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To this day, von Neumann definition of entropy remains the most popular measure of quantum
entanglement. Much of the literature on entanglement entropy, particularly in the context of field theory,
has focused on isolating the UV divergences. Zero-mode divergences of the entanglement entropy are less
studied in this context, and apart from being easier to isolate, they offer an interesting insight into the
physics of the system. To gain a better understanding of the system in this limit, we develop the free particle
approximation of harmonic oscillator, with which we investigate the properties of entropy divergence in
continuous bi-partite quantum systems such as the coupled harmonic oscillators and the hydrogen atom.
We also show zero-mode divergence of the entropy of environment-induced entanglement in a tri-partite
oscillator system. We discuss the implications of our result for field theory and IR structure of gravity.
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I. INTRODUCTION

Entanglement is the name given to purely quantum
correlations between systems or particles. These quantum
correlations are independent of any representation and the
spatial distance between the subsystems [1-3]. In other
words, two subsystems (or particles) could be parted by
light years in distance and measurement of one subsystem
can provide complete information about the other system.
Recently, quantum entanglement has been verified over a
thousand kilometres for a 2-photon pair [4]. This raises two
crucial questions: How does entanglement store informa-
tion about the possible experimental outcome without
having information about the individual subsystems? Is
entanglement oblivious to space and time?

The current lack of a fundamental understanding of these
questions prevents us from addressing questions related to
entanglement in field theory. In general, entanglement is an
essential feature of quantum field theory [5]. More impor-
tantly, the divergence of a two-point function of a scalar
field implies that the fields are highly entangled, since:

(W] (1)) [¥) # (P[(x))|¥)(¥](xa)[¥). (1)

In other words, irrespective of the space-time or quantum
state, entanglement always exists between the quantum field.
Entanglement entropy (S.,) of a scalar field, defined as the
entropy of the reduced state of a subregion, scales as the
boundary area A of the subregion [6]. The area-law appears
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to be valid for all 1-dimensional gapped many-body systems
and some gapless systems in higher dimensions [1,2,7]. The
scaling of the entanglement entropy reveals most of the long-
distance properties of the system [8].

Irrespective of the physical (black-holes or condensed
matter) system, the prefactor in the area-law depends on the
UV cutoff of the theory [9]. Thus, the value of S,/ A is set
by the cutoff and increases when the cutoff is increased.
Physically, the increase is due to entanglement between
more degrees of freedom (d.o.f.). However, if the high-
energy modes decouple from low-energy phenomena, then
it is unsettling as to why quantifying entanglement for a
macroscopic system should strongly depend on the UV
cutoff.

Recent studies have laid bare the inevitable contribution
of zero-modes in this context [10,11], thereby prompting
extensive analysis of the behaviour of the entanglement
entropy in the infrared. The peculiarity of these divergences
is that the zero-modes are independent of the spatial
coordinates [12]. The independence of the spatial coor-
dinates prevents us from obtaining some crucial informa-
tion about the system which could otherwise help explain
the underlying physics behind such divergences, and how
to tame these divergences. For instance, the zero modes
(massless states) lead to the IR divergences of the S-matrix
in QED [13]. On the other hand, UV-divergence implies
that the physics of the system is highly sensitive to the
UV-cutoff employed, and this causes discrepancies, espe-
cially at high energies.

In general, it is an arduous task to obtain an analytic
expression for entanglement entropy except for a few
special cases like (1 + 1)-dimensional CFTs [3]. To get
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a better analytical control and understanding of zero-mode
divergence, in this work, we consider the ubiquitous
Coulomb potential and coupled Harmonic oscillators.
The Coulomb potential is non-linear, and in the many-
particle case, it is the two-body potential. This potential
can be obtained from reducing the N-body problem
rigorously to a combinatorial number of two-body inter-
actions. In QFT, a field can be treated as an infinite number
of coupled harmonic oscillators. We should in principle be
able to extend the analysis on coupled harmonic oscillators
directly to quantum fields. As mentioned above—to weigh
in on the nature of divergence of entropy in physical
systems—we consider hydrogen atom and coupled har-
monic oscillators, whose entanglement entropy can be
analytically calculated.

In Sec. II, we investigate the properties of entanglement
in a system of two harmonic oscillators that have a negative
coupling constant. The resultant entropy is found to diverge
in the free particle limit (or the zero frequency mode) of the
system in normal coordinates. To further investigate the
origin of these divergences, we need to see how the entropy
behaves as the system develops zero-modes. To this end,
in Sec. III, we obtain the free particle approximation of
harmonic oscillator which we then utilize in Sec. IV to
provide the zero-mode analysis of the coupled harmonic
oscillator system. In Sec. V, we use this approximation to
study the hydrogen atom in a new light, and further confirm
that the entropy for such physical systems diverges due
to zero-modes, as opposed to the commonly held view of
UV-divergence of entropy.

