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The sine-Gordon theory is generalized to include many scalar fields and several cosine terms. This is
similar to the world sheet description of a string propagating in a tachyon background. This model is
studied as a (boundary) 2D Euclidean field theory and also using an AdS; holographic bulk dual. The beta
functions for the cosine vertex of this modified theory are first computed in the boundary using techniques
based on the exact RG. The beta functions are also computed holographically using position space and
momentum space techniques. The results are in agreement with each other and with earlier computations.
The cosine perturbation is of the form cos bX. Due to wave function renormalization the parameter b, and
thus the dimension of the cosine, get renormalized. The beta function for this parameter is thus directly
related to the anomalous dimension of the X field. We compute this beta function in position space. They
match with the earlier results in [P. Oak and B. Sathiapalan, Exact renormalization group and sine-Gordon

theory, J. High Energy Phys. 07 (2017) 103; J. High Energy Phys. 09 (2017) 77.].
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I. INTRODUCTION

The sine-Gordon model and its renormalization group
evolution is interesting from many viewpoints. It is related
to the X-Y model in two dimensions and gives the famous
Kosterlitz-Thouless flow. A lot of work on both has been
done before [1-31]. It is also intimately related to string
theory where a generalized version of the sine-Gordon
theory describes the bosonic string propagating in a
tachyonic background. There also the RG flow is interest-
ing because the f-function equations are related to the
tachyon equation of motion.

The form of the f functions for the sine-Gordon model are
well known and have been computed by both field theoretic
methods [1] long ago and more recently using the exact
renormalization group (ERG) theory [6]. An interesting
computation would be to reproduce them holographically in
order to understand better the holographic RG.

It has been shown in [2] that an ERG equation in a
boundary theory can be mapped to a scalar field action in
AdS space time. The main results are for a free theory.
Some suggestions for how the interactions should work out
were given there. To understand these issues better it is
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important to understand RG equations in the boundary
theory and obtain them from some bulk computations. The
precise connection between these equations and what is
called “holographic RG”—which is really a radial evolu-
tion equation of the bulk theory—needs to be understood
better. This paper is a step towards that goal. There is
extensive literature on the AdS/CFT correspondence and
holographic RG [32-61].

The boundary theory is a free CFT perturbed by some
composite (cosine) operators. The bulk theory that repro-
duces the leading two and three point correlators is a cubic
theory. Of course there are any number of composite
operators with definite scaling dimension and so the bulk
theory should have a field of definite mass corresponding to
each of these—we are assuming that an AdS dual exists for
the free scalar theory in 2 dimensions. One can study the
RG flow of this theory and one should be able to reproduce
the f function of the cosine operator of the boundary
theory. We perform this calculation in this paper.

However, motivated by the string theory tachyon con-
nection we consider a generalized sine-Gordon theory. In
string theory, instead of one scalar field, there are D scalar
fields (D =26 for the bosonic string). The tachyon
perturbation is of the form

/ d’z l p(k)eikX

¢(k) is the tachyon field in momentum space. We can

consider a continuum of values of k. For each value of & it
corresponds to a sine-Gordon-like theory. In [3] this theory
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was considered and shown to reproduce the leading non-
linear terms in the tachyon-dilaton system equations of
motion in string theory.

Holographic techniques in position space are well suited
for calculating correlation functions. In [4] a proper time
method was used to evaluate the tachyon equation of
motion starting from two point functions. We will use this
technique here. For near marginal operators the two point
function has the form

Gy Hy R

G,; is the Zamoldchikov metric. A similar formula exists

for the open string boundary CFT, with R* replaced by R?.
In [4] it was shown (in the context of the open string) that

Hi¢) =0

is the tachyon equation of motion to all orders in pertur-
bation theory. Furthermore, it was argued by Polyakov [7]
(for closed strings) that the equation of motion and S
function are related simply:

80
o'
This was also shown to all orders in perturbation theory

in the open string context in [4]. Thus we can conclude [5]
that

= Gijﬁj-

Hij¢j = Gijﬁj-

Thus to extract the beta function we can compute the two
point function, corrected by interactions, and obtain the
leading logarithmic deviation from the % scaling to obtain
the # function. In the position space holographic calcu-
lation we employ this technique.

Once the perturbation is turned on, it is no longer a CFT.
This should reflect itself in the bulk deviations from AdS.
This requires one taking into account the gravitational
backreaction. This back reaction in the bulk can be seen to
manifest itself in the field strength renormalization of the
boundary scalar fields. This gives us the f function for the
field strength renormalization. To compute this we look at
the fluctuations of the graviton about the AdS. This
contribution comes from another cubic vertex in the bulk.
This is also equivalent to the dilaton equation in the string
theory context.

In Sec. II we start with a brief overview of the sine-
Gordon model. We fix propagators and other normaliza-
tions. Then we give a brief summary of the calculation of
the f functions using ERG and give the leading term of the
p function, which has been computed in many ways in
earlier papers as mentioned above. Next we motivate and
detail the modification of the sine-Gordon model. Then we

compute the subleading term and extract the f function.
This concludes our boundary calculation.

In Sec. III we give a brief overview of AdS-CFT
computations using position space techniques. Then we
compute the leading and subleading terms for the  function
from the bulk. In Sec. IV we start by briefly introducing
computational techniques in AdS-CFT in momentum space.
Then we calculate f functions using momentum space
techniques. All calculations are found to be in agreement.

In Sec. V, we compute the f function for the running of
the field strength renormalization. This calculation is done
in position space. This is found to be in agreement with
previous results.

In the Appendix A we determine relative normalizations
between couplings in the bulk and boundary by comparing
the generating functions for two point functions computed
from both sides. To fix the value of the coupling strength of
the interaction vertex in the bulk we compare the generating
function for the three point correlator on both sides. Doing
this thus determines the bulk dual that reproduces correla-
tions of the composite operators calculated in the free theory.

