÞQλγ⃗Q̄λ0 ð1 − γ5Þg

�
; ðA1Þ
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where dΩe, dΩν, and dΩγ are elements of the solid angels of the electron, antineutrino, and photon, respectively. Then,
Qλ ¼ 2ε�λðqÞ · ke þ ε̂�λðqÞq̂ and Q̄λ0 ¼ γ0Q†

λ0γ
0 ¼ 2ελ0 ðqÞ · ke þ q̂ε̂λ0 ðqÞ, where ε�λðqÞ (or ελ0 ðqÞ) and q ¼ ðω; q⃗Þ ¼ ðω;ωn⃗q⃗Þ

are the polarization vector and 4–momentum of the photon obeying the constraints ε�λðqÞ · q ¼ 0 (or ελ0 ðqÞ · q ¼ 0) and
q2 ¼ 0, n⃗q⃗ ¼ q⃗=ω is a unit vector and λðλ0Þ ¼ 1, 2 defines physical polarization states of the photon. In Eq. (A1) the traces
over Dirac matrices in the covariant form are defined by

1

16
trfâQλγ

μQ̄λ0 ð1 − γ5Þg ¼ ðε�λ · keÞðελ0 · keÞaμ þ
1

2
ððε�λ · keÞðελ0 · aÞ þ ðε�λ · aÞðελ0 · keÞ − ðε�λ · ε�λÞða · qÞÞqμ

−
1

2
ððε�λ · keÞεμλ0 þ ε�μλ ðελ0 · keÞÞða · qÞ − 1

2
iεμναβððε�λ · keÞελ0ν − ε�λνðελ0 · keÞÞaαqβ −

1

2
iqμερφαβε�λρελ0φaαqβ; ðA2Þ

where a ¼ ke and a ¼ meζe, and εανμβ is the Levi–Civita tensor defined by ε0123 ¼ 1 and εανμβ ¼ −εανμβ [32]. Plugging
Eq. (A2) into Eq. (A1), using the Coulomb gauge [1,2] (see also [22,31]) and summing over photon polarizations we obtain
the following expression for the energy and angular distribution of the neutron radiative β−-decay

d8λβ−c γðEe; k⃗e; ξ⃗e; k⃗ν; q⃗Þ
dωdEedΩedΩνdΩγ

¼ α

2π
ð1þ 3λ2ÞG

2
FjVudj2
ð2πÞ6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

q
EeFðEe; Z ¼ 1ÞðE0 − Ee − ωÞ2 1

ω

��
β2 − ðn⃗q⃗ · β⃗Þ2
ð1 − n⃗q⃗ · β⃗Þ2

�
1þ ω

Ee

�
þ 1

1 − n⃗q⃗ · β⃗

ω2

E2
e

	

þ a0
k⃗ν
Eν

·

�
β⃗

�
β2 − ðn⃗q⃗ · β⃗Þ2
ð1 − n⃗q⃗ · β⃗Þ2

þ 1

1 − n⃗q⃗ · β⃗

ω

Ee

�
þ n⃗q⃗

�
−
m2

e

E2
e

1

ð1 − n⃗q⃗ · β⃗Þ2
ω

Ee
þ 1

1 − n⃗q⃗ · β⃗

ω

Ee
þ 1

1 − n⃗q⃗ · β⃗

ω2

E2
e

�	

þ ξ⃗e · k⃗e
Ee

�
−
β2 − ðn⃗q⃗ · β⃗Þ2
ð1 − n⃗q⃗ · β⃗Þ2

−
1

ð1 − n⃗q⃗ · β⃗Þ2
ω

Ee
−

1

ð1 − n⃗q⃗ · β⃗Þ2
ω2

E2
e

	
þme

Ee

��
−

n⃗q⃗ · ζ⃗e

1 − n⃗q⃗ · β⃗
þ n⃗q⃗ · ζ⃗e

ð1 − n⃗q⃗ · β⃗Þ2
�

ω

Ee

þ n⃗q⃗ · ζ⃗e

ð1 − n⃗q⃗ · β⃗Þ2
ω2

E2
e

	
− a0

me

Ee

k⃗ν
Eν

·

�
ζ⃗e

β2 − ðn⃗q⃗ · β⃗Þ2
ð1 − n⃗q⃗ · β⃗Þ2

þ β⃗
ζ0e − n⃗q⃗ · ζ⃗e

ð1 − n⃗q⃗ · β⃗Þ2
ω

Ee
þ n⃗q⃗

�
ζ0e

1 − n⃗q⃗ · β⃗

ω

Ee
þ ζ0e − n⃗q⃗ · ζ⃗e

ð1 − n⃗q⃗ · β⃗Þ2
ω2

E2
e

	�
:

ðA3Þ

The integration over directions of the photon momentum we carry out using the results obtain in the Appendix of Ref. [2].
As result the energy and angular distribution Eq. (A3) takes the form

d6λβ−c γðEe; k⃗e; ξ⃗e; k⃗ν; q⃗Þ
dωdEedΩedΩν

¼ α

π
ð1þ 3λ2ÞG

2
FjVudj2
ð2πÞ5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

q
EeFðEe; Z ¼ 1ÞðE0 − Ee − ωÞ2 1

ω

×

���
1þ ω

Ee
þ 1

2

ω2

E2
e

��
1

β
ln

�
1þ β

1 − β

�
− 2

	
þ ω2

E2
e

�
þ a0
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EeEν
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1þ 1

β2
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2
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Ee

�	�
1

β
ln
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�
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1þ 1
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Ee

�	�
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β
ln

�
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1 − β

�
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−
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Eν

a0
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β
ln
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1 − β