Furthermore, we investigate the nature of divergence
of entanglement entropy when the system in question is
canonically transformed to a new Hamiltonian. In Sec. VI,
we map the hydrogen atom to a harmonic oscillator using
a well-known transformation[14], and see if the properties
of entanglement entropy are preserved. In Sec. VII, we
continue to probe for zero-mode divergence of entangle-
ment entropy in a system where entanglement between
two uncoupled oscillators is mediated by an oscillator
sink, as opposed to the cases of the hydrogen atom and
coupled harmonic oscillator where the subsystems are
directly coupled. In Sec. VIII, we conclude by briefly
discussing the importance of these results.

II. COUPLED HARMONIC OSCILLATOR:
A QUICK REVIEW

As a warm-up and to make sure that the definitions are
transparent, we calculate the entanglement entropy for
coupled harmonic oscillators with a negative coupling
constant [15]. Note that the coupled harmonic oscillator
with positive coupling constant is well studied (see, for
instance, [6]). The Hamiltonian is given by:

= +%m[w%(x%+xg)—w%(x1 -x,)7]
(2)

where w} and w? are positive constants. The normalized
ground state wave-functions in the normal mode coordi-

nates x, = (x; +x,)/v/2 is:
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where

mo
fi= hi; W, = wy; w_ =/} =2wt. (4

In the original coordinates (xy, x,), the above ground state
is entangled, i.e.,

lPO(xlvx2) _ (/}+§_5)1/4 exp_ﬂ+(x14+ )C2)2
X exp _Bn=x) x2)" . (5)

4

The density matrix p = |¥)(¥| is symmetric, and we can
simply proceed to trace out any one of the subsystems to
obtain the reduced density matrix of the other:

p1(x1.x1") :/ dx2T3(x1',x2)q’o(x1,x2)

o8]

ri=71 (xf + ")
= ITGXP—h%—hMXﬂ (6)

where y; and y, are given by:

B AP 6B
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In order to find the eigenvalues of p; (x, x| ), we must solve
the following integral equation for p,,:

‘[“wwmmwunuoszAm» (9)

[Se]

The solution for the above integral equation is

pn = (1=6)&" (10)
Falx) = Hy(/2¥) exp =05 (1)
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where the new parameters ¢ and £ are defined as follows:

0= VPil- (12)

72
== 13
¢ — (13)

The entanglement entropy of the system in the von
Neumann description is given below:

S(é) = _an<§)lnpn(§)
n=1
:—ln(l—é)—lfglné, (14)
where ¢ is given by
B (1 -R)?
SR = +R*+6R+4(14+R)VR’ 13)
and
b w2
R=—=4/1-2(—]) . 16
P <w0> 1e)

R takes values between [0, 1]. In the decoupled
limit (w; - 0), R — 1. In the limit of @, — wy/V2,
R — 0 (Fig. 1).

We would like to point out the difference between the
results in this section and that obtained by Srednicki [6]. In
the case of a positive coupling constant, the entanglement
entropy diverges in the limit w_ — oo, which occurs when
w1 — oo (infinite coupling) and therefore corresponds to
the UV divergence of the entropy. However, in our case

R

FIG. 1. Behavior of entanglement entropy S(R) for a coupled
harmonic oscillator system, with respect to R.

(negative coupling constant), in the limit of wy — V2w,
S — 0. The divergence of the entanglement entropy
occurs in the limit of w_ — 0 i.e., in the zero frequency
limit of {x_} oscillator. Thus, the divergence is of IR origin
with respect to the normal coordinates, even though this
may not coincide with the zero energy limit in the original
co-ordinates. This inversion in the nature of divergence of
entropy is exactly captured by the UV/IR limits of systems
in the normal coordinates, and this will further be clear
from the scalar field model studied in the Sec. VIII.

To gain better insight into the above results, we need to
analyze the behavior of entropy as the normal mode
oscillator approaches zero frequency, and for that purpose,
we will develop the free particle approximation of har-
monic oscillator in the next section.

III. FREE PARTICLE APPROXIMATION OF
HARMONIC OSCILLATOR

The analysis in the previous section demands the study
of harmonic oscillator in the free particle limit. In this
section, we show that we can achieve free particle approxi-
mation by taking n — oo and @ — 0 limits such that energy
is a constant.

To go about doing that we begin with the Wentzel-
Kramers-Brillouin approximation of a harmonic oscillator:

c

Vp()
where p(x) = +/2m(E, - V(x)), and V(x) = {mw’x%.

For a harmonic oscillator, the energy eigenvalues are
E, = hw(n + %). As mentioned earlier, we take the follow-
ing limits

¥, (x) -

expy [ p0dx)  (17)

lim lim E,, — E,
w—0 n—o00

i.e., energy eigenvalue tends to a constant E. In the rest of
this section, we will keep E to be a constant value; we will
fix the value of E in Sec. IV and Sec. V.