II. THE ERG g FUNCTION CALCULATION OF
THE GENERALIZED SINE-GORDON MODEL

A. The generalized sine-Gordon model

The action for the generalized theory is

1 - - - -
Sboundary = E/ d’x [(8”X)(6”X) +m?X.X

-

+ cos(b;.X)

.
a(0)’

G - o H - o
+ Wcos(bz.X) + Wcos(b3.x)
in Euclidean d = 2. Powers of a(0), the UV cutoff, have
been added so that the engineering dimension of the action
is zero. The mass term acts like an IR regulator in the
propagator. In our calculations we cut off all integrals in the
IR by a moving scale; therefore, we encounter no IR
divergences. At marginality all b? = 4. This can be viewed
as a world sheet action for a string in the presence of a
background tachyon field with some definite momentum
[3]. The marginality condition is the “on-shell” condition
for the tachyon. In that case the metric, gy, for the dot
product of b¥bN g, has Minkowski signature. By doing
this we have an additional freedom to tune the norm of the
vector to the required value by modifying the individual
components of the vector. This is important for the massless
and higher string modes, though it is not required for the
tachyon. From here on all b;’s and X’s are understood to be
vectors—b¥, XM, We will drop all arrows on the top and
suppress the vector index.
We want to calculate S functions for the flow of F and b,.
Due to wave function renormalization the parameter b, and

(2.1)
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thus the dimension of the cosine, get renormalized. The f
function for this parameter is thus directly related to the
anomalous dimension of the X field. F' gets corrections
from the self-interaction of the cosine and corrections from
higher order terms. From the string point of view, we are
computing scattering amplitudes for the zeroeth mode of
the closed strings with momenta b; at position X (x), where
expib;.X(x) is the vertex operator for the tachyon.
expib;X(x) is a tachyon vertex operator for a distinct
closed string, each with momentum b;, where now instead
of b being continuous, as in the Introduction, we choose a
discrete set of b;’s. We will choose b; + by + b3 = 0 for
reasons that will become clear. It has been shown in [1] that
the sine-Gordon theory is renormalizable with a well-
defined expansion in F and a parameter 6 = Z- — 1.

We want to reproduce the f functions of the sme—Gordon
model from the bulk. In the boundary theory we will look at
the action of the generalized sine-Gordon theory and use
that to compute the § function. In the cos b.X term, the dot
product is over an N dimensional vector space and as such
the b’s and the X’s all are vectors under some Lie group,
such as SO(N). With N scalar fields, the central charge ¢ of
the free CFT is N. In AdS; a large ¢ expansion plays the
role of large N in the more familiar AdS5 case. We could do
an expansion of the boundary theory in this NV. Thus we can
invoke the AdS-CFT correspondence to, as explained in the
Introduction, compute the appropriate multipoint boundary
correlators from the bulk, to get the f functions. These
correlators diverge when some or all of these points
coincide. Thus, to extract the # function we compute the
leading logarithmic deviation from the % scaling of these
correlators. In the position space holographic calculation
we employ this technique.

When by + b, + b3 = 0, the first nonvanishing higher
point correlator is the cubic one involving all three cosines.
From the point of view of the string theory tachyon, this
constraint on the b; is just momentum conservation. From
the CFT viewpoint, this comes from integrating over the
zero mode of X (x). In that case the f function for F starts at
quadratic order

Br~O(GH).

This is the cubic term in the tachyon equation of motion [3].
At higher orders the four point correlator is always nonzero
and there is a contribution of O(F?). (This is the first
subleading term in the usual sine-Gordon model.)

B. The propagator, other preliminaries
We start with the kinetic term

1
SKinetic = 20

/ d*x0,X0"X. (2.2)

o is like the string tension. The propagator is

GMY (x1.33) = (XM ()XY (1)) = g & T

(2.3)

Set = 2x. L is an arbitrary scale to make the argument
of log dimensionless.
Therefore,
%) =3\
(:cosb.X(x;)::cosb.X(x,): >—2 7 (2.4)
The mass dimension of a marginal operatorin d = 2 is 2.
Therefore, b?/2 = 2. The S functions are a power series
expansion in the two couplings F and b. F is a small
number, F — 0. b* = 4isa large number; therefore we will
look for a suitable expansion parameter which is small.
Both parameters are renormalized. When F is nonzero, the

theory is interacting and there is a wave function renorm-
alization that causes ¢ also to run.

C. The ERG calculation
The ERG can be described by

%fdledzsz

W(X7 [) —e Xl)z'ox(«, ox () (X O) (25)

a 2, .
Here F\ ,,, = lnﬁ is the ERG high energy
“propagator.” ¢ is the scale up to which the RG trans-

formations are done, a(0) is the UV cutoff, a(¢) is the IR
cutoff, and a(#) = a(0)e’, which implies ¢ = In(a(z)/a(0),
the log of the ratio of the scales whose coefficient is the
function.

L cos(h. X))

1
[ a(0)

l,l/(X, O) = e_fdzx 2005(171 X)+-55 o2 cos(b,.X)

(2.6)

is the unintegrated “partition function” of the theory and the

evolution operator o2 Prd bt acting on (X, 0)
up to some scale #, gives y(X, 1), thus implementing
the RG.

One can bring down appropriate powers of cosine from
the exponential and act on it with the ERG operator. The
calculation can then be organized as the ERG operator
acting on a power series

d2
a(0)?

dzx dzx
+ / a(0)12 0(0)2 (a2) cos bX(x;) cos bX(x,)

/ d*x; d’x, d’x,
a(0)*a(0)? a(0)?

——fdled X, F,

‘1"21nX(V1) (2) |: (al)cos bX(X1>

5 (a3) cos bX (x)

x cos bX(x,) cos bX(x3)} ,
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the ai’s, most generally, being the different corresponding
coefficients. We look for corrections to cos bX which is a
term of the form

(cl+c2+ c3)t/

cos bX(xy), (2.8)

()2

where c1, ¢2, and ¢3 are the coefficients obtained after the
ERG operator acts on the power series term by term. The
final expression can be reorganized such that (c1 + ¢2 +
¢3)t is the correction to the coupling(the above equation)
and its derivative with respect to ¢ is the # function. Further
details can be found in [6,62].

For our case, to calculate the leading contribution we
bring down one power of Fcosbh;X and apply the ERG
operator to it.

D. Leading term in S

The ERG operator acting on the interaction term gives

&Px, F 1 5
_ — | PxdxF., —————
/ a(0)24ﬂeXp( 2 / N Xfxf'f(sx(x,.)ax(xj))

x cos(bX(xy)).

Simplifying, we get

/ & F (1 —261) cos(bX (x,)). (2.9)
( )2 dn X1 .
The leading term in the S function for F is

Pr = —26F. (2.10)

0= %2—1 is the other small expansion parameter in
terms of which we will calculate f functions. We refer the
reader to [6] for further details.