�
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1 −

1

2β2
ω2

E2
e

�

− a0
ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ
ðEe þmeÞEeEν
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β
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1þ β
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2β2
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Þ
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1
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�
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×
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Ee
þ 1

2β2
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−
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4β4

�
3

β
ln

�
1þ β

1 − β

�
− 4 −

2

1 − β2

	
ω2

E2
e

��
: ðA4Þ

The first three correlation coefficients agree well with the results, obtained in [1] (see Eq. (B-11) of Ref. [1]) and [2] (see
Eq. (A-5) of Ref. [2]). Having integrated over the photon energy in the region ωmin ≤ ω ≤ E0 − Ee, where ωin is an infrared
cutoff [1], we arrive at the expression
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d5λβ−c γðEe; k⃗e; ξ⃗e; k⃗νÞ
dEedΩedΩν

¼ α

π
ð1þ 3λ2ÞG

2
FjVudj2
ð2πÞ5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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e −m2
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gð1Þβ−c γ
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Ee

gð2Þβ−c γ
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Eν

a0
me

Ee
gð5Þβ−c γ

ðEe;ωminÞ − a0
ðξ⃗e · k⃗eÞðk⃗e · k⃗νÞ
ðEe þmeÞEeEν

gð6Þβ−c γ
ðEe;ωminÞ

�
: ðA5Þ

The functions gð1Þβ−c γ
ðEe;ωminÞ and gð2Þβ−c γ

ðEe;ωminÞ have been calculated in [1,2], whereas the functions gð5Þβ−c γ
ðEe;ωminÞ and

gð6Þβ−c γ
ðEe;ωminÞ are defined by the integrals

gð5Þβ−c γ
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The results of the integration are equal to

gð5Þβ−c γ
ðEe;ωminÞ ¼
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Now we are able to define the electron-energy and electron-antineutrino angular distribution for the neutron β−-decay with
polarized electron and unpolarized neutron and proton, where the correlation coefficients are calculated to order 10−3,
caused by the weak magnetism and proton recoil of order OðEe=MÞ and radiative corrections of order Oðα=πÞ.
The radiative corrections of order Oðα=πÞ to the correlation coefficients of the neutron β−-decay with polarized electron

and unpolarized neutron and proton are defined by the function gnðEeÞ and the functions

fnðEeÞ ¼ lim
ωmin→0

½gð2Þβ−c γ
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hð4Þn ðEeÞ ¼ lim
ωmin→0
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For the calculation of the radiative corrections to the
neutron lifetime and correlation coefficients of the neutron
β−-decay the integral

Jðβ; κIRÞ ¼
Z

dω
ω

Z
dΩγ

4π

β2 − ðn⃗q⃗ · β⃗Þ2
ð1 − n⃗q⃗ · β⃗Þ2

; ðA9Þ

which is logarithmically divergent in the infrared region of
photon energy [5], plays an important role. As has been
pointed out in [1], the result of the calculation of this
integral depends on the regularization procedure, where κIR
is an infrared parameter.
Using the infrared cutoff regularization κIR ¼ ωmin ≤

ω ≤ ðE0 − EeÞ, where ωmin may be also treated as a
photon-energy threshold of the detector, we get

Jðβ;ωminÞ ¼ ln
�
E0 − Ee

ωmin

��
1

β
ln

�
1þ β

1 − β

�
− 2

	
: ðA10Þ

In turn, the use of the finite photon-mass μ (FPM)
regularization

Jðβ; μÞ ¼
Z

d3q
4πq30

β2 − ðv⃗ · β⃗Þ2
ð1 − v⃗ · β⃗Þ2

; ðA11Þ

where q0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 þ μ2

p
and v⃗ ¼ q⃗=q0 are energy and

velocity of a photon with mass μ, gives one (see Eq. (B-26)
of Ref. [1])

Jðβ; μÞ ¼ ln
�
2ðE0 − Ee

μ

��
1

β
ln

�
1þ β

1 − β

�
− 2

	
þ 1þ 1

β
ln

�
1þ β

1 − β

�
−
1

β
ln2

�
1þ β

1 − β

�
−
1

2
Li2

�
2β

1þ β

�
; ðA12Þ

where Li2ðxÞ is a Polylogarithmic function [47,48]. We
would like to emphasize that the infinitesimal photon mass
μ, providing a Lorentz covariant regularization of infrared
divergences in the neutron β−-decays, cannot be identified
with the infrared cutoff ωmin, which can be treated as a
photon-energy threshold of the detector [49–51] (see also
[1]). Nevertheless, the use of the Lorentz covariant FPM
regularization is important only for the calculation of the
function gnðEeÞ, defining the radiative corrections to the
neutron lifetime [5]. It is required by gauge invariance of
radiative corrections and by the Kinoshita–Lee–Nauenberg

theorem [5] (see also [1]). In turn, for the calculation of the
functions fnðEeÞ and hðlÞn ðEeÞ, where l ¼ 1, 2 [2] and
l ¼ 3, 4 [see Eq. (A8)], one may use both the Lorentz
covariant FPM regularization with an infinitesimal photon
mass μ and the infrared cutoff ωmin regularization. Indeed,
the contributions of the integral Jðβ; κIRÞ, the regularization
of which depends on the regularization procedure [see
Eqs. (A10) and (A12)], cancel themselves in the differences
limκIR→0½gðiÞβ−c γðEe;κIRÞ−gð1Þβ−c γ

ðEe;κIRÞ�, where i¼2, 3, 4, 5, 6,
and the results do not depend on the regularization
procedure.
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