The turning points are given by u = ++/2E, /mw?, and
we can see that lim,_lim,_ # — £oco. The potential
well in this limit is therefore stretched across the entire
space, and the oscillator wave-function starts behaving like
a plane wave. This can be seen from the fact that:

lirr(l) lim p(x) - V2mE
lim lim | p(x)dx - V2mEx (18)

w—0 n—oo
The resultant wave-function becomes:

() =

(cy exp ikx + ¢, exp —ikx), (19)

e
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where ik = v/2mE. The wave function (19) is that of a
plane wave, and we may assume the boundary conditions
as we seem fit. For convenience, we will only consider the
incoming wave (¥(x = o0) = 0). Now, the normalization
constant ¢; can be calculated from the condition
JW*(x)¥(x)dx = 1, where the limits of integration are
the classical turning points +|u| prior to the free-particle
approximation. This constant is found to be ¢, = /mw/x.
So we may write our final wave function as follows:

_ expikx
VQ o

where Q = zhk/mo spans the volume of the space we are
dealing with. It can be seen that the mapping is most
physical when @ — 0, and in this limit, Q — oo, which is
expected. However, we will assume a negligible, positive
value for w in the above wave function, and impose the
physical limit at the end of our calculations (which can also
be done by taking the Q — oo limit).

¥(x)

(20)

IV. ZERO MODE ANALYSIS OF COUPLED
HARMONIC OSCILLATOR

In this section, we reanalyze the behavior of entangle-
ment entropy of a coupled harmonic oscillator, in the free
particle limit of the {x_} oscillator. The calculations in
Sec. II were based on the ground state wave function of the
total system. The most general wave function in normal
mode coordinate is given by:

an+,)1_(x+’x—) = l//mr (x+)l//n_ (.X_). (21)

Let us consider the case where n, = 0, and take the limits
n_ — oo, w_ — 0. Using the results of the previous section,
the above wave function becomes:

1/4 ﬁ xz
Y(x,,x_)~ \/L_Qexp - *2 T pikoxo,  (22)
ps
where
2mE nhk
k.= —_ Q= ~. 23
n mw (23)

To obtain the entanglement entropy and understand the
divergent behavior, we rewrite the above wave function in
the physical coordinates, i.e.,

1/4 _
‘P(xl,xz):\/;_Qexp—ﬂ+(xl4+x2)2 ik_(x\l/ixz). (24)

Following the procedure as in Sec. II, the reduced density
matrix for the x; subsystem is

2 2 X L
p](xl,xll):_exp_ﬂ+(xl x]) e _(.X,'l xl)

Q 8 NG

From the above expression, it is clear that the reduced
density matrix is homogeneous in space, i.e., p;(xy,x}) =
p1(x; —x}). The eigenvalues of p;(x, x}) can be found in
the Fourier domain:

(25)

[ it = ) expike, = (k) exp ik, (26)

The above integral equation tells us that p, (k), which is the
Fourier transform of p;(x; — x}), spans the eigenspace of
the latter. The eigenvalues are

— I ARY
71(k) :g@expﬁkﬁ%—% (27)

Since k is continuous, the entanglement entropy can be
written in the integral form as:

S= - / :(%‘f—/"mmm (k).  (28)

where (27/Q) is the volume of the k-space. We then
get,

S——v3In (‘L% ’" ) (29)

whw.,

where e is the Euler number. The rest of the analysis is to
have an understanding of the behavior of the entropy in the
free-particle limit of x_ oscillator i. e., w_ — 0 (Fig. 2).

As mentioned in the previous section, we are free to
choose the energy E, and consequently the wave number k
of the plane wave. There are two cases for the free particle
limit w_ — O:

(i) wy — 0 and w; — 0: In this case, both (x ,x_)
oscillators are taken in the free particle limit. The
limit is only valid if w; — 0 is taken first and we
later apply the condition @y — 0. On matching the
behavior of entropy with that observed in Sec. II, we
can fix the plane wave energy to be

E — 8ha)0

— 7[62 .

(30)

This will ensure that the log term vanishes in the first
limit and that the behavior of entropy is preserved in
this approximation for this particular value of plane
wave energy.

(ii) wy = v2w,: In this case, only the oscillator x_
oscillator is taken in the free particle limit. The log
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R

FIG. 2. Plot of entanglement entropy with respect to R, where
R=w_/w,, and S(R) = —/2InR.

term diverges negatively and, hence, § — .
Using the same plane wave energy as used in
the previous case, we see that E_ = (8/z¢*)hwy =
(8v2/me?)hw;.

The results obtained in this section are consistent with
those obtained in Sec. II, and confirm that the divergence
of entropy occurs in the zero-mode limit of the system
in normal coordinates. The procedure developed in this
section can be used for any oscillator system in the IR
regime of its normal coordinates. We will explore this in the
rest of this work.

V. HYDROGEN ATOM AS A BIPARTITE SYSTEM

We will now look at the case of a hydrogen atom—an
entangled system of electron and proton subsystems. Such an
analysis has been performed earlier in Ref. [16]; however,
here we will build on a new perspective that will treat the
hydrogen atom as a limiting case of a broader system.