E. The subleading term

To calculate the subleading contribution we will bring
down one power of )2 cos by X (x) and —L; cos by.X(x)

0
each: o
GH /dledzxzex 1/d2 P2 5
X d°XF e
@) a0y P\ 72 ST X (x)0X (x;)
x cosb, X (x1)cosb3 X (x,) (2.11)

_GH 1 d*x
= (471)/ 07 5c0s b X(x).

Refer to Appendix B for further details.

(2.12)

F. The g function

We can organize the calculation as follows:

(F(l — 261) +€THt> / d<);12 cos(bX(xy)).

Therefore, the full # function, the ¢ derivative of the
coefficient of the above expression, is

GH
Br = —<2F5—T>.

(2.13)

(2.14)

III. POSITION SPACE CALCULATION
OF THE g FUNCTION FROM THE BULK

A. A brief overview of AdS/CFT and
the f function calculation

The AdS metric in the Poincare patch is

1
ds* = 2 [dz? + dx?]. (3.1)

X is Euclidean.
According to the AdS-CFT correspondence

/ D® exp(—S[®]) = <exp (- /d - ¢00>> (3.2)

which to leading order is

Spuik (o] = —Warr[¢ho] (3.3)
where Sy, [¢] is the bulk action and Wgr[¢y] is the
connected generating functional of the boundary theory.
The correlation functions from the bulk are calculated by
taking variations with respect to ¢, on both sides. A general

n point correlation function is given by

5nSbulk
Scpo(x1).--0¢po(x,,) =0
(3.4)

(01(x1)...0,(x,)) = (=1)"+!

To compute f functions from the bulk we start with the
bulk action with the ¢yy term,

1

Suan = [ V3|00 4 (e + 500+ 5 e

m,y)? —/134774 - (3.5)

1 1
2Oy 4o
5045

The ¢, y, and y correspond to cos b X, cosbh,X, and
cos b3 X, respectively.

046009-4



HOLOGRAPHIC BETA FUNCTIONS FOR THE ...

PHYS. REV. D 99, 046009 (2019)

The free equation of motion is

1
%aﬂ(\/gglwauqs) - ngl) =0

with boundary conditions ¢(zy,Z) =0 for z - co and
$(z0.2) = 237%o(2) as zg — 0.
The normalized bulk to boundary Green’s function is

(3.6)

22 r'(a) 20 A
Kalzo- 2% = s — a2 (zg (G- z)2> - B7)

The solution to (3.6) is

. T(a) 2 A
09~ iz | (g E) 4O
(3.8)

To extract the f function we first regulate the generating
function for the correlators of the boundary theory to be
calculated from the bulk by inserting x, which acts as the
UV cutoff. Then we compute the generating function for
the two point function with one particle off shell and then,
as was described in the Introduction, obtain the leading
logarithmic deviation from the % scaling which comes, at
the leading order, from taking the particle off shell. Then
we extract terms which are logarithmically divergent in
terms of x, which acts as the UV scale.

B. Leading order

The bulk action for the free massive scalar is

s= [ @i (370,0000.00) + w0 |

(3.9)
Evaluating the free action on shell we get,
1
3 [ dndtsdtya
x 3, (g Ka(yo. 5:.51) 0 Ka(v0. 53 43))]. (3.10)

Choose the outward pointing normal along the radial
direction and by the Gauss’s divergence theorem, and
calculate the surface integral,

1
S = —2¢(2)/ddx1ddx3ddy
X [yadJrlKA(yOvy;x_i)aOKA(y(]’i;x_;)”yo:e (311)

where ¢ — 0; therefore, y, is close to the boundary, y, — 0.
We identify y, with x;, the UV regulator. The minus sign

comes from choosing the convention for the outward
pointing normal n* = (—¢, 0). Therefore, using

limoxé“’KA(xoi; X;) = 09Dy -X)) (3.12)

Xo—

1 AS@
S =——¢2C /dd dx,d? [f
ZE L A [ e 8

_(28)x36\ (5 - x?)} ‘ (3.13)

(x5 + (F = X3))2*!

This is the action for the free massive term. A general
n-point correlation function is given by

8" Spulk
Scpo(x1).--0¢py(x,,) (/;0:0.
(3.14)

(01(x})...0,(x,)) = (=1)"*1

Therefore, the generating function of a two point
function will have another minus. The two point functions
from the bulk and the boundary now match. The generating
function for the two point function Fig. 1 is

1
Sz = _(_1)§¢%CA / ddxlddx3

(24)x

(g + (¥ = %3))4 1]

A
e 1)

The log divergent term comes from the first term and is

retained. The second term is x} suppressed. In the limit

xo — 0, it vanishes. We drop this term. C A= %;
therefore,
rNA+1) / 1 P
=— [ d%ad’ o
2T wnra—dj2) ) TN @+ (- 5)2)A 2
(3.16)

B0 bz
FIG. 1. The leading order Witten diagram.
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This is the generating functional for the two point function
with the UV regulator x. Settingd = 2, A = 2(1 + §), x; to
zero, and x3 to R, R — oo, the expression becomes

ﬁ—f’”m‘”/ d(‘%)d<_§> <<x0+R2;/ 220+

(3.17)

Multiply and divide by R and expand the denominator
for 5 < 1 such that (R/xy)™* = 1-45log R/x,, we get

di () () 1 -ove)

We will extract the leading term of the S function
from this.

(3.18)

C. Order ¢yy

The f function is the change in the couplings of the theory
under scaling transformations. To determine the deviation
from the canonical scaling dimension we look at the
behavior of the two point function slightly away from
marginality and determine the leading term of the f function.
This was the calculation we did above. To calculate the
subleading term we start with a two point function and insert
another operator; therefore, now we have a three point
function Fig. 2, and we look for the log deviation from 1/R*
scaling for this object. We first calculate the generating
function for the three point function. To do this we start with

Sy = i / Ay OO (3.19)

where

$(2) = plz0.7) = / dxK s (20, 2. D)po(X)  (3.20)

and substitute this for ¢(y), y(y), x(y) in S;. Here
—(d+1
\/E:yo( ’ )’ d=2, Cy = m $os 70, and

FIG. 2. Witten diagram for the subleading contribution.

are the couplings of the boundary theory (boundary values of
the bulk fields; they have no coordinate dependence). This
becomes (see details in Appendix C)

X2 X2 R
S3 = —ﬂ3ﬂ¢07010/d<R—12>d<R;)1 g— (3.21)

D. The beta function

The full generating function can be organized as

S=58+58 (3.22)
R

—x / dx2dx’ (45(2) ~ 2, (2(;505 4 Aaro °> log —).
2 X0

(3.23)

Substituting the relations between ¢, 7, yo and F, G, H
[(A4), (AS), (A6)] and the value of A3 (A10) we get

F<25F - G—H> log 5) (3.24)
4 X0

We have calculated the correction to F2. To get the f3
function we want to isolate the change in F. To do this we
note

2 F2
=< dx dx3<

F? - F? = F2 + §(F?) = F?> + 2F5(F) (3.25)
R
> 4 (—48F* + FGH/2)log—
X0
R
—2F(26F — GH/4)log— (3.26)
X0
and comparing the above two expressions we see
GH R
S8(F) = <25F - —> log—. (3.27)
4 X0

In the Poincare patch (3.1) a physical distance s between
two points is § = Scoora/ 20, Where Sqoorq 1 the coordinate
distance between the points at the boundary at z = z;. x is
the physical UV cutoff scale on the boundary where the
metric is 6,,. On the boundary at z = z,, the coordinate
distance becomes R = xjzq. If one identifies this with
a(t) = a(0)e’, the moving IR scale of the boundary theory,
and one further identifies x, with a(0), then one can
naturally identify the boundary position z, with ¢’ and
then moving along the z direction is the same as scaling
transformations of the boundary theory, thus implying that
moving along the z direction is the same as calculating RG
transformations. Therefore logx% gets identified with .

Then the ¢ derivative of (3.27) gives us the f function

046009-6
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Pr=— (25F - %) (3.28)

which matches our result from the boundary calcula-
tion (2.14).

IV. BETA FUNCTION COMPUTATION
USING MOMENTUM SPACE TECHNIQUES
FROM THE BULK

We will now compute the results obtained in earlier
sections using momentum space techniques. This method is
more closely related to the conventional way of obtaining /3
functions, namely, picking out the log divergence, intro-
ducing a renormalization scale, and extracting the pj
function from the derivative with respect to the scale.
Although using the previous approach, one can do com-
putations for a larger class of bulk vertices, doing the
calculation by this method is much simpler in some of the
cases of interest. We will start with a brief introduction to
AdS-CFT computations in momentum space.

A. A brief summary of AdS/CFT from the
momentum space perspective

The bulk action with the term ®yy is (here we relabel the
field ¢ from earlier to ®)

1 1 1
Suun = [ P3| 500 + 5 (m® + 5 (00

5 P (O 45 (mp—ha®rz | (4)
The equation of motion is
(=0Og + m*)® = Ayyy. (4.2)
@ can be expanded in powers of 1
D =Py + 43P, + -, (4.3)
@y = oo + 22 Por + 2 poa + -+ (4.4)
@) = 1o+ 2P + 2 pra+ - (4.5)

y and y have similar expansions.
The equations of motion can be solved perturbatively

order by order in 43 m

and

(=Og + m*)®; = yy. (4.7)

We fourier transform along all directions parallel to the
boundary at z =0. We write the Fourier transform of
®(z,X) as O(z, p). The free equation of motion becomes

Lya(z, p)®(z,p) =0 (4.8)
where
Ld’A(Z’ P) - _Z2a§ + (d — I)Zaz + m2 + Zzpz. (49)
The bulk to boundary propagator is given by
2%_AH A4 d)2
Kaalz,p) = F(T_%)P 227Ky a(p2). (410
The bulk to bulk propagator is
Gan(z. pi) = (20)In_qpp(P2)Ka—app(pE)  (4.11)
forz < ¢
and
Gan(z, piC) = (20) P In_qpp(PO)K a—gp(pz)  (4.12)

forz>¢
We saw earlier that for small 45, @ can be expanded in
powers of 13

D =Dy + 43P +---. (4.13)
@ has a near boundary(small z) expansion,
D@ = (oo + 4310 + O(43))
+ 2 (o2 + Aa3p1a + O(33)) + O(2%). (4.14)
Therefore,
bo = oo + Aapro + Bepa + - - (4.15)

should be considered the full source, each of the ¢,

sourcing @;. The solutions to the equations of motion
order by order in A5 are

DQ(z, p) = Kqalz. p)do. (4.16)

To begin with we turn off the higher order terms in the

source ¢by. We only keep the leading term ¢ in @, here.

Later we will see that the higher orders will have to be

turned on.
The solution to the second equation is

Ak, dk,
O = [ ———7ox00 D (ky +ky+k
1 / 2n)H Yoxo8' (ky +ky+ks3)

© d
XA Cd—flgd,A(kal§£)ICd,A(§’k2)K:d,A(k3’C)- (4.17)

Further details can be found in [37].
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B. Leading order

For d =2 and A =2 + 26, the solution to the free
equation of motion is

D) = P1+252K1+25(PZ)¢- (4-18)

We expand about z =0 and then expand for 6 < 1
and get

@y = (1 —25log z)gy. (4.19)

At z =x, where xy — 0, —26¢,logx, is divergent.
Therefore ¢, would have to change to

bo = bo + 254, log% (4.20)

to cancel the divergent term. Here R is an IR scale
introduced on dimensional grounds. Thus we see that a
change in the canonical scaling dimension of @, induces a
flow in ¢.

C. Order ¢yy

To get the contribution at this order we look at the
solution of ®@,.
We want to solve the integral

2 d
Iffmzz/ é,dflgd.A(Z’pl;g)lcd,A(cpZ)ICd.A(pS’é’)-
(4.21)

In the near boundary region ¢ <z and x; is the UV
cutoff,

2d/2=As+1

¢ dg Ay—d)2
b, = 20)2, OKA )= P, CUK 4
1 = 7oXo [0 (:d+1< ) A d/2<P1 ) A d/z(Pl )F(A2—d/2) Py A, d/z(Pz )

0d/2-As+1
“T(a—d/2) "

Since the § has no effect at this order all A’s are set to 2.
The log divergent part of @, is

1
~voxoP12K,(p12)(—logx). (4.23)

2
We can expand @ in powers of A;. Therefore we can

write the log divergent terms of @ as

1
D =@, + 43 5?’0)(0[’121(1(1711)(— log xo). (4.24)

This diverges as xo — 0. p;zK (p;z) is the solution to
the leading order equation of motion ®); therefore, to make
the full @ finite we can turn on a subleading O(4;) term in
the expansion of the source ¢, in @ (as mentioned before
we are turning on subleading coefficients),

$o = oo + A3pro+-- - (4.25)
The modified source ¢ is
$o = (1 +251og xo)oo + 43¢ 10- (4.26)
We set
b0 = %Volo(log Xp)- (4.27)

The modified source becomes

_ Xo 1 Xo
¢y = (1 + 251log R)(,i)o + A3 270)(0 (log R> (4.28)

where we have again introduced the IR length scale R.