Consider the Hamiltonian of the hydrogen atom:

Pe  Pp & (31)

2m,  2m, |re—rp|’

HHyd =

On performing the transformations
R = (mere—l—mprp)/M; r=re—Tp, (32)
the Hamiltonian becomes:

2 2
Hi=25-= (33)

2m r

Pk

HHyd:Hcm+Hint; M’

Hen=
where M =m,+m, is the total mass and m =
mom,/(m,+m,) is the reduced mass. Thus, the
Hamiltonian gets decoupled in (R,r) coordinates. The

resulting wave function is a product of the eigenstates of
H., and H;,:

expiP.R/h
Ve o

In the previous section, we showed that the free particle can
be treated as a limit of harmonic oscillator. In other words,
the hydrogen atom Hamiltonian can be treated as limit of
the following Hamiltonian:

Y(R, 1) = pin(r) (34)

2 2 2

pR pr 1 2 p2 e
H=—"+"—+4+-Mw*R”——. 35
2M+2m+2 @ r (35)

The above Hamiltonian has two different coupling param-
eters—oscillator frequency (@), and electronic charge (e).
Naturally, this system is entangled in (r,,rp) coordinates
and (w, e) contain information about the extent to which
the re and r, subsystems are entangled. Thus, the hydrogen
atom system is the free-particle approximation of a broader
system which consists of a 3D harmonic oscillator and a 3D
Coulomb sub-system.

The advantages of using Hamiltonian (35) instead of the
hydrogen atom Hamiltonian (33) is two-fold: first, as
discussed in Sec. III, the arbitrariness of Q is removed. In
the case of Hamiltonian (33), the center-of-mass subsystem
is non-normalizable. Second, we will be able to quantify the
divergence of the entanglement entropy precisely.

For simplicity, we assume that the energy of the free
particle (P?/2M) is equally distributed among these oscil-
lators and the corresponding momenta are given by
P,=P,=P =P/ /3. Using the harmonic oscillator to
free particle limit (18), the center-of-mass wave function
can be written as:

_ expiPX/\/3hexpiPY/\/3h

vXY D= v
Xexpi\P/’g_/Z\/gh7 (36)

where R = (X, Y, Z). These plane waves are the limiting
cases of three identical and mutually perpendicular 1D
oscillators that occupy the respective axes of three-dimen-
sional space. Using (30), the normalization volume Q in
this limit is

P \3
Q:QXQYQZ:< ” ) (37)

\/§Mw

It is important to note that @ — 0 corresponds to Q — oo.
With this background, we now proceed to evaluate entan-
glement entropy for the hydrogen atom. In the ground state,
the internal wave function ¢;,, is given by:
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finlr) = — (i) Peap-" @)

\/7_1' %) agp

where the Bohr radius is given by a, = #%/me?. In terms of
the electron and proton coordinates, the above wave
function is

| .
Y(re,ry)=—= expiP.

M, Ye +Mmyr
e>'p \/§¢mt(re rp) A M

P (39)

This is an entangled state. In order to obtain the reduced
density matrix for the electron system, we trace over the
proton basis set of coordinate eigenfunctions:

p(re.rl) = / e W (V. 1) W(r.r,)

1
= —expi&P.(re -r,)

Q M
X /d3rp¢i*nt(r/e - rp)¢int(re - I‘p)
:expi&P.(r _r/>/)‘ (l‘ l'/) (40)
hM e e/Fit\“e> e/

where p;, is the density matrix of the electron subsystem
when the atom is at rest (P = 0). Note that the reduced
density matrix is homogeneous in space. To prove this, it
suffices to show that p;,(re, 1, ) is a function of r, — r,. To
this end, we define a new vector y = r, —r, and rewrite
Pint as follows:

d3
p(Tets) = / Y exp—

Qﬂag ag ao

W
Ire re+y‘exp—m. (41)

Like in Eq. (26), using the Fourier Transform of
Pint(Te — Te), we get:

/ repin(re — re) expik.re = pin (k) exp ikre  (42)

From the above integral equation, it can be seen that the
eigenvalues of the reduced density matrix are given by
Pin(K). For the 1s electron in an atom moving with
momentum P, the eigenvalues of the reduced density

matrix p(r, —r,) are found to be:

m, P 1 6dra’
p(K) = i |k ——— ) == 0 . (43
pk) ”‘( Mfz) ol rak—kpr

where k, = m,P/Mh. The entanglement entropy of the
system is given by

S = —/d3k (22)3ﬁ(k)lnﬁ(k) (44)

Note that the above expression is dimensionless, since
(27)3/Q spans the volume of the k-space. Rewriting the
integral as

5= [ dxg(o),

where k = k/k, is dimensionless, n = agk,, { = 64na}/Q,
co = 16p°x* /7 and

1 1
glx) = ‘CO{ [(1 +iP(1=0)2)* (177 (1+x)%)?