As—d/2
34/ Cd/zKA3—d/2(p3C)'

(4.22)

D. The g function

As before, we make the identification logx% — t, and

substitute the relations between ¢, ¥, yo and F, G, H
[(A4), (AS), (A6)] and the value of 153 (A10). Therefore we
get the f function

Br = —<25F - G—H>

. (4.29)

which matches all earlier results.

V. BETA FUNCTION FOR é

A. Overview of the calculation

As mentioned before, b multiplies X inside the cosine
and therefore can be interpreted as the field strength
renormalization. b? is close to 4. This is large compared
to F' which is close to zero. It was mentioned that the
functions of the sine-Gordon model are a power series
expansion in two parameters; 8 = b%>/4 — 1 is the other
appropriate small parameter in which the expansion can be
carried out. From the perspective of the boundary theory
the correction to this modified coupling 6 comes from two
cosines combining together to give (0X)2. This is the
anomalous dimension and gives this f function. This has
been calculated before in an earlier paper [6].

From the bulk theory the leading contribution to the f
function has to come from a vertex of the type g,, 0/ $0"¢
Fig. 3 so that we have a structure similar to the boundary
calculation and we can see that the two ¢’s correct the g,
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FIG. 3. Witten diagram for the graviton-scalar-scalar vertex for
the f function of the field strength renormalization.

which is associated to the (9X)? term. Next we note that the
boundary kinetic term involves only diagonal components
and therefore we can attempt to model the graviton by a
dilaton which takes into account only the diagonal degrees

|

of freedom and is a scalar, thus simplifying the problem
enormously.

B. Fixing the coupling of the graviton-scalar-scalar
vertex in the bulk

To compute the graviton-scalar-scalar vertex we want to
look at the fluctuation about AdS,

(5.1)

9w 1s AdS. We want to simplify this by modeling the
graviton as a dilaton. Therefore,

G = g/w + hmf

¢ = e PG = (1 — ),0)7". (5.2)
Therefore the kinetic term 1 9" 0,¢0,¢ becomes
1 1 _
Eglwau¢au¢ = E (1 - laa)gﬂyay¢ay¢' (53)

We treat the dilaton as a massive scalar with m, — 0; the
full action therefore becomes

1
Suow = [ @y SO0+ (g 5 00 + 5 (27

1o,
+5(0r) +5

The kinetic term in the boundary action is modified as

1 > >
Sboundary = E/ d2x[(1 + 50)(814)()(8”)()

- - -

+ m2X X + 2(0)? cos(b;.X)

(5.5)

G - = H - =
+ ——cos(by.X) + ——cos(b3.X)].

a0)? a0 56

&, is related to the bulk field ¢ whose boundary value o,
is equal to &, up to normalization. We vary the action with
respect to &, to compute various correlators.

C. The 3-point correlator calculation
To compute the f function we want to calculate the
generating functional for the three point function as before,
but this time for the vertex — %ﬂaag"yﬁﬂqﬁayqﬁ. To do this we
again start with

1 1 1
(my}/)z - /13¢}/Z - Elaagﬂyaﬂqbab(ﬁ + 5 (86)2 +3 m¢270-2:| .

: (5.4)

S = =320 [ VI OIMOHIO0).  (57)

We, as before, put in the expressions for the bulk to
boundary propagators for all the fields and simplify. See
details in Appendix D. We get

2 2
_ 2 ) (X3 R
Sp3 = —2a(1 + 8) 4,002 / d(R2>d<R2> log

5 |j‘-(A2+A23 —A; )F(A2+A32+A] —d)
I'(A)1(As)
F(A2+A23—A] )F(A2+A3+A] —d+2):|

[(Ay)T(Az + i)

(5.8)

S,3 1s nonzero off shell but vanishes on shell where the
square bracket is zero. This is resolved when 4, is fixed
[(A27) and the comment thereafter].

Putting in all the relative normalizations [(A4), (A17)]
and the value of 4,, we get

—F2(1 +5) 50 0 X1 X% R
= — — | log—. .
So3 8 471'/d R d R? ngo (59)
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D. The g function

The kinetic term in the boundary theory, whose correc-
tion we are computing is

I+ &

= / Px(9X (x)). (5.10)

Comparing this with the expression for S,; above and as
before, making the identification logﬁ — t, we immedi-

ately see the f function (the t-derivative) is

_ —F%(149)

pr =" (5.11)

which matches 5.2.46 in [6]. This computation is correct up
to O(F?5). There are higher order corrections to it. The
computation for the boundary theory using the usual field
theoretic approach has been done by Amit et al. [1]. In their
paper (Sec. VII) they have a detailed analysis of the higher
order corrections. These can be easily obtained by an order
by order double expansion in F and o. Therefore the next
term would be O(F?).

VI. SUMMARY AND CONCLUSIONS

In this paper the f# function of a generalized sine-Gordon
theory has been calculated using a bulk holographic dual.
The boundary theory is a free theory deformed by a term
F cos b.X. The anomalous dimension is proportional to F
and goes to zero as F' — 0. The bulk theory is dual to a
free field theory in the boundary for F = 0. The bulk fields
(in addition to the graviton) introduced correspond to the
cosine perturbation. The calculations have been done
both in position space as well as momentum space. The
boundary calculation is also done and it is shown that the
results agree.

To compute the f functions, two and three point
correlation functions were computed from the bulk. We
are in fact constructing the bulk dual of the free theory
and including just those bulk fields and interaction
vertices that are necessary to reproduce correlators of
some specific boundary operators (cos b.X) which would
give us the f functions. The correlators computed from
the bulk match the boundary calculations up to nor-
malization. These normalizations and the bulk interac-
tion vertex coupling were further fixed by comparing the
two and three point correlators on both sides, which is
done in the Appendix A. The bulk theory was con-
structed in such a way as to reproduce the correlators in
the boundary theory; therefore, agreement between
results was expected.

The main motivation for doing this calculation is to
understand the results of [2] better when interactions are

involved. There the main example used was the free
scalar theory and in this situation interactions are between
composite operators. In 1+1 dimension, the cosine is one
of the most interesting example of such operators and
besides being related to string theory, has applications in
1 + 1 dimensional condensed matter systems, such as the
X-Y model [1].

The model is also motivated by the first quantized
description of a string propagating in a tachyon back-
ground. The f function gives the equation of motion for the
tachyon. The model also has a wave function renormaliza-
tion which results in a # function for the string theory
dilaton coupling. The boundary calculation in this paper
uses techniques derived from the exact RG, as used in [6]
for the usual sine-Gordon model. The main idea for the
bulk calculation in position space is to identify the f
function with the coefficient of a logarithmic deviation
from the canonical scaling of a two point function. This is
based on the technique described in [4,7] and is suitable for
holographic computations. In the bulk momentum space
calculation the technique is to first solve the fourier
transformed equations of motion order by order in the
coupling of the bulk interaction vertex and then identify the
log divergent terms in the solutions as described in [35]. All
the results agree to the order calculated.

There are many further problems that need to be
addressed. One technically interesting issue of course is
to go to higher orders. This should constrain the bulk dual
much more. The precise bulk dual of free scalar theory
considered here, in particular the connection to higher spin
theory in AdS5 needs to be understood better. It would be
interesting if one can say something about the IR fixed
point of this theory by studying the bulk. One should
remember that the underlying theory in the boundary is a
free scalar theory. The interactions in the bulk involve fields
dual to composite operators. There are an infinite number
of them—they can be identified with the momentum modes
of the string theory tachyon. One expects that there should
be a corresponding simple way to package these in the bulk
also. This needs to be understood better. Finally, regarding
the ERG description of composite operators and also the
map to a holographic theory in the presence of these
operators, there are many complications. These can be
studied in a controlled way in this model. We hope to return
to these questions.

VII. FUTURE DIRECTIONS

We would like to compute the aforementioned four point
Witten diagrams and reproduce the f functions for the sine-
Gordon model.
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APPENDIX A: FIXING RELATIVE
NORMALIZATION OF THE BULK
AND THE BOUNDARY COUPLINGS
AND COMPUTING 43

1. Fixing ¢y, 70, X0 and F, G, H
relative normalizations

To compute the relative normalization between the bulk
and the boundary for the couplings ¢, and F we compare
the generating functionals of the two point functions
calculated for both sides.

The generating function for the two point function for the
boundary theory is

A, F?
A2 = d2x1d2)€2_,7_,. (AZ)
(¥ —X,)*

The generating function for the two point function for the
bulk is

2
$: = A}/ (2). (A3)
Comparing S, and GF, we get
¢ = LF (A4)
0 — 8\/7_'[
Similarly,
_ ! G (A5)
Yo = 8\/7_1' s
1y (A6)
X0 = 8\/7_7: .

2. Computing A3

To compute A3 we compare the generating function for
the three point function of the boundary theory and for the
bulk theory.

The generating function for the three point function of
the boundary theory is

A; FGH
GF; = ——=, A7
T4 (4n)? (A7)
A :/Jlx d’x,d’x ! .
’ C R )R (= 5) S (G =)
(A8)

Here Aijk = Ai + AJ - Ak.

For the bulk theory

4

S3 = —2—7T2A3¢070)(o- (A9)
Comparing GF3 and S; we get
Ay = —4(x)"/2. (A10)

3. Relative normalization between o, and &,

To fix this we calculate the generating function of
((0X(x1))?(0X(x,))?) from the bulk and boundary and
compare them.

Bulk:
— 1 2 F(A + 1) 2 2 1
GFgé—iﬁom/dxldXQ%, (All)
GF, =% 4 A12
{7[2) - ; 2- ( )
Boundary:
1 &
Fa =3 | Endxal0X(n) FOXGP) (A13)
2 2 2
{(0X(x1))*(0X(x2))) = - (Al4)
12
Therefore,
1 & [ 2
GFg(Z) == EW/d XIJZXZE, (AIS)
6
Comparing,
$o
=, Al7
00 4\/; ( )

4. Fixing A,
To fix A, we will compute ((OX(x;))?cosbX(x;) x
cos bX(x3)) from the bulk and the boundary and com-

pare them.
Bulk: From (D9),

-4
Sp=Fohi1+Ml (A1)

Ay tA3-Ay /Ayt Ay +A —d
(A2 A2 gt )
T'(A,)T(A;3)

T(A;)T(A3+1)

r(AzﬂrA] )r(A2+A3+7A17.1+2):|

where [| = [
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Boundary: We want to compute ((0X (x;))? cos bX (x,) x
cos bX(x3))

<(8X(x1 ))2 cos bX(XZ) cos bX(x3)>n0nvanishing

=2/4((0X(x,))? exp ibX(x,) exp —ibX(x3)).  (A19)

We change to complex coordinates: (0X(x)))? -
40X,0X,. We get

2(0X,0X, exp ibX (x,) exp—ibX(x3)).  (A20)

We consider the product exp iadX, exp if0X,, where a
and f are close to zero”
|

(exp iadX, exp ifOX, exp ibX (x,) exp—ibX(x3)) (A21)

= —af(0X,0X, expibX(x,) exp—ibX(x3))  (A22)

is the part to linear order in af. The coefficient of the
—af/2 term will give us the correlator (A19).
Now,

(exp ia0X, exp ifOX, exp ibX (x,) exp—ibX(x3)) (A23)

=exp B/Jzzaﬂz’(é(z —21)8(Z = 71)a0 + 8(z — 21)8(Z2 = )P0 + 8(z — 21)8(Z — 21 )b + 6(z — 21)8(Z — 1) (=D))

X (ll'l(Z - ZI)(E - Z_/)>(5(Z - 21)5(2 - Z_l)aa + 5(2 - 11)5(2 - Z_l )ﬂ@

+8(2' = 20)8(2 = 21)b + 8(2 — 21)8(2 ~ 2 )(—b))] :

For b* = 4(1 + §) the expression becomes

A2
(~ap/2) 221

. — (A25)
4 zhihans

Therefore, the generating function from the boundary
theory is

1 =2&,F*(1 +6)

Fi== A A2
G o3 2' (4”)3 3 ( 6)
Comparing (A18) and (A26),
As = 'l

Ay+A3-A Ay +A3+4A; —d
I( 2+ 23 I)F( 2+ 32+ 1 )
T'(A,)T(A3)

Ay +A3-A Ay +A3+A| —d+2
I( 2+ 23 I)F( 2+ 34; 1 )
T(Ay)T(A3+1)

(A27)

Thus the square brackets cancel out in S 5. The correlator
remains finite on shell.