]lnij

1 1
T —z<>2>41“(<1 g —K>2>4>
1 1
(1+772(1+K)2)41n<(1+n2(1+1<)2)4>} (45)

Although an analytical expression for the entropy may be
complicated, we can deduce the behavior of entropy by
analyzing the area of g(x). From Fig. 3, we observe the
following: First, lim,_og(x) =1lim,_, . g(x) =0. Second, for
sufficiently small ¢, the area of g(k) is positive and finite.
Third, for x > 0, *(1 +«)?> > n*(1 —«)? in (45). Thus,
when the Hamiltonian (35) reduces to Hydrogen atom or in
the zero-mode limit (w — 0), { — 0. Thus, g(x) diverges
logarithmically and consequently, the entropy (which is the
area of g(k)) diverges positively. The entanglement entropy
of the hydrogen atom exhibits zero-mode divergence.

30 F 3
¢
o5 | —o01 | |
—o.1
0.5
20 —1 1
—
4
15 1 1
<
510 - 1
51 |
0 R
5+ i
0 1 2 3 4 5
K
FIG. 3. Plot of g(x) with respect to « for different values of ¢

(where ¢ « @?), given the initial condition # = 1. Note that the
entropy, given by the area of g(k), is positive for a sufficiently
small ¢, and monotonically increases for smaller values of £.
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VI. COULOMB PROBLEM-OSCILLATOR
MAPPING IN HYDROGEN ATOM

In the previous section, we explicitly showed that the
entanglement entropy of hydrogen atom exhibits zero-
mode divergence. In this section, we show that this
behavior remains the same under certain transformations.
It is well known that a three-dimensional hydrogen atom
can be mapped to a constrained four-dimensional harmonic
oscillator [14]. We use this transformation and obtain
entanglement entropy in the new coordinate system, and
subsequently observe the zero-mode divergence of entan-
glement entropy.

Our starting point is the Hamiltonian (31) in (r,R)
coordinates. Using the wave function (34), the Schrodinger
equation splits into two differential equations:

hZ PZ
—2a7 VRV =557%  (46)

2m 2M

h2 &2
{— V% - 7] Oint = —Boini;

where P is the momentum of the center of mass subsystem
and B = —E + P?/2M is the binding energy.

To map the hydrogen atom system to set of harmonic
oscillators, we rewrite the Hamiltonian in terms of complex
variables [14]:

& = /rcos (0/2) expiv,/2
& = /rsin (0/2) expiv,/2 (47)

where vy =0+ ¢ and v, = 6 — ¢. Note that ¢ is as an
extra variable in the mapping.

The Hamiltonian (46) can then be rearranged to obtain a
system of two complex harmonic oscillators [17]:

}‘;l2 62 82 . ) -
e e R L R
(48)

Demanding that the wave function should be independent
of o ensures that the d.o.f. are conserved. The constraint
equation J¢;,/Jo = 0 leads to:

% a¢int a(l’)int _ % a¢int _ a()bint
(5‘ o8 15z, ) - (52 o8, a@) 49)

We can now define the creation and annihilation
operators:

. :_L< n )1/2<i+\/2m3 )
N \/i 2Bm 0¢, h !

i ) 172709 V2mB
=7l G Te)
a%:—i< h )1/2<_i+\/2mB§>
V2 \V2Bm o h 7
] i n 1/2 0 V2mB
t=-5(m) Cowtaa) @

Similarly, the creation and annihilation operators b, are
obtained from the above set of equations by replacing &,
everywhere with &,. The Schrodinger equation in terms of
the ladder operators then takes the form of a 4D harmonic
oscillator:

hy/B/2m(ala, +ata_+b b +blb_+2)pi = P
(51)

Referring to the Schwinger representation for a harmonic
oscillator, we can define the angular momenta of the

subsystems (labeled here as a and b) as J§“>

a’a_ and ng)

= bl b, — bl b_. Taking into account the
expression in (49), we see that (J% + )y, = 0. This
constraint clearly arises from the fact that the wave function
¢in: 1s independent of 0. Consequently, (51) takes the form:

hav(a’ay +bLby + 1) i = Ein, (52)

where @ = /2B/m. On rearranging the energy eigenvalue
equation, we get B = me*/2n’h? (the well known Rydberg
formula) where n = n, + m_ + 1. If we look at the ground
state (n = 1) of 3D Coulomb sub-system, we find that
n, =m, =0, which implies that it corresponds to the
ground state of the 4D harmonic oscillator.