APPENDIX B: THE SUBLEADING TERM FOR g
USING ERG ON THE BOUNDARY

The action of the evolution operator is

52 eib3Xs | pmibiXs
2 2
/d .X'ld X2Fxlx2t5X15X2 |: 2 :|
ibyX, —iby X,
x et te ™ ) (B1)
2

Here X; means X(x;). Keeping terms that contribute
we get,

(A24)

|
52 e=ib3Xs=ibaXy | oibsXs+ibsX,

2l 5X 66X, 4

/ dZX] dZXQFx
(B2)

In the last expression the two terms that conserve
momenta have been retained. We look at the action of
the evolution operator on the first term. The second term
gives an identical contribution:

o n 5%
dx,d“x,F
/ 147 X‘X215X1(5X2

[eibsXatibaXs] (B3)
= (=b3Fs3; — by.b3F34, — by.byF 3y — b3F 4y, )€/ t02)Xs,
(B4)

Here X5 has been Taylor expanded and brought to Xj,.
Therefore,

eiD3XatibaXy | o=ibyX3—ibyXy

4

(B5)
becomes

1 1

Ecos(bz + b3)X, = 508 b X,. (B6)

Substituting (B5) and (B6) in (2.11) we get

GH [ d*xd*x 1
(4ﬂ)2/ ;4 : exp [—2 (=b3 = B3)F 11, + by.b3Fy,

1
X 5 cos b X(x,) (B7)

(x1 =) +a(1)*
(x1=x2)*+a(0)*"

where Fiy = —11n
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Now we relabel x, — x; — y and x, — x and we get

dy? AR (Y 4 a(n)t\TE
¢ 3 2
y* +a(0)

2x
(417r)/ait)ZCOSbIX(x)' (B8)

a(t) is the IR cutoff; therefore, we drop y* from the numerator and integrate:

by.by by.by
GH 4t_’7§+’2 ppen (@) a(0)?)TH = q(0)2CHD 1 / d*x
— 1)~D2-b3 b, X B9
3 Ll( ) %4_ 1 (4]7:) a(t)2 COS D (X) ( )
dropping a(0)? from the first term:
1)3
GH , #m 1-(EH2E 1 p
_ ?e‘“ - . / = cos by X (). (B10)
L2 Gn ) a)
For b,.bs close to -2 and for b3 = b3 = 4 we get
GH 1 d’x
b X Bl11
i [ Sameosbixw. (B11)

APPENDIX C: POSITION SPACE CALCULATION FOR g

Position space calculation for fr from the bulk for the subleading term reads

Ay+Ay+A,
_ Yo
53:—ﬁz/ddxl/ddxz/ddx3/dd+1yy (dH)CA Ca,Ca,Poroxo > - > = .
’ R 05+ =X 3+ (T=x)) 2 (0F + (7 —x3)2)
(C1)
After Feynman parametrization we get
d d d d+1 1 Ay-1 A 1 o/53 [(Z,A)
== [ d'x | dx; | dx3 | d“TyCy Ca,Ca,bor0x0 daldazda3a1‘ a8 a — 1)317
1 2 3 Hl:1F<A1)
—(d+1)+A+Ar+A,
x _ Yo . (C2)
<y(2) + (y _Z?zlai'xl) +Zz<] laaj<x xj)z)A]+A2+A3
We perform the y, and y integrals,
ﬂd/zr<2?:2|Ai>r< 1A d A1 A=l Ayl 5513
a' 82 a;—1)
53:—/13 /ddxl/dd)Q/ddX';CA CA CA ¢0}’0){0/d(11d6¥2d(13 2 % Jlr Ta;
ZH?ZIF(A e (Z?<j=1aiaj()?ij)2)Al #
(C3)

Now we transform from a;’s to ;’s. @; = p,3; for i > 2, a; = . The Jacobian for n parameters is ;! Here n = 3.

d/2F< )F(Z A d
21T} T'(A / dx / d'x; / d'x3Cy, Ca,Ca dovaro
2A2—1 Ag—l[ S(Br=1/(1+pr+p3)/ (1 + P, +ﬁ3) -
Br(Bax2y + B3x2y + Pofixy) "

S3 — —13

x / dprdpsdps
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After performing the f; integral we get

LA/ <Zf:lA,->l_, (2 A d

201, T(A))

S3 - —/13

ﬂ.d/ZI-‘ <E?:IA1
S3 - —13

/dd /ddxz/ddx%CAlCAZCA3¢070)(0/d/32d/7’3 5 22 2 5
(ﬂlez +B3x13 +ﬂ2ﬁ3x23) 2

Az—lﬂA3—1

Ap+Ay+A3

x | dp,dp
/ T (B3 + 2, +

Here we have introduced x;’s in the denominator
(x3 — 0). These act as UV regulators. We perform the S,
and f; integrals. Any factors of 6 coming from the two f
functions from the two f integrals contribute at O (5¢oyoxo)-
Therefore they are dropped. We set d =2 and A,=
2(14-6), particle 2 is off shell. We substitute Cy,’s.
We set X, to zero using translation invariance, multiply
and divide by R, the IR cutoff. Therefore, the integral
simplifies to

ﬂ3 dZXIdZX2d2.X3
272 RO
doroxo

X .
(ngrx%) (1+9) (x(2)+x§> (1-9) (x(2,+x%3> (1+9)
R? R? R?

We will now calculate the log divergent term. The x,
integral is

S3:

(C7)

(C8)

d2X2 1
/ R2 <xg+xg> (119) <xg+x§> (1-5) (xg+x§3) (1+0) "
R? R? R?
The log divergent contributions come from the two
regions, when (i) X, — X3, and (ii) X, — 0.
(i) X, = X5.
Set§:£2—£3. At.;gz :5(?3, 5;:0

(€9)

d?y 1
/ R2( (Y+Xz))(1+5><X§+ZX§>(1—5)<X§RL2y2>(1+5)'

R? R

We Taylor expand the first term in the denominator.
We get

-0 +0(55)

d’y
R? x§+7c§ (1+6) xtz)-&-xg (1-6) x(z)-‘ryz (1+8)
—mr R R

R

(C10)

x5+ x13) + Paf3 (x§ 4 x35))

(Cs5)
-)1_.<2 A d
3 / ddx1 / ddxz / ddXSCAICAZCAﬂsOVOZO
20T,
Ar—1 pAs—1
. (Co)

[
We drop the 6 term. It is higher order. We look at

_ (P25
/dzy (%) , (1)
R2 (xé;r;_c’%) (x(z);rzx%) <x§1;rzy2>
Add and subtract x3,
x2+y? —Xg —2%3.¥
d2 - (%)
/ y Xo+x3 (C]Z)

R2 (2433 (%2423 (247
RT RT R’

The x3+ 3* term cancels in the numerator and the
denominator. We drop that and get

(C13)

3 e =
—xy—2%3.y
d’y ( e )
R2 (%2432 [(x24x2\ [(x24y?
R2 RZ RZ

/dz)’(—z)@ )=

2
—2/ ydydb3,xsycosfs, =0. (C14)
o )

Therefore we drop this term. We get

2
dzy - <x2+%2)

/% e Em

R? R? R

which in the limit x, — 0 goes to zero.

We look at
(B2Y"7 L (57 (1o (552))
R R R

(C16)

in the denominator. Again drop the § term. Set X3 = R,

(C17)

RZ RZ RZ

d’y 1
R (xg+R2) (1+6) (xg+R2) (1-9) (xg+y2) (1+6) °
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The log divergent part is

R dy? 1
o © ()
RZ
= rlog— . (C19)
X,

0

A similar computation for X, — 0 gives an identical
contribution. The total contribution from both regions is

2
=2rlog— (C20)
X0

S0 = =30 [ 4T 0BMOH)00)
1

Set X; = 0. Under inversion [34],

Yo
o+ (X =¥)?

FryhA = @OyA =

= AyyAL

! A—1
Ay

= ——2,0003Ca Cp,Ca. | d**! 29 (Yo
3 (;0'0450 A LA, A3/ )’\@yo M (y%—f—(ﬁ'—x?)

The partition function becomes

1 x2 X2 R
Sy = _54137;4507/0;(0 / d<R—12>d<R32> log— (C21)

This expression corrects b; when x, — x5 and b3 when
X, — x. These are both equal in magnitude. We only want
the correction to by; therefore, we divide the expression
above by 2 to get the contribution of the generating
functional to the g function for cos b X,

x? x3 R
s = ~tborars [ a3 )a(5) e (c22

APPENDIX D: CALCULATION FOR g5
We start with

(D1)

2Qmeﬁ+é1@m)MQ%+§lﬁﬂ>M' (B2)

/

Yo

S/ N (D3)
¥+ (=)

S
2+ (' = x))?) (2

1
So’3 =

+&—ﬁﬁ“>_Q%LH9—

Aypti2yg )
X)2)Ar

2A, 2A _ _
—51a60¢%CA1CA2CA3A1A2X/2 2xl3 3/dd+1yy —(d+1)+24+A—1+A3+A,—1

Xszu}—%VQM<@”+<I g%h>

2

+ 1)“500¢(2)CA| CAZCA3A1A2_X/§AZXI§A3 /dd+1y y —(d+1)+24+A=1+A3+A5+1

XQ%LH&—%YQM<m3+oix>%ﬁJ

(D4)

Thus, setting X, to zero and using inversion we have reduced the number of factors in the denominator from 3 to 2. This
simplifies Feyman parameter integrals significantly. Now we Feynman parametrize and perform y’ integrals. Writing the

integrals and dropping the prefactors we get

EF(AerAzs—Al)F(A2+A32+A1—d) F(A3 + Az) /dagd(xzé((;% 4 @ — 1) As—1 A2—1 1
2 FA+A) (AN B R

HF<A2+A23_A1)F(A2+A3+2A]_d+2) F(A3 + Az + 1)

—2=
2 DA+ A +1)  D(A)D(As+1)

The «a integrals are as follows:

/ dazdar§(as + ay — 1) a5

1

=2 A2+A23—A| .
(a2a3x 23)
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The first,
_ _ 1
/da3da25(a3 + ar — 1)6‘(3A3 1a2A2 lw =1. (D6)
a3 2
The second,
1
/da3da25(a3 -+ ar — 1)(1A3aA2_1 ()m = 1/2 (D7)
a3 2

Use (¥** = 1/72) and

-
/

(F — ) 2A1+80=89)/2 — (F — §)2AA1+80-03)/2 /(7281 +85-03)252(A1+80=05)/2)

1 1 1
ooohiCa,Co Cobids [ s s — s —
Xp)" 7 ()T 2 (x3)

|:F(A2+A23 -4 )F(A2+A32+A1 —d) F(A2+A23—A1 )F(A2+A3+A1 —d+2):|

T

S .=
o3 4

—Ap+A3+A
2

(D8)

['(A,)I(A3z) [(A)T(A3 + i)

Where now we have explicitly written integrals over the boundary coordinates(which were suppressed earlier). We insert
a UV cutoff x as before and multiply and divide by powers of R?; we get

2 2 2
= T oo? ) (2 ) g5 ! ! 1
Se3 = —4/1560¢0CA1CA2CA3A1A2/d(R2>d<R2>d<R2) (x(z)+5%3)A2+A23—A1 <x%+)_€,§)A2—A23+A] (Xg+)_c,§)—A2+§3+A]

R R? R?

Ay +A;—A Ar+A3+A | —d Ar+A;—A Ay +A3+A | —d+2
y 1—'( 2+23 1)1"( 2+ 32""1 )_1’*( 2+23 1)1’*( 2+ 3+21 +):|

['(A,)I(Az) C(A)T(A; + 1)

(D9)

Cy, = 1/x. The square bracket vanishes. This gets renormalized when we fix 4,. We have taken particle 2 off shell.
Therefore A, =2(1 +6). A} = 2.

We get the same x, integral as before (C8). The contribution from the x, integral from before is

R
4rlog—. (D10)
X0
The contribution to the generating function is half of this as before.
R
2rlog—. (D11)
X0
Therefore S,; becomes
o _27[(1 N 6)/1 . ¢2 / 4 ﬁ p L% logﬁ F(A2+A23—A1)F(A2+A32+A1—d) ~ F(A2+A23—A1)F(A2+A3+2A1—d+2) (Dlz)
? om0 R*) \R? Xo I'(A;)T(A3) ['(A)T (A3 + 1) '
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