The ground state wave function in the transformed
coordinates is given by:

bl &l v1.02) = Coxp =2 (81 +1&6P). (53)

Keeping in mind that the d.o.f. are conserved in the
transformation, using the Jacobian, we may write the
normalization condition as

00 00 2
_ 2 2
=8 / dié) / dié) / dplalalE R + 18P
X |¢im(|f1 §2|’¢)|2 (54)

where C = */?/1/8x. Despite the oscillator system being
uncoupled, we see that there is a nonzero entanglement in
the oscillator coordinates with respect to the hydrogen atom

’
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system. See Appendix A for details. Returning to the
original r coordinates, ¥ is given by:

e>Tp
/'%/2
¥Y(r,, R ——|r, —
(rery) = J—exp Lo
P m,re +mpr,
B S - 55
xexpzh i (55)

The reduced density matrix for the electronic sub-system is
of the form:

plrert) = [ Erw (dn Hirer,). (56

On proceeding to find the eigenvalues of reduced density
matrix as was done in Sec. V, we get:

1 647a’
pk) =— 0 :
p(k) Q1 + allk — k)

(57)

We find that the eigenvalues obtained have the same form
as in the unmapped case (43). The behavior of entropy is
therefore exactly preserved, and a similar result is also
obtained in the Coulomb problem-isotonic oscillator map-
ping (Appendix B). The entropy diverges when Q — oo for
both cases, and this implies that entanglement entropy
under such transformations of the Hamiltonian retains its
property of zero-mode divergence.

VII. ZERO-MODE DIVERGENCE OF
ENVIRONMENT-INDUCED ENTANGLEMENT

Having established zero-mode divergence of entangle-
ment entropy in the Hydrogen atom and coupled Harmonic
oscillators in the previous sections, we now look at a
slightly different scenario [18]. Consider a case where two
harmonic oscillators {x;, x, }, that do not interact with each
other, however, interact with the environment which is
represented by the oscillator {y}. Such a system generates
correlations between oscillators x; and x,, due to the
oscillator y, the nature of which is quite unlike our usual
definitions of quantum entanglement. The Hamiltonian for
such a system is given below:

2 P2
1
H—Z}:{p’ + - ma*x? } +m+2M92y2+(xx1y+ﬁx2y

1

(58)

We will now scale the Hamiltonian as H = H/w and
make the transformations x; = X;/v/mw, y = %3/vVMw,
a=avVMma?, = pvVMmwo* and Q* = kao*:

3 -~ 3

where the matrix {K;;} has the form:

(e}
js)i

a p

The eigenvalues of K are given by:

1
K=1|0 1 p (60)
k

k=1
) :%(1+k—\/(k— 1)2+4(a2+ﬁz))
K3:%(1+k—|—\/(k—1)2+4(5(2+,32)>. (61)

From the above expressions, it is clear that the eigenvalues
are always real. Since the eigenvalues are squared normal
modes, we can have the following scenarios depending on
their sign:

(i) Normal mode oscillator: The normal modes given by
the eigenvalues are all positive. This corresponds to
the condition &@ + * < k. The coupling constants
are therefore bounded.

(ii) Free particle case: One of the eigenvalues (k,), and
the corresponding normal mode becomes zero. The
subsystem {y,} is now a free particle and not an
oscillator. The condition for this case is & + 5> = k.

(iii) Inverted oscillator: At least one eigenvalue becomes
negative, and corresponds to the condition &> +
[? > k. In this case, the energy eigenvalues can be
negative, as a result of which it is generally con-
sidered to be unphysical.

We are interested in the free-particle case x, = 0 corre-
sponding to k = &> + *. This is also equivalent to the
expression:

a* + = MQ’mao?. (62)

In this limit, the eigenvalues are

Kk =1, Ky = 0; Ky = 1+ + 2. (63)

The normal mode co-ordinates in this limit are given by:
. =P +ax,
= —FV—
Vv +p?
%, — PRy + X3
Vi+a 4+ p
_ o ax Y+ (@ + P)E
3= 1 )BNZ ( ﬁ)~3 ) (64)
J@+ P+ + )
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The Hamiltonian is now of the form:

Extending the procedure for calculating entanglement
entropy that was developed in Sec. Il to N coupled harmonic
oscillators [6] (Where N = 3), weobtain£ = 1,and §| = oo.
The divergence of entanglement entropy S; associated with
the reduced density matrix of {x; } oscillator is therefore due
to zero-modes in the normal coordinates, and the same result
is obtained for the entropy S, associated with reduced
density matrix of {x,} oscillator.

VIII. CONCLUSIONS AND DISCUSSIONS

We have investigated, in detail, the origin of zero-mode
divergences of entanglement entropy in simple quantum
systems. We have shown explicitly that—negatively-
coupled harmonic oscillator (in Secs. II and IV) and
hydrogen atom (in Sec. V) and tri-partite oscillator
system involving environment-induced entanglement (in
Sec. VII)—all exhibit zero-mode divergence of entangle-
ment entropy.

To quantify the divergence of entanglement entropy in
the zero-mode limit, in Sec. III, we systematically devel-
oped the free-particle approximation of a harmonic oscil-
lator. The approximation provided an unambiguous way to
fix the energy for zero-modes and probe the divergence of
entropy in the IR regime of the system, in the normal
coordinates. In Sec. V, we were able to reverse this
approximation to arrive at a broader system of which the
hydrogen atom is a particular case, and yet again the
entropy was found to diverge in the zero-mode limit.
Furthermore, in Sec. VI, we showed that the characteristic
behavior of entanglement entropy is preserved on mapping
the Coulomb sub-system of a 3D Hydrogen atom to 4D
harmonic oscillator suggesting that it possesses certain
symmetries that the Hamiltonian does not. This also hints at
a broader class of transformations that preserve the zero-
mode divergence of entanglement entropy, which can be
used to study more complex systems, and especially those
that were initially thought to exhibit UV-divergence. We
further observe zero-mode divergence in Sec. VII for the
case of two uncoupled oscillators that interact with each
other through a third oscillator.

Given the above results, the question remains as to
whether the zero-mode divergence is ubiquitous across
physical systems. To go about understanding this, let us
consider free, massive scalar field as studied in Ref. [10]:

1N
—ij(”” — (i1 — ¢n)2+am§¢%). (66)
n=0

The continuum limit corresponds to a — 0 (where a is the
lattice spacing), and we have also assumed periodic
boundary conditions (¢py = ¢). The normal modes in this
case, keeping in mind N — oo, are given by:

2ﬂ'k

k=0,1,...
N’

4
w%—mf—i-a—sm ,N-1. (67)

Despite the coupling constant in (66) being negative, as was
the case in Sec. II, the system exhibits UV divergence of
entanglement entropy. This is because not even a single
normal mode vanishes, unless we consider the massless
case (my = 0). The specific case for N =3 has been
worked out in Appendix C. Following Ref. [10], we
now perform the following canonical transformation:

x, = 7,(2+ a’m )'/4
¢n
P = 2+ a@m?) 1/ (68)

The normal modes now become:

6)52\/1—/¢+2ﬂsin2% (69)

2
E— 70
s 2+a2m} ( )

We obtain at least one zero-mode, corresponding to the case
i =0 and u — 1. Consequently, the entanglement entropy
was shown to diverge due to the accumulation of a large
number of near-zero-modes, and at-least one zero-mode. This
confirms that these divergences occur only when the system
develops at least one zero-mode in the normal coordinates (in
accordance with the results of this paper), and in all other
cases the entanglement entropy diverges in the UV limit. It
remains to be seen if these divergences occur in the IR limit of
the system in its original co-ordinates, thus giving us a distinct
criteria for UV-IR divergences of entanglement entropy. This
will be further investigated in later work.

In the Introduction, we asked: How entanglement stores
information about the possible experimental outcome with-
out having information about the individual subsystems? In
this regard, our result suggests that the zero modes of the
entanglement entropy, corresponding to the long wave-
length correlation, may provide insight into this. We hope
to return to study this in the near future.

Our analysis may have implications in understanding the
IR structure of gravity [19,20]. The information paradox
due to the Hawking radiation seems to be associated with
the IR because of the infinite number of soft gravitons
produced in the black-hole evaporation [21]. The emitted
photons are highly entangled and understanding the
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entanglement of these soft-photons may shine some light on
the information paradox. We hope to address this elsewhere.
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APPENDIX A: ENTANGLEMENT IN
OSCILLATOR COORDINATES

Since the mapped wave function in oscillator coordinates
(53)is in an uncoupled form, we naturally expect the entropy
to be zero. However, in this section, we show that there is an
entanglement that develops in the mapped coordinates with
respect to the original system. In order to avoid complica-
tions when we resort to binomial expansion later on in (A5),
we shift to a dimensionless Schrodinger equation by setting
the units e = m = i = 1. Looking at (54), we see that the
partial trace integral is quite non-trivial in the oscillator
coordinates. So we define an effective wave function

(|11, &) = 24/ 21& & (61 + [&P) din(€1]. |21, )

Now the normalization condition in (54) becomes:

0 0 2r
/_ dié,| / dié,| /0 dplO(E ). LA =1 (Al

The normalized ground state wave-function in oscillator
coordinates will be

2 2
o, ¢):\/|§1||§2|(|§;| + &P

&l

_|51|2+|§2|2.

X exp 5

(A2)
Now we may easily trace out any subsystem from the
effective density matrix. The reduced density matrix of the
{|€,]} subsystem can be calculated as follows:

p(1621,161")

— [Tan [ e

The above integral cannot be solved analytically. We will
therefore look at a special case where we only consider the
correlations between points that are very close to each other.
We may therefore write |&,|?/|&,|? = 1 — €, where e is very
small. We also write the integral in terms of {; = |&;|/|&,].
The resulting density matrix will have the form:

&L.P)O(IE1]16].0).  (A3)

’

1
P&l 15]) = 21(18) 15 exp =5 (16 +161),  (A4)

where we will have to solve the integral 1(|&,
below:

&) given

s

1) 18] = 1&]7/2182 / a0 (1+3)

’

2\ 1/2
< (1-725) " endiier. (49

Since € is very small, we may use binomial expansion to
rewrite the integral in a solvable form as follows:

3
€
el g ~lerPlers [ ao(a+q -5
e ed 21e |2
- - exp — .
R+ 5T+ ) e
(A6)
The reduced density matrix is now of the form:
|67 1
p(&l.1851) :Wexp—§(|fz|2+ 15517)
X (16—8c—2e*—e* +2(8 +¢€* +€%)|&,)?
+e&*
+€*(2+3e+€|& )| & Ei(—]& ) exp &)
(A7)

From the resultant form of the reduced density matrix,
we are able to split the function as p(|&],|&]) =
h(|&))9(1&]). In order to find the eigenvalues of
p(l&],185]), we need to solve the following integral
equation:

/ A& Ip(&] ENS(8]) = Afa(E).  (AS)

We may guess the form of f,(|&,|) here as h(|&,|). The
resultant eigenvalue is therefore given by:

2= / * dehEgla) =1-S -5 - <

The entropy can now be calculated from the equation
S = —A1In 4, which results in:

e ¢ € e & &
=—(1l=--==—- — )Inql—-——-— — . (Al
S < 4724 64) n{ 4724 64} (A10)

The above results tell us that when we consider the
correlations between very closely spaced points (very small
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FIG. 4. Plot of entanglement entropy in oscillator coordinates
with respect to €, in the case where only correlations between
closely spaced points are considered.

values of ¢), the mapped system appears to be entangled
since (|&], €], @) is a distorted coordinate system with
respect to the hydrogen atom. If we take the case ¢ = 0,
then the reduced density matrix is diagonal, resulting in
zero entropy. But closer to zero, entropy varies linearly
with respect to €, as can be seen from Fig. 4. However,
information about the divergence of entropy in the
(&1, ¢) coordinate system can only be obtained by
solvmg (A3) analytically, while also accounting for the
dimensional parameters.

APPENDIX B: ISOTONIC
OSCILLATOR MAPPING

The Hamiltonian of the quantum isotonic oscillator is
[22]

1
0?2
2m +2mx

2
H= 1 (B1)
2m

It should be noted that this Hamiltonian is similar to that of a
spherical harmonic oscillator, and we may define g =
h%1(1+ 1) for convenience, where [ is a non-negative real
number. The energy eigenvalues of the oscillator are given by
E, = h@(2n + 1+ 3/2), and ground state wave function is
given by yo(x) = Cx'*lexp—px?/2, where = ma/h.
Under a certain set of transformations, we can map the
radial part of Coulomb subsystem to an isotonic oscillator.
For the ground state, ¢y (r) = R(r)/+/4x, where R(r) can
be found by solving the following equation for u(r):

(B2)

where u(r) = rR(r). Now let us make the transformations
r=x* and u(x) = /xy(x). The latter requires that we

consider only the non-negative half of the x-axis. On further
rearranging (B2), we get:

hr 02 3h?
{ I 2 +4Bx* + " })((x) =4e%y(x). (B3)

Comparing with the Hamiltonian for a 1-D isotonic oscil-
lator, we can see that £, = 4e*, & = /8B/m,and [ = 1/2.
We can also rearrange the energy eigenvalue equation to
arrive at the Rydberg formula B = e*m/2h%(n + 1)2. From
this it is clear that the ground state of Hydrogen atom
corresponds to the ground state (n = 0) of the isotonic
oscillator, and the wave-function is given by y(x) =
Cx3/2¢=#*/2 The constant C = f*/2/2 is found from the
condition 2 [ dxx*|y(x)|*> = 1, which also preserves the
Hydrogen atom normalization condition. The total wave
function for the hydrogen atom in the original coordinates
after the mapping has been done is given below:

ﬁ3/2

p
\P<re’ rp) \/8—QeXp_5 |re - rpl
P m.r,+m,r,
- B4
cexpil MM gy

where f = ma/h. The reduced density matrix for the
electronic subsystem is of the form:

p(re,1h) = /d3rp‘P*(r’e,rP)‘P(re,rp). (BS)

On proceeding to find the eigenvalues of reduced density
matrix as was done in Sec. V, we get:

1 64rna}
Q1+ aglk - k.[*)*

pk) = (B6)

The eigenvalues obtained are exactly the same as in the
unmapped case (43). It can therefore be deduced that
IR-divergence of entropy is preserved in this particular

mapping.

APPENDIX C: MASSIVE SCALAR
FIELD (1+1) DIMENSIONS

For N = 3, the Hamiltonian in (66) becomes:

12 (2 1
H(ID)ZEIZO:{;—i- (amf+ >¢2 Z;qﬁiff’j}- (C1)

J#
The potential matrix is
my+2/a*>  —1/a* 0
K = —-1/a*>  mp+2/a®> -1/d? (C2)
0 -1/a* my +2/a*

The normal modes are found to be
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2-42

a2

2 _ 2y 2 2 _ 2
wo—mf+a2 wy = my +

(C3)

None of the above modes vanish unless we consider the
case my — 0 and a — oo simultaneously. Since there are
no zero modes in the massive case, entanglement entropy
diverges in the UV limit as opposed to the IR limit.
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